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Abstract. Let V = R? be the Euclidean d-dimensional space, [ (resp. A) a probability measure on the linear (resp. affine) group
G = GL(V) (resp. H = Aff(V)) and assume that u is the projection of A on G. We study asymptotic properties of the iterated
convolutions ' * 8, (resp. A" *8y) if v € V, i.e. asymptotics of the random walk on V defined by u (resp. 1), if the subsemigroup
T C G (resp. X' C H) generated by the support of p (resp. A) is “large.” We show spectral gap properties for the convolution
operator defined by p on spaces of homogeneous functions of degree s > 0 on V, which satisfy Holder type conditions. As a con-
sequence of our analysis we get precise asymptotics for the potential kernel 280 uk * &y, which imply its asymptotic homogeneity.
Under natural conditions the H-space V is a A-boundary; then we use the above results and radial Fourier Analysis on V \ {0}
to show that the unique A-stationary measure p on V is “homogeneous at infinity”” with respect to dilations v — tv (for ¢ > 0),
with a tail measure depending essentially of © and X'. Our proofs are based on the simplicity of the dominant Lyapunov exponent
for certain products of Markov-dependent random matrices, on the use of renewal theorems for “tame” Markov walks, and on the
dynamical properties of a conditional A-boundary dual to V.

Résumé. Soit V I’espace Euclidien de dimension d, w (resp. 1) une probabilité sur le groupe linéaire (resp. affine) G = GL(V)
(resp. H = Aff(V)) et supposons que u soit la projection de A sur G. Nous étudions certaines propriétés asymptotiques des
convolutions itérées de p (resp. 1) appliquées a un vecteur non nul v € V, c’est a dire de 1la marche aléatoire sur V définie par p
(resp. A), si le semigroupe T C G (resp. ¥ C H) engendré par le support de 1 (resp. 1) est « grand ». Nous montrons des propriétés
d’isolation spectrale pour 1’opérateur de convolution défini par u sur des espaces de fonctions homogenes de degré s > 0 sur V,
qui satisfont des conditions du type de Holder. Comme conséquence de notre analyse nous obtenons des asymptotiques précises
pour le noyau potentiel 280 uk 8y, qui impliquent son homogénéité a I’infini. Sous des conditions naturelles, le H-espace V est
une A-frontiere ; nous utilisons alors les résultats précédents et I’analyse de Fourier radiale sur V \ {0} afin de montrer que 1’unique
mesure A-stationnaire est homogene a I’infini, par rapport aux dilatations v — tv (pour ¢ > 0), avec une mesure de queue qui dépend
essentiellement de p et X'. Nos preuves sont basées sur la simplicité de 1’exposant de Lyapunov dominant de certains produits de
matrices en dépendance markovienne, sur 1’utilisation de théoremes de renouvellement pour certaines marches markoviennes et
sur les propriétés dynamiques d’une A-frontiere duale de V.
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1. Introduction, statement of results

We consider the d-dimensional Euclidean space V = R?, endowed with the natural scalar product (x, y) — (x,y),
the associated norm x — |x|, the linear group G = GL(V), and the affine group H = Aff(V). Let A be a probability
measure on H with projection i on G, such that supp A has no fixed point in V. We denote by

T ={[suppu] (resp. ¥ =[suppA])

the closed subsemigroup of G (resp. H) generated by supp u (resp. supp A). Under natural conditions, including nega-
tivity of the dominant Lyapunov exponent L, corresponding to u, for any v € V, the sequence of iterated convolutions
A" % §, converges weakly to p; the probability measure p is the unique probability which solves the convolution equa-
tion A % p = p, and supp p is unbounded if [supp 1] contains an expanding element. Then, an important property of p
is the existence of @ > 0 such that f [x]¥dp(x) < oo for s < o and f |x]*dp(x) = oo for s > «, if supp A is compact.
One of our main results below (Theorem C) gives the «-homogeneity of p at infinity, i.e. Pareto’s asymptotics of p
(see [47], p. 74).
In general, for the asymptotic behaviour of A" % §, and the “shape at infinity” of p there are four cases:

The “contractive” case where the elements of supp ; have norms less than 1, p exists and is compactly supported.
The “expansive” case where L, > 0 and p does not exist.

The “critical” case where L, =0 and p does not exist.

The “weakly contractive” case where L, < 0 and p exists with unbounded support.

b

Heuristically, cases 3, 4, mentioned above, can be considered as transitions between the cases 1, 2, which appear to
be extreme cases. In this paper we are mainly interested in case 4 and in the shape at infinity of p; in the corresponding
analysis we use the approach of [35], based on the associated linear random walk, we develop methods and prove
results which are of independent interest for products of random matrices. An important tool here is the “Radon
transform” of p, i.e. the function on V defined by

p) = plx € Vs (x,v) > 1},

which allow us to transfer the shape problem for p into an asymptotic problem for p.
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In [35] the shape problem was connected to the study of a Poisson equation on the G-space V \ {0} satisfied
by p and by a convolution operator associated with w; the measure A was assumed to be supported on the positive
matrices or to have a density on H. In the first case an important result was the validity of Pareto’s asymptotics
for the projection of p on the positive directions. We observe that special cases of the above problem and various
consequences of Pareto’s asymptotics have been considered in the litterature (see for example [10,20,38]), especially
if ; has a density on G, a condition which implies spectral gap properties for the convolution operators associated
to p or A in suitable Hilbert spaces. In contrast, our basic hypothesis which involves only T and L, implies that
the above operators satisfy Doeblin—Fortet inequalities (see [33]), hence also spectral gap properties in spaces of
Holder functions. Here our main result, partly contained in Theorem C below, describes the general case and the
homogeneity at infinity stated in the theorem gives new results even for d = 1 (see [20]) or for the multidimensional
situations considered in [35,38].

We observe that, more generally, the homogeneous behaviour at infinity of certain invariant measures is of interest
for various questions in Probability Theory and Mathematical Physics (see [10-13,35,47]) but also in some geometri-
cal questions such as dynamical excursions of geodesic flow and winding around cusps in hyperbolic manifolds (see
[1,44,49]), or analysis of the H-space (V, p) as a A-boundary and its dynamical consequences (see [3,16,17,30]).

Hence, following [35], we start with the linear situation i.e. the G-action on V \ {0} and we consider a probability
measure 1 on G. As in [17] we assume that T satisfies the so-called i—p condition (i—p for irreducibility and prox-
imality), i.e. T is strongly irreductible and contains at least one element with a unique simple dominant eigenvalue;
if d = 1, we assume furthermore that 7' is non-arithmetic, i.e. T is not contained in a subgroup of R* of the form
{£a"; n € Z} for some a > 0. We observe that for d > 1 condition i—p is satisfied by T if and only if it is satisfied by
the algebraic subgroup Zc(T'),which is the Zariski closure of T', hence condition i—p is satisfied if T is “large” (see
[22,45]). On the other hand, the set of probability measures © on G such that the associated semigroup 7 satisfies
condition i—p is open and dense in the weak topology hence u is “generic” if d > 1 and T satisfies i—p. Also, if d > 1,
an essential aperiodicity consequence of condition i—p is the density in R? of the multiplicative subgroup generated
by moduli of dominant eigenvalues of the elements of T (see [2,25,28]). We denote by |g| the norm of g € G and we
write

g7')). Iﬂz{szO: /|g|*‘du(g><oo},

v (g) =sup(lgl,

we denote ]0, soo[ the interior of the interval I,,. For simplicity of exposition, and since linear maps commute with
the symmetry v — —v, it is convenient to deal with the G-factor space V of V \ {0} by symmetry, instead of V \ {0}
itself. We use the polar decomposition

9

d—1
V=P xR,

and the corresponding functional decompositions, where P?~! is the projective space of V.

We consider the convolution action of & on continuous functions on V' \ {0} which are homogeneous of degree
s >0, i.e. functions f which satisfy f(tv) = |7|° f(v) (r € R). This action reduces to the action of a certain positive
operator P* on C(P?~1), the space of continuous functions on the projective space P?~!. More precisely, if f(v) =
lv[*@ (D) with ¢ € C(P4~1), 5 e P41, then PS¢ is given by

Plo(x) = / lgx*p(g - x)du(g),

where x € PY~!, x — g - x denotes the projective action of g on x, and |gx| is the norm of any vector gv with |v| = 1
and 0 =x. Also for z =5 +ir € C, with s € I, and t € R, we write P*p(x) = [ |gx|°p(g - x) du(g). By duality P?
acts also on measures on P4~! and for a measure v we denote by P%v the new measure obtained from v. The space
of endomorphisms of a Banach space B will be denoted by End B. For & > 0 let H, (P4~") be the space of e-Holder
functions on P4~!, with respect to a certain natural distance. We denote by £° (resp. £) the s-homogeneous (resp.
Haar) measure on R* and we write

dr dt '
0dn) = pran i £(de) = 7 r* (v) = v|*.
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An s-homogeneous Radon measure 1 on V=PI1x R?% is written as n = 7w ® £* where 7 is a bounded measure on
P!=! Fors € 1, we define the function

1/n
k(s)=n1_i)rrgo<f Iglsdu”(g)> ,

where u” is the nth convolution power of © on the group G and we observe that logk(s) is a convex function on /.
A key tool in our analysis for d > 1 is the

Theorem A. Assume d > 1 and the subsemigroup T C GL(V) generated by supp u satisfies condition i—p. Then, for
any s € I, there exists a unique probability measure v¥ on P4=1| a unique positive continuous function e* € C(P4~1)
with v¥(e®) = 1 such that

Py =k(s)®, P'e’ =k(s)e'.

For s € I, lff g1y T (g)du(g) < oo for some T > 0 and if ¢ > 0 is sufficiently small, the action of P* on
H,(P?~1) has a spectral gap:

P =k(s)(v' ®e' +U*),

where the operator v¢ Q e° is the projection on Ce* defined by V¥, e’ and U® is an operator with spectral radius less
than 1 which satisfies U (V® ® €°) = (v° ® €*)U* = 0. Furthermore the function k(s) is analytic, strictly convex on
10, sool and the function v* ® e* from 10, soo[ to End H, P41y is analytic. The spectral radius of P* is less than k(s)
ifs=Reze|0,sc[ andt =Imz #O0.

We observe that, since condition i—p is open, the last property is robust under perturbation of 1 in the weak
topology. If d = 1, k(s) is equal to f |x]® du(x), hence k(s) is the Mellin transform of u (see [52]) and the above
statements are also valid if T is non-arithmetic. However, the last property is not robust for d = 1.

If s = 0, P* reduces to the convolution operator by u on P4~! and convergence to the unique p-stationary measure
v0 = v was studied in [17] using proximality of the T-action on P~ In this case, spectral gap properties for PZ, if
Re z = s is small, were first proved in [40] using the simplicity of the dominant p-Lyapunov exponent (see [28]). Limit
theorems of Probability Theory for the product S,, = g;, - - - g1 of the random i.i.d. matrices g, distributed according
to u, are consequences of this result and of radial Fourier analysis on V \ {0} used in combination with boundary
theory (see[4,6,16,21,29,40]). If u has a density with compact support, Theorem A is valid for any s € R. In general
and for d > 1, it turns out that the function k(s), as defined above, looses its analyticity at some s; < 0. For a recent
detailed study of the operators P* (s = Re z small) and their equicontinuous extensions in a geometrical setting which
allows the algebraic group Zc(T') to be reductive and defined over a local field of any characteristic, we refer to the
forthcoming book [4]. We observe that condition i—p used here and s small imply that the basic assumptions of [4],
Chapter 8, are satisfied. Also, for s > 0, the properties described in the theorem were considered in [29]; they are basic
ingredients for the study of precise large deviations of S, (w)v ([41]).

The Radon measure v° ® ¢* on V satisfies the convolution equation

ok (vs ® KS) =k(s' ®£*

and the support of v* is the unique 7-minimal subset of P4~!, the so-called limit set A(T) of T (see [2,4,23]). The
function ¢® is an integral transform of the twisted p-eigenmeasure *v°. For s > 0 and o a probability measure on
P4~1 not concentrated on a proper subspace, |g|* is comparable to [ |gx|* do (x); the uniqueness properties of e* and
v* are based on this geometrical fact. The proof of the spectral gap property depends on the simplicity of the dominant
Lyapunov exponent for the product of random matrices S, = g, - - - g1 with respect to a natural shift-invariant Markov
measure Q* on 2 = G, which is locally equivalent to the product measure Q° = u®~. A construction of a kernel-
valued martingale (based on *v*) plays an essential role in the proof of simplicity and in the comparison of |5, (w)|
with | Sy, (w)v|. For s = 0 this study corresponds to [28].
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In order to develop probabilistic consequences of Theorem A we endow §2 = G with the shift-invariant measure

P = u®N (resp. Q*). We know that if [logy(g)du(g) (resp. [|g|*logy (g)du(g)) is finite the dominant Lyapunov
exponent L, (resp. L, (s)) of S, = g, - - - g1 with respect to P (resp. Q°) exists and

Ly = lim l/mg\s (@)]dP(@),  Lu(s)= lim l/1ogys (@)] dQ’ (w).

K'(s)
k(s) "

If s €]0,500[, k(s) has a continuous derivative k’(s) and L w(s) =
limg . k(s) > 1 and so > 0, we can define o > 0 by k() = 1.

We consider the potential kernel U on V defined by U(v,) =Y ¢ u* % 8,. Then we have the following multi-
dimensional extensions of the classical renewal theorems (see [15]), which describes the asymptotic homogeneity of
U (v, -). We recall that for v € Vand ACV, U (v, A) is the mean number of visits of S, (w)v to A for n > 0.

By strict convexity of logk(s), if

Theorem B. Assume T satisfies condition i—p, [logy(g)du(g) < oo and L, > 0.1f d =1 assume furthermore that
W is non-arithmetic. Then, for any v € V,U (v, -) is a Radon measure on V and we have the vague convergence

1
lim U(tv, )_L—V®K

=04 n

where v is the unique p-stationary measure on P4=1.

Theorem B®. Assume T satisfies condition i-p, [logy(g)du(g) < oo, L, <0, soo > 0 and there exists o« > 0 with
k() =1, [|g|*logy(g)du(g) < co. If d = 1 assume furthermore that | is non-arithmetic. Then for any v € pa-1

we have the vague convergence on 'V

o
lim U (v, ) = <)
0, L. (@)

V¥ @ 0%,

Up to normalization the Radon measure v* ® €% is the unique a-homogeneous measure which satisfies the har-
monicity equation p x (V¥ @ %) = v* ® £“.

For v € P4~!, we consider the random variable M (v) = sup{|S,v|; n € N}. Then we have the following matricial
version of Cramér’s estimate in collective risk theory (see [15]).

Corollary. With the notations of Theorem B®, for any u € P4~ we have the convergence

lim t*P{M(u) >t} = Ae® (u) > 0.
t—00

Theorems B, B* are consequences of the arguments used in the proof of Theorem A and of a renewal theorem for
a class of Markov walks on R (see [36]). An essential role is played by the law of large numbers for log|S,v| under
Q* (s =0, @); the comparison of |S,| and |S,v| follows from the finiteness of the limit of (log|S, | — log|S,v|). This
is the essential property used in [36], in a more general framework. For the sake of brevity, we have formulated these
theorems in the context of V instead of V. Corresponding statements where P4~ is replaced by the unit sphere S¢~!
are given in Section 4. Also the above weak convergence can be extended to a larger class of functions.

In [35], renewal theorems as above were obtained for non-negative matrices, the extension of these results to the
general case was an open problem and a partial solution was given in [39]. Theorems B and B* extend these results to a
wider setting. In view of the interpretation of U (v, -) as a mean number of visits, Theorem B is a strong reinforcement
of the law of large numbers for S, (w)v, hence it can be used in some problems of dynamics for group actions on
T -spaces. In this respect we observe that a specific version of the asymptotic homogeneity of U stated in Theorem B
has been of essential use in [30] for the description of the T-minimal subsets of the action of a large subsemigroup
T C SL(d, Z) of automorphisms of the torus T,

On the other hand Theorem B* gives a description of the fluctuations of a linear random walk on V with P-a.e.
exponential convergence to zero, under condition i—p and the existence in 7' of a matrix with spectral radius greater
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than one. These fluctuation properties are responsible for the homogeneity at infinity of stationary measures for affine
random walks on V, that we discuss now.

Let A be a probability measure on the affine group H of V, u its projection on G and T, X as above. We assume
that T satisfies condition i—p, and supp A has no fixed point in V. If d = 1 we assume that T is non-arithmetic. We
consider the affine stochastic recursion on V

Xn+1 = An+1Xn + Bn+lv (R)

where (A,, B;,) are A-distributed i.i.d. random variables. From a heuristic point of view, the corresponding affine ran-
dom walk can be considered as a superposition of an additive random walk on V governed by B, and a multiplicative
random walk on V \ {0} governed by A, . Here, as it appears below in Theorem C, the non-trivial multiplicative part
A plays a dominant role, while the additive part B, has a stabilizing effect since A has a unique stationary probability
p on V and p is not supported on a point. If E(log|A,|) + E(log|B,|) < co and the dominant Lyapunov exponent
L, for the product A --- A, is negative, then R, = Zo_l Aq - Ax Br41 converges 28N ae. to R, the law p of R
is the unique A-stationary measure on V, (V, p) is a A-boundary (see [17]) and supp p = A,(X) is the unique X-
minimal subset of V. If T contains at least one matrix with an expanding direction, then A,(X") is unbounded and
if I, = [0, oof there exists o > 0 with k(«) = 1, hence we can inquire about the “shape at infinity” of p. According
to a conjecture of F. Spitzer the measure p should belong to the domain of attraction of a stable law with index « if
a € [0, 2[ or a Gaussian law if o > 2. Here we prove a multidimensional precise form of this conjecture, and more
generally the «-homogeneity at infinity of p, where we assume that p satisfies the conditions of Theorem B%, X sat-
isfies moment conditions and supp A has no fixed point in V. We denote by A(T) the inverse image of the limit set
A(T) in S¢~! and by 7 the symmetric lifting of v¥ to SY~!. Then our main result implies the following

Theorem C. With the above notation we assume that T satisfies condition i—p, supp A has no fixed point in V , soo > 0,
L, <0anda €10, soo[ satisfies k(o) = 1. If d = 1 we assume also w is non-arithmetic. Then, if E(|B|*T7) < 0o and
E(A|*yT(A)) < oo for some T > 0, the unique \-stationary measure p on 'V satisfies the following vague convergence
on V \ {0}

lim t7%(t - p) =Co®“ ® £%,
t—04

where C > 0, % is a probability measure on A(T) and 6c® Q@ £ is a u-harmonic Radon measure supported on
R*A(T). If T has no proper convex invariant cone in V, we have 0® = 7. The above convergence is also valid on
any Borel function f such that the set of discontinuities of f is 0% @ £¥-negligible and such that for some ¢ > 0O the
Sfunction |v|~%|log |v||1+5|f(v)| is bounded.

Briefly, we say that p satisfies Pareto’s asymptotics of index « (see [47], p. 74). The convergence in Theorem C
can be considered as a Cramér type estimate for the random variable R and was stated in [26]. This statement gives
the homogeneity at infinity of p, hence the measure Co® @ £* defined by the theorem can be interpreted as the “tail
measure” of p. In the context of extreme value theory for the process X, the convergence stated in the theorem
implies that p has “multivariate regular variation” and this property plays an essential role in the theory (see [19,47]).
If T has a proper convex invariant cone, then Co® can be decomposed as

Co®=Cvi+C 02,

where C, C_ > 0 and v§ ® £%, v* ® £* are j1-harmonic extremal measures on V' \ {0}. In Section 5 the discussion of
positivity for C, C4, C_ in terms of A(T) and A,(X") lead us, via Radon transforms, to consider an associated linear
random walk on the vector space V x R, which plays a dual role to the original A-random walk X,, on V. The proof
of positivity for C depends on the use of Kac’s recurrence theorem for this dual random walk. On the other hand, the
proof of a-homogeneity of p at infinity follows from a Choquet—-Deny type property for the linear p-random walk on
V '\ {0}. The spectral gap property, stated in Theorem A, plays an essential role in this study.

For d = 1, positivity of C = Cy + C_ was proved in [20] using Levy’s symmetrisation argument, positivity of C
and C_ was tackled in [26] by a complex analytic method introduced in [11]. For d =1 we have v{ =61, v% =4§_;
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and the precise form of Theorem C gives that the condition C1 = 0 is equivalent to supp p C ]—o0, ¢] with c € R. In
the Appendix we give an approach to part of Theorem C using tools familiar in Analytic Number Theory like Wiener—
Ikehara’s theorem and a lemma of E. Landau but also results for Radon transforms of positive measures which are
only valid for o ¢ N (see [5,51]). However the discussion of positivity for C4., C_ seems to be not possible using only
these analytical tools.

A natural question is the speed of convergence in Theorem C. For d = 1 see [20], if A has a density. For d > 1
and under condition i—p, this question is connected with the possible uniform spectral gap for the operator P* of
Theorem A, if z =« + it.

To go further we observe that Theorem C gives a natural construction for a large class of probability measures in
the domain of attraction of a stable law. Using also spectral gaps and weak dependence properties of the process X,,,
Theorem C allow us to prove convergence to stable laws for normalized Birkhoff sums along the affine A-walk on
V (see [18]). Furthermore if d = 1, and conditionally on regularity assumptions usual in extreme value theory, such
convergences were shown in [10]; hence the results of [18] improve and extends the results of [10] in the case of
stochastic recursions (d > 1). If d > 1 the above convergence is robust under perturbation of A in a weak topology.
These convergences to stable laws are connected with the study of random walk in a random medium on the line or
the strip (see [12]) if & < 2. On the other hand the study of the extremal value behaviour of the process X, can be
fully developed on the basis of Theorem C and on the above weak dependence properties of X,,; in particular the
asymptotics of the extremes of |X,,| are given by Fréchet type laws with index « ([31]), a result which extends the
main result of [38] to the generic case. In a geometrical context, as observed in [44] for excursions of geodesic flow
around the cusps of the modular surface, the famous Sullivan’s logarithm law is a simple consequence of Fréchet’s
law for the continuous fraction expansion of a real number uniformly distributed in [0, 1]. Here also a logarithm law
is valid for the random walk X, (see [31]). The arguments developed in the proof of homogeneity at infinity for p
can also be used in the study of certain quasi-linear equations which occur in various domains related to branching
random walks in particular (see [20,42]). For example the description of the shape at infinity of the fixed points of
the multidimensional version of the “smoothing transformation” considered in [13] in the context of infinite particle
systems in interaction depends on such arguments (see [9]). In an econometrical context, the stochastic recursion
(R) can be interpreted as a mechanism which, in the long run, produces debt or wealth accumulation with a specific
homogeneous structure at large values; hence, in the natural setting of affine stochastic recursions, this mechanism
“explains” the remarkable power law asymptotic shape of wealth distribution empirically discovered by the economist
V. Pareto ([43]).

For information on the role of spectral gap properties in limit theorems for Probability theory and Ergodic theory
we refer to [1,4,6,18,21,27,28,40]. For information on products of random matrices we refer to [4,6,16,24]. Theorem A
(resp. B, B* and C) is proved in Sections 2, 3 (resp. 4 and 5).

2. Ergodic properties of transfer operators on projective spaces

In this section we study the qualitative properties of transfer operators on P4~ or S?~!. As mentioned in the intro-
duction one can find in [4] a detailed study of a general class of transfer operators on flag manifolds with equiconti-
nuity properties. Here, our transfer operators depend on a complex parameter z which is typically large with Re z > 0.
Hence, for self-containment reasons in particular, we develop from scratch our study on PI-lorS9=!forRez =s > 0.
A first step is to reduce these transfer operators to Markov operators (Theorems 2.6, 2.16) with equicontinuity prop-
erties.

2.1. Notation and preliminary results

Let V = R? be the Euclidean space endowed with the scalar product (x,y) = Z‘f x;y; and the norm |x| =
(Z'f lxi |52, V the factor space of V \ {0} by the finite group {£I/d}. We denote by pd-1 (resp. S9=1, the pro-
jective space (resp. unit sphere) of V and by v (resp. v) the projection of v € V' on P41 (resp. SY~1). The linear

group G =GL(V) actson V, V by (g,v) = gv. If ve V \ {0}, we write g - v = é—z‘ and we observe that G acts on

S?! by (g, x) — g -x. We will also write the action of g € G onx € P! by g - x; we define |gx| as |g¥| if x € P4~!
and ¥ € S?~! has projection x € P!, Also, if x, y € P4~1, |(x, y)| is defined as |(X, ¥)| where %, 7 € SY~! have
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projections x, y. Corresponding notations will be taken when convenient. For a subset A C S¢~! the convex envelope
Co(A) of A is defined as the intersection with S¢~! of the closed convex cone generated by A in V. We denote by
O(V) the orthogonal group of V and by m the O(V)-invariant measure on P4~!. A positive measure  on P~ will
be said to be proper if 7(U) = 0 for every proper projective subspace U # P?~!. We denote by End V the space of
endomorphisms of the vector space V.

Let P be a positive kernel on a Polish space E and let e be a positive function on E which satisfies Pe = ke for
some k > 0. Then we can define a Markov kernel Q, on E by Doob’s relativisation procedure: Q.¢ = k‘—gP((pe).
This procedure will be used frequently here. For a Polish G-space E we denote by M!(E) the space of probability
measures on E. If v e MY (E), and P is as above, v will be said to be P-stationary if Pv = v, i.e. for any Borel
function ¢, v(P@) = v(p). We will write C(E) (resp. Cp(E)) for the space of continuous (resp. bounded continuous)
functions on E. If E is a locally compact G-space, u € M 1(G), and p is a Radon measure on E, we recall that the
convolution u * p is defined as a Radon measure by u x p = f Ogx dp,(g) dp(x), where §y is the Dirac measure at
y € E. A p-stationary measure on E will be a probability measure p € M'(E) such that u % p = p. In particular, if
E=V orV and w € M'(G) we will consider the Markov kernel P on V (resp. P on V) defined by P(v,-) = * &y
(resp. P(v, )= *d8).On pd-1 (resp. S4- 1y we will write P(x, ) = W * 8y (resp. P(x, )=k by).

If u is an endomorphism of V, we denote u* its adjoint map, i.e. (u*x,y) = (x,uy)if x,y € V.If u € M'(G) we
will write p* for its push forward by the map g — g* and we define the kernel *P on V by *P (v, -) = u* * §,. For
s > 0 we denote £° (resp. 1*) the s-homogeneous measure (resp. function) on R* = {r € R; ¢t > 0} given by

dr
25(dr) = pren (resp. 1 (t) =1°).

For s = 0 we write £(dt) = %.
Using the polar decomposition V \ {0} = S¢~! x R* and the corresponding functional decompositions on V' \ {0},
every s-homogeneous measure 7 (resp. function ) on V \ {0} can be written as

n=n®l (resp. ¥ =¢®h’),

where 7 (resp. ¢) is a measure (resp. function) on S9! Similar decompositions are valid on V=Pl x R%.If
ge€G,and n =7 ® £* (resp. ¥ = ¢ ® h*) the directional component of gn (resp. ¥ o g) is given by

PO = [ e 8. @I =g v (g o).
The representations p* and pg extend to measures on G by the formulae
P00 = [ lext e i@ dre. @ = [ lext¥isx) duce).
We will write, for ¢ € C(P?~1) (resp. ¥ € C(S?~1))
P'o=p,()(@) (resp. Py = p()(¥)),  *P'o=ps () (g) (resp. P’y = p, () (¥).
We endow S9! (resp. P4—1y with the distance § (resp. 8) defined by
§x,y)=Ix—yl (resp.8(x,y) =inf{|lx — yl; [x| = [yl = 1}).
Fore>0,¢p € cPi-h (resp. ¥ € C(S771)), we denote

lp@x) — (I (resp' (], = sup [V (x) — Iﬁ(y)|>

[ = sup a
’ wry  80(x,y)

XF#Yy 55(%)’)
;xeSd_l}),

lp| = sup{|p(x)|;x € IP’d_l} (resp. |¥/| = sup{
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and we write
HS(IP"I_I) = {(p € C(Pd_l); [ple < oo} (resp. HS(Sd_l) = {w € C(Sd_l); [V]e < oo})

The set of positive integers will be denoted by N. We denote by " the nth convolution power of wu, i.e. for
V€ Cp(G), W' (Y) = [V(gn---81)Au®" (g1, ..., 8n).

Definition 2.1. If s € [0, oo and i € M'(G), we denote
1/n
k(s>=ku(s)=n1ggo(/ Iglsdu"(g)) o T={s 2 0ikuls) < +oo).

We observe that the above limit exists, since by subadditivity of g — log|g|, the quantity u,(s) = [ |g|* du" (g)
satisfies U4 (8) < upm($)uy(s). Also ky(s) = inf, e (1 ()", which implies I,, = {s > 0; f |g]*du(g) < 4o0}.
Furthermore, Holder inequality implies that [, is an interval of the form [0, so[ or [0, 5], and logk,, (s) is convex
on I,. Also ky+ =k, since |g| = |g*|. If u and u' commute and c € [0, 1], u”" = p + (1 — c)u’ then k,(s) =
cky(s) + (1 =)k (s),if s € [, N 1.

Definition 2.2.

1. An element g € EndV is said to be proximal if g has a unique eigenvalue 1, € R of maximum modulus and X, is
simple.
2. A semigroup T C G is said to be strongly irreducible if no finite union of proper subspaces is T -invariant.

Proximality of g means that we can write V = Rv, @ V=~ with gvg, = Azv,, gV, C V" and the restriction of g to
Vg< has spectral radius less than |Ag|. In this case lim;, , o0 8" - X = Vg if x ¢ Vg< and we say that A, is the dominant
eigenvalue of g. If E C G we denote by EP™* the set of proximal elements of E. The closed subsemigroup (resp.
group) generated by E will be denoted [E] (resp. (E)). In particular we will consider below the case E = supp u
where supp u is the support of 1 € M'(G).

Definition 2.3. A semigroup T C G is said to satisfy condition i—p if T is strongly irreducible and TP™* # @.

As shown in [22,45] this property of T is satisfied if it is satisfied by Zc(T'), the Zariski closure of T'. It can be
proved that condition i—p is valid if and only if the connected component of the closed subgroup Zc(T) is locally
the product of a similarity group and a semi-simple real Lie group without compact factor which acts proximally
and irreducibly on P4~!. In this sense T is “large.” For example, if T is a countable subgroup of G which satisfies
condition i—p then T contains a free subgroup with two generators.

We recall that in C”, the Zariski closure of E C C” is the set of zeros of the set of polynomials which vanish on E.
The group G = GL(V) can be considered as a Zariski-closed subset of RCHLIFT is a semigroup, then Zc(T) is
a closed subgroup of G with a finite number of connected components. If d = 1, condition i—p is always satisfied.
Hence, when using condition i—p, d > 1 will be understood.

Remark. The above definitions will be used below in the analysis of laws of large numbers and renewal theorems.
A corresponding analysis has been developed in [35] for the case of non-negative matrices. We observe that proximal-
ity of an element in G is closely related to the Perron—Frobenius property for a positive matrix. If T is not irreducible,
we can consider the subspace VT (T) generated by the dominant eigenvectors of the elements of TP*%; then V™ (T)
is T-invariant (see [21], p. 120) and, if T is the restriction of T to VY (T), then T satisfies condition i—p. In that
way our results below could be used in reducible situations (see for example [9]).

Definition 2.4. Assume T is a subsemigroup of G which satisfies condition i—p. Then the closure of the set {vy; g €
TP} will be called the limit set of T and will be denoted A(T).
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We recall that for a semigroup T acting on a topological space E, a subset X C E is said to be 7 -minimal if any
orbit Ty(y € X) is contained in X and dense in X. For the minimality of A(T") C P4-1 see [2,23].
With these definitions we have the

Proposition 2.5. Assume T C G is a subsemigroup which satisfies condition i—p and S C T generates T. Then
T A(T) = A(T) and A(T) is the unique T -minimal subset ode_l. If une MY (G) is such that T = [supp w] satisfies
i—p, there exists a unique [L-stationary measure v on P-1. Also suppv = A(T) and v is proper. Furthermore, ifd > 1,
the subgroup qf R generated by t.he set {IAgl; g € TP} is dense in Ry.. In particu]ar, if o € C(A(T)) satisfies for
somet R, e =1: p(g-x)|gx|! =ePp(x) forany g€ S, x € A(T) thent =0, ¢! =1, ¢ = constant.

Remark. The first part of the above statement is essentially due to H. Furstenberg ([17], Propositions 4.11, 7.4).
The second part is proved in [28], Proposition 3. For another proof and extensions of this property see [2,25]. This
property plays an essential role in the renewal theorems of Section 4 as well as in Section 5 for d > 1. In the context
of non-negative matrices a modified form is also valid (see [9]); in [35], Theorem A, under weaker conditions on
T, its conclusion is assumed as an hypothesis. If d = 1, we will need to assume it, i.e. we will assume that T is
non-arithmetic; if T = [supp u] satisfies this condition, we say that | is non-arithmetic.

2.2. Uniqueness of eigenfunctions and eigenmeasures on pd-1

Here we consider s € I, and the operator P* (resp. *P*) on C (P4=1) defined by
Pot) = [ lgrl ot 0 dute) (resp. P = [ lext o) du*(g)>.

For a measure v on P4~!, Py is defined by duality against C(P4~!). For z = s + it € C we will also write
Pip(x) = f lgx|*@(g - x)du(g). Below we study existence and uniqueness for eigenfunctions or eigenmeasures of

P*. We show equicontinuity properties of the normalized iterates of P* and Ps.

Theorem 2.6. Assume 1 € M'(G) is such that the semigroup [supp ju] satisfies i—p and let s € I, Ifd=1 we
assume that W is non-arithmetic. Then the equation P*¢ = k(s)@ has a unique continuous solution ¢ = e*, up to
normalization. The function €° is positive and s-Holder with 5 = inf(1, s).

Furthermore there exists a unique v* € M' (P~ such that P*v* is proportional to v*. One has PSv® = k(s)v*
and supp v* = A([supp u]). If *v* € M (P4~ satisfies * PS (*v*) = k(s)*v*, and €’ is normalized by v* (¢*) = 1, one
has p(s)e® (x) = [ [(x, y)|* d*v*(y) where p(s) = [ |(x, y)|* dv*(x) d*v* ().

The map s — V° (resp. s — €°) is continuous in the weak topology (resp. uniform topology) and the function
s — logk(s) is strictly convex.

The Markov operator Q° on P2~ defined by Q*¢ = WPS (pe®) has a unique stationary measure w° given by

7% = e*v°* and we have for any ¢ € C(P~1) the uniform convergence of (Q*)"¢ towards w°(¢). If z =s +it,t € R
and Q% is defined by Q*¢ = WPZ(esgo), then the equation Q% = ¢ with ¢ € C(P4™1), ¢ # 0 implies ¢ =1,
t =0, ¢ = constant.

Remark.

1. If s =0, then €® =1, and v° = v is the unique i-stationary measure [17]. The fact that v is proper is of essential
use in [6,40] and [28], for the study of limit theorems.

2. In Section 3 we will also construct a suitable kernel-valued martingale which allows to prove that V¢ is proper
(see Theorem 3.2), if s € I,,. We note that analyticity of k(s) is proved in Corollary 3.20 below. Continuity of
the derivative of k will be essential in Sections 3, 4 and is proved in Theorem 3.10. If s = O the corresponding
martingale construction was done in [17].

3. By definition of P* and P, the Sfunction (resp. measure) ¢* ® h® (resp. v’ ® L) satisfies the equation

P(es ® hS) = k(s)(es ®hs) (resp. 15(1)3' ®€S) =k(s)* ®ZS).
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The proof of the theorem depends of a proposition and the following lemmas improving corresponding results for
positive matrices in [35].

Lemma 2.7. Assume o € M' (P4~ is not supported by a hyperplane. Then, there exists a constant cs(c) > 0 such
that, for any u in End V

/|ux|~‘da(x>zcs<o>|u|s.

Proof. Clearly it suffices to show the above inequality if |#| = 1. The function u — f |ux|® do (x) is continuous on
End V, hence it attains its infimum ¢ (o) on the compact subset of End V defined by |u#| = 1. If ¢;(0) = 0, then for
some u € EndV with |u| = 1, we have f |ux|®do (x) = 0 hence, ux =0, o-a.e. In other words, suppo C Ker(u),
which contradicts the hypothesis on o. Hence c¢s (o) > 0. U

Lemma 2.8. If s € I, there exists o € MYP?=YY such that P*o = ko for some k > 0. For any such o, we have
k = k(s) and o is not supported on a hyperplane. Furthermore for every n € N

/ 8l A (9) = K'(5) = ¢ (o) / 18l° du" (g).

Proof. We consider the non-linear operator PS on M (P?1) defined by Pso = %. Since [ |g|* du(g) < +oo,

this operator is continuous in the weak topology. Since M ! (P?~1) is compact and convex, Schauder—Tychonov the-
orem implies the existence of k > 0 and o € MY P41y with PSo = ko, hence k = (P*o’)(1). For such a o, the
equation

ko) = [ ol Dlexl* dute) do )
implies that if x € suppo, then g - x € suppo, p-a.e.

Then for any g € supp u we have g - suppo C suppo. In particular the projective subspace H generated by supp o
satisfies [supp ] - H = H. Since [supp ] satisfies i—p, we have H =P?~!. Then Lemma 2.7 gives, for any g,

flgxlsda(x) > cy(0)lgl.

The relation (P*)"o = k"o implies k" = f |gx|s d,u” (g) do (x); hence, using Lemma 2.7 we get ¢ (o) f |g|s dun (g) <
k" < [|g|* du™ (g). Tt follows that

1/n
o=t ([1erare) =k, .

Assume e € C(P4~1) is positive and satisfies P*e = k(s)e. Then we can define the Markov kernel Qf and the
cocycle 6] by

A8 ) dulg),  65Cr g) = gxl S8,
e(x) e(x)

In view of the cocycle property of 65 (x, g) we can calculate the iterate (Q?)" by the formula

Sy — L .
Qefp(x)—k(s) fso(g X)

1 e(g-x) R
) ey &

(QZ)"w(x)=/<0(g~X)q;f,n(x7g)du”(g) with g5, (x, g) =

and qu’n(x)(g) =1.
For s =0 we have e =1, Q; = P. Also we write g, | =g¢;.
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Lemma 2.9. Assume e is as above, f € C(P4~1) is real valued and satisfies Q> f < f. Then, on A([suppul), f is
constant and equal to its infimum on P4~

Proof. Let M~ = {x € P45 f(x) =inf{f(y); y € P¢~1}}. The relation f(x) > [¢S(x,8)f(g - x)du(g) implies
thatif x € M~ then g-x € M~ u-a.e. Hence [supp u]- M~ C M. Since A([supp u]) is the unique [supp p]-minimal
subset of P4~1 we get A([suppul) C M, i.e.

fe) =inf{ f(n);y e P}, ifx € A([suppul). O

Using Lemma 2.8, the existence of e € C (P9—1y with PSe = k(s)e is obtained by the following

Lemma 2.10. Assume o € M' (P~ and k > 0 satisfy * P*o = ko . Then the function &° on P4~ defined by,

6"<x)=/|<x,y>|sda(y>
satisfies PS6° = ko . Furthermore 6° is positive and Holder of order s = inf(1, s).

Proof. We have |gx|*6°(g - x) = [ |(x,g* - y)I*lg*y|* do(y) and * P*0 = ko; hence
PS6%(x) :k/|(x,z)|sda(z) = k6% (x).

If 6% (x) = 0 for some x, then |(x, y)| =0, o-a.e.; hence
suppo C {y € P4l (x, y) =0}.

This contradicts Lemma 2.8, since [supp u] satisfies i—p. Hence 6 is positive. i
In order to show the Holder property of 6°*, we use the inequality |a® — b°| < §la — b|* where a, b € [0, 1],
s =sup(s, 1), § =inf(s, 1). Then

e = ool <3 2 IF. 55w —6* ()] =56, 0

Lemma 2.11. Let e be a positive and 5-Holder function on P4~ with § = inf(s, 1), s > 0. There exists a constant
bs > 0 such that for any (x,y) € S9! x §~1 g € G

llgxl* — IgyI] < (s + DIgl* 8 (x, y),
lgl

8(g-x,8-y) <2——8(x,y),
lgx|

165 (x, 8) — 6, (v, 9)] < bslgl’8* (x, y).

Proof. We use the inequality |a® — b*| <|a —b|* ifa,b>0,s <1 to get
llgxl® — lgyI°] < |lgx] — lgyl|” < |ex — )| <lgllx — yI*.

Hence ||gx[* — [gyI*] < |g[*8°(x,y). If s > 1, we use L|a* — b*| <sup(a,b)*~'|a — bl if a, b > 0. We get
[lgxl* = 1gyI°| < slgl”™'[1gx| = lgyl| < slgl”~'[g(x = )| < slgl*|x — yI.

Hence the first inequality follows. Furthermore

gx 8y | _lsxr—yl
lgx| gyl —  lgx|

lgllx — yl

5(g-x,8.y) = ox]

1 1
/RN
lgx|  lgyl
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Hence §(g - x,g-y) < 2.5 ‘gl 8(x y). We write

1
e(x) e(y)

8 %) JrIgyls|e(g'x)_e(g'y)| + lgylPe(g - y)|——
e(x)

|05 (x.8) =62 (v. 9)| <|lgxI’ —

In view of the first inequality the first term satisfies the required bound. The last term also satisfies it, since is

s-Holder and |gy|* < |g|®. For the second term we write:

e(x)

le(g - x)—e(g- )| = els5*(g - x. g - ) = 2]y ( |'ggy'|> 5 (x. ).
Hence this term is bounded by:
|27 (€158 (e, gy Ll < 2" [[els I8l 8 Cx, ).
The above inequalities imply the lemma. (]
The following is well known (see for example [48], Theorem 6)

Lemma 2.12. Let X be a compact metric space, Q a Markov operator on X, which preserves C(X). Assume that all
the Q-invariant continuous functions are constant and for any ¢ € C(X), the sequence Q"¢ is equicontinuous. Then
Q has a unique stationary measure 1, hence for any ¢ € C(X) the sequence % 287] Q%@ converges uniformly to
7(@). Furthermore if the equation Qv = e, Y € C(X) implies €' = 1, then, for any ¢ € C(X), Q"¢ converges
uniformly to mw ().

Proposition 2.13. Let € M'(G) and assume that the semigroup [supp ju] satisfies i-p. Let s € I, s > 0, & €10, 5]
with § = inf(1, s),e € C(]P’d_l) is positive, s-Holder with P*e = k(s)e. Then there exists ag > 0 such that for any
n € N and any e-Holder function ¢ on P4~

[(22)"¢], <asll + pns(®lple.

where pn 5(e) = sup, , [ g5 ,(x, g)%’f;y) du"(g) is bounded independently of n. In particular for any €

C (IP’d 1Y the sequence (Q3)* Y is eqmcontmuous Furthermore any continuous Qf-invariant function is constant and
Q3 has a unique stationary measure ). If s =0 and ¢ € C (P4=1) we have the uniform convergence lim,_, oo P"¢ =
v(p).

Proof. The definition of Q7 gives for any e-Holder function ¢, and ¢, , as before Lemma 2.9,
(2)"00 = (22) 0| <l [ lat 5. = 2 0] ") + (6 [ 2,00 05°(5 2.8 1) " o).

Lemma 2.11 shows that the first integral is dominated by k,f’—(sx)ﬁ (x,y) [ 1gl*du"(g) and Lemma 2.8 gives k" (s) >

Cs f lg*du" (g). Hence, [(Q5)"¢ls < aslo| + pn,s(e)[@le With ag = bg/cs. Lemma 2.11 allows to bound p, s(e) as
follows

£ e(g'x) S—&| 1€ n
®) Sl;p () lgx|""|gl” du"(g)-

lgl®
lgx|®

e(g-x)
e(x)

6°(g X, g ) =208 y) pus(e) = o7

We denote ¢ = sup, < 00, hence using s > ¢, |gx|°7¢ < |g|° ¢ we get

e(g-x) o ‘
@) lgx"Igl® < clgl’,  pus(e) = k"

¢
/|g| ') <
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d—1 . —
Assume that ¢ € C(P*7") satisfies Q%¢ = ¢ and denote

M+={xe1P>d—1;<p(x)= sup o), M_={x€]P’d_l;(p(x)= inf (p(y)}.
ye]pd—l ye]pd—l

Then, as in the proof of Lemma 2.9, suppu - M* C M, suppu - M~ C M, hence by minimality of A([supp x])
we have A([suppu]) € M+ N M~ It follows MT N M~ # ¢, ¢ = constant on Pa-1 1t Y e C(Pd_l) is e-Holder the
above inequality gives for any x, y € P4~!

1(05)" 0(x) = (0%)" (M| < (aslel + pu.s (&) [@1e8° (x, ¥).

Since p, s (e) is bounded this shows that the sequence (Q%)" is equicontinuous. By density this remains valid for
any ¥ € C(P4~1).

Hence we can apply Lemma 2.12 to Q = Q3: there is a unique Q-stationary measure. If s =0, we have ¢ =0,
hence the above inequality does not show the equicontinuity of P"¢. In this case the equicontinuity follows from
Theorem 3.2 in the next section; we have for ¢ > 0 the convergence lim,_,« [ 8°(g - x, g - y) di"(g) = 0, which
implies for ¢ € H, (Pd-1y,

|P"p(x) — P"o(y)| < [¢]s/5€(g~x,g~y)du”(g),

[P p(x) —v(p)| < [90]8/85(8~x,g-y)dV(y)dM”(g),
lim [P"o(x) — v(g)| =0. 0

Remark.

1. If for some © > 0 and s € [0, sool, [1g1°y7(g) du(g) < oo with y(g) = sup(|g], lg~ 1)) then it is proved in Sec-
tion 3, Corollary 3.18 that lim,_, o pp,s(8) =0, hence p, s(g) < 1 for some n = ng. Hence (Q3)" satisfies a
Doeblin—Fortet inequality (see [27]).

2. Let Q; be the Markov kernel on S*~1 defined by Qyp = k(;)e P (pe) where e still denotes the function on S~

corresponding to e € C(P4~1). Then the inequality and its proof remain valid for Qi instead of Q3. In particular
for any ¥ € C(S*™1) the sequence Q)" is equicontinuous. This fact will be used in the next section.

Proof of Theorem 2.6. As in the proof of Lemma 2.8, we consider the non-linear operator * P5 on M! (P4—1) defined
by *PSg = %. The same argument gives the existence of k and o € M (P4~!) such that * PSo = ko, with
k= (*PS0)(1) > 0. We consider only the case d > 1.

Since [supp u*] = [supp u]* satisfies i—p, Lemma 2.8 applied to u* gives k = k(s) and o is not supported
by a hyperplane. Then Lemma 2.10 implies that 6°(x) = [ |(x, y)|* do(y) satisfies P*6* = k(s)6* and is posi-
tive, Holder continuous of order 5 = inf(1,s). Hence we can apply Proposition 2.13 with ¢ = ¢*; then we get
existence and uniqueness of e*v® e MY P41y with PSe’ = k(s)e®, PSv® = k(s)v*,v°(e*) = 1 and €* satisfies
p(s)e*(x) = [|(x, y)|* do (y) where p(s) =v*(6*). Also Q* = °s has a unique stationary measure 7r*. The unique-
ness of v¥ € M (P4~1) with PSv* = k(s)v* follows. Also o = *v*® by the same proof.

Lemma 2.8 implies that if some n € M (P?~!) satisfies P*n = kn, then k = k(s). Since suppv® is [supp u]-
invariant and A([supp u]) is minimal we get supp v® D A([supp ©]). We can again use Schauder—Tychonoff theorem
in order to construct o’ € M (P4~!) with suppo’ C A([supp ul), P*o’ = ko’. Since o’ = v*, we get finally supp v° =
A([supp u]).

In order to show the continuity of s — v*, s — ¢® we observe that, from the above argument, v* is uniquely
defined by PSv® = k(s)v¥,vi e M 1 (Pd’l). Also, by convexity, k(s) is continuous. On the other hand, the uniform
continuity of (x,s) — |gx|* and the fact that |gx|® < |g|*® is bounded by the u-integrable function sup(|g|*!, |g|*?) on
[s1,s2] C 1, implies the uniform continuity of P*¢ if ¢ is fixed. Then we consider a sequence s, € I, so € 1, with
limg, V" =ne€ Ml(]P’d_l). We have

Py () = v (P g), lim Pv*(¢) = lim k(s,)v* () = k(s0)n ().
Spn—>50 Sp—>80
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Then the uniform continuity in (s, x) of P*¢(x) implies P*0n = k(so)n. The uniqueness of v*0 implies v*° = 7, and the
arbitrariness of s, gives the continuity of s — v* at s9. The same property is true for the operator * P* and the measure
*1S defined by *P*(*v*) = k(s)(*v®), *v* € M!(P?~1). Lemma 2.10, implies p(s)e®(x) = [ |(x, y)|* d*v*(y), and
since the set of functions x — |(x, y)|* (y e P~ ! s € 1,,) is locally equicontinuous we have lim,_, g, |e* — e*0| =0

In order to show the strict convexity of logk(s) we take s,7 € I, p € (0, 1) and we observe that from Holder
inequality, PPS+(=P1[(e%)P (") =P] < kP (s)k'=P(t)(e*)P (') ~P. We denote f = (e*)”(e')! =P and assume k(ps +
(1 — p)t) = kP(s)k'~P(¢) for some s # . Then Lemma 2.9 can be used with e = eP$+(1=P) and QPI+1=PN, _
mP””‘(l P (pe). It gives on A([suppu]): f = cePs+(1— P) for some constant ¢ > 0.

Hence, on A([supp 1]) we have

PPHI=PI[(5)P () TP] = kP )k =P (1) (¢) () 7.

This means that there is equality in the above Holder inequality. It follows that, for some positive function c(x) and
any x in A([supp p]), g € supp pu
e'(g-x) e(g-x)

lgx om c(x)|gx| o ()

Integration with respect to u gives: c(x) = %; Since s # t, we get, for some constant ¢ > 0 and ¢ € C(P?~1)

‘p(g x) . It follows, if g € (supp )" and x € A([supp u]), |gx| = " ‘/;Sfx);) If

positive, for any (x, g) as above | gx| =cts=
g € [supp u]P™, we get |A,| € M. This contradlcts Proposition 2.5.

In order to show the convergence of (Q*)"¢, since by Proposition 2.13 the family (Q*)"¢ is equicontinuous, it
suffices to show in view of Lemma 2.12 that the relation Q°¢ = e with ¢ € C(P?~1), |e?| = 1 implies ¢! =1,
¢ = constant. Taking absolute values we get |¢| < Q%|p|. As in Lemma 2.9, we get that for any x in A([supp u]),

lo(x)| =sup{leM)|;y € P?=1}. Hence we can assume |¢(x)| = 1 on A([supp 1]). Now we can use the equation

eo(x) = / q* (x, @)p(g - x)du(g),

where g*(x, g) = ﬁ e;ffx)g) lgx|*, hence [ ¢*(x, g)du(g) = 1. Strict convexity yields the equality e (x) = ¢(g - x),

for any x € A([supp u]), g € supp i.

We know, from Proposition 2.13 that P"¢ converges uniformly to v(g) where v is the unique P-stationary measure
on P4~!. Furthermore, on A([supp /+]) we have P"¢ = e’ . The above convergence gives ¢ = 1, since ¢ # 0 on
A([supp 1]). The fact that ¢ is constant follows from Proposition 2.13.

In order to show the last assertion in case d > 1 we write Q%@ (x) as

Q%px) = / lgx]"q® (x, @)p(g - x)du(g).

We observe that the absolute value of the function Q%¢ is bounded by the function Q°|¢|. Hence, from above, the
equation Q% = e?¢ gives Q%|p| > |¢|, hence Q°|¢| = |¢| and |¢| = constant. Then the equation Q%p = e'%¢ gives
for any x and g € supp 1, since [ ¢*(x, g)du(g) = 1 we have |gx|" ‘p(;gxﬁ) =e'?, u-a.e. This contradicts Proposi-
tion 2.5 if t # 0. If t = 0, from above we have el =1, ¢ = constant. O

2.3. Eigenfunctions, limit sets, and eigenmeasures on S~

Here we study the operator P* on S?~! defined by PS¢ (x) = S @(g-x)|gx|*n(dg). We show that there are 2 cases,
depending on the ex1stence of a [supp u]-invariant proper convex cone in V or not. We still denote by e the function
on S lifted from ¢* € C(P?~1). We denote Q° the operator on S¢~! defined by Q¢ = e (S)ev P5(ge).

We already know, using the remark which follows Proposition 2.13, that for s > 0 and any given ¢ € C(S?~!), the
sequence (Q*)"¢ is equicontinuous. For any subsemigroup 7' of G satisfying condition i—p, we denote by A(T) the
inverse image of A(T) in S?~!. We begin by considering the dynamics of 7 on S?~!. For analogous results in more
general situations see [24]. We recall that a convex cone in V is said to be proper if it does not contain a line.
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Proposition 2.14. Assume T C G is a subsemigroup which satisfies condition i-p. If d = 1, we assume that T is
non-arithmetic. Then the action of T on S has one or two minimal sets whose union is A(T):

I There is no T -invariant proper convex cone in V and in that case, A(T) is the unique T-minimal subset of S~ .

Il T preserves a closed proper convex cone C C V and then the action of T on S*~' has two and only two minimal
subsets Ao (T), A_(T) with A_(T) = —A(T), A.(T) C S9=1' N C. The convex cone generated by A4 (T) is
proper and T -invariant.

The proof depends of the following lemma.

Lemma 2.15. Let V; (1 <i <r) be vector subspaces of V. If condition i—p is valid, then there exists g € TP™* such
that the hyperplane Vg< does not contain any V; (1 <i <r).

Proof. The dual semigroup 7* of T satisfies also condition i—p hence we can also consider its limit set A(T*) C
P(V*). Let v(g*) be the point of P(V*) corresponding to a dominant eigenvector of g*. Observe that the condition
that an hyperplane contains V; defines a subspace of V*. If for any g* € (T*)P™* the hyperplane v(g*) contains some
V; then by density any x € A(T*) contains some V;. Then the T*-invariance of A(7T*) implies that 7* leaves invariant
a finite union of subspaces of P(V*), which contradicts condition i—p. (]

Proof of Proposition 2.14. Let x € A(T) and S =T - y. We observe that if y € SY~!, then T - y contains x or —
since the projection of T - x in P?~! contains A(T). Assume first —x ¢ T -x. If ye T -x, then T -y C S, hence
x € T - y. This shows the T-minimality of S. The same argument shows that —y ¢ S, hence S N —S = ¢. Since the
projection of S in P4~ is A(T), we see that the projection of S?~! on P4~ gives a T-equivariant homeomorphism
of S on A(T). Since —x ¢ S, there are two T-minimal sets, S and —S. Since for any y € SY~!, T - y contains S or
—S, these sets are the unique minimal sets.

Assume now —x € T - x, hence § = —S. Since the projection of S in P91 is A(T), we see that S = A(T).

Assume now that C is a T-invariant closed proper convex cone. Then C N S?~! is T-invariant and closed, hence
cnsi-t o AL (T) or A_(T) in the first situation, (—x ¢ T - x). In the second situation C cannot exists, since
C NS~ would contain A(T), which is symmetric.

It remains to show that, in the first situation, there exists a 7 -invariant closed proper convex cone. Let C be
the convex cone generated by A4 (7T) and let us show C N —C = {0}. Assume C N —C ## {0}; then we can find
Yi,-.»¥p €C, 21,...,24 € —C and convex combinations y = Zfoz,-yi,z = Z‘f Bjz; with y = z. Lemma 2.15
shows that there exists g € TP such that y; (1 <7 < p) and z; (1 < j <¢) do not belong to V. Hence, with

n € 2N:
.VI| u
1
|g Vil

where u; =1im,,_, » T > 0 and vy, € A1 (T) is the unique dominant eigenvector of g in A4 (7). In the same way:

Hoo|g | (Zﬁ’ )

with u’j > 0. Since y = z we have a contradiction. Hence we have the required dichotomy. The last assertion follows. [J

li =1

We denote by 7° the symmetric measure on SY~! with projection v* on P4~!. In case II, we denote by v (resp.
v¥) the normalized restrictions of 7* to A4 (T) (resp. A_(T)). For a subset X C S?~! we recall that Co(X) is the
convex envelope of X in S9!
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Theorem 2.16. Let u € M'(G),s € I1,, and assume T = [supp u] satisfies i-p. If d = 1 we assume that | is non-
arithmetic. Then for any ¢ € C(S?™), x € S4~1, we have the uniform convergence

n

1 ~\n s
Jim -~ XI:(QS) Q) =7° (0)(9),

where, 7% (x) € MY (S~ is supported on A(T) and is O* -stationary.
Furthermore there are 2 cases given by Proposition 2.14.
I O° has a unique stationary measure * with supp @ = A(T) and 7°(x) = 7° for any x € S*~. The Q°-invariant
Jfunctions are constant. We have 75 =0 and PSVS = k(s)°.
Il Q° has two and only two extremal stationary measures 'y, w° . We have suppry = A, (T) and 7’ is symmetric
of . If m§ = €’V then P*vi = k(s)vi. Also, there are 2 minimal Q®-invariant continuous functions p’ , p>.
and we have

70 (0) = plL (0, + pl (o

Furthermore p’ (x) is equal to the entrance probability in the convex envelope Co(A(T)) for the Markov
chain defined by 0%. In particular p% (x) =1 (resp. p’ (x) =0) if x € A (T) (resp. A_(T)).

If *vi e MY (AL (T*)) satisfies *f’s*vﬁr = k(s)*v}, we have for u € S and p(s) as in Theorem 2.6,
p()es (u) = [(u,u'), d*v5 (u') with (u,u’); = sup(0, (u,u’)) and €' = p.e* (resp. &£ = p*e®) satisfies
ﬁsej_ =k(s)e’ (resp. PSes = k(s)et). )

The space of continuous Q°-invariant (resp. P*-eigenfunctions) is generated by p’, and p* (resp. e’ and e’ ).

For s = 0 we will need the following lemma, which uses results of Section 3.

Lemma 2.17. Foru € S?71, t > 0 we denote AL ={ye }P’d_l; [{u, y)| <t}. Then, for any e,t >0, x,y € §d-1

- 28
limsup/és(g cx,g-y)du"(g) < t—gBS(x, y) +2°v(AY).

n—oo

In particular, for any ¢ € Hy(SY1) the sequence P"¢ is equicontinuous.

Proof. We write

- S -
/6S(g x.g -y du'(g) = / 1[1/,,m[(|g’;!|)58(sn %, S - ) dP(w)
n

[Sul \ <
+/1]0’1/t[(|Snx| 8%(S, - x, Sy - y) dP(w).
n

Using Lemma 2.11 we have 8°(S,, - x, S, - y) < (2‘|Ssn”x||5(x, M)E.
[Snl 1

On the other hand, using Theorem 3.2, we know that lim,,_, » 5] = @ where 7*(w) € P! has law v.
Hence

~ 28
limsupfas(g-x,g.y)du"(@ < 80 ) + 2°P{|fe" (@), )] <1}

n—oo

2 e £ t
= t_sa (x,y)+2 v(Ax).

We have |I3"<p(x) - ﬁ"(p(y)| <lele fgs (g-x,g-y)du"(g). From Theorem 3.2, we know that v is proper, hence
lim,_,o v(A’) = 0. Then, for x fixed we use the above estimation of limsup,,_, /ga (g-x,g-y)du(g) to choose
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¢ sufficiently small in order to get the continuity of limsup,,_, o, [ 8¢(g - x, g - y)du"(g). This gives that the function
|15"<p(x) - IS”go( y)| depends continuously of y, hence the equicontinuity of the sequence f’”(p. (]

Proof of Theorem 2.16. As observed in Remark 2 after Proposition 2.13, if s > 0 for any ¢ € C(S?~!) the set of
functions {(QS)”go; n € N} is equicontinuous. In view of Lemma 2.17, this is also valid if s = 0. Hence we can use
here Lemma 2.12. This gives the first convergence. Since 77° (x) is 0* -stationary, its projection on P?~! is equal to the
unique Q°-stationary measure 77°, hence supp #° (x) C A(T). On the other hand supp 7#° (x) is closed and T -invariant,
hence contains a 7-minimal set.

In case I, A(T) is the unique minimal set, hence supp 7°(x) = A(T). Furthermore, if peC(S4is O -invariant,
the sets

M™={xso) =infleO)iy e P M= {xip() =suple();y e P,

are closed and T -invariant, hence they contain minimal sets. Since A(T) is the unique minimal set, MT N M~ D
A(T) # ¢, hence ¢ is constant.

Then, using Proposition 2.13 and Lemma 2.12, we get that there exists a unique stationary measure 77°. It follows
that 7° is symmetric with projection 7* on P4~! and 7#° = &*7°.

In case II, the restriction to the convex envelope Co(A4 (T)) = @ of the projection on P4~! is a T-equivariant
homeomorphism. If we denote by iy its inverse, we get that i (r*) is the unique Qs—stationary measure supported
in @. Hence iy (n*) =7} . Then 7} and 7* are extremal 0° -stationary measures.

Since the projection of 7*(x) on P4~ is 7*, we can write

7' (x) = /(pi(x, 38y + pt(x, »S_y)dr’ (y) = pi () + pl ()7,

where p’ (x) = p3 (x,-) and p® (x) = p? (x, -) are Borel functions of y € A(T) such that p* (x) + p* (x) = 1. Then
P (x)my is the restriction of 7°(x) to A (T), hence is a O -invariant measure. In view of the uniqueness of the
stationary measure of Q° restricted to A (T, we get that P (x)my is proportional to 7%, i.e. p% (x) is independent
of y, m}-ae.

Hence, the first assertion of the theorem implies that the only extremal Q°-stationary measures are 7wy and 7¥.
The corresponding facts for v} and v¥ follow. From the mean ergodic theorem in C (S~ and the equicontinuity
property of (Q°)" we know that the operator defined by lim,,_, o % ZS_I(QS ) is the projection on the space of
Q*-invariant functions and is equal to P () + p* (x)m¥. The continuity and the extremality of the O* -invariant
functions p? (x) and p® (x) follows. The corresponding facts for e, and e® follow as in the proof of Theorem 2.6.

If we restrict the convergence of % 287] (Qs)k(éx) to x € @, in view of the fact that the restriction to @ of the
projection on P~ is a homeomorphism onto its image, we get pi(x)=1,p (x)=0ifx € @.

Let us denote by 7 the entrance time of S, (w) - x in @ U —@ and by “[E;. the expectation symbol associated with
the Markov chain S, (w) - x defined by 0. Using Theorem 2.6 we get “E3 (1gpu—o (S7 - x)) = 1. Since p (x) isa 0s-
invariant function p?, (S, - x) is a martingale, hence p?% (x) = “E3 (p% (S; - x)). Since p% (x) =1o0n @ and p’ (x) =0
on —@® we get p’ (x) =“E; (1o (S; - x)), hence the stated interpretation for p (x).

As in Lemma 2.10, we verify that the function ¢(u) = p(s) [(u, u')’ d*vi (u') on S9-1 satisfies P*g = k(s)o,

hence the function % satisfies Qs(%) = %. By duality, cases II for u and pu* are the same, hence there are two

minimal 7*-invariant subsets A (7*) and A_(T*) = — A (T*). On the other hand, the set
Ap(T) ={ueS™": (u,u’) > 0forany u’ € A4 (T*)}
is non-trivial, closed, T -invariant and has non-zero interior, hence /Lr(T) contains either A4 (T) or A_(T) and has

trivial intersection with one of then. We can assume /L_(T) D AL (T). Then, for u € AL (T) and any u’ € AL (T%),
we have (u, u’), = (u, u’), hence,

o(u) =p(S)/\(u,u’)|x d* v () =’ (u),
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ie., % =1on A (T). Also we have (u,u ) =0foruec A_(T), u € A (T*). Since Q(;’—;) =%£>0and £ =
on A4 (T), we conclude from above that p’ = e%, hence we get the last formula and last assertions with e¢* (u) =
p(s) [{u, x)% d*v2(x) = pS(u)e’ (u). U

From above we know that if s > 0 and ¢ € C(Sd —1) the sequence (Q‘Y)"go is equicontinuous. Lemma 2.12 reduces
the discussion of the behaviour of (Q%)"¢ to the existence of eigenvalues z of Q° with |z| = 1. In this direction we
have the following

Corollary 2.18. For s € 1, the equation 0%p = e with ¥ £ 1, ¢ € C(SY"Y) has a non-trivial solution only in
case 1. In that case € = —1, ¢ is antisymmetric, sansﬁes ¢(g-x)=—p(x) onsupp u X A(T) and is uniquely defined
up to a coefficient.

Proof. We observe that, since ¢ satisfies QS =¢?¢, the function ¢’ defined by ¢’(x) = ¢(—x) satisfies also 0%¢ =
el?¢’. Then ¢ + ¢’ is symmetric and defines a function ¢ in C(P?~!) with Q*¢ = ¢l?@. If e £ 1, Theorem 2.6 gives
0= 0, i.e. ¢ is antisymmetric.

Furthermore, in case II, the restriction of ¢ to A (T) satisfies the same equation and the projection of A (T
on A(T) is an equivariant homeomorphism. Then Theorem 2.6 gives a contradiction. Hence if ¢ € C(S?~!) satisfies
Qs 19, then we are in case L. Also, passing to absolute values as in the proof of Theorem 2.6 we get 0° ol = lel,
lp| = cte Furthermore by strict convex1ty we have on supp u x A(T), ¢(g-x) = ¢(x), hence p2(g - x) = e??¢?(x).

Since ¢? is symmetric and satisfies Q 0= 6219(;32 we get e?? =1,ie. ¢ = —1;in part1cular o(g- x) —@(x) on

supp i x A(T). If ¢’ € C(S41) satisfies also Q%¢' = —¢’, we get from above QY = £ (x), hence o'

. . 9’
is proportional to ¢. ]

3. Laws of large numbers and spectral gaps

Here we develop Section 2 in a quantitative direction. A martingale construction plays an essential role in this study.
The renewal theorems of Section 4 are based on Theorem 3.2 below. Also the Doeblin—Fortet inequality in Corol-
lary 3.21 is used in Section 5 to show the homogeneity at infinity of the stationary measure for an affine random walk
on V. Theorem A in the Introduction follows directly from Corollaries 3.19, 3.20.

3.1. Notation

As in Section 2, we assume that condition i—p is valid for the semigroup 7 = [supp u]. If d = 1 we assume that
T = [supp ] is non-arithmetic. For s € I,, we consider the functions ¢* and ¢, (n > 0) on P?-1 x G, defined by

1 e(g-x) 1 €(g-x)
s _ - S _ 8 s — s
q°(x,8) = o) @™ lgx> =q1(x,8).,  ¢,(x,8) o) @0 lgx|
hence by the definition of ¢* we have [¢3(x, g)du"(g) = 1.

We denote by P‘zlfl the flag manifold of planes and by IP"IZEI the manifold of contact elements on P4~!. Such a plane

3

is defined up to normalisation by a 2-vector x Ay € /\2 V and we can assume [x Ay| = 1. We write g(x Ay) = gx A gy.
Also a contact element & is defined by its origin x € P?~! and a line through x. Hence we can write & = (x, x A y)
where |x| = |x A y| = 1. The following additive cocycles of the actions of G on P?~!, P‘zl_l, IP‘ll_zl will play an
essential role: ’

o(g, &) =log|g(x Ay)| —2log|gx|.

o1(g,x) =loglgx],  o02(g, x Ay)=
In addition to the norm of g we will need to use the quantity

g =1

y(g) = sup(

Clearly, for any x € V, with |x| = 1, we have —logy(g) <log|gx| <logy(g).
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For a finite sequence w = (g1, g2, - . . , gn) We write

n
Su@)=gn--81€G,  gy(x, @) =]]q"Sk-1-x, 20
k=1

We denote by £2,, the space of finite sequences w = (g1, g2, . .., gn) and we write 2 = G,
sel(gx)
e*(x)

We observe that 6°(x, g) = |gx satisfies the cocycle relation 6°(x, gg') = 05(g’ - x, 2)0°(x, g’), hence

G5 (¥, ®) = G 0° (¥, Sp(@)).

Definition 3.1. We denote 5. € MY (2) the limit of the projective system of probability measures qp(x, Yu® on 2.
We write Q° = [ Q3 dr’ (x) where 7° is the unique Q*-stationary measure on pd-1,

We recall that Theorem 2.6 implies that 7* is not supported by an hyperplane.

The corresponding expectation symbol will be written . and the shift on £2 will be denoted by 6. We write also
Ef(p) = [ E3(p)dn®(x). The path space of the Markov chain defined by Q° is a factor space of 92 = Pi-1 x 2,
and the corresponding shift on ¢§2 will be written 40 with 40(x, w) = (g1(®) - x, Ow). Hence (P4~ x 2, %) is
a skew product over (£2,6). The projection on §2 of the Markov measure “Q} = 5, ® Qf is Q3, hence “Q° =
[ 8 ® Q% dn*(x) projects on Q*. The uniqueness of the Q°-stationary measure 7* implies the ergodicity of the
4@-invariant measure “Q°, hence Q° is also f-invariant and ergodic.

If s = 0, the random variables gi () are i.i.d. with law p and Q° =P = w®N. Here, under condition i—p, we extend
the results of [28] to the case s > 0, in particular we construct a suitable kernel-valued martingale with contraction
properties as in [17]. This will allow us to prove strong forms of the law of large numbers for S, (@) and to compare the
measures Q7 when x varies. Then we can deduce the simplicity of the dominant Lyapunov exponent of S, (@) under
the f-invariant probability Q° for s > 0. Spectral gap properties for twisted convolution operators on the projective
space and on the unit sphere will follow.

3.2. A martingale and the equivalence of Q3 to Q°

When convenient we identify x € P/~! with one of its representatives & in SY~!. We recall that the Markov kernel * Q*
is defined by *Q%¢ = ,{(S)%ES*PS (p*e®) where * PYo(x) = [@(g - x)|gx|* du*(g), * P*(*¢*) = k(s)(*¢*) and * Q° has
a unique stationary measure *7*. Furthermore we have *7° = *¢**1v* where *v* € M (P4~!) is the unique solution

of *P5(*1%) = k(s)(*v*). We denote by m the unique rotation invariant probability measure on P4~

Theorem 3.2. Let 2’ C $2 be the (shift-invariant) Borel subset of elements w € 2 such that S} (w) - m converges to a
Dirac measure 8+ (w). Then g} - 2*(Qw) = 2" (w), Q*(2') = 1, the law of 7*(w) under Q°* is *m* and *n* is proper.
In particular if € 2’ and |{x, z* (0)){y, 25 (w))| # 0, then

lim 8(S, (@) - x, Su(@) - y) =0.
n—o00
Ifwe()’and5=(x,x/\)’)epf,_21

nlllgom_ |<Z (a)),X)‘, n]l>n;oSn 'm—az*(w)'
In particular, if (z*(w), x) # 0 then lim,_, 5, 0 (S, &) = —o0.

Also, for any x € P4~ Q3 is equivalent to Q° and 38% (w) = |E;E+%’;g N iia;
s ,

The proof of Theorem 3.2 is based on the following lemmas, in particular on the study of a kernel-valued martin-
gale.
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Lemma 3.3. Assume z* € PY~! and u, € G is a sequence such that lim,_, « u)-m =38+ Then, forany x,y € pa-1
with |(z*, x)(z*, y)| Z 0 we have lim, 5o 8 (U, - X, uy, - y) =0. IfE = (x,x A y) € ]P"f;l and (z*, x) # 0 then

tim o je

n—00 |uy|

s lim o (u,, &) = —o0.
n—oQ
These convergences are uniform on any compact subset on which (z*, x) do not vanish.

Proof. We denote by ¢; (1 <i <d) an orthonormal basis of V, by ¢; the projection of ¢; in P4~!, by Aj‘ the set of
diagonal matrices a = diag(a',a?,...,a%) anda' > a?> > --- > a? > 0. We write u,, = kpayk, witha, € A" ky, k], €
O(d). Then, for x € P4~1,

d

junx P = |ankx|* = 37 (a) [ {kpx, ).
1

Also, u -m = (k;l)_la,, - m converges to z* € P9=1, which implies

. . -1
lim a, -m =6z, lim (k)" ey =z
n—oo n— o0

In particular, if i > 1, we have a,i = o(a,i) and

lim ‘(k;x,el)| = |(z*,x>| #£0.

n—oo

[y x| —
[un

It follows that |u,x| ~ a,£|(z*,x)|. Since |u,| = a,ll, we get lim,_, o [(z*, x)|, as asserted. We get also, if

(3, )1 # 0, luny| ~ ayl(z*, y)-
On the exterior product space /\2 V there exists an O (d)-invariant scalar product such that on any decomposable
2-vector x A y:
2
e Ayl =PIy =[x )]
For x,y € P?~! and corresponding %, 7 € S¢~! we write |x A y| = | A 7|. Then on P?~!, there is an associated
distance §; given by §;1(x, y) = |x A y| and we have %8 <81 <. We observe that 81 (u,, - x,u, - y) = M’“’yl‘ Also

[unx|luny

P N2 -~ 2 _dd-1) L2

|unxAu,,y|2=Z(a;a,j,) I(kn(x/\y),e,'AejH ST(a,la,ﬂx/\yl) .
i>]
It follows

dd—D\'"? ala2

81(un~x,un-y)§< > X AV
2 [px||unyl

Since [unx| ~ ay|(z*, x)|, luny| ~ayl(z*, y)| and a3 = o(a,), (z*, x)(z*, y) # 0, we get

lim &1 (uy, - x,u,-y)=0.
n—>0o0o

It follows, for any x,y € P41 that limy,— o0 8 (uy, - x,u, - y) = 0. Also, since a,zl = o(a,ll), and (z*, x) # 0 we get
lim, o0 0 (uy, &) = —00.
The above calculations imply the uniformities in the convergences. (]

Lemma 3.4. Assume v, € M!(P4~1) is a sequence such that v, is relatively compact in variation, and each vy,
is proper. Let u, € G be a sequence such that u, - v, converges weakly to 8, (Z* € P4=1Y. Then for any proper
pe M\ (P, u} - p converges weakly to 8;x.
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Proof. We can assume, in variation, lim,,_, o, v,, = v9 Where vy is proper. Also we can assume, going to subsequences,
that u} converges to a quasi-projective map of the form u*, defined and continuous outside a projective subspace
H cP?~1 Let g € C(P?"1) and denote

Ly = (u} - vn) (@) — (u™ - v0) (@) = (vy — v0) (@ 0 ) + vo(p o uj — g o u™).

The first term is bounded by |¢|||v, — voll, hence it converges to zero. Since vo(H) = 0 and ¢ o u; converges to
@ ou™ outside H, we can use dominated convergence for the second term, lim,_, o vo(¢ o u;; — ¢ o u™) = 0; hence
lim,— o I, = 0. Then u}; - v, converges to u™ - vo weakly. In particular u* - vo = 8.+, hence u™ - y = z*, vp-a.e. Since
vo(H) =0, we have u* -y =z* on P41\ H.

Since p is proper u* - p = .+, hence lim,_, oo u}; - p = 8,x. |

Lemma 3.5. For x, y € P4~ the total variation measure of Q} — Q) is bounded by B&*(x, y)Q°. Furthermore, there
exists c(s) > 0 such that, for any x € P! we have Q3 <c(s)Q*.

Proof. We write g; (g) = f q;(x, g)dm?®(x) and we observe that for any measurable ¢ depending on the first n coor-
dinates,

/ 9()dQ’ (v) = / a4, (Sn (@) (@) du®" (o).

Also, [(QS — Q;)(go)| < f lgs(x, Sn) — g5 (v, S llg(w)| du®". Using Lemma 2.11 we have for any g € G

lgl®
s k”(s)

lan(x. ) —aq,(y.&)| <b 8 (x, y).

Since 7* is not supported by an hyperplane we can use Lemma 2.7, hence for some b > 0

lgl®
k™ (s)

b‘ _
and |gi(x,8) —qi(y.9)| < fq;(gw(x,y).

qn(g) =b
It follows:
! ) by - .
(@ - @)@ =250 [low]ar @,

hence the first conclusion with B = %.
Integrating with respect to 7% we get, since 8(x, y) < +/2, @5 < (1 + B(+/2)")Q* hence the second formula with
c(s) =14 B(V2) . O

Lemma 3.6. We consider the positive kernel k3 from P4=1 1o P4~ given by Ky = |<ef()zy *v5. Then:

1 s
fg*«;.xq%x,g)du(g):'c;, x;(1)=mf|<x,y>| d*v'(y) = p(s) €10,1]

and x — k3 is continuous in variation.
In particular S - K:;n ¢ IS a bounded martingale with respect to ;. and the natural filtration.

Proof. We consider the s-homogeneous measure A* on V defined by A% = *v° ® £*. By definition of *v°,

fg*ks du(g) = k(s)A®. Then the Radon measure AJ defined by A% = [(v, -)|*A" satisfies fg*)»i,v du(g) = k(s)AS.
This can be written, by definition of «§ and ¢°(x, g),

/g* Kgxq' (X, 8)du(g) = k3.
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The martingale property of S; - kg . follows.
Furthermore since p(s)e®(x) is equal to f [{x, y)|* d*V°(y), Lemma 2.10 gives

1

“ 0=

/l(x,y>|sd*v3<y) = p(s) €10, 1].
The continuity in variation of x — «} follows from the definition. O

Lemma 3.7. Let p € M'(P?~1), H be the set of projective subspaces H of minimal dimension such that p(H) > 0.
Then the subset of elements H € H such that p(H) = sup{p(L); L € H} is finite and non-void. Furthermore, there
exists €, > 0 such that for any H € H:

p(H)=cp, or p(H)=cp—¢p,
where c, = sup{p(L); L € H}.

Proof. If H, H' € H, H # H’, thendim HN H' < dim H, hence p(H N H’) = 0. Then, for any 8 > 0, the cardinality
of the set of elements H € ‘H with p(H) > B is bounded by % The first assertion follows. Assume the second assertion

is false. Then there exists a sequence H,, € H with %‘) < p(Hyp) < cp, lim,00 p(Hy) = cp, and p(H,) # p(Hy) if
n #% m. This contradicts the fact that the cardinality of the sequence H, is at most %. O

Lemma 3.8. Assume that the Markovian kernel x — v, € M (P?~1) is continuous in variation and satisfies

vy = /qs(x,g)g* Vg du(g).

Let Hp , the set of finite unions of r distinct subspaces of dimension p and let h be the function h(x) = sup{vy(W);
W e Hp ). Then h is continuous and the set

{x: h(x) =sup{h(y),y e P47}},

is closed and [supp w]-invariant.

Proof. If W € H,, is fixed the function x — v, (W) is continuous since [v, (W) — vy (W)| < |[vx — v, ||. This implies
|h(x) —h(y)] < llvx — vy, hence the continuity of /.
We have for any W € H,, ,

-1
Ve (W) = /qs(x, e ((8) W)du(e).
Hence: h(x) < qu (x,8)h(g-x)du(g). Then, as in Lemma 2.9, X is [supp u]-invariant and closed. U

Lemma 3.9. Let v, be as in Lemma 3.8. Then for any x € P~ v, is proper.

Vx

Proof. We write 7, = TNOL

denote by Hy the set of projective subspaces of dimension k and

H=|JH. d&)=inf{dimH; H € H, 7 (H) > 0},
k>0

m(x) =sup{ny(H); He H,dim H =d(x)}, W(x) ={H € H; nx(H) =m(x)}.
Lemma 3.7 implies that the set VV/(x) has finite cardinality n(x) > 0. Also we denote p = inf{d(x); x € Pa-1y,
hp(x)=sup{m,(H); H € Hp}.
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Lemma 3.8 shows that /,(x) reaches its maximum $ on a closed [supp u]-invariant subset X C P?=1. Hence on
A([supp u]) we have h,(x) = B =m(x). It follows d(x) = p on A([supp u]). The relation n(x)m(x) <1 implies

n(x) < 5 on A([supp ).
Let r = sup{n(x); x € A([suppu])} and denote h ,(x) = sup{my(W); W € H, ,}. Then Lemma 3.8 implies
hp.r(x) =rB on A([supp u]). Since m(x) = B, this relation implies n(x) = r on A([supp u]). Let

W) = J{H: He W)

and let us show the local constancy of the function W (x). Using Lemma 3.7 we get
B(x) =sup{m,(H); HeHp, HE W)} <B.

Let x € A([suppul), Ux ={y; 7wy — 7yl < B — B(x)} and H, € H, with 7, (Hy) = B. Then,
B —mx(Hy) =my(Hy) — mx(Hy) < ||y —7xll < f— B(x).

Hence 7, (Hy) > B(x) and, by definition of B(x) we get Hy, € W(x) for any y € U,. Since 7, is continuous
in variation, U, is a neighbourbood of x, hence W (x) is locally constant. Since A([supp u]) is compact, W =
U xeA(lsupp ) W (x) is a finite union of subspaces.

On the other hand, the relations

rB=m(W(x)) =/qs(x, 98" e (W(x))du(g), rB> (g% 7o) (W(x))

imply that, for any x € A([supp ul), rB = g* - mg.x (W(x)) p-a.e. By definition of W(g - x), we get, @)~ W) =
W (g - x) pu-a.e. Hence, for any g € supp u, (g*)_l(W(x)) =W(g-x).

The relation (¢*)™' (W) = ULeaqsuppsn @)™ W) = U asupppup W (& - ¥) shows that W is [supp u*]-
invariant. Then condition i—p implies W = A p=d—1,dx)=d—1,m(x)=1 forany x € P?-!, hence
the lemma. (Il

Ky
vy (1)

Proof of Theorem 3.2. We use the Markov kernel } defined by n{ = with « given in Lemma 3.6.

Then we have the harmonicity equation,

= / g (x,9)g" -y du(g),

and the continuity in variation of 7. The above equation implies that the sequence of kernels S} (w) - 7r§1(w)‘x is

a Q3 -martingale with respect to the natural filtration on 2. Since for x € Pd-1, nyeM L(®?=1) we can apply the
martingale convergence theorem.

Since, by Lemma 3.9, 7§ is proper and, by definition, x — 7§ is continuous in variation, we can use the same
method as in [28]; because of i—p condition, the martingale S () - ngn (w)-x COnVerges Q3 -a.e. to a Dirac measure.

Then, using Lemma 3.4, S - m converges Q%-a.e. to a Dirac measure &+ (). Then, from above, for any x € pa-1
Qw@H=1, #Q)=x
Hence the law of z*(w) under Q3 is r. It follows, by integration,

Q) =1, z*(Q‘)=/z*(@;)dnS(x)=/n; dr® (x).

In view of the formulae for v{, =¥ and the relation 7* = <V e define *r* by z*(Q%) = *%. Then Lemma 3.9

VS (&)’
and the definition of 7§ give that *7* is proper. The relations: lim;, o 6 (Sp (@) - x, Sp(®) - ¥) =0, lim, o0 |‘S§n(é"w);(|l =

[{z*(®), x)|, lim,— o0 0 (S, §) = —00, follow from the geometrical Lemma 3.3, since S - m converges to 8;+(x).
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Using Lemma 3.5 we know that Q} is absolutely continuous with respect to Q°. We calculate % (w) as follows.
By definition of @@} and Q°,

ES (in (a)))gl g ) = G Sn())
*\dQ )T L4y Su(@) dm (v)
Furthermore

4n (¥, Sn(@)) _ |Sa(@)x]’ & (Sp(@) - %) € ()
450, Sn (@)  [Su(@)yI* e (Sp(@) - y) €5 (x)

The martingale convergence theorem gives

Q! _ 5, $u(@))
(w) = lim .
dQ* n=00 [ g5 (y, Su(w))dms(y)
Using the relation lim,,_, o 'f&’f?ﬁﬁ' = {z(w), x)|, if w € 27, we get
im Gn (¥, Sn(@)) _ | (2" (w), x) Tef(y)
n—00 gs(y, Sp(w)) [ {z*(@),y)| e (x)’

Hence g%*z () = |<Z*;f&’f>|s [f I(Z*e(_f‘gj)y)ls dr* (y)]~'. Since, from above 7* is proper and the Q°-law of z*(w) is 7°,

we have for any x € P41, |(z*(w), x)| > 0, Q°-a.e.

We conclude that QY is equivalent to Q° because g%% (w) > 0, Q*-a.e. Also, using the formulae above we have

dQy
dQy

(" (w), x)
(z*(), y)

Pet(y)
es(x) O

() =

3.3. The law of large numbers for log|S, (w)x| with respect to Q°

Here, by derivatives of a function ¢ at the boundaries of an interval [a, b] we will mean finite half derivatives i.e. we
write

¢'(a)=¢'(ay) €R, o' (b)=¢' (b_) €R.

Theorem 3.10. Let € M'(G),s € 1,,. Assume [supp ] satisfies condition i-p, and log y (g) is w-integrable. Assume
also that |g|* logy (g) is u-integrable and write

Lu(s) = / log lgxlg’ (x. ) d* (v) du(g).
Then, for any x € pa-1, QS-a.e., we have
.1 o1
lim —log|S,(w)x| = lim —log|S,(w)|= L,(s).
n—-oon n—-oon

This convergence is valid in L' (Q°) and in 1! Q) for any x € P4=1. Furthermore k(t) has a continuous derivative
on [0, s] and ift € [0, s], x € pd-1,

K@ . 1 .1 [lgl"loglgldu"(g)
L, ()= =1 | du” =1 -
w(@) 0 Jim nkn(t)/"gxl oglgx|du"(g) Jim el dur(e)

In particular if o > 0 satisfies k(a) = 1, then k'(a) > 0.
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Proof. We consider the function f(x,w) on “£2 defined by f(x,w) = log|gi(w)x]|. If |x] = 1, we have
—loglg!| < log|gx| < log|g|, hence f(x,w) is *Q*-integrable. Moreover ff(x,a)) dQ(x, w) = qu(x,g) X
log|gx|dv*(x)du(g) = Ly (s), and

n—1

> (f 0%*) (x. @) =log S, (w)x].

0

As mentioned above “Q° is “6-ergodic, hence we get using Birkhoff’s theorem,

1
lim —log|S,(w)x|=L,(s), “Q’-ae.
n—oon

On the other hand, we can apply the subadditive ergodic theorem to the sequence log | S, (w)| and to the ergodic system

(£2,60,Q°%).
This implies that there exists L(s) € R such that, Q°-a.e. and in ! (Q*), the sequence % log |S; (w)| converges to
L(s). We know, using Theorem 3.2, that for fixed x and Q*-a.e.,

1, (@)x] _
n=00 15, ()]

(2" (@), )],

and furthermore the law of z*(w) under Q° is proper. Hence, for fixed x we have
|(z*(a)), x)| >0, Q-ae.

Then for fixed x € P! and Q*-a.e.
.1 1

lim —log|S,(w)x| = lim —log|S,(w)|= L,(s).
n—-oon n—-oon

Using Lemma 3.6, since Q3 < c(s)Q’, this convergence is also valid Q$-a.e. Hence by definition of “Q°*, we have
L(s) = L,(s). The first assertion follows.
In order to get the L' -convergences, we observe that Fatou’s Lemma gives

1
liminf — / 10g| Sy (a))x’ dQ*(w) = L, (s).
n—oo n
On the other hand, the subadditive ergodic theorem gives

lim 1/10g|Sn(a))|dQS(a))=L(s)=LM(s).

n—o0on

Since |S, (w)x| < |S, (w)| if |x| = 1, these two relations imply, for every x € P4~1,

lln;olflog|5n(w)x|dQ“(w)=LM(s).

n n

Now we write
1 1 1
;|10g|Sn(a))x| —L(s)| < ;(10g|S,,(a))| —log|Su(@)x]) + ;|log’Sn(a))| — L(s)|.

From the above calculation, the integral of the first term converges to zero. The subadditive ergodic theorem implies
the same for the second term.

Hence limy,— oo [ [10g|S, (@)x| — L(s)| dQ* (w) = 0. Since Q% < ¢(s)Q*, this convergence is also valid in L! Q)
for any fixed x. This gives the second assertion, in particular

.1 o1
Ly(s)= lim - / 1ogys,,(w)x|d<@;(w)=n ETOO ;E;(log|Sn(a))x‘).
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The above limit can be expressed as follows.
Let ¢ be a continuous function on P~!. Then Theorem 2.6 implies

Jim B (o(8n(@) - x)) = lim (Q°)"¢(x) =" (¢).

uniformly in x € P41,
Hence Ly, ()% (¢) = lim, 00 YB3 ((Sy () - x) log| S, (@)x|). In particular with ¢ = X and any x we have

e (X)L, (s) = /IgXIA log [gx|du" (g).

k"( )
We denote vy, (s) = [ |gx|*du(g) and we observe that v),(s) = [ |gx|* log|gx|du"(g).
Using Theorem 2.6, we get lim,,— m =r ( )=1.

1 v,(s)
nup(s)”

Then the above formula for L, (s) reduces to L, (s) = lim,_, o

On the other-hand, 1 log v (s) = (; z 8

gives

dz, llmn_>Oo - log v, (s) = logk(s). The convexity of logv, on [0, 5]

v () _ 9,0 _ vy(s)
Un(0) = vy (1) T vnls)’
%O 1) VL)

nv(O) v (s) nv(t)
on [0, s]. On the other hand, Holder inequality implies the j-integrability of |g|” log |g| if # € [0, 5], and the bound:

(s—1)/s t/s
/Igl’lloglglldu(g)f (/|10g|g||du(g)) (/|g|§|log|g||du(g)) .

10,0
n vy (1)’

Then the convergence of the sequences implies that the sequence is uniformly bounded

Hence, as above, we have the convergence of to L(t). Then dominated convergence gives the convergence of

Llog v, (s) to logk(s) = [; L(t)dt.

We have L(t) = flog lgxlq' (x, g)du(g)dm’(x), and the continuity of ¢*, 7* given by Theorem 2.6. Then the
bound of f lg|"|log|g|| du(g) given above implies the continuity of L(r) on [0, s]. The integral expression of log k (s)
in terms of L(¢) implies that k has a derivative and ];C%) = L(t) if t € [0, s]. This gives the first part of the last relation
in the theorem. In order to get the rest, we consider u, (f) = f lg|"du" (g) and write for 7 € [0, 5]

u, (1) _ [ gl log|gldu"(g)
un (1) [1gltdum(g)

The convergence of % logu, () to logk(t) and the convexity of the functions logu, (), logk(t) give for ¢ € [0, s],

k@) < liminflu"—(t) < limsu (1) < M
k(1) n—00 n u,(t) n—oo Un(t) k(1)

Since if €10, s[, we have k'(t_) = k'(ty) = k'(t), we get lim,,_, oo ’i Z,. 8; ];c((zt))

Furthermore, by continuity we have lim,,_, o rll Z” 8 kk((ss ’)) . Now the rest of the formula follows from the expres-

sion of M"Et; given above. The relation L, () > O follows from the formula L, (¢) = ];{((t’)) and the strict convexity of

logk(z). (]

ift <s.

3.4. Lyapunov exponents and spectral gaps

We begin with a more general situation than above. As special cases, it contains the Markov chains on P4~ ! considered
in Section 2. In particular, simplicity of the dominant Lyapunov exponent given by Theorem 3.17 below will be a
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simple consequence of their special properties and of the general Proposition 3.11 below. For s = 0, this result was
shown in [28] under condition i—p. For the use of the Zariski closure as a tool to show condition i—p see [22,45]. We
give corresponding notation.

Let X be a compact metric space, C(X, X) the semigroup of continuous maps of X into itself which is endowed
with the topology of uniform convergence. We denote by g - x the action of g € C(X, X) on x € X and we consider
a closed subsemigroup X of C(X, X). Let u be a probability measure on X and let ¢(x, g) be a continuous non-
negative function on X x supp u such that [ ¢ (x, g) duu(g) = 1. We will denote by (X, ¢ ® u, X) this set of data and
we will say that (X, g ® u, X') is a Markov system on (X, X). We write §2 = >N, we denote by £2, the set of finite
sequences of length n on X' and for w = (g1, g2, ..., &) In 2, x € X, we write g, (x, w) = ]_['f q(Sk—1-x, gx) where
Sn=28n---81, So=1d.

We define a probability measure Q% on £2,, by Qf =g, (x, ) u®" and we denote by Q, the probability measure on
£2 which is the projective limit of this system. If v is a probability measure on X we set Q, = [ Q, dv(x). We will
consider the extended shift Y6 on 2 = X x §£2 which is defined by “0 (x, w) = (g1 - x, 6w), and also the Markov chain
on X with kernel Q defined by Q¢ (x) = f ¢(g-x)q(x, g)du(g). Clearly, when endowed with the corresponding shift,
the space of paths of this Markov chain is a factor system of (X x £2,40). If = is a Q-stationary measure on X, the
measure Q on £2 is shift-invariant and “Q, = [ 8, ® Q, dm(x) is “O-invariant. In this situation we will say that
(X,q ® u, X, ) is a stationary Markov system. If 7 is Q-ergodic, then ¢Q;, is “6-ergodic and Q, is 6-ergodic. We
will denote by E,, E; the corresponding expectations symbols.

In particular we will consider below Markov systems of the form (X, g ® u, T) where ¥ =T C GL(d,R) (d > 1),
and also extensions of them. We can extend the action of g € T to X x P4~! by g(x,v) = (g - x, g - v) and define a
new Markov chain with kernel Q1 by Q1¢(x,v) = [¢(g - x, g - v)q(x, g)du(g). Given a Q-stationary probability
measure 77, we will denote by C; the compact convex set of probability measures on X x P4~! which have projection
7 on X. The same considerations apply if P/~ is replaced by ]P"zi_l, the manifold of 2-planes or P‘f;l, the manifold
of contact elements in PY~!, Then we define similarly the kernels Q2, Q.2 and the convex sets Ca, Cj 2.

Since S, = g,,--- g1 and the g; are QQ;-stationary random variables where Q, is f-invariant and ergodic, the
Lyapunov exponents of the product S, are well defined as soon as

/ log|¢1(®)|dQx (@) and f log|g;! ()| dQx (@)
are finite (see [46]). In particular the two largest ones y; and y; are given by

1 ]
yi= lim — [ log|Sy(@)|dQr (@), 1 +y2= lim — / log
n—oon

n—oon

2
A\ S (w)‘ Qg (@).

In order to study the values of yi, > we need to consider the above Markov operators Qi, Q2, Q12 and the
convex sets Cp, C2, Cq 2 of corresponding stationary measures. We denote g(g) = sup, cpa-1 |¢(x, g)| and we assume
flogy(g)q(g) du(g) < oo. For 1 € Cy, we will write I1(n;) = fcn (g, v)dny(x,v)du(g), and similarly with 1, €
Ca,m12 € C12 we define I2(1m2), I1,2(n1,2) where we use the cocycles o1, 02,0 defined at the beginming of this
section. The following result will be a basic tool in this subsection.

Proposition 3.11. With the above notation, let T be a closed subsemigroup of GL(d,R), (X,q® u, T, ) a stationary
and uniquely ergodic Markov system. Assume that S;; - m converges Qy-a.e. to a Dirac measure 8=, such that for any
vePI! (v, 2¥()) #0, Qr-a.e. Assume that [logy (g)q(g) dju(g) is finite. Then y2 — y1 = sup{l1 2(n): n € C1.2},

and the sequence % sup, ,, v Ex(log W) converges to y» — v < 0.

The proof uses the same arguments as in [29]. The condition lim,_, o S;; - m = 8%y, is satisfied in the examples
of Section 3.2 (see Theorem 3.2).
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Lemma 3.12. Let m, be the natural SO(d)-invariant probability measure on the submanifold of p-decomposable
unit multivectors x = vy A vy A--- Avy,. Then there exists ¢ > 0 such that for any u € End V:
p

N\ u —/log (/’\u)(x)

Proof. We write u in polar form u = kak’ with k, k" € SO(d), a = diag(ay, az,...,aq3) and a; > ap > --- > ag > 0.
We write also x = k"e” with k" € SO(d), e =ej Aey A--- Aep, hence,

p p
/log /\ux dmp(x):/log /\aksp

where m is the normalized Haar measure on SO(d). Furthermore

0 <log dmp(x) <c.

p
N\ ak'k"e? dm(k),

dﬁ1(k”):/log

p p p
/\aks” > </\ak€p,8”> = /\a |<k8p,8p)|,
p p
/log /\ux dmp(x) > log /\u +/log|(kgl’,gl’>|drh(k)
P

=log

Nu

Hence it suffices to show the finiteness of the integral in the right hand side. But the set of unit decomposable
p-vectors is an algebraic submanifold of the unit sphere of A\” V and m, is its natural Riemannian measure. Since
the map x — (x, 81’)2 is polynomial, there exists ¢ € N, ¢ > 0 such that: ct? <mp{x; (x, 8”)2 <t}<l1.

The push forward o of m, by this map is an absolutely continuous probability measure on [0,1] which satisfies
0(0,1) > ct9/%. Then

+/10g|<x,8p>|dmp(x).

1
/log|<x,8p)idmp(x):/ logtdo (t) > —oo0,
0

since the integral fol 19/2=1 dt is finite for ¢ > 0. O
We recall from [37] the following

Lemma 3.13. Let (E, 0,v) be a dynamical system where v is a 0-invariant probability measure, f a v-integrable
function. If Y| f o 0% converges v-a.e. to —oo, then one has v(f) < 0.

Lemma 3.14. Let E be a compact metric space, P a Markov kernel on E which preserves the space of continuous
functions on E, C(P) the compact convex set of P-stationary measures. Then, for every continuous function f on E,
the sequence sup, . % 1 PX £ (x) converges to sup{n(f); n € C(P)}. In particular, if for all n, ' € C(P) we have

n(f) =n'(f), then we have the uniform convergence, lim,_, o, % 1 PEF) =n(f).

Proof. Let J C R be the set of cluster values of the sequences % Zg_l (P¥ £)(x,) with x, € E. We will show that

the convex envelope of J is equal to {n(f); n € C(P)}. If the sequence i ng(Pif)(xnk) converges to ¢ € R, we

can consider the sequence of probability measures n; = % 8"_1 Pis x,, and extract a convergent subsequence with

limit € C(P). Then, since f is continuous we have

. 1 ng—1 i
n(f)=lim =3 (P'f)0m) =c.

0
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Conversely, if n € C(P) is ergodic, Birkhoff’s theorem applied to the sequence % g_l (P! f)(x) gives n-a.e.,

n—1

1 .
Jim =3 (1)) =n(f),
0

hence there exists x € E such that n(f) is the limit of %Zg_l (P! f)(x). If 5 is not ergodic, n is a barycenter of
ergodic measures, hence n( f) belongs to the convex envelope of J. In view of the above, this shows the first claim.
Since J is closed, the convex envelope of J is a closed interval [a, b], hence b = lim;,—, oo % SUP,cE 2071 (Pif)(x) =
SUP,ec(p) n(f). U

Lemma 3.15. We have the formulae

o1
y1= lim —Sup/10g|5n(w)v|d@x(w) = sup I1(n),
X,V

n—oon neC;

o1
ity = lim ~ sup / log| Sy (@)v A Sy (@)v'| dQx (@) = sup L ().

x,0,v neC,

Proof. We consider the Markov chain on X x P?~! with kernel Q; defined by
Qu/)(x,v)=/<p(g-x,g-v)q(x,g)du(g),

and the function ¥ (x, v) = fal (g,v)q(x, g)du(g). We observe that

n—1
[or(s.@.0) 0@ = Y- obwir. v,
0

and v is continuous since [logy(g)g(g)du(g) < co. Also, since 7 is the unique Q-stationary measure, any Q|-
stationary measure has projection 7 on X. Then, using Lemma 3.14, we have

sup 11(77)=n1_i)12015u13/‘71 (Sn(®), v) dQy (@),

neCy n xv

which gives the second part of the first formula. In order to show the first part we consider n € C; whichis Q;-ergodic,
the extended shift § on X x P?~! x £ and the function f(x, v, ) = o1(g1(®), v). Then

n—1

5(x, v,w)=1(g1-x,81-v,0w) and o (Sn(a)), v) = Zf oék(x, v, ).
0

Also, f(x,v,w) is @n—integrable where @,, = f 8(x,v) ® Qy dn(x, v). Using the subadditive ergodic theorem, we
have

1 o1
1 = [ 01(5:(00.0) 4@ dncr v = Jim - [ 10g]3, (0|40 @) = .
We show now that for some 1 € C; we have y; = I1(n). Using Lemma 3.12, we know that
0 < log|Su(w)| —flog\sn(w)u| dm(v) <c,

hence, integrating with respect to Q;, we have

o§/dm(u)/(1ogysn(w)y — log| S, (@)v|) dQx (w) <c.
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Then the sequence of non-negative functions 4, (v) on P4~! given by

1
hn(v) =~ /(10g|5n(w)| —log|Sy(@)v]) dQx ()

satisfies 0 < h,(v) < % with ¢ given by Lemma 3.12, lim,_, fh,,(v) dm(v) = 0. It follows that we can find a

subsequence h, i such that #,, i (v) converges to zero m-a.e., hence

y1 = lim i/ol (8n; (@), v) dQq (w), m-ae.,

j—o00 nj

in particular this convergence is valid for some v € P4~!. The sequence of probability measures
nj
1 k
— > 0f(r®6,)
n; 1

has a weakly convergent subsequence n; with a Q1-invariant limit ». Furthermore, the function v considered above
18 continuous, hence

1
D) = lim — / 01(S, @) dQe @) =y1.  y1=hn)= sup ().
J=oon; neC

The same argument is valid for log|S, (w)(v A v')| with m replaced by m>, hence the second formula. O
Lemma 3.16. For any n € C1, we have y1 = I1(n).

Proof. As in the proof of Lemma 3.15 we have I1(n) = lim,_ %al(Sn(a)), v), Qy-a.e., hence the existence of
v € P4~ guch that Qr-a.e.,

o1
Ii(n) = lim —log|S,(®)v|.
n—-oon

Then, using Theorem 3.2 and Lemma 3.15 we get, Q-a.e.

L S| B
nlingozlo m—nll)ﬂgozlogKZ (CU),U>| =0,
since (z*(w), v) #0, Q-a.e. Hence 11 (n) = lim;_, o % flog |8y (@) dQy (w) = yy. O

Proof of Proposition 3.11. We have y» — y1 = (y1 + y2) — 2y1, y1 = I1(n) for any n; € C; and y| + y» =
SUp,,ec, I>(n2). Using the theorem of Markov—Kakutani for the inverse image of 1, € C2 in C; 2 we know that
any 1y € Cy is the projection of some 712 € Ci2, hence y; + y» = SUP,, L€y (o). If 17/1 is the projec-
tion of 712 on P! we have I 2(n12) = L(n1.2) — 21 (n7) and from Lemma 3.16, y1 = I1(n}). It follows
Y2 = Y1 =8Up, ey, 11.2(01,2).

Since I1,2(n1,2) depends continuously of 71 2 and Cj > is compact, in order to show that y» — y is negative it suf-
fices to prove 11 2(n7) < 0, for any n € C . We consider the extended shift 6 on X x }P’fll’_zl X §2 defined by é(x, &, w)=

(g1 - x,81 - &, 0w), the function f(§, w) = o0(g1,£) and the f-invariant measure @,, = fS(x,g) ® Q. dn(x,&).
Since S - m converges Qx-a.e. to 8%y, Lemma 3.3 implies lim,_, o 0 (S, (w), §) = —o0, Q-a.e. if the origine
v of & satisfies (v, z*(w)) # 0. By hypothesis, this condition is satisfied for any & and Q-a.e., hence we have
limy— 00 Y | f 0 6% = —oc0 Qy-a.e. for any £. It follows that this convergence is valid @n—a.e., hence Lemma 3.13
gives n(f) = 11 2(n) < 0. We consider

L= E, <10g 3(Sn(@) - v, Sy(@) - v )>.
n B(Ua U,)
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With [v| = |v/| =1, 81 (v, V') = |v A V| we have

81(Sn(w) - v, Sp(w) - V') log [Sn(@)v A Sp(w)V]]

61(v, v') [lv A V|

log —10g|Sn(a))v| —log|Sn(w)v’|.

By Lemma 3.15, we have also

( |Sn(@)v A Sn(a))v’l)
log .

o1
y1+y2= lim — sup E,
n—>oon [lv AV

x,v,v

Furthermore, by Lemmas 3.14 and 3.16, we have the convergence of sup, ,, %]Ex (log|S, (w)v]) and
1
inf —[E, (10g|S,,(a))v|) to I1(n) = 1.
x,on

The uniform convergence of %IEX (log | Sy (@)v]) to y; follows. Then the equivalence of §;, § implies that sup,. ,, %I,,
converges to y» — y1. (I

With the notations of Section 3.4 above we have the following corollaries, for products of random matrices.

Theorem 3.17. Assume d > 1, the closed subsemigroup T C GL(d,R) satisfies condition i—-p, s € I, and
[ 1gl* logy (g) du(g) is finite. Then the dominant Lyapunov exponent of S, (w) is simple and

( 8(Sp(w) - v, Sp(w) - V")
lo

d(v,v) > =Ly2(s)—Ly1(s) <0,

1
lim — sup E}
n—-oon x.v.v

where L, 1(s), Ly 2(s) are the two highest Lyapunov exponents of S, (w) with respect to Q°. In particular,

( 3(Sn(®) - v, Sp(w) - V")
log

S(v,v') ) < Lya(s)—Lya(s) <O0.

1
lim —supE’
n—>00n ,

Proof. In view of Theorems 3.2, 2.6, the conditions of Proposition 3.11 are satisfied by X = pi-l qgAuUu=q°Qu,
and w = 7r%. On the other hand we have Q° = f Q5. dm (x), hence the second formula. O

We will use Theorem 3.17 to establish certain functional inequalities for the operators QF, Qs on Pd—1 sd-1
defined in Section 2 and acting on Hy(P?~!) or H,(S?~"). Using [34], spectral gap properties will follow. We will
say that Q satisfies a “Doeblin—Fortet inequality” on H,(X), where X is a compact metric space if we have for any
¢ € H.(X), [Q™¢]e < plele + D|¢| for some ng € N where p <1, D > 0.

Corollary 3.18. For ¢ sufficiently small and s € [0, sool, if [ 1gI°y 7 () diu(g) < oo for some T > 0, then

(85(Sp X, Sy I/n
lim (supEé<M)> =p(e) < 1.

n—>00\ xy 85()(,)))

If k' (s) > 0, then lim,,_, o (sup, ES(lSnlxlg))‘/" <1.
Proof. The proof of the first formula is based on Theorem 3.17 and is given below. The proof of the second formula
follows from a similar argument (see also [39], Theorem 1, for s = 0).

We denote o, (x, y, w) =log W and we observe that

e <1+ say + 2a2ef1l |, <2logy (S,).
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Since r2el!l < &3l!l there exists g9 > 0 such that for & < g

1 1 6
ot,%esla”l < —2e350‘°’”| < _Z(J/(Sn)) 0,
&) )

We observe that [, = siz]ES (y650(S,,)) is finite for s < soc and &g sufficiently small (see the proof of Corollary 3.20

below). It follows

ES (ew”(x’y"”)) <14 ¢cE*f (otn(x, v, a))) +&21,,

(Ss(sn X, S0 y)

]ES
e 55(x,y)

6(S, - x, S, - )
( n n y)) - & In.
X,y

<l+4esu ]E“(lo
) e R TP

Also the quantity p,(¢) = supy E‘V(%) satisfies 0,40 (e) < pm(€)pn(e), hence we have p(e) =
limy,— 00 1 (e)l/m = inf,en(on (&))", 1t follows that, in order to show p(e) < 1, for & small it suffices to show
E(Snovc,SnO'y)

3(x,y)
ing Theorem 3.17, and we take ¢ sufficiently small so that 821n0 +ec < 0. Then we get p,,(e) <1+ 821n0 +ec< 1.0

Pny(e) < 1 for some ng. To do that, we choose ng such that sup, E*(log ) = ¢ < 0 which is possible us-

Corollary 3.19. Let H,(P?~") be the Banach space of e-Hélder functions on P4~ with the norm ¢ — [¢]s + ||
and assume 0 < s < 500, [ 1gI°y7(g) du(g) for some t > 0. Then for ¢ sufficiently small the operator Q° (defined in
Theorem 2.6) on H,(P?~1) satisfies the following Doeblin—Fortet inequality [(Q°)"¢]s < p’(¢)[@]s + Ble|, where
B>0,np€eN, p"(e) < p'(e) < 1.

In particular the operator P* admits the following spectral decomposition in Hy(P4~1)

P =k(s)(v' ®e' +U*),
where U® has spectral radius less than 1, and satisfies U°(v° @ ) = (v ® €*)U* =0.

Proof. From Lemma 3.5, we know that Q5. < c(s)Q°, hence, using Corollary 3.18, for n > n sufficiently large and
5£(Sn'x,5n-y)

o)) ) < p’(g). We can write

with p’(g) €1p"0(¢), 1[, we have sup, , 3 (

(2°)"0(x) = (2°)"9(») =E(¢(S - ) — B (9(Sy - ¥))
=B (¢(Sn - X) — (S - 1) + (B} —E3) (9(S, - ).

The first term in the right hand side is bounded by [¢],8° (x, y) sup, , B3 (Z52E5) e by [¢],6°(x, y)p' (o).

Using Lemma 3.5, we know that the second term is bounded by B |¢|8° (x, y). Hence with ¢ < § we get the required
inequality.

From Theorem 2.6 we know that Q° has a unique stationary measure 7° and 1 is the unique eigenvalue with
modulus one. Then the above Doeblin—Fortet inequality implies (see [33]) the relation Q° = 7° ® 1 + V¥ where V*
commutes with the projection 7% ® 1 has spectral radius less then one and satisfies V*(7* ® 1) = 0, hence the required
formula for P*. (]

Corollary 3.20. With the notation and hypothesis of Corollary 3.19, the following Doeblin—Fortet inequality is valid,
ifz=s+it,0<s < 5x:

[(Q9)" ], <0 @l¢le + (B + Ay (®)1]%)l0l,

where 0 < A,,(g) < 00. For t # 0, the spectral radius of Q% is less than 1. Furthermore k(s) and the projection
V¥ ® e are analytic on 10, seo[, and 1 is a simple eigenvalue of Q°.
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Proof. By definition of Q% = Q** we have (Q*+)"¢(x) = ES (|S,x|"¢(S, - x)), hence [(Q%)" @ (x) — (Q9)"0(y)|
is bounded by the expression

(B = E) (10X Y 0 (Su - )|+ [ES (10X 9(Sn - x) — 1Sy " 0(Su - 1)) .

Using Lemma 3.5 the first term is bounded by B&(x, y)E*(J¢]) i.e. by B|@|8¢(x, y). The second term is dominated
by [ES (1Sux " — [Suy )l + B3 (l9(Sy - x) — 9(Sn - ¥)D.

As in the proof of Corollary 3.19, for n > ng we write
E (l9(Sn - x) = 9(Su - 3)|) < [9lE5(8°(Sn - X, Su - )

8°(Sp - x, Sy °y)

< [pl1:8°(x, y)supE§,< > < [ple8°(x, )0’ ().
X,y

8¢(x,y)
On the other hand, using the relation ||u| — [v|| < 2|¢|°|log|u| — log|v||® < 2|¢|° sup(“l—l, MIJ_I)SHM — |v]|?, we
get
it it P 1 € € 5”&
|1S0x " =[Syl < 2]2]° sup —[Sa(x = y)|” <21¢1° sup -87(x, ).
=1 |Sn ] =1 |Sn ]

Since |S,v] > |8, 7" we get [} (IS,x[" — 1S, y[7)] < 2¢(s)]1]°8° (x, y)ES (¥ (Sn)).

Since ¥ (Smin) < ¥ (Sm)y (S, 00™) and Q° is shift-invariant, ES (26 (S,,)) < ES (¢ (81))" < 00.

Then for n fixed and ¢ sufficiently small the hypothesis implies that Esy(|Snx|i’ — |S,y[") is bounded by
A, (8)|t188% (x, y). Finally, for n = ny,

[(°)"¢]. < [P @l¢l], + (B + Any@)I1]) 6.

Then, using [33], one gets that the possible unimodular spectral values of Q¢ are eigenvalues. Using Theorem 2.6,
if # # 0, one get that no such eigenvalue exists, hence the spectral radius of Q¢ is less than 1.
In order to show the analyticity of k(s) and v* ® €* on ]0, ss[, we consider the operator P* for z € C close to s.

We begin by showing the holomorphy of P*? for Rez €]0, so[. Let y be a loop contained in the strip Rez € ; n and
¢ € Hs(P?~1). Then, since z — |gx|? is holomorphic

/P%(x)dz:/ w(g'X)lgxlzdu(g)dz=/ ¢(g'x)du(g)/|gxlzdz=0.
Y Gxy G y

On the other hand, the spectral gap property of the operator P* implies that k(s) is a simple pole of the function
¢ — (¢I — P*)™!, hence by functional calculus if y is a small circle of center k(s) € C

k(s)r* ® S—L/( 1-P)'d
S)v e_2in y; .

Since P? depends continuously of z, the function (¢/ — P?)~! has a pole inside the small disk defined by y, if z
is close to s. Then by perturbation theory P? has an isolated spectral value k(z) close to k(s). The corresponding
projection v? ® e satisfies

1 -
k(z)vz®eZ=E/(§I—PZ) 3
14

This formula and the holomorphy of P? shows that k(z) and v? @ e® are holomorphic in a neighbourhood of s. The
analyticity of k(s) and v* ® e¢® follow. The fact that 1 is a simple eigenvalue of Q° follows from Theorem 2.6. ]

Corollary 3.21. Assume [ |g|*y"(g)du(g) < oo for some v > 0. Then given & > 0 sufficiently small, for any &y > 0
there exists 8o = So(eo), no = no(eg) such that if x,y € §é-1 satisfy S(x, y) < 8¢, then ES(SS(SHO X, Spy - ¥)) <
£06°(x, y).
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One has the following Doeblin—Fortet inequality on Hy(S?~') with D > 0 and py = eoc(s) < 1, [(QS)"‘Np](9 <
polele + Dlg|, where c(s) satisfies Q5. < c(s)Q¥. In particular the spectral value 1 is isolated and the corresponding
finite dimensional projector depends analytically on s €0, sxol.

In case 1, the Q°-invariant functions are constant. In case 11, the space of Q°-invariant functions is generated by
pYy and p? . If t # 0O the spectral radius of 0% is less than 1.

Furthermore, 1 is the unique unimodular eigenvalue of 0° except in case 1, where —1 is the unique non-trivial
possibility.

Proof. Assume ¢ is as in Corollary 3.18. We will use for any n € N and ¢ > 0, the relation
B (85 (Sn - x, Su- ) =E (8°(Sn - %, Su - M Ly (s=1) + E (85(Su - X, Sp - W 1 (yisn=<r})-

In view of Corollary 3.18 we have for some ng, any x, y € P4-1 and given g9 > 0, we have E°(6°(Sp, - X, Spy - §)) <
%088()2, ). Using Lemma 2.11 we have, for x, y € %71, S(S,,0 X, Sy ) < 2)/2(S,,0)S(x, y), hence

7 (5°(Sup - % Sup - My (819)=11) < 2B (v (Su) Ly 5,9)1))-

Since, as in the proof of Corollary 3.20, we have if ¢ is sufficiently small, Es(yze(Sno)) < 00, we can choose 1y > 0
5o that ¥ (85 (S, - X, Sy, - Dy (Su)=10)) < 258 (x, y).

Then, on the set {y (Su,) < fo} We have §(Sy - X, Sng - ¥) < 202(Spe)8(x, y) < 2125(x, y).

We observe that, if S(u, v) < /2 with u,v €S9, then 6(u,v) = g(u, v). Hence, if 2t§(§(x, y) < fz, we get
§(Suy - X2 Suy - ¥) = 8(Sng - %2 Suy - 7) on the set { (Suy) < fo}. It follows, if 5(x, y) < 32 = 8o, E* (8¢ (Spy - X, Sug -

213 =
Wy (8,900} < 38°(x, y). Hence we get, if $(x, y) < 80, E*(8°(Sng - X, Sug - ¥)) < £08° (x, y).
8 (Sug X, Sng )

3 (x,y) ) < c(s)ep.

Using Qf < ¢(s)Q° we obtain SUP5(x y)<so ES(
On the other hand, for ¢ € H, (S~ 1):

(0%)'p(x) = (Q°)"0(») =E5(0(Sn - x) — 9(Sp - ) + (B} — ES) (9(Sn - ).

In view of Lemma 3.5, the second term is bounded by B&* (x, ¥)|e|. Then, for S(X, y) < 8p we obtain, since
e<s,

[(0%)"0(x) — (0%) 0 (»)] < c(s)eolpled® (x, y) + Blold® (x, y).

If §(x, y) > 8o we have trivially B (¢ (S, - X) — @(Sn - ¥)]) < 2c(s)‘3£§+5”|<p|.
Finally, on SY=!, [(0*)"¢]. < c(s)eol@le + (B + Z%Wpl, hence the result with D = B + ch—i). The structure of
0 0

the space of Q*-invariant functions is given by Theorem 2.16. It follows from [33] that 1 is an isolated spectral value
of Q* and the corresponding projection has finite rank. The same argument as in the proof of Corollary 3.20 gives the
analyticity of this projection. Doeblin—Fortet inequality implies that the possible unimodular spectral values of Q7 are
eigenvalues. Then, as in the end of proof of Theorem 2.6, one would have for some ¢ € H, (Sd_l), el? € C, and any
g €supp i, |gx|¥o(g - x) = e’ p(x). This would contradicts Proposition 2.5 if 7 £ 0.

The last assertion is a direct consequence of Corollary 2.18. ]

Proof of Theorem A. The spectral decomposition P* = k(s)(v® ® e® + U?) is part of Corollary 3.19. The analyticity
of k(s) and v* ® e® on ]0, seo is stated in Corollary 3.20. The strict convexity of logk(s) is stated in Theorem 2.6.
The fact that the spectral radius of P? is less than k(s) follows from the corresponding assertion for Q% in Corol-
lary 3.20. ]
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4. Renewal theorems for products of random matrices

It is well known that the potential theory for a random walk on R with positive drift is closely related to renewal theory
(see [15]). In this context, one basic result gives the homogeneous behaviour at infinity of the potential measure;
another basic result gives the convergence ( — 00) of the entrance measure of the random walk into ]z, co[ towards
a certain probability which has a density with respect to Lebesgue measure, with a simple expression in terms of the
associated ladder random walk. In this section we extend these two results to linear random walks on the G-spaces
VA{0} = Sa-1 x Ri and V = P41 x Ri. We denote by u € M'(GL(V)) the law of our random walk and we
identify R to R% via the exponential map. For the proofs we use the results of [36] which give renewal theorems for
a class of Markov walks on R, which satisfy the tameness conditions explained below. An important observation of
[35] is that, if w is supported on the positive matrices, these tameness conditions are satisfied. Here we assume that
the semigroup [supp p] satisfies condition i—p and we use the results of Sections 2 and 3 to show that the tameness
conditions of [36] are still valid in our generic situation. Hence we extend the results of [35,39] to the general case.
This extension will play an essential role in Section 5.

4.1. The renewal theorem for a class of fibered Markov chains

We begin by summarizing, with a few changes and comments, the basic notations of [36]. Let (S, §) be a complete
separable metric space, P (resp. P) a Markov kernel on § x R (resp. S) which preserves Cp (S x R) (resp. Cp(S)). We
assume that P commutes with the translations (x, 7) — (x, 7 +a) on § x R, and P is the factor kernel of P on S. If
is a P-invariant probability measure, and ¢ is Lebesgue measure on R, we note that the measure 7 ® £ is P-invariant.
We will say that P is a fibered Markov kernel and defines a “fibered Markov chain over S.” More generally, if P is a
measurable kernel on S x R which satisfies the above commutation we will say that P is a measurable fibered kernel
over S. In this situation, if 7 ® £ is a P-invariant measure, we will say that P is a measurable fibered Markov kernel if
Pis positive and P1 =1, w ® £-a.e. These measurable fibered kernels will play an important role in Section 4.3 below.
In this section, from now on we denote by P a Markov fibered kernel. In our applications, for Markov fibered kernels,
we will have S compact and S = P4=! or S C S~ !, hence S x R will be identified with a cone in V or V \ {0}. Here
we consider paths on S x R starting from (x, 0) € § x {0}. Such a path can be written as (x;, V;;)n,en With Vy =0,
x0=x,V,—=Vu1=U, n>1).

The corresponding space of paths for a fibered Markov kernel P will be denoted “£2 = S x []{°(S x R), the
Markov measure on “§2 associated with P and starting from x € S will be denoted by “P, and the expectation
symbol will be written “EE,. The space of bounded measurable functions on a measurable space Y will be denoted
B(Y). We observe that the Markov kernel P on S x R is completely defined by the family of measures F (du|x, y)
(x,y € S) where F(du|x, y) is the conditional law of V| given xo = x, x; = y. Given a fixed P-stationary proba-
bility 7 on S, the number f uF(du|x, y)I3(x, dy) dm (x) with be called the mean of P, if the corresponding integral
f |u| F(du|x, y)};(x, dy) dm (x) is finite. In that case, we say that P has a 1-moment.

If t € Ry we define the hitting time N (¢) of the interval ]z, oo[ by:

N@)=inf{n > 1, V,, >t} (=400 if no such n exists).

On the event N () < +oo we take W(t) = Viy) — t, Z(t) = xn(). If V} has a lifetime interpretation then W (z) is
the residual waiting time of the interval ]z, oo[ (see [15]). In general the law of (Z(¢), W(¢)) under P, is the hitting
measure of Sx]¢, oo[ starting from (x, 0). In particular, in analogy with [15], we define the “ladder kernel” H of P,
starting from (x,t) € S x RR, to be the law (possibly defective) of (xy (), t + V(o)) under “P,. In analogy with [15],
N(0) (resp. V() is the first “ladder index” (resp. “ladder height”) of P. By definition H is a measurable fibered
kernel over S; it plays an important role in the expression of various asymptotic quantities for P.

One needs some technical definitions concerning direct Riemann integrability, aperiodicity of the Markov chain
defined by P on S x R, and the possibility of comparing “P,, “IPy in a weak sense for different points x, y in S. We
add some comments as follows.

Given a fibered Markov chain on S x R, we denote

m sl

Vi 1 1
Co=09, Ck:{xeS;”]P’x{—m>szzk}>§} fork > 1.
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Definition 4.1. A Borel function ¢ € B(S x R) is said to be d.R.i. (for directly Riemann integrable) if

oo “+o00
Yo Y k+Dsup{leen]ix € Copi \ Cr b <1 < €+ 1) < oo,
0 ¢{=—oc0

and for every fixed x € S and any B > 0, the function t — ¢(x, t) is Riemann integrable on [—8, B].

In our setting below we will have Cy = S for some k > 0 and for some ¢ > 0, any x € S and m sufficiently large
aP, (‘r/n—”’ >g)> % Then the following stronger form of the above definition will be used.

Definition 4.2. The function ¢ € B(S x R) is said to be boundedly Riemann integrable (b.R.i.) if the following holds:
=0

iz_oo sup{lo(x,t)|;x € S,t € [£,€ + 1[} < oo, and for any fixed x € S, any B > 0, the function t — ¢(x,t) is
Riemann integrable on [—8, B].

Remark. Definition 4.2 corresponds to sup{|¢(x,t)|; x € S} directly Riemann integrable in the sense of [15]. If Cy =
S for some k € N, then clearly condition b.R.i. implies condition d.R.i.

The following definitions will help us to express the appropriate tameness conditions for (P, ), where  is a

P-stationary probability.

Definition 4.3. The kernel P, the space (S, §) and the measure w € M'(S) being as above we consider a point
€, A, y) e Rx [0, 1] x S and we say that (P, ) has distortion (£, A) at y if for any € > 0, there exists A € B(S) with
m(A) > 0and my, my € N, such that for any x € A, ‘P {6 (X, ¥) +8(Xmy, ¥) <&, 1 Viny — Vi, — C1 <A} > 0.

For any f € B(“£2), ¢ > 0 we write

fExo,x1, .., vr, .. =limsup{ f (yo. yi, ... wi,..); 8(xi, yi) + [vi — wi| <eifi <n}.

n—o0

Definition 4.4. We will say that the kernel P on S x R is non-expanding if for each fixed x € S, ¢ > 0, there exists
ro = ro(x, &) such that for all real valued f € B(“$2) and for all y with §(x, y) < rg, one has

Py(f) < Pu(f) +elfl,  Pu(f) < Py(f°) +elfl.

This condition of non-expansion says that, in probability, if x, y € S are close then the paths along the fibered
Markov chain starting from x, y and defined by P remain close.

One can see that, if ¢ € Cp (S x R) is uniformly continuous, then the condition of non-expansion for P implies that
the set of functions { P"¢; n € N} is uniformly equicontinuous.

We denote by I.1-1.4 the following conditions, where 7 denotes a given P-stationary probability on S,

e L.1. For every open set O in S with 7(O) > 0, and P, -a.e., for each x € S, we have
P, {x, € O for some n} = 1.

e [.2. P has a 1-moment and for all x € S, “IP,-a.e. we have

n—oo n

V _
lim =~ =L =qu(du|x,y)P(x,dy)d7r(x) > 0.

e 1.3. There exists a sequence (¢;);>1 C R such that the group generated by ¢; is dense in R and such that for any
i >1and X €0, 1], there exists y = y(i, A) € S such that (P, ) has distortion (¢;, 1) at y.
e [.4. The kernel P on S x R is non-expanding.
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Condition 1.1 means that for any x € S the trajectories of P visit any non-r-negligible open set with probability
one. It implies that continuous P-invariant functions are constant on S. Condition 1.3 guarantees that there is no r > 0
such that, with probability one, the values of V,, — V,, (n, m € N) are of the form k(n, m)r with k(n, m) € Z.

One can see that conditions I.1 and 1.4 imply that P admits the unique invariant probability 7 and that for ¢ €
Cp(S), the set {13"(,0; n € N} is equicontinuous. We will denote £ = 1j9,oo¢ Where £ is Lebesgue measure on R. For
a bounded measure 6 on S x R, we will write 6 its projection on S. We recall that the Radon transform of a bounded
measure on R is defined by é(t) =6(t,00]) ift € R.

The ladder kernel H can be written as

H(0.0.) = [ (5.0 H ) (5.0

where Hj is the conditional law of V() given xn() = z, starting from y € S. Condition 1.2 implies that for any
yeS, H((y,t),-) is a probability.
Then, the following extension of the classical renewal theorem is proved in [36].

Theorem 4.5. Assume conditions 1.1-1.4 are satisfied for the fibered Markov kernel P. Then there exists a positive
measure x on S X Ry absolutely continuous with respect to m ® £y such that for any x € S and ¢ € Cp(Sx]0, 0ol),

. 1 _
tl_IEgO“Exfﬂ(Z(t), W) = I f @(z, ) L5000 (1) Py{xn(0) € dz, V(o) € dt}dx (v) ds = x(9),

ie.x =1 [(6:® Hity)H(y,dz)dx (y).
Moreover, if ¢ € Cp(S X R) is d.R.i., then, for any x € S,

o0
' 1
tl_lgo“]Ex ( EO @xp, Vy — t)) = Z/w(y,S)dﬂ(y)ds,

——00

il 1
lim Z Pro(x, 1) = Z(n ® 0)(9).
0

Furthermore ¥ is an invariant measure for the measurable Markov chain on S with kernel
H(y, dZ) = a]P’y ()CN(()) € dZ)
and ny (N(@0))dx(y) < oo, f]Ey(VN(o)) dx (y) < oo, where x is absolutely continuous with respect to 1.

Remark.

1. If S is compact, condition 1.1 is a consequence of uniqueness of the P-stationary measure 7. This follows from
the law of large numbers for Markov chains with a unique stationary measure [8): for any continuous function
with 0 < f <1, w(f) > 0 we have ?Py-a.e. for all x € S, lim,— % Zg_l f(Xy) =m(f) > 0. This implies
condition 1.1.

2. The construction of x in [36] is based on Kac’s recurrence theorem and implies the absolute continuity of x with
respect to 1, hence the measure x is independent on x and absolutely continuous with respectto T Q £.

4.2. Tameness conditions 1.1-1.4 are valid for linear random walks

We verify conditions I.1-1.4 in four related situations. As in [35], Proposition 1, the basic property used for the validity
of I.1, 1.2, 1.4 is the fact that for a product S, of random matrices, under condition i—p the lengths of colum vectors
of S, are comparable to the norm of S, (see Theorem 3.2). We observe that this property plays also an important role
in the general context of [4] (see Theorem 6.9). The aperiodicity property in condition 1.3 is verified below using the
properties of dominant eigenvalues of elements of 7 (see Proposition 2.5). Here R is identified with R via the map
t — e'. If d > 1 we use condition i—p. If d = 1 we use non-arithmeticity of .
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The first (and simpler) situation corresponds to S = Pd-1 §x R = v, P(v,-) = u*6, where P is the operator on
V denoted P in Section 2. Also we write on Pl p(x, )= uxdyifx € P4—1 We will begin the verifications by this
case and show how to modify the arguments in the other cases corresponding to s =« or § C S¢~! c V \ {0}. In the
case, of V \ {0}, S is a compact subset of SY~! and P (resp. P) will be the restriction to § x R (resp. S) of the kernel
already denoted P (resp. P) in Section 2. Since, for any t € R% and g € G, we have g(tv) =tg(v), the kernels P and
P define fibered Markov chains on S x R? . As shown at the end of Section 2 (Theorem 2.16) we need to consider two
cases for P, depending of the fact that P preserves a proper convex cone (case II) or not (case I). In case I (resp. II)
we will have § = S¢~! (resp. S = Co(A 4 ([supp u]))). With these choices, there exists a unique f’—stationary measure
on S, as follows from Theorem 2.16. In Section 4.5 below we state the detailed results for V \ {0}. We denote by
a € I, the positive number (if it exists) such that k(«) = 1, where k(s) = limn%oo(f |g|® du” (g))l/".

We know from Section 2, that for any s € I,,, there are two Markov kernels Q° on P4—1 and QS on S, naturally
associated with the operator P* considered in Section 2. We are here mainly interested in the cases s = o and s =0,
with Q0 = P and Q¥ = P, but we observe that our considerations are valid for any s € I 0

We denote by 45 the natural Markov measure on the path space 2 associated with @ and s > 0. If s =0 we use
the notation “Py. In our linear situations we have ‘P, = §, ® P, “Q} = §, ® Q) where Qf is defined in Section 3.
We write Vi = log|Skx|, xx = Sk - x and we denote by A, the map from 2 = GN to 282 given by (g1, g2,...) =
(x,x1, V1, x2, Va,...). Clearly “Q% (resp. “Py) is the push-forward of Q¥ (resp. IP) by Ay, hence we can translate the
results of Section 3 in the new setting.

The validity of condition 1.1, in all cases, is a direct consequence of the remark following Theorem 4.5, since by
Theorem 2.6 and Theorem 2.16 the kernels [_’, oY, 15, QO‘ have unique stationary measures on S.

In order to verify 1.2 we begin by S = Pl s x R"jr = 17, F_’(x, ) = [k By, I5(v, ) = u * 8,. Then
F(Alx,y) = u{g € G,log|gx| € A, g - x = y} for any Borel set A C R, and 7 = v with u % v = v. We observe
that |log |gx|| < logy(g) if |x| =1 and y(g) = sup(|g|, |g~"']). The finiteness of f|u|F(du|x,y)13(x,dy)dJT(x)
follows since log y (g) is u-integrable. Also [uF(dulx, y)P(x,dy)dw(x) = [log|gx|du(g)dv(x) = L,. Then the
relation “P, = A, (IP) and Theorem 3.10 imply, for every x € pd-1 (case s =0), and P-a.e.:

1
L, = lim —log|S,x| :/log|gx|d,u(g)dv(x).
n—oon

Except for L, > 0, this is condition 1.2 in the first case. If S C S9-1 is as above, the result is the same, since the
involved quantities depend only on |gx| with x € P4~!, and P has a unique stationary measure on S.

In the cases of Q% and QY it suffices also to consider the case S = P4~!. The 1-moment condition in 1.2 follows
from f |g|*|logy (g)|du(g) < 4o00. The convergence part follows from Theorem 3.10 with

K (a)
k(a)

We show 1.3 as follows. If d > 1, since the semigroup T = |, (supp )" satisfies i—p, we know using Proposi-
tion 2.5 that the set A = {log |A;|; h € TP} is dense in R. The same is true of 2A = {log A;2; h € TP©X}.

If d = 1, the same properties follow from the non-arithmeticity of u.

We take for {; (i € N) a dense countable subset of 2A. Let §; =logi, € 2A, with Ag > 0, g = W2 h=uy - -u,,
u €suppu (1 <i<n)and y=y(,A) =105 € P4=1 = §. We observe that, if ¢ is sufficiently small and B, = {x €
P4=1; §(x, Bg) < e}, then g - B C By, with &’ < ¢ and g as above. Also, A > 0 being fixed, and ¢ sufficiently small,
we have |logA, —log|gx|| < A if x € B,. These relations remain valid for g" instead of g if g’ is sufficiently close
to g. Then we have for x € B, and S>, = g € (supp ;L)z" as above,

> 0.

Ly (o) =/q“(x,g) log|gx|dm®(x)du(g) =

“Pe{8(So - x, Ug) <,

log | S, x| —logkg| < A} > 0.

With ¢§; =logh,, y =0y, A= Bg, 7 =0,m =0, mp = 2n, this implies condition 1.3 for the probability P, = A (P).
The definition of Q¢ shows its equivalence to I’ on the o-algebra of the sets depending of the first n coordinates.
Then the relation Q¢ = A, (Q%) implies with g as above

“Q{8(Son - x, D) <&,

log|Sanx| —logh,| <A} > 0.
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Hence condition 1.3 is valid for “Q¢ also. If we consider S9-1 instead of P47, je. S =81 or § =
Co(A, ([supp])), and the metric § on S, the above geometrical argument remains valid with g = h%, y = Ug €
A ([supp 1]) in the second case, A, > 0 and ¢ sufficient small. This shows 1.3 in this setting.

Condition 1.4 follows from the proof of Proposition 1 of [35]. The proof of the corresponding part of this proposition
is a consequence of the condition,

“P{3C > 0 with [S,x| = C|S,| foralln} =1,

for all x € S, which implies that | S, x| and | S, y| are comparable if x and y are close.
For the proof of the above condition, we observe that if x € S and s € I, in particular if s = 0 or «, this condition
has been proved in the stronger form

lim 1S x] =|(z*(®),x)| >0, Q}-ae.,

n—oo ||

in Theorem 3.2, hence condition 1.4 is valid in all the cases under consideration.
4.3. Direct Riemann integrability

In case of the spaces S =P?~! or § ¢ SY~! considered above, under condition i—p for [supp u], the d.R.i. condition
takes the simple form given by Lemma 4.6 below, in multiplicative notation.

We assume now that the hypothesis of Theorem 3.10 is satisfied, we use the corresponding notations, and Cy is as
in Definition 4.1.

Lemma 4.6. For k large we have Cy, = S.

Proof. We consider the case S = P?~!. Using Theorem 3.10 for s = 0, we get for any fixed x

log|sS,
lim M:LH, P-a.e.

n——+00 n

We observe that for any x, y € SY=1, [|S,y| — |Sux|| < [Sal8(x, ¥) < 2|S,|. It follows

S, S S
Bl _ 1‘ <25l g8,y — log ISyl <21
|Snx] [Snx] |Snx]
; [Snl 1 L |Sul
Using Theorem 3.2, we get that the sequence [S.a] converges P-a.e. to @] < hence the sequence - %1

2 IS4l
n |Syx|

2 1Sal
n |Sux|

converges P-a.e. to zero. It follows that % log|S,x| — converges P-a.e. to L.

Hence there exists mq > O such that ]P’{% log|S,x| — > %L,L for all n > mg} > 1/2. In view of the inequality

Llog|Syyl = 11og|S,x| — 2 ‘g@gl,we have for any y € S9!, P{1 log|S,y| > L, /2 forall n > mo} > %. This implies
Ce=P=1 Coy \ Ce= ¢ if L <infGL. ).

If s = «, the argument is the same with [P replaced by Q“ and the relation Q¢ < c(o)Q“ is used as follows.

1
Q%1 —log|Syyl > L, (a)/2 for all n > my 1— )
n 2c(a)
Since Q2 < ¢(«)QY, this gives for any y € P4~
1 1
Q‘; —log|Syy| > Ly(a)/2 foralln >mop > X
n

Then also Cy, = P41 for % < inf(mlo, #). Hence we conclude as above. O



Spectral gap properties for linear random walks and Pareto’s asymptotics for affine stochastic recursions 543

4.4. The renewal theorems for linear random walks

We consider V = P4~! x R% VA {0} = SA=1 R*, and we study the asymptotics of the potential kernels of the
corresponding random walks defined by . We denote

Vlz{veV;|v|>l}, V1={veV;|v|>1},
and we consider also the entrance measures H (v,-) or H(v, ) of S,v in ‘71 or V1, starting from v. Since conditions

I are valid, their behaviour for v small are given by Theorem 4.5, and we will state them below. We denote by
A([supp 1]) the inverse image of A([supp i]) in V. Also we denote

Ar(lsupp ) = {v e V; 5 € A([supppul), o] = 1},

Ay ([suppul) = {v e V;ve A([suppul), [v] = 1}.
As shown below these closed sets support the limits (v — 0) of H (v,-) and H(v, -). The function ¢* (resp. measure
v*) defined in Theorem 2.6 plays an essential role for s = 0, « in the following theorems.

The results will take two forms according as L, > 0 or L, <O0.

Theorem 4.7. Assume € M'(G) is such that the semigroup [supp i) satisfies condition i—p if d > 1 or . is non-
arithmetic if d = 1, logy (g) is p-integrable and

1
Ly = lim —/loglgldu"(g)>0-
n—-oon

Then if v € v, > wk x 8, is a Radon measure on 'V such that on Co(V) we have the vague convergence,

o0
1
li Fes,=—v®¢,
fmo b= e

where v e M 1(A([supp 1)) is the unique P-invariant measure on P?~1. This convergence is valid on any bounded
continuous function f which satisfy on V,

+00
> supf{[f@)];2° < v =24} < 0.
—00

Furthermore the ladder kernel H satisfies the following weak convergence,
lim H(v, ) =% € M'(A;([su ,
lim H(v, ) = X (A1 ([supp ul))
where X is defined by this convergence and is absolutely continuous with respect to v @ £.

Proof. In view of the verifications of conditions I in Sections 2, 3 and of Lemma 4.6, this is a direct consequence of
Theorem 4.5 applied in the case S =P¢~!, § x R% =V \ {0} ]

If L, < 0 the following gives the asymptotic behaviour (v — 0) of the potential measure ) o° wk 5 8,5 this asymp-
totics allow us to obtain a Cramér estimate for the random variable

M (v) = sup{[S,vl;n > 1}.
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Theorem 4.8. Assume that i € M'(G) is such that [supp ju] satisfies i—p, if d > 1 or w is non-arithmetic if d = 1.
Assume L, <0, a > 0 exists with k(a) =1, f |g]*logy (g)du(g) < oo and write

K (o)
k(o)

o
Lu(a)=ngngo;/IgI“10glgldu”(g)=

Then L, (a) > 0 and for any u € P4=1 we have the vague convergence in v,

. e*(u)
lim¢~ Siu = VY ® L%,
20 Z“ ou=T @ ®

where v* € MY (P?=1) (resp. e € C(P4™1), v¥(e*) = 1) is the unique solution of the equation P*v* = v® (resp.
P%e% = e%) and v* has support A([supp n]).
Furthermore, on Cp,(V}) and forany u e P41 ¢ V., the ladder kernel H (tu, -) satisfies the vague convergence,

1in(1)f°‘1§(m, D =e*w)x*
t—

where X%, defined by this convergence, is a positive measure supported on A ([supp 1) and is absolutely continuous
with respect to v* @ £“.

In particular, for A = )Z"‘(\;l) > 0and any u € P~ lim,_, oo t*P{M (1) > 1} = Ae® ().

The first convergence is valid on any continuous function f which satisfies

+00

Z ot sup{

—00

28 <l =21} < 0.

Proof. We observe that the function ¢* ® h% on V satisfies P (e* ® h*) = e* ® h“, hence we can consider the
associated Markov operator Q, on V defined by

Ou(f) = B(fe* ®h®).

1
e? ® h*

Then the potential kernel of Qa is given by

A Nk _ pk o o
?QQ) (f)—ea®ha20:P (fe* @ h%).

Clearly Qa commutes with dilations, hence defines a fibered Markov kernel on V.

Also the mean of Qa is L, (a) > 0. Then, taking f = e"‘@%’ since conditions I are valid, the result follows from
Theorem 4.5. Cramér’s estimation for P{sup |S,u| > ¢; n € N} follows with A = )Z“(Vl) > 0. |
Proofs of Theorems B, B* and Corollary. These results are simple consequences of Theorems 4.7, 4.8. (|

4.5. Renewal theorems on V \ {0}

Here we extend Theorems 4.7 and 4.8 to the natural setting of V \ {0}. We note that for d = 1, we have V \ {0} =
then the results reduce to the classical renewal theorems ([15]).

Theorem 4.9. Assume [ is as in Theorem 4.7. Then there are 2 cases as in Theorem 2.16,
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e Case I: No proper convex cone in V is supp p-invariant. Then, in vague topology,

o0 1
lim Y pf %8, = —®¢,
v > A LMU®

where ¥ is the unique -stationary measure on S?~!.
e Case II: Some proper convex cone in 'V is supp p-invariant. Then, for any u € S=1in vague topology,

(0,¢]
1
. k _
Jim ;u *ou = (P4 (v © L4 p-(v-®F),

where vy is the unique -stationary measure on A4 ([supp ul), v— is symmetric of vy, p+(u) is the entrance

probability of Sy - u in Co(A+ (Isupp 1)), p— () =1 — p(u).
In the two cases these convergences are also valid on any bounded continuous functions f on V \ {0} such that
Yo sup(lf()]; 2 < v <241} < o0,

In addition, for any u € S~ in weak topology,

lim H(tu,-) = x, € M'(A;([supp ul)),

t—04

where x, is defined by this convergence and is absolutely continuous with respect to v ® £.

e Incasel, x, = x is independent on u.
o Incase Il, with A1 4+ ([suppu]) ={v € V; v € Ax([supp ul), |[v| > 1} we have

Xu=P+W) x4+ + p-(x-,

where x1 4 € M! (A4 (supp ), and x— is symmetric of x+.

Proof. In case I, the proof is the same as for Theorem 4.7 with S = S9! instead of P91, In case II, we take
S = Co(A4+([supp u])) and we observe that S x ]R*+ is a supp u-invariant convex cone with non-zero interior to
which, as in the proof of Theorem 4.7, we can apply Theorem 4.5.

Ifu € S (resp. u € —S) we have

o0 o0

. 1 . 1

lim E [Lk * Oy = L—(v+ ® L) (resp. tgr(l)l E [Lk * Oy = L—(v_ ® E)).
0 " o "

t—04

If u € V \ {0}, we denote by p (u, dv) (resp. p—(u, dv)) the entrance measure of S, - u in the cone @ = § x R’}
(resp. —@). Clearly the mass of py(u,dv) is p4(u), and p4 (u, dv) is supported on P.

We denote also by U (v, ) = Zgo wk * 8, the potential kernel of the linear random walk S, (w)v starting from v in
V' \ {0}. Then, for any ¢ € C.(® U —),

U(tu,(p)=/U(v,<p)(p+(tu,dv)+p_(tu,dv)).

Clearly the kernel p4 (x, dv) commutes with the scaling x — tx (¢ > 0). Then it follows from above that, on C.(® U
—D):

. 1
lim U(tu,-) = —(p+(u)v+ QL+ p_(ur-Q® K).
t—04 Ll/-
If ¢ € Co(V \ {0}) vanishes on @ U —@, Theorem 4.7 implies lim; ¢, U (tu, ¢) =0.
Finally we have lim, o, Z(o)o w8 = LLM (p+W)vy ® £+ p_(w)v— ® £). The existence of x, follows from the
first formula in Theorem 4.5. In particular the right hand side of this formula is independent on # € S. Hence, in case I,
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Xu 1s independent on u. In case II, we use S = Co(A 4 ([supp t])) and we argue as above in order to obtain the formula
Xu = p+W)x+ + p—(u) x— where x4 = x, for u € Co(Ay([supp u])) and x— = x, for u € Co(A_([suppu])). U

We have also the following analogue of Theorem 4.8. The proof is a combination of the arguments in the proofs of
Theorems 4.8 and 4.7.

Theorem 4.10. Assume p and o are as in Theorem 4.8. Then for any u € S~ we have the vague convergence:

lim; 0, 174 Y " pk s 8, = zz((';)) 79 ® €%, where 7 € M'(A(T)) is P%-invariant. There are 2 cases like in Theo-

rem 4.9.

e Case I: v} = V¥ has support A(T),
o Casell: vy = pG (u)v§ + p* (W)v%, where p% (u) (resp. p% (u)) denotes the entrance probability under Q of S, - u
in the convex envelope of A (T) (resp. A_(T)).

The above convergences are valid on any continuous function f which satisfies

+00

Z gt sup{ |f(v)

{=—00

;28 < v <2} < .

Furthermore, on Cy (V1) for any u € §d-1 , we have the vague convergence,

lim +~H (tu, ) = e @) (p% @) x* + p* @) x%),

t—04

where x§, x& are defined by this convergence and are absolutely continuous with respect to vV* @ £.
In case 1, x§ = x% = x“ is a positive measure supported on A([supp ). In case 11, x$ is a positive measure
supported on A ([supp u]) and x% is symmetric of x¢ .

4.6. On the asymptotics of k(s) (s — 00)

For the existence of & > 0 such that k(o) = 1, we have the following sufficient condition where we denote by r(g)
the spectral radius of g € G.

Proposition 4.11. Let n € M (G) and assume that k(s) = limn%oo(f lg|* du™(g) /" is finite for any s > 0. For any
p € Nand g € (supp n)? we have

. logk(s)
lim

§— 00 s

> p~'logr(g).
In particular if some g € [supp u] satisfies r(g) > 1, then k(s) > 1 for s sufficiently large.
The proof is based on the following elementary lemma which we state without proof.

Lemma 4.12. Let g € G. Then for any ¢ > 0 there exists c(¢) > 0 and a neighbourhood V (¢) of g such for any
sequence gy € V(&) one has |g, --- g1] > c(e)r"(g)(1 —&)".

Proof of Proposition 4.11. The convexity of log k(s) implies that lim;_, o logsﬂ exists. Let g € supp u, hence given

& > 0 these exists a neighbourhood V (¢) of g as in Lemma 4.12 such that u(V (¢)) = C(¢g) > 0. From the lemma we
have,

1/n
k(s) = lim (/ Ign--- g1l dIP’(w)>

> Tim ('@ (@)1 =) C"(e) " =r*(g)(1 —&)'C(e).

Hence 22X > 1og(1 — ¢) 4 logr(g) + 225 therefore lim,_, o 22X > Jog r(g).
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We observe that if w is replaced by p?, then k(s) is replaced by k”(s). Hence for g € (supp u)? we have from

above the required inequality. If g € [supp u] then we can assume g € (supp u)? for some p € N; since r(g) > 1, we
. logk(s)

have logr(g) > 0, hence lim;_, oo ==~ > 0. ([l

5. The tails of an affine stochastic recursion
5.1. Notation and main result

Let H be the affine group of the d-dimensional Euclidean space, i.e. the set of maps f of V into itself of the form
f(x)=gx+b where g e GL(V) =G, b € V. Let XA be a probability measure on H, u its projection on G. We denote
by X (resp. T') the closed subsemigroup of H (resp. G) generated by supp A (resp. supp i). We consider the affine
random walk on V = R? defined by 1, i.e. the Markov chain on V described by the stochastic recursion,

Xz+1 = An_i_]Xi + Bn_;,_], XS =xeV,

where (A,, B,) are H- Valued i.i.d. random variables with law A. We denote £2 = HY and we endow 2 with the shift
6 and the product measure P = A®N; by abuse of notation the expectation symbol with respect to PP will be denoted
by E. We have

n
Xy =An-Ax+) Ay Ay Br.

We are interested in the case where R, = Z'l' Aj .-+ Ax—1 By converges P-ae. to a random variable R and X5
converges in law to R. We observe that X;; — A, --- A1x and R, have the same law. In that case we have

o]

R=ZA1 - AgByya,
0

hence the random variable R satisfies the equation
R=ARof+ B, (S)

and the law p of R satisfies the convolution equation p = A * p = [‘hpdir(h). Also, if R is unbounded, we will be
interested in the tail of R in direction u, i.e. the asymptotics t — oo of I@’{(R, u) >t} (resp. I@’{|(R, u)| > t}), where
u € S (resp. u € PY~1). We are mainly interested in the “shape at infinity” of p i.e. the asymptotics (t — 0,) of
the measure ¢ - p where ¢ - p is the push-forward of p by the dilation v — fv in V (¢ > 0). It turns out that this “shape
at infinity” depends essentially of the semigroups 7" and X' defined above. A basic role will be played by the top
Lyapunov exponent L, of the product of random matrices S, = A, --- Ay, and p will be assumed to satisfy

/10gy(g)du(g) <oo where y(g) =sup(|gl.|g7"|).

The main hypothesis will be on u, which is always assumed to satisfy L, < 0 and condition i—p of Section 2 if
d > 1, or p non-arithmetic if d = 1. We recall that the function k(s) is defined on the interval I, C [0, oo[ by
k(s) = limn_mo(f lg|* diu(g))!/" and logk(s) is strictly convex (see Theorem 2.6). It is natural to assume that supp A
has no fixed point in V since otherwise the affine recursion reduces to a linear recursion. We denote by A, (X)) the
set of fixed attractive points of the elements of X, i.e. fixed points A+ € V of elements & = (g,b) € X such that
lim,— o0 |g"]"/" < 1. For v € V \ {0} we denote

Hf={xeV;(v,x)>1},
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and for a bounded measure £ on V we consider its Radon transform é, i.e. the function on V \ {0} defined by
Ew)=¢(H) with H ={x e V; (x,v) > 1}.

We also write u = v with u € S9~1, 7 > 0 and é (u,t)= é ( %). In particular, the directional tails of & are described
by the function é (v) (v— 0). We start with the basic

Proposition 5.1. Assume L, < 0 and E(log|B|) < oo. Then R, converges P-g.e.to R = Zfo A1 -+ Ag—1Bx, and for
any x € V, X; converges in law to R. For all B € I,, with k(B) <1 and E(|B|?) < 00, we have E(|R|P) < .

The law p of R is the unique A-stationary measure on V. The closure Ay(X) = Ay(X) is the unique X -minimal
subset in V and is equal to supp p. If the semigroup T contains an element g with lim,_, o |g"|'/" > 1 and T has no
fixed point then supp p is unbounded.

If T satisfies condition i—p and supp A has no fixed point in V, then p(W) = 0 for any affine subspace W.

Proof. Under the conditions L, < 0 and E(log |B]|) < oo the P-ae. convergence of R, to R is well known as well
as the moment condition E(|R|#) < oo if k(8) <1 and B € I 1 (see for example [7]). We complete the argument by
observing that, since L, < 0, we have lim,_. |Ap - -- A1x| = 0 hence, since X;; — A, --- A1x has the same law as
Ry, the convergence in law of X7 to R for any x follows. In particular, if x € V is distributed according to £ € M!(V),
the law of X is A" x & = [ A" % §, d&(x), hence has limit p at n = co. If & is A-stationary, we have 1" x £ = £, hence
§=p.

Since L, < 0, there exists h = (g, b) € X, such that |g| < 1, hence lim,,_, Ig" /" < 1.1f h = (g, b) € X satisfies
lim,_, o0 |g"|'/" < 1, then I — g is invertible, hence the unique fixed point At of & satisfies (I — g)h* = b, and for
any x € V, h"x —h™ = g"(x — h™), hence lim,,_, », 4" x = h™". Taking x in supp p we get h™ € supp p, since supp p
is h-invariant. Furthermore, for any x € V and k' € ¥ we have lim,_, oo h'h"x = h’(h") and h'h" € X satisfies
lim,,_, o0 |g’g"| = 0, hence the unique fixed point x,, of A'h" satisfies lim,_, oo X, = #'(hT). Then A, (X) = A, (X) is
a X-invariant non-trivial, closed subset of supp p.

On the other hand, for x € A,(X) we have lim,,_, 5o A" %8,y = p, (A" %8, )(A4(X)) = 1 forall n hence p (A, (X)) =
1,1i.e. Ay(X) =suppp. The X-minimality of A,(X) follows from the fact that, for any x € V and h = (g, b) with
|g| < 1, one has lim,_, oo /"x =h* € A,(X) hence Zx D A,(X). This implies also the uniqueness of the X -minimal
set.

Observe that, if supp p is bounded, then the convex envelope Co(supp p) is a compact subset of V. Alsoany h € X
preserves supp p and Co(supp p). Then Markov—Kakutani theorem implies that the affine map 4 has a fixed point 2°
in Co(supp p). If h = (g, b) € X satisfies lim,_ o 1g"|"/" > 1 we have:

(I-gh’=b and h"x—h"=g"(x —h"),

hence if x # A%, we have lim,_, o |"x| = co. Then supp p is unbounded since if x € supp p # 8p, the point h"x
belongs to supp p.

Let W = {W;;i € I} be the set of affine subspaces of minimal dimension with o (W;) > 0. Since dim(W; N W;) <
dim W; if i # j, we have o(W; N W;) =0, hence Ziel p(W;) < 1. It follows that, for any ¢ > 0, the set {W;; j €[
and p(W;) > ¢} has cardinality at most é, hence p(W;) reachs its maximum on a finite set {W;; j € J C I} of affine
subspaces. Then the stationarity equation A * p = p gives on such a subspace W,

p(Wj)Z/p(h—IWj)d,\(h).

Since ,o(h_le) < p(W;) we get, for any h € suppA, j € J,
p(h'W;)=p(W)), ie h 'W; =W,

for some i € J.

In other words the set {W;; j € J} is supp A-invariant. If dim W; > 0, one gets that the set of directions Wj (jeld)
is a supp u-invariant finite set of subspaces of V, which contradicts condition i—p for the semigroup 7. Hence each
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W; (j € J) is reduced to a point w. Then the barycenter of the finite set {w;; j € J} is invariant under supp A, which
contradicts the hypothesis. Hence p (W) = 0 for any affine subspace W. (]

In order to state the main result of this section we consider the compactification V U Sgo_l , and the natural projection
of Sgo_l on the unit sphere SY~!. We denote by A%(T) (resp. AS(T), A>(T)) the inverse image of A(T) (resp.
Ay (T), A_(T)) in Sg’o_l (see Section 2.3). The closure A,(X) of A,(X) in the compact space V U Sgo_l is T-
invariant hence A,(X) N Sgo_l = AZ(X), which is non-void if supp p = A,(X) is unbounded and is a closed T-
invariant subset of S4;!.

Then Proposition 2.14 applied to AJ°(X) C Sgo_l gives the following trichotomy, since condition i—p is satisfied
by T

e case I: T has no invariant proper convex cone and A°(X) D AX(T),

e case II': T has an invariant proper convex cone and AS°(X) D AX(T),

e case II”: T has an invariant proper convex cone and AS°(X) contains only one of the sets Af(T), A(T), say
AS(T), hence AF(X)NAX(T) = 2.

We assume o € ]0, soo[ exists with k() = 1 (see Proposition 4.11 for a sufficient condition). As in Theorem 4.10,
we consider the P%-invariant measures 7%, ve, v,

The following implies Theorem C of Section 1 and describes the asymptotics of the probability measure ¢ - p when
t — 04: p has a Pareto distribution of index o« ([47], p. 74).

Theorem 5.2. With the above notation assume L, <0, X has no fixed point in V, T satisfies condition i—p, there
exists o €10, Soo[ such that k(a) =1 and E(|B|*T¢) < oo, E(JA|*y¢(A)) < oo for some &€ > 0. If d = 1 assume also
that u is non-arithmetic.
Then supp p is unbounded and we have the following vague convergence on V \ {0}
lim t %@ -p)=A= C(a“ ®E“),

t—04

where C > 0,0% € M'(A(T)) are defined by the above formula and the measure A = C(o% @ £%) satisfies ux A = A.
In case 1, we have o = v¥.
In case U, there exist C4., C_ > 0 with Co® = C1v§ + C_v2.
In case 11", 0% =v§.
In case 1 the Radon measure v* @ €* on V \ {0} is a minimal pi-harmonic measure, and A is symmetric.
In cases 11, v§ ® £% and v¥ ® £* are minimal j1-harmonic measures on 'V \ {0}.

Theorem 5.2 is proved in several steps, using the function p on V,
pv) =P{(R, v) > 1}.

A first step, based on the renewal theorems of Section 4, shows the existence of the directional tails (see Corol-
lary 5.8) i.e. existence of the limit lim, o #% 5(t ~'u). A second step is to study the positivity of these tails (see Propo-
sition 5.9). It is based on Kac’s recurrence theorem (see [50]) for an associated random walk on a dual H-homogeneous
space of V (see Lemma 5.13); this recurrence property allow us to express p as a potential of a non-negative function
on V x R (see Lemma 5.12), to which a weak renewal theorem can be applied (see Proposition 5.14). The action of
H on affine hyperplanes of V leads us, via Radon transforms, to consider the natural linear representation of H in the
vector space V x R. The corresponding linear A-random walk is studied in Section 5.3 below. Finally the homogeneity
at infinity of p follows from a Choquet—Deny type result (see Theorem 5.17).

5.2. Asymptotics of directional tails
We apply Theorem 4.10 to p*-potentials of suitable functions; we pass, using the map n — 7, from the convolution

equation A *x p = p to a Poisson type equation on V \ {0} which involves p* and /6 and we note that % (' p)(H) =
t*p(u, t). The corresponding convergences will play an essential role in the proof of Theorem 5.2. We denote by pj
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the law of R — B and we consider the signed measure py = p — p1, hence po(V) = 0. Also we show that pg is “small
at infinity,” and we define C, C1, C_, o®. With the hypothesis of Theorem 5.2, we denote by *7;; the positive kernel
on S~ given by Theorem 4.10 and associated with z*.

Proposition 5.3. One has the equations on V \ {0},

o]

p=Y wxp—p).  p@ =Y () *8)5— ).
0

0

For u € S, the function t — t"‘_l,éo (u, t) is Riemann-integrable in generalized sense on 10, oo| and, one has
with ro ) = [7° 1%~ po(u, 1) dr, p(@) = [ [(x, y)|* dv* (x) &V (y)

*e% (1)
Ly(a)

i 1501 = W)= (o 0) 1),

where C = 2% >0ando® € M (A(T)) are defined by the above convergence and o ® £* satisfies u* (0% ®

¥ =0* ® L%,
Furthermore supp p is unbounded and,
e Incasel. o% =1",

o Incasell: *D%(ry)0® = %(*vﬁ‘iﬁ(roé)v?fr + V% (rg)v®) where *v§ (rg) = 0, *v% (ry) = 0.

The proof will follow from a series of lemmas.
We start with the following simple Tauberian lemma.

Lemma 5.4. For a non-negative and non-increasing function f on R% and s > 0, we denote, f°(t) = % fot x* f(x)dx.
Then the condition lim;_, oo f*(t) = c implies lim;_, 5 t° f (t) = c.

Proof. Let b be a positive real number with b > 1 and let us observe that, since f is non-increasing

1 bt 1 bt 5 +
;f[ x f(x)dxff(t);/t X dr=—— (5 1) ().

It follows

bs+1 _

Tfsf(f) >bf*(bt) — f*(1).

Then the hypothesis gives:

s+1 _ 1
Y _
h,*i}}fo‘f P ' f(@)=b—-1ec.
Using the relation limp_, | % =1 we get liminf;_, . (#* f(f)) > c. An analogous argument gives
limsup,_, o (¢* f(¢)) <c. It follows lim,_, o #* f(t) = c. O

We will use below the multiplicative structure of the group R =]0, oo[, and we recall that Haar measure £ on the
multiplicative group R is given by %.

Lemma 5.5. Assume that the V -valued random variable R satisfies Equation (S), and E(|B|**?) < oo, with § > 0.
ForueS?'andt,x >0 wewrite r*(u, t) = %fot x%po(u, x)dx.

Then |r*(u,t)| < 2a’—il. For 8 small there exists C(8') > O such that if t > 1, [r®(u, t)| < cHt™ . In particular

the function r®(u, t) is b.R.i. on S~ x R*%.
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Proof. Since Po is the difference of the laws of R and R — B we have by definition of gy, |fo(u, )| < 2, hence
[r¥(u, )| < 2a+1 Also po(u, x) =ri(u, x) — ro(u, x) where,

ri(u, x) = {x—(B u) < (R—B,u) <x},
ra(u, x) =P{x < (R — B,u) <x — (B,u)}.
Furthermore r* = r{ — r§ with r{ (u, 1) = %fé xry(u,x)dx and r§ (u, 1) = %f(; x%ry(u, x)dx.
In order to estimate r{', we choose & €]0, 1[ with & > O[L and write, for £ > 2, r{'(u,t) < %fzt x”‘}f"{(B,u) >
2a+l

+3
8}dx+ f2 x*P{x — x¢ <(R— B, u) <x}dx + G-

Then Markov’s inequality gives P{(B, u) > x¢} < x~ @R (| B|#+9).
Hence the first term /7 (¢) in the above inequality satisfies

1 t
Ils(t) < E(|B|0{+8); / xa—a(a+8) dx < E(|B|a+8)t0{_£(a+6)‘
2

For t — t® > 2, the second term 128 (1) satisfies

1 t . 1 t—t°f R
If(t)f;/ x“IP’{(R—B,u)>x—x8}dx—;/ x*P{(R — B,u) > x}dx.
2 2

In the second integral above we use the change of variables x — x — x® and we get

ko(e)

t
() < %/ [xo‘ — (x —xe)a(l —8)6871)]]@{(1? —B,u)>x —xe}dx—i—
2

with 0 < kg (&) < o0.
We observe that there exists k1 (¢) < oo such that for any x > 2,

x% — (x —xe)a(l - sngl) <ki(e)x*tel,

For any B8 €]0, o[, Proposition 5.1 implies that E(|R|#) < oco. Also R satisfies Equation (S) and A, R 00 are indepen-
dent. Hence Markov’s inequality gives

P{(R - B,u)x} <x PE(JAP)E(IRIP) < ka(B)x P  with ka(B) < co.
It follows that for any ¢ with t —° > 2

ot-hc 1
12 (1) < M + ki1(e)ka(B)— / ( dx < k3(e, ﬁ)ta—ﬁ-ﬁ-s—l'

It remains to choose &, ¢, 8 in order to obtain ¢« + ¢ — 1 — 8 < 0. We take § so small that §(o + 8)_1 < o and
e=(@+8/p)a+8) 'withpeN, p>2 hences €la(a+8) ', 1[.Alsoa+s—1=a—8(1—1/p)(a+8) "' >0.
We take y €10, 1[ and B =a — y8(1 — 1/p)(a 4+ 8)~! so that

at+e—1—B=@x -1 —1/p)a+8"".

With p=2,y=1/2wegeta+es—1—8=—8/4+8)"". We write 8 = inf(§/4(x +8)~', 5/2).
Hence, there exists k3 < 0o and 8’ > 0 such that for # > 1, | Y(u,t) <kst™ =¥,
The same argument is valid for rg, hence for some §’ > 0 and t >1,wehave r®(u,t) < C((S’)t"s/, with C(8") < oo.

Furthermore, for ¢ €10, 1] we have |r%(u, )| < 2a+1 , hence the function r®(u, 1) is b.R.i. on S9~1 x R O
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Lemma 5.6. We denote by r the finite measure on R defined by r(dx) = 1jo,1((x)x* dx and we write pp = p — pi.
Then the function hy, on V \ {0} defined by

i A
ha(v)=|v|—“(r*po)(v)=;f0 X o3, x) dx

is b.R.i. and one has (8, ® £¥)(r * pg) = fo 19 po(u, t) dt = ro(u) where t — t*~ 1 po(u, t) is Riemann-integrable
on 10, ool in generalised sense.

Proof. By definition

1 t
ha<v)=|v|“(r*ﬁo)(v)=r“(r*ﬁo)(§> tf y po(y>dy—r°‘(u 1),

b dr ! u T g rt u
8y ® 0 bo) = 1«1 /"“—d—l —/ “bol =) d
(84 ® £%) (r * fo) /O it [, Yiho S Jdv=lim s |yl ) dy

Lemma 5.5 implies that i, (v) is b.R.i. and has limit O at |v| = co. Integration by parts in the above formula gives

[ fra()e==z [ra()os [ eaumrwns [fea(f)e

Since, using Lemma 5.5, lim7_, oo ¥*(u, T) = 0, it follows that fo 1 1,00( )dr has a finite limit at T = oo, hence

t— ! po(7) is Riemann-integrable on IR in generalised sense and, for u € 41,

Gow )i = [ (% )= .

Lemma 5.7. Iflimg_,  k(s) > 1, then supp p is unbounded.

Proof. In order to show that supp p is unbounded, in view of Proposition 5.1, it suffices to show that there exists
g € T with lim,,_, o |g"|"/" > 1. If not, then the trace Tr g of g is bounded by d on T. On the other hand, condition
i—p implies the irreducibility of the action of T on V ® C, as shown now. Let W C V ® C be a proper T -invariant
subspace of V ® C and W its complex conjugate. Then W N’ W and W + W are complexified subspaces of subpaces of
V which are also T-invariant. Using irreducibility of 7 we get WNW = {0}, W+W = V®Chence VQC=W e W.
Let g € TP™ and v € V \ {0} with gv = Agv and write v = w + w with w € W, hence since W, W are g-invariant
gw = Agw, gWw = Agw. Since Ag is a simple eigenvalue we get w =w i.e. W N W # {0} which gives a contradiction
with condition i—p, hence T acts irreducibly on V @ C. Then Burnside’s density theorem implies that End V @ C is
generated as an algebra by T, i.e. there exists a base g; € T (i = 1, -, d*) of End V. Then the linear forms u — Tr(ug;)
(i =1,-,d?) form a basis of the dual space of End V. In particular, for some constant ¢ > 0 we have for any g € T,

d? 3 S0 3s
lgl <Y {_,1Tr(ggi)| < cd’. Then forany n € N,and s > 0, [ [g|* du" (g) < cd”, k(s) < 1. U

Proof of Proposition 5.3. If u = rv with u € S¢~!, t > 0 the function p(v) :A]f"{(R, u) > t} is bounded, right contin-
uous and non-increasing. Since Equation (S) can be written as R — B = AR o6 and A, R o6 are independent we have

PL=U*p,0— WU*xp=p— p; = po. Furthermore,

n

p=> uFspo+u ™ xp. p) =Y (1) %6,)G0) + (1) 8,)(5).

0 0

Also if 7~ denote the push-forward of » by x — x~! then r =% p =Y "§ u* % (r= % po) + "1 (r~ % p).
Since L, < 0 the subadditive ergodic theorem applied to log|S,(w)| gives the convergence of S,(w)v to 0. In

particular, for £ € M'(V), the sequence u * £ converges in law to 8o, hence lim,, _, 0 ;L/”*\S(v) = (u*)" % 8,(§) =0.
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From the above convergence on V, we have

e¢]

p—do=Y uxpo.  p)=Y ()" *6.) o).
0

0

But, by Proposition 5.1, p({0}) = 0, hence the stated vague convergence of Y o° uk s po. Since the sequence
W s (r % ) (W) converges to zero for any bounded Borel function v on V such that lim,_,o ¥ (v) = 0, we have
on such functions: »~ ko= Zgo (w*)K s (r~ % po). We observe that, for any bounded measure £, we have (X é)(v) =
((w™)* BU)(é) and r—*x&=rx* é It follows from the above equality that the potential Z?((,u*)k * 8,)(r * o) is
finite and equal to (r * 9)(v).

We have observed in Lemma 5.6 that the function v — |v|~%(r * po)(v) is b.R.i., hence the renewal Theorem 4.10
applied to i* and to the function r % o gives for u € S~1,

*e% (1)
Lﬂ(a)

lim % (r % p)(u,t) = ("5 ® £*)(r * fo).
—00

Since for fixed u, o(u, x) = If”{(R, u) > x} is non-increasing, Lemma 5.4 gives

* o0 (M) .
Ly (o)

lim %p(u,t) = Uy ().
11— o0

In particular, we have *D% (r,) > 0. In case I this gives *9%(r,) > 0 since *D = *D%.
In case I, taking u € A (T™) and using *p§ (u) = 1, this gives *v{ (1) > 0. Also, in the same way *v? (ry) > 0.
Furthermore, in case II, using Theorem 4.10,

Uy (o) =" pL ) v (re) + 7 pL W) v (r).

If *%(rq) > 0, in case II we can define a probability measure o on A(T) by

1
% (ry)o® = 5(*1)3‘_(;’0,)1;1 + VY (rg 1Y),

whilein case I, 0% = v*. If *0%(ry) = 0, we have also *v§ (ry) = *v¥ (ry) = 0, hence we can leave 0 with projection
v® on P?~! undefined in the above formulae. In any case 0% ® £2 is u-harmonic.

We get another expression for the above limit, by using the formulae for *e*(u), *p% (u), * p% (u), p(ar) of Sec-
tion 2.3, for case II as follows (see Theorem 2.16), with

pl@) =/|<x,y>|“dv“(x)d*v°‘(y>,

e (u)* pY () p(a) = /(u, u’)i_ v (u') =a(v] @ €*)(H,).
From above, we get

5 ) T (ra) = %((”‘vi(ra)ui V% (V) ® €°) (H,).

D (ra)e
Lu. (@)p(a)’

*‘71(7&)0{

Liap@ - =

: _ *‘;a(ra)a o —
Hence, with C = 2—L/L(a)p(a) ,0% asabove and C; =

tl_i)rglot“ﬁ(u,t)zC(o“®Z°‘)(HM+), Co” =Cpvi+C 2.

In case I we get the corresponding formula. The fact that supp p is unbounded follows from Lemma 5.7, since
k'(a) > 0and k(o) = 1. O
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Corollary 5.8. Forany v e V \ {0}, we have

lim “P{|(R,v)| >t} =C

—00

p( )(* o ®h0t)(v)

o
with p(a) = f|(x,y)|“ dv*(x)d*v¥(y) and C = 2% > 0. In particular, there exists b > 0 such that
P{R| >t} <bt™@.

Proof. By definition of *V{ and since *p% (u) = *p% (—u) we have, %(*vu"‘ +*v%,) = *P*. Hence, using Proposi-
tion 5.3,

lim t“P{[(R, u)| >t}=2
11— o0

W51y = € P8 x g,
) o

e (u
Ly(a
The formula in the corollary follows by «-homogeneity, since it is valid for |v| = 1.
We take abase u; € V (1 <i <d) and write |R| < Z?:l [(R, u;)|. For t large:

QU

d

P{IR| >t} Z (R,u;)| }g(c’+e)z—“b/“2*e“(ui),

i=1 i=1
withe >0,C'=C %, hence the result. O
5.3. A dual Markov walk and the positivity of directional tails

The following proposition will play an essential role in the discussion of positivity for C;, C_ and C as defined in
Proposition 5.3. We denote by A} (X') the set of elements « in S?=1 such that the projection of A, (X) on the half line
R, u is unbounded. Here, instead of the vector space V used in Section 5.2, duality in the context of Radon transforms
lead us to consider a A-random walk on the larger vector space V x R and to use ideas of [36], for the analysis of
corresponding measurable fibered kernels (see Section 4.1). However, the continuity hypotheses of [36] are not in
general satisfied by these kernels.

Proposition 5.9. With the hypothesis of Theorem 5.2 if M C S~ is T*-minimal and AN (X) D M, then for any
ueM,

C) = lim r*P{(R,u) >t} = lim *p(u, 1) > 0.
t—00 t—00
In particular with the above notations, we have C > (.

We observe that R, = Zg_] Ay -+ Ag By satisfies the relation (Ry11, v) = (R, v) + (Bu41, S,v) where S, =
(Ay---Ap)*. Also h = (g,b) € H acts on E = (V \ {0}) x R according to the formula i (v, r) = (g*v,r + (b, v)),
hence the pair,

(S,v. 7+ (Ry, v)) = (Un, ra),

is a random walk on the right homogeneous H-space E. Actually, V x R is a vector space and the above formula for
h(v, r) defines a right linear representation of H in V x R which leaves invariant £ C V x R. In particular, using
the radial R?, -fibration of this vector space, we see that the radial projection (v,r) — (u, p) with v = [v|u, r = p|v|
defines an H-equivariant projection from E to SY~! x R, hence (S,v, 7+ (Ry, v)) is also a R* -fibered Markov chain
over S¢~! x R. Then we can write

E=(S"TxR)xR* cV xR.
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The action of & = (g, b) on S?~! x R is given by h(u, p) = (g* - u, h* p) with

h'p= 2l (p + (b, u)).

The proof of Proposition 5.9 is based on the relation (R, v) = lim, . (R;, v) and on the dynamics of the random
walk (vy, ) = (S,v, 7 + (R, v)) on V x R. We denote by *P its corresponding fibered Markov kernel and we study
an associated ladder process (x,, Wy, ), defined below. In terms of this process we can give a new expression for
p(v) = ]fD{(R, u) >t} as a potential of a non-negative function on E. Then we can use a weak renewal theorem for
(xz,, Wr,) and obtain Proposition 5.9.

We will consider successively the two components u;, = Iv [+ Pn= and finally the fibered Markov chain (v, ;)
above S~ x R.

Let M be a T*-minimal subset of S?~!, hence (see Section 2.3), M = A (T*) (or A_(T*)) in cases II, or M =
A(T) in case 1.

The following says that A’ (X) is “large.”

Lemma 5.10. In cases 1or I': A*(X) =S9"!. In case ": A%(X) D AL (T*).

Proof. Let AJ°(X) = A, (X) N Sgo_l and u € S7°1, uy, € AP (X) corresponds to u’ € S=LIf (u/, u) > 0, then
u € A% (X). Hence the complement of A*(X) in SY~! is contained in the set {u € SY~'; (u, u’) <0 Vul, € AX(D)}.
From the discussion at the beginning of this section we know that AJ°(X) # ¢ is T-invariant and closed, hence
contains A% (T') in cases I, IT" or only AS(T) in case II” with A%(T) N A (X) = ¢.

Since A%°(T) is symmetric and condition i—p is valid, it follows A¥(Z)=S%"incases I IT". In case II”, we know
from the end of proof of Theorem 2.16 that the complement of A’ (X) is contained in

~

A+(T*) = {u eS v € AL(D), (u, u/) > 0}.
Since AL (T*)N —A+(T*) =¢, we get AL (T*) C AX(X). O

The random walk (v, ry) = (S,v,r + (R, v)) has H-equivariant projection S, v on V \ {0}, the kernel *P has
projection * P already defined in Section 2, hence the positive homogeneous function *¢* ® A%, lifted to E, satisfies
*P(*e® @ h%) = *¢* ® h*, and we can consider the new relativized fibered Markov kernel * P, on E. If (u, p) €
M x R, the projection x, = (u,,, p,,) of (v,,r,) on M x R depends on the kernel *Q given by

*Q“‘fp(u,p)=/<p(g*-u,h“p)*q“(u,g)dk(h),

where *¢“ corresponds to g% as in Section 3. The important fact for the proof of Proposition 5.9 is that * Q”‘ has a
stationary probability x with « (M x [, oo[) > O for any ¢ > 0, such that p is not “too large” with respect to .

For the analysis of * 0% we consider on £2 the projective limit *Q“ of the system *q% (u, )A®" (n € N) and, by
abuse of notation, the corresponding expectation will be written EY. Given a * Q“-statlonary measure 7y, We write
*@“ =[8,® *@ﬁ dm§; (u) and we denote by IE“ the corresponding expectation symbol. We denote by 6* the map of
M x HZ into itself defined by é#(u, ) = (g} -u, éc?)) where 8 is the bilateral shift on HZ, and *@"‘ will again denote
the natural *-invariant measure on M x HZ. Also we extend S (w) as a G-valued Z- cocycle If n is a probability
measure on X = M x R, the associated Markov measure on “$2 = X x §2, is denoted by *Q%, and the extended
shift by 49 where “G(x @) = (hix, Ga)) Alsoif nis * Q"‘-statlonary we will consider the bllateral associated system

(.Q# e, n*y where 2% = X x HZ, % is the bilateral shift and 5" is the unique “@-invariant measure with projection
*Q"‘ on X x £2.
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Lemma 5.11. Let M be a T*-minimal subset of S¢~1, my, the unique * QY -stationary measure on M. With the above
notations, we consider the Markov chain x,, = (uy, p,), on X = M x R given by

Dn + (b1, up)

- . po=p, uo=u,
|gn+1un|

*
Un+1=8y41 Un, Pn+1 =

where (g, by) is distributed according to *@Z‘ Then, for any p € R, x,, converges in *@“-law to the unique *Q"‘-

stationary measure k , the projection of k on M is 7wy, k(M x {p}) =0 and [ 1pIf dk (u, p) < oo for & small. We have
#

k"-a.e.,

limsup|S,u|| pa| = o0, nlLrI;O|SLnu||p_n| =0.
n—>oo

If AL(X) D M, then k(M x]t, 00[) > 0 for any t > 0 and limsup,,_, ., |S,,u|p, = 00, *@g—a.e.

Proof. If will be convenient to use the functions a(g, u), b(h, u) defined by h* p = a(g, u) p+b(h, u), and the random
variables ai, by (k € Z) defined by ay (&, u) = a(gk, S;_, - u), bi(®, u) = b(hy, S;_, - u). Then we can express the
actionof h,---hy€e Hon X as, u, =S, - u, y,f(u) = (hy---h1)" p, where

W) =a(Sy,u)p+ys@) and yg) =) af, @b,
1

with a}l (u) = a(gn - - - gk» S,’ﬁ] - u). The random variables ay, by are *@“-stationary and y; has the same law as

N -1
P, u)=3 0" a_i--a_gb_j_.
We estimate E* (| po|®) for 0 < & < 7 and ¢ small, where p; (&, u) = g_] a_1---a_gb_g_1.Since (ar---a1)(w,

u) =a(S;(w),u) we get E*(la_y - --a—_|®) =E*(|Su|~%). Hence Corollary 3.18 gives

lim (B (ja_;---a_[*))"* <1

k— 00
since k' (o) > 0 and E(J]A|*T7) < oo. Also for ¢ small,

(B, u)
lg*ul

E* (b ) zEa<

) <E“(1B1I°y°(A)) < oo,

using *Q*-stationarity, Holder inequality and the condition E(|B;|**7) + E(JA4;|**7) < co. X
Since for 0 < ¢ < 1 |py (@, u)|® < Zg_l la—y---a—p|®|b_g—1|%, we get that E“(|p3]°) is bounded. The *Q%-a.e.
convergence of the partial sum p2(®, u) to p(@,u) =Y o a—i---a—gb—g—1 and the finiteness of E*(|p|®) follows.

By definition, p(@, u) satisfies the functional equation p o a = ap + b where p and (a, b) are independent. It follows
that the probability measure k on M x R given by the formula

K = / 81,{ ® ap((f),u) d*(@a(d\)v I/t)

is * 0%-invariant. A

As observed above, the *Q*-laws of y,, and p; are the same. Since the product of the probability 77y, with the law
of yo is (* Q"‘)" (3, ® 8p) we have in weak topology: lim,,_, o (* Q“)” (5 ®80) =«.

Since |y? (&, u) — y,f’(a), w)| = a(S, (®), u)|p — p'| and a(S,(w),u) = |S/u|~" converges *Q%-a.e. to zero, we
get the convergence of (* Q"‘)” (7§ ® 8p) to k, for any p. On the other hand, if 1" is a *Q“—stationary measure on
M x R, its projection on M is * Q-stationary, hence equal to 7y, since M is T*-minimal. Then, from above (* oY)/
converges to «, hence ' = k. The * Q"‘-ergodicity of k implies the “é-ergodicity of *@g and «*.

If A¥(X) D M assume « (M x]t, 00[) = 0, for some ¢ > 0, i.e. the *Q“-invariant set suppk is contained in
Mx]—o00,t]. Then, for any (u, p) € suppk we have p + (R,,u) < t|S,u| *@fj-a.e., ie. p+ (Ry,u) <1t|Shul
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*q%(u, )A®"-a.e. for any n € N and for some p € R, 1, u € M. It follows p + (R,,u) < |S,u|, A®"-a.e. and since
lim,— o0 |S/u| =0, limy— o R, = R, P-a.e., we have (R, u) < —p, P-a.e. This implies that the support of the pro-
jection of p on Ru is bounded in direction u; since by Proposition 5.1 we have supp p = A,(X) this contradicts the
condition A’ (X) D M. Hence « (M x]t, oo[) > 0 for any ¢ > 0.

Furthermore, arguments as in the proof of Proposition 5.1, using that suppA has no fixed point in V, show
k(M x {p}) =0 for any p € R. From Theorem 3.10 we know that lim,_ %log|S;lu| =L,(a) >0, *Qf-ae.
Furthermore, since x is *Q"‘—ergodic and k(M x {0}) = 0 we have limsup,_, . |ps| > O, @ﬁ—a.e. Then we get
limsup,,_, o, |Shu||pn| = 00, *Q%-a.e. If A%(X) D M, from above we have x (M x]0, oo[) > 0, and again using er-
godicity, limsup,_, o, pn > 0. Since lim,_  |S)u| = oo *@‘;—a.e., it follows limsup,,_, o, |S,u|pn = 00, *@g-a.e.
Using Theorem 3.2, we have also, for any u € M and *Q%-a.e.: lim,_, % log|S” ,u| = —L, () < 0. The condition
S Iplf di(u, p) < oo implies limsup,_, o, % <0, x*-a.e. Then we get, lim,,_, oo |S_,ullp—n| =0, k*-ae. (]

For the analysis of *Py, 0 we consider the optional time 7 on X x 9] given for p # 0 by:

T =inf{n > 0; p YRy, u) > 0}, t=o00 if p~Y(R,,u) <0 forevery n.
We observe that 7 is independent on p as long as p > 0 or p < 0. By definition of p,:

P+ (Rou) =pa|Syul,  p ' pa|Spu| =1+ p~ (Ru, u).

We note that (u,, p,) is the radial projection of (v, r,) on S~ x R ¢ V x R while the projection (0, r,) of
(v, 1) on {0} x R satisfies r, = r(p_lpn|S,’1u|). In (u, p, r) coordinates on the set {r # 0}, the process (v, r,,) can
be written as (x,, r,), and for any ¢ > 0 the dilation (v, r) — (v, r) reduces to (x, r) — (x, tr). Since k (M x {0}) =0,
*P is also a measurable Markov fibered kernel above S¢~! x R* (see Section 4.1). This measurable setting will be
useful below. Also,

T =inf{n > 0; p~' p,|Spu| > 1}, =00 if p~'pu|Sju| <1, forevery n.

In particular p’lpr > (0 where the notation p, is used if 7 is finite. Also we define o, =7 o (“é)""*l and og =0,
T, = Y | Ok, so that T can be seen as the first ladder index and ' pe |S.u| as the first ladder height of the R*-valued
measurable Z-cocycle,

Wy (u, p, @) = P_an|S,/,M|

over the dynamical system (£2%, a0 c*), which is well defined since k(M x {0}) = 0. The random times 7, can be
seen as the successive times of increase for r 1y = p~! pk|S,’(u| along the random walk (v,, r,). On the other hand,
by Poincaré recurrence theorem we have x*-a.e., lim SUP, s 0o p~'p, = 1. Since lim,_, oo |Su| = oo, then 7, 7, are
finite *@ﬁ-a.e. and we have p~!p,, > 0.

With the above notation the A-random walk (v, r,) on E C V x R can be written as

Dn + (bny1, Un)

* -1
¥ ) T'n4+1 :rn}gn+]un}pn+1pn .
|gn+1un|

*
Un+1 =841 " Un; Pn+1=

We denote X = M x R and X4 = M x]0, 00[ C X, hence x € X implies x; € X if T < co. We consider also the
submarkovian stopped operator *PTon V \ {0} x R. In (u, p, r) coordinates on the set {r # 0} with x = (u, p) the
associated process at time n starting at (x,r) € X4 X ]Ri is (xrn,r|S;nu| )2 p_l), hence the restriction of * P to
X1 x R is well defined and is a measurable fibered kernel on X x R% C E. This restriction will be again denoted

by *PT. Since *P(*e® @ h%) =*¢® @ h” and T is finite *Q%-a.e., the kernel *Isof given by:
*13(;('0 _ (*ea ®ho¢)—1131(>keot ®ha(p),

is also a measurable Markov fibered kernel on X x R’ which satisfies *Isof 1=1,k®¢ ae.
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The following lemma expresses the function 5(p~'v) = I@’{p‘l(R, u)y>t}=v% (@, p)onkE as a *ﬁ’-potential of
a non-negative function on E.

Lemma 5.12. Withtv=u €S, t > 0and p #0, we write
T :inf{n > 0; p_l(R,,,u) > 0}, T=00 ifp_l(R,u) <OforanyneN,
Y, p) =P{p~(R.u) > 1}, Yo (v. p) =Pt < p~"(R.u) <t + p~' (R, u): T < 00}, where

-1 -1

Re=) Ai--ABeyr,  ¥o=(e"@h*) ¥,  yi=(e"®r) yr.
0

Then,
Y= (F) . =Y (B
0 0

Proof. We write (R — Ry, v) = (R", S,v), where R" = > °A,--- AxBi41 hence if T < 001 (R — R, v) =
(RT, S_v). By definition of , since p~Y(R,u) >t > 0 and the convergence of R, to R imply t < oo, we have

Ve (v, p) =¥, p) = P{(R — Re,u)p~" > 157 < o0},
On the other hand, since p_lpf >0,
t

>
| S7ul

T

]f”{(R — R, u)p_1 >10T< oo} =]f”{<RT, ur)p_1 T < oo} = *ﬁtlﬂ(v, D).

It follows ¥, = ¢ — *PTo, ¢ = 30 (* PT)kyy, 4+ * Pony with
*ﬁf"tﬁ(v, p) :I@’{t|Séﬂu|_l < p_l(RT", ufn); Ty < oo}

For (x, ®) € M x 2 we have either 7,,(x, ®) = oo for some n hence * P" v = (*P* )kI// Oorlim, o Tn (x @) =
00. In the second case, lim,,_, o | S, ul” = oo, P-ae. and, since R, converges P-ae. to R, we have lim,,_, o, * Pr"l//‘ =

0,y=Yg P’)kwr. The last relation follows from the definitions of ¥ and * Pof , since ¥ is non-negative. I

Remark. The function  satisfies the basic property of potentials for * P*

*Ply <y, lim (*P%)"y =0.

n—oo

This property is a key for understanding non-triviality of the Cramer-type estimate for . It is also valid for other
natural functions such as  defined by

P, p) =P{sup W, > 1.

n>1

Let 7 be as above and A} (X) D M, hence using Lemma 5.11 we have x (X;) > 0. Let *Q‘“(x, -) be the law of
x¢ under *@ﬁ Since T < 00, *@z-a.e., this kernel is a measurable Markov kernel with respect to x on X, hence
* Qa’r is not k-ergodic in general and it is natural to consider the first return time to X as well as the corresponding
induced Markov operator *Q% on X . Following the idea of [36], Lemma 2, we interpret the ladder index t as a first
return time to a subset of £2*, we construct a stationary measure for * Q‘” on X4, and we show the finiteness of the
corresponding expectation of t.
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Lemma 5.13. Assume A}(X) D M and write
t=inf{n>0; p~' pu|Syu| > 1} =inf{n > 0; p~ (R, u) > 0},
T =00 ifp_lpn‘S,;u‘ <1 foranyn eN.

Then the stopped operator *Q‘” preserves Xy and admits a stationary ergodic probability k* on X which is
absolutely continuous with respect to k. The integral By (1) = fIEﬁ (7) dk* (u, p) is finite.
With vy = L, (0)E3(t) we have limn%ooilog(lSénm%) = y¥ €]0, o0, *ng-a.e. In particular W, =

log(p. p~ 'S ul) has finite expectation with respect to * ) .

Proof. Since A¥(X) D M, Lemma 5.11 gives «(X4) > 0. In order to deal only with positive values of the R*-

N _ N . . . .
valued Z-cocycle W, (u, p, ®) = |S/u|p,p~" under *Q,, it is convenient to consider the two sided Markov chain x,,
(k € Z, x, € X) induced on X, by x,, hence n is the first return time of x, to X, and ny < t since p~!p; > 0.
We note that the normalized restriction « of « is a stationary ergodic measure for x,, . Also the relativized Markov

kernel *P, on E = X x R?% induces a fibered measurable Markov kernel *130,,+ on X, x R} with projection *Q‘i
on Xy, which satisfies *Py 4+ (k4 ® ) = k4 ® £. Since p_lpnk > 0, in (u, p,r) coordinates, the corresponding
bilateral Markov chain can be written as (x;,, 7y, ) With r,, = rp~! P |Sp, 4. We denote by 2% the subset of
2% defined by the conditions x € Xy, x, € X infinitely often for n > 0 and n < 0, by K_T_ the normalized re-
striction of «* to .Qﬁ and by “é+ the induced shift. Also let .Qg be the subset of Qi defined by the conditions
x € X4, supgo(pu_, p~! |S;,_,ul) < 1. From Lemma 5.11, we know that Ki-a.e., limy,— 00 |S”,u|p—np~! =0, hence
limy_, 00 |S;,_k“|pn_k p_l

Then the index —vy < 0 of the strict last maximum of the sequence p, , p! |S,’Lku| = V_i (k = 0) is finite Kf_-a.e.

=0and [S, ulp, ,p~'>0.

We have .Qg = {vp = 0} and, using Lemma 5.11, limy_, oc V_; = 0. It follows, using the (“é+)-invariance of Kﬁ,

o o o0 o
l:ZKf_{vozk} < ZK_T_{V_/( > sup Vj} :ZKf_{Vo > suij} :Zq,
j=0 j=0

k=0 k=0 Jj<—k Jj<0

where ¢ = Kﬁ(.Qg ), hence K*t’t(.Qé’l ) > 0. Furthermore if o € 2¥, using the positivity of Vj and an observation of [36],
we see that 7(w") is the first return time of (“é)" (0™) to 27 hence Q7 is the transformation on .Qg induced by ag or
“é+ on .Qg and 7, (w") is the sequence of return times to .Qg . This allow us to proceed as in [36], Lemma 2, with the
R*-valued Z-cocycle |S),u|p, p~ L. Since «* is “6-invariant and K#(.Qg ) > 0 we can apply Kac’s recurrence theorem
to .Qg ,407 and 2% (see [50]), hence the normalized restriction Kg of k* to .Qg is “é’—ergodic and stationary, the return
time 7 has finite expectation [Eg () and lim,— oo ;—" =Ej (7), /cg -a.e. Since /cg is absolutely continuous with respect
to «*, Theorem 3.10 gives

1 1
lim —log|S; u|= (nlirgo - 1og|5;nu|>< lim T—"> =E¢(D)Ly(@) =y% >0, «}-ae.
n

n—oon n—>o00 n

Using Birkhoff’s theorem for the non-negative increments of W[ = log(%|S;nu|) and “07, we get the
P
p
hence using the /cg -a.e. convergence of %long;"uL we get the Kg -a.e. convergence of %W,‘; to yZ. In particular
EG(W7) =y €]0, ool

In order to relate Kg and the kernel * Q‘” we consider the Markov kernel adjoint to * Q‘j‘r (x, -) with respect to k4,

Kg -a.e. convergence of % WZ . Since Kg is 07 -invariant, the sequence rlllog converges to zero in Kg -measure,

and we denote by *@‘i ® 8, the corresponding Markov measure on HZ~ x X, with Z_ = —N U {0}. Also we write
*@z =5, *@i where *Q % is supported on HY and Kj_ =/ *@”j ®5; ® *@‘i dk (x), in particular

i (28)h = /(193)*@6 ® 8, ® *Q% dict (x)
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with Qg =8, xH N'and £y CH Z- % X . We denote by «7 the projection of Kg on X, hence k" has density u(x)

given by /c“’é(s?ggE Ju(x) = (*@“j ® 6x)(£2,, ) with respect to «. It follows that the projection of /cg on X4 X 2 can be
expressed as

/u(x)ax®*@1dx+(x)=/3x®*@id/<f(x)=*Agr.

A
* M
KT

#

Since «j is invariant and ergodic with respect to the bilateral shift 407 the same is valid for with respect to

the associated unilateral shift 07 . Since the kernel x — *Qj‘c‘ commutes with 4% and *@‘“ , the * 0% -invariance and
ergodicity of «* follows. Also we have Ej () = f E%(7) d« " (x) and the above convergences are valid *Q% -a.e. [J

Remark. If S= X4, P = *13%_1_, T = k4, and in the corresponding measurable setting, the measure k* is closely
connected with the measure X of Theorem 4.5. The measure k™ can be caracterized as the unique * Q“’T-stationary
measure which is absolutely continuous with respect to k4. However, in contrast to [36], the function log|p| is not
known to be k-integrable, but we know that 1im,,— ~ |S/_nu|p_,lp_1 =0.

The following weak renewal theorem for a general fibered Markov chain will allow us to control potentials of the
measurable fibered Markov kernel * 13; on X x R¥ . We recall some notation of Section 4 as follows.

Let (S, w) be a complete separable metric space, where 7 is a probability measure. We consider a general mea-
surable Markov chain on S x R with kernel P, we assume that P commutes with the R-translations and we denote
Lebesgue measure on R by £. We assume that the measure 7 ® £ is P-invariant. Here, in contrast to Section 4, our
setting is the measurable one; in particular the symbol sup means essential supremum. We write a path of the corre-
sponding Markov chain as (x,, V,;) where x, € S and V,, € R, we denote by “P, the Markov measure on the paths
starting from x € S and we write ‘P, = [P, dr(x), “E, for the corresponding expectation symbol. In this context
the following weak analogue of the renewal Theorem 4.5 holds.

Proposition 5.14. With the above notation and hypotheses, assume that \ is a compactly supported bounded non-
negative measurable function on S x R, the potential Uy = o° PX4r is essentially bounded on S x [—c, c] for any
¢ > 0 and we have for any ¢ > 0

>8}=O,

1%
lim “Pn{ ~—y
n

n—o0

with y > 0. Then we have

10 1
lim — ds/Ux[r(x,s)dn(x)z—(Tr QL (Y).
I—>o0 —t S Y
Furthermore if V¥ is a non-negative measurable function on S X R and lim;—, _oc U (x,t) =0, m-a.e. then =0,
T QL-a.e.
If Y is a measurable function on S x R which satisfies:

{=00

Wlo= Y sup{|y(x,s)

{=—00

;xeS,sell, L+ 1]} <oo,

then the above convergence is also valid.

Proof. We observe that the maximum principle implies |[Uv| = sup, , [U¥|(x, 1) < oo, since U is essentially
locally bounded. For ¢ > 0, t > 0 we denote ny = n(t) = [%et],nz =ny(t) = [%(1 + &)t] where [t] denotes

integer part of t > 0. We write: > o° Pkyr = U, 23_1 Phy = Uy, Y05 PRy = Uy, Y0 PRy = Uy,
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1(t) = %fi)t ds [((Uy)(x,s)dm(x) = Z? I (t) — I4(t) where
0
Il(t)_—/ dn(x)/ U,’flzlﬂ(x,s)ds, Iz(t)z;/‘ dm(x) Un, ¥ (x,5)ds,
S —t

I5(1) —;/; dm(x) U"21/f(x,s) ds, Iy(t) = %/S dm (x) Up2 Y (x, 5)ds.
—t

R\[—¢,0]
We estimate each term I () separately. We have, since the measure 7 & £ is P-invariant,

—n1+1 . 1
W =" @ e W), lim ho)=— (@ D).

Furthermore,

|1(I)|<ﬂ(n2—n1+1) sup /(“Px{VnSa}+“Px{Vnzt—a})dn(x).
S

ni<n=<njp

Since n=1V, converges to y > 0 in probability, the above integral has limit zero, hence lim;_, o, 14(¢) = 0.

We have also |, (1)| < %7‘[ QL(Y).

In order to estimate /3(z) we denote, forn € Nand s > 0, p} = inf{k > n; —a < V,, —s < a}, where ¥ is supported
on [—a, a], and we use the interpretation of U as the expected number of visits to ¥ after time n:

U™ (x,s) < [Uy|"Py{p5 < o0}

Taking n = [ {21

1 =ny we get

(1+e)t
I(t) < |U¢|/a]P’x{Vk—t§a, forsomekz[ “dn(x).
N Y

Since % converges to y > 0 in probability, we get lim,;_, o I3(¢) = 0.

Since ¢ is arbitrary we get finally, lim;_, », I () = %(n RL(Y).

The second conclusion follows by restriction and truncation of ¢ on S x [—a, a].

For the proof of the last assertion we observe that for any £ € Z, A = |U 1sx[0,11] = |U lsx[e,e+1(| < 00. Writing
Y= Y02 W lsxpeer1p We get [UY] < Al

The quantity ¥ — || is a norm on the space H of measurable functions on S x R such that ||, < co. Since the
set of essentially bounded functions supported on S x [—c, ¢] for some ¢ > 0 is dense in H and ¥ — (7 Q@ £)(/) is a
continuous functional on #, the above relation extends by density to any ¥ € H. O

Proof of Proposition 5.9. Assume that for some u € M, C(u) = limt_)oot"‘lf”{(R, u) >t} =0. For p > 0, with
the notations of Lemma 5.12, this means lim;_, o, ¥* (v, p) = 0. Using Proposition 5.3 we know that this implies
limy 00 ¥*(u, p) =0 forany u =tv e M (t > 0). Also, using Lemma 5.13, we have, since A}(X) D M,

lim — log(|S/ u|pr”> =y%>0, *Q%-ae.

n—oon

Since the canonical Markov measure associated with 7 and *Q%7 is a push-forward of *an this convergence
is also valid with respect to this canonical Markov measure. Then, using Lemma 5.12 and ¥¢ > 0, we can apply

Proposition 5.14 with V,, = log(p~! p,n)lSrnu|, y =y& >0, S = X4, to the measurable Markov kernel P = *f’of on
X4 xR, to the potential Y °(* of )k Y of the non-negative function Y& < (*¢* ® h*)~! and to the * Q‘” -stationary
measure 7 =k 7; we get ¥ =0, k¥ ® £-a.e., hence

]f”{t <p YR u)<t+p YRy u) T < oo} =0.
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Since p~!(R;,u) > 0 this gives p~' (R, u) <0, " ® P-a.e. on {r < 0o}, in particular for some (u, p) € X4,
we have p~(R,u) <0 ie. (R,u) < 0, P-ae. on {r < oco}. But, since A*(X) D M, for any u € M the set
{{R,u) > 0; T <00} ={(R, u) > 0} is not P-negligible, hence the required contradiction. Since, using Proposition 5.3,
we have C(u) = C(0® ® £*)(H,) it follows C > 0. O

Remark. The proof of Proposition 5.9 given above uses the R*-valued multiplicative cocycle W,. The interpretation
of the ladder index T as a first return time to a subset of 2% depends on the reduction of Wy, to a positively valued
cocycle; hence the use of the seemingly artificial inducing procedure on X + x R*, as was done above.

5.4. A Choquet—Deny type property

Here, as in Section 4, we consider a fibered Markov chain on § x R, but we reinforce the hypothesis on the Markov
kernel P, using spectral gap properties instead of equicontinuity properties. Hence § is a compact metric space, P
commutes with R-translations and acts continuously on Cj(S x R). We define for ¢ € R, the Fourier operator P on
C(S) by

Plo(x) = P(p®e")(x,0).

For ¢ = 0 the operator P = P is equal to P, the factor operator on S defined by P. We assume that for each
t eR, P! preserves the space H(S) of e-Holder functions and is a bounded operator therein. Moreover we assume
that the operators P and P satisfy the following condition D.

A weaker Choquet-Deny type result under a similar condition was shown in [30], Proposition 3.5. The stronger
form given here allow us to deal with polynomially bounded P-harmonic measures and is needed for the proof of the
homogeneity at infinity of p in Theorem 5.2. Condition D is as follows

1. For any t € R, one can find ng € N, p(¢) € [0, 1[ and C(¢) > 0 for which
[(P")"¢], < pIple + C@)lpl.

2. Forany r € R, the equation P¥¢ =¢%¢, ¢ € Hy(S), ¢ # 0 has only the trivial solution e = 1, t =0, ¢ = constant.
3. For some t > Isup{[|a|" P(x,0),d(y,a); x € S} < c0.

Conditions 1, 2 above imply that P has a unique stationary measure 7 and the spectrum of P in H(S) is of the form
{1} U A where A is a compact subset of the open unit disk (see [33]). They imply also that, for any 7 # 0, the spectral
radius of P is less than one.

With the notations of Section 4, condition 3 above will allow us to estimate *EE(|V,,|?) for p < § and to show the
continuity of t — | P¥|.

The following is a simple consequence of conditions 1, 2, 3 above.

Lemma 5.15. With the above notation, let I C R be a compact subset of R\ {0}. Then there exists D > 0 and
o € [0, 1[ such that for any n € N, sup,¢; |(P"*)"| < Do™".

Proof. Conditions 1 and 2 for P (1 # 0) imply that the spectral radius r; of Pit satisfies r, < 1. Hence there exists
C; > 0 such that for any n € N, |(P')"]| < C,(% + 7)". On the other hand  — | P"| is continuous as the following

calculation shows. For a, ¢, € R, §' € [0, 1], we have |e!¢! — ei“’/| < 2|a|8/|t — t/|5/ hence we have
. s 8 /
[P o(x) — P o()| <2ll|t — 1| /|a|6 P((x,0),d(y, a)),
| P — P < oMyt — 1|

For each t € I we fix n; € N such that |(P¥)"| < % Then the above continuity of P, hence of (P)™, gives
that for ¢ sufficiently chose to ¢, |(Pi',)| < % Using compactness of I we find n1, ..., ny such that one of the in-
equalities [(Piyni| < % (1 < j <k) is valid at any given point of /. Then, since |PY| <1 withng=n - n; we get
|(Pitym0| < % Using Euclidean division of n by ng, we get the required inequality. (|
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We are interested in the action of P" on functions on § x R which are of the form u ® f where u € C(S),
f € L'(R) and we are interested also in P-harmonic Radon measures which satisfy boundedness conditions. In some
proofs, since H.(S) is dense in C(S), it will be convenient to assume u € H.(S). (Il

Definition 5.16. We say that the Radon measure 6 on S x R is translation-bounded if for any compact subset K of
S X R, any a € R, there exists C(K) > 0 such that |0(a + K)| < C(K) where a + K is the compact subset of S x R
obtained from K using translation by a € R.

We are led to consider a positive function w on R? which satisfies w(x + y) < @(x)w(y). For example, if p > 0,
such a function w, is defined by w,(a) = (1 + |a|)”. We denote IL}D(]R) ={f e L'(R); wf € L'(R)} and we observe
that f — |lofll1 = || fll1,» is @ norm under which ILCIO(R) is a Banach algebra. The dual space of IL}U (R) is the space
L2’ (R) of measurable functions g such that gw~! € L°(R) and the duality is given by (g, f) = [ g(a) f(a)da. The
Fourier transform f of f e ILLIU (R) is well defined by f 1= f f (a)el da. We denote by J¢ the ideal of ! (R) which
consists of functions f € L' (R) such that f has a compact support not containing 0 and we write J¢ =L! (R) N J¢.
Also we denote by L(l) (R) the ideal of L!(R) defined by the condition f (0) = 0. It is well known that J¢ is dense in
]L(l)(R), hence for w = w, the ideal J;z is dense in LCID(R) (see [32], p. 187).

Theorem 5.17. With the above notation, assume that the family P (t € R) satisfies conditions D and let @ = wp
with p < §. Then for any f € ]LCIU(R) NJ¢, u € C(S), we have the convergence

lim sup|P"(u® f)(x,))|, ,=0.
=00 ye§ ’

If 0 is a P-harmonic Radon measure which is translation-bounded, then 0 is proportional to m ® £. In particular
7 ® £ is a minimal P-harmonic Radon measure.

The proof follows from the above considerations and the following lemmas.

Lemma 5.18. Assume m, is a sequence of bounded measures on R, w is a positive Borel function on R such that for
any x,y € R, w(x +y) < w(x)w(y) and the total variation measures |1, | of w, satisfy sup{|m,|(w); n € N} < oo. Let
fe }Ll) (R)NL2(R) and assume A,, By, are sequences of Borel subsets of R such that, with A, =R\ A, B, =R\ B,,

L limy o0 700 [(@) 1 f 187 [11,0 = O,
2. im0 |7Tn|(w1A;1) =0,

_ 1/2
3. Ty oo 170 * Fll2llo? 14,15, 1/ =0.

Then we have lim,,_, |7, * f |1, = 0. Furthermore, if the measures m, depend of a parameter A and if the conver-
gences in 1-3 are uniform in A, then the convergence of |7, * fll1,w is also uniform in A.

Proof. Let 5, n’ be two bounded measures on R and let A, B be Borel subsets with complements A’, B” in R. Observe
that, since 0 <w(x +y) <wx)w(y),

o(x+y)<ox+1arp(x+y) + (@) x)(@lp) () + (@la)(xX)w(y).

It follows

|(n* 1) |(@) < |nxn'|(@lasp) + Inl(@) |0 |(0lp) + nl(@1a)|n'|(@).

Then we take n = m,, n’ = f(a)da, A= A,, B = B, and we get

77 * fll1w < / 70 * fl@)|wla,+8,1(a) da + | [(@Ia )1 f 1) 11,0 + [Tal (@1 A ) f 10
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Conditions 1, 2 imply that the two last terms in the above inequality have limits zero. Using condition 3 and
Schwarz inequality we see that the first term has also limit zero. If 7, depends of a parameter A, the uniformity of the
convergence of ||, * f||1,, follows directly from the bound for |7, * f||1,,, given above. (Il

The following lemma is an easy consequence of condition 3 on the Markov kernel P and of Holder inequality.

Lemma 5.19. For any p € [1, 6], there exists Cp, > 0 such that sup “E,((|V,)?) < Cpn?. In particular, for any

L >0, sup, ,“Po{|Va| > nL} < 2.

We leave to the reader the proof of the well known first inequality. The second one follows from Markov’s inequal-
1ty.

For a Radon measure 6 on S x R and b € R, we denote by 0 *x §, the Radon measure defined by (9 * §)(¢) =
f(p(x, a+b)do(x,a); for ¢ € C.(S x R), 0 translation-bounded we write |0, = sup{|6 * d,(¢)|; b € R}. For such
measures and any bounded measure r on R, 0 x r is well defined by (0 * r)(¢) = f (0 % 8p) (@) dr(b) and we have
|0 *rl|, < |rl6, where |r| is the total variation of r. In particular, f € L'(R) can be identified with the measure
ry = f(a)da, we can define 6 x f =0 xry and if f, € L'(R) converges in L!'-norm to f € L!(R), then 6  f,
converges to 6 x f in the vague topology. On the other hand, if  has compact support and 6 is a Radon measure on
R, 0 % r is well defined as a Radon measure.

Lemma 5.20. With the above notation, assume that 0 is a translation-bounded non-negative Radon measure on S x R.
Let r be a non-negative continuous function on R with compact support containing 0. Then for p > 1, there exists a
non-negative bounded measure 0 on S such that 0 xr < (15 ® w,)(0 ® £).

Proof. For simplicity of notation, assume r > 0 on [0, 1]. We denote by 6 * §; the restriction of 6 to S x [k, k + 1[
(k € Z) and we write 0 = ZkeZ Ok * 8 with supp 6 C S x [0, 1]. We observe that, since 6 is translation-bounded, the
mass of 6 is bounded for k € Z, hence 6 = Y kez(1 + k) 7P0 is a bounded measure supported on S x [0, 1]. We
have clearly

O < (1+1k))"0,  0<6x> (1+1kl) s, 9*r§é*<r*2(1+|k|)p8k>.
keZ keZ

But, by definition of w, and since suppr is compact, we have r * ) ", ., (1 + |k[)?8; < cw), for some ¢ > 0 and it
follows, 0 % r < ¢ * wp. We desintegrate the bounded measure 6 as 6 = f Sy ® 6* do (x) where 6 is the projection
of 6 on S and 6% is a probability measure. Hence 6 s wp=[6:® (6" % wp) dd(x). But, since 6* is supported on
[0, 1], we have 6" x w, <276 ([0, 1])w,. Hence 8 < 2P (15 ® wp)(0 ® £) and finally 0 xr <2Pc(ls @ w,) (0 @ £) =
(1s ® @) (@ ® €) with § =27c. O
Proof of Theorem 5.17. We fix p € [1,4[, w = wp, u € Hc(S), u > 0 and for x € S, we define the positive measure
m;; on R by 7, (¢) = P"(u ® ¢)(x,0) where ¢ is a non-negative Borel function on R. We observe that ;) (1) < |u],

and for f € Cp(R) NLL'(R), we have

P (u® f)(x,a) =7, (f 8a) = (7, * f*)(a),

where f*(a) = f(—a). It follows || P"(u ® f)(x.,)|l1 < |ull| f]|; and also for f € LL(R),
|P"w® Hx,)],, < Iflesup{r, (@);x € S}.

From condition 3, since p < § we have
pin(@) < ul“Ex(1+|V,l)" <27Cpn?,

where we have used Lemma 5.19 in order to bound ?IE, (1 + | V,,])?.
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We fix 8§ > 1, we denote B, = {a € R; |a| <n't%}, A, = {a € R; |a|] < n°t!} with ¢ > 0 to be defined later and
we verify the conditions 1-3 of Lemma 5.18 for 7, = ;) uniformly in x € § for f € L!,(R). Since fo? € L'(R),

Markov’s inequality gives || /15 [l1,0 < || fl szn—p(HS)_ Then, using the bound of ;) (w) given above,

X @) f1 11w < 2P Con P2 £l 02

Hence condition 1 of Lemma 5.18 is satisfied.
We write 7,/ (w1 47) < [u]|"Ex(w(Va)1a; (Vy)) and use Holder inequality for p >1, % =1- % and p'p < §:

Ty (wlg) < C'2PnPP{|V,| = nctl }1/‘7 < "ppcprld’
where we have used the fact that sup, “E. (|U|PP') < oo for pp’ < § and Lemma 5.19. If we take ¢ > ¢’ = p’p—fll’ we
see that lim,,_, o 77 (@1 4/ ) = 0 uniformly, hence condition 2 is satisfied.

In order to verify condition 3 we observe that ;7 (1) = (P u(x). For f € J¢ C L>(R) we denote ¥ = supp f -
R\ {0} and we know from Lemma 5.15, that there exist D > 0 and o € [0, 1[ such that forany t € Y,n € N: |(P")"| <
Do". From Plancherel formula, we get

) 12 .
|7 % £, = (/|ﬁ,’f(t)|2|f(t)|2dt> <1 fllalul su5|(P”)”| < Dlulo" || f]l2.
te

On the other hand, ||w?1 A.+B, 11 1s bounded by a polynomial in 7. Since o < 1, condition 3 is satisfied. Hence,
Lemma 5.18 gives: lim,— o0 [|77;] * f 1, = O uniformly. By density, the same relation is valid for all f € LL(]R).

Now, let us choose p €]1, §[ and w = w,. Since 0 is translation-bounded we can assume 6 to be non-negative and
translation-bounded. Then Lemma 5.20 gives for any r as in the lemma, 6 xr < (15 ® w)(6 ® £). Taking r =r, as an
approximate identity we have 6 = lim,,_, o 6 *r,, in the weak sense. Hence we can assume 0 < (15 ® w)(0 @ £) where
6 is a bounded measure on S. Let fe ]LCIU(R) N J¢R), u € H:(S) be as above, hence f, u satisfy for every n € N the
following relations

Ou® f)=(P"0)u® f)=0(P"u® f)) =/P”(u®f)(x,a)d9(x,a),
lou® f)| < /dém/]P"(u ® x, a)|w(@ da < 8] sup| P" @ )(x, )], -

From the first part of the proof we get 6(u ® f) =0 for any u € H(S), f e JS = L}U(R) N J€. This relation
remains valid for f in the ideal IS of L (R) generated by J¢. Using regularisation on Fourier transforms we see
that the closure in L' (R) of J¢ contains J¢, hence the unique Fourier exponential which vanishes on I¢ is 1. Then
using classical Fourier Analysis (see [32], p. 187) we get that I is dense in ]L(l)(R). As observed above, since 6 is
translation-bounded, this implies 0(u ® f) =0 for any f € LE)(R). Since H(S) is dense in C(S), we get that 6 is
invariant by R-translation. Then we have § = § ® £ where 0 is a positive measure on S which satisfies P6 = 0. Using
parts 1, 2 of condition D, this implies that 6 is proportional to 7, hence @ is proportional to 7 ® £.

For the final assertion we observe that, if 6 is a P-harmonic positive Radon measure with 6 < ¢, 7 ® £, for some
¢ > 0, then 6 is translation bounded. Hence as above, 6 is proportional to 7 & £. O

5.5. Homogeneity at infinity of the stationary measure

For the proof of Theorem 5.2 we prepare the following propositions and lemmas. If « ¢ N, it follows from [5] that
Theorem 5.2 is a consequence of Propositions 5.3 and 5.9. If o € N, as follows from [51], the situation is different
in general. More precisely, as shown in [5], p. 706, if € M'(V) is suitably choosen and « € N, convergence of
t7%(t-n) (t — 04) on the sets H, for every v € V does not imply vague convergence.

Here, we will need to use the Choquet—Deny type results of Section 5.4. We start with an improvment of Corol-

lary 5.8.
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Proposition 5.21. For any u € %=1, limy_ o0 t*P{|(R, u)| > t} = C%*e"‘ () > 0.
In cases 1, for any u € SY~1: lim;_, oo t“]f”{(R, uy >t} = %C%*e“(u) > 0.
In case 1L, for any u € Ay (T*), if A4(2) D AL(T): limys 00 1*BP(R, u) > 1} = 22 CL %% (1) > 0.

Proof. This a trivial consequence of Proposition 5.3, Corollary 5.8, Proposition 5.9 and Lemma 5.10. (]
The following is a corollary of the proof of Proposition 5.9 and of Proposition 5.21.
Corollary 5.22. With the above notation we write
ye=Ly@EY(r), Y&, p)=Plt <p " (R.u) <t+p " (Re,u), T < oofe* )"t

and we denote by k7 the * Qa’r—stationary measure on X 1, given by Lemma 5.12. Then, if Ay,(X) D AL (T) we have

o

>
pla)yd

/ Yo (v, p)t~ di¥ (u, p)dr > 0.
10,00[x X 1

Proof. With the notation of Lemma 5.12, we have ¥ = Y0°(* P1)ky¢ where * P is a fibered Markov kernel on
X4+ x R% which satisfies the conditions of Proposition 5.14 and 17 is bounded by (*e* ® h*)~!. Hence, as in the
proof of the proposition, if ¢ is a Borel function with compact support, bounded by ¢, then lim;_. o ¥* (v, p) >
limsup,_, o, Zgo *[A’Of &f(v, p), and, using Proposition 5.21, since lim;_, o ¥“ (v, p) is constant on X, we get

dr

[lim ¥, p) > L/ vV, p)de”(u', p)—.
= 10,00[x X4 t

123

Hence, approximating from below ¥¢ by /¢, we have

1 dt

lim (v, p) > —/ v (v, p) L aet (', p),

1—00 72 J10.000x X+ < (v p) t (. p)

C) = lim r*P{(R, u) > 1} =*¢ ) lim ¢*(v, p),
t— 00 t—00

* ol (u)

Clu)=—
Vr 10,00[x X+

v (v, p)fl drde® (u', p).
The final formula follows from Proposition 5.21. (]

Remark. We observe that, if d = 1, and A, B are positive, a formula of this type for C = C., with equality, is given
in [14]. We don’t know if such an equality is valid in our setting.

Lemma 5.23. For any compact subset K of V \ {0}, there exists a constant C(K) > 0 such that sup,_ ot~ *(t- p)(K) <
C(K). In particular the family p; = t~%(t - p) is relatively compact for the topology of vague convergence and any
cluster value n of the family p; satisfies sup,.gt~%(t - n)(K) < C(K). Hence sup,.t - ((¢* ® h*)n)(K) < C'(K)
with C'(K) > 0.

Proof. For some § > 0 we have K C {x € V; |x| > §}, hence using Corollary 5.8, t "*P{|R| > ?} < 5% = C(K). The
relative compactness of the family p; follows. Also,

(tty) " (tty - p)(K) < C(K), 4@ - (K) = Tim (12,) " (11 - p)(K) < C(K).

Hence sup,. ot =% (t-n)(K) < C(K). Since e* ® h“ is a-homogeneous we have ¢ - ((e* @ h*)n) = (e* h*) (™% (¢ -
n). With Cx = sup, g (e* ® h%)(v), we get

t-((e* ®h*)n)(K) < Cxt™*(t - n)(K) < Cxk C(K) = C'(K). u



Spectral gap properties for linear random walks and Pareto’s asymptotics for affine stochastic recursions 567
Lemma 5.24. Assume n is the vague limit of t,7%(t, - p) (t, — 04). Then n is p-harmonic, i.e. i *n =1.

Proof. Let ¢ be e-Holder continuous on V with compact support contained in the set {x € V; |x| > §} with § > 0, apd
let us show lim; o, t%I;(¢) = 0 where I;(¢) = (t- p—t-(u* p))(¢). By definition /;(¢) = E(p(tR) —@(tA1 R 0 0))
with @(rR) = 0 if |tR| < & and @(tA1R 0 6) =0 if |tA|R o 6] < 8. Hence, I,(¢) < [@lt*E(|B1[°1{ir|>5) +

|B1 |€1{t\A1Roé|>5})'
We write

I =1t"""E(|B1*1{r|>5)),

It2 = le_aEﬂBl|€1{t|A1RO§|>5}) and we estimate 1), I,2 as follows. We have I[1 <8 TYE(B11°|R|*"®1{1r|>5))- Since
|IRI*7¢ <c(|A1R o é|"‘_€ + |B1]|*7?), using independence of R 06 and |B1°|A1]*7¢, we get

E(1B1I°|R|"%) < cE(IB1]*) + cE(JA11*"°|B1|°) E(IR|*™°).
Using Holder inequality we get E(|A1|“7%|B1|®) < 0o. Also using Proposition 5.1, we get E(|R|*7¢) < oo. It fol-
lows that | B1|°|R|*~®1y,r|~s) is bounded by the integrable function |B1|?|R|*~%. Then by dominated convergence,
lim; o I,1 = 0. In the same way we have

I} <8 “B(IBI IAIR 0011y 4 kodisy)-

Also, using independence and Holder inequality, we have

E(IBiI¥F|AIR 0 81*7) <E(|B1I°]A11**)E(IR|*™*) < o0.

Then by dominated convergence lim; ¢, 112 = 0. Hence lim, o, t7%I;(¢) = 0. By definition of 1 we have, for
any g € G, limy, 0, 1, (tn - (g0))(¢) = (gn)(¢). Furthermore we have [¢(x)| < |@|l{xev;|x|>5} and,

. _ )
|(gm@)| < lpln{x € V;|gx| =8} <l¢| lim 1, “P{IRI > }
n—00 gt

Using Corollary 5.8 we get [(gn)(¢)| < s |<p||g|°‘

Since f |gl*du(g) < oo and for any g € G, limy, o, t, “(t, - (gp))(¢) = gn(p), we have by dominated conver-
gence limy, o, £, (tx - (1 * p))(9) = (1 % 1)(p). Then the property lim; .o, 1=, = 0 implies (1« * )(¢) = 1(p),
hence u *n = 1. O

Lemma 5.25. Assume 1 and o ® £* are ju-harmonic Radon measures on V \ {0} with o € M (S4~1). Assume also
that for any v € V\ {0}, n(H,}) = (0 ® £*)(H,"). Then we have n = o ® £“.

Proof. As in the proof of Corollary 5.8, we observe that the condition n(Hj’ )=(® EO‘)(HUJr ) implies for any § > 0,

supt~*(t - m){x € V; x| > 8} < o0.
t>0

Hence, as in Lemma 5.25, for any compact K C V \ {0}, with n* = (¢* ® h*)n, we have

supt (¢ - n)(K) < C(K),  sup(r-n*)(K) < C'(K).

t>0 >0

It follows that n“ is dilation-bounded.

We recall that P (resp. P) is the convolution operator by n on V A\ {0} (resp. V) hence P(O’ ®L%) =0 ® £* and
P(e” ® h%) = e ® h®. We denote by Q. the Markov operator on V deduced from P by Doob’s relativisation with
respect to e* ® h*. On the other hand the projection o ® £* (resp. n) of o ® £¥ (resp. ) on V satisfies wk (0 L% =
0 @ L% (resp. u * 1 = 1), hence Qa(e oRL)=e*6QR¢, Qa(no‘) =¥
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We observe that the fibered Markov operator Q. satisfies condition D of Section 5.4, in view of Corollary 3.20 and
of the moment condition on A.

Then Theorem 2.6 implies 6 = v¥. Also, in view of Corollary 3.20 for s = « and the above observations, we can
apply the second part of Theorem 5.17 to 7% with P = Qa, hence 7% is proportional to 7% ® ¢, i.e. 1 is proportional
to V¥ ® £, Since & = v* and n(H,") = (o0 @ £*)(H,") we get i) = v* ® £%.

We denote for v € S, 1, = |(v, )|%0 @ €%, 5, = |(v,-)|*n. Since 0 ® £ and 5 are w-harmonic, we have
f 8hgrydun(g) = Ay, f gNgrv du(g) = ny. The projections iv and 77, on 1% satisfy the same equation, hence are equal.
As in Section 3, we get that the sequences of Radon measures gi - ~-g,,)»g;;.._gifv and g1---gn Ngs--gtv are vaguely

bounded *(QQ%-martingales. On V we get, using Theorem 3.2, for some z(w) € P4~! and * Q¢ -a.e.

nl_i)nologl e 'gn)hgg-ugfv = nlggo 81 gnﬁg,’;---gi‘v =) ® L.

Let zo (w) and z_(w) be opposite points on SY~! with projection z(w) on P¢~!. The martingale convergence
on V \ {0} gives that g; --~g,,)»g;;...gTv (resp. g1+ &n ng;;...gTU) converges vaguely to p(@)8;, () + g(@)8;_(w) (resp.
P (@8, () + ¢’ (®)8;_ () With p(®) + g(w) = p'(») + ¢'(w) = 1. The condition n(H,") = (0 ® £*)(H,") implies
in the limit:

P(O))3Z+(w) +q(@)d;_(w) = p/(w)5Z+(w) + q/(w)gz,(w)'

Hence, taking expectations we get n = o ® £¢. |

Proof of Theorem 5.2. The convergence of p; = 1% (¢ - p) to C(c® ® £*) on the sets H, and the positivity properties
of C, C4, C_ follows from Proposition 5.21. For the vague convergence of p; we observe that Lemma 5.25 gives the
vague compactness of p;. If n =1lim,, .o, #,%(#, - p), Lemma 5.24 gives the p-harmonicity of 7. Since n(H}) =
C(0% ® £%)(H,), Lemma 5.25 gives A = C(c® ® £*) = 1, hence the vague convergence of p; to A. The detailed
form of A follows from Proposition 5.3.

For the final minimality assertions one uses the second part of Theorem 5.17 and we replace n by (¢* ® h*)n.
We verify condition D for Q% or operators associated with Q% as follows. Part 1 of condition D follows directly
from Corollary 3.21. In case I, Q% satisfies part 2 of condition D by Corollary 3.21, 1 is a simple eigenvalue of Q%
and, if @ is positive Radon measure with %6 =6, 8 < v* ® £%, hence 6 is proportional to v* ® £%. In case II, one
restricts Q% to the convex cone generated to A4 (T'), so as to achieve the simplicity of 1 as an eigenvalue of Q% and
the absence of other unimodular eigenvalue. Then Corollary 3.21 shows that part 2 of condition D is satisfied for the
corresponding operator, hence the above argument is also valid for v ® . Part 3 of condition D follows from the
moment conditions assumed on A. ]

Remark. In general supp(c® ® £%) N Sgo_ Uis smaller than AJ°(X) and suppo® has a fractal structure.

In the context of extreme value theory for the process X, the convergence stated in the theorem plays a basic role
and implies that p has multivariate regular variation.

Actually, using the properties of A, [3] gives also the weak convergence for any o (resp. a ¢ 2N) in case 11" (resp.
case]).

This is valid too for a ¢ 2N if C. = C_ in case IU, for example if the law of B} is symmetric (see [38]).

For the last assertion in Theorem C we need the following.

Proposition 5.26. Let B, o be the set of locally bounded Borel functions on V \ {0} such that the set of discontinuities
of f is A-negligible and for ¢ > 0,

Ky(e)= sup{|v|_°‘|logv|l+5|f(v)|; v#£ O} < 00.
Then for any f € B 4

lim 17 p)(f) = A().
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The proof depends of two lemmas in which we will use the norm ||v|| = sup, ;- [{x, ¢;)| instead of |v| where ¢;
(1 <i<d)isabasisof V. Alsofor § >0 and 0 < §; < 8, we write Bs ={v € V; ||v|| <8}, Bs,,5, = Bs, \ Bs,, Bg =
V' \ Bs.

Lemma 5.27. Forany f € B, o, 0 <81 < 02,

N —
IEI(I)I+f (t‘P)(lesl,sz)_A(f1351‘52)'

Proof. From the fact that v* gives measure zero to any projective subspace and the homogeneity of A = 0% ® €,
we know that A gives measure zero to any affine hyperplane, hence the boundary of By, ,, is A-negligible. Then the
proof follows from the vague convergence of (¢ - p) to A and the hypothesis of A-negligibility of the discontinuity
set of f. O

Lemma 5.28. There exists C > 0 such that for any f € Beo,t > 0and > e,

|7t - p)(f1B,))| < CK p(e)]log 82 °.

Furthermore there exists C(¢) > 0 such that for any f € Be o, > 0,81 < e}

|17 - p)(f18,)| < C(e)K s (&) log 81| ~".

Proof. Let ¢.(x) be the function on Ry \ {1} given by ¢.(x) = x¥|logx|~'~¢. For x > ¢ we have PL(x) <
ax® 10gx|’1’€. We denote F;(x) =P(|tR| > x) and we observe that, using Proposition 5.1, the non-increasing
function F; is continuous. We have

| p)(F1py) Sf_aKf(S)/s @ (1) dF, (x).

2

Integrating by parts, we get

@ (S <17 UK p @) pe R 417K f () /s 9. () Fy (x) dx.

2

From Corollary 5.8 we know that, for some C > 0, F;(x) < Ct*x~%. Then, using the above estimation of ¢/ (x),
we get

o dx _
W? <CK¢(f)|logéa|™".

174 p)(flg )] = cm(f)f
2 8

The proof of the second assertion follows the same lines and uses the estimation of |¢.(x)| by (¢ + 1 +
&)x* 1 logx|~17¢ forx <e™ L. O

Proof of Proposition 5.26. For § > ¢ and with D > 0 we have fB(g ge(lvlhdA) < D [{° (1og);a)1+s )% = Ilogélf
hence lims—_, fBg e (lv]) dA(v) =0. Also for § < 1,

/ (||v||)dA(v><D/8 v A D
5" =Py Tiogal™ %71 ~ Tiogal’

hence lim;s_, oo fBa @:(Jlv]) dA(v) =0.
Then the proposition follows from the lemmas. O

Proof of Theorem C. Except for the last assertion, Theorem C is a direct consequence of Theorem 5.2. The last
assertion is the content of Proposition 5.26. ([
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Appendix: An analytic approach to tail-homogeneity

Under the hypothesis of compact support for A and density for p, an analytic proof of tail-homogeneity of p is
given below. The full hypothesis is only used in the study of positivity properties of C, C4, C_, hence we split the
presentation into two parts according to the hypothesis at hand on A. Also the argument gives analytic expressions
for C, Cy4, C_. We recall Wiener-Ikehara’s theorem (see [52], p. 233). Assume A(x) is non-negative, increasing
on [1,00[, f(s) = f loox_s_lA(x)dx is finite for s > 1, f extends as a function f meromorphic in an open set
D > {0 <Rez <a} and f has only a possible unique simple pole at z = «, with limg_,_ (@ — 5) f(s) = A; then one
has lim,_, oo x "' A(x) = A. The use of this result (see Lemma A.1 below) will give the tail-homogeneity of p. On the
other hand, if 8 denotes the convergence abscissa of the Mellin transform f(s) = fooo x%dv(x), alemma of E. Landau
(see [52], p. 58) says that f cannot be extended holomorphically to a neighbourhood of g. This will allow us to show
A>0.

Lemma A.1. Let v be a probability on [1, o[, a > 0 such that f(x) = floo x* dv(x) is finite for s < «, f(s) extends

to an open set D D {0 < Rez < a} as a meromorphic function f which has a simple pole at 7 = o with residue A > 0.
Then one has limy_ oo x¥v(x, 00) = ¢~ A.

Proof. We write A(x) = flx t*v(t,00)dt for x > 1 and we observe that the finiteness of f(s) for s < « implies
limy_s 00 x* ¥ v(x, 00) =0 for ¢ > 0.
Integrating by parts we have for s > 1

00 o o
/ T A@) dr =57 / X o(r 00 dx =5 @ —s+ 1) / .
1 1 !

Since A(x) > 0 is increasing, we can use Wiener—Ikehara’s theorem: lim,_, o x ' A(x) = @~ ! A. Then one can
apply the Tauberian Lemma 5.4 to the decreasing function v (x, 00) and gets limy_, oo x*V(x, 00) =L A. (|

The connection with the spectral gap properties in Section 3 depends on the following. The hypothesis is as in
Corollary 3.21.

Lemma A.2. There exists an open set D C C which contains the set {Rez €10, a]} such that (I — 151)_1 is meromor-
phic in D with a unique simple pole at 7z = a. We have

In case 1, lim, o (@ — 2)(I — P = k(@)1 (7 @ e).

In cases I, lim_, o (@ — 2)(I — P¥)~! =&/ (a) ™! W ®@ef +v¥ ®e).

Proof. We restrict to case I, since the proof is similar in cases II. The operator P%on H, (Sd —1y where 7 = s +1it, is de-
fined by the formula P?¢(x) = [ lgx*e(g-x)du(g) and ﬁf’z is conjugate to the operator Q¢ considered in Corol-
lary 3.21. From this corollary we deduce that 0 satisfies a Doeblin—Fortet condition and r(P*Ti) = r(Q* 1) < 1
if £ # 0. On the other hand the function z — P? is holomorphic in the set {0 < Rez < s} since for any loop
y in this set we have fy Pidz = [¢(g-x)du(g) fy |gx|*dz = 0. It follows that there exists & > 0 such that for
|z — a| < e there exists a holomorphic function k(z) such that k(z) is a simple dominant eigenvalue of P? with
k(z) =1+K(a)(z — a) +o(z — a). Since k' (a) # 0, we have k(z) # 1 for z # « and |z — «| small. Also for |z — «|
small, we have in case I the decomposition P?=k(2)7° ® €% + U(z) where 7° ® €% is a projector on the line Ce?,
U (z) satisfies U(2)(* Q €e*) = (0¥ ® e*)U (z) =0, r(U(z)) < 1, and v* ® €%, U(z) depend holomorphically on z. We
consider also the projection p* =1 — V* ® e* and we write [ — Pi=(1—k(2)( Q)+ p*(I — U(2)). Hence, for
|z — a| small

(1-P) ' =(1-k@) ' (@) +p (I -UR) "

In particular, lim,_, o (@ —2)(I — P¥) "' = k/(@) " (3* ® %), and (I — P?)~! is meromorphic in a disk B centered
at o with radius &’ < ¢, with unique pole at z = «. For z = a + ir with |7] > ¢/, we get from above that there exists
a disk B; centered at « + ir such that r(P?) < 1 for z € By, hence (I — P%)~! is a bounded operator depending
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holomorphjcally on z for z € B;. If Rez €10, a[, then r(P?) < r(P*) < 1 hence (I — P%) is invertible and the function
z—> (I—=P9Lis holomorphic in the domain {0 < Re z < «}. Then the open set D = (|J, B;) U{Rez €10, [}, where
t =0 or |¢| > ¢ satisfies the conditions of the lemma, hence the formula for lim, o (@ — z)(I — P¥)"!isvalid. O

We denote, foru € S ! andRez =5 < a,
L@ =E(Rw),  dw=E(Ru): —(R-Bu?)
Proposition A.3. With the notation and hypothesis of Theorem 5.2, we have the convergence:

lim 7%(t - ,0)( ) C(o ®E°‘)( ) Cu)=a" lim (« —s) fs(u),
t—04 s>
where C > 0 and o € M'(A(T)) satisfies (L % (0% @ £¥) = 0% ® £“.
In case 1, 0% is symmetric, suppo® :_/T(T) and C(u) = (k' (@) V5% (dy)*e* (u).
In cases 11, C(u) = (ak’ ()~ (v (do)* e () +*v2 (dy)*e? (u)].

Proof. We write Equation (S) of Section 5 in the form: R — B=AR o 6.
For any v € V \ {0}, Rez =5 € [0, o[ we define

L =E(R,v)3),  fl)=E(R-B,v)}3).

Then Equation (S) implies: (R — B,v)y = (R o 6, A*v)i, hence *Pf,=f, (I —*P)f, = f, — le = d, with
d;(v) =E(R,v)5 — (R — B, v)3). We write a continuous z-homogeneous functlon fonV\{0}as f = f ®h® with
f e C(S?1), and we recall that, as in Sectlon 2 *Pf= *p* f ® h*. Then, since f, and d, are z-homogeneous and
continuous, Equation (S) gives, (I — *p° ) fZ

Foru € S4 ! and e(z) = |z|1 [Lsao[(8), &'(2) = 1 [0,11(8), d,(u) is dominated by

[E(R. 0% — (R = B.u)3)| <& QE(BI) +£QE(BI(BI + (R.u)4)" ).

Hence using Holder inequality and the moment hypothesis we get that for u fixed, d,(x) is a holomorphic function
in the domain Rez €]0, @ + §[. On the other hand, Lemma A.2 for u* implies that the operator-valued function
- *13z)_1 is meromorphic in an open set D which contains the set {Rez €]0, o]}, with unique simple pole at
o € D. The above estimation of d, (1) shows that the same meromorphy property is valid for f, = (I — *131)—1671_ If
we denote by p, the law of (R, u), we have f;(u) = fxs dpu (x), hence f;(u) is the Mellin transform of the positive
measure p,. Then we can apply Lemma A.1 to f;(u), p, and obtain the tail of p, in the form: lim,_, o % p, (¢, 00) =
limg_o o (o — ) fs(u). Hence using Lemma A.2 we have

Incase I, limy_q_ (o — 5) fs(u) = k/(a) D (dy)* e (u).

In case II, limy_, (o — 5) fi(u) = T (a) [* vﬂ‘r(c?a)*ei(u) + 502 (dy)* e (w)].

Using the expressions of *e® (u), *e% (1), *e® (u) given by Theorem 2.16 we obtain in the two cases,

Sgrél (o —s) fs(u) = aC(cr"‘ ® K“)(H;') =aC®u),

with certain constants C > 0, C(u) > 0, a certain 0% € M 1 (Sd’l) which satisfies
x (0% ®L%) =0 @ L~
In case I, we see that o is symmetric and suppo® = A(T).

In cases II, the detailed expression of 6 shows that Co® = C 0¥ + C_o% where suppof = A, (T), suppo? =
A_(T). As aresult we have lim;_, o 1% p, (1, 00) = C(c* @ £*)(H,}) = C(u). O
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Proposition A.4. With the notation and hypothesis of Proposition A.3, assume futhermore that supp X is compact and
wu has a density on G. Then C > 0. In cases 11, we have C(u) > 0 ifu € AL (T*).

Proof. Assume C = 0 and observe that Proposition A.3 gives C(u) = O for any u € A(T*). The equation
(I —*P") fs = dy which occurs in the proof of Proposition A.3 gives by integration against *7°, since *P'(*9%) =

k(s)(*v*),
(1= k(@) P (f) ="D"(dy) (s <a).

Here, the estimation of d; in the proof of Proposition A.3 gives the analyticity of *$?(d;) in an open set containing
10, & + 8[ where ¢ is defined in the proof of Lemma A.2 by perturbation. Since C (1) = 0, the function f; considered
in the proof of Proposition A.3 is meromorphic with no pole at «, hence Landau’s lemma mentioned above gives that
the convergence abcissa of fxs dp, (x) is larger than « and fou) <00if 0 <s <o +38.

Now we consider the case s > « + 5. We observe that in case I, the density hypothesis on u implies that supp *v* =
supp*p = S?~! and the compactness hypothesis of supp A implies that * P? defines a compact operator on C(S¢~1).
Let A C {Rez > 0} be the set where I — * P? is not invertible and observe that, since r(*f’z) < 1if Rez €]0, a[, we
have AN {0 < Rez < a} = ¢. Since the function z — * P? is holomorphic, the extension of Riesz—Schauder theory
given in [34] implies that A is discrete without any accumulation point and (I —* P9~ lis s meromorphic in the domain
{0 < Rez}, with possible poles in A only. The same property is valid for the function fo = —*P)~1(d,) in any
domain D C {Rez > 0} where d extends ds holomorphically. We define

B =sup{s > 0; E((R,u)?}) < oo foru € sé-1 1.

hence from above, 8 > a + §, and we show below 8 = 0o. Assume B < oo and let us show lim,_, g_ *P(fy) < o0.
We observe that f; (resp. d;) is well defined and holomorphic in the domain {0 < Rez < B} (resp. D ={0 <Rez <
B+1}), because supp A is compact and the estimation of d, given in the proof of Proposition A.3. Hence the function
2= fo=U—-*P)(d,)isa meromorphic extension of f; to D. It follows that *$%( f2) extends meromorphlcally
*ps (fv) to a p0551b1y smaller domain D’ C D which contains ]0, 8+ 1[. Also the equation (1 —k(s))*D* (fs) =*P%(dy)
extends meromorphically to D', with k(z), *D* defined as in the proof of Lemma A.2. Here, since supp u is compact
we have s, = 00. Since k(s) > 1 for s > o and a7Z is holomorphic in D’, the function *D? (fz) = (1 —k(z))~ "2 (jz)
is holomorphic in a domain which contains the interval [« + &, 8 + 1[, hence lim,_, g_ *$%( fs) < 00. On the other
hand, the meromorphy of f; =1 —-*Py)! (c?z) in D implies

fe=2_0iB=7 +y: withye9; €CETY), gu = lim (B—9)"fi.
1 :

Since f;(u) > 0, we have ¢, (u) > 0. Also,

Vlgm) = lim "5 () = lim (8" ().

From above we know that this limit is zero, hence *7# (¢,,) = 0. Since g, is non-negative we get ¢, (1) =0, *Ph_ae.
and the continuity of ¢,, implies ¢, (u) = 0 for u € supp*?# = S?~!. By induction we get ¢ j =0 forany j > 1,
hence the function z — f is holomorphic in a domain D, which contains 10, 8 + ¢[ for some ¢ > 0 depending on the
possible poles of (I —*P?)~!(d,), in R¥.

Then, as above, Landau’s lemma gives that f5(u) is finite for s < B +¢ and u € S~!. Hence E((R, u)?.) is finite for
u €S, s < B+ ¢ and this gives the required contradiction. Then we have for s > 0: (1 — k(s))*D*(fy) = *D*(dy).
We observe also that (I — *ISZ)_1 (Jz) is well defined and holomorphic in a domain which contains ]0, oo[.

It follows for s > 0: k(s)(*D* (f))'/* = (*D°(f))1/5. Since f,'(u) = E((R — B, u)’.) we have for s > 1,

(*VS‘(f ))I/Y <E(|B| )1/Y (*Ds(f_:g))l/s, (k(s)l/s‘ _ 1)(*§Y(ﬁ))l/Y SE(|B|S‘)1/Y
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Since A has compact support we have lim;_, o0 E(|BI*)Ys = d < oo; also Proposition 4.11 gives limy_, k(s)l/s =
¢ > 1. Hence lims_, oo D5 (f))'/5 < (c — 1)~1d < o0.
By definition of f it follows sup{(R, u)+; (w, u) € 2 x A(T*)} < 0o; using Lemma 5.10, this contradicts the fact

A

that (R, u) is unbounded on Q2 x A(T*).
In cases II, the above argument can easily be modified, *1° replaced by *v? and S?=1 by supp*v,.. Then we get

that (R, u)4 is bounded on 2 x A4 (T*), which contradicts Lemma 5.10. O

Remark. If supp X is compact and . has a density, Corollary 3.21 and the use of [34], allow us to avoid the use of the
renewal theorem of Section 4 and of Kac’s formula in the proof of Theorem 5.2. Furthermore, if « ¢ N, Theorem 5.2
then follows from the properties of Radon transforms of positive Radon measures (see [5]). However, in the general
case one needs to use Lemma 5.13 and Proposition 5.9. On the other hand, the density assumption on | is not
necessary for the validity of Proposition A.4 as follows from Theorem 5.2.
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