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CENTRAL LIMIT THEOREM FOR LINEAR GROUPS

BY YVES BENOIST AND JEAN-FRANCOIS QUINT
CNRS—Université Paris-Sud and CNRS—Université Bordeaux |

We prove a central limit theorem for random walks with finite variance
on linear groups.

1. Introduction.

1.1. Central limit theorem for linear groups. Let V =R?, G = GL(V) and
i be a Borel probability measure on G. We fix a norm || - || on V. For n > 1,
we denote by u*" the nth-convolution power pw * - - - % ;. We assume that the first
moment | log N(g)du(g) is finite, where N(g) = max(| gl ||g_1 ). We denote
by X1 the first Lyapunov exponent of u, that is,

(L.1) hio= lim - f log llgll du™ (g).

Letgy,..., gn, ... berandom elements of G chosen independently with law 1. The
Furstenberg law of large numbers describes the behavior of the random variables
log ||gn - - - g1l It states that, almost surely,

1
(1.2) Jim - logllgn -~ gill = A1.

In this paper, we will prove that, under suitable conditions, the variables
log|lgn - - - g11| satisfy a central limit theorem (CLT), that is, the renormalized vari-

1 gt = . . .
ables Oglm”—‘il”’“ converge in law to a nondegenerate Gaussian variable.

Let I', be the semigroup spanned by the support of . We say that I',, acts
strongly irreducibly on V if no proper finite union of vector subspaces of V is
", -invariant.

THEOREM 1.1. Let V =R%, G = GL(V) and 1 be a Borel probability mea-
sure on G such that T, has unbounded image in PGL(V'), I, acts strongly irre-
ducibly on V, and the second moment [ (log N(g))2 du(g) zsﬁmte Let A1 be the
first Lyapunov exponent of 1. Then there exists ® > 0 such that, for any bounded
continuous function F on R, one has

| — i 052/ 2®)
(1.3) nlirgo/(;F<W>d (g )_/ Fls)l—— e
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REMARKS 1.2. We will see that under the same assumptions the variables

log|lgn--- g1l also satisfy a law of the iterated logarithm (LIL), that is, almost

: log|lgn--gill—nii - .
surely, the set of cluster points of the sequence dnoglomr S equal to the in

terval [—1, 1].

According to a result of Furstenberg, when moreover I, is included in the group
SL(V), the first Lyapunov exponent is positive: A1 > 0.

For every nonzero v in V and f in V*, the variables log|g,---g1v| and
log| f(gn---gi1v)| also satisfy the CLT and the LIL.

Such a central limit theorem is not always true when the action of I';, is only

log|lgn---g1ll—ni
n

assumed to be irreducible: in this case the variables still converge

in law but the limit is not always a Gaussian variable (see Example 4.15).

We will deduce easily a multidimensional version of this CLT (Theorem 4.11)
and interpret it as a CLT for real semisimple groups (Theorem 4.16), generalizing
Goldsheid and Guivarc’h CLT in [22]. Most of our results are true over any local
field K with no changes in the proofs.

1.2. Previous results. Let us give a historical perspective about this theorem.
The existence of such a “noncommutative CLT” was first guessed by Bellman
in [3]. Such a theorem has first been proved by Furstenberg and Kesten in [19]
for semigroups of positive matrices under an L>*¢ assumption for some & > 0.
It was then extended by Le Page in [36] for more general semigroups when the
law has a finite exponential moment, that is, when there exists « > 0 such that
Jo N(g)*du(g) < oo. Thanks to later works of Guivarc’h and Raugi in [28] and
Gol’dsheid and Margulis in [21], the assumptions in the Le Page theorem were
clarified: the sole remaining but still unwanted assumption was that p had a finite
exponential moment.

Hence, the purpose of our Theorem 1.1 is to replace this finite exponential mo-
ment assumption by a finite second moment assumption. Such a finite second mo-
ment assumption is optimal.

Partial results have been obtained recently in this direction. Tutubalin in [41]
has proved Theorem 1.1 when the law u is assumed to have a density. Jan in his
thesis (see [33]) has extended the Le Page theorem under the assumption that all
the p-moments of w are finite. Hennion in [31] has proved Theorem 1.1 in the case
of semigroups of positive matrices.

There exist a few books and surveys ([12], [18] or [7]) about this theory of
“products of random matrices.” This theory has had recently nice applications to
the study of discrete subgroups of Lie groups (as in [13, 26] or [6]). These appli-
cations motivated our interest in a better understanding of this CLT.

1.3. Other Central Limit Theorems. The method we introduce in this paper is
very flexible since it does not rely on a spectral gap property. In the forthcoming
paper [9], we will adapt this method to prove the CLT in other situations where the
CLT is only known under a finite exponential moment assumption:
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— The CLT for free groups due to Sawyer—Steger in [37] and Ledrappier in [34].
— The CLT for Gromov hyperbolic groups due to Bjorklund in [10].

1.4. Strategy. We explain now in few words the strategy of the proof of our
central limit Theorem 1.1. We want to prove the central limit theorem for the ran-
dom variables « (g, - - - g1) where the quantity

(1.4) K (g) :==log]igll

controls the size of the element g in G. Let X := P(V) be the projective space
of the vector space V :=R¢. Since this function ¥ on G is closely related to the
“norm cocycle” o : G x X — R given by

lgvll
9
[[vl

for g in G and x = Rv in P(V'), we are reduced to prove, for every x in X, a central
limit theorem for the random variables o (g, - - - g1, x).

We will follow Gordin’s method. This method has been introduced in [24] and
[23] and has been often used since then; see, for instance, [10, 35]. See also [16]
and [11], Appendix, for a survey of this method and [11], Section 2.4, for the use
of this method in order to prove a CLT and an invariance principle in the context
of products of independent random matrices.

Following Gordin’s method means that, we will replace, adding a suitable
coboundary, this cocycle o by another cocycle og for which the “expected in-
crease” is constant, that is, such that

f o0(g. %) dia(g) = At
G

(1.5) o(g,x):=log

for all x in X. This will allow us to use the classical central limit theorem for
martingales due to Brown in [15]. In order to find this cocycle ogp, we have to
find a continuous function ¢ € C®(X) which satisfies the following cohomological
equation

(1.6) o=y — P+ A,
where P, is the averaged function
Papix e | (g due)
and where ¢ € C°(X) is the expected increase of the cocycle o
(17) pixe [ otex)duce).

The classical strategy to solve this cohomological equation relies on spectral
properties of this operator P,,. These spectral properties might not be valid under a
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finite second moment assumption. This is where our strategy differs from the clas-
sical strategy: we solve this cohomological equation by giving an explicit formula
for the solution ¥ in terms of the fi-stationary measure v* on the dual projective
space P(V*), where [t is the image of i by g — g~ '. This formula is

(18) = lopsr o)

where §(x, y) = H‘f,ﬁ%, for x =Rv in P(V) and y = R f in P(V*) (Proposi-
tion 4.9).

The main issue is to check that this integral is finite, that is, the stationary mea-
sure v* is log-regular, when the second moment of . is finite (Proposition 4.5).

Let us recall the Hsu—Robbins theorem which seems at a first glance unrelated.
This theorem is a strengthening of the classical law of large numbers for cen-
tered square-integrable independent identically distributed random real variables
(¢n)n>1. This theorem tells us that the averages %((pl + .-+ 4 ¢,) converge com-
pletely to O, that is, for all ¢ > 0, the following series converge:

1
(19) SP(slen 4ol = e) <00,

n>1

The key point to prove the log-regularity of the stationary measure v* is to prove an
analogue of the Hsu—Robbins theorem for martingales under a suitable condition
of domination by a square-integrable function (Theorem 2.2) and to deduce from
it another analogue of the Hsu—Robbins theorem for the Furstenberg law of large
numbers (Proposition 4.1).

Another important ingredient in the proof of the log-regularity of v* is the sim-
plicity of the first Lyapunov exponent due to Guivarc’h in [25] and [28].

1.5. Plan. In Section 2, we prove the complete convergence in the law of large
numbers for martingales with square-integrable increments and we recall the cen-
tral limit theorem for these martingales with square-integrable increments.

In Section 3, we prove a large deviations estimate in the Breiman law of large
numbers for functions over a Markov—Feller chain, we deduce the complete con-
vergence in the law of large numbers for square-integrable cocycles over random
walks and the central limit theorem when the cocycle is centerable.

In Section 4, we prove successively the complete convergence in the Fursten-
berg law of large numbers, the log-regularity of the corresponding stationary mea-
sure on the projective space, the centerability of the norm cocycle and the central
limit Theorem 1.1. We end this chapter by the multidimensional version of this
central limit theorem.

2. Limit theorems for martingales. We collect in this chapter the limit the-
orems for martingales that we will need in Chapter 3.
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2.1. Complete convergence for martingales. In this section, we prove the
complete convergence in the law of large numbers for martingales.

Let (€2, B, IP) be a probability space. We first recall that a sequence X,, of ran-
dom variables converges completely to X, if, foralle > 0, )", -1 P(| X, — Xoo| >
g) < 0o. By the Borel-Cantelli lemma, complete convergence implies almost sure
convergence. We recall now the following classical result due to Baum and Katz
in [2].

FAacT 2.1. Let p > 1, let (¢,),>1 be independent identically distributed real
random variables and S,, = ¢1 +- - - +¢,,. The following statements are equivalent:

(i) Elg1]? < oo and E(¢1) =0,
(i) Y,=1nP2P(|S,| > ne) < oo, for all & > 0.

When p =2 the implication (i) = (ii) is due to Hsu—Robbins [32] and the con-
verse is due to Erds [17]. In this case, condition (ii) means that the sequence %Sn
converges completely toward 0.

When p = 1, this fact is due to Spitzer [38].

Our aim is to prove the following generalization of Baum—Katz theorem to mar-
tingales. Let By C --- C B,, C - -- be sub-o-algebras of B. We recall that a mar-
tingale difference is a sequence (¢;),>1 of integrable random variables on €2 such
that E(¢,|B,—1) =0foralln > 1.

THEOREM 2.2. Let p > 1, let (¢,)n>1 be a martingale difference and S, :=
@1+ -+ -+ @y, the corresponding martingale. We assume that there exists a positive
function ¢ in LP(2) such that, forn > 1,1t > 0,

(2.1) E1yjp,1>1}1Ba-1) <P({¢ > t}) almost surely.
Then there exist constants C,, = C,(p, &, @) such that, forn > 1, & > 0,
(2.2) P(1Sy| > ne) <Cy and Y nP72C, < oo.

n>1

The fact that the constants C,, are controlled by the dominating function ¢ will
be important in our applications. A related theorem was stated in [40] for p > 2.
The extension to the case p = 2 is crucial for our applications. We stated our result
for p > 1 since the proof is not very different when p = 2.

PROOF OF THEOREM 2.2. Our proof combines the original proof of the
Baum-Katz theorem with Burkholder inequality. Since p > 1, we pick y < 1 such
that y > p2—41'71. We set, for k < n,

(2.3) onk =0 lg <nr) and Tpi= Y @uu.

1<k<n



CLT FOR LINEAR GROUPS 1313

In order to lighten the calculations, we also set
(2.4) Pui=Pnk —E(@uilBio) and T,:= Y @,
1<k<n

so that, for all n > 1, the finite sequence (¢, ;)1<k<n 18 also a difference martin-
gale. We can assume ¢ = 3. We will decompose the event A, := {|S,| > 3n} into
four pieces

2.5) Ap C Al U Az UAspUAdn.
The events A; ,, are given by
Ay := {there exists k < n such that |gi| > n},
Aj,, = {there exist k| < ky <n such that |gx, | > n”, |gx,| > n"},
={IT; — Tul > n},
A4n :={IT,| >n}.

The inclusion (2.5) is satisfied since, when none of the four events A; , is satisfied,
one has |S,| < 3n. We will find, for each piece A; ,, a constant C; , = C; »,(p. €, ¢)
such that P(A; ,) < C; , and Y= n?72C; ,, < 0.

First piece. One computes, using the domination (2.1),
]P)(Al,n) =< Cl,n = I’l]P)((p >n)
and
Y nP2C =) 0P Pl >n) < E((<p + 1)P)
n>1 n>1

which is finite since the dominating function ¢ is L?-integrable.
Second piece. One computes, using the domination (2.1),

P(As,) < Capi=n’P(p > n?)?
and, using Chebyshev’s inequality,

Z nP=2Cy, < Z nP=2vp (E(¢p))2

n>1 n>1

which is finite since y > £ ”;1

Third piece. One bounds, remembering that the variables ¢y are martingale dif-
ferences and using the domination (2.1),

|E(@nk1Bk=1)| = |E(@k — ¢nk1Br—1)|

o
< [ Blgil > 1B dr 47 Pl > 07 1Bc1)

0.¢]
< / P(p > t)dt + n”P(¢ > n") =E(p lig=nr}),
nY
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and this right-hand side converges to 0 when n goes to infinity since the dominating
function ¢ is integrable. One deduces the bounds

1 _
;lTn =Tyl < E(¢1{<p>n1’})y

with a right-hand side also converging to 0. Hence, one can find an integer ng =
no(p, €, ) such that, for n > ng, the event A3, is empty. We just set C3 , =0
when n > ng and C3 , = 1 otherwise.

Fourth piece. We set Q,, := D l<k<n @i’k, po :=min(p,2), and M > 1 to be
the smallest integer such that M > 2(%),). According to the Burkholder inequality
(see [29]), since (@, x)1<k<n i a martingale difference, there exists a constant Dy,
which depends only on M, such that

A mM —2M —M
DMIE(Qn ) = E(Tn ) = DME(QI’E )

One computes then, using Chebyshev’s inequality,

(2.6) P(A4p) <n METM) < Dyn MEQY).

We expand now E(EZ/I) as a sum of terms of the form E(@ﬁ?,il ---@iq,ﬁl) with
1<e<M,q1,....qe>1,qg14+ - -+qg=Mand 1 <k <--- <k¢ <n. Using
the bounds, for 1 <k <nand g > 1,

_2q 2g—po | —
G = (2n7)00@,, kPO,
and, using the domination (2.1), one bounds each term in the sum

_2, _2, — 12
B, i) < 4 E ()

For each value of £ < M, the number of such terms is bounded by M‘n¢. Summing

all these bounds, one gets, since ypg > min(pT“, ijrl) >1,

E(Q))< S @4MME(pro) nMr—tror+t
1<t<M
< Cp,(anMV,
where ¢ , = 4™ MM+ max (1, E(pP0)M). Plugging this inside (2.6), one gets
P(Agn) < Cyqp = cp’(pDMn_z(l—V)M

and

-2 —2=2(1—y)M
anﬂ C4,n:Cp,(pDMan (1=y) ’

n>1 n>1

which is finite since M > O

A
2(1-y)-
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REMARK 2.3. As we have seen in this proof, assumption (2.1) in Theorem 2.2
implies that there exists a constant C := E|¢|? such that, foralln > 1,

2.7) E(lgnl?1Bu-1) < C.

However, the conclusion of Theorem 2.2 is no more true if we replace assump-
tion (2.1) by (2.7). Here is a counterexample. Choose ¢,, to be symmetric inde-
pendent random variables such that, for 3l < p <3, ¢, takes values in the
set {—3,0,3"} and P(¢, = £3") = 37P'. For these variables, the conclusion of
Theorem 2.2 does not hold. This is essentially due to the fact that the series
Y on>1 nP~2P(3k < n||gx| > n) diverge (the details are left to the reader since we
will not use this example).

When the martingale difference is uniformly bounded, one has a much better
large deviation estimate than (2.2) due to Azuma in [1].

FACT 2.4 (Azuma). Let (¢,)n>1 be a martingale difference and S, := ¢1 +
-+ -+ @, the corresponding martingale. If |¢,| < a < oo for all n > 1, then one has
foralln>1,¢ >0,

(2.8) P(S, > ne) < e~ 67)/C2a®),

PROOF. We recall Azuma’s proof since it is very short. Assume a = 1. Us-
ing the convexity of the exponential function, one bounds, for all x in [—1, 1],
e®* < cosh(e) + xsinh(e) < /2 + xsinh(e). Hence, for all £k > 1, one has
E(e®*|Bk—1) < e’/ 2, and, by Chebyshev’s inequality,

P(S, = ne) < e " E(eS) < e () = oD, 0

2.2. Central limit theorem for martingales. In this section, we briefly recall
the martingale central limit theorem, which is due to Brown.

Let (2, B, P) be a probability space, (p,),>1 be a sequence of positive integers
and, forn > 1, let

BuoC-- CBup,

be sub-o -algebras of B.

Let E be a finite-dimensional normed real vector space. We want to define the
Gaussian laws Ng on E. Such a law is completely determined by its covariance 2-
tensor ®. If we fix a Euclidean structure on E, this covariance 2-tensor is nothing
but the covariance matrix of Ng. Here are the precise definitions.

We denote by S?E the space of symmetric 2-tensors of E. Equivalently, S2E is
the space of quadratic forms on the dual space E*. The linear span of a symmetric
2-tensor & is the smallest vector subspace Eg C E such that ® belongs to S>E.
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A 2-tensor W € S?E is nonnegative (which we write ¥ > 0) if it is nonnegative as
a quadratic form on the dual space E*. For every v in E, we set v> := v®v € S°E,
and we denote by

By :={ve Ep|P — v? is nonnegative}

the unit ball of ®. For any nonnegative symmetric 2-tensor ® € S?E, we let N
be the centered Gaussian law on E with covariance 2-tensor @, that is, such that

o= /E v2dNg (v).

For instance, Ng is a Dirac mass at 0 if and only if ® =0 if and only if E¢ = {0}.
The following theorem is due to Brown in [15] (see also [29]).

FACT 2.5 (Brown martingale central limit theorem). For 1 < k < p,, let
©n.k : 2 — E be square-integrable random variables such that

(2.9) E(@nk1Bnk—1) =0.
We assume that the S2 E-valued random variables

2.10) W, := Z IE((p,% o Brk—1) converge to ® in probability,
lfkfpn

and that, for all ¢ > 0,

211) We, = kX: E(wﬁ,kl{ﬂ%,kﬂzs}|ank—1)njo>oo in probability.
1<k=<pn

Then the sequence S, := )| <k <, ¢n.k converges in law toward No.

Under the same assumptions, the sequence S, also satisfies a law of the it-
erated logarithm, that is, almost surely, the set of cluster points of the sequence
m is equal to the unit ball B¢ (indeed the sequence S, satisfies an in-
variance principle; see [29], Chapter 4).

Assumption (2.11) is called Lindeberg’s condition.

We recall that a sequence X, of random variables converges to X o, in probabil-

ity, if, for all e > 0, P(| X, — Xoo| =€) — O.
n—oo

3. Limit theorems for cocycles. In this section, we state various limit theo-
rems for cocycles and we explain how to deduce them from the limit theorems for
martingales that we discussed in Chapter 2.
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3.1. Complete convergence for functions. In this section, we prove a large de-
viations estimate in the law of large numbers for functions over Markov-Feller
chains.

Let X be a compact metrizable space and C%(X) be the Banach space of contin-
uous functions on X. Let P :C%(X) — CY(X) be a Markov—Feller operator, that is,
a bounded operator such that | P|| <1, P1 =1 and such that Pf > 0 for all func-
tions f > 0. Such a Markov—Feller operator can be seen alternatively as a weak-x
continuous map x +— P, from X to the set of probability measures on X, where Py
is defined by P, (f) = (Pf)(x) for all f in C%(X). We denote by X the compact
set X = XN of infinite sequences x = (xgp, X1, X2, ...). For x in X, we denote by
P, the Markov probability measure on X, that is, the law of the trajectories of the
Markov chain starting from x associated to P.

Given a continuous function ¢ on X, we define its upper average by

Z;’ = sup/ e(x)dv(x)
v JG
and lower average by
E; ::1rv1f/G<p(x)dv(x),

where the supremum and the infimum are taken over all the P-invariant probability
measures v on X. We say ¢ has unique average if Z;f =£,.

According to the Breiman law of large numbers in [14] (see also [7]), for such
a ¢, for any x in X, for IP,-almost every x in X, the sequence rl—l Y ke ¢(xx) con-
verges to E;f = £, . The following proposition is a large deviations estimate for the
Breiman law of large numbers.

PROPOSITION 3.1. Let X be a compact metrizable space, and P be a
Markov—Feller operator on X. Let ¢ be a continuous function on X with upper
average E;,L and lower average £, . Then, for all ¢ > 0, there exist constants A > 0,
o > 0 such that

1 n

3.1) Px<{£el‘—2(p(xk)¢[E;—e,ﬁ;g-i-s]}) < Ae 9",
=

foralln>1andall x in X.

Note that E(; = E;f as soon as P is uniquely ergodic, that is, as soon as there
exists only one P-invariant Borel probability measure v on X.

PROOF OF PROPOSITION 3.1. We assume ||¢||co = % We introduce, for 1 <
£ < n, the bounded functions ¥, and W, , on X given, for x in X, by

W, (x) =@(x,) and Wy, (x) = (P'p)(xn—s),
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so that, for x in X,
"Ilf,n =E (W, X—¢) Py-as.,

where &), is the o-algebra on X spanned by the functions x — x; with kK <n. On
one hand, one has the uniform convergence

&
+ J +
(3.2) max(ﬁ‘p, ” X} P )m?o’ofw
j=
in C°(X). Hence, we can fix m such that, for all x € X,

1 & ; L €
a;Pw(x)fﬁw—i-Z.
J=

Then, for all » > 1 and x € X, one has

m+n m

Z Z\p]kﬂ(x)«z +

km—HJ 1

In particular, if n > ng := 4—’", one also has

m+n

(3.3) — Y Zw,k(x)<e++_

k m+1 j=1

On the other hand, for all 1 < j <m, x € X, by Azuma’s bound (2.8) and the
equalities, for k > j, Ey(W;j_1x — W x| Xk—;) =0, one has

P, > £ < mmecom?)
Z )=

Adding these bounds, one gets, forall 1 < j <m, x € X,

1 m—+n
R({aez\‘; 3 (W) - W) = Z}) < me~ €/ G2,

m+n

D0 (Wi @) — W)
k m—+1

k=m+1
and hence
m+n , ,
Pylix e X’ W (x) — — Z Wk (x) < m2e— e/ (32m*)
= m+1 =3

Combining this formula with (3.3), one gets the desired bound,

P, ({xeX‘ Z\Ilk(x) >£++g}) <mZe (nsz)/(32m2)

k=1
foralln >npandx € X. O



CLT FOR LINEAR GROUPS 1319

3.2. Complete convergence for cocycles. In this section, we prove the com-
plete convergence in the law of large numbers for cocycles over G-spaces.

Let G be a second countable locally compact group acting continuously on
a compact second countable topological space X. Let u be a Borel probability
measure on G.

We denote by (B, B, 8) the associated one-sided Bernoulli space, that is,
B = GY' is the set of sequences b = (by,...,b,,...) with b, in G, B is the
product o-algebra of the Borel o-algebras of G, and $ is the product measure
w®N" For n > 1, we denote by B, the o-algebra spanned by the »n first coordi-
nates by, ..., by,.

We will apply the results of Section 3.1 to the averaging operator, that is, the
Markov—Feller operator P = P, :C%(X) — C%(X) whose transition probabilities
are given by Py = u * §, for all x in X. For every x in X, the Markov measure P,
is the image of 8 by the map

B — X; b (x,b1x,bybix,bsbrb1x, ...).

We denote by p*" the nth-convolution power g * - - - % (.
Let E be a finite-dimensional normed real vector space and o a continuous
function o : G x X — E. This function o is said to be a cocycle if one has

(34) o(gg . x)=0(g.g'x)+0o(g,x) forany g, g’ € G, x € X.
We introduce the sup-norm function ogyp. It is given, for g in G, by
(3.5) osup(8) = sup o (g, x)|.
xeX

We assume that this function oy, is integrable

(3.6) /G Gaup(2) d1i(g) < 0.

Recall a Borel probability measure v on X is said to be p-stationary if uxv =v,
that is, if it is P, -invariant. When E = R, we define the upper average of o by

of =sup [ alg 1) du@)dv(x),
v JGxX
and the lower average
o =inf [ o(e 0 duldv),
V JGxX

where the supremum and the infimum are taken over all the p-stationary probabil-
ity measures v on X. We say that o has unique average if the averages do not de-
pend on the choice of the p-stationary probability measure v, that is, if a: =0,.
In this case, these functions satisfy also a law of large numbers, that is, under as-
sumption (3.6) if o has unique average, for any x in X, for 8-almost every b in B,

the sequence ) }_, U(b"’bknw converges to o, (see [7], Chapter 2).
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Proposition 3.2 is an analog of the Baum—Katz theorem for these functions.
For p = 2, it says that, when oy is square integrable, this sequence converges
completely.

PROPOSITION 3.2. Let G be a locally compact group, X a compact metriz-
able G-space, | a Borel probability measure on G and p > 1. Let0:G x X - R
be a continuous function such that oy is LP-integrable. Let crlj and o, be its
upper and lower average. Then, for any ¢ > 0, there exist constants D,, such that

an_an < 00,

n>1

and, forn>1,x € X,

= o (bi, bk—1---b1x)

(el

—1 h

¢ o —s,a;—l—s]}) <D,.

In particular, when o is a cocycle, one has, forn > 1, x € X,

(3.7 w(lee 6|8 ¢ [0y —eiof +41}) < .

The fact that the constants D, do not depend on x will be important for our
applications.

PROOF OF PROPOSITION 3.2. According to Proposition 3.1, the conclusion
of Proposition 3.2 is true when the function o does not depend on the variable g.
Hence, it is enough to prove Proposition 3.2 for the continuous function ¢’ on
G x X given, for g in G and x in X, by

o'(g. 0 =0(g.0) = [ ole.x)duce).
By construction, the sequence of functions ¢, on B given, for b in B, by
on(b) = U/(bn’ by_1---b1x)

is a martingale difference. Hence, our claim follows from Theorem 2.2 since the
functions ¢;, satisfy the domination (2.1): forn > 1, ¢t > 0,

E(l{\<pn|>t}|Bn—l) = M({g € Glasup(g) + M > l}),

where M is the constant M := [, osup(g)du(g). O
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3.3. Central limit theorem for centerable cocycles. In this section, we explain
how to deduce the central limit theorem for centerable cocycles from the central
limit theorem for martingales.

Let 0:G x X — E be a continuous cocycle. When the function ogyp is u-
integrable, one defines the drift or expected increase of o: it is the continuous
function X — E; x — [; 0 (g, x)du(g). One says that o has constant drift if the
drift is a constant function:

(3.3) [0 due) =0

One says that o is centered if the drift is a null function.
A continuous cocycle o : G X X — E is said to be centerable if it is the sum

(3.9) o(g,x) =00(g, x) + ¥ (x) — ¥(gx)

of a cocycle oy(g, x) with constant drift o}, and of a coboundary v (x) — ¥ (gx)
given by a continuous function ¥ € C%(X). A centerable cocycle always has a
unique average: for any p-stationary probability v on X, one has

f o (g, x) du(g) dv(x) = ay..
GxX

Here is a trick to reduce the study of a cocycle with constant drift o}, to one
which is centered. Replace G by G’ := G x Z where Z acts trivially on X, replace
w by u' :=u ® 81, so that any p-stationary probability measure on X is also u'-
stationary, and replace o by the cocycle

3.10)0 o':G'xX—E given by o’ ((g, n), x) =0 (g, x) — noy,.
A centerable cocycle o is said to have unique covariance ®,, if
2
D, ::/ (00(g, x) —0y,) " du(g) dv(x)
GxX

(3.11)
does not depend on the choice of the p-stationary probability measure v,

where oy is as in (3.9). This covariance 2-tensor ®,, € S?E is nonnegative.

REMARK 3.3. This assumption does not depend on the choice of op. More
precisely, if o¢ and o7 are cohomologous centered cocycles, for any p-stationary
Borel probability measure v on X, one has

(3.12) /G o0(g.x)2dja(g) dv() = /G

Indeed, since o and o7 are centered and cohomologous, we may write, for any
g,x,01(g,x) =00(g, x) + ¥ (x) — ¥ (gx) where ¢ is a continuous function on X
and P,y = vr. Now, the difference between the two sides of (3.12) reads as

(3.13) 2/GXxOo(g,X)lﬂ(gX)dM(g)dV(X)-

i (g,x)*du(g) dv(x).

X
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By ergodic decomposition, to prove this is 0, one can assume v is p-ergodic. In
this case, since P,y =, ¥ is constant v-almost everywhere and (3.13) is pro-
portional to [, x 00(g, x) du(g) dv(x), which is 0 by assumption.

THEOREM 3.4 (Central limit theorem for centerable cocycles). Let G be a
locally compact group, X a compact metrizable G-space, E a finite-dimensional
real vector space, and u a Borel probability measure on G. Let 60 :G X X —
E be a continuous cocycle such that [ Osup (g)2 du(g) < oo. Assume that o is
centerable with average o, and has a unique covariance ®,, that is, o satisfies
(3.9) and (3.11). Let N, be the Gaussian law on E whose covariance 2-tensor
is @,

Then, for any bounded continuous function \r on E, uniformly for x in X, one
has

e [ w("(“)#”““) 4w (©) =, [ N, ).

Note that hypothesis (3.11) is automatically satisfied when there exists a unique
u-stationary Borel probability measure v on X.

REMARKS 3.5. When E = RY, the covariance 2-tensor ® u 1s nothing but the
covariance matrix of the random variable og on (G x X, u ® v).

The conclusion in Theorem 3.4 is not correct if one does not assume the cocycle
o to be centerable.

PROOF OF THEOREM 3.4. We will deduce Theorem 3.4 from the central limit
Theorem 2.5 for martingales.

As in the previous sections, let (B, I3, 8) be the Bernoulli space with alphabet
(G, n). We want to prove that, for any sequence x, on X, the laws of the random
variables S, on B given, for b in B, by

S, (b) = %(a(bn -+b1, xy) —noy,)
converge to N,.

Since the cocycle o is centerable, one can write o as the sum of two cocy-
cles o0 = o¢ 4+ o1 where og has constant drift and where o is a coboundary. In
particular, the cocycle o7 is uniformly bounded and does not play any role in the
limit (3.14). Hence, we can assume o = og. Using the trick (3.10), we can assume
that o, =0, that is, o is a centered cocycle.

We want to apply the martingale central limit Theorem 2.5 to the sub-o-algebras
By k = By spanned by by, ..., by and to the triangular array of random variables
¢n.k On B given by, for b in B,

o (b, bi—1---b1x,) forl <k <n.

@n k(b)) = 7
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Since, by the cocycle property (3.4), one has
Sn = Z (pl’l,k’
1<k<n

we just have to check that the three assumptions of Theorem 2.5 are satisfied with
® = ¢ ,,. We keep the notation W,, and W, of this theorem.

First, since the function oy is square integrable, the functions ¢, ; belong to
L%(B, B), and, by equation (3.8), assumption (2.9) is satisfied: for g-almost all b
in B,

E(@nilBin) = [ o(g. bt +brx,) ducg) =0.
Second, we introduce the continuous function on X,
x M) = [ ae0?du()

and we compute, for S-almost all b in B,
1
Wab)=— > M(bk_1---bixp).
’llgkfn

According to Proposition 3.1, since o has a unique covariance &, the sequence
W, converges to ®,, in probability, that is, assumption (2.10) is satisfied.
Third, we introduce, for A > 0, the continuous function on X

X = M;(x) :/(;U(gvx)zl{\\o(g,x)llzk} du(g)

and the integral

L= /G T () Loy (0121 1L (),
we notice that

My (x) <L, — 0,
A—>00

and we compute, for ¢ > 0 and 8-almost all » in B,

1
Wen®)=— > M, it ---bixn) < I g =30,
1<k=<n
In particular, the sequence W, , converges to O in probability, that is, Lindeberg’s
condition (2.11) is satisfied.
Hence, by Fact 2.5, the laws of §,, converge to N,,. [

4. Limit theorems for linear groups. In this section, we prove the central
limit theorem for linear groups (Theorem 1.1). Our main task will be to prove that
the norm cocycle (1.5) is centerable.
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4.1. Complete convergence for linear groups. In this section, we prove the
complete convergence in the Furstenberg law of large numbers.

Let K be a local field. The reader who is not familiar with local fields may
assume K = RR. In general, a local field is a nondiscrete locally compact field. It is
a classical fact that such a field is a finite extension of either:

(i) the field R of real numbers (in this case, one has K = R or C), or
(ii) the field Q, of p-adic numbers, for some prime number p, or
(iii) the field IF,,((z)) of Laurent series with coefficients in the finite field ¥, of
cardinality p, for some prime number p.

Let V be a finite-dimensional K-vector space. We fix abasis eq, ..., ez of V and
the following norm on V. For v = Y v;e; € V, we set |v]| = (X |vi|?)!/? when
K =R or C, and ||v|| = max(|v;|) in the other cases. We denote by ef, ..., e} the
dual basis of V* and we use the same symbol | - || for the norms induced on the
dual space V*, on the space End(V) of endomorphisms of V, or on the exterior
product A2V, etc. We equip the projective space P(V) with the distance d given,
by

oAV
oll{[v/]]

d(x,x") for x = Kv, x’ =Kv' in P(V).
For g in GL(V), we write N(g) := max(||g|, ||g_1 .

Let 1 be a Borel probability measure on G := GL(V) with finite first moment:
Jglog N(g)du(g) < co. We denote by I', the subsemigroup of G spanned by the
support of u, and by A; the first Lyapunov exponent of u,

.1 *n
@.1) o= lim [ log gl di (o).
Let by, ..., by, ... be random elements of G chosen independently with law .

The Furstenberg law of large numbers describes the behavior of the random
variables log ||b, - - - by]|. It is a direct consequence of the Kingman subadditive
ergodic theorem (see, e.g., [39]). It states that, for w®V -almost any sequence
(b1,...,by,...)in G, one has

1
(4.2) lim —log|lb,---b1|| = A1.
n—-oon
The following Proposition 4.1 is an analogue of the Baum—Katz theorem for the

Furstenberg law of large numbers. For p = 2, it says that when the second moment
of u is finite, this sequence (4.2) converges completely.

PROPOSITION 4.1. Let p > 1 and V =K. Let pu be a Borel probability mea-
sure on the group G := GL(V), such that the pth-moment [;(logN(g))? du(g)
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is finite. Then, for every € > 0, there exist constants C, = C,(p, €, ) such that
donsl nP=2C, < oo and

4.3) W ({g € G such that |log||g|l — nii| > en}) < C,.

Moreover, if '), acts irreducibly on V, for any v in V' \ {0}, one has

(4.4) M*"({g € G such that |log ﬁ — nkl‘ > sn}> <GCy.
v

PROOF. We first prove the claim (4.3). We fix ¢ > 0. We will apply Proposi-
tion 3.2 to the group G = GL(V) acting on the projective space X = P(V) and to
the norm cocycle

lgvll
[[v

0:GxX—>R; (g, Kv) > log

for which the function oy is L”-integrable. According to Furstenberg—Kifer and
Hennion theorem in [20], Theorem 3.9 and 3.10, and [30], Theorem 1 and Corol-
lary 2 (see also [7], Chapter 3), the Lyapunov exponent A is the upper average
of o, that is,

m=swp [ o(gndu(e) v,

and there exists a unique I -invariant vector subspace V' C V such that, on one
hand, the first Lyapunov exponent A} of the image u’ of w in GL(V’) is strictly
smaller than A1, and, on the other hand, the image ©” of u in GL(V") with V" =
V/V’ has exponent A and the cocycle o”:GL(V") x P(V") — R; (g, Kv) >
log ”lfvv”” has unique average 1.

Since Ap is the upper average of o, by Proposition 3.2, there exist constants

Cn=Cu(p,e, ) suchthat ), -, nP=2C, < oo and, forall vin V \{O}andn > 1,

gl
vl

Since A is the unique average of o”, using again Proposition 3.2, one can choose
C,, such that, for all v/ in V" \ {0} and n > 1,

4.5) u*”({geG‘log —nki zen}) <C,.

//”

lgv
lv”]]

(4.6) ,u*"({geG‘log —nh ¢ [—8n,8n]}) <C,,
where, as usual, the norm in the quotient space V" is defined by the equality
[v"]l = inf{|jv]|]v € v" + V'}.

The claim (4.3), with a different constant C,,, follows from a combination of the
claim (4.5) applied to a basis vy, ..., vg of V and from the claim (4.6) applied to a
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nonzero vector v” in V”. One just has to notice that there exists a positive constant
M such that one has

lgv”|l llgvill
<loglgll < max log

vl — i ||
for all g in GL(V) preserving V'.
The claim (4.4) follows from (4.6), since when the action of I', on V is irre-
ducible, one has V" =V. O

log

+M,

We denote by A; the second Lyapunov exponent of u, that is,

I8l
4.7 log .
(47 = Jim - [ @

COROLLARY 4.2. Assume the same assumptions as in Proposition 4.1. For
every ¢ > 0, there exist constants Cy, such that ), nP=2C, < 0o and

4.8)  w*({g € G such that |log|| A* g|| — n(r + 12)| = en}) < C,.
PROOF. Our statement (4.8) is nothing but (4.3) applied to A2V, O

REMARKS 4.3. An endomorphism g of V is said to be proximal if it admits
an eigenvalue A which has multiplicity one and if all other eigenvalues of g have
modulus <|A|. The action of I'), on V is said to be proximal if T';, contains a
proximal endomorphism. The action of I'), on V' is said to be strongly irreducible
if no proper finite union of vector subspaces of V is I';-invariant.

According to a result of Furstenberg (see, e.g., [12]), when I'; is unbounded,
included in SL(V)) and strongly irreducible in V, the first Lyapunov exponent is
positive: A1 > 0.

According to a result of Guivarc’h in [25], when the action of I";, is proximal
and strongly irreducible, the first Lyapunov exponent is simple, that is, one has
A1 > Az. We will use this fact in the next section.

4.2. Log-regularity in projective space. In this section, we prove the log-
regularity of the Furstenberg measure for proximal stronly irreducible represen-
tations when the second moment of w is finite.

For any y = Kf in P(V*), we set y~ C P(V) for the orthogonal projective
hyperplane: yL =P(Ker f). For x =Kv in P(V) and y =K f in P(V*), we set

Lf (W)
(vl

This quantity is also equal to the distance §(x, y) = d(x, yL) in P(V) and to the
distance d(y, x1) in P(V*).

(x,y) =
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REMARK 4.4. Let u be a Borel probability measure on GL(V') such that I,
is proximal and strongly irreducible on V. Then, due to a result of Furstenberg,
w admits a unique p-stationary Borel probability measure v on P(V'). For $-almost
any b in B, the sequence of Borel probability measures (b - - - b,).v converges to
a Dirac measure (see [12], Section IIL.4, in the real case and [7], Chapter 3, in the
general case).

PROPOSITION 4.5. Let p > 1 and V =K. Let i be a Borel probability mea-
sure on G = GL(V') whose pth-moment is finite. Assume that I, is proximal and

strongly irreducible on V. Let v be the unique -stationary Borel probability mea-
sure on X =P(V). Then, for all y in P(V*),

(4.9) /X llog8(x, y)|”~" dv(x) is finite,

and is a continuous function of y.

REMARKS 4.6. By a theorem of Guivarc’h in [26], when p is assumed to
have an exponential moment, the stationary measure v is much more regular: there
exists ¢ > 0 such that

4.10) sup §(x,y) Tdv(x) < oo.
yeP(v*) /X

The following proof of Proposition 4.5 is similar to our proof in [7] of Guivarc’h
theorem, which is inspired by [13].

Note that the integral (4.9) may be infinite when the action of I, is assumed to
be “irreducible” instead of “strongly irreducible” (see Example 4.15).

Let K be the group of isometries of (V, || - ||) and A be the semigroup
AT = {diag(ay, ..., ag)lla1] = --- > |aal}.
For every element g in GL(V), we choose a decomposition
g =keagly with kg, £, in K and ag in A™.
We denote by xé,‘” € P(V) the density point of g and by yz,” € P(V*) the density
point of ' g, that is,
xé,” =Kkger and yy' :=K'lge].

IA%gll

We denote by y;(g) the first gap of g, that s, y1(g) := gl

LEMMA 4.7. Forevery g in GL(V),x =Kv in P(V) and y =K f in P(V*),
one has:

(i) 8(x. ¥ <

llg
2|l

g ﬁﬂn <3(x, yg") +r1(8),
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(i) 8(M, y) < &L <5(eM, ) + 11 (9),
(i) d(gx,x;")8(x, yi) < v1(g).

PROOF. For all these inequalities, we can assume that g belongs to A™, that
is, g = diag(ay, ..., aq) with |ay| > --- > |ag|. We write v = v{ + vy with vy in
Kej and v, in the Kernel of e]. One has then

laz|

gl = la1l, Vl(g)=m and  §(x, yy')

ull
i 9
ol

() follows from [Ig|l[lvill < [lgvll < llgllllvill + lazlllv2ll,
(i) follows from (i) by replacing V with V* and g with ' g,

M my — ligvall llvill - Jaal
(iii) follows from d(gx,x;)3(x, yg") = 5 < - O

LEMMA 4.8. Under the same assumptions as Proposition 4.5, there exist con-
stants ¢ > 0, and C,, > 0 with anl np_zC,, < 00, and such that, forn > 1, x in
P(V) and y in P(V*), one has

4.11) 1w ({g € Gld(gx,x}') = e="}) < Cy,
(4.12) W ({g €G3y y) <e™ ")) < Cy,
(4.13) 1w ({g € Gl8(gx, y) <e™"}) < Cy.

PROOF. We set ¢ = %()»1 — Az) where A| and A, are the first two Lyapunov
exponents of u (see Section 4.1). According to Guivarc’h theorem in [25], since
the action of I', is proximal and strongly irreducible, one has A1 > A. Accord-
ing to Proposition 4.1 and its Corollary 4.2, there exist constants C, such that
Zn>1np_2Cn < 00 and such that, for n > 1, x = Kv in P(V) and y = Kf in
P(V*) with |Jv|| = |l¢|l = 1, there exist subsets Gn,x,y C G with u*(Gp x,y) >
1 — Cy, such that, for g in G, y y, the four quantities

1 1
‘M— og gl ’ ‘M— oglgvll ’
n n
log ||’ 1
‘M— Ogllngqoll ’ ‘M—kz— og’)?(g)’

are bounded by e(A; — Ap) with ¢ = é We will choose ng large enough, and prove
the bounds (4.11), (4.12) and (4.13) only for n > ny. We have to check that, for
n>ngand g in Gy y, one has

d(gx,xg/l) <e M, 8(xM, y)>e " and 8(gx,y)>e .
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We first notice that, according to Lemma 4.7(i), one has

5(x, y?) > = 260n—An _ ,—(1=6)(—ha)n
hence, since ng is arbitrarily large,
(4.14) 8(x, y?) > ¢~ 3e—h)n

But then, using Lemma 4.7(iii) one gets, for ng large enough,

(4 15) d(gx xM) < e_(l_8)()Ll_)\2)n€38(kl_)L2)n — e—(l—48)()n1 —)»2)11
. Xy ) = .

This proves (4.11).

Applying the same argument as above to ‘g acting on P(V*), the inequal-
ity (4.14) becomes

(4.16) S(xy y) = e i,

This proves (4.12).

Hence, combining (4.16) with (4.15), one gets, for ng large enough,

8(gx,y) > S(Xév[, y) — d(gx,xéw)
> e—38()\.1—)»2)n . e—(1—48)()»1—}»2)n > 6—48()»1—)»2)}1'

This proves (4.13). U

PROOF OF PROPOSITION 4.5. We choose ¢, C,, as in Lemma 4.8. We first
check that, for n > 1 and y in P(V*), one has
(4.17) v({x € X[8(x,y) <e”"}) < C,.

Indeed, since v = pu*" * v, one computes using (4.13)
v({x € XI3(x, y) <e~"}) =/ W ((g € Gls(gx. y) < e~} dv(x)
X

5/ CndU(x)=Cn.
X

Then cutting the integral (4.10) along the subsets A, 1,y \ A,y Where
Apyi={xeX|8(x,y) <e "}
one gets the upperbound
[ l1ogsce, 1™ dv(w) = 3 e A1) = v(Ay)
n>1

<P 4P Y (e + P —nPThC,
n>1
<cP ' (p—12PcP7 Y P20,
n>1

which is finite. This proves (4.9).
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It remains to check the continuity of the function on P(V*)
Yy / log8(x, y)|P ™" dv(x).
X

The fact that the above constants C,, do not depend on y tells us that this function
¥* is a uniform limit of continuous functions v, given by

,cn)p_ldv(x).

Uiy / min(|log(x, y)
X
Hence the function ¢* is continuous. [

4.3. Solving the cohomological equation.
In this section, we prove that the norm cocycle is centerable.

We recall that the norm cocycle o on X =P(V) is the cocycle

gl
vl

o:GL(V) xP(V) - R; (g, Kv) — log

PROPOSITION 4.9. Let ju be a Borel probability measure on G = GL(K%)
whose second moment is finite. Assume that ', is proximal and strongly irre-
ducible on V := K. Then the norm cocycle o on P(V) is centerable, that is,
satisfies (3.9).

PROOF. Let
(4.18) wrxH/GG(g,x)du(g)

be the expected increase of the cocycle o. We want to find a continuous function
Y on X such that

(4.19) p=v = Py +Ar,

where P,y (x) = [ ¥ (gx)du(g), for all x in X, and where A is the first expo-
nentof won V.

Let / be the image of i by g — g~'. We will also denote by o the norm cocycle
on P(V*), that is, the cocycle

0ol
o :GL(V) x P(V*) = R; (g. Kf) > 10g”fig”.

A1
Since the representation of I';; in V* is also proximal and strongly irreducible,

there exists a unique fi-stationary probability measure v* on the dual projective
space P(V*).
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Since the second moment of  is finite, according to Proposition 4.5, this mea-
sure v* is log-regular. Hence, the following formula defines a continuous function
Y on X:

(4.20) ¥ = /G log8(x. y) dv*(y),

where §(x, y) = H‘Jfﬁ% for x = Rv in P(V) and y = Rf in P(V*).
We check the equality,

4.21) o (g, x) =logd(x,g™'y) —logs(gx,y) +o(g”
by computing each side,
lgvll |f(gv)l | f(gv)l Ifogll
og —— =log —log + log .
l[vll If ogllvl £ 1gvl A1

Integrating equation (4.21) on G x P(V*) for the measure du(g) dv*(y) and using
the [i-stationarity of v*, one gets (4.19) since A is also the first exponent of [
inV* 0O

l,y)

4.4. Central limit theorem for linear groups. The tools we have developed so
far allow us to prove not only our central limit Theorem 1.1 but also a multidimen-
sional version of this theorem.

Fori=1,...,m,let K; be alocal field and V; be a finite-dimensional normed
K;-vector space, and let  be a Borel probability measure on the locally compact
group G :=GL(V}) x --- x GL(V,;). We assume that I";; acts strongly irreducibly
in each V;. We consider the compact space X =P(V}) x --- X P(V},,).

We denote by o : G x X — R™ the multinorm cocycle, that is, the continuous
cocycle given, for g = (g1, ..., gmn) in G and x = (Kyvy, ..., K, v,) in X, by

ligivall IIgmvm||>
yeee,log ——— ).
[l [l

We introduce also the function « : G — R given, for g in G, by

o(g,x):= <log

k(g) = (logllgill ..., logllgml)
and the function £: G — R given by
N
£(g) := lim ;K(g ),

so that, the ith coefficient of £(g) is the logarithm of the spectral radius of g;. For
ginG,weset N(g) =37 N(gi).

REMARK 4.10. Let u be a Borel probability measure on the group GL(V}) x
-++ X GL(V},) such that, forany 1 <i <m, I, is proximal and strongly irreducible
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in V;. By Remark 4.4, u admits a unique p-stationary Borel probability measure
v; on P(V;) and, for f-almost any b in B, (b; - - - b,).v; converges toward a Dirac
mass J¢, () as n — 00. One easily shows that this implies that the image v of 8 by
the map

B— X; b (51(D), ..., Em(b))
is the unique p-stationary Borel probability measure on X (see, e.g., [7], Chap-
ter 1).

Here is the multidimensional version of Theorem 1.1.

THEOREM 4.11. Let pu be a Borel probability measure on the group G :=
GL(V1) x --- x GL(V},) such that T, acts strongly irreducibly on each V;, and
such that [;(log N(g))*du(g) < oo.

(a) There exist an element A in R™, and a Gaussian law N, on R™ such that,
for any bounded continuous function F on R™, one has

’ —ni *N
@ [ F(%) @ =, [ Fean,o.
uniformly for x in X, and
— nA
w [P = [ PO,

(b) When the local fields K; are equal to R and when p is supported by
SL(V1) x --- x SL(Vy), the support of this Gaussian law N, is the vector sub-
space E,, of R™ spanned by £(G ) where G, is the Zariski closure of T',.

(c) Whenm =1,Ky =R and ', has unbounded image in PGL(V}), the Gaus-
sian law N, is nondegenerate.

REMARK 4.12. Point (b) gives a very practical way to determine the support
of the limit Gaussian law N,. We recall that the Zariski closure G, of T';, in G is
the smallest subset of G containing I", which is defined by polynomial equations.
We recall also that the Zariski closure of a sub-semigroup of G is always a group.

PROOF OF THEOREM 4.11.  (a) We first notice that equations (4.22) and (4.23)
are equivalent since, for all ¢ > 0, there exists ¢ > 0 such that, for all nonzero
vector v; in V;, alln > 1,

1w ({g € Gleligill < lgivill/llvill < llgill}) =1 —e

(see, e.g., [8], Lemma 3.2).
First, assume that, for 1 <i <m, I';, is proximal in V;. In this case, by Propo-
sition 4.9, in each V;, the norm cocycle is centerable. Hence, our cocycle o is also
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centerable. Besides, since by Remark 4.10 1 admits a unique stationary probabil-
ity measure on X, o has a unique covariance. Equation (4.22) then directly follows
from the central limit Theorem 3.4.

In general, by Lemma 4.13 below, for any 1 <i < m, there exists a positive
integer r;, a number C; > 1 and a finite-dimensional K;-vector space W; equipped
with a strongly irreducible and proximal representation of I', such that, for any g
in I';;, one has

Mgy, < lgillw, < lgill.
Thus, (a) follows from the proximal case applied to the representations Wi,
ey W

(b) We assume now that all the local fields KK; are equal to R and that det(g;) = 1
for all g in I'),. We want to describe the support of the limit Gaussian law N,.
Again, by Lemma 4.13, we can assume that all V;’s are proximal.

According to [4], Section 4.6, the set «(I";,) remains at bounded distance from
the vector space spanned by £(I",,). Hence, the support of N, is included in E,.

Conversely, since o is centerable, by (3.11), the covariance 2-tensor of N, is
given by the formula, for all n > 1,

1 2 1 #n
(4.24) CDH=;_/;;XX(G(g,x)—Iﬂ(x)-l-lﬂ(gx)—nk) du™ (g) dv(x),

where ¥ is the continuous function in equation (3.9) and v is the unique u-
stationary probability measure on X. Let Eg, C R™ be the linear span of ®,.
For all g in the support of u*" and all x in the support of v, the element

(4.25) o(g,x)—v¥(x)+v(gx) —ni belongs to Eg, .
In particular, let g be an element of I'), which acts in each V; as a proximal

endomorphism and let

xT = (xfr,...,x,;';),

where, for any i, xi+ is the attractive fixed point of g in P(V;). Since xi+ is an
eigenline for g; whose eigenvalue has modulus equal to the spectral radius of g;,
we have

o(g.x)=L(g).

Since I';, is strongly irreducible in each V;, for any x = (x1, ..., x,) in X, there
exists i in I';, with g"hx 2 x. In particular, the support of v contains x T, so
n

that, applying (4.25) to the point x ™, we get
(4.26) l(g)€Zr+ Egp,.

Now, since the actions on V; are strongly irreducible, proximal and volume pre-
serving, the Zariski closure G, is semisimple. Hence, by [5], there exists a subset
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'y of I, such that, for any 7, the elements of I'y act as proximal endomorphisms
in V; and that the closed subgroup of R™ spanned by the set £(I"1) in R™ is equal
to the vector space E,, spanned by £(G ). Hence, by (4.26) this space E, has to
be included in Eg B and we are done.

(c) The main difference with point (b) is that the Zariski closure G, may not be
semisimple. The same argument as in (b) tells us that £([G, G ]) is included in
Eg, and, since the image of I';, in PGL(V) is unbounded, the group [G ., G ] is
also unbounded and one must have E¢, =R. [J

To deduce the general case in Theorem 4.11(a) from the one where all the V;
are I',-proximal, we used the following purely algebraic lemma.

LEMMA 4.13. Let K be a local field, V be a finite-dimensional normed K-
vector space and " be a strongly irreducible sub-semigroup of GL(V). Let r > 1
be the proximal dimension of " in V, that is, the least rank of a nonzero element
7 of the closure

KT := {7‘[ € End(V)|rr = lim Angn with 1, € K, g, € F}

and let W C A"V be the subspace spanned by the lines N w(V'), where 1 is a rank
r element of KI'. Then:

(a) W admits a largest proper T -invariant subspace U.
(b) The action of T in the quotient W' := W /U is proximal and strongly irre-
ducible.

(c) Moreover, there exists C > 1 such that, for any g in I, one has
(4.27) Clgl" < I A" gllw < ligll”

REMARK 4.14. In case K has characteristic 0, the action of I' in A"V is
semisimple and W' = W.

PROOF OF LEMMA 4.13. (a) We will prove that W contains a largest proper
I"-invariant subspace and that this space is equal to

U := ﬂ Kerw (A" 7) where 7 runs among all rank r elements of KT".
T

This space U is clearly I'-invariant. We have to check that the only I'-invariant
subspace U; of W which is not included in U is Uy = W. Let m be a rank r
element of KT such that U; is not included in Ker(A” 7). The endomorphism A"
is proximal and one has

A (Uy) C Uy.
As A" has rank one, one has

Im(/\rT[) c U;.
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Let 77/ be any rank r element of KT'. Since I" is irreducible in V, there exists f in
" such that 7’ fr #0. As 7’ frr also belongs to KI', we get rk(s” fr) = r and,
since A"(7’ f) preserves U, one has

Im(A' ") =Im(A (7 7)) C Us.

Since this holds for any 7/, by definition of W, we get U; = W, which should be
proved. _

(b) The above argument proves also that, for any rank r element v of KI", one
has

(4.28) Im(A"7n)=A"7(W) and Im(A'7)¢U.

In particular, the action of ' in the quotient space W’ := W/ U is proximal.

Let us prove now that the action of I' in W’ is strongly irreducible. Let
Ui, ..., U, be subspaces of W, all of them containing U, such that I" preserves
UjU---UU,. Since W’ is I'-irreducible, the spaces Uy, ..., U, span W.Let A C T
be the sub-semigroup

A:={geTl|gU;=U,forall 1 <i <r}.
There exists a finite subset F' C I' such that
I'=AF=FA.

In particular, since I' is strongly irreducible in V, so is A. Besides, A also has
proximal dimension r and, since KI = KAF, W is also spanned by the lines
Im(A’ ) for rank r elements 7 of KA. By applying the first part of the proof
to A, since the A-invariant subspaces U; span W, one of them is equal to W.
Therefore, W’ is strongly irreducible.

(c) We want to prove the bounds (4.27). First, for g in GL(V'), one has || A" g|| <
llgll”. As for g in I, we have (A"g)W = W and (A"g)U = U, we get

A" gllw < llgll"
Assume now there exists a sequence (g,) in I with

llgn|

and let us reach a contradiction. If K is R, set A, = ||gx||~!. In general, pick A,
in K such that sup,, [log(|A,|llgnll)| < co. After extracting a subsequence, we may
assume A,g, — m, where 7 is a nonzero element of KI'. In particular, 7 has
rank > r and we have A}, A" g, — A"m. Thus, since [|A, A" gqllw — 0, we get
| A" 7 ||lw = 0, that is,

7N A" gnllwr — 0

N (W) cCU.
We argue now as in (a). Let 77’ be a rank r element of KT'. Since I' is irreducible
in V, there exists f in I" such that 7’ f7 # 0. Since 7’ f7 has rank at least r, it
has rank exactly r, and since A" (7’ f) preserves U, one has
Im(A'7’) =Im(A" (7 7)) C U.
Since this holds for any 77/, by definition of W, we get U = W. This contradiction
ends our proof. [
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EXAMPLE 4.15. There exists a finitely supported probability measure |1 on

SL(R?) such that ') is unbounded and acts irreducibly on R, and such that, if

log llgn--g1ll—nA

we denote by L1 its Lyapunov first exponent, the random variables Tn

converge in law to a variable which is not Gaussian.

Note that, according to Theorem 1.1, the action of I';, on R cannot be
strongly irreducible. In our example, the limit law is the law of a random vari-
able sup(a1(Z2), ..., 0, (Z)) where Z is a D-dimensional Gaussian vector and «;
are linear forms on R?. One can prove that this is a general phenomenon.

PROOF OF EXAMPLE 4.15. Setd =2 and 0 := (? _01). We just choose g; =

ofi ( gxi e_Ql.) where ¢;, x; are independent random variables, ¢; takes equiprobable
values in {0, 1} and x; are symmetric and real-valued with the same law v 5 §g.

. Sn .
One can write g, - - - g1 :0’7"(8 e,%n) withn, =&+ ---+ ¢, and

Sn = X1 + (—1)81)(2 + .4 (_1)81+"'+€n_1xn.

By the classical CLT, the sequence % converges in law to a nondegenerate Gaus-
sian law. Hence, the sequence ﬁ log|lgn---g1ll = % converges in law to a non-

Gaussian law. [

4.5. Central limit theorem for semisimple groups. In this section, we prove
the central limit theorem for random walks on semisimple Lie groups for a law p
whose second moment is finite and such that I, is Zariski dense.

This central limit Theorem 4.16 will only be an intrinsic reformulation of The-
orem 4.11. Its main interest is that it describes more clearly the support of the limit
Gaussian law.

We first recall the standard notation for semisimple real Lie groups. Let G be
a semisimple connected linear real Lie group, g its Lie algebra, K a maximal
compact subgroup of G, ¢ its Lie algebra, a a Cartan subspace of g orthogonal
to £ for the Killing form, and A the subgroup of G, A :=e®. Let a™ be a closed
Weyl chamber in a, a™ the interior of at, At =% . Let N be the corresponding
maximal nilpotent connected subgroup

Ni={neGvH eatt, lim e Mne't =1},
—>00

Let P be the corresponding minimal parabolic subgroup of G, that is, P is the
normalizer of N. Let X = G/ P be the flag variety of G.

Using the Iwasawa decomposition G = K AN one defines the Iwasawa cocycle
0:GxX — a:forgin G and x in X, 0 (g, x) is the unique element of a such that

gke Ke®®YIN  forx =kP with k in K.
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Using the Cartan decomposition G = K AT K, one defines the Cartan projec-
tion k : G — at: for g in G, «(g) is the unique element of a* such that

ge KWK,
We also define the Jordan projection £: G — a by
L(g):= 1l Le(e”
(g):= lim ;K(g ).
EXAMPLE. Before stating the main theorem, let us describe briefly these no-

tions for G = SL(d, R). We endow R¢ with the standard Euclidean inner product.
In this case, one has:

G = {g € End(RY)|det(g) = 1}, g = {H € EndR%)|tr(H) = 0},
K=SOd,R)={geGlgg=e},t={Heg/'H+ H=0},

- a={H =diag(Hy,...,Hy) egl,a" ={Hea/H > ---> Hy},

A ={a=diag(ay,...,ay) € Gla; >0}, AT ={a € Ala; > --- > ay},
N is the group of upper triangular matrices with 1’s on the diagonal,
P is the group of all upper triangular matrices in G,

— X is the set of flags x = (V;)o<i<q Of R, that is, of increasing sequences of
vector subspaces V; with dimV; =1i.

— The ith coordinate o;(g, x) of the Iwasawa cocycle o (g, x) is the logarithm
of the norm of the transformation induced by g between the Euclidean lines
Vi/ Vi1 gVi/gVi-1.

— The coordinates «;(g) of the Cartan projection « (g) are the logarithms of the
eigenvalues of (‘gg)!/? in decreasing order.

— The coordinates ¢;(g) of the Jordan projection £(g) are the logarithms of the
moduli of the eigenvalues of g in decreasing order.

THEOREM 4.16. Let i be a probability measure on the semisimple connected
linear real Lie group G. Assume that T, is Zariski dense in G, and that the second
moment [ ik (@) |1> dpe(g) is finite. Then:

(a) The Iwasawa cocycle is centerable.
(b) There exist A in a™" and a nondegenerate Gaussian law N, on a such that,
or any bounded continuous function F on a, one has
y

> —ni *1
@) [ r(TEE e =, [ PO a0,

uniformly for x in X, and

(4.30) [ F<K(g)T;M> aw(@) —, [ Foan, .
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We recall that this theorem is due to Goldsheid and Guivarc’h in [22] and to
Guivarc’h in [27] when u has a finite exponential moment.

We recall also that the assumption “I", is Zariski dense in G means that, “every
polynomial function on G which is identically zero on I', is identically zeroon G.”

PROOF OF THEOREM 4.16. (a) We use the same method as in [4]. There exists
a basis xi,..., xm of a* and finitely many irreducible proximal representations
V1,01 ..., (Vi, pm) of G endowed with K -invariant norms such that, for all g
mG,andx=hPin X,

lloi (@)vill

Xi(k(9)) =logllpi() and  xi(o(g,x)) =log v

k)

where Ru; is the & Ph~!-invariant line in V;. It follows then from Theorem 4.9
that, for all i <m, the cocycle x; o o is centerable. Hence, the Iwasawa cocycle o
is also centerable.

(b) Using the same argument as in (a), the convergences to a normal law N,
in (4.29) and (4.30) follow from Theorem 4.11. Theorem 4.11 tells us also that
the support of N, is the vector subspace of a spanned by the set £(G). Since it
contains a® = £(A™), this vector subspace is equal to a. []
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