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OPTIMAL DESIGNS FOR COMPARING CURVES!

BYy HOLGER DETTE AND KIRSTEN SCHORNING

Ruhr-Universitdit Bochum

We consider the optimal design problem for a comparison of two regres-
sion curves, which is used to establish the similarity between the dose re-
sponse relationships of two groups. An optimal pair of designs minimizes the
width of the confidence band for the difference between the two regression
functions. Optimal design theory (equivalence theorems, efficiency bounds)
is developed for this non-standard design problem and for some commonly
used dose response models optimal designs are found explicitly. The results
are illustrated in several examples modeling dose response relationships. It
is demonstrated that the optimal pair of designs for the comparison of the
regression curves is not the pair of the optimal designs for the individual
models. In particular, it is shown that the use of the optimal designs proposed
in this paper instead of commonly used “non-optimal” designs yields a re-
duction of the width of the confidence band by more than 50%.

1. Introduction. An important problem in many scientific research areas is
the comparison of two regression models that describe the relation between a com-
mon response and the same covariates for two groups. Such comparisons are typ-
ically used to establish the non-superiority of one model to the other or to check
whether the difference between two regression models can be neglected. These in-
vestigations have important applications in drug development and several methods
for assessing non-superiority, non-inferiority or equivalence have been proposed
in the recent literature [for a recent reference see, e.g., Gsteiger, Bretz and Liu
(2011)]. For example, if the “equivalence” between two regression models de-
scribing the dose response relationships in the groups individually has been estab-
lished subsequent inference in drug development could be based on the combined
samples. This results in more precise estimates of the relevant parameters, for ex-
ample, the minimum effective dose. Comparison of curves problems have been
investigated in linear and nonlinear models [see Liu et al. (2009), Gsteiger, Bretz
and Liu (2011), Liu, Jamshidian and Zhang (2004)] and also in nonparametric re-
gression models [see, e.g., Hall and Hart (1990) and Dette and Neumeyer (2001)].
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A common approach in all these references is to estimate regression curves in the
different samples and to investigate the maximum or an L,-distance (taken over the
possible range of the covariates) of the difference between these estimates (after
an appropriate standardization by a variance estimate).

This paper is devoted to the construction of efficient designs for the comparison
of two parametric curves. Although the consideration of optimal designs for dose
response models has found considerable interest in the recent literature [see, e.g.,
Dette et al. (2008), Dragalin et al. (2010) and Dette, Bornkamp and Bretz (2013)
for recent references], we are not aware of any work on design of experiments
for the comparison of two parametric regression curves. However, the effective
planning of the experiments in the comparison of curves will yield to a substan-
tially more accurate statistical inference. We demonstrate these advantages in Sec-
tion 5 showing that the width of the (simultaneous) confidence bands proposed by
Gsteiger, Bretz and Liu (2011) for the difference of the curves is about two times
smaller if a design constructed in this paper is used instead of a standard design.

The remaining part of this paper is organized as follows. Some terminology
(for the comparison of two parametric curves) will be introduced in Section 2,
where we also give an introduction to optimal design theory in the present context.
The particular difference to the classical setup is that for the comparison of two
curves two designs have to be chosen simultaneously (each for one group or re-
gression model). A pair of optimal designs minimizes an integral or the maximum
of the variance of the prediction for the difference of the two regression curves
calculated in the common region of interest. Section 3 is devoted to some optimal
design theory and we derive particular equivalence theorems corresponding to the
new optimality criteria and a lower bound for the efficiencies, which can be used
without knowing the optimal designs. It turns out that in general the optimal pair
of designs is not the pair of the optimal designs in the individual models.

In general, the problem of constructing optimal designs is very difficult and
has to be solved numerically in most cases of practical interest. Some analytical
results are given in Section 4 for the commonly used Michaelis—Menten, Emax and
loglinear model. In Section 5, we use the developed theory to investigate specific
optimal design problems for the comparison of nonlinear regression models, which
are frequently used in drug development. In particular, we demonstrate by means
of a simulation study that the derived optimal designs yield substantially narrower
confidence bands. Some further discussion is given in Section 6. In Section 6.1,
we briefly indicate how the results can be generalized if optimization can also
be performed with respect to the allocation of patients to the different groups,
while some robustness issues are discussed in Section 6.2. Finally, all proofs and
technical details are deferred in Section 7.

2. Comparing parametric curves. Consider the regression models

2.1)  Yijk =mi(tij, %) + &iji; i=1,2j=1,....4i;k=1,...,n;,
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where ¢; i are independent random variables, such that &; j; ~ N(O, crl-z), i=1,2.
This means that two groups (i = 1, 2) are investigated and in each group observa-
tions are taken at ¢; different experimental conditions #, ..., t;¢,, which vary in
the design space (e.g., the dose range) X C R, and n;; observations are taken at
eachz;;(i=1,2;j=1,...,¢). Letn; = fo:l n;; denote the total number of ob-
servations in group i (= 1, 2) and n = n| 4 n> the total sample size. Two regression
models m and my with d- and d>-dimensional parameters 1 and ¥ are used to
describe the dependence between response and predictor in the two groups. For
asymptotic arguments we assume that lim,, , o % =£;; € (0, 1) and collect this
information in the matrix

Lir - iy
$~=< ’), i=1,2.
l &1 - &gy

Following Kiefer (1974), we call &; an approximate design on the design space X
This means that the support points 7;; define the distinct experimental conditions
where observations are to be taken and the weights &;; represent the relative pro-
portion of observations at the corresponding support point #;; (in each group). If an
approximate design is given and n; observations can be taken, a rounding proce-
dure is applied to obtain integers n;; (i = 1,2, j =1,...,{;) from the not neces-
sarily integer valued quantities &;;n; [see Pukelsheim and Rieder (1992)]. We note
that di and d; are determined by the models m and m> under consideration and
that in this section the sample sizes n| and n; for the two groups are also fixed. The
optimal allocation of patients to the two different groups (for a fixed total sample
size) will be discussed in Section 6.1.

Assume that observations are taken according to an approximate design and
that an appropriate rounding procedure has been applied. In order to measure the
quality of an experimental design, we use an asymptotic argument and assume that
lim,, 00 %] = &;; € (0,1). Then, under the common assumptions of regularity,

the maximum likelihood estimates, say z§1, z§2 in both samples are asymptotically
normally distributed (after appropriate standardization). Moreover, the prediction
for the difference of the experimental condition ¢ satisfies

Ja(my (8, D) — mat, B2) — (my (£, 91) — ma(t, 92))) —> N(0, @(t. &1, £)).

where the symbol P, denotes weak convergence, the function ¢ is defined by

_‘7_12 T -1 ‘7_22 T ~1
o, 861,6)=—f1 OM; &1,0)NH0) + —=f, @)M; (&, D) f2(1),
2.2) Y1 V2
M@%bﬁﬁ@ﬁ@%m

is the information matrix of the design &; in model m; and f;(t) = %mi (t,0;) €

R is the gradient of m; with respect to the parameter ©J; € R% (i =1, 2). For these
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calculations, we assume in particular that the limit
. nj .
yi= lim — € (0, 1), i=12
n—oo p

exists and that m, my are continuously differentiable with respect to the parame-
ters 1, 2. Note that under different distributional assumptions on the errors &;x
in model (2.1) similar statements can be derived with different covariance matrices
in the asymptotic distribution.

Therefore, the asymptotic variance of the prediction m(z, 1§‘1) — mo(t, 192) at
an experimental condition ¢ is given by ¢(z, &1, &), where & = (£1, &) is the pair
of designs under consideration. Gsteiger, Bretz and Liu (2011) used this result to
obtain a simultaneous confidence band for the difference of the two curves. More
precisely, if Z is a range where the two curves should be compared [note that
in contrast to Gsteiger, Bretz and Liu (2011) here the set Z does not necessarily
coincide with the design space X'] the confidence band is defined by

X Im1(t, D1) — ma(t, $2) — (m1(t, 91) — ma(t, $2))|

=supo 2 1. ANZ 2 7 T2 ANA (112
ez {0/ fiOM (&1, %) 1) + 05 /v2 ()M, (&2, D2) f2(1)}
<D.

(2.3)

Here, 612, 622, fl, fg denote estimates of the quantities 012, 022, f1, f2, respectively,
and the constant D is chosen, such that P(f” < D) =~ 1 — «. Note that Gsteiger,
Bretz and Liu (2011) proposed the parametric bootstrap for this purpose. Conse-
quently, a “good” design, more precisely, a pair £ = (£1, &) of two designs on X,
should make the width of this band as small as possible at each ¢ € Z. This cor-
responds to a simultaneous minimization of the asymptotic variance in (2.2) with
respect to the choice of the designs & and &. Obviously, this is only possible
in rare circumstances and we propose to minimize a norm of the function ¢ as
a design criterion. For a precise definition of the optimality criterion, we assume
that the set Z contains at least d > max{d1, d»} points, say 71, ..., t7, such that
the vectors fi(t1),..., fi(tg) and fo(t1), ..., f2(tg,) are linearly independent in
R% and R%, respectively. It then follows that a pair of designs & = (&1, &), which
allows to predict the regression function m; and my at all points #1, ..., and
11, ..., tq4,, respectively, must have non-singular information matrices M (&1, 91)
and M»> (&, ¥»). Therefore, the optimization will be restricted to the class of all
designs & and & with non-singular information matrices throughout this paper.
A worst case criterion is to minimize

(2.4) Moo (§) = oo (1, &2) = sup{e(t, §1, &)}

tez

with respect to & = (&1, &) over a region of interest Z. Alternatively, one could
use an L ,-norm

1/p
(2.5) up&) =pup&1, &)= (fz PP (t,61,62) d)»(t))
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of the function ¢ defined in (2.2) with respect to a given measure A on the region
Z (p €1, 00)), where the measure A has at least d > max{dy, d>} support points,
say t1, ..., 14, such that the vectors fi(t1), ..., fi(tg,) and fa(t2), ..., f2(tg,) are
linearly independent in R?' and R%, respectively.

DEFINITION 2.1. For p € [1,00], y1, y» fixed, a pair of designs £*7 =
(El*’p , 5; Py is called locally p p-optimal design (for the comparison of the curves
my and my) if it minimizes the function (&1, &2) over the space of all approx-
imate pairs of designs (£1, &) on X x X with non-singular information matrices
My (&1, %), Ma(&2,D2).

REMARK 2.2. 1. The space Z does not necessarily coincide with the design
space X'. The special case ZNAX = & corresponds to the problem of extrapolation
and will be discussed in more detail in Section 4.

2. If one requires &1 = &; (e.g., by logistic reasons) and Z = X the criterion (oo
is given by

of .1 —1 o3 .1 —1

maxy — fi (OM; (&, 01) f1(1) + = f, (OM, (5, D2) f2(1) ¢

teX | Y1 V2

It then follows from Theorem 1 in Lauter (1974) that this criterion is equivalent

to the weighted D-optimality criterion (det M (&, v))®! (det M> (&, ¥2))“2, where
2 2

the weights are given by v = (;—11 and o = % Criteria of this type have been

studied intensively in the literature [see Lau and Studden (1985), Dette (1990),
Zen and Tsai (2004) among others]. Similarly, the criterion 1 corresponds to a
weighted sum of /-optimality criteria in the case X = Z.

3. It follows from Minkowski’s inequality that in general the pair of the optimal
designs for the individual models m; (i =1, 2), is not necessarily u,-optimal in
terms of Definition 2.1.

In some applications, it might not be possible to conduct the experiments for
both groups simultaneously. This situation arises, for example, in the analysis of
clinical trials where data from different sources is available and one trial has al-
ready been conducted, while the other is planned in order to compare the corre-
sponding two response curves. In this case, only one design (for one group), say
&1, can be chosen, while the other is fixed, say n. The corresponding criteria are
defined as

(2.6) vp (&) = pp (€1, 1), pEll, oo,

and v, is minimized in the class of all designs on the design space X with non-
singular information matrix M (&1, ©1). The corresponding design minimizing v,
is called v,-optimal throughout this paper.
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3. Optimal design theory. A main tool of optimal design theory are equiva-
lence theorems which, on the one hand, provide a characterization of the optimal
design and, on the other hand, are the basis of many procedures for their numerical
construction [see, e.g., Dette, Pepelyshev and Zhigljavsky (2008) or Yu (2010),
Yang, Biedermann and Tang (2013)]. Moreover, they are frequently used to re-
duce the infinite dimensional optimization problems arising in optimal design the-
ory to finite dimensional ones by deriving upper bounds on the number of support
points of the optimal design. As the criteria under consideration are convex, we
can derive corresponding characterizations for the p-criteria. The following two
results give the equivalence theorems in the cases p € [1, o) (Theorem 3.1) and
p = oo (Theorem 3.2). These statements are used in Section 5 to check optimality
of numerically determined designs. Moreover, Theorem 3.2 is used in an efficient
algorithm for the determination of pso-optimal designs in Section 5. Proofs can
be found in Section 7. Throughout this paper, supp(&) denotes the support of the
design £ on X.

THEOREM 3.1. Let p € [1,00). The design £*P = (él*’p, E;’p) is [Lp-optimal
if and only if the inequality

*, *, -1( N *, V2 *,
/ o(r. 677, &°7)F 1(—2<p%(t1, LET)+ 503t 1,8 ”)) dr(z)
(3.1 . .
- MZ(%‘] ,p, Sz’p) <0
holds for all t|, t) € X, where

o2

(3.2) gi(d,1,&7) = jﬁT(d)Mjl(g;"’, 0:) fi (1), i=1,2

and the function ¢(t, Sf’p , 52* P is defined in (2.2). Moreover, equality is achieved
in (3.1) for any (11, 1) € supp(§"") x supp(&;°").

THEOREM 3.2. The design £*°° = (él*’oo, 52*’00) is oo-optimal if and only if
there exists a measure 0* on the set of the extremal points

33 ZE™)={neZ o, &%) = sup (1. &, 6]

of the function ¢(t, &} o, & °%°), such that the inequality

V1 V2 *
ottt E0) + ?q?%(tz, t, Sz’°°)> do*(t) — neo(E%%°) <0
2

(34 <
Z(E+) N0y

holds for all t|, tr € X, where the functions @1 and @ are defined in (3.2). More-
over, equality is achieved in (3.4) for any (t1, ) € supp(&;"™) x supp(&;,"™).
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Theorems 3.1 and 3.2 can be used to check the optimality of a given design.
However, in general the explicit calculation of locally u ,-optimal designs is very
difficult. In order to investigate the quality of a (non-optimal) design & = (&1, &2)
for the purpose of comparing curves, we consider its u,-efficiency which is de-
fined by

/'Lp(g;-*’p)
Mp(g)

The following theorem provides a lower bound for the efficiency of a design
& = (&1, &) in terms of the functions appearing in the equivalence Theorems 3.1
and 3.2. It is remarkable that this bound does not require knowledge of the optimal
design.

(3.5) eff,(§) = e [0, 1].

THEOREM 3.3. Let & = (&1, &) be a pair of designs with non-singular infor-
mation matrices My (&1, 91), M2 (&2, 92).

(a) If p €1, 00), then

eff, (§)
(3.6) )
y ()
N maxtl,l‘zeX fZ (P(f’ 515 gZ)p_l(Z_llZ(p%(t’ tl? gl) + ;%‘/%(L tza ";:2)) d)\'(t)
(b) If p =00, then
effoo (§)
3.7
y oo (€)
T mingeg(z() MaXy nex [z ;’—:z%z(ll, 1,61)+ Z—jzfp%(l‘z, t.&)do(1)’

where E(Z(&)) is the set of all measures on Z(&) defined in (3.3).

Roughly speaking, the lower bound for the efficiency is the ratio of the two
terms in the equivalence Theorem 3.1 (in the case p < oo) and Theorem 3.2 (in
the case p = 00). Consequently, for an optimal design the bound is 1 and for a
nearly optimal design the bound is close to 1.

Now, we consider the case where one design 7 is already fixed and the criterion
can only be optimized by the other design. The proofs of the following two results
are omitted since they are similar to the proofs of Theorems 3.1 and 3.2.

THEOREM 3.4. Let p €[1, 00). The design Sl*’p is vp-optimal if and only if
the inequality

o [ <p”l(t,él*’p,n)(%%z(n,t,éf’p) +oatat, n)) () = v(EFP) <0
1
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holds for all t| € X, where ¢; and ¢ are defined in (3.2) and (2.2), respectively.
Moreover, equality is achieved in (3.8) for any t| € supp(éf’p).

THEOREM 3.5. The design Sf’oo is Voo-optimal if and only if there exists a
measure 0* on the set of the extremal points

Z(E) ={n e Z: (.57 n) = sup (1, 61, ol

of the function ¢(t, & l*’oo, n), such that the inequality

Vl *. * *, *
69 [ Betnne™deo- [ eileng)de' <0
Z@E™) of ZE™)
holds for all t| € X, where the functions ¢ is defined in (3.2). Moreover, equality

is achieved in (3.9) for any t| € supp(él*’oo).

4. Some analytical results—extrapolation. In this section, we present some
analytical results which illustrate the difficulties in determining designs for the
comparison of curves explicitly. These results can also be used to check the ac-
curacy and speed of convergence of the developed algorithms (as the solutions
are known). To be precise, we consider the criterion (L, and the case where the
design space X’ and the space Z do not intersect, which corresponds to the prob-
lem of comparing two curves for extrapolation. In general, extrapolation is not
an easy task and has to be addressed very carefully, because it is not clear if the
postulated relation between response and predictor holds also in regions, where
no data is available. However, in dose response studies (such as phase II clinical
trials or studies in toxicology) experimenters usually have information about the
functional form describing this relation. Often models appear as solutions of dif-
ferential equations which are used to describe chemical reactions. In such cases
extrapolation is well justified. Moreover, in toxicology there are many cases where
it is in fact necessary to do a reasonable extrapolation, because patients cannot be
treated with too high doses.

We are particularly interested in the difference between curves modeled by the
Michaelis—Menten, Emax and loglinear model. It turns out that the results for these
models can be easily obtained from a general result for weighted polynomial re-
gression models, which is of own interest and will be considered first. For this
purpose, assume that the design space X and the range Z are intervals, that is,
X =[Ly,Ux], Z=[Lz,Uz] and that both regression models m and m, are
given by functions of the type

Pi
(4.1) mi() =wi(®) ) vyt’,  i=12,
j=0

where w1, wy are known positive weight functions on X' U Z. The models m, m»>
are called weighted polynomial regression models and in the case of one model
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several design problems have been discussed in the literature, mainly for the D-
and E-optimality criterion [see, e.g., Dette (1993), Heiligers (1994), Antille, Dette
and Weinberg (2003), Chang (2005a, 2005b) or Dette and Trampisch (2010)].
It is easy to show that the systems {w;(t)t/|j =0, ..., p;} are Chebyshev sys-
tems on the convex hull of X U Z, say conv(X U Z), which means that for any
choice ;, ..., ¥ip; the equation w; (¢) Z?":O ﬁijtj = 0 has at most p; solutions in
conv(X U Z) [see Karlin and Studden (1966)]. It then follows from this reference
that there exist unique polynomials v;(t) = w; (¥) Zf":o a; jtj ,i = 1,2 satisfying
the properties:

1. For all t € X the inequality |v;(#)| < 1 holds.
2. .There exist p; +1 points Ly <tjo <tj1 <--- <tjp; < Uy suchthatv;(t;;) =
(=1)! for j =0,..., p;.

The points 7, . .., t;, are called Chebyshev points while v; is called Chebyshev or
equi-oscillating polynomial. The following results give an explicit solution of the
Uoo-optimal design problem if the functions m and m, are weighted polynomials.

THEOREM 4.1. Consider the weighted polynomials (4.1) with differentiable,
positive weight functions wy, wy such that for w;(t) Zc € R {1, w;(t), w; (t)t, ...,
wi (D12Pi~Y and {1, wi (1), wi (1, . .., w; (£)t*Pi} are Chebshev systems (i = 1,2).
Assume that Y N Z =Ly, Ux]N[Lz,Uz]=3.

1. If Uy < Lz and w1, wy are strictly increasing on Z, the support points of
the poo-optimal design £*°° = (él*’oo, Ez*’oo) are given by the extremal points of
the Chebyshev polynomial v,(t) for Sl* " and v,(t) for 52* " with corresponding
weights

[Lij(Uz)|
4.2 ij= — s
*2 s Y ILik(Uz)|

Here, L;j(t) = w;(t) f’:O E,'jtj is the jth Lagrange interpolation polynomial with
knots tjo, ..., tip;, i = 1,2 defined by the properties L;j(tijx) =8k, j,k=1,..., p;
(and § ji. denotes the Kronecker symbol).

2. If Ly > Uz and w1, wy are strictly decreasing on Z, the support points of
the [Loo-optimal design £*°° = (Sl* e 55 ") are given by the extremal points of
the Chebyshev polynomial v (t) for %_l*,oo and v,(t) for é}; " with corresponding
weights

j=0,....pii=1,2.

L;:(L
o = |LiL2)

=" j=0,...,pi,i=1,2.
S0 ILik(Lz)] ’

REMARK 4.2. It is worthwhile to mention that for general p # oo the -
optimal designs have to be found numerically if the degree of the polynomials
is larger than 2. The situation is similar as in the problem of calculating optimal
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designs with respect to Kiefer’s & ,-criteria for (unweighted) polynomial regres-
sion models. Only in the cases p = 0 and p = oo corresponding to the D- and
E-criterion explicit results are available [see Pukelsheim (2006)]. The 1 ,-optimal
design problems are even harder and only the poo-optimal designs can be found
explicitly for weighted polynomial regression models.

EXAMPLE 4.3. If both regression models m and m are given by polynomi-
als of degree p; and p;, we have w; = w> = 1 and the po-optimal design can be
described even more explicitly. For the sake of brevity, we only consider the case
Ux < Lz. According to Theorem 4.1 £°° and &}"* are supported at the extremal
points of the polynomials v (¢) and v,(¢). If w; = wp =1, these are given by the
Chebyshev polynomials of the first kind on the interval [L y, U], that is,

v () =T, (Zf (Ux + LX)) and (1) = Tp2(2t (Ux + LX))’
Ux—Lx Ux —Lx
where T),(x) = cos(parccosx), x € [—1, 1]. Consequently, the component Si* 00
of the optimal design is supported at the p; + 1 Chebyshev points

(I —cos(j/pim)Ux + (1 +cos(j/pim))Lx .
Lij = > s j=0,...,pi

with corresponding weights
|L;ij(Uz)|

4.3) &ij = = , j=0,....,pi,
YL ILaUz)) ’
where
pi
t—tix
L= T —
k=0,k7é‘] 12 — Lk
is the Lagrange interpolation polynomial at the knots #, ..., t;p,.

While Theorem 4.1 and Example 4.3 are of own interest, they turn out to be
particularly useful to find poo-optimal designs for some commonly used dose re-
sponse models. To be precise we consider the Michaelis—Menten model

(4.4) m(t, 9) = 2!
Dy 4t
the loglinear model with fixed parameter 3
4.5) m(t, V) = v + 2log(t + 93)
and the Emax model
Ut
(4.6) m(t, %) =11 + P

The following result specifies the poo-optimal designs for the comparison of
curves if ¥ N Z = & and m and m are given by any of these models.
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COROLLARY 4.4. Assume that the regression models m| and my are given by
one of the models (4.4)—(4.6), Ly > 0 and Ux < Lz. The jLoo-optimal design is
given by €% = (Sl*’oo, Sg’oo), where 5,-*’00 is given by

92Ux (/2 — 1)
gro0 Q—V2)Ux + 12
MM 92Uz — Ux)
UxUz(3V2—4) + 9 (V2Uz — (4 —24/2)Ux)
Ux

(V2= DIQ = V2)UxrUz +92(Uz — (V2 - 1)Ux)] |,
UxUz(3V2 —4) + 02[v2Uz — (4 — 2/2)Ux]

o . . D Ux(v2-1)
if m; is the Michaelis—Menten model and 2D Uxi0s >Ly>0,by
Lx
& oeLin = log(Uz + 93) — log(Ux + 13)
2log(Uz +13) — (log(L x + ¥3) +log(Ux + 13))

Ux

log(Uz + 93) —log(Lx + 3) ) :
2log(Uz + 93) — (log(Lx + U3) +log(Ux + 13))

if m; is the loglinear model and by

Ly 2UxLx + (Ux + Lx)93
§E}$X= 203+ Ux + Ly
(gWUz,Ux)+gWUz,Lx)gWUz,Uyx) 4g(Uz,Ux)g(Uz, Lx)

L L

Ux

(gWUz,Ux)+gWUz,Lx))gWUz, Lx) )
L
b

if m; is the Emax model. Here, the function g is defined by g(a, b) = af—% ~ o3

and L is a normalizing constant, that is, L = gz(UZ, Ux)+6g(Uz,Ux)g(Uz,
Lx)+g*(Uz, Lx).

5. Numerical results. In most cases of practical interest, the u,-optimal de-
signs have to be found numerically. In the case p < oo, the optimality criteria are
in fact differentiable. In this case—as the criteria under consideration are convex—
several procedures from convex optimization theory can be used for this purpose,
which have been adapted to the specific optimization problems (such as no upper
bound on the dimension) occurring in the determination of optimal experimen-
tal designs [see Dette, Pepelyshev and Zhigljavsky (2008), Yang (2010) or Yang,
Biedermann and Tang (2013)]. In particular, the optimality of the numerically con-
structed designs can be easily checked using the equivalence Theorem 3.1. For this
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reason, we concentrate on the case p = oo which is also probably of most prac-
tical interest, because it directly refers to the maximum width of the confidence
band. The poo-optimality criterion is not necessarily differentiable. As a conse-
quence there appears the unknown measure ¢* in Theorem 3.2, which has also to
be calculated in order to check the pso-optimality of a given design (or to obtain
a tight lower bound for its efficiency by an application of Theorem 3.3). Former
algorithms for minimax optimal design problems are based on analogues of The-
orem 3.2 such that the measure o* has to be calculated simultaneously with the
optimal design [see, e.g., Wong and Cook (1993)]. We now derive an alternative
procedure using the Particle Swarm Optimization (PSO), which calculates the ptoo-
optimal design and the corresponding measure o* consecutively. For this purpose,
recall the definition of ¢; in (3.2), and consider an arbitrary design & = (&1, &)
and an arbitrary measure o defined on the set of the extremal points Z(£), then the
following inequality holds:
t,heX

max L(g)( 21,60 + zgoz(rz,t £))do()
= [ [ . ?go%(n,r,s])dmnds] (1)
[ oy 2§02(l2’f &) do(r) dx (1)

=f (1. 61,6 do() = oo (&)
Z(§)

On the other hand, it follows from the equivalence Theorem 3.2 that the oppo-
site inequality also holds for the ptoo-optimal design £*°° = (&} o & ) and the
corresponding measure o* on Z(£*°°) [see inequality (3.4)]. Consequently, the
measure o* is the measure on Z(£*°°) which minimizes the function

*, V1 *, V2 *,
Noo(0, %) = max /2(5*”)( 2‘/’1(t1’f EN%) + 2‘/’%(f27t,52 OO)>dQ(f)

t,heX

(5.1) —max—fl )M (EP®) ML ()M (£7%°) fi()

Hex y

+ max "—zsz(rz)M;l(s;"")Mz(Q)M;l(s;“’)fz(tz).
heX Y

The poo-optimal design £*°° = (Sl*’oo, ég ") and the corresponding measure o*
for the equivalence theorems are now calculated numerically in four consecutive
steps using Particle Swarm Optimization (PSO) [see, e.g., Clerc (2006)]:

1. We calculate the oo-optimal design £*°° = (7%, £)°>) using PSO.
2. We calculate numerically the set of extremal points Z(£**°) = {zy, ..., zx}
of the function ¢(z, &%, £5°%°).
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3. We calculate numerically the measure ¢* on Z(§*°°) = {z1, ..., zx} which
minimizes the function N (0, £*°°) defined in (5.1) using PSO.

4. We check the optimality of the design £*°° = (§;"°°, &™) calculated in
step 1 by an application of Theorem 3.2 using the measure o* from step 3.

In its original form, the PSO is a meta-heuristic algorithm whose convergence can-
not be proved. However, there exist several modifications of the method, such that
convergence can established mathematically [see, e.g., van den Bergh and Engel-
brecht (2010) or Bonyadi and Michalewicz (2014) among others]. In our imple-
mentation, we did not use any modification of this type, but we added step 4 in
the procedure to check the derived designs for optimality by an application of the
equivalence Theorem 3.2. Due to the convexity of the corresponding optimization
problems, this procedure is very reliable and the PSO algorithm with 400 particles
and 250 iterations was able to find the poo-optimal design with the required accu-
racy in all considered examples. This usually requires about 8 minutes cpu time on
a standard PC.

In the following discussion, we consider the exponential, loglinear and Emax
model with their corresponding parameter specifications depicted in Table 1. These
models have been proposed by Bretz, Pinheiro and Branson (2005) as a selection of
commonly used models to represent dose response relationships on the dose range
[0, 1]. These authors also proposed a design which allocates 20% of the patients to
the dose levels 0, 0.05, 0.2, 0.6 and 1, and which will be called standard design in
the following discussion. We consider pso-optimal designs for the three combina-
tions of these models, where the design space and the region of interest are given
by X = Z =0, 1]. The variances 012 and 022 are equal and given by o2 = 1.4782
as proposed in Bretz, Pinheiro and Branson (2005) and we assume y; = y» =0.5.
The resulting noo-optimal designs are displayed in Table 2. In the diagonal blocks,
we have two identical designs reflecting the fact that in this case m| = my. These
designs are actually the D-optimal designs for the corresponding common model,
which follows by a straightforward application of the famous equivalence theorem
for D- and G-optimal designs [see Kiefer and Wolfowitz (1960)].

In the other cases, the optimal designs are obtained from Table 2 as follows. For
example, the too-optimal design for the combination of the Emax (1) and the ex-

TABLE 1
Commonly used dose response models with their parameter
specifications [from Bretz, Pinheiro and Branson (2005)]

Model m(t,¥) Parameters
Emax 91+ 25 (0.2,0.7,0.2)
Exponential B + 9 exp(t/93) (0.183,0.017,0.28)

Loglinear U + v log(t + v3) (0.74,0.33,0.2)
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TABLE 2
Woo-optimal designs for different model combinations. Upper rows: support points. Lower rows:
weights given in percent (%)

my/my Emax Loglinear Exponential

Emax 0.00 0.14 1.00 0.00 0.22 1.00 0.00 0.74 1.00
33.3 33.3 333 34.0 325 335 40.3 27.4 323

0.00 0.14 1.00 0.00 0.15 1.00 0.00 0.15 1.00
33.3 33.3 33.3 334 32.7 33.9 32.0 28.2 39.8

Loglinear 0.00 0.23 1.00 0.00 0.74 1.00
333 333 333 39.2 26.8 34.0

0.00 023 100 000 024  1.00
333 333 333 335 278 387

Exponential 0.00 0.75 1.00
33.3 33.3 33.3

0.00 075 1.00
33.3 33.3 33.3

ponential model (m) can be obtained from the right upper block. The first compo-
nent is the design for the exponential model, which allocates 40.3%, 27.4%, 32.3%
of the patients to the dose levels 0.00, 0.74, 1.00. The second component is the de-
sign for the Emax model which allocates 32.0%, 28.2%, 39.8% of the patients to
the dose levels 0.00, 0.15, 1.00.

In Figure 1, we demonstrate the application of the equivalence Theorem 3.2
for the combinations Emax and exponential model and exponential and loglinear
model.

1.0 0.0 1.0 0.0

F1G. 1. Ilustration of Theorem 3.2. The figures show the function on the left-hand side of inequal-
ity (3.4). Left figure: The combination of exponential and Emax model. Right figure: The combination
of the loglinear and the exponential model.
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FI1G. 2. Confidence bands obtained from the |Loc-optimal design (solid lines) and a standard design
(dashed lines). The dotted line shows the true difference of the curves. Left figure: The combination
of exponential and Emax model. Right figure: The combination of the loglinear and the exponential
model.

The advantages of the new designs are illustrated in Figure 2, where we present
the improvement of the confidence bands proposed by Gsteiger, Bretz and Liu
(2011) for the difference between the two regression functions if the po.-optimal
design is used instead of a pair of the standard designs. The sample sizes in both
groups are n1 = 100 and n, = 100, respectively. The presented confidence bands
are the averages of uniform confidence bands calculated by 100 simulation runs.
We observe that inference on the basis of an p-optimal design yields a substan-
tial reduction in the (maximal) width of the confidence band.

It was also pointed out by a referee that it might be of interest to investigate
the sensitivity of this improvement with respect to misspecification of the param-
eters in the locally poo-optimality criterion. Exemplarily, we consider the locally
Uoo-optimal design for the combination for the Emax and the exponential model.
The ©oo-optimal design has been constructed for the parameter constellation given
in Table 1, whereas the actual “true” parameters for the Emax and exponen-
tial model are given by PEmax = (0.1,0.35,0.1)7 and Pexp = (0.1,0.05,0.167)T
(scenario A) and by Ygmax = (0.4,0.7, 0.4)T and Vexp = (0.4,0.2, 0.66)T (sce-
nario B), respectively. In Figure 3, we compare the resulting confidence bands ob-

& [
g w | 8 wd 7//,"’/ A\
=4 C e
[ _ [ -
8 2 S~
5 A 5 9 B — el ;
. © 7 ~—.
o | -
! T T T T T T ! T T T T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0
Design space Design space

F1G. 3. Confidence bands obtained from the standard design (dashed lines) and the poo-optimal
design for the Emax and the exponential model under misspecification of the model parameters
(solid lines). The optimal designs have been calculated for the parameters given in Table 1, where
the actual “true” parameters are given by Ugmax = (0.1, 0.35, 0. I)T and Yexp = (0.1, 0.05, 0.167)T
(left panel) and by Opmax = (0.4,0.7,0.4)7 and Vexp = (0.4,0.2,0.66)T (right panel).
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tained from the (o-optimal design (with misspecified parameters) with those ob-
tained from the standard design. We observe that—despite the misspecification of
the parameters—the po-optimal design yields substantially narrower confidence
bands in both scenarios. Further investigations, which are not reported for the sake
of brevity, showed a similar picture and we conclude that the poo-optimal design
is robust against (moderate) misspecification of the parameters. The construction
of robust designs with respect to extreme misspecification of the parameters will
be discussed in Section 6.2.

Besides the comparison of the different confidence bands produced by the 1txo-
optimal design and the standard design proposed in Bretz, Pinheiro and Branson
(2005), we can also compare different designs using the efficiency defined by (3.5).
For example, the efficiencies of the po-optimal design for the combination for
the Emax and the exponential model with misspecified parameters are given by
79.93% (for scenario A) and by 80.09% (for scenario B), while the standard design
has efficiencies 27.31% and 63.32% in these cases.

A more detailed comparison of the designs for different models (with correctly
specified parameters) is given in Table 3, where we also investigate the problem
of model misspecification. If the model is correctly specified, we observe a sub-
stantial loss of efficiency if the standard design is used instead of a peo-optimal
design. In row 2—4 of Table 3, we show the corresponding efficiencies of the (o-
optimal design, if these designs are used for the comparison of different curves.
For example, the poo-optimal design for two Emax models has poo-efficiencies
2.21%, 93.81% and 2.24%, if it is used for the comparison of the loglinear and
exponential, the loglinear and Emax and the exponential and Emax model, respec-
tively. The results indicate that the optimal designs are sensitive with respect to
misspecification of the parametric form of the regression functions, and that they
do not necessarily improve the standard design in such cases. In the last row of
Table 3, we display the efficiencies of a robust design which will be constructed
by the methodology developed in Section 6.2. We observe an improvement of the
standard design in all considered scenarios.

TABLE 3
The poo-efficiencies (in %) of the standard design, of the pairs of D-optimal designs (displayed in
the diagonal blocks of Table 2) and of the robust optimal design (cf. Section 6.2)

Model 1 /Model 2 loglin/exp loglin/Emax exp/Emax
Standard design 58.85 72.83 59.00
D-optimal designs for Emax 2.21 93.81 224
D-optimal designs for loglinear 7.31 92.44 7.40
D-optimal designs for exponential 15.08 3.72 4.29

Robust optimal design 67.30 89.65 69.57
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6. Further discussion.

6.1. Optimal allocation to the two groups. So far we have assumed that the
sample sizes n; and n; in the two groups are fixed and cannot be chosen by the
experimenter. In this section, we will briefly indicate some results, if optimization
can also be performed with respect to the relative proportions y; =n1/(ny + na)
and y» = ny/(n1 + ny) for the two groups. Following the approximate design ap-
proach, we define y as a probability measure with masses y; and y» at the points 0
and 1, respectively, and a poo-optimal design as a triple £+ = (§7°°°, £°%, %),
which minimizes the functional

Moo(§1,62,7) = sugfp(t, £1,62,¥),
te

where

612 T 1 ‘712 T 1
<P(f,f§1,$2,)/)=ﬁf1 &M, (51,191)f1(f)+gf2 OOM; (52, D2) f2(1).

Similar arguments as given in the proof of Theorem 3.1 give a characterization of
the optimal designs. The details are omitted for the sake of brevity.

THEOREM 6.1. A deszgn EX°° = (1,8, v*) is oo-optimal if and only
if there exists a measure Q* on the set

ZET Ty ) ={1e 2 neo67T. 5T v ) =0t 677, 67, v )
such that the inequality

1 0 IHo=1
[ P20 )+ T 2 a0t
(C RS ) 01 0’2
6.1) * *,00
_Moo(‘i:l’ & ,V*)SO

is satisfied for all t;,tp € X and w € {0, 1}, where @; is defined in (3.2) with
Yi = V. Moreover, equality is achieved in (3.4) for any (11,12, ®) € supp(él*’oo) X
supp(£,"™) x {0, 1}.

EXAMPLE 6.2. The poo-optimal design (£;°°°, £5°°, y*) can be determined
numerically in a similar way as described in Section 5, and we briefly illustrate
some results for the comparison of the Emax model with the exponential model,
where the parameters are given in Table 1. The variances are 012 = 1.478 in the
first group and 022 = 5-1.478 in the second group and the optimal designs (calcu-
lated by the PSO) are presented in Table 4. Note that the optimal design allocates
only 30.2% of the observations to the first group. A comparison of the optimal
designs from Table 4 with the corresponding optimal designs from Table 2 (calcu-
lated under the assumptions 012 = 0’22 and y; = y» = 0.5) shows that the support

points are very similar, but there appear differences in the weights.
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TABLE 4
The |oo-optimal design (Sf’oo, E;‘OO, y*) for the comparison of
the Emax and the exponential model, where optimization is also
performed with respect to the relative sample sizes y = (y1, V2)
for the two groups. The weights are given in %

*,00 *,00
* sl’ gz’

v

(30.2,69.8) 0.00 0.15 1.00 0.00 0.75 1.00
324 24.9 42.7 36.9 30.4 32.7

6.2. Robustness. For the sake of transparency, the discussion presented so far
considers locally optimal designs [see Chernoff (1953)] for “known” models in the
two samples. Besides the specification of the models, these designs require a-priori
information about the corresponding parameters. In several situations, preliminary
knowledge regarding the model and/or unknown parameters is available. A typical
example are phase II clinical dose finding trials, where some useful knowledge
regarding model and corresponding parameters is already available from phase I
[see Dette et al. (2008)]. Moreover, these designs can be applied as benchmarks for
commonly used designs, and locally optimal designs serve as basis for constructing
optimal designs with respect to more sophisticated optimality criteria, which are
efficient and robust against model assumptions [see Liuter (1974), Dette (1990,
1997), Chaloner and Verdinelli (1995) among others].

In this section, we briefly indicate how the methodology introduced in the pre-
vious sections can be further developed to address uncertainty with respect to
the model assumptions. For the sake of brevity, we restrict ourselves to the poo-
criterion and note that similar results as presented in this section can be obtained
for the criterion (2.5). In order to reflect the dependence of the criterion (2.4) on
the regression functions m1, m,, the parameters 91, v and the variances 012, 022 in
our notation we will use the notation Méﬁ (&1, &, 01, D2, 012, 022) for the criterion
introduced in equation (2.4). Similarly, we denote the efficiency introduced in (3.5)
by

1,2/£1,2,% 2 2
I’LOO (éﬂlvﬁzya,lZ’0227 1919 1927 01 ’ 02)

1,2
oo (€, 01,92, 02, 03)
;’21’; o202 is the locally poo-optimal design minimizing the functional

1,V2,071,0,
/,L})’OZ(-, D, D2, 012, 022) (for fixed models m 1, my, fixed parameters ¢, ¥, and fixed
variances 012, 022). We assume that p models, say my,...,mp,, are available to
describe the relation between predictor and response in both groups. We address
uncertainty with respect to the parameters in model my by a prior distribution, say
7k, for the corresponding parameter 9 € ©; C R% and with respect to the vari-
ance al.z by a prior distribution on R, say 7; (i = 1, 2). A design is called robust

(6.2) eff L2 (8, 91,02, 0f, 03) =

9

where &
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optimal design for the comparison of the two curves if it maximizes the functional

P(§) = Xp: .1 /W/H;/@k/@l effsl (6. V1. V1. 07 03)

k,1=1
(6.3)

x i (dOy) i (do)) T (do) o (day),

where the quantities o; ; denote nonnegative weights reflecting the experimenters
belief about the pair (my,m;) for group 1 and 2 with Z,’; =1 %, =1 (here and
throughout this section we assume the existence of all integrals). Exemplarily, we
mention a generalization of Theorem 3.2. The proof is omitted for the sake of
brevity.

THEOREM 6.3.  The design &* = (&7, &) is robust optimal for the comparison
of the two curves if and only if for all k,1 =1, ..., p, for all ¥ € supp(my), ¥ €

supp(mt;) and for all 01.2 e supp(ti) (i =1, 2) there exist measures Q;’kk’l;l S22 on
V1,0

2
.05
the sets of the extremal points

93

2
k.l * o1 ,T -1
Z o 01,02, 2(6%) = {to € Z‘;fk (to, D) My~ (&7, Ox) fi (to, D)
O’2 1
+ y—zf;T(to, )M (ES, O) fi(to, D)

2 2
=@@%%w%m}

such that the inequality

p lex 2 2
effkoé("i: ’ﬁk,ﬁlvo_]’o—z) k.l * *, k1
fookoo Xt [, [ LR 6287050 o2.02)

]
k=1 oo (%, Ok, Oy, 0f, 03)

— effS! (&%, 0y, 01, 02, 07) }nk (dV)m(do)) T (dod)ta(dof) <0

. x %k,
Wlth Lk’l —] Lk’l(;‘lv ;23 é 9’ Qﬁk’ﬁl’o,lZ’OéZ) deﬁned by

2
o . 1w _
L = (V—i (M@}, o 2 DM (. 2 Mi(cr 90 M (. 94)

2
o) *,k,l —1/ex —1(ex
+ (Mo} o e M POMIE2 )M 65 7))

holds for all approximate pairs of designs ¢ = ({1, ) on X x X.

Efficient robust designs can be calculated by a generalization of the algorithm
developed in Section 5 and we illustrate the application of the algorithm in the
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examples considered in Section 5. As indicated in this section, the so-optimal
designs are robust with respect to moderate misspecification of the model parame-
ters (see the discussion at the end of Section 5); however, they are less robust with
respect to misspecification of the parametric regression models (see Table 3). For
this reason, we use one-point priors m, 77, Ty, T2, in equation (6.3) (supported
at the parameters specified in Table 1 for the three models). For the weights oy ;
in (6.3) we choose o1, =22 =33 =1/3 and oy ; =0, for k # [. This means
that we construct a robust design for the comparison of two Emax, two exponential
and two log-linear models.

The robust optimal design is given by &robust = (&1.robusts §2,robust), Wwhere
&1.robust has masses 30.27%, 30.72%, 19.56%, 19.44% at the points 0.00, 0.17,
0.77, 1.00 and &2 robust has masses 29.96%, 30.18%, 19.38%, 20.48% at the points
0.00, 0.17, 0.76 1.00. Its efficiencies are given in the last row of Table 3. We ob-
serve a substantial improvement of the standard design. It might also be of interest
to compare the two designs for equal models for the two groups. The efficiencies of
the standard design are 67.98%, 42.87% and 74.29% for the Emax/Emax, exp/exp
and loglin/loglin case, respectively, while the corresponding efficiencies of the ro-
bust optimal design are 90.40%, 59.96% and 90.79%. In all scenarios, the robust
optimal design provides a substantial improvement of the standard design.

7. Proofs. Let E denote the space of all approximate designs on X and define
for&1,6, € E

Vi
le(él,ﬁl) 04, xd
(7.1) MG & 019 =| ”
0d, xd, — M> (52, 02)
&)

as the block diagonal matrix with information matrices %M 1(§1,71) and
1

;’—szz (&2, ¥») in the diagonal. The set

MP =M, £.91,92) 11,6 € B}

is obviously a convex subset of the set NND(d; + d») of all nonnegative definite
(di + dp) x (dy + d») matrices. Moreover, if §; denotes the Dirac measure at the
point f € X it is easy to see that M@ is the convex hull of the set

DP = M8y, 81,01, 2) 11,10 € X},
and that for any p € [1, oo] the function w,(§) = u,((&1,42)) defined in (2.5)

and (2.4) is convex on the set E X E.

PROOF OF THEOREM 3.1. Note that the function ¢ in (2.2) can be written
as @(1,£1.6) = fTOM™ (&1, 6,01, 92) (), where [T (1) = (fT ). f7 ()
and M (&1, &) € MO s defined in (7.1). Similarly, we introduce the notation
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dM,t)=f THym—1 f () for a matrix M € M@ and we rewrite the function
up(§1,&2) as

a2 apon = ([ (@, t))”dx(r))w:( /. (fT(t>M‘1f<r>)”dm))l/p.

Because of the convexity of ), the design 7 = (§'7, ") is ju,-optimal if
and only if the derivative of fi,(M) evaluated in My = M(Sl*’p, sz*’P, 91, p) is
nonnegative for all directions Eg = E — My, where E € M@ | that is, dj1p(Mo,
Ep) > 0. Since M@ = conv(D®), it is sufficient to verify this inequality for all
E eD®,

Assuming that integration and differentiation are interchangeable, it follows by
standard calculations that the derivative at My = M (&1, &, ¥, ©¥») in direction
Eo = M (6;,6,, V1, U2) — My is given by

(73) aﬂp(Mo,Eo>=up<sl,sz)[1—up(sl,sz)—P /. ﬁ(t,tl,tz)d/\(t)],

where the function 8 is given by

(14) B, 11.12) = ot 1, E)P™ 1(0 (1t.11.60)" + B o202 éz)))
2

1

Consequently, the design £*7 = (.51* P 52* Py is p-optimal if and only if the in-
equality

(7.5) / B(t, 11, 0)dr(t) — (np(E". 67)) <0

is satisfied for all ¢1, t, € X', which proves the first part of the assertion.

It remains to prove that equality holds for any point (¢, ) € supp(él* Py x
supp(ég "7, For this purpose, we assume the opposite, that is, there exists a point
(h,n) € supp(él* Py x supp(é{ 'P), such that there is strict inequality in (7.5). This
gives

fX /X /Z B(t.t1, 1) dr(t) d&; T (1) dEY P (1) < (mp(E7 E)7))T.

On the other hand, we have

fX f / Bt 11, 12) dA(1) dET (1) A&7 (1)

f (t. 677, &7 drn) = (up(577, 6°7))".

This contradiction shows that equality in (7.5) must hold whenever (t1,1) €
supp(€;*") x supp(&;'"). O
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PROOF OF THEOREM 3.2. By the discussion at the beginning of the proof
of Theorem 3.1 the minimization of the function p (€1, &) is equivalent to the
minimization of
(7.6) floo(M) =sup®(M, 1) =sup fT ()M~ f (1)

tez teZ

for M € M®. From Theorem 3.5 in Pshenichnyi (1971), the subgradient of
oo (M) evaluated at a matrix My in direction E is given by

Diioo(My, E) = {/Z(M ) oD (Mo, E, t)do(t) : o measure on Z(MO)},
0

where the set Z(My) is defined by Z(Mp) = {t € Z : ficc(My) = © (Mo, 1)},
and the derivative of ®(My,t) in direction E is given by 0®(My, E,t) =
—f T(t)MO_ IEMO_ ! f(). Applying the results from page 59 in Pshenichnyi
(1971), it therefore follows that the design £**° = (§;°°°, £)°%) is poo-optimal
if and only if there exists a measure o* on Z(M (éf a 5; "> 91, ©2)) such that the
inequality

f 8% (Mo, Eo. 1) do* (1)
Z(My)

— 0D (Mo, E. 1) do* (1) + / FTOM; F(1)do*(t) = 0
Z(My) Z(Mo)

holds for all Eg = E — My, E € M. Since M® = conv(D®) it is sufficient
to consider the directions Eg = E — My, where E € D®. Thus, this inequality is
fulfilled if and only if there exists a measure o* on Z(My) = Z(§**°) = Z*, such
that the inequality

T OMT 6 6 01 )M By b 91 9)
(7.7) x MY, &%, 91, 92) £ (1) do* (1)
< fz STOMTHERT,E, 91, 02) f () do* (1) = poo (617, 8°)

is satisfied for all M(8;,, 8, 0, 12) € DD, Observing the definition of g;
in (3.2), the left-hand part of (7.7) can be rewritten as fz(g.,m) %(p%(tl, t, ff’oo) +
1

(%(p%(tz, t,£°°°) do* (1), and inequality (7.7) reduces to (3.4). The remaining state-
2

ment regarding the equality at the support points follows by the same arguments
as in the proof of Theorem 3.1 and the details are omitted for the sake of brevity.
g

PROOF OF THEOREM 3.3.  For both cases, consider the function (i, (M))~!
where i, has been defined in (7.2) and (7.6). Note that for each ¢ € Z the func-
tion M — (f OHTm! f (1))~! is concave [see Pukelsheim (2006), page 77], and
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consequently the function

o= 1 =min(f )" M~ £(0)”"
max,cz f(OTM=1f(r) ez

is also concave. The concavity of (i1, (M )1 in the case 1 < p < oo follows by

similar arguments. For p € [1, o], the directional derivative of (i, (M )~ ! at the

point My in direction Eg = M — M is given by

3(jip (Mo, Eo)) ™" = —(ip(Mo)) 9t (Mo, Eo).

We now consider the case p € [1, 00), the remaining case p = oo is briefly indi-
cated at the end of this proof. Observing (7.3) a lower bound of the directional
derivative of i, at My = M (&1, &, U1, ¥2) in direction Eg = M (8;,8s,, U1, ¥2) —
My is given by

(oo (M)

maxy, p, [z B(t, 11, 12) dk(t)}
p(Mo) ’
where B(t, t1, t2) is defined in (7.4). Consequently, we have

- _ 1 maxy, s, [z B(t, t1,12) dA(t)
7.8)  a(ji, (Mo, Eo)) ' < = [ .2 J2 —1]
78 3y (Mo. E0) = 7000 Al (Mo)

Now, we consider the matrices M = M (Sl*’p , 52* P 91, 9) of the W p-optimal de-
sign and Mg = M (&1, &, ¥, ¥2) of any fixed design & = (§1, &») with nonsin-
gular information matrices M{(&1,91) and M>(&;, ¥7) and define the function
gpla)=p((1 —a)Mo+ aM)~1, which is concave because of the concavity of
(i p(M))~L. This yields
1 1 9gp(a)

- =g, () — g, () = ==

mp(M)  fp(Mo) do la=0
Consequently, we obtain from (7.8) the inequality
fip(M) _ fip(Mo)
fip(Mo) ~ maxy, r, [z B(t,11,12) dA(t)’

which proves the assertion of Theorem 3.3 in the case 1 < p < oc. In the case
p = 0o, we use similar arguments which provides the upper bound

3 (fioo (Mo, Eo)) ™"
(7.9)

3y (Mo, Eo) > ﬂp<Mo>[1 -

= (i, (Mo, Eo)) .

eff,(§) =

_ ] {minges(z() max;, nex [z, (fT OMy " £ (11, 02))* do(t) B 1}
- lloo(MO) .aoo(MO) ’
where f(t1,1) is defined by fT(t1,12) = (f{ (t1), fi ()T 20 = Z(Mp) and

E(Zy) is set of all measures o supported on Zy. The details are omitted for the
sake of brevity. [J
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PROOF OF THEOREM 4.1. For the sake of brevity, we now restrict ourselves
to the proof of the first part of Theorem 4.1. The second part can be proved anal-
ogously. Let Uy < Lz and recall the definition of the function ¢(#, &1, &) de-
fined in (2.2). The function ¢(t, £, &) is obviously increasing on Z, if the func-
tions

Uiz T -1
@i(t,t,éi)=7f,- @OM; (&) fi (1)

2
- %wf(t)(l, to )M ED (L )T
l

are increasing on Z for i = 1, 2. In this case, we have
(7.10) rtlgg}w(t, §1,52) =9Uz,81,6) =¢1(Uz,§1) + ¢2(Uz, 62).

Because of this structure the components of the optimal design can be cal-
culated separately for ¢; and ¢;. Since both {wi(t), w1(t)t, ..., w1 (t)tP'} and
{wa (1), wr(t)t, ..., w2 (t)tP2} are Chebyshev systems on X' U Z, it follows from
Theorem X.7.7 in Karlin and Studden (1966) that the support points of the de-
sign & minimizing ¢;(Uz, §;) are given by the extremal points of the equi-
oscillating polynomials v;(¢), while the corresponding weights are given by
(4.2).

In order to prove the monotonicity of ¢;, (i =1, 2), let & denote a design with
k; support points t;q, ..., tix;—1 € X and corresponding weights &;o, ..., &, —1.

Since {1, w; (), wi ()1, ..., wit2Pi~1} and {1, w; (1), wi (1)1, ..., wi(t)t*Pi}
are Chebshev systems for w;(t) # c € R, the complete class theorem of Dette
and Melas (2011) can be applied and it is sufficient to consider minimal supported
designs &;. Consequently, we set k; = p; + 1.
grange interpolation polynomial is given by L;;(t) = eJTle Yoi(0), wi (D1, ...,
w; (OtPH)T | where e ;j denotes the jth unit vector [just check the defining condition
L;j(ti¢) = 8 ¢]. With this notation, the function ; (¢, §;) can be rewritten as

2
Qi (t,1,&) = U%wf(t)(l,t,...,tPf)Xi_TWl.‘IXi_l(l,t,...,tf’i)T
(7.11) ’
0-2 Pi 1 2
=) —(Lij®),
Vi iZ06ii
where W; = diag(§;o, ..., &ip;). Now Cramer’s rule and a straightforward calcu-

lation yields the following representation for the Lagrange interpolation polyno-
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mial:

Pi (1.
0 Hk:o,k;éj wi (tik)

Li't:—lpi_j i ,
jO =D e T3 wi (tik)

1 ... 1 1 o1 1
Lo ... fij—1 Lij4+1 ... lip
det
pi pi pi pi ;
% fig .- Ll i V"
o ... lip
det
pi pi
o -l
o) P -1

@i (1) o ke j lis — Tik

Therefore, the partial derivative of ¢; (¢, &;) with respect to ¢ is given by
2 Pi

PRSI/ Y BPNCY LG SN
awl(l"tagl)_ Zéij(LU(t)) ( +1:Z()t_t’.l>.

(e w; (1)

Note that #;; < ¢ for all t;; € X and r € Z and that both w;(¢) and a)l’ (t) are pos-
itive. Consequently, the partial derivative is positive and the function ¢; (¢, &;) is
increasing in ¢t € Z. Thus, the maximum value of ¢; (¢, §;) is attained in Uz € Z
and (7.10) follows. [

PROOF OF COROLLARY 4.4. For the sake of brevity, we only prove the result
for the Emax model (4.6), where it essentially follows by an application of The-
orem 4.1 with w(¢#) = 1. The proofs for the Michaelis—Menten model and for the
loglinear model are similar. In the Emax model, the gradient is given by f (¢, 9) =
(1, ; +’ 53 (11?911)2)‘ Using the strictly increasing transformation z = v(t) =
the function f can be rewritten by

1 0 0 1

1
10 1 0 ._
f@, )= PR (22).—P19(Z2).
0 —19— - Z Z

3 U3
Thus, for an arbitrary design & the function f M=) f(¢) reduces to

0, &)= fTOM '€ f)=(1,2,22)P] (PsMEP]) ' Psy(1,2,20)"
= (L, M 'E(1,2,2) =6, 8),

_r
Y3+t
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Where M(é) = (fX 7t dé(z)), j=0,1,2 and £ is the design on the design space

= [—2— % 5 Lx 5 +U ] induced from the actual design £ by the transformation

7= 19—+t The function @(z, &) coincides with the variance function of a polyno-
mial regression model with degree 2 and constant weight function w(¢) = 1. The
corresponding design and extrapolation space are given by X = [-—=3— Ly ~_Ux

%3 +LX 3+Uyx
and Z = 22— 193 = Lz 193 ] respectively. According to Example 4.3 (p; = 2), the

component &; of the noo—optrmal design is supported at the extremal points of the
Chebyshev polynomial of the first kind on the interval X', which are given by

Ly 1( Ly n Uy ) Uy
93+Ly U3+4+Uxy

9+ Ly 2 93+ Ux’
For the weights, we obtain by the same result §y = u, = %, & = |L2| where

L
U U U
N e e e s ) | G el ey
Uz 4+ 13 Ux + 93 Lx+193 Uz-f—ﬁs Ux+193

=4z, 15~ o) vt )
= Uz+193 Ly+103 Ug+l93 Ux+173 ’

= (gt roaa) Conan (oaas o)
Nz 403 Lo+ )\Uz40;5 \Uvsv;  La+os/)/)
L =|Lol+ |L1|+|L2|.

The support points of the p~-optimal design & are now obtained by the inverse of
the transformation and the assertion for the Emax model follows from the defini-
tion of the function g and a straightforward calculation. [J
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