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Abstract: By virtue of long-memory time series, it is illustrated in this pa-
per that white noise calculus can be used to handle subtle issues of stochas-
tic integral convergence that often arise in the asymptotic theory of time
series. A main difficulty of such an issue is that the limiting stochastic inte-
gral cannot be defined path-wise in general. As a result, continuous mapping
theorem cannot be directly applied to deduce the convergence of stochas-
tic integrals fol Hy,(s)dZn(s) to fol H(s) dZ(s) based on the convergence of
(Hn, Zn) to (H, Z) in distribution. The white noise calculus, in particular
the technique of S-transform, allows one to establish the asymptotic results
directly.
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1. Introduction

Stochastic integrals are widely used in the asymptotic theories of time series
problems. For example, functionals of Brownian motion are employed in [5] to
derive the asymptotic distributions of the least squares estimates of the autore-
gressive processes in the presence of unit roots. To test the long-memoryness of
a non-stationary time series, [9] extend the results of [7] and develop a fractional
Dickey-Fuller test that is based on stochastic integrals involving both Brownian
motions and fractional Brownian motions. Functionals of fractional Brownian
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motion are also considered in [26] in the unit-root problems. In [4], the frac-
tional Dickey-Fuller statistic is modified to test the fractional cointegration of
multivariate non-stationary time series. See [3, 8, 25] and [27] for other existing
results of the fractional cointegration. The convergence to stochastic integral is
essential to all these asymptotic theories.

Theory of stochastic integral is summarized in [17, 24], and [10]. In particular,
[10] provides a general framework so that stochastic integrals can even be defined
over a Lie-group. This enhances many applications in physics. However, the
stochastic integral convergence is mainly used in the construction of stochastic
integrals. For example, in Section 2.3 of [10], the convergence theory is developed
to approximate the rough paths of integrand and integrator by smooth paths.
Convergence theory is also needed to define stochastic integrals in Ito’s sense and
in Stratonovich’s sense. Going beyond the construction problem of stochastic
integrals, it is unclear if such convergence theories can be applied directly to
establish asymptotic results in statistics.

The general theory of stochastic integral convergence is discussed in [20].
Subsequent works include [12] and [6], giving the theoretical foundations of the
unit-root test method proposed in [9]. It is worth noting that the convergence
results of [20] are established under certain conditions that require justifications.
In this paper, questions are raised related to the use of continuous mapping
theorem and functional central limit theorem in the above-mentioned works. To
circumvent such difficulties, an alternative approach that based on the white
noise calculus is considered in this paper. In particular, the technique of S-
transform is used. For the details of the white noise calculus, one may refer to
[13, 19, 18, 14], and [15].

To illustrate the ideas, the fractional Dickey-Fuller test statistic in [9] is revis-
ited in particular. The asymptotic results of the fractional Dickey-Fuller statistic
can be generalized to test the fractional cointegration of bivariate time series.
It is a future research direction to explore further applications of white noise
calculus in statistics involving higher dimensional data. Let X1, Xp2,..., Xnn
be the observed time series. Suppose that X,,; = > .'_;€n;, for i = 1,2,...,
where €,1, €2, . . ., €4 are independent and identically distributed random vari-
ables with distribution function F'(-), zero mean, unit variance, and finite fourth
moment. Let d € [0,1). Define AYX,,; = Z;;E 7j(d)Xn,i—j , where m;(d) are
the coefficients in the Taylor series of (1 — 2)¢. The following test statistics are
used in [9],
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The asymptotic distributions of (1.1)—(1.3) are taken as examples in this paper
to demonstrate the application of S-transform in asymptotic theory. In the case
d € (1/2,1), the sequence A?X,, ;_; can be approximated by a stationary time
series. Therefore, the denominators in (1.1) and (1.3) can be handled using
ergodic theorem. Moreover, the numerators can be approximated by a Normal
distribution according to the martingale central limit theorem. The difficult
part lies in dealing with the case d € [0,1/2). The following theorem will be
established.

Theorem 1.1. (See [9]) Suppose that d € [0,1/2). Let

UM = AXpiA X1, (1.4)
=2

UP = (AX,00)%, (1.5)
=2

UP = (AX,i1)°, (1.6)
=2

1

v = ! / Wa(t) dB(t) (1.7)

(1—2d)'2r(1—d) J, ’
1 1
@ = 2(t) dt 1.
U~ s [, Wit (18)
U® =1, (1.9)

where B(t) is a standard Brownian motion and Wy(t) is the Type II fractional
Brownian motion,

Wa(t) = (1 —2d)'/? /Ot(t —5)"%dB(s), fort>0,

see [22] and [9]. Then
(n= =DV =20 (), =177))
converges in distribution to (UM U2 UG)),

In Section 2, the concepts in white-noise calculus useful to the stochastic inte-
gral convergence are discussed. In Section 3, white-noise calculus, in particular,
the technique of S-transform is used to furnish the proof of Theorem 1.1. In Sec-
tion 4, the extension of the results in Section 3 to the fractional cointegration
test is discussed. The technical lemmas are given in the Appendix.

2. Stochastic integral convergence: Theoretical background

In this section, we examine the feasibility of using (i) functional central limit
theorem and (ii) white-noise calculus to establish the convergence of stochastic
integrals. Let (H,,, Z,),n =1,2,... be a sequence of cadlag stochastic processes
defined over probability measure spaces (0, Fp, thn) -
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2.1. Functional central limit theorem approach

The stochastic integral convergence theory in [20] relies on the continuous map-
ping theorem and functional central limit theorem. By assuming that (H,,, Z,)
converges in distribution to some stochastic process (H, Z) under the Skorohod
topology of the cadlag function space D[0,00), [20] establish the convergence
of J, = f01 H,(s)dZ,(s) in distribution to J = fol H(s)dZ(s) using continuous
mapping theorem. Indeed, the convergence in distribution can be established if
the following hold:

(i) There exists a functional J operating on all (h,z) € D?[0,00) so that for
all w e Qyp, Jp(w) = T (Hp(w), Zp(w)) and J(w) = J(H(w), Z(w)) for all
w € 2, and

(ii) the functional J is continuous in the Skorokhod topology at all points
(h,z) € D?[0, 00).

It should be noted that in both (i) and (ii), the qualifier “all” is crucial.
It is not guaranteed that the continuous mapping theorem holds if “all” is
replaced by “almost surely” or “with probability going to one”. Observe that
the operator (h,z) — lima_o Y. h(s;)[z(tix1 — t;)] cannot be defined for all
h € D|0, 00) unless z(s) has finite variation, see [24]. Here A is the mesh size. It
is also a well-known fact that there exists z(s) with infinite variation in D[0, o).
Therefore, there are “holes” in the functional. To overcome such a difficulty, [20]
consider an operation Z°(h) that approximates h by stepwise function, where
§ > 0 is chosen arbitrarily small. Though results of the continuity of Z° under
the Skorokhod topology for each § has been obtained in their Lemma 6.1, such
continuity is only guaranteed almost surely. The continuity of the functional
(h,z) — fol(l"s(h))(s) dz(s) entails Lemma 6.1, equations (1.12), and (1.13) in
[20] and therefore holds only almost surely.

2.2. White noise calculus approach

To circumvent the difficulties related to the use of continuous mapping theorem
and functional central limit theorem, an alternative approach that based on the
white noise calculus is considered in this paper. The crucial idea is that ran-
dom variables and stochastic process can be “characterized” by the so-called S-
transform that is deterministic, see [23] and [21]. That means that there is a one-
one correspondence between L? random variables and their S-transforms. As a
result, limits and integrals can be defined indirectly through the S-transform.
If (Q,, Fu, pin) and (2, F, 1) are all the same and are Gaussian measures, then
it is shown in [1] that the convergence of S-transform pointwise is equivalent
to the convergence in L?. [23] also give similar results of equivalence, however,
the convergence is defined in a topology that is coarser than the L? topology.
Therefore, the results of [1] is more relevant to the applications in statistics.
Let Xpe, t = 1,2,...,n, n = 1,2,3,... be an array of random variables
such that (X,1, Xn2,...,Xnn) is defined over probability spaces (2, Fn, thn) -
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To establish the results of L2 convergence, new random variables )N(m, i =
1,2,...,n, n = 1,2,3,... are constructed over a common probability mea-
sure space (£, F, i) such that (an, Xnoyoons X}m) has the same distribution as
(Xn1, Xno, ..., Xnn) . Here, we maintain that establishing L? convergence can be
simpler than establishing the convergence in distribution in certain situations.
However, L? convergence requires that all random variables are defined over
the same probability space. Therefore, in this subsection, Xni,i=1,2,...,n,
n=1,2,3,... are constructed over a common probability space (2, F, u) such
that (X'nl, X'ng, e ,X’nn) has the same law as (X1, Xp2, ..., Xnn) . This allows
us to study the convergence in distribution indirectly through L? convergence.

Suppose that (2, F, ) is constructed so that B(t;w), ¢ € R is a standard
Brownian motion. The detailed methods of constructing (2, F, i) can be found
in [17] and [14]. Equip (£2, F, ) with the filtration F; generated by B(t) . To con-
struct (an, Xng, ... ,Xm) , consider the following Skorohod embedding scheme.
Let 0 = 70 < 71 < Tz < ... < Ty be the stopping times as prescribed on
p.516-518 of [2] so that &,; = n'/?(B,,, — B;, ,_,) has the same distribution as
nis B(Tni—Tni—1) =n 1, and E(7i—7ni-1)% < 4n~2. Define X,,; = > i1 Enj -

The S-transform is applied to derive the asymptotic distribution of the statis-
tics (1.1)—(1.3). The definition of S-transform is given below.

Definition 2.1. Let S(R) be the Schwarz space, i.e. the space of rapidly de-
creasing functions on R. The S-transform of a random variable U € L? is
defined as the functional that maps n € S(R) to

SU(n):E{Uexp [/Rn(t)dB(t)—%/an(t)dt]}.

Theorem 2.2 of [1] suggests that U € L? and the S-transform can be uniquely
determined by each other. Moreover, Theorem 2.3 of the same paper establishes
the equivalence between

1. EU,-U)?—0and
2. both EU? — EU? and SU,,(n) — SU(n) for all n € S(R).

The S-transform of the stochastic integrals Jp = fol H(t)dB(t) and Jp =

fol H(t)dt can be obtained via

s&@%aénw&wamm,

&Mm=ASW®MMt (2.1)

There are at least two merits of using the S-transform approach. The first one
is that for each n € S(R), both SU,, (1) and SU(n) are deterministic real-valued
scalars. This makes it easy to establish convergence results. The second one is
that joint convergence of (U,,V,) in distribution to (U, V) can be established
component by component. This is not true in general unless all variables are
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defined on the same probability space and the convergence is in the L? sense.
If U, converges in L? to U and V,, converges in L? to V , Markov inequality
suggests that for any § > 0,

P(U,—U?+ (V, = V)2 > ) <6 2B(U, —U)*+ (V,, = V)}) =0

Therefore the Euclidean distance between (NU n) and (U, V) goes to zero in
probability. Slutsky’s lemma suggests that (U,, V;,) = (U, V) + (U, — U, V,, = V)
converges in distribution to (U, V).

3. S-transform and fractional Dickey-Fuller statistic

In this section, the technique of S-transform described in Section 2 is used to
study the asymptotic behavior of fractional Dickey-Fuller statistic. Theorem 1.1
is a direct consequence of the following proposition.

Proposition 3.1. Let UD  U®) | and U®) be defined in (1.7), (1.8), and (1.9)

respectively and

UT(LU — Z AXniAanﬂ'—l )

=2
~ n ~
U7g2) — Z(AdX’n,i—l)Q 7
=2
UP)=> (AX,i1)°.
=2

Ifd €10,1/2), then
(n= (=DM p=20-D @), -177)

converges in distribution to (UM, UR) UG)),

Remark 3.1. In Proposition 3.1, X can further be replaced by X since
(an,Xng, X n) has the same distribution as (X,1, Xno, ..., Xnn). Theo-
rem 1.1 then follows immediately.

New proof based on S-transform. Throughout the paper, the notation a Ab and
a V b refer to min{a, b} and max{a, b} respectively.

From the discussion following Definition 2.1, we see that the limiting distri-
bution of the triple ( ~7(11)’ ~,(L2), ~7(13)) can be obtained component by component
provided that they all converge in L? to random variables defined on the same
probability space. Throughout the proof, if no confusion is made, m; refers to
mi(d—1),7=1,2,...,n. The coefficients 7; can be approximated by Stirling’s
formula as
Lj+1-d) _ G

m=) =T ST

(3.1)

see [16].
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Rewrite
B n i—2
UM =3 "> miénij1, (3.2)
=2 7=0
B n 1—2 n =3 i—2
U7(L2) = Z Z €n a—j—1 + 22 ijfgn,ifjflgn,ifffl
=2 j=0 1=3 j=0/{¢=j+1
= U3V 42022 (3.3)

The quantities ‘N/rfl) and f/n@) defined below will be used in the approximation
to U,Sl)(n) and U(2)( ) respectively,

g (2) ()

1=2 j=0

o522 -a(=22).

1=2 j=0
n 1—3 1—2 . .
—j—1 —j—2
2y 3 () - 8(5)
n n
i=2 j=0/¢=5+1
[B<z—£—1)_B<z—€ 2)}
n n
=V 42y (22 (3.6)

Proof of (1.9). Clearly, from the law of large number, l?,@ converges in proba-
bility to Ee?. 0

Proof of (1.7). Lemma A.3 suggest that n—20-DE[TV]2 — E[UM)?. Next,
we show that n*(l’d)SVn(l)(n) — SUM (). The S-transform of 17751)(77) can be
obtained using Lemma A.1 as follows,

5V,§1>()—nexp< / dt) f:liijexp(// (t)dB(t))

=2 j=0

([ o) () (5]
el ) )

n 172 (i=j=1)/n
*HZZWJ/ /( n(t)dt.

i=2 j=0 i—j—2)/n
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Since all rapidly-decreasing functions are bounded, the integrals on the right-
hand side of the above expression are all O(n~!). Using (3.1), standard argu-
ments can then be used to show that as n — oo,

1 t
n-0=DsTM () r(11—d)/0 n(t)/o(t—s)*dn(s)ds. (3.7)

The integral on the right-hand side exists for d € [0,1/2). To show that this
limit is the same as SU™M) | consider the formula (2.1) and Lemma A.1,

SUM (n) = ﬁexp (—%/Rn%) dt)
-/Oln(t)E{exp (/_O;n(s)dB(s)> -/Ot(t—s)_ddB(s)}dt

=ﬁ / n(t) / (t — s)~n(s) ds dt

which is the same as the limit (3.7).
Below, we show that the error S[U,(f) — V,El)](n) = o(n'~%) and therefore is
negligible. Define

Z (Tkre) = B(Tngpse-1)”,  (3.8)

{=1

N —
l\')l»—\

My gj = 5[B(Tak+i) — B(Tok)]
P
__Z[ (k+£> (#)F 59)

Lk, = S[Mpk,j — Nnk,j1(n) - (3.10)

In Lemma A.2, choose 0 < § < 1. Then,

L= %3{ [B(Tn,kﬂ‘) - B(Tnk)} - [B(k%> - B<§)]2

—[m,w _Tnk} + %}(n)
33 {[Btused - Bonaee]

A o

]/n (3 8)/2 /\]1/2 —(2— 6)/2)+O( [1/%] (3—4)/2 /\]n—(2 5)/2)
([/ ]3 6)/2 /\j1/2 —(2— 6)/2) (311)

l\DDi
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Employing summation by parts,

n
Uit = nzﬂ'i—2B(Tn,i—1) [B(Tni) — B(Tn,i-1)]
i—2

n 1—2

—nY Y [B(tni1) = B(Tni-1-5)] - [B(Tui) = B(tni1)] - [75 — m51]

i=3 j=1

n
=nmp—oMpon —"n E My 0,i—1 - [Ti—a — Ti—3]

=3
n—2
—-n § Mn,k,nfk : [ﬂ—nfkfl - ﬂ—77,71672]
k=1
n—2n—k—1

+n Z Z My g, - [7mj — 2mj—1 + mj—o]
k=1 j=2

Similarly,
n—1
(1
v = NTp—oNpon — 1 E Ny [mic1 — mi—a]
i=2
n—2
—n § Nn,k:,nfk . [ankfl - ﬂ-nfkfﬂ
k=1
n—2n—k—1

+nY Y Nuwg - mj—2m1 + 7).
k=1 j=2

From (311)7 Ln,O,n < O(n_(l_‘s)/z), Ln,O,i < O(il/zn_(2_§)/2), Ln,k,nsz <
O((n — WVon-ED73) "L o < O{GImED) for j < i, wnd Loy <
O(jY/?n=(2=9/2) for j > \/n. Using Stirling’s formula (3.1) and the facts that
7 —mj—1 = 074 1) and m; — 2mj_1 + mj_a = O(j~972), it can be checked
that if 0 < & < 1 is chosen, nm,—2Ly 0. nZ?:}l Lpoi - [mi1 — mi—a], and
nzz;f Lo kn—k[Tn_k—1 — Tn_r_2] are all o(n'~?). In addition, if 0 < § <
1/2 — d is chosen, then

n—2n—k—1

nY > Lok [mj— 2w + 7o)
k=1 j=2

k=1  j=2 k=1 j=yn  k=n—yn J=2

Lk, - [mj — 2mj—1 4+ mj—o]

v o)
<0 (n(1+6)/2 Zjd(1+5)/2> +0 (n(2+5)/2 Z jd3/2>

Jj=2 j=vn
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v
+0 <n5/2 Zj—d—(1+6)/2>

j=2
_ O(nfd/2+(3+§)/4) + O(nfd/2+(3+26)/2) + O(nfd/2+(176)/4)
=o(n'79).
Therefore, the error S| 7Y ‘7,51)](77) is negligible. O

Proof of (1.8). From Lemma A.3, n4(1*d)E[[~L§2)]z — E[U®)]2. Consider the
convergence of S-transform. Using Lemma A.1,

n t—2

ST = e [0 ar) >3

i=2 j=0

E{exp(/Rn<t> an(y) - [B(*L=) - B(%HZ}

— nzn:fwa{i + </((ij1)/n n(t) dt>2}.

i=2 j=0 i—j—2)/n

Since rapidly-decreasing functions must be bounded, the terms | [ ((;:j:;)) // Sn(t) dt|
are uniformly bounded by O(n~!) quantities and therefore are negligible. Then,
the approximation formula (3.1) yields

N 1 1 t
—2(1—d) ¢77(2,1) —2d
n SvV,5 () — Fz(l—d)/o /0 s “%dsdt.

Similarly,

SV, ()

‘Bexp ( /( ;_W n(t) dB(t))
[ moasa) [p (=) -5 (7)) )
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By virtue of the approximation formula (3.1) and symmetry of the function
s~ Iyt — s)n(t — u), we have

3 1 1 gt gt
nfz(lfd)SVf’Z)(n) — m/o /0 /S s~ (t — s)n(t — u) dudsdt
t

_ 2r2(11_d)/01 (/O (t—s)dn(s)ds>2dt.

SU@)(n) can be obtained using the formula (2.1) and Lemma A.1,
a-2a7s{ [ wiwaso}
= exp (—%/Rn?(t) dt)
-/01 E{exp </O:O n(s) dB(s)) : (/Ot(t - s)ddB(s)>2}dt
_ /01{ </0t(t — 5)~n(s) ds)2 + /Ot(t _ s)%ds}dt.

It follows that SU?)(n) is the same as lim,, o 817752)(77) .
Next, we show that the error

SO = V@1(n) = [SUZY (n) = V2D ()] + 2[SUL? (1) — SV ()]

is 0(n2(1_d)) and therefore is negligible. Define the quadratic variation processes
Qni = i[B(Tnj) — B(7n,j-1))%,
j=1
R = 321BG /m) ~ B(G ~ /)
=1
Then, ]

n—2
Ul =n Z W?Qn,nﬂel )
§=0
Applying summation by parts,

n 1—3
U =n Z Ti—2 Z%‘B(Tn,i—j—z) [B(Tn,i—j-1) = B(Tn,i—j—2)]
i=3 j=0

n i—4 i—2

03 ST ST mB(raimj—2) = B(Tai—e-1)]

=3 j=0 (=j+2
[B(Tni—j-1) = B(Tn,i—j—2)] - [me — mp—1]
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—nZWZ 2Mn01 1+le771 ZZMHOZ —j—1" - T 1]

n i—2
-n ZMn,qu,zfl <[ — mo—1]
i=3 =0
A
—-n ZMn,szszjq mp = mioa] - [me — me—a]
=3 (=2 j=1

Similarly, using the notation defined in (3.8) to (3.10),

n—2
7(2,1) _ 2 )
V. =n i Ry—j—1
Jj=0
n n i—3
2
) =n E Ti—2Np0,i-1+7N E Ti—2 E Nno,i—j—1 - [mj — mj—1]
i=3 i=3 j=1
n 1—2
-n g Nn,ifffl,ffl : [7T£ - Wfﬂ
i=3 (=0
n 1—24—2
—-n E nzzwg 1 [] 77]'71]'[72_77671]'
i=3 (=2 j=1

Using Stirling’s formula (3.1) and Lemma A.2, if 0 < < 1 is chosen, then

n—2
SO VD) 20> i S[Qnm—j—1 — Rnm—j—1](n)

j=
(n(3+6)/272d)

I
S

From (3.11),
Luoi1 < O(i/2n~(2-9/2)

Lnoi_j_1 < O(iY/2n~(2=9)/2)

Lnict-1.0-1 < O(6?n~(2=0)/2)

Loietot0jr < O 20~ @=9)/2)

9

7 n-

)

9

In addition, Y777, j —4=1 = O(1) . Consequently, if § is chosen so that 0 < § <
1-2d, S[U3? v(”)]( ) = o(n?~24). O
4. Beyond the fractional Dickey-Fuller unit root test

The application of Theorem 1.1 is not limited to the unit root test. In this
section, we illustrate that Theorem 1.1 can be used to establish the asymptotic
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theory of residual-based test for fractional cointegration for a bivariate time
series. The purpose of this section is to provide further examples of white noise
calculus for a bivariate time series.

Consider the following model. Let (Yi1,Zn1), (Yn2, Zn2), .-y (Yan, Znn) be
the observed time series and 9,1, %2, ..., %, and €,1, €2, . . ., €4, are indepen-
dent and identically distributed random variables with zero mean, unit variance,
and finite fourth moment. Without loss of generality, assume that Var(e,;) = 1.
Suppose that Z,; = A~%9Y,,; and Yy,; = BZni+ Xni, and X,; = A~ %e,; , where
1/2 < dyp < 1and 0 < d; < dy—1/2 are unknown parameters. We are interested
in testing Ho: (do,d1) = (d§, d) against Hy: (do,d1) = (df, d}). To construct
the test statistic, 5 can be estimated by either (i) regressing A%Y,,; against
A% Z,. or (ii) regressing Y;,; against Z,;. These two cases are considered in
subsections 4.1 and 4.2 respectively.

4.1. Regression with fractional differencing

Let
Xm' = Yni - BZM ) (41)
s Y ANY AN 7,
Z'L:l(A Z"’”)
(ZB _ Z:-L:Q AdSXniAdIXn,i—l (4 3)
Z;L:Q(Adf n,i71)2 ’
S% = ’/lil Z(AdSXni - QZ)OISAdIXrn,i—l)2 ) (44)
1=2
Sor o, AN X AT X, iy

St (Z?:z(AdT Xn,ifl)Q)

The special case df = 1 was considered in [4]. However, in view of the dis-
cussions given in Section 2.1, the asymptotic results were not completely satis-
factory as they were derived using the arguments of [9]. The following theorem
is now established rigorously.

Theorem 4.1. Let d=1—dj +dj and
(UL, U2, U)

_ (z I NS SR S SN ) zmdsxnm?).
=2 =2 i=2
If1/2 < df <1 and 0 < df < d§—1/2, then under the null hypothesis (do, d1) =
(d5, d5) ,
(n= =Dy y=20-d)7(2) [ =177(3))
converges in distribution to (UM, UR) UG where UY |, U | and UG are
defined in (1.7), (1.8), and (1.9) respectively.
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Proof. Suppose that the null hypothesis (do,d1) = (d§, d§) is true. Using the
fact that an = an — (5 — /B)Z’I’Li7

> ABXANX,
i=2
=Y ANXL AN, = (B B)) AN Z, AN X,
i=2 i=2
R n . n
—(B=B)> ALNX AN Z, i+ (B= B AR Z AN Z,
i=2 i=2
The first term can be rewritten as

n

> AL e AN A e i)

=2

Since A7le,; is an I(0) process, Theorem 1.1 suggests that the asymptotic
distribution (after normalization) is the same as that of U (1) From Lemma A.3,
AN Z, AN X, i, AN X, AN 7,y and A% Z,,ANZ, ;g are all O, (n'~?).
To establish the convergence result of Uél) , it suffices to show that 3—3 = op(1).
Clearly, under the null hypothesis,

A Z?:l €niUni —1/2

6_6: 2?21672”‘ :Op(n /)

The results of US? and UL can be established similarly. O

Remark. It is possible to generalize this theorem to higher dimensional time
series. The proofs, however, become substantially more technical and tedious,
and are not directly related to the main theme, white noise calculus, of this
paper. For this reason, such kind of generalizations will not be pursued in this
paper. They will be dealt with in a future research project under a different
context.

4.2. Regressing without Fractional Differencing

Let
Xni = Yni - BolsZni y (46)
A o 2?21 Ym'Zm'
ﬁols — n 22 . (47)
Zi:l ni
For simplicity, suppose that ¢,,1, U2, ..., U0, and €,1, €po, . . ., €4y are indepen-

dent N(0, 1) random variables so that following simple embedding scheme can
be used. Let B(t) be a standard Brownian motion. Define 9,,; = n'/2(B(i/n) —
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B((i—1)/n)) and €,; = n'/2(B(1+i/n)—B(1+(i—1)/n)),i=1,2,...,n. With
such random variables defined over the same probability space, S-transform can
be used to establish the following two propositions. The proofs are very similar
to that of Theorem 1.1 and are omitted here.

Proposition 4.1. Letd=1—dj and

Ui = Z " (4.9)
1

Ch (1- 2d)1{2(1 —d) /0 W;(t)W;(t) dt, (4.10)

v = (1- Qd);‘Q(l —d) /0 (W ()] dt, (4.11)

where B(t) is a standard Brownian motion and W2 (t) and W5(t) are the Type
IT fractional Brownian motions,

W(};(t)(12d)1/2/t(ts)ddB(s), foro<t<1,
01+t

W;(t):(1—2d)1/2/ (1+t—s)"%dB(s), for0<t<l1.
1

Then (n=20-DUYZ n=20=DYZ2) converges in distribution to (UY %, U%%).

Proposition 4.2. Letd=1—dj+d} and

ULX2) - ZAle ABZ, (4.12)
=2
URX2) - Z Adlx A% i1 s (4.13)
3 XZ) _ ZA oX 1Ad;; it (4.14)
(1,X7) 1 1
uvret = WE(t) dB(t L15
(1—2d)1/21"(1_d)/0 4(t)dB(t), (4.15)
1 1
(2.X2) _ 9 .
v (1—2d)T2(1 —d) /O Wi @W(t)dt, (4.16)
e =0, (4.17)

where B(t) is a standard Brownian motion and W2 (t) and W§(t) are the Type
11 fractional Brownian motions,
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t
W2(t) = (1 —2d)l/2/ (t—s)"4dB(s), for0<t<1,
0
1+t
Wj(t):(l—Qd)l/Q/ (1+t—s5)"%dB(s), for0<t<1.
1
Then (n_(l_d)UT(ll’XZ),n_Q(l_d)Uéz’XZ),n_lUr(LS’XZ)) converges in distribution

to ([J(l,XZ)7 U(Z,XZ)’ U(B,XZ)) .

The asymptotic distributions can therefore be obtained as in the proof of
Theorem 4.1 using for example,

Z Ads anAdI Xn,i—l

=2

=Y ANX AKX = (Bois — B) Y AB Zyi AN X,

=2 =2

- (Bols - B) Z Ad; XniAdS Zn,ifl + (Bols - 5)2 Z Ads anAdT Zn,ifl .

=2 =2

Here, we see that the test statistics in subsection 4.1 allow simpler desmmcrip-
tion of the asymptotic distributions.

Appendix A: Technical lemmas

Lemma A.1l. Let C be a 2 x 2 symmetric positive-definite matriz and g(x) be
a function so that the integral

I(g) = m /R2 g(x)exp <y — %(m,y)C‘l(x,y)T> dx dy

exists. Then,

eXp(CQQ/Q) / ( 1 2)
I(g) = —F———=== +C — dx .
(9) OrTem Rg(x 12) €Xp oo )
Proof. This can be shown easily using completing squares techniques. O

Lemma A.2. For any integers 1 < k < i < n, real number 0 < 6 < 2, and
rapidly-decreasing function n(-),

Sltni = Tk — (i = k) /n)(n) = O(n ™" (i = k)'/?) (A1)

S{1B(rui) = Bra))* = [Bli/n) = B/m)f = [t = ut] + (i = k)/n} (n)
= O([(i — k) /n]B=/2 A (i — k)M 2= (R=0)/2) (A.2)
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Proof of (A.1). Tt follows from Cauchy-Schwarz inequality and the fact that

B = exp ( /R n(t) dB(t) — % /R (1) dt)

has moments of any order O
Proof of (A.2). Let ©(t) = [*_n(t)dt, B(t) = B(t) - (1),

T T
O(T) = exp (/0 n(t) dB(t) — %/o n2(t) dt) .

Forany T' > 1,

B {2(r) (1B
o(1) ([Brw A1)~ B AT)] [t AT) = (s AT)]) |

-2
[@ n) ()] (T) [B(rui AT) ~ Blru AT)]| }
rofom o) -o ()]}
O P
{< et =e () +o(;)]}
[( AT) — O (rn AT) — @(%)%)(S)]}
o ()=o) |
'E {<I>(T) {@(Tm AT) = O(T, AT) - © (%) +0 (S)]}

= L(T) + L(T) + I3(T) + 1u(T) + Is(T) + Is(T) -

AT) ~[(7ai AT) = (i A T)]) }

-1O(T,

It can be checked from Lemma A.1 that

(1) = E{¢(T><[B(%)_B(g>r—%>}.

Since both B(t) and B?(t) — t are martingales, I1(T) = I3(T) = 0 by virtue of
Girsanov’s theorem and Doob’s optional stopping theorem. Note that for any
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rapidly-decreasing function 7(-),
sup|® |</ [n(s)|ds < o0

Moreover, both B(7,;) and B(7,;) have finite second moments by definition.
Then, taking T'— oo, bounded convergence theorem guarantees that

S {1B(ri) = Brai)* = [B(i/n) = B(k/n)]* = [rs — 1] + (i = K)/n} (1

(n)
—9E {cb {B(Tm‘) - B(Tnk)} : {@(Tm‘) —O(mur) - O ( ) ( } }
o

L E {@ [0 (i) — O] - [@(w) ~O(7ar) ~ © ( ) n ]

|
w0 (2) -0 ()] eleformo-erm—o () -0 ()]

=L+1;+ 1.
In addition,
E{(I)[B(Tnz) - B(Tnk)]2} =E {(I) [Tni - Tnk]} < (E©2)1/2 : [E(Tm’ - Tnk)2]1/2
=0((i —k)/n). (A.3)

Note that for any rapidly-decreasing function n(-),

)
)

3| .

sup|@ |</|n )|ds < oo and sup|77()|<oo

Then, for any real number 0 < § < 2,

E {@ [O(7ni) — ®(T7Lk)]2}

< {2 sup |®(t)|}5 E {CIJ [O(Thi) — @(Tnk)]%&}

t>0

< {23310) |@(t)l}5 {sup 77(75)}2_(s E {‘I’ [Tni = T"’f]Q_é}

s 2-4 5 1-0/2
< Losupien) }{supn b e o)

t>0
= O([(i — k)/n]*™") (A4)

and similarly,
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Using the bounds (A.4) and (A.5), it can be seen that

E {q> 00 - 0ru) -0 (1) +0 (1)) 2}

<an oo -0 (£)] } +an fa for-o ()]}
< O(n=(1-9)
and
e {3 ot o0 () o (4]
<3 {otore-orear) c2e{s [0 () o ()]
< O([(i k) /n)*?).
Equivalently,

E {cp o) -0t -0 (=) +o (1)) 2}

<O([(i — k) /n)>% An~(=9)y, (A.6)

The bounds (A.3) to (A.6), together with Cauchy-Schwarz inequality suggest
that
L+ 1I5+ Is = O([(i — k) /n]C=0/2 A (i — k)20~ (270)/2) O

Lemma A.3. Let UV and U®) be defined in (1.7)-(1.8). Define

1
== -2
1 201 = ) /0 /t (t—s)"**dsdt,
2 1 1 tl tz
oy = ﬁ/ / / / (t1 — u) "2ty — v) 2 dv du dty dty
— "
Egg F41— / / / / tl—u tl—v)

(ty —u) "ty — v) v dudty dt, .
Then,
EUM? = B, (A7)
EU®)? = Ey + Eas, (A.8)

Let (9p1,€n1), (On2, €n2);s - -y (Unn, €nn) be independent and identically distributed
with zero mean and finite fourth moment. Then,

2
n i—2
2(1d)E{Z i Z 7Tj6n,i_j_1} — Eé® - B9?. Eq, (AQ)
i=2 =0
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n i—2 i1—2 2
n~ 1= g Z TiOni—j—1 | - Zﬂjﬁn,i—j—1
i—2 \ j=0 =0
— BY? - Eé® - By + (Ed¢)* - Foy . (A.10)

Proof. Identity (A.7) follows from the It6’s isometry. Identity (A.9) is shown as
follows,
2

n i—2

—2(1-d

n~20-9E E 19m‘§ Tj€n,imj—1
=2 j=0

n—1 n
= 20-dE2  By?. Z Z 72,
k=1i=k+1

1 1 1
S P T A t—s) 2% dsdt.
HFQ(l—d) € /0 /t( s) s

Next, consider Identity (A.10). For any integers 2 < i1 < iy < n,

11—2 i1—2

E E Ty Onyig—j—1 ¢ - E Tjy €nyig—j—1
=0 =0
i9—2 i9—2

: E TjUn,is—j—1 0 E Tj€n,is—j—1
Jj=0 Jj=0
i1—1i1—1 i2—1i2—1
=E E § Wilfaflﬂ-ilfbflﬁnaenb . § E 71—2'270,717“271271'l9naﬁnb
a=1 b=1 a=1 b=1

i—1ip—1
2 2
= [EJ7] - [Ee”] - E E Tiy—a—1Tiy—a—1Ti; —b—1Tiy—b—1
a=1 b=1
i—1iy—1
2.3 3 g2 2
+ <E19€) ’ Ty —a—1Tiy—b—1
a=1 b=1
i —1

+ {Eﬂ262 - 2(E’l96)2} ’ Z 7T’L21—a—17r2'22—a—1 .
a=1

Using Stirling’s approximation (3.1), as i1 — oo, the last sum on the right-hand
side is

i1—1 i1—1
1
2 2 - Z . —2d/. —2d
;:1 Ty —a—1Tiy—a—1 ~ m — (7’1 o a’) (22 - a)
1 i1—1
c_ 1 . \—4d
=T —d) azzl(“ 2



Stochastic integral convergence 2055

The second sum

i1—1lip—1

2 2 _ A(sl—2d  :1-2d
E § T‘—ilfaflﬂ—iszfl_o(ll iy )
a=1 b=1

dominates the last sum if d € [0,1/2) . Then, standard arguments show that

2
i—2
E g 7T] n,i—j—1 ' E Tj€n,i—j—1
Jj=0

1=2 \j=0
n t—1i—1
z2:E)'l92'E)62' E E 7TZ a— 17T’L b—1
=2 a=1b=1
n i1—1lig—1
+2(E19€) Trll —a— 17T12 b—1
11=212=11+1 a=1 b=1
n 11—121—1

+2E'l92 EE Z Z Z Zﬂ—ll a—1Tj5—a—1T4; —b—1Tj5—b—1

i11=21i2=i1+1 a=1 b=1

2n4(1 d) 1,1

1 E192 Ee? / t1 —u) —2d(ty — v)_Qd dv du dts ditq
~r (1- 0o Jt. Jo Jo

2n4(1 d)

= (Ev¢)?
g =g ®%)

1 1 t1 t1
/ // / (t1— )9t — 0)~U(ts — )~ (ks — v)~" dv dudts dt.
o Jt, Jo Jo
Similar arguments show that
" i—a—1\ a a—1 ’
E _ B(-)—-B
SR () s ()]

yields the same limit except for the multiplier n*(* =% . This gives Identity (A.8).
U
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