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In the setting of nonparametric multivariate regression with unknown er-
ror variance o2, we study asymptotic properties of a Bayesian method for
estimating a regression function f and its mixed partial derivatives. We use
a random series of tensor product of B-splines with normal basis coefficients
as a prior for f, and o is either estimated using the empirical Bayes approach
or is endowed with a suitable prior in a hierarchical Bayes approach. We es-
tablish pointwise, Ly and Lso-posterior contraction rates for f and its mixed
partial derivatives, and show that they coincide with the minimax rates. Our
results cover even the anisotropic situation, where the true regression func-
tion may have different smoothness in different directions. Using the conver-
gence bounds, we show that pointwise, L, and Lo-credible sets for f and
its mixed partial derivatives have guaranteed frequentist coverage with opti-
mal size. New results on tensor products of B-splines are also obtained in the
course.

1. Introduction. Consider the nonparametric regression model
(1.1) Yi = fX)) +¢i, i=1,...,n,

where Y; is a response variable, X; is a d-dimensional covariate, and €1, ..., &,
are independent and identically distributed (i.i.d.) as N(0,?) with unknown
0 < 0 < 00. The covariates are deterministic or are sampled from some fixed dis-
tribution independent of ¢;. In both cases, each X; takes values in some rectangular
region in R, which is assumed to be [0, 1]¢ without loss of generality. We follow
the Bayesian approach by representing f by a finite linear combination of tensor
products of B-splines and endowing the coefficients with a multivariate normal
prior. We consider both the empirical and the hierarchical Bayes approach for the
variance o2. For the latter approach, a conjugate inverse-gamma prior is particu-
larly convenient.

We study frequentist behavior of the posterior distributions and the resulting
credible sets for f and its mixed partial derivatives, in terms of pointwise, L, and
Lo (supremum) distances. We assume that the true regression function fj belongs
to an anisotropic Holder space (see Definition 2.1 below), and the errors under the
true distribution are sub-Gaussian.
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Posterior contraction rates for regression functions in the L;-norm are well stud-
ied, but results for the stronger L »-norm are limited. Giné and Nickl [14] studied
contraction rates in L,-metric, 1 <r < 0o, and obtained optimal rate using conju-
gacy for the Gaussian white noise model and a rate for density estimation based on
a random wavelet series and Dirichlet process mixture using a testing approach.
In the same context, Castillo [2] introduced techniques based on semiparametric
Bernstein—von Misses (BvM) theorems to obtain optimal L,-contraction rates.
Hoffman et al. [17] derived adaptive optimal L.-contraction rate for the white
noise model and also for density estimation. Scricciolo [25] applied the techniques
of [14] to obtain L,-rates using Gaussian kernel mixtures prior for analytic true
densities.

De Jonge and van Zanten [9] used finite random series based on tensor products
of B-splines to construct a prior for nonparametric regression and derived adaptive
L»-contraction rate for the regression function in the isotropic case. A BvM theo-
rem for the posterior of ¢ is treated in [10]. Shen and Ghosal [28, 29] used tensor
products of B-splines, respectively, for Bayesian multivariate density estimation
and high dimensional density regression in the anisotropic case.

Nonparametric confidence bands for an unknown function were considered by
[1, 30] and more recently by [5, 6, 13]. A Bayesian approaches the problem by
constructing a credible set with a prescribed posterior probability. It is then natural
to ask if the credible set has adequate frequentist coverage for large sample sizes.
For parametric problems, a BvM theorem concludes that Bayesian and frequentist
measures of uncertainly are nearly the same in large samples. However, for the
infinite dimensional normal mean model (equivalently the Gaussian white noise
model), [7, 12] observed that for many true parameters in £;, credible regions
can have inadequate coverage. Leahu [20] showed that if the prior variances are
chosen very big so that the support of the prior extends beyond ¢;, then coverage
can be obtained. Knapik et al. [18, 19] showed that for sequences with specific
smoothness, by deliberately undersmoothing the prior, coverage of credible sets
may be guaranteed. Sniekers and van der Vaart [31] obtained similar results for
nonparametric regression using a scaled Brownian motion prior.

Castillo and Nickl [3] showed that for the Gaussian white noise model a BvM
theorem can hold in weaker topologies for some natural priors, and the resulting
credible sets appropriately modified will have asymptotically the correct coverage
and optimal size. A similar result for the stronger L.-norm using this weak notion
of BvM theorem is considered in [4]. Adaptive L,-credible regions with adequate
frequentist coverage are constructed using the empirical Bayes approach in [34]
for the Gaussian white noise model and in [27] for the nonparametric regression
model using smoothing splines. In the setting of the Gaussian white noise model,
Ray [23] constructed adaptive L,-credible sets using a weak BvM theorem, and
also adaptive Lso-credible band using a spike and slab prior.

In this paper, we consider multivariate nonparametric regression with unknown
variance parameter and study posterior contraction rates and coverage of credible
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sets in the pointwise, Ly- and Lso-senses, for the regression function f as well
as its mixed partial derivatives. Study of posterior contraction rate in Ls,-norm is
important for its natural interpretation and implications for other problems such
as the convergence of the mode of a function. An L.-credible band is easier to
visualize than a L,-credible set. We assume that the smoothness of the function
is given but allow anisotropy, so the smoothness level may vary with the direc-
tion. Anisotropic function has applications in estimating time-dependent spectral
density of a locally stationary time series (see [22]), and variable selection (see
[16]).

A prior on the regression function is constructed using a finite random series
of tensor products of B-splines with normally distributed coefficients. Posterior
conjugacy leads to explicit expression for the posterior distribution which is con-
venient for computation as well as theoretical analysis. Although wavelets are also
widely used to construct random series priors, B-splines have the added advan-
tage in that mixed partial derivatives of f are expressible in terms of lower degree
B-splines. This allows posterior analysis for mixed partial derivatives of f, a topic
that is largely unaddressed in the literature, except implicitly as inverse problems
in the Gaussian white noise model.

The paper is organized as follows. The next section introduces notation and
assumptions. Section 3 describes the prior and the resulting posterior distribution.
Section 4 contains main results on pointwise and L,-contraction rates of f and its
mixed partial derivatives. Section 5 presents results on coverage of the correspond-
ing credible sets. Section 6 contains a simulation study of the proposed method.
Proofs are in Section 7. New results on tensor products of B-splines are presented
in the Appendix.

2. Assumptions and preliminaries. We describe notation and assumptions
used in this paper. Given two numerical sequences a, and by, a, = O (b,) or a, <
b, means ay, /by, is bounded, while a, = o(b,,) or a, < b, means a, /b, — 0. Also,
an =< b, means a, = O(b,) and b, = O(a,). For stochastic sequence Z,, Z, =
Op(a,) means P(|Z,| < Ca,) — 1 for some constant C > 0. Let N={1,2,...}
and No =N U {0}.

Define [|x[l, = (X¢_ Ixx|”)/7, 1 < p < 00, xlloo = max) <k=q x|, and write
|Ix|| for ||x||2, the Euclidean norm. We write x <y if xy < yx,k=1,...,d. For an
m x m matrix A = ((a;;)), let Apin(A) and Ayax(A) be the smallest and largest
eigenvalues, and the (7, s) matrix norm of A as [|[A[l(. ) = sup{[|AX]l, : |Ix]|, < 1}.
In particular, [|All2,2) = [Amax(A)| and [|All(o0,00) = maxi<j<m -} laij|. These
norms are related by |a;;| < |All2,2) < |All(c0,00) for 1 <i, j < m. With another
matrix B of the same size, A < B means B — A is nonnegative definite. We denote
by I, the m x m identity matrix and by 1, the d x 1 vector of ones.

For f: U — R on some bounded set U C R? with interior points, let | || P
be the L,-norm, and || f[loo = sup,cy | £ (x)|. For r = (r1,...,ry)" € Ng, let DF
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be the partial derivative operator 9"l /dx{" - - 3x/¢, where |r| = Y9 r. Ifr=0,
we interpret DYf=f. We say Z ~ Ny (&, ) if Z has a J-dimensional normal
distribution with mean vector & and covariance matrix €. For a random function
{Z(t),t e U}, write Z ~ GP(§, Q) if Z is a Gaussian process with EZ(¢) = &(¢)
and Cov(Z(s), Z(t)) = Q(s, t).

DEFINITION 2.1. The anisotropic Hélder space H*([0, 11¢) of order a =
(a1, ...,aq)" consists of functions f 10, 119 = R such that | fllae.c0 < 00, where
Il - la.00 18 the anisotropic Holder norm

d d
2.1) max{ |D"f| .+ D[ D@D F|| ir e NG, Y rifoy < 1
k=1 k=1

and e; € R? has 1 in the kth position and zero elsewhere.

Let o* be the harmonic mean of (7, ..., og)7, thatis, a* ! =d~! Zle ozk_l.
For x = (x1,...,x4)T, we define by q(x) = (Bj,.q,(x1) -+ Bjy q0(xa), 1 < ji <
Ji,k=1,...,d) to be a collection of J = ]_[le Ji tensor-product of B-splines,
where Bj, 4, (xi) is the kth component B-spline of fixed order gx > a, with knot
sequence 0 =1t 0 < fg,1 < -+ < I, N, < Ik, Ny, = 1, and let Ji = g + Ni and
J=1, ..., J)T. In the prior construction, the knots depend on n and Ny in-
creases to infinity with n subject to ]_[Z:1 Jr <n. Ateach k=1,...,d, define
8k,1 = tk,] — tx,1—1 to be the one-step knot increment, and let Ay = maxj<;<pn, 0k
be the mesh size. We assume that the knot sequence for each direction is quasi-
uniform (Definition 6.4 of [24]), that is, Ax/ minj<;<p, 6k,; < C, for some C > 0.
This assumption is satisfied for the uniform and nested uniform partitions as spe-
cial cases (Examples 6.6 and 6.7 of [24]) and we can choose a subset of knots
from any given knot sequence to form a quasi-uniform sequence with C = 3
(Lemma 6.17 of [24]).

If the design points X; = (X, ..., Xid)T fori =1,...,n, are fixed, assume
that there exists a cumulative distribution function G (x), with positive and contin-
uous density on [0, 17 such that

d
(2.2) sup |Gp(x) — G(x)| =0(1_[ N,;l),
xe[0,1]4 k=1
where G, (x) =n~! Y ﬂl_lf_l[() Xik](x) is the empirical distribution of {X;,i =
1,...,n}, with 1y (-) the indicator function on U.

REMARK 2.1. For example, let n = m? for some m € N, the discrete uniform
design X; e {(j — 1)/imm —1):j =1, oom¥ with i = 1, ..., n, satisfies (2.2)
with G being the uniform distribution on [0, 1]1¢ and Ny < n® NaxQa*+d)} for f =
1,...,d.
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For random design points, assume X; "X G with a continuous density on
[0, 114, then (2.2) holds with probability tending to one if Ny < n® /lex@e™+d} for
k=1,...,d,and o™ > d/2 by Donsker’s theorem. In this paper, we shall prove re-
sults on posterior contraction rates and credible sets based on fixed design points;

the random case can be treated by conditioning on X;,i =1, ..., n.
Let B = (by ((Xy),..., bJ,q(X,,))T. Each entry of B’B is indexed by
d-dimensional multi-indices, that is, for u = (u1, ..., ug)T and v= (vq, ..., vg)T

with 1 < ug, v < Jy, k = 1,...,d, the (u,v)th entry is (B'B)yy =
> ]_[g:1 By g (Xik) Byy,qi (Xik). The following generalization of matrix band-
ing property will be useful.

DEFINITION 2.2. Let A = ((ay,v)) be a matrix with rows and columns in-
dexed by d-dimensional multi-indices 1; <u, v < J, respectively, where arrange-
ment of the elements are arbitrary. We say that A is h = (h1, ..., hy)T banded if
au,y = 0 whenever |uy — vg| > hy forsome k=1,...,d.

Given X; = (Xi1,..., X;iq)! fori=1,...,n, such that X;x € [tx—1, tx], only
gr adjacent basis functions (B g, (Xik), ..., Biygi—1,q (X;t)T will be nonzero
for k =1,...,d. Hence, if |u, — vy| > gn for some m = 1,...,d, then
Bu,, g (Xim)Bu,, ¢ (Xim) = 0, and we conclude (BTB)u,V = 0. It then follows
that BTB is q = (¢1, . . ., ga) T -banded.

Since approximation results for anisotropic functions by linear combinations
of tensor-products of B-splines assume integer smoothness (see Chapter 12, Sec-
tion 3 of [24]), we assume that & € N?. For the isotropic case, the norm in (2.1)
can be generalized (see Section 2.7.1 of [35]) and the approximation rate is ob-
tained for all smoothness levels (Theorem 22 of Chapter XII in [8]). This allows
generalization of posterior contraction results for arbitrary smoothness levels. We
now describe the assumption on fp used in this paper.

ASSUMPTION 1. Under the true distribution Py, Y; = fo(X;) + €;, such that
g; are i.i.d. sub-Gaussian with mean O and variance 002 fori =1,...,n. Also,
fo € H([O, 1]d) with order & = (1, ..., a4)! € N9, If the design points are de-
terministic, we assume that (2.2) holds. If the design points are random, we assume
that o™ > d /2.

Let Eg(-) and Varg(-) be the expectation and variance operators taken with re-
spect to Py. We write Y = (Y1, ..., Y)T, X=XT, ... . X)YT  Fo = (fo(X1),...,
foXu)T and € = (e1,...,e,)" .

3. Prior and posterior conjugacy. We induce a prior on f by represent-
ing it as a tensor-product B-splines series, that is, f(x) = bJ,q(X)TO, where
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0 =1{0),,...j,:1=<jk <Je,k=1,...,d} are the basis coefficients. Then its

r=(r1,...,rg)" mixed partial derivative is
J1 Ja d 97k
r
Df®)=) ) bj... H ax 'k Bji i (Xie).-
ji=l jg=1 k=1 7%k
Define an operator @;’; acting on 6;, . ;, such that @9/{9]‘1,,“’]-(1 =0j,,...,js» and for
re =1,
DG
]l ~~~~~ Jd
a1y

rk—l . . . . . Tk 1 ) ' o '
ij 9]1,...,Jk71,1k+1,]k+1 ..... jd_gjk 9]]’.“’”71,]]“]“] ..... ja
(e, ji = T, ju—qe+1)/ (@k — Ti)
Furthermore, let ©76;, _ er N 8,..., be the application of @Si ©

------------

0ji,...,j, for all direction k =1,...,d. Using equations (15) and (16) of Chapter
X from [8], D' f(x) can be written as

Ji—r1 Ja—rq
(3.2) Z Z Qrejl ----- Jd H Bjkﬂk*"k (xx) = bJ,q—r(X)TWro,
J1=1 Jd= k=1

where Wy is a szl(-lk —rp) X Hle Ji matrix, with entries given by (A.1)-
(A.4) in Lemma A.2. These entries are coefficients associated with applying the
weighted finite differencing operator of (3.1) iteratively on @ in all directions.

We represent the model in (1.1) by Y|(X,8,0) ~ N, (B6, 5°I,). In this pa-
per, we treat J = (Jy, ..., J)T as deterministic and allow it to depend on n, d
and . On the basis coefficients, we assign 8o ~ N, (3, 02R), where ||§]lso is
uniformly bounded. The entries of 2 do not depend on 7, and are indexed using
d-dimensional multi-indices described above. We further assume that ! is a

= (my,...,mg)T banded matrix with fixed m. Note that & depends on n only
through its dimension J x J. Furthermore, as n — 0o, we assume that there exists
constants 0 < ¢1 < ¢z < oo such that

3.3) cly <R <.

It follows that D* f|(Y, o) ~ GP(A;Y + ¢, azEr), where Ay, ¢, and the covari-
ance kernel are defined for x,y € [0, 114 by

(3.4) Ar(x) =bjq—r ()W, (B'B+ )BT
(3.5) () =byq+xW,(B'B+27")'@!,
(3.6) Sr(X,¥) = by qr®  We(B'B+271) " 'WIby g+ (v).

Since the posterior mean of DT f is an affine transformation of Y, Assumption 1
implies that A;Y + ¢;n is a sub-Gaussian process under Py. If r = 0, defining
Wy =1, we obtain the conditional posterior distribution of f.
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To deal with o, observe that Y|o ~ N, [By, o2(BLB” +1,)]. Maximizing the
corresponding log-likelihood with respect to o leads to

(3.7) 62=n""(Y—Bp)" (BB’ +1,)”' (Y —Bp).

Empirical Bayes then entails substituting the maximum likelihood estimator &, for
o in the conditional posterior of DT f, that is,

(3.8)  TI(D"f|Y,0)lo=s, = M5, (D" f1Y) ~ GP(AY + ¢c1), G2 5r).

In a hierarchical Bayes approach, we further endow o with a continuous and pos-
itive prior density. A conjugate inverse-gamma (IG) prior o> ~ IG(B1/2, 82/2),
with hyperparameters 81 > 4 and B, > 0 is particularly convenient for both com-
putation and theoretical analysis since by direct calculations, the posterior of o2
is

(3.9) oY ~IG((B1 +1)/2, (B2 + n52)/2).

Under the quasi-uniformity of the knots and (2.2), Lemma A.9 concludes that
there exist constants 0 < C; < Cy < o0 such that

d d
(3.10) Cm(l_[ J,;I)IJ §BTB§C2n(l_[ J,;‘)I,.
k=1

k=1

In particular, IBTB|| 2,2 Xn ]_[g: 1 I Combining the above with (3.3),

d
(Cln [17s"+ czl> < Amin(B"B+Q7)

k=1
3.11) < Amx(B'B+ Q71
d
< (Czn 1_[ kal +C1_1).
k=1

4. Posterior contraction rates. To establish posterior contraction rates for f
and its mixed partial derivatives with unknown o, a key step is showing that the
empirical Bayes estimator for ¢ in the empirical Bayes approach or the posterior
distribution of o in the hierarchical Bayes approach, are consistent, uniformly for
the true regression function fy satisfying || folla.coc < R for any given R > 0.

PROPOSITION 4.1. Let Ji < n® /@™ +d)} '} =1 ... d. Then for any R >
0, the following assertions holds uniformly for the true regression fy satisfying
| folle,00 < R:

(a) the empirical Bayes estimator G, converges to the true oy at the rate
* *
max(n~1/2, p=2e"/Qe*+d)y.
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(b) if the inverse gamma prior IG(B1/2, B2/2) is used on o2, then the posterior
for o contracts at og at the same rate;

(c) if the true distribution of the regression errors €1, ..., &, is Gaussian, then
for any prior on o with positive and continuous density, the posterior distribution
of o is consistent.

For the rest of the paper, we shall treat f and its mixed partial derivatives in
a unified framework by viewing f as D®f. Then the results on posterior con-
traction and credible sets (Section 5) for f can be recovered by setting r = 0.
Since an explicit expression for the conditional posterior of D' f given o is
available due to the normal-normal conjugacy, we derive contraction rates by
directly bounding posterior probabilities of deviations from the truth uniformly
for o in a shrinking neighborhood of o(, which suffices in view of the con-
sistency of the empirical Bayes estimator or that of the posterior distribution
of 0. A decomposition of the posterior mean square error into posterior vari-
ance, variance and squared bias of the posterior mean is used for pointwise
contraction, and uniformized using maximal inequalities to establish contrac-
tion with respect to the supremum distance. Contraction rates below are uni-

form in || folla.co < R. We write €, r = n—o 1= O /a)/ Qe +d) ang €nroco =
(log n/n)“*“_ZZ:l(’k/“k)}/(z"‘*”). Observe that for €, r and €, r oo to approach 0
as n — oo, we will need Zle(rk /ak) < 1. For the hierarchical Bayes approach,
we do not restrict to the inverse gamma prior for o2 but throughout assume that its
posterior is consistent uniformly for || foll¢,c0 < R for any R > 0.

THEOREM 4.2 (Pointwise contraction). If Ji < n® /lQ@e+d} g o —
1,...,d, then for any x € [0, l]d and M,, — o0,

Empirical Bayes: EoIls, (| D" f(x) — D" fo(X)| > Mye€n r|Y) = 0.
Hierarchical Bayes: EoI1(|D" f (x) — D" fo(x)| > Mp€, r[Y) — O.
REMARK 4.3. The above rate of contraction holds for the L,-distance as well
under the same set of assumptions for both empirical and hierarchical Bayes ap-
proaches. This follows since the posterior expectation of the squared L;-norm can

be bounded by the integral of the corresponding uniform estimates of the pointwise
case obtained in the proof of Theorem 4.2.

THEOREM 4.4 (Loo-contraction). If Ji < (n/logn)® /tex@e™+d} for f =
1,...,d, then for any M,, — 00,
Empirical Bayes: EoIls, (| D" f — D" fo| o, > Mu€n,r,00lY) = 0.
Hierarchical Bayes: EoII(| DF f — D" fo| oo > Mné€n,r.00Y) = 0.
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Note that an extra logarithmic factor appears in the Lo-rate in agreement with
the corresponding minimax rate for the problem (see [32, 33]). A similar result
for the white noise model using a prior based on wavelet basis expansion for the
signal function is given by Theorem 1 of [14] for known variance. It is interesting
to note that given any notion of posterior contraction and smoothness index, the
same optimal Ji, k=1, ...,d, applies to f and its mixed partial derivatives, so the
Bayes procedure automatically adapts to the order of the derivative to be estimated.

5. Credible sets for f and its mixed partial derivatives. We begin by con-
structing pointwise credible set for D' f(x) at x € [0, 1]¢, where r € Ng satisfies
Zle(rk/otk) < 1. Let y, € [0, 1] be a sequence such that y,, — 0 as n — oo. De-
fine zs to be the (1 — §)-quantile of a standard normal. Since IT(D" f(x)|Y, o) ~
NA:X)Y + ¢ (X)7, 02%,(x, X)), we can construct a (1 — vy )-pointwise credible
interval for D' f (x) from the relation

M(g:[gx) — Ar®Y — er(0)| < 2y, 20 VE(X, X) Y, 0) =1 =y

However, as o is unknown, we use empirical Bayes by substituting o by &, derived
in (3.7), leading to the following empirical credible set:

Corys ) = {21 [2(0) — Ar®Y — er(®) | < 2, /260y Zr (X, X) }.

For the hierarchical Bayes approach, the resulting credible region is given by
Cn,r,yn x)={g:gx) —ArXY —e:(X)n| < Ry x.y, (X)}, where Ry ry, (X) is the
(1 — yp)-quantile of the marginal posterior distribution of |D" f(x) — Ay (x)Y —
cr(X)n| after integrating out o with respect to its posterior distribution. If the con-
jugate inverse-gamma prior is used on o2, then the cut-off may be expressed ex-
plicitly in terms of quantiles of a generalized t-distribution. In general, the cut-off
value Ry, r,, (X) may be found by posterior sampling: generate o from its marginal
posterior distribution and D' f|(Y, o) ~ GP(A Y + ¢¢7, azEr).

THEOREM 5.1 (Pointwise credible intervals). If Ji =< n® /lx@e™+d)} " j —
1,...,d, then for y, — 0, the coverage of @,r,y,, (x) tends to 1 and its radius
is Op, (n,rv/Tog (T/yn)) at x € [0, 119 uniformly on | folla.00 < R.

If the posterior distribution of o is consistent, then the same conclusion holds
for the hierarchical Bayes credible set Cy .y, (X).

REMARK 5.2. We can also define a (1 — y,,)-credible set in the L,-norm for
DT f given Y and o as the set of all functions which differ from A, (x)Y + ¢ (X)5
in the Ly-norm by o hy, 2,1, Where hy, ¢ 2 5, is the 1 — y;, quantile of the L>-norm
of GP(0, ;). Then the empirical Bayes credible set is obtained by substituting o
by G,,. The hierarchical Bayes credible set is obtained by replacing ok, r2 5, by
the 1 — y, quantile of || D' f — A;Y — ¢,n||2. Both credible regions have asymptotic
coverage 1 under the assumptions in Theorem 5.1.
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The (1 — y,,)-empirical Bayes L ,-credible set for D f, can be expressed as {g :
lg — ArY — eeflloo < PnOnhn r,00,y, ) Where hy r ooy, is the (1 — y;,)-quantile of
the Lo-norm of GP(0, X;). It turns out that in order to obtain adequate frequentist
coverage, this natural credible ball needs to be slightly inflated by a factor pj,
leading to the inflated empirical Bayes credible region

(5.1) é\'y?:lr,oo,yn = {g g —ArY —erflloo < pnanhn,r,w,yn}-

On the other hand, unlike in the pointwise or the L,-credible regions, we need not
make y,, — 0, but can allow any fixed y < 1/2. In the hierarchical Bayes approach,
we consider the analogous credible ball C,ffr,m’y ={g:llg — ArY — crlloo <
Pn R r 00,y }, Where Ry ¢ o, stands for the (1 — y)-quantile of the marginal pos-
terior distribution of ||D' f — A+Y — ¢;1|| integrating out o with respect to its
posterior distribution.

THEOREM 5.3 (Loo-credible region). If Ji < (n/logn)® /{axQo+d)} o jo —
1,...,d, then for any p, — oo and y < 1/2, the coverage OfCA’,?’”r,oo,y tends to 1
and its radius is Opy(€n r,00pn) uniformly in || folla,co < R. Moreover, if the true
distribution of the regression errors is Gaussian, then we can let p, = p for some
sufficiently large constant p > 0.

If the posterior distribution of o is consistent, then the same conclusion holds

for the hierarchical Bayes Lo-credible ball C,‘,)f’r,oo,y.

REMARK 5.4. To control the size of @Oj’r,oo,y and ensure guaranteed frequen-
tist coverage, we can take p, to be a factor slowly tending to infinity, or a suffi-
ciently large constant for the Gaussian situation. A similar correction factor was
also used by [34] in the context of adaptive L,-credible region.

6. Simulation. We compare finite sample performance of pointwise cred-
ible intervals and L.-credible bands for f in one dimension (i.e., d = 1,
r = 0) with confidence intervals and L..-confidence bands proposed by The-
orem 4.1 of [36]. Following [18], we consider the true function fy(x) =
\/52?21 i3/ sini cos{(i — 1/2)mx}, x € [0, 1], which has smoothness o = 1.
We observed the signal fy with i.i.d. N(0O, 0.1) errors at covariate values at X; =
i—1)/(n—1)fori=1,...,n. We use cubic B-splines (i.e., ¢ = 4) with uniform
knot sequence, where we added 4 duplicate knots at 0 and 1. For the prior param-
eters, we set § = 0 and £ =1 ;. We construct (1 — y,,)-empirical credible intervals
for y,, = 5/n with 6, computed using (3.7). The corresponding confidence regions
are constructed using Theorem 4.1 of [36] based on the least squares estimator
fx)=by,(x)70 ford = (B"B)"'BTY,and 52 = (Y —BO)" (Y —BO)/(n — J).
In the Bayesian context when the smoothing parameter J is to be determined from
the data, it is natural to use its posterior mode. However, for a fair comparison, we
used leave-one-out cross validation to determine J for both methods and also ob-
served that the posterior mode essentially chose the same values. We conduct our
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FI1G. 1. Pointwise coverage probabilities for credible and confidence intervals. The y-axis is the
coverage probabilities and the x-axis is the covariate x.

experiment across sample sizes n = 100, 300, 500, 700, 1000, 2000. For pointwise
credible and confidence intervals, we report the empirical coverage based on 1000
Monte Carlo runs for each n. All simulations were carried out in R using the bs
function from the splines package.

The coverage probabilities of pointwise credible and confidence intervals are
shown in Figure 1. One distinguishing feature is the downward spike at around the
bump of fp at x = 0.3 in Figure 2, and the plots narrow down to this point as n
increases. Moreover, the pointwise coverage is O at this point for both Bayesian
and frequentist methods in all sample sizes considered. This phenomenon occurs
perhaps due to the fact that the true function at x = 0.3 has a sharp bend but the
function is much smoother elsewhere, so based on a limited sample the cross-
validation method oversmooths by choosing a smaller J than ideal. Both methods
yield almost the same pointwise coverage for large sample sizes, and are equivalent
in quantifying uncertainty of estimating fo. To cover the function at all points, we
consider the simultaneous (modified) credible band at the level 1 —y = 0.95, given
by (Ag(x)Y +¢o(x)n) = pgnhn,o,m,y .
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00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 1.0
(a) Bayes: n = 100 (b) Bayes: n = 500 (c) Bayes: n = 2000
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(d) Frequentist: (e) Frequentist: (f) Frequentist:

n = 100 n = 500 n = 2000

FIG. 2. Dots: posterior mean (top) and f(bottam), Solid: true function, Dashes: 95% L o -credible
(top) and confidence (bottom) bands.

The second assertion of Theorem 5.3 allows us to use a fixed p because our true
errors are normally distributed which we choose as p = 0.5. To construct (1 — y)-
asymptotic confidence band, we use Theorem 4.2 of [36].

Table 1 shows the coverage of 95% simultaneous credible and confidence bands.
At n = 100, the apparent higher coverage of the confidence bands is due to the pos-
itive bias of 2 for small n. From n = 300 onward, the coverage of both credible
and confidence bands steadily increase with n. The corresponding graphical rep-

TABLE 1
95% simultaneous credible and confidence bands

n 100 300 500 700 1000 2000
Credible band coverage 0.852 0.896 0.954 0.945 0.964 0.972
Confidence band coverage 0.972 0.948 0.963 0.978 0.985 0.986
Credible band radius 0.235 0.155 0.148 0.127 0.121 0.098
Confidence band mean radius 0.27 0.165 0.147 0.132 0.129 0.101

Confidence band max radius 0.64 0.436 0.409 0.374 0.372 0.3
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resentations of these bands are shown in Figure 2. The top panel corresponds to
the proposed Bayesian method, where the dotted line stands for the posterior mean
and dashed lines for the 95% credible band. The bottom panel corresponds to the
frequentist method of [36], where the dotted line standing for the least squares esti-
mator fand the dashed lines for the 95% L ,-confidence bands. In both panels, the
solid line is the true function fj. Observe that the credible bands have fixed length,
while the confidence bands have varying lengths. This is because the procedure of
[36] is based on the supremum of the scaled absolute differences. Therefore, for
the latter we present both average and maximum radius. The frequentist method
has larger width at the endpoints due to the fact that there are fewer observations,
and this results in larger maximum radius.

7. Proofs. We shall repeatedly use the following fact about approximation
power of tensor product B-splines given by (12.37) of [24].

Forany R > 0, if || folla.co < R, there exists a O € R” such that for constant
C > 0 depending only on «, q and d, we have

d d
(7.1) Iby.q() 000 = fol (o <C Y I ™ 9% foH SO h
k=1 Yk k=1

Since [Iby.q()"8collco < | folle.co + € Xiy Ty Il follenoo S R+,

(7.2) SUp [fsolloe S sup[[byg() Bl = O D),

I folle,co<R I folle,co=<R
by (12.25) of [24]. An extension of the approximation result for derivatives is given
by the following lemma.

LEMMA 7.1. There exists C > 0 depending only on «, q and d such that for
fo e H* (10, 11%,

d
HbJ,q—r(')TWrooo . Drfo ”oo < C(Z Jk—(ak—rk) ”D(Olk—rk)ek Drf()Hoo>'
k=1

PROOF. Let I . j, = Hk 102, ju—qi» T, ji . Define a bounded linear opera-

tor Qf (x) = 2,1 L Oy s P TIEZ ) Biiege (i) on HE([0, 119), where
Ajivja = ]_[kzl Aj, and A, is the dual basis of Bj g4, (-), that is, A, is a linear
functional such that A;, Bj, 4, (1) =1y,=j)(-) fork =1,...,d (see Section 4.6 of
[24]). Using Theorem 13.20 of [24], there exists a tensor-product Taylor’s polyno-
mial pj, . ;. (X) such that

.....

k=1
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where f |7, is the restriction of f onto /j, . ;, and C > 0 depends only on
o, q and d. By equations (12.30) and (12.31) of Theorem 12.6 in [24], || (D" fo —

,,,,,

| D*(fo = Pjisidlyy....iy oo + QD" fo = D pji. i)l i oo

d
< C Z ]k—(ak—rk) “D(ak—rk)ek Drf0|lj1
k=1
Since QD" fo = D" Qfo, identifying (0o0) ;... j, from (7.1) with A, ;, fo and
applying equations (15) and (16) of Chapter X in [8], we see that QD" fy =
bJ’q_r(~)TWrooo. Now sum both sides over 1 < jiy < Jx,k=1,...,d. O

..... Jd ||OO

.....

PROOF OF PROPOSITION 4.1. Define U= (BB’ +1,)"! and J = ]‘[Z:1 Jk.
By equation (33) of page 355 in [26],

[Eo(G2) — og| = |n"og tr(U) — o | +n~' (Fo — Bp) T U(Fo — By)
(7.3) Sn'ir(M, — U) + (Fo — BOoo) " U(Fy — Bboo)
+ (B — B  UBO — By)],

where we used (x +y)"'D(x +y) < 2x"Dx + 2y’ Dy for any D > 0. Let Pg =
B(BTB)_IBT. Let A be an m x m matrix, C an m x r matrix, T an r x r matrix,
and W an r x m matrix, with A and T invertible. Then by the binomial inverse
theorem (Theorem 18.2.8 of [15])

(7.4) A+CTW) '=A"'—A~'C(T' +WA~'C)"'WA .
Therefore, two applications of (7.4) to U yield
75  (BeB” +1,)"' =1, -BB'B+2')"'B" =1, - Pg +V,

where V=BB'B)~'[Q + (BTB)~!]"/(B”B)~'B” > 0. Hence, the first term in
(7.3) is

(7.6) n'au®Pg—V) <n'u®Pg)=J/n.
Note U <1, since BB’ > 0, and the second term in (7.3) is bounded by

d
(7.7) n~U U ,2)[Fo — B l? < [[Fo — B2 S 3 2%,
k=1

in view of (7.1). By (7.5) and (I — Pg)B = 0, the last term in (7.3) is n1(0s —
T2+ BTB)~'171 (0 — 1), which is bounded above by

(7.8) ner+ G /)T 1000 — 2, S T /m,
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where we used (3.3) and (3.10) to bound the maximum eigenvalue of [ +
BTB)" 11~ By (7.2) and assumption on the prior, |6 — 17||C2>o = 0(1). Com-
bining the bounds in (7.6), (7.7) and (7.8) into (7.3), we obtain |[Eg(G2) — 0| <
Tin+ Y4, g%,

Let Y = F + & and write n52> = (Fo — By)T U(Fo — By) + 2(Fo — By)" Ue +
el Ue. Using the fact Var(7T; + T2) < 2Var(T1) + 2 Var(73), it follows that
Varg (8”2) is bounded up to a constant multiple by

n"*[(Fo — BOoo) " U*(Fo — B o)
(7.9)
+ (B — By) " U? (Bl — By) + Varg(e” Ue)].

In view of (7.1) and U < I,,, the first term above is bounded by
d
(7.10)  n2[UNI% ) IFo — Bool® < n ™ |Fo — Bloo |2, St D a2
k=1

By the idempotency of I,, — Pg and (I, — Pg)B = 0, we have that B' (I, —Pg+
V)?B is
B’V’B=[2+ B"B) '] 'B"B)'[2+ B'B)"']"’
<[+ ®B'B)"']"' <B”B.
Therefore, in view of (7.5), the second term in (7.9) is bounded by

(7.11)  (Boo — 1) B B(Bos —1)/n* < T[B'B| 5 51000 — 1ll2/n S,

where we used (3.10) to bound ||BTB||(2,2), while ||fo — 11||gO is bounded us-
ing (7.2) and the assumption on the prior. By Lemma A.10, the last term in (7.9)
is Oo(n~h. Combining this with the bounds established in (7.10) and (7.11) into
(7.9), we obtain Varo(b\nz) <n LIfJ < n® M@ +d)} for k =1, ..., n, the mean
square error is

d
(7.12)  Eo(@2 —o0g)” Sn~ '+ 20724 Y g S e/ Q)
k=1
which implies the first assertion.
For the assertion (b), observe that

E(?Y) = BB +n—2)"" +n(B1 +n—2)"'52,
Var(o?|Y) = 4(B1 +n — )7 (B2(Br +n =27 +n (B +n - 2)7'52)%

Applying Markov’s inequality, the posterior for o2 is seen to concentrate around
8,12 at the rate n~1/2, so the assertion follows from (a).

Assertion (c) can be concluded from an anisotropic extension of the estimates
obtained in the proof of Theorem 4.1 together with Theorem A.1 of [10]. Indeed
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the posterior contracts at the rate n=/Qe+d) g actually at the rate n~!/? for
a* > d/2 by an anisotropic extension of their Theorem 4.1. Consistency can also
be approached directly from the marginal model p, , for Y given o, where f is
integrated out, by a Schwartz-type posterior consistency argument using the test
|6, — 00| > €, which is consistent at the true density pg , by part (a). The only
departure from Schwartz’s argument is that in the present case it is convenient to
directly establish that for any ¢ > 0, €"* [(py.o/Po.n) dT1(0) — 0o in probability
under po , using the consistency of &, at op. [J

We write U, for a shrinking neighborhood of op such that with proba-
bility tending to one, 6, € U, and (o € U,|Y) — 1. We write D*f for
E(D'f]Y) = A;Y + ¢y, Recall that e, = n~ ¢ 1-Zini00/a0}l/Qa*+d) gpg
€n,r,00 = (logn/l’l)a*{l_zzzl(rk/ak)}/(za*—'—d).

PROOF OF THEOREM 4.2. Recall that at x € [0, 119, (DrfN(x)lY, o) ~
N(D* f (x), 023, (x, X)), with Zp(x, X) given in (3.6). Under Py, D"f(x) is a sub-
Gaussian variable with mean Ar(x)Fo + ¢, (X)n and variance o 2y, (x, X), where
Ur(x,y) is

byqrX) W (B'B+2")"'B"BB’B+2~') "W/ by (y).
Notg that the posterior variance azEr(x, x) of D' f does not depend on Y, while
D’ f(x) does not depend on o . Therefore, uniformly on || fole.co < R,

Eo sup E([D* f(x) — D" fo(x)]*|Y.0)

oelU,
(7.13) = suz/;’) E([D* f(x) — D" f(x)]*|o) + Eo[D* f(x) — D fo(x)]*
= sup 02 Be(X, %) + 0g Wr(X, X) + [Eo D" f(%) — D" fox)]*.
oely,

To bound 02X, (x, x), first observe that by, q—r(X) |% is bounded by

Ji—ri Ja—rq
(7.14) ]‘[ Jax Bjgi-r (k) D > Bjgr () < 1.
J1=1 Ja=1

In view of (3.1), each row of W, has ]_[k=1 (rx + 1) nonzero entries and each col-
umn has at most Hk 1 (rk + 1) nonzero entries. Then by Lemmas A.2 and A.1,
each of these nonzero entries is of the order [T¢_; A;"* < [1¢_, J;*. Hence, both
Wl (00,00) and [WY [[s0,00) are O(TT¢{_; J{). Thus,

QU

72
(7.15) W W] 22 = Wi W (00,00) ~ H -
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By the Cauchy—Schwarz inequality, (7.14), (7.15) and (3.11), o2%(X, X) over o €
U, is uniformly bounded by

2 —1\—1
(G()2+0(1))||bJ,qfr(X)” ||WTWr|}(22)H(BTB+52 1) ”(2,2)

d
< (Cln [T/ +e ) (]‘[ erk> n! ]‘[ JEE

k=1

(7.16

Using (3.11), (3.10), (7.14) and (7.15), the variance 002\111-()(, x) of D' f(x) is
bounded by

—1\—1y2 2
‘702||(BTB+SZ l) H(z,z)HBTB”(z,z)||bJ,q—r(X)H ||W5Wr||(2,2)

2
i) )< f
k=1 k=1
The last term in (7.13) is bounded as
[BoD" f(x) — D" fo(x)|
< |byqr®TW:B B+ 1) (B'Fy+ Q') — byqr(x) Wi |
+ | D" fo(x) = by q-r(X) Weboo|.

(7.17)

By bounding the second term using Lemma 7.1 and using ||by q—r(X)[|1 = 1, the
right-hand side above, up to O(X¢_, J,~ @1y 'is bounded by
by.qr® We(B'B+2 1) [BT (F) — Bbo) + 2 (n — 00)]]
< [(B"B+27") ™ (.00 Wrll .00 { BT (Fo — BO) |
127 (0,00 (1050 1o + 17l10)}-

Since 27! is m-banded with fixed m and has uniformly bounded entries,
||SZ_1||(OO,OO) = O(1). As B"B is g-banded, Lemma A.4 and (3.11) imply that
IB™B + @7 Mlo,000 S n ' TT{=y k- By (7.15), we have [Wrlloo,00) S
]_[f,f:1 Jkr". Also, |6 |lco and ||7]|c are both O (1) by (7.2) and the assumption on
the prior. Using the nonnegativity of B-splines, Lemma A.3 and (7.1), uniformly
on || folle.co < R, we bound [|B” (Fp — B o) lloo by

Z 1_[ Bjq(Xi)| foXi) — by,q(Xi )T000|

1<Jk<Jkk Lewd =
d
—op .
S |, max ZHBjqu(Xlk)<nZJk l_lfk '
k=1 SikSTok=1,..d =



1086 W. W. YOO AND S. GHOSAL

Therefore, combining the bounds obtained and squaring the bias of DF f , we have
for any x € [0, 174 uniformly on || follg,co < R,

d d d
(7.18)  [EoD" f(x) — Drfo(x)|2§ 1—[ Jerk (n—z 1—[ JE+ ij_zak)-

k=1 k=1 k=1

Let P, r(x) = Egsup, ¢, E([D" f(x) — D* fo(x)]?|Y, o). Combining (7.16), (7.17)
and (7.18) into (7.13),

sup Py r(x)
I folle,co<R
1L o o] I
(7.19) S-T13 S + TR S TR+ 77
=i k=1 =1 k=1

since ]_[f: 1 Jk < n by the assumption. To balance the orders of the two terms on the
right, let Jy = J Vek fork =1, ...,d. Then the right-hand side of (7.19) reduces to
O (JXi=1@rtD/ak 1y 1 0 (J2(Ek=176/2% =) They will have the same order if J =
n® QD) fand Ji = JV% < p@ Nex@e+ D) for k =1, ... d. Hence, P, ¢(x) =

0(6%’1.) uniformly on || folla.co < R, implying the first assertion.
For the hierarchical Bayes procedure, the assertion similarly follows from
EoI(|D" f(x) — D fo(X)| > My€nr|Y) < M %€, 2Py r(X) + Eoll(o ¢ Uy|Y).
OJ

PROOF OF THEOREM 4.4. Recall that (D" f|Y,0) ~ GP(Drf, o2%,). Let
Znr ~ GP(0, 2). Under the true distribution Py, D" f s a sub—Gaussian process
with mean function ArFo + ¢;n and covariance function o 2y, Let Qn r be a
sub-Gaussian process with mean function 0 and covariance function o 2. Note
that Z,, » does not depend on Y and foy, while D" f does not depend on o. Then
uniformly on || folla.co < R,

Eo sup E(|D*f — D" fo| 2. IY, o)

o2eld,

< sup E(| D" f — D" Flo) +Eol D — D" foll,

oelU,

2
< sup 0E[| Zurll% + EllQurll2 + |ArFo + er — D™ fo|2,

oel,

(7.20)

Since O, r = Are, then by Assumption 1, O, r is sub-Gaussian with respect to the
semi-metric d(t,s) = ,/Var(Q, r(t) — Q,.r(s)). Note that Z, , and Q, r satisfy
the condition for Lemma A.11 by Lemma A.6. Applying Lemma A.11 with p =2,
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we have forany 0 < 8, < 1, E| Zy 1% < log (1/8,)(n82 + L T1¢_, 727 in view
of (7.16). Similarly, E|| Q¢ 1% < log (1/8,) (082 + L 1¢_, 72" by (7.17). Set-
ting 82 =< n2[1¢_, szrkﬂ,

d
logn
2 l—[ 2rr+1
E”Zn,l‘HooS n Jkrk 9

k=1
(7.21)

d
logn
2 2r+1
EllQurl2 € —— [T+
=1

Since the bound for (7.18) is uniform for x € [0, 114 and I folle.co < R,

d d d
(7.22) | ArFo +crp — Drf()”io <TI Jerk (n—z I I 3 Jk_Zak>'
k=1 k=1 k=1

Combining (7.21) and (7.22) with (7.20), uniformly on || folla,co < R,

d d d

1 _

Eo sup E(| D" f — D" fo 2 [Y. o) S ] szrk( >e2 [Th+DJ M)-
o €Uty k=1 = k=1

To balance the orders of the two terms on the right, let Jy = J Vek fork=1,...,d.
Then the bound above reduces to

O(JZZ:K?’HW“M*] logn) + O(JZ(Zg:1 rk/akfl)) = O(e2 ),

n,r,oo
if J < (n/logn)®/@C+d) and J = JYV% < (n/logn)® Nex@™+d} for k=
1,...,d. The rest of the proof can be completed as in Theorem 4.2. []

PROOF OF THEOREM 5.1.  Define f, r,y, (X) = infg ey, 2y, /20 vV Zr (X, X). To
show Cy, r,y, (X) has asymptotic coverage of 1, it suffices to show that

(7.23) y ||sup ) Po(|D" fo(x) — D" F(X)| > ty.r.y, (X)) = 0.
0llee,00=

Since z,, 2 — oo and U, shrinks to o, we have #, r , (x)2 > Zp(x,X). In view of
(3.11), X (x, x) is bounded below by

d
Jmin{(BTB+ 27 )T WIby e * Z 07 [T S [ Wby g 0.

k=1
For any x = (x1, .. .,xd)T € [0, 114, let iy, be a positive integer such that x; €
[tk,ixk—lv tk,ixk]- Then only Bixk,qk—rk XK, .., Bixk tqi—ri—1,qi—ri (Xk) are nonzero
ateach k=1,...,d. In view of (3.1), (8’k/8x,:")Bjk,qk (xx) is a linear combina-

tion of Bj, ¢, —r, (Xk)s -+ oy Bjptrgu—r, (x) forany 1 < ji < Jy withk=1,...,d.
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Choose jx =iy, +gx —rk—1fork=1,...,d, then by (A.1), we have

STPRISIES) SRS o) §(E )

j1=1 Jja=1k=1

2
d Tk (qk —M) Bixk‘f'Qk_rk_lsCIk_rk(xk)
> [1

(7.24) 3
k=1u=1 (tk,ixk-l—qk—rk—l - tk,ixk—rk—l-i-u)

d k — Tk
25 (407 = n 7,
k=1 2k

since i +q—ri—1 — iy —ri—14u =< (gr —u+ DAE < Jk_ fork=1,...,d,by

Lemma A.1. Consequently, f, r ,, x)2>n"! szl szrk+1.
In view of (7.18), uniformly on || foll¢.co < R,

(7.25)  Eo[D' fo(x) — D" F(x)]* <n”! l_[erk‘H +ZJ—2(ak o).

Hence, uniformly on || fo|l«,co < R, the lack of coverage of C,,,r,yn (x)

—1717d 2r+1 d —2(otg—rg)
n Il J O+
In,r,vn (X)z

For the choice J; = n“*/{“k(zo’*”)}, k=1,...,d, the bound tends to zero
uniformly on || folle,co < R and the diameter 6,z,,/2+/ Zr(X,X) of é;z,r,yn x)
is Op,(€nrv/Iog (1/7) because Te(x,x) < n ' [14_, J2*t! by (7.16), 3,
converges to op and z,,,2 = O(/log(1/y,)) by the estimate P(Z > z) <
7~ lexp(—z2/2) for Z ~N(0, 1).

To prove the corresponding assertion for the hierarchical Bayes credible inter-
val, it suffices to show that

Po(|D" fo(x) — D" F(X)| > tur.y, (X)) S

d
(7260 a7 TR < Rury (07 7! 1‘[ I og(1/ym)
= k=1

uniformly on || folle.co < R. If U, shrinks sufficiently slowly to oy, we can ensure
that with probability tending to one, I[1(o € U,,|Y) > 1 — y,,. By the definition of
Ry r,y, (X), we have that

1—y, =TI(|D" f(X) — Ax(X)Y — cx ()| < Ry, ®)]Y)
< sup II(|D" f(x) — Ar(X)Y — cx(X)| < Rpr,y, Y, 0) + ¥

oel,

Since given o, z,,04/ X (X, X) is the (1 — 2y,)-posterior quantile of |D" f(x) —
Ar(x)Y —cr(x)], it follows that on a set of probability tending to one, Ry, r , (X) >
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2y, inf{o : 0 € Uy }+/ (X, X). On the other hand, from
l—yn=> aiéll/f; (| D" f(x) = Ar(X)Y — cr(X)n| < Ry r, ®)|Y, 0) T (0 € Up|Y),

we get Ry r y, (X) < 2y, /2(1—y,) Sup{o : 0 € Uy }+/ (X, X). This establishes (7.26).
O

PROOF OF THEOREM 5.3. For notational simplicity, we write 1, r o0,y as
heo,y and define o ), = infy ¢y, 0 hy v 00,y - First, we consider the empirical Bayes
credible region. To show (j’?fj},oo,y has asymptotic coverage of 1, it suffices to show
that

(7.27) sup  Po(|D" fo — D" fl, > Putos,y) = O.
I folle.co<R

Let Z,r ~ GP(0, X;). Let Mz be the median of ||Z, r|lcc. that is, Mz sat-
isfying P(|Zurlloo < Mz) = 1/2 and P(IZyrllc = Mz) = 1/2. Let 07 =
SUPyeo,13¢ Var(Z, r(x)) and note that by (7.16), a% <p! ]_[d szrkH — 0 for
Jr < (n/logn)® /{“k(2a+d)},k =1,...,d. Using the facts that 0z < 2Mz and
[EllZyrlloo — Mz| < o7(r/2)!/? (see pages 52 and 54 of [21]), we have
EllZn rlloo < Mz.

Because P(||Z; rllooc > hoo,y) =¥, and y < 1/2, we have heoy > Mz =<
E|Z, r|lco- To lower bound E|| Z, r||s, We introduce the notation Ty = {t.1, ...,
v k=1,...,dand T =T[{_, Ti. Define T = {(i1,...,iq): | <ir < N, k=
1,...,d} and arrange the elements of Z lexicographically. Then we can enumerate
the N = Hg:l Ni elements of 7 as {r;:ieZ}, where ; = (t1,,...,14,i,) With
(i1,...,iq) € . Define u(xy,...,xq) = ]—[le (Brk/Bx,:k)ijqk(xk). Applying the
multivariate mean value theorem to u(xq, ..., xg) at Tj and T,, we have for some
point T* = (¢}, ..., 1)) =Ati+ (1 — V)T, with A € [0, 1],

Z Z u(ti) — u(zmw)|’

J1=1 Ja=1
(7.28) = Z Z Vu(r) (zi — Tm)|?
=l ja=
J1 2
33 o) (LU
=l ja=11p=1

Choosing j1 =iy, +q1 —r1 —2and jy =iy, +qr —rxk —lfork=2,...,d, it
then follows that ((‘9’1‘H/8)cr1+l)BJ-l,q1 (x1) > 0, while (3" /3x;*)Bj, 4, (xx) > 0
and (8”““/8x”Jr )Bj g (xx) =0 for k=2,...,d. We show only the first impli-
cation; the other two can be argued similarly. For x = (x1, ..., x4)T € [0, 114, let
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iy, be a positive integer such that x; € [tksixk—l , tk,ixk] for k=1,...,d. Now by

(3.1), (E)"“Ll/axr'Jr )le ¢1(x1) is a linear combination of the set of functions
{le q1—ri— 1(x1), . ]1+r1+1 q1—ri— 1(x1)} while only {le q1—r1— 1(x1), .

Bi, +q1-ri—2.q1-r1— 1(x1)} are nonzero by the support property of B- sphnes
For ji =iy + g1 — ri — 2, only the positive term corresponding to
Bix1+q1—r1—2,q1—r1—1(xl)’ with coefficients given by the second equation of
(A.1) below survives. Thus, only du/dx; will be positive while du/dx; = 0 for
k=2,...,d. By repeated applications of (7.24), the right-hand side of (7.28) is
bounded below by

g+l 2 d 97k 2
———Bj, 4, (x1) H ) ) (1 = t1m,)?
8x1”+1 J1,91 9x rk Jk Gk o1l Mg

2r1+2 2r, 2r
> 1 k k
< T i )2 [T

where 61 =1t —t1j—1 for 1 <1 < Ny, and the last inequality follows from the
quasi-uniformity of knots and Lemma A.l. Define V; = Z, r(tj) for 1; <i <N
where N = (Ny, ..., Ng)T. Note that | Zy,rlloo > maxy,<i<N Vi. Then by (3.11),
forany 1; <i,m <N,

E(Vi — Vim)? = Amin{(BTB + 9_1)_1}”WT(bJ ar (™) = by qr(tm) |

( HJ") 2. Z|M(r1)—u(rm)| >_ 1—[]2,k+1

=l ja=

for a universal constant ¢ > 0. Define U; = +/(2n/c) Hd e (re+1/ 2)Vi and let H;
be i.i.d. N(0, 1) with 1; <i < N. By (3.14) of [21], we have E(maxy,<i<N Hi) 2
J/log N. Now, E(U;j — Um)2 >2=E(H; — Hm)z, and hence by Slepian’s lemma
(Corollary 3.14 of [21]),

Elmny V)= B ) 2 e

where N = ]_[Z:1 Ni ~ ]_[f:1 Ji by definition. It follows that tgo, = o*ghgo e
(logn/n) ]_[g:l sz retl Therefore, using (7.21) and (7.22), we have uniformly
on “fO”a,oo <R,
=12 2
729) Eo(| D" fo — D" 5) < 2E(I1Qnrli3) + 2| ArFo + e — D fo |,
) d d
5 logn 1_[ Jk2rk+1 + Z Jk_z(ak_rk).
k=1 k=1

Hence, for the choice J; =< (n/logn)“* NowQe+d)} p =1, ... d, Po(||D* fo —
D" flloo > Pnloo,y) — 0 since too , 2 (logn/n) ]_[k Y, 2”‘“ and p, — oo.
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If the true errors are i.1.d. N(O, ag), then O, r ~ GP(0, aglllr) under Py. Define
aé = SUPxe(0, 114 Var(Q; r(x)). We have for constants Cy, Cz, C3 > 0,

Ioo,y = Clen,r,om || DrfO - EODerOO =< CZEn,r,OOa
E|l Qn,r”oo =< CSEn,r,oo~

The first inequality was established above, while the second and third inequalities
follow from (7.22) and (7.21). Then by Proposition A.2.1 of [35], Po(|| On.rllco >
2C3€p,r,00) 18 bounded by

Po(ll Qn.rlloe > El Qn.rlloc + C3€nr.o0) < 2exp{—Ciey ;. o0/(205)}.

In view of (7.17), we have oé =0 (6,2”.). Since €, » K €,.r,00, this implies that the
right-hand side above tends to zero as n — co. By the triangle inequality, we have

Po(| D" fo— D" fl oo > ploc.y)
=< PO(”Qn,r”oo > Ploo,y — ”DrfO - EODrfN”oo)

which tends to 0 if p > (2C3 + C2)/C}.

To estimate the diameter 6,0,/ 0,y , the last inequality in Proposition A.2.1
of [35] gives ¥y =P(| Zn.rlloo > hoo.y) < 2exp{—h3, ,,/(BE| Zy.r[I3,)}. Therefore,
hooy S (E||Zn,r||go)1/2«/— log y, and hence the assertion follows from (7.21).

To prove the assertions about hierarchical Bayes credible regions, we proceed
as in the proof of Theorem 5.1. By definition,

1 - y = H(” Drf - ArY - Crn”oo S Rn’rvoo’y|Y)
< sup II(| D" f — ALY — cl‘"”oo <RurocoylY,0)+T(o ¢ U,|Y).

o Uy,
Choose y’ strictly between y and 1/2. Making U, to shrink sufficiently slowly to
oo so that [T(o € U,|Y) > 1 — y’ + y with probability tending to one and using
the facts that the conditional posterior distribution of (D' f — A;Y — ¢r9) /o given
o is equal to the distribution of the Gaussian process Z, r, which is free of o, and
| Z rlloo has (1 — ) quantile foo,y’> WE Obtain

Ry r00,y = inf{o 10 € Upltoo,y X too,y’ 2 €nry00-

Hence, the modified hierarchical Bayes credible region Cﬁf},oo,y has asymptotic
coverage 1 for any p,, — 00, and for the Gaussian true error we can choose p, = p
for a sufficiently large constant. To bound the diameter of C,’ff’r’oo’y we use the
relation

l—y> aigz,f{ (|D" f — ALY — crnHOO < Rurooy|Y,0)I(0 €Uy|Y)

to conclude that Ry r oo,y =< fco,y/(1—y'+y)> Which is of the order €, r  since
y/(1 —y'+y) < 1/2 by the choice of y’. [
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PROOF OF REMARK 5.2.  We indicate how to show coverage of the empirical
Bayes credible region; the necessary changes for the hierarchical version can be
made as in the proofs of Theorems 5.1 and 5.3. The adequacy of the coverage
will be shown if Py(||D" fo — Drf||2 > thr2,y,) — 0 uniformly on || folle,co <
R, where 1 2.y, = info2eu,, ohyy2,y,. Let Z, y ~ GP(0, Zy). Since || Z, rll2 >
[ Z, » which is normally distributed with mean 0 and variance [/ Z(x,y)dxdy,
it follows from (3.6) that

2
/ Wby —r(x) dx

1 d
h,%,r,z,yn > // (X, y) dxdy > - [T 7%
k=1

Extending the last two equations in the proof of Lemma 6.7 in [36] to multivariate
splines by arguments used in the proof of the last two theorems, it follows from

the last display that t,% 207 2z crozhz 2,y > n-! ]_[f:1 sz "+ On the other hand,

d d
~ ~ l _ B
Eoll fo — fll% Z/Eo|f0(x) — f(X)|2dx§ - | | szrk“ + } :Jk 2(ak '”k)’
k=1 k=1

by (7.25). Then uniformly on || folle,co < R, the coverage of é\n,r,zyyn goes to
one in probability by Markov’s inequality. Since in view of (3.5) from [21],
Ya = P(|Znrll2 > hnr2.y,) < 4exp{—h, /(8EZy.xl13)}, the size of the ra-

n,r,2,yn

dius of the L,-confidence region is estimated as O p, (€, r+/log (1/y)). U

APPENDIX

LEMMA A.1. Under quasi-uniform knots, Ay < Nk_1 = Jk_l, k=1,...,d.

PROOF. The proof is straightforward because all Ny spacings are of the same
order and they sum to one. [J

LEMMA A.2. Each nonzero entry of Wy defined implicitly in (3.2) is uni-
formly O(TT¢_, AL).

PROOF. Recall that the dimension of W is I—[g:1 (Jr —rp) X I—[g:1 Ji.. In view
of (3.1), each row of W, has only ]_[f:l (rx + 1) nonzero entries and their arrange-
ment is analogues to a banded matrix, namely the position of nonzero entries in
the current row is a shift of one entry to the right of the nonzero entries’ position
in the previous row. Also, each column of W, has at most ]_[le (rx + 1) nonzero
entries. We index the rows and columns of W, using d-dimensional indices as in
Definition 2.2.

Define 7 =[[¢_,(x +1) =2, and let G = {u = (uy,...,ug) :0 <u<r,u#
r,u # 0}. By ordering the elements in G lexicographically, we can enumerate its
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elements by G = {gy, ..., g7}. Furthermore, define sets Z = {(i1, ..., ig) : | <iy <
Je—ri,k=1,. d}andj:{(jl,...,jd)'l<jk<Jk,k_1 .,d}, where
we order their elements lexicographically. Let w ) denote the @, J)th element of
W, such that i € 7 and j € J. The expressions for the nonzero entries can be
described as follows: for each row i € Z, the first and last nonzero entries are given
by

d

W = (cyXan T[] % =L

’ k=1]= 1tk1k tklk qk-i-l
A.l
(A .

—1
w® =111 o

k=1 l=1 tk,lk-'—l—l - tk,ik—(]k—FVk

If 7 is odd, we partition G = G U {g41),2} U G2 where G| = {gl, o 8-/}
and G = {g(743)/2,---,&7}. The intermediate nonzero entries w! for h =

(hi,....,ha)T € G are

i 1+h

a ()7t

(A2) (_1)2;5:1 (rk—hk)wi(;) |: + 1_[ Z l—[ Ik Jp T tk,ik—4k+s :|’

1 i+l — Ui+ 1—gits

while for h € Gy, it is

3
d (hk)_
(A.3) (_1)Zf:1(rk—hk) l(l;)+r|:1_|_1—[ Z 1—[ T igtri—s = I, igtri—qi i|

tk ir+ry—1—s tkl—i—rk 1—qx

When h =g 1)/2, we have

L i, — i 1
w®  —p® ( it ~ thi—qit )
k=1

iith =
L tip+1 — M ir+2—q
d (r;]b_ll)_lz—l ¢ ¢
k,ir+s — tk,ig4+2—qx
el D T
=1 =0 k,ir+1+s k,ix+3—qx

(A4)

d
Tk i 1 — g _
ol ] (faact=tanc
T ey Mkigtr—2 — Tkigtre—1—qp

(r 7]) 1
Ty
Sk tre— JdktHk—qr—S
el e -
_ =1 kyig+ri—3 — tkig+ry—1—qx—s

If 7 is even, we partition G = Gy U G» Where g1 =1{g1,....82} and G =

{g7/241. - -, &} Then the expression for w! h 18 (A.2) for h € Gy and is (A.3)

11+
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for h € G,. By the quasi-uniformity of the knots, the endpoints in (A.1) are
0(]_[z=1 Ak_r"), while the fractions of knot differences appearing in (A.2)-(A.4)
are O(1). O

LEMMA A3, Y7 T19_, Bjg (Xi)”* SnTld_, J7" for 1 < jx < Ji and
peNk=1,....d.

PROOF. As Bj, 4, (-) <1 and is positive only inside (f_j,—g;» tk, i)

n d d
ST Bica ™ <n [ T b0, 0 G (9.
i=1k=1 0.0,

By the quasi-uniformity of the knots, we have # j, — fx j,—q, < qxAk and tg j, —
e, ji—qr = 4k minj</<n, 8,1 > gk Ax/C. This implies that 7 ;, — e jo—qr < Dk for
k=1,...,d. Moreover, Assumption (2.2) and Lemma A.1 imply that the right-
hand side above is

d d d
nGp []_[(fk,jqu’ fk,jk)} = nG[]_[(tk,jqu’ tk,jk)i| + 0<” I1 Nk_1>

k=1 k=1 k=1
d d
<n 1_[ Ak—l—o(n 1_[ Ak>
k=1 k=1
d 1
<n||J .

LEMMA A.4. Let A be a J x J symmetric and positive definite matrix
with its rows and columns indexed by d-dimensional multi-indices, that is, for
i=(0,...,ig)and j= (j1,..., ja), such that 1 <iy, jx < Jp,k=1,...,d,J =
[1¢_, Ji, the (i,j)th element of A is aij = A{(i1,...,ia), (j1,---, ja)}. Let A
be q=(q1,...,qq)" banded as in Definition 2.2. Furthermore, assume that the
eigenvalues of A are contained in aty,, bty ] for fixed 0 < a < b < 0o and some
sequence Ty,. Then JA~! | (00,00) = 0(1’,;1).

PROOF. We adapt the proof given in Proposition 2.2 of [11] to the case of mul-
tidimensional banded matrix. We first note that if A is ¢-banded and B is w-banded
as in Definition 2.2, then AB is q + w banded. To see this, observe that (AB); j =

terms in the sum is nonzero. Thus, a¢,,...i»,ay,....) Z0and b, . in.ay,..lg) 0
for some (Iy,...,1l7). Hence, |ix — Ix| < gqi and |jr — x| <wg fork=1,...,d,
and by the triangle inequality, |ix — jk| < gx + wy for k =1, ..., d. Therefore,
AB is q + w banded. Repeated applications of the same argument show that A" is
nq-banded.
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Since we can scale A by T, such that its eigenvalues are in [a, b], we set 7, = 1
without loss of generality. Let p, (-) be a polynomial of degree n. Then p,(A) is
nq-banded. Since the set of eigenvalues for A is A(A) C [a, b] by assumption,
spectral theorem and Proposition 2.1 of [11] imply that

_1 _
HA _pn(A)H(z,z) —xg}\aé)“/x _Pn(x)|

< Co[(vbja — 1)/ (/bja+ D]"*!

for Co = (1 + «/b/a)z/(Zb). For any n € N, p,(A)jj =0 if |ix — jk| > ngy for
some 1 <k <d. Suppose i # j, choose n to satisfy n < maxj<x<g |ix — jk|qk_1 <
n + 1. Therefore,

AT @ D] = |ATGD — paigl < [AT" = pu)] 2.
(A.5) < Co[(yb/a — 1)/(/bja + 1)]maxlsk§d|ik—jk\/qk
< CO)\Z‘ZZI lik—Jkl

where A = [(BJa — 1)/(VbJa + 1)]V/Zi=19%. When iy = ji for all k =
1,...,d, we have A='(i,i) < |[A7!2.2) = 1/Amin(A) < 1/a. Combining this

case with (A.5), we have |A~ (i, j)| < CAXi=1lic=Jk| for C = max{Cy, 1/a}. Since
O<i<l,

J1 Ja d
4 lik— Jkl
A oy =€, max 30 3 T
=l ja=lk=1

d Ji .
< ]‘[(1 +2 )Jk>
k=1 Jr=1

K=

O

) d
< <1+ZZ)J) < 00.
j=1
LEMMA A.5.  [byq—r(X) —byqrWI* S 1T12Ix =yl for x, y € [0, 1],

PROOF. By equation (8) of Chapter X in [8] and the triangle inequality,

| B jieqi—ri—1(X1) | n | B jit1,q1—re—1(X0)|

/
|B’ (x| S
U jetqr—ri—1 — tkoji Tk, jirae—re — Tk, ji+1

Jk 9k —Tk
(A.6) 1
<<min8 ) <A <,

where we have used the quasi-uniformity of the knots and Lemma A.1. Using
T @ =TT bil < X0 lai — bil for |ai| < 1, b < 1,i =1, ..., d, the mean
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value theorem, (A.6) and the Cauchy—Schwarz inequality,
d

l_[ By qi—ri (Xk) — l_[ B qi—ri (Vk)

k=1 k=1

= Z joai—ri Xk) — Bj, Qk—”k(yk)‘

<Y el — il < IJMIx =yl
k=1

Since at most 2]_[k 1(gk — i) elements in both by _r(x) and by ¢ (y) will be
nonzero for any x,y € [0, 114, by, q—r(xX) — by, q,r(y)||2 is

Ji—r1 Ja—ra| d 2
> 2 T Biegemn ) — HBjk,qk_rk@k)
J1=1 ja=1lk=1 k=1

d d d
< [2 [ - m)} S RIx—yI* <> Fx -yl
k=1 k=1 k=1

LEMMA A.6. Letr e N¢ be such that Y¢_, re /oy < 1. Let Z, x ~ GP(0, Zy)
and Qn r be a sub- Gausszan process with mean function 0 and covariance func-
tion o 2y, Let Ji < n® N 2 +d)} for k=1,...,d. Then for any t,s € [0, 114,

we have Var[Z, (t) — Z, (s)] < C||J||*||t — SII2 and Var[Qp r(t) — Onr(8)] <
C||J||2||t — s||2f0r some constant C > 0.

O

PROOF. Let Jy =< n® /exQe+d) for k = 1, ... d, then Var[Z, ¢(t) — Z,.+(5)]
is bounded above by

2 —1\—1
Iby.q—r(®) —by g r®[ [(B'B+27") | 2.2) Wi We 2.2)

1 d 5 | d
S;(l_[ FETIZ A2 )it =sI” S 1317 — s,
k=1

k=1
where we used Lemma A.5, equations (3.11) and (7.15) to bound the three norms,
respectively. Similarly, Var[Q, »(t) — O, (S)] is bounded by

2 —1y—12
[by.q-r(t) = by g—r(s)| ||(BTB+52 l) H(z,z)HBTB”(z,z)||WrTWr||(2,2)’

which is O (||J||%|It — s||?), where we used Lemma A.5, (3.11), (3.10) and (7.15)
to bound the four norms, respectively. [

LEMMA A.7. Let f(x) =byqx)7 0 and I, j, =19 [tk jx—qes th. i )- Fur-
thermore, let f| 1, be the restriction of f onto I}, .. j,. Then there exists con-

.....

stant C > 0 depending on q = (q1, ..., qq)" such that
d

118, oo < C T = tkjy—g) ™ 211y, N
k=1
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PROOF. By equation (12.8) of Theorem 12.2 from [24],

JC(X)|IJ1 AAAAA = Z Z eml, Mg l_[ Bmk qk(xk)“j1 Ja

mi=1 mg=1

q—-1  qq—1

Z Z A,y H xk for x; € [tk,jk—qw tk,jk]-

11=0

Ifxelj, . j,»thenxe ngl[’k,jk—hk—l, Ik, ju—ni ) for some hy =0,1,...,qx — 1.
Therefore, this implies that only terms associated with coefficients y = {6,,,....m, :
Je—hr <mp < jx—hg+qr—1,k=1,...,d} will be nonzero. Furthermore, we
define ¢ = {oy,.. 1, :0<Ilx <qx — 1,k =1,...,d}. The two equivalent repre-
sentations of f on I . ;, above implies a one-to-one mapping between y and
o, that is, each element of « is a linear combination of elements in y and vice
versa. Hence, there are matrices T and V of dimension ]_[Z: 1 9k X Hg:l qr, re-
spectively, such that Ty = « and Va = yp. Since these two linear transforma-
tions have entries and dimensions not depending on n, we have || T|(00,00) =
O(1) and ||V|l(c0,00) = O(1), with constants in O(1) depending only on q.
Let Ury = (1, U, U2, ..., U where Uy ~ Uniform(tx, g0, . jy)» k =
1,...,d. Therefore, ”fllu ||2 is

a—1  gq—1
/, (2 e ldnxk) dx
Jtsedd \11=0

q1—1 —1q1— qa—1

d
Z Z Z Z Ay, la L Hf lk+l Kdxy
1,=0 k=1

0 =0 /1= 7k jx—ax ”k,jk]

Ii=
d
1_[ Tk ji — tk,jk—LIk))‘min{E(Uk,QkUlZ,qk)}”“”2'

Since E(Ug, g, U,{ a) is nonsingular, its minimum eigenvalue is bounded below by
a positive constant. Hence, )\.min{E(Uk,qu]Z:qk)}”aHZ > Jlee]|2, > ||V||(_Oi’oo)||y||go.
The lower bound is obtained by noting that || f|; 12, < Iy 131 Z,{,ll:]
S Tt B Ol 1 < Myl O

LEMMA A.8. For f(x) =byq(x)78, we have

Ji Ja d
2 2 . .
If117 = Z Z 9j1,...,jd H(t/wk =tk ji—qi)-
k=1

J1=1 Ja=1
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PROOF.  Since by ¢(x) is a probability vector at any X, we use Jensen’s in-
equality to write

Ji Jaq d
2 2
[RELCRCEY D SRRD O I | EIREREE
[0,1] [0,119 ; ’
’ ’ j1=1 Jja=1 k=1

J1 Ja d
2
< Z Ce Z le,-..,jd /[‘0 e kl_ll ]]‘(tk,jk—ka’tkvjk)(xk) dx

A=l ja=1
d
= Z Z 9 vda TT g = 1 ji—q0)-
J1=1 Ja= k=1

Using Lemma A.7 and equation (5) of Chapter XI from [8], || f ||% is

=l ja= =l ja=1lk=1
d
=c Z Z 07.ja T TGk e =t ji—g0):
a=l ja= k=1
where ¢ > 0 is a constant depending only on q = (g1, ...,q4)!. O

The following is a multivariate generalization of Lemma 6.1 in [36].

LEMMA A.9. For quasi-uniform knots, 0"BTBO < n(]_[gzl Jk_l)||0 |2 for any
0 € R’ if (2.2) holds.

PROOF. Let f(x) =byq(x)"0 and || f]13, = fio.1¢ f(X)*dv for any sigma-
finite measure v. Observe that || f ||%? G, = 0"BTBO/n. If the density of G lies be-
tween Kpyin and Kk, then by the quasi-uniformity of the knots and Lemma A.8,
the upper bound for ||f||%’G is

J1 d d
AT 1f136 < Kmax Y - Z 02 TT s — e S0P T A,
j1=1 Jja=1 k=1 k=1

and for a constant ¢ > 0, the lower bound for || f ||% G is

d

Ji Ja d
(A8)  PKmin y_ - .07 T — tkje—a) 21017 [ ] Ax.

=1 jg=1 k=1 k=1
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Noting that (G, — G)(15) = (G, — G)(0) = 0, we use multivariate integration by
parts and (2.2) to bound |f[0’1]d fx)?d(G, — G)(x)| by

ad
2 swp [Gu00 -Gl [ | | f(’;) ax
xe[0, 174 Xd
(A9) ; ,
_ a* f
= N1 -4
0<k1;[1 ; )IIfIIz ]

in view of the Cauchy-Schwarz inequality in the last line From (3.1), we have
that 33}'kejl ----- e = (g = D00y g (e je — T ji— qk+1) » where 0,6, _j, =

Ojr oo todiA Ltk toemnda = Otoeosiitodiojistsja- LEL 08y =0, -0,0j1,...ja
By setting r =14 in (3.2),

a f(X) Ji—1 Ji—1 i 1
3 Z Z D9]1 - Jd 1_[ Bjk,qk—l(xk)-

=l = k= i — Uk jk—qi+1

Applying Lemma A.8 to f and its derivatives,

d d
1f13 < Z Ze ,,,,,, i T = thji—q0) S0P T A

a=1 ja= k=1 k=1

and ||8df/8x1 e axdllg is bounded by

Ji—1 Ja—1 )2

2 2
2t 2 @Oenis) H <101 H ;
n=l ja= k= 1tk Ji tk sJk—qkt1 f—p MiN|</<N; ki

where the last inequality follows from ZJI I -ijd I(DGJl L)r <2402
By the quasi-uniformity of the knots, it follows that the right-hand side of (A.9) is
0(1‘[%21 Nk_l) |10]/2. Combining this result with (A.7) and using Lemma A.1,

d d d
1f13.6, S0 T A +o<1‘[ N;‘)||o||2 < <H J;‘) 1911
k=1 k=1

k=1

while combining the same result with (A.8) and in view of Lemma A.1,

d d d
If15.6, Z 10017 ] Ac — o<1‘[ N,:l) 101> > (1‘[ J,:1> 101°. .
k=1

k=1 k=1

LEMMA A.10. Let A be an n X n symmetric positive definite matrix. Assume
that ||A|l2,2) < C for constant C > 0. Let € = (¢y, ..., e ! such that &; are i.i.d.
mean 0, variance 002 with finite fourth moment fori =1, ..., n. Then Var(eT Ae) =

O(n).
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PROOF. By eigendecomposition, A = PTAP where A = diag(Ay, ..., An)
and P = ((p;;)) is an orthogonal matrix. Let Z = (Zi,...,Z,)T = Pe. Then
Var(e” Ae) = Y1 A7 Var(Z}) + Y Arhs Cov(Z2, Z1), and

n n
272 4 2 2 4
E(Z7Z7) =B(e} ZprJPSJ +00 D Py Psjy 200 ) PriPsii Priz Psia-
h#J2 h#j

Therefore, 2?21)\,'2 Var(ZiZ) Sy E(Z4) <y 1(2] 1171])2 < n since A; <
C,i=1,...,n, and each row of P has unit norm. By the orthonormality of P,
Var(Z) = aOI and E(Zz) = 00 Observing that for r # s, Z/ 1 DriPsj =0,
Zr;,;ﬁh prj]ij]prjszJz (ZJ 1PrJPSJ) J 1prjps] <0and Zjl o= lpm
przj2 = J lp,j—i—zméj2 pmprj2 = 1. Hence, using the last display Cov(Z ZSZ)
is bounded by

E(sf prp”-i—ao (1—21)”) Z2)E(Z%) <E(s} ZPUPU

j=1

Therefore, 37, s Cov(Z}, Z3) SEED X Xoroy Yoy poipry S O

LEMMA A.11. Let{X(t):te]0, l]d} be a sub-Gaussian process with respect
to the semi-metric d(t,s) = /Var[X (t) — X (s)] such that d*(t,s) < C(n)||t —s||?
for any t,s € [0, 114, where C(n) is a polynomial in n. Choose points u =
{ur,...,ug,} in [0, 11¢ such that Ul.Til{z Clz — | <6,} 2 [0, l]d,for some se-
quence 8§, — Qasn — oo with §, < 1,and T, < (2/8n)d. Then for 1 < p < o0,

EIX|1Z, < {log (1/8)}"
x {(82v/Cm)” + max [E[X )]|” + max {Var[X @)]}"/?}.

PROOF. It suffices to bound the L,-norms of the expected process incre-
ment and the maximum of the process at u. Since X(t) is sub-Gaussian and
Var[X (t) — X ()] S C(n)|t— s||? by assumption, we can relate the ¥»-Orlicz norm
of the process increment with ||t — s|| by Section 2.2.1 of [35]. We then bound the
expected process increment by Corollary 2.2.8 of [35] with d(t,s) = ||t — s]||. The
expected maximum of the process at u is then bounded using Lemma 2.2.2 of [35].

O

Acknowledgments. The authors like to thank the referees and the Associate
Editors for suggestions which led to significant improvements of the paper and for
directing to several relevant references.



(1]
(2]
(3]
(4]
(5]
(6]
(71
(8]

(9]

[10]
(11]
[12]
[13]
(14]
[15]
(16]
(17]
(18]

(19]

[20]
[21]

(22]

(23]

SUP-NORM POSTERIOR CONTRACTION AND CREDIBLE SETS 1101

REFERENCES

BICKEL, P. J. and ROSENBLATT, M. (1973). On some global measures of the deviations of
density function estimates. Ann. Statist. 1 1071-1095. MR0348906

CASTILLO, 1. (2014). On Bayesian supremum norm contraction rates. Ann. Statist. 42 2058—
2091. MR3262477

CASTILLO, I. and NICKL, R. (2013). Nonparametric Bernstein—von Mises theorems in Gaus-
sian white noise. Ann. Statist. 41 1999-2028. MR3127856

CASTILLO, I. and NICKL, R. (2014). On the Bernstein—von Mises phenomenon for nonpara-
metric Bayes procedures. Ann. Statist. 42 1941-1969. MR3262473

CHERNOZHUKOV, V., CHETVERIKOV, D. and KATO, K. (2014). Anti-concentration and hon-
est, adaptive confidence bands. Ann. Statist. 42 1787-1818. MR3262468

CLAESKENS, G. and VAN KEILEGOM, I. (2003). Bootstrap confidence bands for regression
curves and their derivatives. Ann. Statist. 31 1852-1884. MR2036392

Cox, D. D. (1993). An analysis of Bayesian inference for nonparametric regression. Ann.
Statist. 21 903-923. MR1232525

DE BOOR, C. (2001). A Practical Guide to Splines, Revised ed. Springer, New York.
MR1900298

DE JONGE, R. and VAN ZANTEN, J. H. (2012). Adaptive estimation of multivariate functions
using conditionally Gaussian tensor-product spline priors. Electron. J. Stat. 6 1984-2001.
MR3020254

DE JONGE, R. and VAN ZANTEN, J. H. (2013). Semiparametric Bernstein—von Mises for the
error standard deviation. Electron. J. Stat. 7 217-243. MR3020419

DEMKO, S., Moss, W. F. and SMITH, P. W. (1984). Decay rates for inverses of band matrices.
Math. Comp. 43 491-499. MR0758197

FREEDMAN, D. (1999). On the Bernstein—von Mises theorem with infinite-dimensional pa-
rameters. Ann. Statist. 27 1119-1140. MR1740119

GINE, E. and NICKL, R. (2010). Confidence bands in density estimation. Ann. Statist. 38
1122-1170. MR2604707

GINE, E. and NICKL, R. (2011). Rates on contraction for posterior distributions in L" -metrics,
1 <r < o0. Ann. Statist. 39 2883-2911. MR3012395

HARVILLE, D. A. (1997). Matrix Algebra from a Statistician’s Perspective. Springer, New
York.

HOFFMANN, M. and LEPSKI, O. (2002). Random rates in anisotropic regression. Ann. Statist.
30 325-396. MR1902892

HOFFMANN, M., ROUSSEAU, J. and SCHMIDT-HIEBER, J. (2015). On adaptive posterior con-
centration rates. Ann. Statist. 43 2259-2295. MR3396985

KNAPIK, B. T., VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2011). Bayesian inverse
problems with Gaussian priors. Ann. Statist. 39 2626-2657. MR2906881

KNAPIK, B. T., VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2013). Bayesian recovery
of the initial condition for the heat equation. Comm. Statist. Theory Methods 42 1294—
1313. MR3031282

LEAHU, H. (2011). On the Bernstein—von Mises phenomenon in the Gaussian white noise
model. Electron. J. Stat. 5 373-404. MR2802048

LEDOUX, M. and TALAGRAND, M. (1991). Probability in Banach Spaces: Isoperimetry and
Processes. Springer, Berlin. MR1102015

NEUMANN, M. H. and VON SACHS, R. (1997). Wavelet thresholding in anisotropic function
classes and application to adaptive estimation of evolutionary spectra. Ann. Statist. 25
38-76. MR1429917

RAY, K. (2015). Adaptive Bernstein—von Mises theorems in Gaussian white noise. Preprint.
Available at arXiv:1407.3397v2.


http://www.ams.org/mathscinet-getitem?mr=0348906
http://www.ams.org/mathscinet-getitem?mr=3262477
http://www.ams.org/mathscinet-getitem?mr=3127856
http://www.ams.org/mathscinet-getitem?mr=3262473
http://www.ams.org/mathscinet-getitem?mr=3262468
http://www.ams.org/mathscinet-getitem?mr=2036392
http://www.ams.org/mathscinet-getitem?mr=1232525
http://www.ams.org/mathscinet-getitem?mr=1900298
http://www.ams.org/mathscinet-getitem?mr=3020254
http://www.ams.org/mathscinet-getitem?mr=3020419
http://www.ams.org/mathscinet-getitem?mr=0758197
http://www.ams.org/mathscinet-getitem?mr=1740119
http://www.ams.org/mathscinet-getitem?mr=2604707
http://www.ams.org/mathscinet-getitem?mr=3012395
http://www.ams.org/mathscinet-getitem?mr=1902892
http://www.ams.org/mathscinet-getitem?mr=3396985
http://www.ams.org/mathscinet-getitem?mr=2906881
http://www.ams.org/mathscinet-getitem?mr=3031282
http://www.ams.org/mathscinet-getitem?mr=2802048
http://www.ams.org/mathscinet-getitem?mr=1102015
http://www.ams.org/mathscinet-getitem?mr=1429917
http://arxiv.org/abs/arXiv:1407.3397v2

1102

[24]
[25]
[26]
[27]
(28]
(29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]

W. W. YOO AND S. GHOSAL

SCHUMAKER, L. L. (2007). Spline Functions: Basic Theory, 3rd ed. Cambridge Univ. Press,
Cambridge. MR2348176

ScriccIoLo, C. (2014). Adaptive Bayesian density estimation in L”-metrics with Pitman—
Yor or normalized inverse-Gaussian process kernel mixtures. Bayesian Anal. 9 475-520.
MR3217004

SEARLE, S. R. (1982). Matrix Algebra Useful for Statistics. Wiley, Chichester. MR0670947

SERRA, P. and KRIVOBOKOVA, T. (2014). Adaptive empirical Bayesian smoothing splines.
Preprint. Available at arXiv:1411.6860.

SHEN, W. and GHOSAL, S. (2015). Adaptive Bayesian procedures using random series priors.
Scand. J. Stat. 42 1194-1213.

SHEN, W. and GHOSAL, S. (2016). Adaptive Bayesian density regression for high-dimensional
data. Bernoulli 22 396-420.

SMIRNOV, N. V. (1950). On the construction of confidence regions for the density of distribu-
tion of random variables. Doklady Akad. Nauk SSSR (N.S.) 74 189-191. MR0037494

SNIEKERS, S. and VAN DER VAART, A. W. (2015). Credible sets in the fixed design model
with Brownian motion prior. J. Statist. Plann. Inference 166 78—86. MR3390135

STONE, C. J. (1980). Optimal rates of convergence for nonparametric estimators. Ann. Statist.
8 1348-1360. MR0594650

STONE, C. J. (1982). Optimal global rates of convergence for nonparametric regression. Ann.
Statist. 10 1040-1053. MR0673642

SZABO, B., VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2015). Frequentist coverage of
adaptive nonparametric Bayesian credible sets. Ann. Statist. 43 1391-1428. MR3357861

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical
Processes. Springer, New York. MR1385671

ZHOoU, S., SHEN, X. and WOLFE, D. A. (1998). Local asymptotics for regression splines and
confidence regions. Ann. Statist. 26 1760-1782. MR1673277

UNIVERSITE PARIS DAUPHINE DEPARTMENT OF STATISTICS
CEREMADE NORTH CAROLINA STATE UNIVERSITY
PLACE DU MARECHAL DE LATTRIE DE TASSIGNY 4276 SAS HALL, 2311 STINSON DRIVE
75016 PARIS RALEIGH, NORTH CAROLINA 27695-8203
FRANCE USA

E-MAIL: yooweimin0203 @ gmail.com E-MAIL: sghosal@ncsu.edu


http://www.ams.org/mathscinet-getitem?mr=2348176
http://www.ams.org/mathscinet-getitem?mr=3217004
http://www.ams.org/mathscinet-getitem?mr=0670947
http://arxiv.org/abs/arXiv:1411.6860
http://www.ams.org/mathscinet-getitem?mr=0037494
http://www.ams.org/mathscinet-getitem?mr=3390135
http://www.ams.org/mathscinet-getitem?mr=0594650
http://www.ams.org/mathscinet-getitem?mr=0673642
http://www.ams.org/mathscinet-getitem?mr=3357861
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=1673277
mailto:yooweimin0203@gmail.com
mailto:sghosal@ncsu.edu

	Introduction
	Assumptions and preliminaries
	Prior and posterior conjugacy
	Posterior contraction rates
	Credible sets for f and its mixed partial derivatives
	Simulation
	Proofs
	Appendix
	Acknowledgments
	References
	Author's Addresses

