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Abstract: The task of estimating a matrix given a sample of observed
entries is known as the matriz completion problem. Most works on matrix
completion have focused on recovering an unknown real-valued low-rank
matrix from a random sample of its entries. Here, we investigate the case
of highly quantized observations when the measurements can take only a
small number of values. These quantized outputs are generated according to
a probability distribution parametrized by the unknown matrix of interest.
This model corresponds, for example, to ratings in recommender systems
or labels in multi-class classification. We consider a general, non-uniform,
sampling scheme and give theoretical guarantees on the performance of a
constrained, nuclear norm penalized maximum likelihood estimator. One
important advantage of this estimator is that it does not require knowledge
of the rank or an upper bound on the nuclear norm of the unknown ma-
trix and, thus, it is adaptive. We provide lower bounds showing that our
estimator is minimax optimal. An efficient algorithm based on lifted coor-
dinate gradient descent is proposed to compute the estimator. A limited
Monte-Carlo experiment, using both simulated and real data is provided to
support our claims.
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1. Introduction

The matrix completion problem arises in a wide range of applications such
as image processing [14, 15, 27], quantum state tomography [12], seismic data
reconstruction [28] or recommender systems [20, 2]. It consists in recovering
all the entries of an unknown matrix, based on partial, random and, possibly,
noisy observations of its entries. Of course, since only a small proportion of
entries is observed, the problem of matrix completion is, in general, ill-posed
and requires an additional structure on the unknown matrix. In the classical
setting, the entries are assumed to be real valued and observed in presence of
additive, homoscedastic Gaussian or sub-Gaussian noise. In this framework, the
matrix completion problem can be solved provided that the unknown matrix
is low rank, either exactly or approximately; see [6, 16, 19, 24, 4, 18] and the
references therein. Most commonly used methods amount to solve a least square
program under a rank constraint or its convex relaxation provided by the nuclear
(or trace) norm [9].

In this paper, we consider a statistical model where instead of observing a

real-valued entry of an unknown matrix we are now able to see only highly
quantized outputs. These discrete observations are generated according to a
probability distribution which is parameterized by the corresponding entry of
the unknown low-rank matrix. This model is well suited to the analysis of voting
patterns, preference ratings, or recovery of incomplete survey data, where typical
survey responses are of the form “true/false”, “yes/no” or “agree/disagree/no
opinion” for instance.
The problem of matrix completion over a finite alphabet has received much less
attention than the traditional unquantized matrix completion. One-bit matrix
completion, corresponding to the case of binary, i.e. yes/no, observations, was
introduced by [7]. In this paper, the first theoretical guarantees on the perfor-
mance of a nuclear-norm constrained maximum likelihood estimator are given.
The sampling model considered in [7] assumes that the entries are sampled uni-
formly at random. Unfortunately, this condition is unrealistic for recommender
system applications: in such a context some users are more active than others
and popular items are rated more frequently. Another important issue is that
the method of [7] requires the knowledge of an upper bound on the nuclear
norm or on the rank of the unknown matrix. Such information is usually not
available in applications. On the other hand, our estimator yields a faster rate
of convergence than those obtained in [7]. The problems of matrix completion
with binary, multiclass, and ordinal responses were studied before the work of
[7]. These early approaches typically operated on explicit low-rank factorizations
instead of imposing trace norm penalties (see, e.g. [29]).

One-bit matrix completion was further considered by [5] where a max-norm
constrained maximum likelihood estimate is considered. This method allows
more general non-uniform sampling schemes but still requires an upper bound
on the max-norm of the unknown matrix. Here again, the rates of convergence
obtained in [5] are slower than the rate of convergence of our estimator. Re-
cently, [13] consider general exponential family distributions, which cover some
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distributions over finite sets. Their method, requires that for a known constant
a* the maximum absolute value of the entries of the unknown matrix is bounded
by a*/ v/mimgy where m; X mg is the dimension of the matrix and the uniform
sampling scheme.

In the present paper, we consider a maximum likelihood estimator with
nuclear-norm penalization. Our method allows us to consider general sampling
scheme and only requires the knowledge of an upper bound on the maximum
absolute value of the entries of the unknown matrix. All the previous works on
this model also require the knowledge of this bound with sometimes the need of
additional (and more difficult to obtain) information on the unknown matrix.

The paper is organized as follows. In Section 2.1, the one-bit matrix com-
pletion is first discussed and our estimator is introduced. We establish upper
bounds both on the Frobenius norm between the unknown true matrix and
the proposed estimator and on the associated Kullback-Leibler divergence. In
Section 2.2 lower bounds are established, showing that our upper bounds are
minimax optimal up to logarithmic factors. Then, the one-bit matrix completion
problem is extended to the case of a more general finite alphabet. In Section 3
an implementation based on the lifted coordinate descent algorithm recently
introduced in [8] is proposed. A limited Monte Carlo experiment supporting our
claims is then presented in Section 4.

Notations

For any integers n,mi,mg > 0, [n] := {1,...,n}, m; V ma := max(my,msy)
and my A mg 1= min(my, ms). We equip the set of m; x msy matrices with real
entries (denoted R™1*™2) with the scalar product (X|X’) := tr(X " X’). For a
given matrix X € R™*™2 we write || X|o := max; ;|X; ;| and for any p > 1,
we denote its Schatten p-norm (see [1]) by

mi1/Amse l/p
1X1lo ::< > oé’(X)) :

i=1

with o;(X) the singular values of X ordered in decreasing order. The operator
norm of X is || X||4,00 := 01(X). For any integer ¢ > 0, we denote by R"1*"2x¢
the set of m1 x mao x ¢ (3-way) tensors. A tensor X is of the form X = (X!)L_,
where X! € R™*™z2 for any [ € [q]. For any integer p > 0, a function f :
R? — &, is called a p-link function, where S, is the p—dimensional probability
simplex. Given a p-link function f and X', X’ € R™1*™2X4 we define the squared
Hellinger distance

A (f(X), F(X)) 1= mfm > > l(wi‘(xk,k/)—Wﬂ‘(?c,;,k/)ﬂ :

ke[m1] k' €[ma2] j€[p]

where X}, 5 denotes the vector (X Z7k/)?=1. The Kullback-Leibler divergence is
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J7 (Xieer)
J7 (X ) log
[ f7 (Xzé k)
For any tensor X € R™1*™2%4 we define rk(X') := max;c[q tk(X"), where rk(X")
is the rank of the matrix X' and its sup-norm by [|X|o := max;e(q) [| X" cc-

KL (f(X), f(X"))

ke [m1] k' €[m2] j€[p]

2. Main results
2.1. One-bit matriz completion

Assume that the observations follow a Bernoulli distribution parametrized by a
matrix X € R™X™2 Assume in addition that an i.i.d. sequence of coefficients
(wi)~y € ([ma] x [m2])™ is revealed and denote by II their distribution. The
observations associated to these coefficients are denoted by (¥;)*, € {1,2}"

and distributed as follows

P(Y; =j) = f/(Xo,), je{l,2}, (1)
where [ = (fj)?:1 is a 2—link function. For example, taking f!(z) = 1f; and
f?(x) =1 — fY(z) we get the usual logistic regression. Here, the corresponding
entries of X represent the log odds of the Bernoulli distribution that governs
our observations.

For ease of notation, we often write X; instead of Xwi. Denote by ®v the
(normalized) negative log-likelihood of the observations:

X) = —% z_: Zﬂ{m:j}log (X)) | - (2)

Let v > 0 be an upper bound of || X||. We consider the following estimator
of X:

X = arg min <I)§‘/(X) ,  where @Q(X) =Oyv(X)+ N X|lo1, (3)
XER™1X™M2 || X |00 <v

with A > 0 being a regularization parameter. Consider the following assump-
tions.

H1. The functions x — —In(f(z)), j = 1,2 are convez. In addition, There
exist positive constants H., L, and K. such that:

Ho, 22 sup (|log(f' ()] V [log(f*(2))]) . (4)

|z|<~vy

Y@ @)
fo 2 mex (E}i% 7@ e @) ) ©

— in wnere g{x) = (
Ko = Inf gl@),  where 9@) = oore S — i) -
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This assumption is quite mild, for example, it includes the logistic regression
(with f!(z) = %) and probit model (with f'(z) = ®(z/0) where ® is the
cumulative distribution function of a standard Gaussian).

Remark 1. As shown in [7, Lemma 2], K., satisfies

2
K, < inf |30 (V@ VW) -9 - (7)
j2[<y \J=1
lyl<v
Our framework allows a general distribution II. We assume that II satisfies the
following assumptions introduced in [18] in the classical setting of unquantized

matrix completion:
H2. There exists a constant y > 1 such that, for any my > 0 and mq > 0

min Tk > 1/(umima) ,  where g = Plwr = (K, k') . (8)
kE[mﬂ,k/E[ﬂlz] ’

Denote by R, = > .12 Tk and Cpr = Y 1%, 7k the probability of revealing
a coefficient from row k and column k', respectively.

H3. There exists a constant v > 1 such that, for all my, mo,
v
max(Ry,C)) < —— |
k,l( k l>_m1/\m2

The first assumption ensures that every coefficient has a nonzero probability of
being observed, whereas the second assumption requires that no column nor row
is sampled with too high probability (see also [10, 18] for more details on these
conditions). For instance, the uniform distribution yields u = v = 1. Define

d=mi+me, M=miVmas, m=miAms. (9)

We are now ready to state our main results. We have two goals: the first is
the recovery of the distribution of Y given by f(X) and, the second, is to
accurately recover the matrix X itself. The former is addressed by Theorem 1
which provides an upper bound on the KL divergence between f(X) and f (X ),

the latter is tackled by Corollary 2, which bounds the Frobenius norm of X
estimation error.

Theorem 1. Assume H1, H2, H3 and that | X||e < . Assume in addition
that n > 2mlog(d)/(9v). Take

201
A= 6L,y 2 loeld)
mn

Then, with probability at least 1—3d~' the Kullback-Leibler divergence is bounded
by

KL (f(X), f(X)) < pmax <CWL3§§<X>M 1;g<d>’eH7 logn<d>> |

with ¢ a universal constant whose value is specified in the proof.
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Proof. See Section 5.1.

This result immediately gives an upper bound on the estimation error of X ,
measured in Frobenius norm:

Corollary 2. Under the same assumptions and notations of Theorem 1 we have
with probability at least 1 — 3d~!

X — X35

mimes

L21k(X) Mlog(d) eH, [log(d)
- v ol
< pmax (CW K2 n K, n '
Proof. Using Lemma 9 and Theorem 1, the result follows.

Remark 2. Note that, up to the factor L% / K?/, the rate of convergence given by
Corollary 2, is the same as in the case of usual unquantized matrix completion,
see, for example, [18] and [19]. For this usual matrix completion setting, it has
been shown in [19, Theorem 3] that this rate is minimax optimal up to a loga-
rithmic factor. Let us compare this rate of convergence with those obtained in
previous works on 1-bit matrix completion. In [7], the parameter X is estimated
by minimizing the negative log-likelihood under the constraints || X || < 7 and
| X|lo,1 < yy/rmimg for some r > 0. Under the assumption that rk(X) < r,
they could prove that X
X Xl2a _ (., frd
mimso n

where C,, is a constant depending on « (see [7, Theorem 1]). This rate of con-
vergence is slower than the rate of convergence given by Corollary 2. [5] studied
a max-norm constrained maximum likelihood estimate and obtain a rate of con-
vergence similar to [7]. In [13], matrix completion was considered for a likelihood
belonging to the exponential family. Note, for instance, that the logit distribu-
tion belongs to such a family. The following upper bound on the estimation
error is provided (see [13, Theorem 1))

X X2 ¢
Sl g (0 sl ).
n

1
e (10)

Comparing with Corollary 2, (10) contains an additional term a? where a is
an upper bound of \/mima|| X ||co-

2.2. Minimax lower bounds for one-bit matriz completion

Corollary 2 insures that our estimator achieves certain Frobenius norm errors.
We now discuss the extent to which this result is optimal. A classical way to
address this question is by determining minimax rates of convergence.

For any integer 0 < r < min(my, m2) and any v > 0, we consider the following
family of matrices

f’(r,'}/) e {)_( c Rm1><7'n2 : rank(X) S T, HX”OO S ’y} .
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We will denote by inf ¢ the infimum over all estimators X that are functions of
the data (w;, ;)" . For any X € R™1*™2 let Px denote the probability distri-
bution of the observations (w;, ;) ; for a given 2—link function f and sampling
distribution II. We establish a lower bound under an additional assumption on
the function f1:

H4. (f') is decreasing on Ry and K., = g(vy) where g and K., are defined in
(6).
In particular, H4 is satisfied in the case of logit or probit models. The following

theorem establishes a lower bound on the minimax risk in squared Frobenius
norm:

Theorem 3. Assume H/. Let o € (0,1/8) Then there exists a constant ¢ > 0
such that, for allmy,me > 2, 1 <r <m, and v >0,

X — X|2 M
inf sup Py M > cmin {’yQ, 4 } > d(a, M),
X XeF(ry) mims n Ky

1 1 «
6(a,M):W<1—2a—§‘/m> . (11)

Proof. See Section 5.3.

where

Note that the lower bound given by Theorem 3 is proportional to the rank
multiplied by the maximum dimension of X and inversely proportional the
sample size n. Therefore the lower bound matches the upper bound given by
Corollary 2 up to a constant and a logarithmic factor. The lower bound does
not capture the dependance on «, note however that the upper and lower bound
only differ by a factor L2 /K.

2.3. Extension to multi-class problems

Let us now consider a more general setting where the observations follow a dis-
tribution over a finite set {1,...,p}, parameterized by a tensor X € R™m1*m2xq,
The distribution of the observations (Y;)?_, € [p]™ is

]P)(Y;:J):fj(')zwl)a je[p]7
where f = (f7)§_, is now a p-link function and X,,, denotes the vector (X)),
The negative log-likelihood of the observations is now given by:

Oy (X) = 12 Zﬂ{lej} log (f1(X;)) | - (12)

n - -
=1 \j=1

where we use the notation &X; = X,,. Our proposed the estimator is defined as:
A q .
X = argmin 3(X), where O3(X)=Tyv(X)+AD [|X[p1, (13)

X ER™1Xm2X4 j=1
1% ][oc <
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In order to extend the results of the previous sections we make an additional
assumption which allows to split the log-likelihood as a sum.

Hb5. There exist functions (g{)(l7j)6[p]x[q] such that the p-link function f can be
factorized as follows

(1, xq) :Hglj(xl) forj € [p].

=1

The model considered above covers many finite distributions including among
others logistic binomial (see Section 2.1) and conditional logistic multinomial
(see Section 3).

Assumptions on constants depending on the link function are extended by

H6. There exist positive constant H.,, L, and K., such that:

H,> max sup 2| log(glj(x)ﬂ ) (14)

(G:D€lpIx(a] |z <~

i\’
> max sup (gl.) () , (15)
GDElpIx1a) [z)<y | g7 (z)
p 2
Ko< it (S0 (VAGE - VEW) le-ul3 ] - (6)
7lloe<y \I=1
llylloo <~

For any tensor X € R™1X™M2X4 we write 3 1= V &y (X) € R™*™M2X4 We also
define the sequence of matrices (E;)?_; associated to the revealed coefficients
(wi)iy by E; == ey, (e,)" where (k;,1;) = w; and with (ex);, (resp. (())[%)
being the canonical basis of R™ (resp. R™2). Furthermore, if (g;)1<i<n is a
Rademacher sequence independent from (w;)}_; and (Y;)1<i<, we define the

matrix Y i as follow
1 n
Z = - 1Ez .

We can now state the main results of this paper.

Theorem 4. Assume H2, H5 and H6 hold, A > 2maxc(q |5 ]|s.00 and
H’?Hoo < 7. Then, with probability at least 1 —2d~', the Kullback-Leibler diver-
gence is bounded by

KL (f(%), £(2)) <
myma k(X))

L max (4,u %
~

log(d
()\2 + 256e(gL,E ||ER||U,OO)2> »eHy grf )> '

with d defined in (9).
Proof. See Section 5.1.
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Note that the lower bound of A is stochastic and the expectation E||Xg||s oo
is unknown. However, these quantities can be controlled using H3.

Theorem 5. Assume H2, H3, H5 and HG6 hold and that | X||oc < 7. Assume
in addition that n > 2mlog(d)/(9v). Take
2vlog(d
M= 6L, 2/ 1oe(d)
mn
Then, with probability at least 1 — (24 q)d~', the Kullback-Leibler divergence is
bounded by

_ N 2 2I'k v o 5
KL (f(%), (%)) < pmax (ch LvK (X)Mlng(dlem lgn(d)> |

with ¢ a universal constant , d, m and M defined in (9).

Proof. See Section 5.2.

3. Implementation

In this section an implementation for the following p-class link function is given:

. —1
J

exp(a?) (H(l +exp(xl>)> if jelp—1],
fj(ajl, .. ,xpfl) =

=1

p—1 -1
(H(l + exp(ml))> ifj=p.
1=1

This p-class link function boils down to parameterizing the distribution of the
observation as follows:

J

B(Y; = jlY; > j - 1) = 2

1+ exp(X7)
Assumption H5 is satisfied and the problem (13) is separable w.r.t. each matrix
X!. Following [7], we solve (13) without taking into account the constraint ; as
reported in [7] and confirmed by our experiments, the impact of this projection
is negligible, whereas it increases significantly the computation burden.

Because the problem is separable, it suffices to solve in parallel each sub-
problem

forje{2,...,p—1}.

X!'= argmin ®4(X), where ®4(X)=&"(X)+A|X]o1. (17)
Xele X mo

This can be achieved by using the coordinate gradient descent algorithm intro-

duced by [8]. To describe the algorithm, consider first the set of normalized rank

one matrices

M= {MeR™ ™M =u' ||uls=|jv].=1, }.
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Define © the linear space of real-valued functions on M with finite support,
i.e., any 0 € O satisfies (M) = 0 except for a finite number of M € M. This
space is equipped with the (*-norm [0y = > ,,c.410(M)]. Define by ©4 the
positive orthant, i.e., the cone of functions # € © such that (M) > 0 for all
M € M. Any matrix X € R™*™2 can be associated to an element § € ©
satisfying
X= > 0MM. (18)
MeM
Such function is not unique. Consider an SVD of X i.e., X = Z:L \iwiv
where (\;)]2; are the singular values and (u;)~;, (v;)/2, are left and right
singular vectors, then 6x = Y ", Aiby,, 7 satisfies (18), with 6y € © is the
function on M satisfying (M) = 1 and dp;(M’) = 0 if M’ # M. As seen
below, the function fx plays a key role.
Conversely, for any 6 € ©4, define

We0—We:= > (MM .

MeM
and the auxiliary objective function:
00— () =\ D O(M) + (W) . (19)
Mem

The triangular inequality implies that for all 8 € O,
Wolloa < [10]]1 -

For 6§ € © we denote by supp(f) the support of 4 i.e., the subset of M such
that (M) # 0 <= M € supp(h). If for any M, M’ € supp(f), M # M,
(M|M') =1, then [|0]|; = [[Wpl|s,1. Indeed in such case } ;.\ 0(M)M de-
fines a SVD of Wy. Therefore the minimization of (19) is actually equivalent to
the minimization of (17); see [8, Theorem 3.2]. The minimization (19) can be
implemented using a coordinate gradient descent algorithm which updates at
each iteration the nonnegative finite support function 6.

The algorithm is summarized in Algorithm 1. Compared to the Soft-Impute
[23] or the SVT [3] algorithms, this algorithm does not require the computation
of a full SVD at each step of the main loop of an iterative (proximal) algorithm
(recall that the proximal operator associated to the nuclear norm is the soft-
thresholding operator of the singular values). The proposed algorithm requires
only to compute the largest singular values and associated singular vectors.

Another interest of this algorithm is that it only requires to evaluate the
coordinate of the gradient for the entries which have been actually observed.
It is therefore memory efficient when the number of observations is smaller
than the total number ocoefficients mqms, which is the typical setting in which
matrix completion is used. Moreover, we use Arnoldi iterations to compute the
top singular values and vector pairs (see [11, Section 10.5] for instance) which
allows us to take full advantage of sparse structures, the minimizations in the
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Algorithm 1: Lifted coordinate gradient descent

Initialization: initial parameter 6, precision €
Loop:
Compute the top singular vector pair of —V @l(ng): Uk, Vg
g A+ (VO (Wo, ) | ugv) )
if g < —¢/2 then
&L
i 0 ,.)
Op+1 « O + Bid,, T

UV

else
max ; A+ (VO (Wy )| M
g max A (VB (W, ) | M)]
if g;'** < e then

L Break

else
Op41 arg min <I>l)\ 0"

6’€© 4 ;supp(0’)Csupp(by)
TABLE 1

Ezecution time of the proposed algorithm for a simulated Bernouilli example
Parameter Size 1000 x 1000 | 3000 x 3000 | 10000 x 10000
Observations 100 - 103 1-10° 10 - 10°
Execution Time (s.) 4.5 52 730

inner loop are carried out using the L-BFGS-B algorithm. Table 1 illustrates
that the execution time (on a 3.07Ghz w3550 Xeon CPU with RAM 1.66 Go,
Cache 8 Mo, C implementation) for the one-bit matrix completion estimation
is roughly linear in the number of observations.

4. Numerical experiments

We have performed numerical experiments on both simulated and real data
provided by the MovieLens project (http://grouplens.org). Both the one-
bit matrix completion - p = 2, ¢ = 1 - and the extended multi-class setting
-p =5, ¢ = 4 - are considered; comparisons are also provided with the classical
Gaussian matrix completion algorithm to assess the potential gain achieved by
explicitly taking into account the facts that the observations belong to a finite
alphabet. Only a limited part of the experiments are reported in this article; a
more extensive assessment can be obtained upon authors request.

For each matrix X! we sampled uniformly five unitary (for the Euclidean
norm) vector pairs (ul,v:)?_;. The matrix X' is then defined as

5
X! =Ty/mimg Zakui(vi)—r + 0" s xmas
k=1

with (aq,...,a5) = (2,1,0.5,0.25,0.1), T' a scaling factor and I, xm, the
my X mg matrix of ones. The term 7; has been fixed so that each class has the
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Fic 1. Kullback-Leibler divergence between the estimated and the true model for different
matrices sizes and sampling fraction, normalized by number of classes. Right figure: binomial
and the Gaussian models; left figure: multinomial with five classes and Gaussian model.

same average probability i.e., f7((E[X!])PZ}) = 1/p for j € [p]. Note that the
factor \/mims implies that the variance of X' coefficients does not depend on
my and mg. The sizes investigated are (my,m2) € {(500, 300), (1000, 600)}.

The observations are sampled to the conditional multinomial logistic model
introduced in Section 3. For comparison purposes we have also computed XN ,
the classical Gaussian version, that is:

n

1
XN .= argmin — (Y; — Xi)2 + /\HXHUJ :

Contrary to the logit version, the Gaussian matrix completion does not di-
rectly recover the distribution of the observations (Y;)7—,. However, we can
estimate P(Y; = j) by the following quantity:

0 ifj=1,
. 05 XN
Fro.)(Pj+1) = Faro.1)(py) with pj = ¢ 222520 0 < j < p
1 ifj=p,

where Fyr(g,1) is the cdf of a zero-mean standard Gaussian random variable.
Note that this setting is equivalent to considering a probit link function.

The choice of the regularization parameter A has been solved for all methods
by performing 5-fold cross-validation on a geometric grid of size 0.6log(n) (note
that the estimators are null for A greater than ||V @y (0)||,00)-

As evidenced in Figure 1, the Kullback-Leibler divergence for the logistic
estimator is significantly lower than for the Gaussian estimator, for both the
p =2 and p =5 cases. This was expected because the Gaussian model assume
implicitly symmetric distributions with the same variance for all the ratings,
These assumptions are of course avoided by the logistic model.

Regarding the prediction error, Table 2 and Table 3 summarize the results
obtained for a 1000 x 600 matrix. The logistic model outperforms the Gaussian
model (slightly for p = 2 and significantly for p = 5).
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TABLE 2
Prediction errors for a binomial (2 classes) underlying model, for a 1000 x 600 matriz

Number of observations 10-10% | 50-10% | 250103 | 500 - 103

Gaussian prediction error 0.50 0.38 0.32 0.32

Logistic prediction error 0.46 0.33 0.31 0.31
TABLE 3

Prediction Error for a multinomial (5 classes) distribution against a 1000 x 600 matric

Number of observations 10-10% | 50-10% | 250103 | 500 - 103
Gaussian prediction error 0.75 0.75 0.72 0.71
Logistic prediction error 0.75 0.67 0.58 0.57

We have also run the same estimators on the MovieLens 100k dataset. In this
case, the Kullback-Leibler divergence cannot be computed. Therefore, to assess
the prediction errors, we randomly select 20% of the entries as a test set, and
the remaining entries are split between a training set (80%) and a validation set
(20%).

For this dataset, ratings range from 1 to 5. To consider the benefit of a
binomial model, we have tested each rating against the others (e.g., ratings 5
are set to 0 and all others are set to 1).

These results are summarized in Table 4. For the multinomial case, we find
a prediction error of 0.59 for the logistic model against a 0.63 for the Gaussian
one (in that case a random choice yields 0.80 error rate).

TABLE 4
Binomial prediction error when performing one versus the others procedure on the
MowieLens 100k dataset

Rating against the others 1 2 3 4 5
Gaussian prediction error | 0.12 | 0.20 | 0.39 | 0.46 | 0.30
Logistic prediction error 0.06 | 0.11 | 0.27 | 0.34 | 0.20

5. Proofs of main results
5.1. Proof of Theorem 1 and Theorem

Proof. Since Theorem 1 is an application of Theorem 4 for p =2 and ¢ =1 it
suffices to prove Theorem 4.

We consider a tensor X' which satisfies ®3(X) < ®3(X), (e.g., X = X). We
get from Lemma 6

By (X) — By (¥) < Wi KL (f(2). f(X)) | (20)
where ( ~)
_ 2mymork(X

7= T (21)

Let us define

D (f(X), f(X)) = E[(2v(X) — 2v(X))] , (22)
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where the expectation is taken both over the (E;)1<i<n and (Y;)1<i<n. As stated
in Lemma 11, H2 implies 1D (f(X), f(X)) > KL (f(X), f(X)). We now need to
control the left hand side of (20) uniformly over X with high probability. Since
we assume A > 2max;c(q] [|X!]|s,00 applying Lemma 10 (30) and then Lemma 11
yields

SO = Xl o < 4V KL (£(X), (X)) < 4/amy /D (F(2). £(X)) . (23)
=1

Consequently, if we define C(r) as

C(T) — {X e R XmM2Xq . Z ||Xl 7XIH071 < \/T'D (f(X),f(X))} s

=1

we need to control (®y (X) — @y (X)) for X € C(16u7). We have to ensure that
D (f(X), f(X)) is greater than a given threshold 3 > 0 and therefore we define
the following set

Cs(r) ={X €C(r), D(f(X), (X)) =B} . (24)
We then consider the two following cases.
Case 1. If D (f(X), f(X)) > B, (23) gives X € C3(16u7). Plugging Lemma 12
in (20) with 8 = 2M.,,\/log(d)/(n\/nlog(a)) , @ = e and n = 1/(4a) then it
holds with probability at least 1 —2d~1/(1 —d~!) >1-2/d

DU _ rour,an) < AWryJKL (7). 7))

where € is defined in Lemma 12. Recalling Lemma 11 we get
KL (f(X), f(X))
2p

An analysis of this second order polynomial and the relation e(16u7, o, n)/p =
€(167, a,m) lead to

— MW /KL (f(X, f(X)) — e(16pF,a,m) < 0.

VEL (f(2). (X)) < (\WF+ VA% + 2167, a,m) ) - (25)
Applying the inequality (a +b)* < 2(a® + b?) gives the bound of Theorem 4.
Case 2. If D (f(X), f(X)) < 3 then Lemma 11 yields
KL (f(X), f(X)) < b (26)
Combining (25) and (26) concludes the proof.

For X € R™>*™2 denote by S1(X) C R™ (resp. So(X) C R™2) the linear
spans generated by left (resp. right) singular vectors of X. Psi(x) (resp. Psy( X))

denotes the orthogonal projections on Si-(X) (resp. Si-(X)). We then define the
following orthogonal projections on R *™z2
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Lemma 6. Let X, X € R™*™2%4 sqtisfying &3 (X) < & (X), then

Py(X) ~ 0y () < NP KL (58, 72

where T is defined in (21).
Proof. Since ®3(X) < ®3(X), we obtain

q q
Dy (X) = By (X) <A (X on = X o1) SAD NP (X = X0
=1 =1

<A/2k() (Dx X||02>,

where we have used Lemma 7-(ii) and (iii) and for the last two lines and the
definition of K, and Lemma 8 to get the result.

Lemma 7. For any pair of matrices X, X € R™*™2 ye have

(i) ||X+7)X<~)||ol— X (K)o s

(1) | Px(X)llon < v/2rk(X ||X||02,

||X||01 <N Px(X = X)lows -

Proof. If A, B € R™*™2 are two matrices satisfying S;(A) L S;(B), i = 1,2,
then ||A + Blloa = [|Allo,t + [|B|o,1- Applying this identity with A = X and
B = Px(X), we obtain

I1X +Px(X)llon = [1X[lo + [ Px (X)

showing (i).

It follows from the definition that Px (X) = Psl(X)XPSZL(X) +XP52(X). Note
that Px is an orthogonal projector on R™1*™2 equipped with the euclidean
product (-|-). On the other hand, the Cauchy-Schwarz inequality implies that
for any matrix C, ||Clls,1 < /rk(C)||C||s,2. Consequently (ii) follows from

[Px(X)]on < V21k(X)|| Px(X)

Finally, since X = X + Px(X — X) + Px (X — X) we have

21k(X)

1Xlloa 2 X +Px (X = X)lloq — [ Px (X = X)lloa
= 1Xllo1 + I Px (X = X)lloq = [ Px(X = X) o ,

leading to (iii).

Lemma 8. For any tensor X, X € R™*™m2X4 gnd p-link function f it holds:

d (£(2), £()) < KL (f(x), 1(2))
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Proof. See [26, Lemma 4.2]

Lemma 9. For any p,q > 0 and p-link function f and any X, X € Rmixmaxq
satisfying || X]|oo < v and || X || < 7, we get:

Zuxl Xz = P df (£, 0(F) < T2 KL (120, £(F)

Y

Proof. For p = 2 and ¢ = 1, it is a consequence of Remark 1 and Lemma 8.
Otherwise, the proof follows from the definition (16) of K, and Lemma 8.

Lemma 10. Let X, X ¢ Rmixm2Xa satisfying || X]|e < v and (B[
Assume that A > 2maxe(q |55 (X) ¥(X) < ®3(X). Then

q

Do IPR (X = X on < 32 1P (X" = XDl (27)

=1

ZHXl Xllo < 4y/20k(X ZII Xz (28)

q

Z HXl - Xl”o,l < 4\/2m1m2 I‘k(.)E)/K—y dn (f(')e)v f(X)7 ) ’ (29)

=1

ST = Ko < 4y/2mim rkm/m\/KL (r(®). 7)) . (30)

Proof. Since ®3(X) < ®3.(X), we have

q

Dy (F) - > A3 (1l -

1)

For any X € R™*™2 using X = X +P%(X — X) + P (X — X), Lemma 7-(i)
and the triangular inequality, we get

1Xlo1 2> 1 X o2 + 1 PR (X = X)llot = | P(X = X)lloa

which implies

w1 = [ Pxa(X = X

Py () - Z (1P (x' = X1 o1) - (31)

Furthermore by concavity of ®y we have

By (X) — <) (EL (X)X - XN

=1
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The duality between || - |1 and || - ||o,00 (see for instance [1, Corollary IV.2.6])
leads to

q
Dy () = @y () < e |2 (Xl 3 1K'

IN
| >

ZHXZ X”Ulﬂ

=1

> (P = X loa + 1P (X' = XNlloa) . (32)

=1

q

IN
| >

where we used A > 2 maxe(q [| 54 (X)|lo.00 in the second line. Then combining
(31) with (32) gives (27). Since for any I € [¢], X! — X! = "P)LZ,(XI - XY+
P (X! — X'), using the triangular inequality and (27) yields

q
DX = X on <4 Pr(X! - X1
=1

o1 (33)

Combining (33) and (27) immediately leads to (28) and (29) is a consequence
of (28) and the definition of K. The statement (30) follows from (29) and
Lemma 8.

Lemma 11. Under H2 we have

DUM%ﬂXDZiKLUM%ﬂXD-

where D(+,-) is defined in (22).
Proof. Follows from
i 1y s (£
D (f(X), f(X)) EZ S e {f (X,1) log (fj(Xz,i))] ,

i=1 ke[ma) j€lp]
1€[m2]

fj(Xk,l))]

E E J X p .
2 kema) jelp) {f ! <f](Xk7l)
l€[m3]

oopmym

Lemma 12. Assume that A > . Let a > 1, 3> 0 and 0 < n < 1/2a. Then
with probability at least

1 — 2(exp(—nn* log(a) 5%/ (4M3)) /(1 — exp(—nn” log(a) 52/ (4M?)))

we have for all X € Cg(r):

[y (X) — @y (X) =D (f(X), f(X)) ] < —— — Tenan),
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where - 4q2L2/7~ i, 2 y
e(r,a,n) = m( 1XRllo00)” (34)
and Cg(r) is defined in (24).

Proof. The proof is adapted from [24, Theorem 1] and [18, Lemma 12]. We
use a peeling argument combined with a sharp deviation inequality detailed in
Lemma 13, Consider the events

B:= {3/‘\,’ € Cs(r)

v 0y() D (53,12 | > DUELI )

and
8= {X € Co(r)la' 1B < D ((X), (X)) < !B} .

Let us also define the set
Cp(r,t) = {X e R™*™2| X € Cy(r), D (f(X), f(X)) <t} ,

and

Zy:= sup \cI)Y(X)—@Y(.)E)—D(f(/?)yf(X))|; (35)
XeCa(r,t)

Then for any X € BN S; we have

| @y () ~ By() = D (F(£), f(X)) | > 505+ elr, )

Moreover by definition of S;, X € Cg(r, o! B). Therefore

1
BNS CB = {Zps> ﬁalﬁ+e(r,o¢,n)} ,

If we now apply the union bound and Lemma 13 we get

2 2
+o0 +o0 20,1 3)2 exp(— M loe(@)B7
P (a'B) S
PB) <Y P(B) <> exp <— >§ T ToglalT
2 2 or (TR ) S g mh

where we used x < e” in the second inequality.

Lemma 13. Assume that A\ > %. Let a« > 1 and 0 < n < i Then we have
P(Z: > t/(2a) + €(r,a, B)) < exp (—m)2t2/(8M72)) , (36)

where Zy and e(r,a,n) are defined in (35) and (34), respectively.
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Proof. Using Massart’s inequality ([22, Theorem 9]) we get for 0 < n < 1/(2a)
P(Z; > E[Z:] + nt) < exp (—nzntZ/(SM,f)) . (37)

By using the standard symmetrization argument, we get

1 P J X;
E[Z] <2E | sup Ezsizﬂ{nzj} log (;JE&;) ’

XeCa(rt) i=1 j=1

where € := (g)1<i<n is a Rademacher sequence which is independent from
(Yi)1<i<n and (E;)1<i<n. Hb yields

SRS

XeCa(r,t) i—=1

- ~_\ g1 (X})
E[Z) <) 2E| sup > e Zn{y _jylog | Z=t
=1 g (X3)
Since for any 4 € [n], the function
gl (z + X}
Zﬂ{y —i} log ( l i(x0)

is a contraction satisfying ¢;(0) = 0, the contraction principle ([21, Theorem
4.12]) and the fact that (¢;)?_, is independent from (Y;)?; and (w;)", yields

Zal ~ X' E;)

Denoting g :=n"* Y7, &FE; and the duality, the previous inequality implies

q
E[Z] <4L, ) E Lescul() )
BT,

sup |<Xl —)_(Z|ZR>’

sup ”Xl - Xl||0,1||ER||G,m1 < 4quE[”ER”0,OO]‘/T_t )
XECﬁ(T,t)

where we have the definition of Cg(r, t) for the last inequality. Plugging into (37)
gives

P(Z; > 4qLE[|| Skl o,00] VTt + nt) < exp (—n°nt?/(8M2)) .
The proof is concluded by noting that, since for any a,b € R and ¢ > 0, ab <
(a?/c+ cb®)/2,

4qL’YE[HERHa,oo]\/_§1/( 1) 4¢° L3rE([[Brllo,00]” + (1/(20) — )t .
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5.2. Proof of Theorem 5

Proof. By Theorem 5 it suffices to control ||$|, . and E[|2r|l, o). For any
I € [q], by definition

= 3f Xz)

with 0; designating the partial derivative against the [-th variable. The sequence
of matrices

alf ) 2 (g]) (X
§le E;, = Eﬂm:'-—f E;
REAIEAN ) =1 = gl](le)

satisfies E[Z;] = 0 (as any score function) and || Z;||, . < L.
Noticing e (e},) " (ex(ef)T) T = er(ef) T

1 n 8 I Xy i /
EZE[ZZT Z Zﬂ'kk’ Zf] ka (}Jj(‘(){kk:))) ek(ek)T’

i=1 k=1 \k'=1

we also get

which is diagonal. We recall the definition Cyr = >~ mp i and Ry =>_ 102 | T i
for any k' € [mas], k € [m;]. Since

<8lfj(Xk,k/)>2 <12
T3 (Xwr) -

and (f7 (X, k))5—, is a probability distribution, we obtain
E|l Zn: v
i3 o

were we have H 3 for the last inequality. Using a similar argument we get
IE-E, Z Zi ]||Uoo/n < L2v/m. Therefore, Proposition 14 applied with ¢ =
log(d), U = L, and 0% = 2 Sv/m yields with at least probability 1 —1/d,

<(1+V3)L, max{ 2vlog(d) QIOg(d)} . (38)

< L3 ||diag((Ry)2

Ul < L2

0,00

Hzl (X)

,00 mn '3 n
With the same analysis for ¥ := }L >, €iE; and by applying Lemma 15 with
U=1and o} =%, for n > n*:=mlog(d)/(9v) it holds:

2ev log(d)
mn

E[

J<e (39)
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Assuming n > 2mlog(d)/(9v), implies n > n* and (39) is therefore satisfied.
Since it also implies y/2v1og(d)/(mn) > 2log(d)/(3n), the second term of (38)
is negligible. Consequently taking A\ > 2(1 + v/3)L.+/2v1log(d)/(mn), a union
bound argument ensures that A\ > 2maxe[q [|Z4 (X)|lo.00 With probability at
least 1 — ¢/d.

By taking A, 8 and n as in Theorem 5 statement, with probability larger than
1 —(2+ q)/d, Theorem 4 result holds when replacing E||Xg||s.cc by its upper
bound (39). Using the inequality (a + b)? < 2(a? + b?) yields the result with
c = 24832.

Proposition 14. Consider a finite sequence of independent random matrices
(Zi)1<i<n € R™*™M2 satisfying E[Z;] = 0 and for some U > 0, || Zills00 < U
foralli=1,... ,n. Then for anyt >0

>t <d _ﬂ
=P\ T s )

n

1
e

i=1

P

0,00
where d = m1 + mo and

n

> Bl 7]

i=1

)

1 n
0% := max H— E E[Z:Z]]
n
i=1

0,00 0,00

In particular it implies that with at least probability 1 — e~¢

1 1
< ¢* max {Uz s Zg(d), ut +3;g(d)) } )

n

1
ROIEL

i=1

0,00

with ¢* = 1+ /3.

Proof. The first claim of the proposition is Bernstein’s inequality for random ma-
2
trices (see for example [25, Theorem 1.6]). Solving the equation (in ¢) — %—i—

log(d) = —v gives with at least probability 1 — e~

1
<=
n

%(v +log(d) + \/ %Q(U +log(d))? + 2no% (v + 1og(d))] ,

we conclude the proof by distinguishing the two cases no% < (U?/9)(v+log(d))

or noz > (U?/9)(v + log(d)).

Lemma 15. Let h > 1. With the same assumptions as Proposition 14, assume
n > (U?log(d))/(90%) then the following holds:

h
1< 2ehc*?0% log(d) h/2
E |- E Z; < =/ =z =7/
i B ( >

)
n

7,00

with ¢* =1+ /3.
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Proof. The proof is adapted from [18, Lemma 6]. Define t* := (9no%)/U? —
log(d) the value of ¢ for which the two bounds of Proposition 14 are equal. Let
vy == n/(0%c*?) and vy == 3n/(Uc*) then, from Proposition 14 we have

1 n
P —Zzi >t | < dexp(—wit?) for t < t*,
n
i=1 T,00
1 n .
P _ZZi >t | < dexp(—wyt) for t > t*,
n
i=1 0,00
Let h > 1, then
Lo h Lo 2h log(d) 1/ (2108(d))
E ||~ Z 7 <E||- Z Z; ,
=1 0,00 =1 0,00

1/(21og(d))
> t1/(2hlog(d)) | 44

—+oo
<[ e
0

“+o0
< @R log(@)™ (/ exp(—vy ¥/ h1oe( D)) 4 exp(—pyt!/Rlce(d))qy
0

1 n
w27

0,00

)

) 1/(21og(d))

)

1/(2108(d))
< Ve (nlog(@)v " T (log(d)) + 2hlog(d)vy T 2k log(d)) *

where we used Jensen’s inequality for the first line. Since Gamma-function sat-
isfies for # > 2, T'(z) < (%)“~! (see [17, Proposition 12]) we have

E

h
<
o

1 n
w27

\/E((h 1Og(d))h10g(d)l/1_h 10g(d)217h10g(d) +2(h log(d))zh log(d) V2_2h log(d))

,O0

1/(21og(d))

For n > (U?1og(d))/(90%) we have v log(d) < v3 and therefore we get

1< . (2ehlog(d))h/2 |

h
SOBEL

i=1

E
1551

0,00
5.3. Proof of Theorem 3
Proof. Let h be the following function

h(k) = mim{l/27 arMK(flliﬁ)v/(Sv\/ﬁ)} : (40)
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Since 0 < h(k) < 1/2 and h is continuous, there exists a fixed point £* € (0,1/2]:
h(ks) = Kx (41)

For notational convenience, the dependence of k, in 7, M and n is implicit.
We start with a packing set construction, inspired by [7]. Assume w.l.0.g., that
my > me. For k < 1, define

L= {L = (l;;) e R™M>" 1 1, € {—ﬂ ﬁ} Vi € [ma], Vj € [7"]}7

272
and consider the associated set of block matrices
o= {U=(r|[-|L]O)erRm ™ LeL],

where O denotes the my X (mg — 7|m2/r|) zero matrix, and |z| is the integer
part of x.

Remark 3. In the case m; < mo, we only need to change the construction of
the low rank component of the test set. We first build a matrix L € R"*"™2 with
entries in {—%, %} and then we replicate this matrix to obtain a block matrix
L of size mq X ms.

Let L., xm, denote the m; x ms matrix of ones. The Varshamov-Gilbert bound
([26, Lemma 2.9]) guarantees the existence of a subset £ C £’ with cardinality
Card(L£") > 20"M)/8 11 containing the matrix (k7/2) I, xm, and such that,
for any two distinct elements X; and X5 of L,

Mr k22 Lsz o mamy K22
8 16 '
Then, we construct the packing set A by setting

X1 = Xal3 > (42)

r

A= {L+ WIWW : Le £”}-
By construction, any element of A as well as the difference of any two elements
of A has rank at most r, the entries of any matrix in A take values in [0, 7], and
X0 = 41,,, xm, belongs to A. Thus, A C F(r,7). Note that A has the same size
as L£” and it also satisfies the same bound on pairwise distances, i.e. for any two
distinct elements X; and X5 of A, (42) is satisfied.

For some X € A, we now estimate the Kullback-Leibler divergence
D (Pxo||Px) between probability measures Pyxo and Px. By independence of
the observations (Y7, w;) 4,

2 7( X0
D (Pxo||Px) = nE,, EZJjCYgﬂlog(§§%%f%)

j=1

Since X0 =~ and either X,,, = X0 or X, = (1 — k)7, by Lemma 16 we get

w1

_ - )
S =) = A= m)]

2

D (Pxo||Px)
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From the mean value theorem, for some & € [(1 — k)v,7] we have

n{(f1)(©)}* (k)
A =ry) = (A =r))]

Using H4, the function (f!)’ is decreasing and the latter inequality implies

D (Pxo||Px) <

D (Pxo||Px) < 8n(ry)?9((1 — &)7) , (43)
where ¢ is defined in (6). From (43) and plugging x = * defined in eq. (41), we
get

M
D (Pxol|Px) < o= < alogy(rM/8) |

which implies that

1
Card(A) —1 %D(Pxollpx) < alog (Card(A4) — 1) . (44)

Using (42) and (44), [26, Theorem 2.5] implies

X - X3 M
inf sup Pgx I1X = Xl > cmin {72, 77”} > (45)
X XeF(rm) myims (1 )y

for some universal constants ¢ > 0 and § € (0,1).

Lemma 16. Let us consider z,y € (0,1) and
k(z,y) = zlog(z/y) + (1 — z)log((l —x)/1 —y) .

Then the following holds

(z —y)?

y(l—y)

Proof. The proof is taken from [7, Lemma 4]. Since k(z,y) = k(1 — 2,1 — y),
w.l.o.g., we may assume y > x. The function ¢(t) = k(z,z + t) satisfies ¢'(t) =
t/[(x +t)(1 —x —t)] and ¢g”(t) > 0. Therefore the mean value Theorem gives
gy —z) — g(0) < ¢'(y — z)(y — =) which yields the result.

k(x,y) <
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