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ON APPROXIMATE CONTINUITY AND THE SUPPORT OF
REFLECTED STOCHASTIC DIFFERENTIAL EQUATIONS'
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Sun Yat-sen University

In this paper we prove an approximate continuity result for stochastic
differential equations with normal reflections in domains satisfying Saisho’s
conditions, which together with the Wong—Zakai approximation result com-
pletes the support theorem for such diffusions in the uniform convergence
topology. Also by adapting Millet and Sanz-Solé’s idea, we characterize in
Holder norm the support of diffusions reflected in domains satisfying the
Lions—Sznitman conditions by proving limit theorems of adapted interpola-
tions. Finally we apply the support theorem to establish a boundary-interior
maximum principle for subharmonic functions.

1. Introduction. The support theorem for diffusion processes defined by
stochastic differential equations has been a much studied topic for probabilists
and analysts since the seminal work of Stroock and Varadhan [13]. The typical
approach to a support theorem in the norm of uniform convergence consists of two
steps. One step is to establish a limit theorem for SDEs, meaning that the solution
of an SDE can be approximated by a sequence of solutions of ODEs, obtained by
regularizing the Brownian paths [15]; the other is to prove a Denjoy-type approxi-
mate continuity theorem, stating that the solution of an SDE is approximately con-
tinuous at points in a dense set of the Cameron—Martin space. Millet and Sanz-Solé
[7, 8] proposed a simple approach to characterizing in Holder spaces the support
of diffusions described by general SDEs, obtained by approximating Brownian
motions with linear adapted interpolations, and proved the two inclusions through
approximation results.

In this work we are concerned with the support problem of diffusions con-
strained in a domain D with normal reflection boundary. Such diffusions have
been constructed by Anderson and Orey [2] if D has smooth boundary and by
Tanaka [14] if D is convex. Correspondingly the support theorem has been estab-
lished by Doss and Priouret [3] if D has smooth boundary, and a limit theorem has
been proved by Pettersson [9] when D is a convex domain and the diffusion coef-
ficient is constant. Recently in [10], a support theorem was proved for stochastic
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variational inequalities; this means, in particular, that the support theorem holds
true for diffusions normally reflected in convex domains.

However, normally reflected diffusions have been constructed for domains
much wider than convex domains and smooth domains (see Lions and Sznit-
man [6] and Saisho [12]), so a natural (and application-motivated) question is
whether or not the support theorem continues to hold true for such diffusions. The
first step in this respect was taken by Evans and Stroock [4] who proved, under the
set of conditions given by Lions and Sznitman, that a weak limit theorem holds.
Very recently this result was improved by Aida and Sasaki [1], and independently
by Zhang [16], who used an adapted version of the Wong—Zakai approximations
rather than the usual one, by removing the admissibility condition from the set of
conditions and proving that the convergence takes place, in fact, in L? (and they
obtained the convergence speed). Roughly speaking, they proved a strong limit
theorem for the reflected diffusions studied by Saisho in [12]. To date, this was the
widest, well-studied situation.

On the other hand, however, approximate continuity has not yet been touched
in such situations. Our first result fills this gap, and it, together with the Wong—
Zakai convergence result in [1] and [16], will yield the support theorem in the
locally uniform convergence topology for normally reflected SDEs in domains,
satisfying the conditions of Lions and Sznitman [6], except the admissibility. The
second contribution of this paper is to present a characterization of the support for
reflected diffusions in Holder spaces in domains satisfying the conditions in [4],
by extending the idea of Millet and Sanz-Solé [8] to SDEs with normal reflections.

We recall the Skorohod problem here. Let D be a domain in RY and w. €
C([0, +00); Rd) such that wg € D. A pair of continuous functions (x, k) is a solu-
tion of the Skorohod problem if:

e x; € D forall t >0 and xo = wo;
o forallt >0, x; =w; + k¢
e k(0) =0, and £ is of bounded variation on each finite interval and satisfies

t t
kz=/0 ns dlkls, |k|t=/(; Lyp(xy) dlkls,

where ng € Ny, and N, is the set of inward normal unit vectors at x € 9D
defined by

Nx - U Nx,r,

r>0
Ner=|n eR% |n|=1,B(x —rn,r) ND =g}

Here and in what follows B(a,r) ={y e R%; |y —a| <r},a € R%,r > 0 and |k|,
denotes the total variation of k on [0, ¢].

Let € = Co([0, 00), R¥1) be the space consisting of continuous functions from
[0, 00) to R?! vanishing at 0. Let F be the completion of the Borel o -algebra on
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Q2 associated with the locally uniform convergence topology and P the distribution
of an d;-dimensional Brownian motion. Then (€2, F, P) is a complete probability
space, and the coordinate process

wr(w) == w(t), t>0

is a di-dimensional standard Brownian motion. The natural filtration generated by
(w;)r>0 is denoted by (F);>0.
We consider the following reflected SDE:

t ' _
X;=X0+/ G(Xs)odws—i-f b(X;)ds + K;, Xo=x€D,
(1.1) .0 0 .
mnaﬂum&mmu m=£ammh

where & € Ny, . In Ito’s notation, it takes the following form:
t r_ -
Xt=Xo+/ G(Xs)dws-l-/ b(Xs)ds + K, Xo=x¢€eD,
0 0

t t
mn;ﬁum&mmb mzﬁamms

with

- . 14 4 )

b (x) =00 + 5 3 Y [oi(0];07 (o).

j=lk=1
Throughout the paper we will assume that o : R? > RY @ R4 and b: R? > R? are
Cg and Cg functions, respectively. Then by Saisho [12] this equation has a unique
solution (X, K).
Let W9 (resp., W) denote the space of all R? (resp., R%!)-valued continuous

functions defined on [0, co), and for each « € (0, %), Wg denote the subspace of

W¢ consisting of locally a-Hélder continuous functions. Then for every « € [0, %),

Wg is a Fréchet space with the topology defined by the system of seminorms
(I - I7.¢» T > 0}, where for x € W9,

. , lx(£) — x(s)]
xll7:= sup |x, Ixll7.e = llxll7 + —
0<t<T O<s,t<T,s#t | — 5]

Denote
H = {h ch e W ; h(0) =0, h(-) is absolutely continuous and
h € L2([0, 00); R, VT > 0},
S:=1{he W h(0) =0, 1 — h(t) is smooth},
Sy,:={he W, h(0) =0, 1 — h(t) is piecewise smooth}.
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H will be endowed with the topology given by the family of seminorms {24, :=
(o 1h|>d0)Y/2, T > 0}. Given h € H, denote by (Z(h), ¥ (h)) the solution to the
following deterministic Skorohod problem:

t X t
(1.2) thx—i-/ o(Z)hy ds—i—/ b(Zg)ds + .

0 0
Let
L (H) :={Z(h),he’H}; y::{Z(h),heS}; Zp :={Z(h),h€5p}.

Denote by . (H)” the closure of .%(H) in Wg, and .7, Z and . (H) the clo-
sures of .7, ./, and . (H) in W, respectively. We are going to prove in Section 2
the approximate continuity theorem, which together with the result in [1] and [16]
yields that the support of P o X~! in W coincides with .. We also prove in
Section 3 an enhanced version of the support theorem by showing that for every
a € (0, %), the support of Po X! in Wg coincides with Y(?—l)a.

The paper is organized as follows: in Section 2 an approximate continuity theo-
rem for normally reflected diffusions is proved, and this result combined with the
main result in [1] and [16] implies, of course, the support theorem for such diffu-
sions. Next, we provide in Section 3 an alternate approach to solving the support
problem in Holder spaces. Finally in Section 4, we give a first application of our
support theorem to maximum principle for L-subharmonic functions in domains
having nonsmooth boundaries and with possibly degenerate L.

Throughout the paper we use C to denote a generic constant which may be dif-
ferent in different places, and we use summation convention for repeated indices.
Finally A < B means that there exists a C > 0 such that A < CB.

2. Approximate continuity. In this section we will work in the setup of [6].
But, as in [12], we will not need the admissibility condition on the domain. Pre-
cisely, we assume that we are given a domain D C R satisfying:

(H;) There exists ¢y > 0 such that for any x € D, y € D and & € Ny,

(y —x,8) +colx —y[* >0,

where N, denotes the set of unit inward normals at x;
(H») There exist a function ¢ € Cg’ (R?; R) and a constant & > 0 such that

Do(x) - & > acy Vx €dD,& € N,.

It is obvious that under the conditions(H;)-(Ha), .¥ = Z = .Y(H). To
see this, we only need to show . D .L(H). In fact, for any h € H, we
can take a sequence h" € S such that /" — h in H. Denote by (Z,WV) and
(Z™, ") the corresponding solutions of the Skorohod problem (1.2). Set p(¢) :=
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e~ 2/ @(Z)+9(Z))  Then for any ¢ > 0, by (H») and the assumptions b € C,; and
o€ Cg, we have

|Ztn — 7, |2e—(2/a)((0(2t)+<p(zf’))

t . . . .
scfo P28 = Zo (14 ] + lhsl)ds+Cf0 [ = [ ds,

which implies by Gronwall’s lemma that supy-, 7 | Z" — Z;|?> — 0 as n — oo and
thus Z € .7, yielding that .¥ > .7 (H).

Before we proceed, a few words about these conditions are in order. The con-
stant co appearing in condition (Hy) is also allowed to equal to zero in [6]. Then
the function ¢ in condition (H;) can be taken to be identically zero, and it turns
out that some arguments below will break down, and different treatments will be
needed. But in this case D is a convex domain, and thus the equation is a special
case of stochastic variational inequalities already treated in [10]. Hence we simply
assume co > 0 here.

For convenience we record here some basic facts which will be used below;

see [5]. Setfori, j=1,...,d],
» 1 rt .. o » t )
k(1) = 5/ [w; dw! — w! dw}], g (1) ::/ w; o dw/.
0 0
Let T > 0 be arbitrarily fixed.

LEMMA 2.1. (i) There exist two positive constants c| and c» such that
(&)
P(||w||T<6)~clexp<—6—2> asé$ | 0.

(i) Foralli,j=1,...,dy,

lim sup P« > M§||w|r <8)=0.
megl (<" Hwlr <)

(iii) Foralli,j=1,...,d;, we have

lim sup P(|¢Y].,. > MS||lwl|r <8)=0.
mooo<,;21 (&1, llwlr < é)

In particular, we deduce from this lemma that for every ¢ > 0 and « € (0, 1),
2.1) P([¢7 ], > e8¥lwlr <8)—0  asd 0.

In fact, for arbitrary M > 0, take §p > O such that 888‘_1 > M. Then for any 0 <
S < do,

P(|¢7 ], > es¥wlir <8) <P(|¢"]; > MsllwT < §).
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Thus

limsupP([[¢V ] > e8*[|wll7 < 8)
540
< OS“PIP(|!§ij\\T > Mél|wlir <9).

By letting M 1 oo we arrive at (2.1) according to (iii) in the above lemma. In the
same way, we can also obtain

(2.2) P(|c | > es*lwlr <8) =0  asd 0.
We have the following exponential integrability result.
PROPOSITION 2.1. There exists B > 0 such that

E[eﬂ(lKlT)z] < 00, E[eﬂuxn%] <00,
PROOF. By Itd’s formula and (H,) we have

t t ~
acol K| Sw(Xt)—w(Xo)—fO (D) (Xs5)o (Xs) dws —fo Do (X)b(Xy)ds
2.3)

1 t
~3 /(; tr[Dzw(Xs)(aa*)(Xs)] ds.
Since ¢ € Cl%, there exists a 8/ > 0 such that

HIRES

From this the first inequality follows immediately, and the second follows from the
first together with equation (1.1). U

E[exp{ﬂ/

[0 (D) (Xs)o (X,) dw,

LEMMA 2.2. lims o P(|K|r > &8~ '?||w|r < 8) =0.
PROOF. We have by Lemma 2.1 and Proposition 2.1 that

2¢-3
—&28
4 HmP(K|r =z es7 lwlr <) < pim PO A

=0.
510 exp{—C8~2}

Next we prove that for f € Ci (Rd; R) and 1 <k < d; we have

(2.5) umP(H/ f(Xy)odwk| > 85_1/2‘”11)”]" < 5) =0.
510 0 Sl
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Set fi(x):= df (x). By It6’s formula we have
t ) .
/O fet odut = fxowt - [ [fiofJXut odu]

t t
_ i ke _ . k i
/O[f,b](Xs)w ds /0 filXs)ws dK;

=:11(1) — (1) — I3(1) + 14(0).
We need to prove

lim P(1 ;7 = e 2||lwlr <8)=0, i=1,2,34
This is obvious for /71 and /3. To show this for I, we notice that

T i [ B B A kj
L) = /(; [fio*J’-](Xs)ws dw§+§/0 [f,‘O'Jl-](XS)(S J ds

1 ¢! . .
+ 5/0 [f,-cr}]qalq(Xs)wny ds
=D (t) + Inp(t) + I3(1).

Noticing that f and o are bounded, the sets {|| > ||7 > &8~ 2} N {|lw|r < §8},i =
2,3 will be empty for small § and thus

im{P(I 72l = 87 2 llwllr <8) +P(I sl = e85~ lwlir <8)} =0.

Since fort € [0, T'],
(1. L) (r)—Zf fiol PXo) (wh)2ds < w2,

By the exponential inequality (cf. [11], Exercise IV.3.16) we have
293
e o)
lim P Lot 17 2 o6~ 2wl < 8) S lim X0 ) _
810 340 exp{—C8~2}
Hence

limP(L2ll7 = o6~ w7 <8) = 0.

Finally, since
Hallr S lwlirlKlr,
we have by using (2.4) that
lim (|| 317 = 8~ ?llwlr <8) =0.

Thus (2.5) has been proved. Now the result follows from (2.3) and (2.5). U
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COROLLARY 2.1. Forevery e > 0,

(2.6) imP(|¢" 71K 17 > ellwlir <8) = 0.

2.7) limP<H /0 £l (s) dK,

$10

> s‘llwIIT < 5) 0.
T

PROOF. It suffices to prove (2.6). Using (2.1) with @ = % and the above lemma
we have

P(|¢Y) 1K |7 > ellwlr <)
< P[], > 8"2lwlr < 8) +P(K|r > s~ w7 <)
— 0, 5i,0. 0

Now we can prove the following:

LEMMA 2.3. Suppose f € Cp(R?;R) is uniformly continuous. Then for all
e>0andi,j=1,2,...,d,

2.8) %iIEP(H [ rexoacio)

> 8‘||w||T < 3) 0.
T
PROOF. First we assume that f € Cg (R4; R). Itd’s formula gives us

t .. .. ro
/0 f(X9)de(s) = f(X)EY (1) — fo £ (s) fi(X5)o{(Xs) dwh
t . t ! .
- [ ananeieds = [ icoel ol ds
0 0

t ..
- fo fi(X)¢H (5)dK!

5
= Z IZq,
q=1

where L := %Zi,j aijai 8j + Zi B,-ai.
It is easy to see that for ¢ =1, 3, 4,

2.9) lim P11 24 17 > el lwilr <) =0.
Since

H /0 (X9 dk!

SglrlKlr,
T
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we have
P(|Islir > ellwlir <8) < P(I¢lIr|K |7 > elllwllr < 8).
Consequently by (2.6),
limP(|| /' 8) =0.
i (Islr > ellwlir < 8)

Now we deal with 1. Set gy (x) := —ﬁ(x)a,ﬁ(x), 8kl = %gk(x). We have by
1t6’s formula,

t ..
Iy = /0 (X2 (5) dwk
.. t ..
= g Ouf = [ g (X0 (X 5yl du
t .. k t k ..
- / (Lgi) (X) ¢ (s)wk ds — f g (Xy)wk dgid (s)
0 0
— f tg (Xg)wids — f t £ (s) gk (X))ol (X5)85 ds
0’ s 0 ’ 4

t . t ..
— [ saoofxout sulds = [ g xog ok ak!

8
=) Iy
i=1
Obviously
%1£P(||122i||T>8|”w” <38)=0, i=1,3,45,7,

and it is clear from Corollary 2.1 that it holds also for i = 8. For 3> we notice

I (1) = My,

where
t ..
M = [ g (X0 (X syusk du.
It suffices to prove

(2.10) {Sing(IIMIIT>8|I|w||T<8)=0-
Since

(r)</ [ 2 w2 ds,
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we have by exponential inequality
P(|Mll7 > e. 7| < A8, |wll7 <)

<P(|M|l7 > &, (M)(T) < cA?8*) <cexp[—cA™267%} -0, §}0.
Since
P(|M|T > elllwlr <8) =P(IM|T > e,

¢, > Aslllwlir <)
+P(|M|lT > e,

¢V < AdlllwliT < 8)
< sup P(|M|r > e,

0<é<

¢V, > Asllwlr < 8)

+P(IMI7 > e,

¢, < Aslllw]l < 8),

we have

EimP(|M |7 > ellwlr <8) < sup P(IMllr > e, ¢ > As||wllr < ).
510 0<s<1

Hence by letting A — oo we have
}Sif&P(IIMIIT > el|wlr <8)=0.

Now we extend the result to f € Cp, which is uniformly continuous. Let ¢ > 0
be given. For any &’ > 0 choose an 7 € (0, 57) sufficiently small such that

2 4 82
0, —exp{cz— } <é,
1

€
32n2T

2T e

where ¢ and ¢; are constants appearing in Lemma 2.1. Then choose a g € Cl% such
that | f — g|l7 < n. Note that

t . t ..
/ F(X)de (s) — f 2(X,) e (s)
0 0

t ) R
=f (f — ) (Xo)wi dwi + —f/ (f — g)(X,)ds
0 2 Jo

=:Y1(t) + Ya(2).

It is easy to see | V2|7 < %. Moreover, since (Y1)(T) < n2||w||2TT, we have by

exponential inequality and with arguments similar to the proof of (2.10) that if
8 €(0,1],

&
P(I7illr = 5wl <)

£ _
< P(||Y1 Ir = 5. 00T < n282T>P(||w||T <o)

= el (=) =
—¢€X —\|C) — ———— £ .
TRt FY ARGV
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Thus for such §,

| )
P(H/O F(X)del (s)

> eflwlr <3)
T

<& +P(Hf0'g(xs>dz"f<s)

> e/l <5).
T
Now we conclude by letting § — 0 and by the arbitrariness of &’. [

LEMMA 2.4.  We have: (i) Forall f € C2(R%;R), e >0and 1 <k <dj,

imP(H/ FX)oduwl| >eljuwlr < 3) —0.
0 T

|
510
(i1) There exists a constant c3 > 0 such that
limP(| K 8)=0.
lim P(IK |7 > c3l ] < 8)

PROOF. It suffices to prove (i), since then (ii) follows from (i) and (2.3).
We have

t t . .
[ 7ot = retout - [ [fofloe) act

t t
_ Al ke . k i
/O[flb](Xs)wsds /sz(Xs)wdes
=1(t) — DL(t) — I3(t) — 14(7).
Since

sl S w7 1K 7,
by Lemma 2.2 we have

imP(|| L4 1 > 8) <limP(|K |7 > ces ™! 8) =0,
lim (IHsllr = ellwlr < )_5%1 (K| = ces |llwllT < 9)

while by Lemma 2.3 we have

HimP(| |7 > 3)=0.
imP(| 227 = ellwlr <)

Finally, it is trivial that

limP(|| ;|7 > 8 =0, i=13.
lim (il = ellwllr < 8) !

This completes the proof. [J
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Now are ready to state our main result. Let (Y, /) denote the solution of the
following deterministic Skorohod problem:

t t
Yz=Y0+/ a(Ys)dhs+/ b(Yy)ds +1,  Yo=-x.
(2.11) 0 0

t t
11, =/0 Lap(Yy)dlil;, I =/0 n(s)dll]s.

where 1(s) € Ny,.

THEOREM 2.1. Foranyh € S and € > 0,

P(|IX =Y|r+ 1K =Ilr <elllw—"h|r <8)—1 as s 0.

PROOF. We first assume 7 = 0. Since (X, K) and (Y, /) are solutions to equa-
tions (1.1) and (2.11), respectively, we have

t t t
X =Y, = [o(X) odwy+ [ (b0X) ~b(¥)ds + [ @K, — L.
Set
W(x):=1-— e_|x|2/2;
then

d

Vi (x) = E‘D(x) = e—|x|2/2xi;

i
2

8)61' 3)Cj

—Ixl2
Wi, (x) = W(x) =—e P Phxix; + 813

9
G(t):=X;—-Y;, @i (x) = Ew(x).

By Itd’s formula we have

2 (0(X0) + () }W(Gm)}

o

eXp{g(ﬂXt) + ¢(Yt))}d[e><p{

=, (G(1)o} (X;) o dwk + W; (G (1)) (b (X)) — b (Yy)) de
+ W (G())(dK! —dI})

2 ; . .
- EW(G@))[«)Z« (X))o} (X,) o dwk 4 @i (X)b (X)) dr + ¢ (X,) dK]
+ @i (Y)B' (Yy) dt + ¢; (Y,) dli]

2 i i
— SW(GO)Wi(G0)gi(Xnojol (Xod.
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Using the elementary inequality 1 — e~ > te™" for t > 0 and conditions (Hj)—
(H»), we have

i 2 i
v (G(r))dK; — E\D(G(t))goi(Xt)th
2 )
= [P, = iy - 21 g 008! ik
o
< e X YERI(X, — ¥)*E — col X, — YiIP]dIK ], <0,
i 2 i
—; (G(r))dl; — E\D(G(t))goi(Y,)dl, <0.
Combining these with the fact |¥; (x)x;| < W(x), we have

o) t t
(w(xt>+<p(Yz))}\D(G<z))s [ oo aut+¢ [(wiGe)as

exp{——
o

where

2
Pk (s) = eXp{—&(w(Xs) + (P(Ys))}

x [% (Gl (X) = ~W(G())ey (Xs)a,;(xo]

By It6’s formula

2
exp{ a(‘p(Xs) + (p(Ys))} odpx(s)
. . ) .
- [\vi (G®)or (X0) + 0{ (X)W1 (G) = = ((G5))i (X, (X,)

+W(G ()0 (X5)ol (Xs) + W (G(5))er (Xs>a,£<xs>)]
x [0/ (Xy) o dw! + b/ (X,) ds + dK/]

2 . . . .
+ E\I’j(G(s))(pi (Xs)a,ﬁ(Xs) — a,ﬁ(Xs)\IJU (G(s))}[bJ(Ys) ds + dlsJ]

2 2
— &pk(s) exp{ (p(X5) + QD(Ys))}

a
x [0 (X) (0] (X;) o dw! + b7 (X,) ds + dK)
+ 0 (Yo (b (Yy) ds 4 dIf)],
where O']él (x):= aix,‘fli (x). Rearranging, we write

dok(s) = Fu(Xs, Ys) o dwl 4 Gij (X, Y)b! (X5) ds + Gy (Xs, Ys) dK/
+ Hyj (X;, Y5)b! (Yy) ds + Hij (X, Ys) I,
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where

2
Gij(x,y):= eXP{—a(w(x) + w(y))}
x [0 = y)0dy 0 + ooy - )
2 . .
~ Z(W = D00 () + W x = Vg (o ()
+ W (x — y)gi (x)a} (x))}
2 2
- —exp{——(wm +<o(y))}
o o
) .
x [wi (=)= U= (x)]a,i(x)wj ),
Fr(x,y) : = Gyj(x, y)oj (x),

2 . )
Hi(r,y) : = [awj (x = )i ()0 () — o (0 Wi (x — y)]

2
(p(x) +<p(y))}

X exp{——
o
2 2
- —eXP{——(w(x) +<p(y))}
o o
2 i
X [‘Ifi (x—y)— E‘D(x — V)i (x)]ak(ij ).
Thus we have by It6’s formula,
t t
[ oxtsyodut = putowf — [ (e, Youk o dul
0 0
t . t .
- / G (Xs. Yo)b! (X;)wk ds — / G (Xs, Yowk dK
0 0
t . t .
- / Hij (Xs, Yo)b! (Y wk ds — / Hij (Xs, Yowk di
0 0
=:01(t) — (1) — [3(t) — 14(2) — Is(t) — L6(2).

Obviously,

SOl S+ K7 llwl7.
i£2
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Thus
limP(ZnnnTzs\nwur<3)snmP((1+|K|r)||w||rzs|||w||T<<s)=o.
810 s 810
As for I, we have
! I j kepl
B0 = [ Rt vode + 3 [ Fu(xs, o) (Xwksr ds
0 2Jo 0x;

=: D1 + I.
It is easily seen that
lim P(|| 7 > 5) =0,
lim (12l = ellwlir <)
and by applying Lemma 2.3 to the functions Fj; (in place of f there) and the
system satisfied by (X, Y) (in place of X there), we have that

imP(I1221l17 = elllwlly <8) =0.

Consequently

giigP(lllzllT > el|lwllr <8) =0.
Combining all the above and the fact that ¢ is bounded, we have
t
V(G0) <C [ $(GW)ds+ AW,
0

where A(¢) satisfies that for every ¢ > 0,

limP(||A 8)=0.
i (I1Allr > ellwlir < 8)

On the set {w; ||A|l7 < €}, we have
W(G(1)) < ee® < Ce,
that is,
IX = Y7 <v/~2In(1 - Ce).

Since ¢ is arbitrarily small,

P(IX = Yl|r > ¢l|lwlr <8) — 0 as 8 | 0.
Finally, to see

P(IK =7 <elllwllr <8) =1 asé | 0,

it suffices to notice that

t t
Kt—ltzx,—yf—fo o(xoodws—fo (b(Xs) — b(Yy)) ds
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and use Lemma 2.4.
For general & € S, just as in the proof of [5], Theorem 8.2, pages 527-528, we
set

T . 1 T .
Ml(w):zexp{/ hsdws—if |hs|2ds}, dP’ = M, dP.
0 0

Then w; := w; — h; is a Brownian motion under P’, and (X, K), (¥, ) satisfy the
following equations, respectively:

t t
X =x +/ b(s, Xy)ds +/ o (X)) o dw, + K.,
0 0

!
Yi=x +/ b'(s,Ys)ds +1;,
0

where b/ (s, x) := b(x) + o (x) ;.
Therefore according to the case of 4 = 0 we have for every € > 0,
P(IX-Ylr>el|w];<8)—>0 asélO,
P(IK—Ilr>el|w|; <8) >0 ass 0,
which, together with the fact that M is a continuous functional of w, yields that
%iigP(IIX —Ylr <ellw'llr <9)

 lim P(IX —Y|r <e, |wllr <) y E(M11(jw—n|r<s))
V0 EMMi1(x—y|r<ew—hlr<s)  PUlw—nhlr <9) -

REMARK 2.1. In the last step of the proof above, we encounter the situation
that the drift 5’ depends also on time 7. But as in [5], Theorem 8.2, everything still
works with trivial modifications.

3. The support problem.

3.1. Conditions and useful estimates. The approximate continuity theorem
proved in the above section together with the Wong—Zakai approximation theo-
rem proved in [1] gives, in a similar way paved in [13], the support theorem for
reflected diffusions under the conditions (H;)—(H3). In this section we will prove
the support theorem based upon the idea in [8] when the domain D is supposed to
satisfy the following conditions:

(A) There exists a constant ry > 0 such that for any x € 9D,

Ne =Ny # 2.
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(B) There exist constants 6 > 0 and 8 > 1 satisfying that for any x € 9 D, there
exists a unit vector [, such that

(ly,n)y>1/8 for any n € U Ny,

yeB(x,8)NaD

where (-, -) denotes the usual inner product in R4,
(C) There exists a function ¢ € Cg (R%) and a positive constant y such that for
anyx €D,y € D and n € Ny,

1
<y—mnw+¢0¢@xmw—xﬁza
(D) There existm > 1, A >0, R>0,ay,...,am €S Land x1,...,x, €D
such that 9D C .| B(x;, R) and x € 3D N B(x;,2R) = n-a; > A, Vn € N,.

We will need some results from [1].

LEMMA 3.1 ([1], Lemma 2.3). Assume (A)—(B) hold, and (x, k) is the solu-
tion to the Skorohod problem associated with a continuous function w such that
X0 = wo € D. Then for 6 € (0, 1], there exist constants cy, ca, C dependent on
0,36, B, yo such that forall 0 <s <t <T,

KI) < C(L+ wlfl 00 — $)e Il g 1,
where (and throughout) |k|} denotes the total variation of k on [s, t] and
[wy — wy

lwllis,r.0 ;== sup 7 lwllis.g:= sup [wy — wyl.
u,vels,t] lu — vl u,vels,t]

LEMMA 3.2 ([1], Lemma 2.4). Assume (A) holds, and (x, k) is the solution
to the Skorohod problem associated with a function w having continuous bounded
variation path. Then

X <2(v24 Djw|?

LEMMA 3.3 ([1], Lemma 2.8). Assume D satisfies conditions (A)—(B), and
b, o are bounded, Lipschitz continuous functions. Then there exists a unique solu-
tion (X, K) to equation (1.1). Moreover, for all 0 <s <t < 00,

2 2
E(IXllis.0)” <Cplt —sIP,  E(K[})? <Cplt —s]|7.
Letn e Nand t; =iT2™" (here we should have used ¢ instead of #; to indi-

cate the dependence on n, but in order to not surcharge the notation, we omit the
superscript n), A =27"T, and for t € [t;, t;11) set

th =11 VO, Iy =1;, Aw; = wy — Wy;_,v0,

n wfn - wz_'l A
w, =wp + T(t —1y).
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Consider the following reflected equation:
X"(t)=x+ /Ot b(X"(s))ds + /OTO'(XH(S))dw? + K" (1).
Denote the solution by (X", K").
3.2. Support theorem. We first state our main theorem.

THEOREM 3.1. Suppose conditions (A)—(D) hold and o € C2,b € Cg. Then
for the solution X to equation (1.1) we have

the support of (Po X~ 1) in W, = (H)" Va € [0, %)
To prove the theorem, we will apply the following results; cf. [8].

PROPOSITION 3.1. Let F be a measurable map from Q2 to a Banach space

-1

(1) Let ng :H — X be measurable and H, : Q2 — H be a sequence of random
variables such that for any ¢ > 0,

limP(| Z{ (Ha (@) — F(@)] > &) =0.

Then supp(Po F~1) C ng(%).
(2) Let Zgg :H — X be measurable and for fixed h, Tnh :Q — Q be a sequence
of measurable transformations such that P o (Tnh)_1 < P, and for any ¢ > 0,

limsup P(| F (T (w)) — Z5¥(h)| <€) > 0.
Then supp(P o F~1) D Z(H).

PROPOSITION 3.2.  Suppose {X}} is a sequence of finite dimensional pro-
cesses satisfying that for every p > 1 and s,t € [0, T], there exists a constant
C=>0,

3.1) sng|X§’—X?|2p§C|t—s|”.
Then for any ¢ > 0 and 6 < % — ﬁ, there exists a constant C > 0 such that
supP(| X" 7 > &) = Ce™".
Moreover, besides (3.1), if for any € > 0,
lirrlnP( sup |XZ| > s) =0

1<i<2n
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holds as well, then for any 6 € [0, 1/2),

) n B
11}111P(HX o >¢) =0,

where || - |19 is defined in the Introduction.

Following the idea in [8], take
78 =78 =27("), H,(0) = w" (o), THw)=w —w" + h.
Then by Girsanov’s theorem, P o (Tnh)_1 < P.

To prove Theorem 3.1, by Proposition 3.1, it suffices to prove that for every
e >0,

. " .
(3.2) hrgnP(HX -X ”Tﬂ >¢g)=0

and

(3.3) i P(| X (w — w" +h) — Z(h) |4 > £) =0,

where Z(h) solves the following deterministic Skorohod problem:

t . t
Z(h); =x+/0 o (Z(h)s)hs ds+f0 b(Z(h)s)ds + ;.

In what follows we will use Z instead of Z(#) if no confusion is possible. (3.2) is
proved in [16], so we only need to prove (3.3).

Using the Riemannian sum approximation of stochastic integrals, it is easy to
see that Y := X (w — w" + h) solves the following RSDE:

_x+/ ") dwg — / o(YHwy ds—f—/ ") h ds—f—/ b(Y])ds + ¢,
0

where b :=b + Q(Va)cr and ¢"(w) = K(w — w"™ + h).
We first prepare some auxiliary results.

LEMMA 3.4. For0<s <t<T,|Z, — Zs*’ <Cplt —s|P.
PROOF. By Lemma 3.2,
1Z — Zs P <[2(V2 + D] (/t,g(zu)hu +b(Zy)| du)zp
s
<Cplt —s|P. d

PROPOSITION 3.3.  Let p > 1. Then there exists a constant Cj, > 0 indepen-
dent of n such that forall 0 <s <t <T,
4 4
G4 E(Y -V [")<Cple—sI, E(¢ —9[*") < Cplt —s1”.
Moreover, for all 0 <s <t < T and for any 6 € (0, %)

(3.5) E(|Y"[f o) =Cpo.  E(|¢"

[sz]o) Cpo-
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To prove this proposition, we need some lemmas, and without loss of generality
we take T = 1.

LEMMA 3.5. Let A,t > 0. Then there exists a constant C > 0 independent of
A and t such that

E(H*l) < (1 + cavh Cceldit/2.

PROOF. Set £ = maxo<s< |w;|. Note that P(lwi| € dx) =,/ 2¢~*"/@) dx,
i=1,...,d; and thus

E(6A§)=/ SP(A§>s)ds+1<2f P(A|w| > s)ds + 1
0
2E (M1 1<21_1[ |2 /OO hx ,=x?/(21) 4y
= e - — ee
S Vo
< (1+ Candice a2, 0

LEMMA 3.6. Let M, := fé fsdws and | fs| < ¢ for some constant c. Then
there exists a constant C > 0 such that for any integer m,

E[M||f; ,; < C™(m/2)"*(t — 5)"/2.

PROOF. It suffices to prove the result for s = 0. Then M; = B(y), where B is
the DDS-Brownian motion of M. Note that

(M), < c*t.
The result follows from Doob’s maximal inequality and that
(3.6) E(1B/*") < Qd)"m™ ™. O
Set

L?::x-i—/ ") dws — / o(YHwy ds+/ h ds-i—/ b(Y!)ds.
0
LEMMA 3.7. There exists a constant Cp, such that for any t € [0, 1] and any
p=1

E(|v"[f,) <Cpa?s E(9"[1) <Cpar.

PROOF. By Lemma 3.1, for any 6 € (0, 1],

B < CO LT o0 = i)e |2
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Note that for any p > 1,

E(|L"% ) < p|:E</t_:||a(Y,”)H2dr)p+E</{:HU(an)|wa|d’”>2p

t . 2p _ _
+ E(/ o (1) | dr) - tn>2"] <Cplt — ).
th
For any ¢, by Lemmas 3.5 and 3.6,
E(e?I1L" I
< E(ecp max, e, | fy oY) dwy+cp [ o (Y} dr|

x &P o DNl drvep [ b drl)

<1+ CpAl/Z)a'l eCd1p2A+Cpf[—;(l+|ftr|)dr <C, <.

Now combining these two estimates gives
-
E(j¢"[1")" = Cpal.
The other result follows from Y;' = L} + ¢} and the above estimate. [

LEMMA 3.8. Foranys,t €[0, 1],
v

[ o du
u

PROOF. Whent;_| <s <t; <t <ty for some 1 <i <2", the result is triv-
ial. For general s,t, choose 1 </ <m — 1 <m <2"suchthat | <s <t <
tm—1 <t <t,. Note that

/sta(Yr”)dw;’:/St( (Y")—o(Y}))dw! +/

2p
E sup

u,vels,t]

<Coli—sl?, E(IL"[E) = Cole —sIP.

!
=/ ') dw,! + Z / )dwf+/ o(Y!
N tj—1 " In—1

j=I+1
Wy — Wy_,v0
n -1 1—2
(Ytl 2V0) A (tl _S)

+ Z t _»VO0 (wl‘j 1 wtj,z\/())
j=I+1

)wtm—l B wtm—Z\/O

n
+ O(th_z\/O A

(t_tm71)7
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Joo (Y;”n ) dw! is the piecewise linear interpolation of

n A n
M" = fo o (V" (71 (1)) duwy

with 77, (r) ;= max{t; t < r}, at {tx}k=0,1,...,2n—1. Thus
v
sup / o(Y7)dw!
u,vels,t]ivu &

n n
S Sup |Mlk - Mtk/
[-2<k,k’'<m—1

<2 sup M} —My|

f2=r=tm-1

Using Doob’s inequality we get

v
/ o (Y7 )dw,!
u

2p
<C,E sup |M]- M{;!zp

1 —2=r=tp—1

tn—1 a2 p
<CE([" )P er)
1

-2

E sup

u,vels,t]

= Cpltm—l - tl—2|p
<C,lt—s|?.
By Holder’s inequalities and Lemma 3.7,

[ o) = o(rz)) du;

2p
E sup

u,vels,t]

t
<E [ o (1) =0 (7)1 i P arte = !

< (1 — )2 /f(Euaw;“) — o (v2)[*) (B [*7) ' ar

<Cp(t—s)?".

Now note that
t t . r.
Lr—1 = / o (Y7)(dwy — dw’) + / o (Y")h, dr + / B(Y")dr.
N N N
Trivially by the Burkholder and Holder inequalities we have
v v . v
f o (Y") dw, + f o (Y, dr + / B(Y")dr
u u u

From the estimates above we deduce

2p
E sup <Clt —s|P.

u,vels,t]

(3.7) E sup |[L7—L"*’ <C|t —s|’. -
u,vels,t]
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Now we are ready to prove Proposition 3.3.

PROOF OF PROPOSITION 3.3. Forcasesofs,re[t;_1,4]andt;_1 <s<t; <
t <tj4+1 for some 1 <i <2", it follows from Lemmas 3.7-3.8 that

38 E[Y'[,=Cple=s1”,  E[(¢"]})7] < Cplt =51

For general cases, choose 1 </ <m —1<m <2"suchthatfj_; <s <f <
tm—1 <t <t,. We get by Ito6’s formula,

d(e_(z/}’)“’(yf")|Y,” _ st|2)
= UM (t)dw, + U (t) dw! + V(1) dt + Z" (1) dt + A,
where according to (C),
A3 = e oy — v gt = %7 = ¥ PlDe (7). 007)]| <0
and
UL (1) := e~ @/ed) (2(Y,” —Y") — %\Yt” - Y;‘]zDgo(Yz”))o(Y,”),

n 2 . -
V20 s= eI (o v) = 2 = ¥ PD(Y) ) o (47 i+ D)),
Y

n 1
200 = 90D (o)) = 17— ¥ (Do) 07
4 n n n n n
- ;(Yt — Y )G(Yz )D‘P(Yt )U(Yt )

2 2 2
+ ¥ = v P Dy ()|
By the conditions on o, b, ¢,
Ul < (vt =y |+ [y =y,
Uy () = U ()| < Clyy =Y [(1+ Y = Y]))
2
+ClY! = Yo |(JY) = YO+ Yy = Y|+ Y] = Y[)
<Cly =YL+ ¥ =)+ Cly =P+ Y=y,
VO] < (Y =Y+ = V) (1 + 1),
1z @) < C(L+ ¥ = Y|+ |y —Y"]}).
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Thus

E|Ytn - strlp

50,,1«:(

t t
+ [lurelgiar+| [ veedr
s S

+ /S1|Z?(r)| dr)zp.

t
/ U (r) dw,
N

Using the BDG inequality we get

E(/: U/ (r) dwr)zp
SCPE</SI|US’1(r)|2dr>p
t

<Cpli - s)"—lE(/ ([ =P + v - Ys”|“”)dr>
N

t
<C,(t—s)"+ CPE</ |y — Ys”{4p dr>,

2
E(/t U/ (r) dwf) !

t t 2p
< C,,E[(/ (Ul (r) = Ul (ry Vv s))dw)! —i—[ Uiy V s) dwf) ]
N N
Note that [,U(r,)dw! is the piecewise linear interpolation of M" :=
JoT B UM (. (r)) dw, with
7, (r) ;= max{t;; ty <r}.
Thus by Doob’s inequality and Lemma 3.7 we get

2p
E

t
/Us”(f,,\/s)dwf
N
1 5\
prE</ |U (7 V 5)| dr)
N

t
< Cyle s B( [ (V2 = V7 4 ¥ — 12 ar)
N

t
< Cple =t B( [ (117 = v [P + v = i) ar)
N
t

+Cyle = ([ (17 = v [+ v =) ar)
S
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! 4
<Cplt —s|P +Cplt —s|P~ f E|Y! — Y|’ dr
N
t
SCpIt—sl”+Cpf E|Y; — v} dr,
N
2p]
d wp — Wy 2p
< o[ ( [ v = vl — v el )
N
d w; — Wi 2p
[ ([ v = v Py = vy el g )
N
! |wz, — Wi, vs| 2p
<[ ([l - v M)
s e A
t Wr — Ws 2 2p
+CPE[(/ (|Y}’—Y;’|2+|Y[’—Y£1V52%>dr> ]
S

t - 2p

i

/t(Us"(r) — Ul (rp vV s))dw!

t
< Cplt — s/ 4 Cp(t — 5)207! / E|Y" — v'|*" dr
S

t
<Cplt —s|" + C,,/ E|Y" —v"|* dr.
N

Zp)

' 2 . 2p ,
SEK/ (17" =Y+ 7 =y (1 + Ihrl)dr) ]+(r —5)%
SCpIt—s|f’(1+ft |izr|2dr)p

t 4 t ) p
+c,,/ E|Y" — Y| Pdr<1+/ | dr) .
S )

Summing up we have

Moreover,

2p
E(/tvsn(r)dr + /th(r)dr

t t p
Ely! — Y[ < Cplt —s1P + Cp/ E|Y) - ¥?|4”dr<1 +/ lhrﬁdr) :
$ s
which together with Gronwall’s lemma yields

E|Y) —Y"|* <C,lt —s|P.



ON APPROXIMATE CONTINUITY AND THE SUPPORT OF RSDES 2089

It follows from this estimate and Lemma 3.8 that
4
Elg) — 6117 < Cyli - s17.
Now (3.5) holds due to Kolmogorov’s continuity criterion. [

PROPOSITION 3.4.

E sup |Y/'[*’ < C,(1+ |x[?"), supE[(|¢"],)*"] < C,.
tel0,1] n

PROOF. Using Proposition 3.3, choose a 6 € [0, %), and we get

E sup |Y'[*’ <2?P7'E sup |v" — x|*" 4227~ |x 2P
1€f0,1] 1€[0,1]

Yn — 2p
< 22P—1E< sup 11— . il |t|9) + 2277 |x]?P
refo,11 171
< 2P BV g+ 2P
< Cp(1 + [x]?P).
Similar to [4], Theorem 3.6, by (D) we getforall 0 <s <t <1,
0" < C(It = sIR™[Y" [ 1.0 + DIIS" 1511
From this and Proposition 3.3,
2 _ 4 2 2
E[(1¢"],)"] < CLE[(RY" (0.0 + D" 16" i51)]

< Cpg,p <00. U
PROPOSITION 3.5.

) oo 1/2
sup E(|Y) — Z,| )SC[A9/2+ sup (/ |hs|2ds) } 6 €(0,1).
1<k=<2" 2<k<2n \Jf}—2

PROOF. Set
[ (t) := e~ CM@ID+eE0) (1) =, () |Y! - Z,

a(t) == E(mu(1)).
Using the condition ¢ € Cg, Lemma 3.4 and (3.8) it is trivial to prove the following:

2

k)l

LEMMA 3.9.
E( sup |/'Ln(t) - Mn(t/)’2> <CA,

t,t' €ty —2,1]

E( sup  |mu() —mu(t)]) < CAV2.

t,t'€ltk—2.t]
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Foralltp_1 <t <t,2 <k <2"

11
dun )Y = Z,)> =Y dLi (@) + 200 (DY) — Z,,dg)! — dip)
i=1

2
- ;un(r)m” — Z P ((Do(Y"), dg}) + (D (Zy), dvy),

where

N6 =2 | @Y = Zo () = o (Zolhdr,
k—1
R

D) =2 O~ Z, b(Y) — b(Z))dt

Tk—1

I(s) =2 Mn(z)(y — Z,0(Y]") — o (Y;))dwy,

Tk—1

Li(s):=2 p,,,(t)(tr(aa )(Y/) —tr(oo™) (7)) dt

Tk—1

[ (i (1) = pn (t)) tr(o0™) (Y7 dt,

Tk—1

N

Is(s):=2 () <( — Zy,0(Y7)(dw, — dwy))

Tk—1

N

+ /Ln(t_n)tr(aa*)(Yl—Z))dt,
Tk—1
S

Is(s):==2 |  pua®Y]' = Zs, (0 (¥]") — o (Y1))i}')dt,

Tk—1

N

2
I(s) := - tnOY" = Z,(D(Y?), o (¥") (dw; — dw?)),

k-1
2 )
Ig(s) = —; /;k_l Mn(t)}Ytn - Zl}z
x (D@ (Y], o (Y/hi) + (Dp(Z)), 0 (Z,)hi)) dt
. _g s n_ 2
Io(s) == / 1Y) = 74|

x ((Dw(Y,”), b(Y!"))+(De(Z), b(Z,))

+ 2 (D(r)oo" (Y”))> a,
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N

4
ho) === [ ) (Z(D(p(Yt"), o (YY" — Z,, G(Yt”)e,-)> dr,

Tk—1 i

2 S
=5 [ m@)y; — Z,/*| Do (Yo ()| dr.

k—1

By (O),

1
(Y[ = Z;, Ay — dipy) — ;|an ~ Z,[*((De(Y}"). dg}") + (De(Z1). dyy)) <0

Thus

11
2 2
(3.9) tnONY) = Zy |” < pn @DV = Zo |+ Y L)
i=1

By the hypotheses o € Cg, e Cg,
|11 (1) + Is (1) |
174

2un Y — Zs, 0 (Y") — 0 (Zy))hs ds

Tk—1

+ ‘%ft:kl tn ()| Yy — ZS}Z«D‘»O(YSn)’ o (¥)))

=

+(D@(Zy), 0(Zy)))hs ds

Tk .
<C mu(s)|hs|ds.

Tk—1

For I3, E(I3(tx)) = E(f,* 2(Y' = Z;, 0 (Y]") — o (Y?))dw,) =
Throughout the proof we need several lemmas Wthh will be proved afterward.

Now we deal with the terms /> and Is. Note that for I,

1)
L=2[" wOY" =z, b(Y") - b(Zy)dr

Tk—1
Tk

=2 O = Zi— (Y} = Z;,), b(Y]") — b(Z)))dt

Tk—1

1, ~
2 (a0 = pa GO)YE = Z3, B(Y) = b(Z) di

Ik—1

173 _ ~ ~
+2 | paE)Y] = Z;,, b(Y]") = b(Y]) — b(Z) + b(Z;,)) de

Ir—1
Tk

+2 [ Y2 = Z;, b(YE) — b(Z;,))de

fk—1
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Tk

+2 I’Ln(tk 2)( th_n ka72’b(Ytrkl 2) b(YtZ 2)>d

k-1

5
=: Z I
i=1

Taking expectations and applying Lemmas 3.4, 3.7 and 3.9, we get

4
‘EZIZJ
i=l1

1 -
< CA3/2 + ’E ' (Mn(f) _Mn(fn))’Y{: - Zt_,,Hb(Ytn) _b(zf)|dt'

k-1

179 _
+ C'E " a2~ 23 177~ 2, — (12 - Z;n)]dt’ 4+ Calta)A

<CA¥? 4+ Ca(ty_n)A.

Note that

Tk

Ig = —2 t pn Y} = Z = (Y7 = Z3,), 0 (Y]') — o (¥])) dwy
k—1
Ik

-2 (kn () = (tn))( = Z, oY) - ‘7( ))dwr

Tk—1

Ik _
=2 @Y = Z; 0 (Y]) — o (Y]))dwy = 216,

f—1
and
|E(Ig1 + I6.2)| < CA3/2.
As for Ig 3+ I 5, note that I3 + I 5 = —2Aj, where

173

(3.10) A} ::/

T—1

- 3 1
M,,(t,,)<y;; — Z (o (V) — o (YY)l — 5(Vcr)o(Y£)>dt,
and by Lemma 3.10,

M)l

By Lemmas 3.7 and 3.9,
[EL(%)]

e . 172
C[A1/2+ sup (f |hs|2ds> }
2<k<2" \J1k—2

5’15 | " 0t (Y — tr(aa*)(Yt—’n‘))dt‘

k—1
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* ‘Eftk (M"(t) - Mn(l:n)) tr(O'O'*)(Yt—Z)dt < CA?)/Z,
T—1

[E[o(t) + T11 (1) ]|
2

Ik
< _‘Eft (1 (5) — M G) -+ 110 G)

k—1

< (100 ()b + D20l lb(20)

1
+ 5 (D00 (¥, ))) ds
2
+ ﬁ
<CA? 4 Caly_a)A.

7% _ _ 2
E/z (mn(s)—mn(sn)+mn(sn))|D<p(Xf)G(K:l)| ds

k—1

For Is, we have

1,
) =2 [ @Y = Zy, o (¥2))(dw, — du)

Tk—1
175 _
+ fn(tn) tr(oo™) (Y dt

Tk—1

1,
2 [ (at) = s GO)YT = Zu, o (V2)) (dwy — )

Tk—1

=151+ I57.

However, by Lemma 3.11,

2]’[
‘E<Z 15,1(ti)>
i=0

With respect to Is 2,

<CA??  whpe(,.

ba==2] 1/ 1 ($)(Dp(Y), & (Y") (dwy — dw”))
(87 = Z2, o (V) — duf)

. 1/1,, () (Do (Y]), b(Y])) ds + (D (Zy), b(Zy)) ds)
(V= Zoyor (V) s — )

_2 f s () ((D(Y?), 0 (Y1) )y ds + (D (Zy), 0 (Z,))hs ds)

tk—1 JIn
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x (Y' = Z,, a(Y—"))(dw, — dwy)
2 / / 1) ((D@(Y"). dg") + (Do (Zs). dys))
Tk—1
X Y] = Zy, o (Y2))(dw, — du’)
2 179 t n 2
+ ﬁ /l‘k—l /t_n /'L”(s)|D¢(Ys )G(Ys )| ds
x (Y] — Z,, o(Y—"))(dw, —dwy)
- / s () tr(D2g (Y1) o (Y1) ds
tk—1 J1n

x(Y]' = Z;,0( t—ﬂ))(dwt —dw!)

6
= Z 1572’,'.
i=1

Applying the BDG inequality, the conditions o € Cg, beC ;, @€ Cg, Lemmas 3.4,
3.7 and Proposition 3.4, we get

k 2 2 \'?
Caly; — 2o (1) P )

k-1

|[Els» 2| < CE(

173
+¢E/‘ CAY! = Z/[|o (v)]| duw]
Tk—1

<CA3/2
) NI ANV
|EI523|<CE(/ 77 =2 o ()P [ s dt>
Tk—1
+CE \Y — Z||o(¥7) h ds||dw} |
—1

§CAW/ i ds,
k-2
|E(Is 2,5 + Is 2,6)| < CAY?,
4 17 t
|El52.4] < ;'E</t /t mn($)(Dep(Y') — Do(Y7), dgy)
k—1 n
x (Y]' = Z;, G(er’;))(dw, - dw;‘))‘

Ik t
+ ’E(/tkl /z'n pn($)(De(Zs) — Do(Z;), dysy)
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(Y} = Zy.0 (Y1) (dw; — dwy)>'
‘ (/t ft n () (Do (Y7), dg) + (Do (Z;,), dvs))
1 n

x (Y —Z,, a(Y;Z))(dw, — dw;’))‘

< CA%? 4+ CEGy,
where

(3.11) Gri= max [Y!'—Z/||Awe1| x ("7 + v [7).
teltr—1,1]

Again by Lemma 3.4 and Proposition 3.4,
2"
> EGr <E( max max [V = Z||Awg ] x (|¢"], + [w]1))

=1 1<k=<2"telty—_1,t]

< [E( sup |Y]' — Zt|2p>E< sup |Awk|2p>]1/zp

0<r<l1 1<k<2n
1
x [E(j¢"|, +1vh)7]/
<CcAP=D/2p, p.g>1,1/p+1/g=1

and

1521=—— / 1n(8) — 1 G))(DR(Y™). & (Y7) (dwy — dw!))
tk—1 J1p

<17 = 22,0 (7)) (0w, — du)
" [ @D (), o (07 o = du)

(¥ = 22— (1 = 73). 0 (47w — duf)
[ [ @pe ) (1) = o () e — dud)

Tk—1

x (Vi = Zz,, 0 (V7)) (dwr — duy)

t [ Hn(E) (D (Y]) = D(¥2), o (V2) (dw, — du?))
k—1 n

X (Yt—z —Zi o g))(dw, —dwy)

4 ot i}
— [ waGlD(¥). 0 (V) — wy, — (wf — w?)

f
Y I "
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X (Y —Z;,o(Y; ))(dw, dw})
5
= Z Iy,
=1

Using the BDG inequality, the fact that o € Cl%, Y E Cg, Lemmas 3.4, 3.7, 3.9 and
Proposition 3.4, we get

13, | < CA(E|Awg— A2 < ca¥?,

k—1

I 1/2
EI3,,| < CA1/2<E</[ ¥ =z, — (! = Z;)Plawe A dt>>

<CAY?,
[EI{, |<CA%?,  j=3,4

and

E(Ig,z,llylk—z)
(3.12)
2A

7Mn(tk Z)Z Do(Y, fe 2) (Yt: 2) >(Ytk » — Lo (Ytk z)el>

This estimate will be used in Lemma 3.12.
As for the term 17,

Tk

2
I; = _; t /j‘n(t)‘ytn - Zt|2<D‘p(st)’a(st)(de _dw?))

2 [
== | mOIY = 23, [1De(r7). o (7 (dw, — dus))
4 (h
=2 [ = 2o 0 (v (dw, — du?)

y Tk—1 tn

x (Do(Y}"), o (¥/")(dw, — dwy))
4 [t

t .
- — wn @) | (YF —Zs, (0 (Y)) — 0 (Zs))hs)ds
Y Ji tn
< (Do(Y]"), o (Y")(dw; — dw}'))
4 [k t -
- — wn(t) | <st — Zs,b(Y]') — b(Zs))ds
y Tk—1 In
< (Do(Y'), o (¥}')(dw; — dwy'))
174 t

4 n n
- — M (2) i <Y§‘ _Zs’d‘,bs _dws>

Y i In
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x (Do(Y}"), o (¥}") (dw; — dwy))
2 [

t
2" s [ oot () a5 x (Dl7). o (47 @, — duf)
k—1 n

6
=: 217’,'.
i=1

Notice that

2 (i

B == | a0 = @)Y = 23, F(De (1) o (1) (s, = dw)
k-1
2 tk y n n n

- ; mn(tn)<D‘P(Yt ), o (¥/")(dw, — dwy ))
Tk—1

4 tk n 2 ! n n n

= ﬁ ] }an _Zt_n’ ,/f Mn(s)(D(p(Ys )’G(Ys)(dws_dws»

k—1 n

x (Dp(Y}"), o (¥]")(dw, — dwy))
4 [k w2 t . .
#5 [ = zil [ mo(Der). o )
+(D@(Zy), 0 (Zs))hy ds

x (Dg(¥7'), o (¥}")(dw; — dw}))

4 tk n ! n n
2 [ =2 [ Do), B + (Do), bz b
< (D7), (47) = du)
4

5 n 2 ! n n
+ ft ¥, — 7 /, pn ) (Do (YY), dgy) + (Do (Zs). dys))

x (D7), o (47) (s — dwf)
4 [t t 1 1

o [ 2 =2 [ o) (D000 (47) = - [Dpo (v2) ) ds
VoIt I 2 Y

x (Do(¥7'), o (¥]")(dw; — dwf))

2 [ _
2 D7) 1) )
T—1
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For the first term 171’ 1’
]1_4 Tk Y2 Z-2 !  WDo(Y" Y"\(d du"
112 zk_1| h =7l E(l’«n(s)—lin(tn))( o(Y"), o (Y™ (dws — dw™))

< (Dp(Y7). (") — )
s [ ma) [ (Do) (1) @, — )

x (De(Y/"), o (Y{")(dw, — dwy')).

However, note that Esup, o 71 1Y;" — Z;|* < 0o by Lemma 3.4 and Proposi-
tion 3.3, and by Lemma 3.9,

17 t _
[ [ 10) = @) Dp(v2), 0 () o = )
tk—1 JIn

E

x (De(¥7'), o (¥]") (dwy — dwy))

<E

|7 o) = )P (v (1) (o, — )

2
x (Do (Y/"), o (¥}") dw)

+E

17 t _
/t [ (1 (5) — 1 G) (D (Y"). & (V) duy)

x (Dg(¥}"), o (Y/") dwy)

+E

Ik t _
[ o) = a7 (1) )
Tk—1 Y1n

2
x (De(Y7'), o (¥]") dwr)

<CA+ [E max (ﬁt(un(s) — wn(t))(De(Y]), o (YY) dws))4]l/2

telte—1.t:]1\J1,

<[e([* oot otmam) ]

k—1

e [E e ([ o)~ mpe). 007 au) ]

L r€lir—1.5]1\Jt,

X :E</ttk <D¢(Y;1),a(Y,”)dw;1)>T/2 <CA.

k—1
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Similar to the term /57 1,

4 [ _ (1
T maG / (Dp(Y"), o (Y") (dws — dw”))
y Tk—1 In
x (D(Y}"), o (Y{") dwy)
4 174 _ t
= ﬁ t my () . (Do(Y!) — D(p(Y;Z), o (Y] (dws — dw?))
k—1 n

D7), 0 (7))
+—/, ma) | Dw(Y)((Yn—a( ")) (dwg — du?))
x (Do(¥}"). o (¥7) duf)
" i) [ 1Do(17).0(42) s = du)
x (Dp(Y!") — Do(Y), o (¥/") dwy)
=S5 ma [ (Do), 0 (1) s — aut)
x <D¢<Y;;>, o (V) — o (¥?))dw!
/t ) | (D7), o (1) (s — dus))
x (Do(Y7), o (Y7)) dwy
and
B[ [ maG [ (Dolr2).o (7)o, - au)

X (D(p(Yt—’Z), o(Yy) dw?):H

\ [ (/t M (in) |. D¢<Y>0<Y,-’;>(dws—dw?>>

)]

< (Do(¥7). o (¥}) duf]

<Ca(tx-2)A.
Summing up we get

[El | < Ca(tx—2) A + CAY2.
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Next, we have by Proposition 3.4 and Lemma 3.4,

e,
B2, < CE(Y! , — Zy [Pl Auy_ |)f U] ds

k-2
I .
<cal " jis
(]

[EL | <CA?,  i=35

and
[EI} | < CE(G}),
where
6.13) GLi= ¥y, = Zua P10 [+ 1 O dwi,

< CA%?  voe(0 ).

el

For the term 176 1

2 1
1= matna) [ (Do(x7), o (v s —awy)
k—1
2 I
= —Zmatt2) [ (Dp(r]) = Dp(r7). o (1) s — duy)
k—1
2 l
—Zmataa) [ (Do (). (0(47) ~ o (1)) (0w —du)
2 i
— ;mn(tk_g) (D(p(Yt—'n’), J(Yt—'n’)(dw, —dwl)).

Tk—1
Moreover,

Tk
i) [ (D7) = Dp(r7). o (17 )
Tk
< CE[mn(tk—z)
Ir—1

7= 2 du |

173

_ CE[mnak_z)

[ o), — aup)

fr—1

' . r
+ | o(Yhsds+ | b(YS”)ds-i-(P,"—(b;—Z

t’l tll

aut! |

au!| |

Tk

< E|:mn(tl<—2)

A}ﬂﬂﬁ—dﬂp+owaxwk—mw>

Tk—1
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aut! |

[ ]
lk—1

Tk

f o (V") ds+f B(Y)ds + g7 — ¢

tll

+ ’E[mn(tk—z)

Tk—1

§E[mn(tk_2) max /t( (Yy') — o (¥5))(dws — dwy)

telti—1,4llJt,

B 174 t
FE| ma(ie_2) f o (V) (dwy — du?) ]
L fk—1 1Y,
B 174 t
+E|m,(ti—>) f o (Y1) hy ds—l—/ b(Y]')ds||dw] |i|
L Ik—1 ty

B [* max jor — gt jau? |

tr_1 t€ltp—1,5]

< [E(mn (t-2)| Awg—11)*]""?
! 24172
: [E(reﬁi‘aﬁu /,H (o (1) = o (¥3))) (dus - dw;?)) ]
k-1 t
([ [ oty —au
! tk—1

k—2

' . .
ﬁU(YS”)hsds—i- By ds }dwfq
7 7

n

}

+ E[mn(tk—z)

-1
173

+ E[m (te_2)

Tk—1

Tk
Bl [ max jor gt jau? |

ti—1 t€ltp—1,1]
Tk

<CA? 4+ Ca(t_r)A + CE[|Awk_1| |hs|ds] + CEG},

tk—2

where G| is defined in (3.13) and
ZCEU | ds| Awg_ 1|] <CA9/2/ lhslds VO € (0, 1).
k-2

Similarly,

Ik

(Do(¥2). o (47) = o (1)) du?

< Ca(ty_2)A + CAY? 4+ CEG,

‘E(mnuk_z)

Ir—1

(3.14)

1

E<mn(tk—2) (Do(Y7), (rl:))(dw’_dw?))

k-1

= EGk’
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while

2, RNV

> EG}| < C(E max m?(w))

1<k<2n
k=2
fe 20172
(3.15) x(Eﬁ%%(/<D¢O?LJQﬁKmm—dwﬂ )
S 5 n 0 n n

<cA?  voe(,).

Here the last inequality follows since

2

E max
1<k=<2n

[ (po(r). o (47w, —au)

k—1

Z <D¢)(Yt?_1)’ G(Yt7_1)>(wti+1 - wti)
i=1

=E max
1<k<2n

k—1 2

- Z (D(p(Yt’:_l)’ U(Yz:l_l))(wli - wfifl)

k—1
Z((D(D(Y;L]), a(Yé’q)) - <D¢(Yt’:), G(Yt7)>)(wli+1 — wy;)
1

i=

=E max
1<k=<2n

2
— (Do (x), o (x))wy, + (D(p(YtZ_l), O(Ytz_l))(wtk — Wy_y)

3
<CY 7.

where by Lemma 3.7 and the conditions ¢, o € C,%,

Tk )
7 =E(121’§n/<> ((Do(¥), 0 (Y1) = (Do(Y]'), o (¥]')) dw; )§CA,
6,2
J7’1 :E(wtzl):A’
Jo3 .—E( max |<D (Y" ) O'(Y” ))|2|Aw |2> < CA? 6e1)
L S % P her)> k-1 k7)< ).

We then consider /7.

4 173 t
Lao=—=| @ | (¥} =Zi— (Y] = Z;),0(¥]")(dws — duwy))

fk—1 n

x (De(¥7'), o (¥]")(dw; — dwy))
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4 [k t
- 1,an(t) - (¥7 = Z;,, o (¥]") (dwy — dwy))

x (De(¥7'), o (¥]")(dw; — dwy))

=121+ 1722
and
4 173 t
oy =—— | ma® | (¥ =2 = (¥} = Z;), 0 () (dw, — duy))
k—1 n
x (Do (Y]), o (¥7) du)
4 (i t
o ) Y = Ze = (Y = Z7,). 0 (¥]) (dws — duy))
k—1 n

x (Dg(¥7"), o (Y/") dwy)

(D 2)
=l + 175

However, note that E(I7(’12)’ 1) = 0, and by using the Schwartz and BDG inequalities,
Lemmas 3.4 and 3.7,

2
EL |
< C(Elawi_11)"?

X (E max

tet—1,]

2)1/2

t
=z (v = 23). o (v (s — du))

< CA¥2,
Now according to Lemma 3.12,
E(I722(t0) + I35 (1) + o)) < CAY/2,

On the other hand, by the assumptions on f and o, b, as well as Lemma 3.4 and
Proposition 3.4,

173 t .
[Elral < CE | un(o/l_ v — Z, Pl ds
k—1 n

x |Do(Y!")||lo(Y]")]||dwy|
(3.16)
n 2 /S
<CE( sup [¥)'-7| |Awk_1y)/ |g| ds
t€[te—2,1r] tk—2

Ik .
=cal [* ias

k-2
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and

4 I t ~
Bl < ;'E ) [ 142 = Z,|[B(r2) — bz | &

Tk—1

X (Do (1), o (1) o, — du?)

IA

179 t
C‘E/ M,,(t)[ (1Y = Zs|* + 1) ds dw]
t th

k—1

173 t
CE(/ ] mn(s)ds|dwf|>
tk—1 JIn

173
+CAE</ |dwy|)
tk—2

[A

< CA¥2,
4 Ik t
I;5 =—— M (1) _ (st —Zs _Y,‘Z +Z;n,dd);l _dws>
y Tk—1 ty
x (Do(Yy"), o (¥/")(dw; — dwy'))
4 [k
2 O = Zi, 8 — 88— (B — )
Y -
x (Do(¥}'), o (¥/")(dw, — dwy))
=:I751+I752.

By using (3.8),
|El7,51]

Tk
<CE pa(t) sup |Y8 =Zg =Y  +7Z,_,|

k-1 S€[tr—2,t]

X ("% + [y [12) | dw) |

173
< CE((H Y iy F 1 Z ) (07 572 + 10 17) / |dw?|)

k—1
<CAY?
|I7,5,2| = C}Ytz,z - Ztk—2|
t
(3.17) X ( max f (Do(Y]"), o (Y]") dwy)| + |Awk_1|>
LS 7 |

x (19", + 1Wli_,) = Gi.
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while according to Lemma 3.4 and Proposition 3.4,
2}’!
S EG]
k=1

n 2
<o g (ot~

2 12
+ [Awg—1 |2>D

[ ety o) au)

k—1

X( max
teltr_1,t]

x (E(j¢" [} + w19
<CA'2,

Also by the boundedness of o we have

1 t
Bl o] < Z‘E / @ [ (oo (Y1) ds x (De(Y7), o (¥7) (dw, — dw!))

2 k—1 In

< CA32,

Hence by applying all the above estimates to (3.9),

174 .
a(ty) —a(te—1) < Calty—2)A + CA3? + by + E my (1) k| dt

k-1

< CE(my(tr—2) — mp(tr—1) + my(tx—1)) A + CA3/?

175 .
+Chi+E | mu(@)|h|dt

k-1

175 .
<Ca(tx_N)A+CA?>+Chy +E | m, @)k dr,

Tk—1

where
Ik .
bk::Gk+G,1+G,%+G,§+Az+CA1/2/ A dt,
Tg—2
and hence
2° 2" /N
Zbk=E[Z<Ag+Gk+G,£+G,%+G,§+CA1/2f Wdz)]
k=1 k=1 Ix—2

wo. 12
5C[A9/2+ sup (/ |hs|2ds> } 6 €(0,1),
t

2<k=<2n k—2

and A%, Gy, G1, G2, G,%, are defined in (3.10), (3.11), (3.13), (3.14) and (3.17),
respectively.
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g .
Therefore according to Bihari’s inequality, by denoting A := €l hs] ds,

have

we

a(t) < [a(t—1)(1 4+ CA) + CA>* + b hy
< a(ty—D)he(1 4+ CA) + CAY by + bihy
< [(a(@-2)(1 +CA) + CA¥? 4 by_1)hy_1]hi(1 + CA)

+ CA3?hy + by
k—1 '
<1+ CA hi---hia(te) + Y (1 + CAY hye - hi—i (CAY? + by ;)
i=0
o 0o 12
< eCTeCho hfld’c[A9/2+ sup (/ |hs|2ds> } 6 (0,1),
1<k=<2" \Jitx—2

and we obtain the desired result. [

LEMMA 3.10.
271 l’k ) 1/2
E(> a7 §C[A1/2+ sup (/ |hs|2ds) }
i=1 2<k<2" \Jtf_2
PROOF. Set

t . ~
¢ = f [(o(¥7) = o (¥)) (dwy — dw) + o (¥)hs ds + B(¥!) ds].
ln
We have for any 2 < k <27,
[E(A% + Afpy)]

Ikt1 _ n 1 n
= 'E</, [Ln(t”)<Y£ —Zi (o(Y]) — o(Yg))wt - 5(V0)0(Y;ﬂ)>dt)‘

k—1

_ '1«:( /, § ,un(lkz)<Yl—: — Zy (o (Y1) — o (V)i — %(vc;)a(yg)>dt)

k—1
Tie+1
+ E(/ (bn (tk—1) — Mn(fk—z))<Y§Z —Z;,, (o (Y)) —o (Y]))wy
tr
1
_ E(VU)U(Y£)>CU>

Te+1
([ v~ 24, (0 (47) = o (47

k
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1 n
_ 5(V(I)U(Yt—n) dt)
tk+1 n n n - n
<o [ w2 - 2. (0 7)o (1)
Tk—1
1
= 5(Va)a(Y£)>dt)’ +CAY2,

Thus by continuing this procedure we get
2"
i=1

1
<cr a4 ([ mn(v2 - 240 (47) ~ 0 (17

- %(vg)a(yg)>d;)‘

<CAV? 4+ [E(M%(n) sup |Y) — Zt\z)]l/z

0<t<l1

X |:E</01 ((G(Yt’l) — o (Y7))wy — %(VO)O’(Y;;)) dt)z]l/z.

Note that o € C,%,

o (1) =0 (¥) = (Vo) (v) (v} = ¥2) | < Clyp = v2 P,

t t .
vr -y = (), - dul) + [ o (v ds

I
z ~
+ [ b(Y{)ds + ¢ — @7 .
173
Then
179 1 2
E[ sup / ((U(Y,”)—a(Y;”))zbf——(Vo)a(Yf))dt }
2§k§2" 0 n 2 n

1 2
<cE|([ v - v Plag|ar) |
0 n

k] sn (o026 0t ~ag)ot o) |

1<k<2n

1<k<2" In
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+ CE[lfs]tlgzn (/0 ((Vo)o / dwlwy — —(Va)o—( )) dt)j

Note that by (3.8),
Ti = CE[(]1|Y[’ —y2 Pt dt)z]
on 2
<CE[(2/ — 2P ”|dt) }

< (C2%" max E( sup |¥' =Y/ 2v0| [Aw;—_1] )<CA~

7 n
I=i<2 telti_y,ti]

By Lemma 3.7 and Proposition 3.4,

_ cE[ sup </0 Vo (¥7) (@ +¢7 = 97 )iy d’ﬂ

1<k=<2n

ECE[(/()I{VG ){,w,|dt>2}

wef s ([ vouzior i) |

1<k<2n

C{Efollg“,|4dt}l/2{ fl|wt} dz}l/z
+ CE|:1<SII<]£2" (zk:/tltil Vo (Y7 ) () — o7 )wy dt)z}

[/ 2
SCA(A+ sup (/, |hs|2ds))A_1+CE[(|¢"|l sup |Aw,-|)]
2

2<k=<2" k— 1<i<2n

17 3
< C(A + sup |hs|2ds>
1<k<2"Jix—2

+[E( sup_ 1aweP?)] P [E(g"] )]

1<k<2n

[/
§C<A1_1/”+ sup |hs|2ds) Vp.g>1,1/p+1/g=1.

1<k<2" Jitg_2
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Note that T3 = T31 + T32, where

178 fn 2
Ty :=CE sup (/ ((VU)U(Y;") - dwgwy) — (VU)U(Y;H)> dl)
0 " !

1<k<2" Iy
2n s )
< CE[Z((VO’)O’(Y:lvO)) (|Awi|2 —A)

i=1

+23 (Voo (V) ,0) (Voo (Y] o) (1Awi > = A)(|Aw,[* — A)]

i<j

i}
< CE[Z«%)o(Ys.vo>>2<mw,- o A)z}

i=1

< C2"A’ <CA,
17 t 2
T32 :=CE sup (/ (VO’)O’(Y;L)/: dwsw} dt)
1<k<2n \JO e
1 fh+A—t 2
< CE(/ (VJ)G(YZ—")%(UJ; —w;)dwz>
0 n n n

1
< CE(f (Voo (Y1) lw; — w; |2dt>
0 N n n

< CA.

Also, Ty = T41 + T2, where

i, 2
" quriy dt) }

In

173
T} = CE[ sup ( (Vo)o (17)
O n

1<k<2n

< CE(fol(vc)a(Yg)U; dw;’) dw,>
< CE(/O1 f,t dw” 2dt>

21 liv1| [ 2
:CZE(/ | aw: dt)
i=0 n
= CA,

t
I t 1 2
77 :=CE sup (/ ((Vo)o(Yt—")/ dw?w;’——(w)a(y;l))dz>

1<k<22 \JO i 2 "

2
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k=2 liva [t
< CE sup (Va)o(yg)«AZ ft ds dt)(wtiﬂ —wy,)?
0 i

1<k=<2n +1 Yt
2
1 ))
—-A
2

i=

< CA.

Summing these estimates we get

k W 1/2
E sup () A} 5C[A1/2+ sup (/ |hs|2ds> ]
1<k<2n 1<k<2n \Jtx_2 O

i=1
LEMMA 3.11.  [E(X2, 5.1 (1)) < CA?/2,¥0 € (0, 1).

PROOF. Since
173

179 _ _
Is =2 wn @Y — Zs, J(Y};))(dw, —dw!') + t un(tn)tr(aa*)(Yt—Z) dt,
th—1 k—1
it is trivial to see that E(/5,1 — I~5,1) =0, where
- 173 _
Is1(ty) =2 t /,Ln(tn)<Yt” —Z; — (Yt—rnl — Z;n), O’(Yt—'nl)(dwt — dwln»
k—1
Tk

+ Mn(t_n)tr(ao*)(Yl—:)dt.

k-1
Note that

[E(I5,1(t:) + Is 1 (ti41))]
<A

fit+1
4 ‘E [ k207 = 2, = (47 = 25),0 (72w, — aw)
1

+tr(oo”)(¥7) dt)|.

Continuing this process and using arguments similar to those used in (3.15) above,
we get

2}'1
‘E(lem))‘
i=0
<CA'?

1
+ IE [ @@ = 2= (47 = 7). 0 (72) (0w, — dwf)
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+tr(oa*)(Y;Z)dt)‘
<CA'?
| ‘
+ ‘E/O Mn(O)(2</O o (Y])(dws — dwy), o (Y7 )(dw, —dw?)>
+tr(oa*)(Yt—Z)dt>‘

e [ (2 [ o aw, v, o7 @w, — au) )|
+ ‘E /O ' 1a 0) (2< f[_:(o(Ys”) — o (¥;)) (dws — du),

o (V] (dw; — dw?)>)‘
e [ 1m0 (2 [ @07 = 0 @) o (77) s~ ) )|
+[E /O un(0>(2< /t_:(é(n) b(Zy))ds. o (¥}) (dw; — dw?)»l
e [0 (2 [ (@t - ava).o () - auf)) )|

179 2
<CA'? 4+ CE sup (/ U(Yt—")(dw,—dw?)) +CAY?
1<k=<2" \JO "

<CcA?  vwoe(0,1). O
LEMMA 3.12. E(I722() + 155 (i) + Tio(ix)) < CAY2.

PROOF. Since 722 = 17(12) 5+ 17(’22)’2, where

Tk

B = B[ [ 07~ Zg. o) 0w, —dud)

k—1 k-2

X (D (). o (1) dur))

= 0,
4 [t t
2= [ a0 = ua@) [ (¥ = 230 (v2) (o, — )
Y Ji tn

x (Do(¥7'), o (¥/") dwp)
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+

+ . 1Mn(tn)/

4
+ Mn (tn)/
Tk—1

4
+_

W

v

173

Tk—1

173

Tk—1

=: Z J7"’2’2.
i=1

By applying Lemmas 3.4, 3.7, 3.9 and Proposition 3.4, we can get

J.REN AND J. WU

un(zn)f " _ 7. (o

x (Do (¥y_,), o (¥)') — o (V7)) dw]

x (Do(Y]"),
—-Zi, o
x (Do(Y]") —

Zi,, o

o (Y") —

)(dw;
Do(Y7),

Yt—:)(dws —dw?))

o (¥7))(dws — dw())

o (¥/") dwy)

— dwy))

o (Y/")dwy)

N

t
Hn (tk—Z)/t: <Ytz,2 —Zy_s» U(Ytz,z)(dws - dw?))

x (Dg(

YIIZ 2 ) ( YIIZ

))dwy

2

a(Yy_,)ei).

—Zi,0(Y])ei)dr
Z;, (Yf)e,)dt

G(Yt")ei)dt

[E(J4,,)] < CAY2, i=1,2,3,4
and
E(J75,2,2|ﬁfk—2)
(3.18) A
7/'Ln(tk Z)Z DQD th— 2) (le 2) >(Ytk 2 Ztk 2 (
Moreover, since
4
o=~ [ w® S D). 0 (7)eil¥} — Zr.0 (17)er) i
k—1 i
4 [t _
= tk (1n(®) = 1) S (D@(YD), o (Y1) e)YP = Zy, 0 (Y7 )ey)di
k—1 i
4 f - n n
- ; ] /Ln(ln)Z(D@(Yt ) - D(p(Y ) (Y )ez)(y
k—1 i
4 [k _ ;
- wn(in) Yy (D(Y]), (0 (Y]") = o (Y]))ei) ¥/
k—1 i
4 173
ey wn(n) Y _(Do(Y]), 0 (Y] )ei) Y] = Z — (Y] — Z;,),
k—1

i
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4 [k -
AR Yo (De(¥]).o (F)ei)¥) = Zi,. (0 (1)) = o (¥]))e

4A
- 711“” (tk—2) Z(D‘p(YtZ_z)v G(Yzz_z)eiXYz'Z_Z —Zy_,, G(Ytz_z)ei>

1

1

6
= leo,,‘.
i=1

By Lemmas 3.4, 3.7 and 3.9 it is easy to get
[E(lo)|<CAY?, i=1,...,5,
and by using (3.12), (3.18),
E(Lo,6+ 322+ 1351) =E[E(Lo6 + J7 50 + 155 1P _,)] = 0.
Thus summing all the estimates above we have

[E(l722 + 155,2,1 + Io)| < CA32,

PROPOSITION 3.6.  lim, Esup, (o 7 1Y) — Z|* =0.

PROOF. Take two arbitrary integers n > ng, and set sy = k270, k=0,1,...

2"0 — 1. Then {sk}%nzo1 C {t,?}%n:l. Since for every ¢ € [k, Sk+1]
Y = Z| < |V = Y|+ |5, — Zo | + 12y — Zi,

we have
Y'=Zi|< sup (Y =Y]|+I|Z = Z)+ sup |Y] —Zy]
|s—t]<270 k=0,...,2"0—1
Consequently
sup Y — Z,|* <3 sup (Y =Y +1Z — Z,%)
t€[0,1] 1€[0,1],|s—t]<27"0

+3  sup |Y —-Z, "

Thus by Lemma 3.4, Proposition 3.5 and (3.8), for any 6 € (0, 1),

E[ sup |Y;" — ZI\Z]
te[0,1]

<CE sup (|Yt"—st|2+|Zz—Zs|2)]
tel0,1],|s—t]<27"0

2101

2

+C ) E[|Yg -7y []
k=0

2113

)de
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<CE[ s (W =¥ +1Z - Z:P)

tel0,1],|s—t|<27"0

+C2" sup E[Y! - Z, ]
0<k<2"0

k27" . 172
5c2—"09/2+02"0[2—"9/2+ sup ( / |hs|2ds) ]
2<k<2n \J (k—2)27"

Letting first n — oo and then np — oo gives the result. [J

PROOF OF THEOREM 3.1. As we have already noticed, we only need to
prove (3.3), and this follows from Proposition 3.2, Lemma 3.4, Propositions 3.3
and 3.6. We have completed the proof of Theorem 3.1. [J

4. An elementary application. In this section we give an elementary appli-
cation of the support theorem to maximum principle. Recall that a typical applica-
tion of the support theorem for ordinary diffusions is the maximum principle for
degenerate elliptic and parabolic operators of second order, so it comes with no
surprise that the support theorem for reflected diffusions is applicable to obtain a
boundary-interior maximum principle for the same operators.

DEFINITION 4.1.  Let A be the generator of the Markov family {X,(x)}, the
solution to equation (1.1). A function u defined in D is said to be A-subharmonic
in D if:

(1) it is locally bounded and upper semicontinuous; )
(i1) t — u(X;(x)) is a local submartingale for every x € D.

For x € l_), set

2 = {h € C([0, +00); RY); hg = 0, — h, is smooth},

D(x):={yeD,dhe P, ty>0,s.t. y=Zy(x,h)},
where Z;(x, h) solves the following deterministic Skorohod problem in D:
t . t
Zi(x,h)=x —i—/o 0 (Zs(x,h))hgds +f0 b(Zs(x,h))ds + ¥,

Zo(x,h) =x € D.

We have the following theorem, the proof of which is a modification of [5],
Theorem 6.8.3.

THEOREM 4.1. Let u be an A-harmonic function on D and x € D. If u(x) =
maxyep(y) u(y), then u = u(x) on D(x).
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PROOF. Let y € D(x) and {7} be a localization sequence of stopping times
for {u(X;(x))}. For every m we set
Gm i=inf{r:|X,(x) — y| <27"}.
Then for every m there exists an N, such that Vi > N,
“4.1) P(¢n, < 1) > 0.
By the submartingale property we have
u(x) < E[u(X;ng,nz, ()]
Note that since
P(Xingunr, (¥) € D(X)) =1,
we have
P(u(Xingunr, (X)) =u(x)) = 1.
Therefore for n > N,,,
u(Xing, ())1g, <z} = ()1, <z,)-
This together with (4.1) implies that for every m there exists y,, such that
ym = y1=27" ulym) =ux).

Hence by the upper semicontinuity property of u,

u(y) > limsup u(y,) = u(x),

m— 00

implying that u(y) = u(x). U

EXAMPLE. Suppose u € C2(D) NC(D), and let

Lu=Yd"(x) O + 3 b ) ou eD
u=>y a’ S x)—, X .
Iy dx! dx/ - ox!

If

Lu(x)>0 Vx e D,

0

“X S0, xeoD

on

holds in the viscosity sense, then u is A-subharmonic.
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