The Annals of Statistics

2015, Vol. 43, No. 2, 819-846

DOI: 10.1214/14-A0S1283

© Institute of Mathematical Statistics, 2015

THE GEOMETRY OF KERNELIZED SPECTRAL CLUSTERING

BY GEOFFREY SCHIEBINGER!, MARTIN J. WAINWRIGHT? AND BIN YU?
University of California, Berkeley

Clustering of data sets is a standard problem in many areas of science
and engineering. The method of spectral clustering is based on embedding
the data set using a kernel function, and using the top eigenvectors of the
normalized Laplacian to recover the connected components. We study the
performance of spectral clustering in recovering the latent labels of i.i.d. sam-
ples from a finite mixture of nonparametric distributions. The difficulty of
this label recovery problem depends on the overlap between mixture compo-
nents and how easily a mixture component is divided into two nonoverlap-
ping components. When the overlap is small compared to the indivisibility
of the mixture components, the principal eigenspace of the population-level
normalized Laplacian operator is approximately spanned by the square-root
kernelized component densities. In the finite sample setting, and under the
same assumption, embedded samples from different components are approx-
imately orthogonal with high probability when the sample size is large. As a
corollary we control the fraction of samples mislabeled by spectral clustering
under finite mixtures with nonparametric components.

1. Introduction. In the past decade, spectral methods have emerged as a pow-
erful collection of nonparametric tools for unsupervised learning, or clustering.
How can we recover information about the geometry or topology of a distribution
from its samples? Clustering algorithms attempt to answer the most basic form of
this question. One way in which to understand spectral clustering is as a relax-
ation of the NP-hard problem of searching for the best graph-cut. Spectral graph
partitioning—using the eigenvectors of a matrix to find graph cuts—originated in
the early 1970s with the work of Fiedler [5] and of Donath and Hoffman [4]. Spec-
tral clustering was introduced in machine learning, with applications to clustering
data sets and computing image segmentations (e.g., [9, 10, 14]). The past decade
has witnessed an explosion of different spectral clustering algorithms. One point
of variation is that some use the eigenvectors of the kernel matrix [4, 7, 15], or
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adjacency matrix in the graph setting, whereas others use the eigenvectors of the
normalized Laplacian matrix [5, 9, 10, 14]. This division goes all the way back to
the work of Donath and Hoffman, who proposed using the adjacency matrix, and
of Fiedler, who proposed using the normalized Laplacian matrix.

In its modern and most popular form, the spectral clustering algorithm [10, 14]
involves two steps: first, the eigenvectors of the normalized Laplacian are used
to embed the dataset, and second, the K-means clustering algorithm is applied
to the embedded dataset. The normalized Laplacian embedding is an attractive
preprocessing step because the transformed clusters tend to be linearly separable.
Ng et al. [10] show that, under certain conditions on the empirical kernel matrix,
an embedded dataset will cluster tightly around well-separated points on the unit
sphere. Their results apply to a fixed dataset, and do not model the underlying
distribution of the data. Recently Yan et al. [18] derived an expression for the
fraction of data misclustered by spectral clustering by computing an analytical
expression for the second eigenvector of the Laplacian. They assumed that the
similarity matrix is a small perturbation away from the ideal block diagonal case.

The embedding defined by the normalized Laplacian has also been studied in
the context of manifold learning, where the primary focus has been convergence of
the underlying eigenvectors. This work is motivated in part by the fact that spec-
tral properties of the limiting Laplace—Beltrami operator have long been known
to shed light on the connectivity of a manifold [8]. The Laplacian eigenmaps of
Belkin and Niyogi [2] reconstruct Laplace—Beltrami eigenfunctions from sampled
data. Koltchinskii and Giné [6] analyze the convergence of the empirical graph
Laplacian to the Laplace-Beltrami operator at a fixed point in the manifold. von
Luxburg and Belkin [17] establish consistency for the embedding in as much as
the eigenvectors of the Laplacian matrix converge uniformly to the eigenfunctions
of the Laplacian operator. Rosasco et al. [12] provide simpler proofs of this con-
vergence, and in part, our work sharpens these results by removing an unnecessary
smoothness assumption on the kernel function.

In this paper, we study spectral clustering in the context of a nonparametric mix-
ture model. The study of spectral clustering under nonparametric mixtures was ini-
tiated by Shi et al. [15]. One of their theorems characterizes the top eigenfunction
of a kernel integral operator, showing that it does not change sign. One difficulty in
using the eigenfunctions of a kernel integral operator to separate mixture compo-
nents is that several of the top eigenfunctions may correspond to a single mixture
component (e.g., one with a larger mixture weight). They propose that eigenfunc-
tions of the kernel integral operator that approximately do not change sign corre-
spond to different mixture components. However, their analysis does not deal with
finite datasets nor does it provide bounds on the fraction of points misclustered.

The main contribution of this paper is an analysis of the normalized Lapla-
cian embedding of i.i.d. samples from a finite mixture with nonparametric compo-
nents. We begin by providing a novel and useful characterization of the principal
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eigenspace of the population-level normalized Laplacian operator: more pre-
cisely, when the mixture components are indivisible and have small overlap, the
eigenspace is close to the span of the square root kernelized component densi-
ties. We then use this characterization to analyze the geometric structure of the
embedding of a finite set of i.i.d. samples. Our main result is to establish a cer-
tain geometric property of nonparametric mixtures referred to as orthogonal cone
structure. In particular, we show that when the mixture components are indivis-
ible and have small overlap, embedded samples from different components are
almost orthogonal with high probability. We then prove that this geometric struc-
ture allows K-means to correctly label most of the samples. Our proofs rely on
techniques from operator perturbation theory, empirical process theory and spec-
tral graph theory.

The remainder of this paper is organized as follows. In Section 2, we set up
the problem of separating the components of a mixture distribution. We state our
main results and explore some of their consequences in Section 3. We prove our
main results in Section 4, deferring the proofs of several supporting lemmas to the
supplementary material [13].

Notation. For a generic distribution IP on a measurable space X', we denote the
Hilbert space of real-valued square integrable functions on X" by L2(P). The L3(P)
inner product is given by (f, g)p = [ f(x)g(x)dP(x), and it induces the norm
|| fllp- The norm || f]l« is the supremum of the function f, up to sets of measure
zero, where the relevant measure is understood from context. The Hilbert—Schmidt
norm of an operator T : L?>(P) — L?(P) is || T||us, and the operator norm is [[|'T||op.
The complement of a set B is denoted by B¢. See Appendix D (supplementary
material [13]) for an additional list of symbols.

2. Background and problem set-up. We begin by introducing the family
of nonparametric mixture models analyzed in this paper, and then provide some
background on kernel functions, spectral clustering and Laplacian operators.

2.1. Nonparametric mixture distributions. For some integer K > 2, let
{]P’m}nlf:1 be a collection of probability measures on a compact space X', and let
the weights {wm},]fl:1 belong to the relative interior of the probability simplex
in RK —that is, w,, € ©O,1) foralm=1,...,K, and Z,ﬁ:l wy, = 1. This pair
specifies a finite nonparametric mixture distribution via the convex combination

K
2.1 P:=>" wuPu.
=1

We refer to {IP’m}ﬁz1 and {wm}ﬁz1 as the mixture components and mixture
weights, respectively. The family of models (2.1) is nonparametric, because the
mixture components are not constrained to any particular parametric family.
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A random variable X ~ [P can be obtained by first drawing a multinomial
random variable Z ~ Multinomial(wj, ..., wg), and conditioning on the event
{Z = m]}, drawing a variable from mixture component P,,. Consequently, given
a collection of samples {X;}?_, drawn i.i.d. from PP, there is an underlying set of
latent labels {Z;}}_,. Thus in the context of a mixture distribution, the clustering
problem can be formalized as recovering these latent labels based on observing
only the unlabeled samples {X;}?_,.

Of course, this clustering problem is ill defined whenever PP; = P, for some
j # k. More generally, recovery of labels becomes more difficult as the overlap of
any pair IP; and Py increases, or if it is “easy” to divide any component into two
nonoverlapping distributions. This intuition is formalized in our definition of the
overlap and indivisibility parameters in Section 3.1 to follow.

2.2. Kernels and spectral clustering. We now provide some background on
spectral clustering methods and the normalized Laplacian embedding. A kernel &
associated with the space X’ is a symmetric, continuous function k: X x X —
(0, 00). A kernel is said to be positive semidefinite if for any integer n > 1 and ele-
ments xi, ..., X, € X, the kernel matrix A € R"*" with entries A;; =k(x;, x;)/n
is positive semidefinite. Throughout we consider a fixed but arbitrary positive
semidefinite kernel function. In application to spectral clustering, one purpose of
a kernel function is to provide a measure of the similarity between data points.
A canonical example is the Gaussian kernel k(x, x") = exp(—|lx — x’ ||%); itis close
to 1 for vectors x and x’ that are relatively close, and decays to zero for pairs that
are far apart.

Let us now describe the normalized Laplacian embedding, which is a standard
part of many spectral clustering routines. Given n i.i.d. samples {X;}?_, from P,

the associated kernel matrix A € R"*" has entries A;; = %k(X i» X j). The normal-

ized Laplacian matrix* is obtained by rescaling the kernel matrix by its row sums,
namely

(2.2) L=D"'2AD71/2,

where D is a diagonal matrix with entries D;; = Z’}: 1 Aij. Since L is a symmet-
ric matrix by construction, it has an orthonormal basis of eigenvectors, and we
let {v1, ..., vk} denote the eigenvectors corresponding to the largest K eigenval-
ues of L. The normalized Laplacian embedding is defined on the basis of these
eigenvectors: it is the map &y : {X1,..., X} — RX defined by

(2.3) CDv(X,')2= (vll-,...,vKl-).

A typical form of spectral clustering consists of the following two steps. First,
compute the normalized Laplacian, and map each data point X; to a K -vector via

4To be precise, the matrix / — L is actually the normalized graph Laplacian matrix. However, the
eigenvectors of L are identical to those of / — L, and we find it simpler to work with L.
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the embedding (2.3). The second step is to apply a standard clustering method
(such as K-means clustering) to the embedded data points. The conventional ra-
tionale for the second step is that the embedding step typically helps reveal cluster
structure in the data set, so that it can be found by a relatively simple algorithm.
The goal of this paper is to formalize the sense in which the normalized Laplacian
embedding (2.3) has this desirable property.

We do so by first analyzing the population operator that underlies the normal-
ized Laplacian matrix. It is defined by the normalized kernel function

- 1 1
24 k 5 = _—k ) =
(2.4) (x,y) 70 (x y)q(y)

where g(y) =/ [k(x,y) dP(x). Note that this kernel function can be seen as a

continuous analog of the normalized Laplacian matrix (2.2).
The normalized kernel function in conjunction with the mixture defines the nor-
malized Laplacian operator T : L*(P) — L*(P) given by

(2.5) (Tf)() = / k(- y) f () dP(y).

Under suitable regularity conditions (see Appendix C.1 (supplementary mate-
rial [13]) for details), this operator has an orthonormal set of eigenfunctions—with
eigenvalues in [0, 1]—and our main results relate these eigenfunctions to the un-
derlying mixture components {]P)m}nlfz1 .

3. Analysis of the normalized Laplacian embedding. This section is de-
voted to the statement of our main results, and discussion of their consequences.
These results involve a few parameters of the mixture distribution, including its
overlap and indivisibility parameters, which are defind in Section 3.1. Our first
main result (Theorem 1 in Section 3.2) characterizes the principal eigenspace of
the population-level normalized Laplacian operator (2.5), showing that it approxi-
mately spanned by the square root kernelized densities of the mixture components,
as defined in Section 3.1. Our second main result (Theorem 2 in Section 3.3) pro-
vides a quantitative description of the angular structure in the normalized Lapla-
cian embedding of a finite sample from a mixture distribution.

3.1. Cluster similarity, coupling and indivisibility parameters. In this section,
we define some parameters associated with any nonparametric mixture distribu-
tion, as viewed through the lens of a given kernel. These quantities play an impor-
tant role in our main results, as they reflect the intrinsic difficulty of the clustering
problem.

Our first parameter is the similarity index of the mixture components {IP,, }nlle.
For any pair of distinct indices £ # m, the ratio

_ S Sa k(e y) Py (x) dPe(y)

S(Py, P,,) := -
‘ [ o kx, y) dP() APy (y)
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is a kernel-dependent measure of the expected similarity between the clusters in-
dexed by P, and IP,,, respectively. Note that S is not symmetric in its arguments.
The maximum similarity over all mixture components

(3.1 Smax(P) := ' max KS(P& Prm)

m=l1,...,

measures the overlap between mixture components with respect to the kernel k.

Our second parameter, known as the coupling parameter, is defined in terms
of the square root kernelized densities of the mixture components. More pre-
cisely, given any distribution P, its square root kernelized density is the function
g € L>(P) given by

(3.2) g(x) = / k(x, ) dP(y).

In particular, we denote the square root kernelized density of the mixture distri-
bution P by g, and those of the mixture components {IP’m},I;:1 by {qm}fﬁ:l. In
analogy with the normalized kernel function k from equation (2.4), we also define
a normalized kernel for each mixture component, namely

k(x,y)

(3.3) kn(x,y) = ——— form=1,...,K.
qm (X)qm (y)
The coupling parameter
(3.4) CP):= max |lkm — wnkll}, gp,
m=1,..., K

measures the coupling of the spaces L%(P,,) with respect to T. In particular, when
C(IP) =0, then the normalized Laplacian can be decomposed as the sum

K
(3.5) T=> wnTu.
m=1

where (T, f)(y) = [ f(x)km(x, y) dPp, (x) is the operator defined by the normal-
ized kernel k;;. When the coupling parameter is no longer exactly zero but still
small, then decomposition (3.5) still holds in an approximate sense.

Our final parameter measures how easy or difficult it is to “split” any given mix-
ture component P, into two or more parts. If this splitting can be done easily for
any component, then the mixture distribution will be hard to identify, since there
is an ambiguity as to whether P, defines one component or multiple components.
In order to formalize this intuition, for a distribution P and for a measurable sub-
set § C X, we introduce the shorthand notation p(S) = [ [ k(x, y) dP(x) dP(y).
With this notation, the indivisibility of IP is

P(X) [ [se k(x, y) dP(x) dP(y)
p(S)p(5)

’

(3.6) r'e) = igf
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where the infimum is taken over all measurable subsets S such that p(S) € (0, 1).
The indivisibility parameter T yin (IP’) of a mixture distribution P is the minimum
indivisibility of its mixture components
3.7) min(P):= min T (Pp).

Our results in the next section apply when the similarity Smax (P) and coupling
C(P) are small compared to the indivisibility I'pyy(IP). Some examples help illus-
trate when this is the case.

EXAMPLE 1. Consider the one-dimensional triangular density function

x—p+1, ifxe(n—1,p);
gr, (x) =1 —x+u+l, if x € (u, u+1);
0, otherwise,

with location . > 0. We denote corresponding distribution by T),. In this example
we calculate the similarity, coupling and 1nd1V151b111ty parameters for the mixture
of triangular distributions T := 1']1‘0 + 3 ']I‘ and the uniform kernel &, (x, y) =

2vl{|x — y| < v} with bandwidth v € (0, 1).5

Similarity. Tt is straightforward to calculate the similarity parameter Spax (T)
by solving a few simple integrals. We find that
2 +v — M)i

Smax (T) = .
max(1) V(16 —8v2 +3v3) + 2+ v — )t

Coupling. 'To compute the coupling parameter, we must compute the kernel-
ized densities of To and T, and the normalized kernel functions kj(x, y) and
k(x, y). Some calculation yields the following equation for the kernelized density:

W, ifxe(—1—-v,—14v),
v x?
38  gdw={'"27 Tretmw
w, ifxe(—v,1+v),
8T, (X), otherwise.

As can be seen in Figure 1, the kernelized density qlz(x) of Ty is a smoothed ver-
sion of gr,(x) that interpolates quadratically around the nondifferentiable points

of gr,(x).

SThis is not a positive semidefinite kernel function, but it helps to build intuition our intuition in a
case where all the integrals are easy.
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-1.0 -0.5 0.5 1.0

FIG. 1. The kernelized density qlz(x) of equation (3.8) with v =0.05.

The kernelized density of T, has the same shape as that of Ty but is shifted
by w. In particular,
47 () = g7 (x — ).

Therefore the normalized kernels satisfy k1 (x, y) = %lz(x, y)forx,ye(—1,u—
1 — v). By upper bounding the integrand over the remaining region, we find that

e’ = //(lq —k/2?dP1(x,y) <22+ v = )4

Indivisibility. It is straightforward to calculate the indivisibility I'(T,). For
any v € (0,1) and u € R, the set § defining I'(T,) is § = (u, 00). Hence by
solving a few simple integrals, we find that
26 —v)2—v)v

16 — 8v2 + 313

I'(Ty) =
Note that I'(T,) does not depend on w. Therefore the indivisibility of T:= lTo +
1Ty is

Fimin(T) = T'(T,,) = T'(To).

It is instructive to consider the indivisibility of the following poorly defined two-
component mixture:

Thad 1= 5Ppad (1) + 5 T2

where Ppaq(p) is the bimodal component Pypag(p) := %To + %TM. It is easy to
verify that for any v € (0, 1) and u > 2 + v, the indivisibility of the bimodal com-
ponent is I'(Ppaq (1)) = 0, and therefore I'pin(Thag) = 0.
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From Example 1 we learn that the similarity Spax(T) and coupling C(T) param-
eters decrease as the offset u increases. Together, these two parameters measure
the overlap which our intuition tells us should decrease as u increases. On the
other hand, the indivisibility parameter Fmin(']_I‘) is independent of .

Our next example is more realistic in the sense that the kernel and mixture com-
ponents do not have bounded support, and the kernel function is positive semidef-
inite.

EXAMPLE 2.  In this example we calculate the similarity, coupling and indivis-
ibility parameters for the mixture of Gaussians N = IN©, D)+ %N (u, 1) equipped

with the Gaussian kernel &, (x, y) = le—ﬂv exp[— 'xz‘vﬁ'z Ik

Similarity. As in the previous example, it is straightforward to calculate the
maximal intercluster similarity Spax(N) by solving a handful of Gaussian inte-
grals. We find that

2exp(—p?/ @2 H4) 2 eies

(3.9 Smax(N) = 1+ exp(_MZ/(ZUZ +4)) ~

Coupling. The kernelized density of N(0, 1) is

1 —x?
2(x) = exp [ i| ,
7 Zr1 L0+
and the kernelized density of N(u, 1) is simply the translation q% (x)= qlz(x — ).
We can bound the coupling parameter C(N) by upper bounding the integrand k; — k
over a high-probability compact set (a modification of the trick from Example 1).
We show the resulting bound in Figure 2. This (albeit loose) bound captures the
exponential decay of C(N) with .

---- simulation
— bound

0.4

0.3

C(N)
0.2

0.1

0.0

FIG.2. The coupling parameter C(N) for the mixture of Gaussians with Gaussian kernel and v = 2.
The red line displays the simulated value of C(N) as a function of the offset . between mixture
components. The black line displays our analytical bound.
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Indivisibility. 1t is straightforward to compute the indivisibility of the unit-
variance normal distribution N(u, 1) with location u € R. The set defining the
indivisibility is S = (u, 00). Solving a handful of Gaussian integrals yields

(3.10) Cmin(N(i, 1)) = ; arctan(vy/2 + v2).

We conclude with a counter example, showing that the similarity parameter is
not relatively small for the linear kernel k(x, y) =x - y.

EXAMPLE 3. Consider the mixture P = %Pl + %Pz with components Py
uniform over (1,2) and P, uniform over (2 + §, 3 + §). With the linear kernel
k(x,y)=x -y, we have
JIxydPi(x)dP(y)  [ydPa(y) 1
J[xydPy(x)dP(y)  [ydP(y) ~ 2

Since 'nin (I@’) is always between 0 and 1, this calculation demonstrates that the
similarity parameter Spyx (IP) is never small compared to ["yin (P).

Smax (]1_)) =

3.2. Population-level analysis. In this section, we present our population-level
analysis of the normalized Laplacian embedding. Consider the following two sub-
spaces of L2(P):

o the subspace R C L?(PP) spanned by the top K eigenfunctions of the normalized
Laplacian operator T from equation (2.5) and

e the span Q = span{q1, ..., gx} C L?(P) of the square root kernelized densities;
see equation (3.2).

The subspace Q can be used to define a map ®g: X — RX known as the square-
root kernelized density embedding, given by

(3.11) Do (x) :=(q1(x), ..., gk (x)).

This map is relevant to clustering, since the vector ®o(x) encodes sufficient in-
formation to perform a likelihood ratio test (based on the kernelized densities) for
labeling data points.

On the other hand, the subspace R is important because it is the population-
level quantity that underlies spectral clustering. As described in Section 2.2, the
first step of spectral clustering involves embedding the data using the eigenvectors
of the Laplacian matrix. This procedure can be understood as a way of estimating
the population-level Laplacian embedding: more precisely, the map & : X — RX
given by

(3.12) Or(x):=(r1(x),...,rgx)),

where {r,} nﬁ:l are the top K eigenfunctions of the kernel operator T.
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To build intuition, imagine for the moment varying the kernel function so
that the kernelized densities converge to the true densities. For example, imagine
sending the bandwidth of a Gaussian kernel to 0. While the kernelized densities
approach the true densities, the subspace R is only a well defined mathematical ob-
ject for kernels with nonzero bandwidth. Indeed, as the bandwidth shrinks to zero,
the eigengap separating the principal eigenspace R of T from its lower eigenspaces
vanishes. For this reason, we analyze an arbitrary but fixed kernel function, and we
discuss kernel selection in Section 5.

The goal of this section is to quantify the difference between the two mappings
®o and PR, or equivalently between the underlying subspaces Q and R. We as-
sume that the square root kernelized densities ¢q1, ..., gk are linearly independent
so that Q has the same dimension, K, as R. This condition is very mild when the
overlap parameters Spmax (P) and C(PP) are small. We measure the distance between
these subspaces by the Hilbert—Schmidt norm® applied to the difference between
their orthogonal projection operators,

(3.13) p(Q.R):=Tlg — Irllus-

Recall the similarity parameter Spax (P), coupling parameter C(P) and indivisi-
bility parameter 'pip (P), as previously defined in equations (3.1), (3.4) and (3.7),
respectively. Our main results involve a function of these three parameters and the
minimum Wy, := min,—1,. . g Wy, of the mixture weights, given by

VK [Smax(PHC(P)]‘/Z
P)

Our first main theorem guarantees that as long as the mixture is relatively well sep-
arated, as measured by the difficulty function ¢, then the p-distance (3.13) between
‘R and Q is proportional to ¢(IP; k). Our theorem also involves the quantity

.....

(3.14) o(P; k) ==

Wmin me(

.....

Note that this is simply a constant whenever the kernels km are bounded.

THEOREM 1 (Population control of subspaces). ~For any finite mixture P with
difficulty function bounded as ¢ (P; k) < [576+/12 + bmax]™ 112 (P), the distance

min
between subspaces Q and R is bounded as

(3.15) 0(Q, R) < 1612 + byaxp(P; k).

Relationship (3.15) is easy to understand in the context of translated copies of
identical mixture components. Consider the mixture of Gaussians with Gaussian

6Recall that the Hilbert—Schmidt norm of an operator is the infinite dimensional analogue of the
Frobenius norm of a matrix.
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Qg
= ."
= :’.
-3 2
o
o i .y o¥
= o | ‘{:)'. .
= o'
[
B o 3¥ k4
J’f
o
ST — T T
0.00 0.10 0.20 0.30

Snax(P) +C(P)

FI1G. 3. The p-distance between Q and R scales linearly with Smax (P) + C(P). Each point corre-
sponds to a different offset u between the two Gaussian mixture components from Example 3.

kernel setup in Example 3. Recall from equation (3.10) that the indivisibility pa-
rameter is independent of the offset p. Hence in this setting relationship (3.15)
simplifies to

P(QR) = c[Snan(®) +CB)]'.

Figure 3 shows a clear linear relationship between p(Q, R) and Spax (P) +C(P),
suggesting that it might be possible to remove the square root in the clustering
difficulty (3.14).

One important consequence of relationship (3.15) stems from geometric struc-
ture in the square root kernelized density embedding. When there is little overlap
between mixture components with respect to the kernel, the square root kernel-
ized densities are not simultaneously large; that is, ®o(X) will have at most one
component much different from zero. Therefore the data will concentrate in tight
spikes about the axes. This is illustrated in Figure 4.

Sqrt kernelized densities Do Xi = (1(X0), 2(X)T Dy Xy = (v1(X5), v2(X)T

S
=
o | =5
= [ - .
S o = . "
8 i S . . .
/\"q‘ ] ~ —3 /,.-o- b ~.
S;d ' & gc /
< T
et =
oo 4
=l P— =0 v — 2 |
= T T < T T T T = T T T T
S5 0 2 4 6 8 0.0 0.5 1.0 1.5 7 -0.04 0.00 0.04
X; a1 (X) o(X2)

FIG. 4. Geometric structure in the square root kernelized density embedding. (Left) square root
kernelized densities for a mixture of Gaussians with Gaussian kernel. The color of the ith dot indi-
cates the likelihood ratio of the mixture components at X;. (Center) data embedded under the square
root kernelized density embedding ® g, colored by likelihood ratio. (Right) normalized Laplacian
embedding of the samples, colored by latent label.
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3.3. Finite sample analysis. Thus far, our analysis has been limited to the pop-
ulation level, corresponding to the ideal case of infinitely many samples. We now
turn to the case of finite samples. Here an additional level of analysis is required, in
order to relate empirical versions (based on the finite collection of samples) to their
population analogues. Doing so allows us to show that under suitable conditions,
the Laplacian embedding applied to i.i.d. samples drawn from a finite mixture sat-
isfies a certain geometric property, which we call orthogonal cone structure, or
OCS for short.

We begin by providing a precise definition of when an embedding ®: X —
RX reveals orthogonal cone structure. Given a collection of labeled samples
{Xi, Z;}!_| C X x [K] drawn from a K-component mixture distribution, we let
Z, = {i € [n]|Z; = m} denote the subset of samples drawn from mixture compo-
nentm =1,..., K. For any set Z C [n] ={1,2,...,n}, we use | Z| to denote its
cardinality. For vectors u, v € R", we use angle(u, v) = arccos fu,v)

lull2lvll2
the angle between them. With this notation, we have the following:

to denote

DEFINITION 1 [Orthogonal cone structure (OCS)]. Given parameters o €
(0,1) and 6 € (0, %), the embedded data set {®(X;), Z;}_; has (a, 8)-OCS if
there is an orthogonal basis {ey, ..., ex} of RX such that

[{i € [n]langle(®(X;), em) <O} N Zp| > (1 — )| Zy| forallm=1,..., K.
In words, a labeled dataset has orthogonal cone structure if most pairs of em-

bedded data points with distinct labels are almost orthogonal. See Figure 5 for an
illustration of this property.

(1—a)[2]

(1= )2,

FI1G. 5. Visualizing («, 0)-OCS: the labeled set of points plotted above has («, 0) orthogonal cone
structure with respect to its labeling. The color of each dot indicates the value of the corresponding
label Z; € {1,2}, where 1 corresponds to red and 2 to blue. This set of points has («, 6)-orthogonal
cone structure because a fraction 1 — « of the red points (for which Z; = 1) lie with an angle 6 of ey,
a fraction 1 — a blue points (for which Z; = 2) lie with an angle 0 of e> and ey is orthogonal to e;.
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Our main theorem in the finite sample setting establishes that under suitable
conditions, the normalized Laplacian embedding has orthogonal cone structure. In
order to state this result precisely, we require a few additional conditions.

Kernel parameters. As a consequence of the compactness of X, the kernel
function is b-bounded, meaning that k(x, x’) € (0, b) for all x, x’ € X. As another
consequence, the kernelized densities are lower bounded as g, (X™) > r > 0 with
P-probability one. In the following statements, we use c, cg, c1, . . . to denote quan-
tities that may depend on b, and r but are otherwise independent of the mixture
distribution.

Tail decay. The tail decay of the mixture components enters our finite sample
result through the function y : (0, co) — [0, 1], defined by
K 2
X
(3.16) V(1) = ZPm[q'"( )<t].

2
m=1 ||‘Im||]p

Note that ¢ is an increasing function with ¥ (0) = 0. The rate of increase of
roughly measures the tail decay of the square root kernelized densities. Intuitively,
perturbations to the square root kernelized density embedding will have a greater
effect on points closer to the origin.

Recall the population level clustering difficulty parameter ¢(P; k) previously
defined in equation (3.14). Our theory requires that there is some § > 0 such that

(3.17) [oBibo + %@(% +8)| =erdu®.

min

@n ()

In essence, we assume that the indivisibility of the mixture components is not too
small compared to the clustering difficulty.

With this notation, the following result applies to i.i.d. labeled samples
{(X;, Z;)}?_, from a K-component mixture P.

THEOREM 2 (Finite-sample angular structure). There are numbers c, cg, c1, C2
depending only on b and r such that for any § € (0, b”\k/l%) satisfying condi-
tion (3.17) and any t > wgo N ©n(8), the embedded data set {®v(X;), Z;}!_, has

(a, 6)-OCS with "

c0v/9n(3)
Wit — 0/ Pn (8)

and this event holds probability at least 1 — 8K % exp(

(3.18) |cos@| <

c1
and o < mfpn@) + ¥ (21),
min

76‘2}[54 _)
82+ Smax (P)+C(B)
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R?)

FI1G. 6. According to Theorem 2, the normalized Laplacian embedding of i.i.d. samples from a
nonparametric mixture with small overlap, indivisible components and large enough sample size, has
(o, 0)-OCS witha < 1 and 6 <K 1. The left plot shows i.i.d. samples in R2, and the right plot displays
the image (in R3) of these data under the normalized Laplacian embedding, ®y). The embedding was
performed using a regularized Gaussian kernel. The color of each point indicates the latent label of
that point.

_ Theorem 2 establishes that the embedding of i.i.d. samples from a finite mixture
P has orthogonal cone structure (OCS) if the components have small overlap and
good indivisibility. This result holds with high probability on the sampling from P.
See Figure 6 for an illustration of the theorem.

The tail decay of the mixture components enters the bounds on « and 6 in
different ways: the bound on 6 is inversely proportional to ¢, but the bound on «
is tighter for smaller ¢. Depending on how quickly i increases with ¢, it may very
well be the dominant term in the bound on «. For example, if there is a y > 0 such

that ¥ (¢) < t¥ forall t € (0, 1), and we set t = go,f for some B € (0, 1), then we
obtain the simplified bounds

|cos6] < ——¢)* P and o< (on + 0}).

min N (wmin)3/2

Indeed, we find that whenever y8 < 2, the tail decay function is the dominant

term in the bound on «. Note that this power law tail decay is easy to verify for the
Gaussian distribution with Gaussian kernel from Example 2; see Figure 7.

Finally, the numbers c, cg, c1, c2 increase as the kernel bound b increases and

as r decreases. This is where we need the tail truncation condition » > 0. This as-

<t
(==}

¥(t)

N
=]

(==}

00 02 04 06 08 1.0
t

FI1G. 7. The tail decay function ¥ (t) roughly follows a power law for the standard Gaussian dis-
tribution and Gaussian kernel with bandwidths v € {0.15,0.45,0.75, 1, 1.5, 2.5}.
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sumption is common in the literature; see Cao and Chen [3], for example. Both von
Luxburg, Belkin and Bousquet [17] and Rosasco, Belkin and De Vito [12] assume
k(x,y)>r > 0, which is more restrictive. Note that this automatically holds if we
add a positive constant to any kernel. This is sometimes called regularization and
can significantly increase the performance of spectral clustering in practice [1].

3.4. Algorithmic consequences. In this section we apply our theory to study
the performance of spectral clustering. The standard spectral clustering algorithm
applies K -means to the embedded dataset. For completeness, we give pseudo code
for the update step of K-means in Algorithm 1 below.

In practice, we have found that applying K-means to an embedded dataset
works well if the underlying orthogonal cone structure is “nice enough.” The fol-
lowing proposition provides a quantitative characterization of this phenomenon. It
applies to an embedded data set {®y(X;), Z;}_; with («, §)-OCS, and an initial-
ization of ay, ..., ax as uniformly random orthonormal vectors. Recall the nota-
tion Z,, = {i € [n]|Z; = m}.

PROPOSITION 1. Suppose 0 and o are sufficiently small that
an+ (1 —a)|Z,|sinb T

{a 2] _smg and
-«
(3.19) 1 2 ”; 1
Az@)Znlcost —an 10y k.
| Zm| + an 2
Then there is a constant cg such that with probability at least 1 — 4;—? over the

random initialization, the K -means algorithm misclusters at most an points. When
K =2, we have cx = 1.

Algorithm 1 K-means update

Input: Normalized embedded data y; := %
vectors {aj,...,ag}
forme{l,...,K}do

fori =1,...,n,and mean

A

2,y < i :m = argmin la, —
0

a, < Y
o3, 12n]

end for . .
return {Z, ..., Zx} and {a], ..., a}}
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Intuitively, condition (3.19) requires « and 0 to be small enough so that the
different cones from the («, 6)-OCS do not overlap.

PROOF OF PROPOSITION 1. We provide a detailed proof for the case K = 2.
By the definition of (6, «)-OCS, there exist orthogonal vectors €1, e> such that a
fraction 1 — « of the embedded samples with latent label m lie within an angle 6
of ey, m =1, 2. Let us say that the initialization is unfortunate if some a; falls
within angle % of the angular bisector of e; and e;, an event which occurs with
probability %.

Suppose without loss of generality that a; is closer to eq, and let a/l, a’2 denote
the updates

v;
a, =y 2’ . om=1,2.
icz, |Zml

If the initialization is not unfortunate, then all points in the 6-cone around e; are
closer to a; than a,. In this case, the (6, «)-OCS implies that the e>-coordinate
of a] is at most

an+ (1 —a)|Z]|sinb LT
<sin —,
(1 —a)[Z1] 8
and the ej-coordinate of 3/1 is at least
(1 —a)|Zi|cosf —an
|Z1] + an

1
> .
-2

We conclude that all points in the 6-cone about e are closer to a) than a,. Conse-
quently, we find that after a single update step of K-means, all but a fraction « of
the samples are correctly labeled. Moreover, this holds for all subsequent K -means
updates. This completes the proof for K = 2.

The proof for general K follows the same steps. The probability that any a,,
falls within angle % of the angular bisector of any pair e}, e, is still proportional
to 6, with a constant of proportionality ck that depends on K. [J

4. Proofs. We now turn to the proofs of our main results, beginning with the
population level result stated in Theorem 1. We then provide the proof of Theo-
rem 2 and Proposition 1.

4.1. Proof of Theorem 1. Our proof leverages an operator perturbation theo-
rem due to Stewart [16] to show that Q is an approximate invariant subspace of
the normalized Laplacian operator T from equation (2.5). Recalling that ITg de-
notes the projection onto subspace Q (with TT1g. defined analogously), consider
the following three operators:

A:=TIgTIy,  B:=Tg TN}, and G:=To. T},
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By definition, a subspace Q is invariant under T if and only if G = 0. In our setting,
this ideal situation occurs when there is no overlap between mixture components.
More generally, operator perturbation theory can be used to guarantee that a space
is approximately invariant as long as the Hilbert—Schmidt norm |||G||gs is not too
large relative to the spectral separation between A and B. In particular, define the
quantities

Yy :=|IGllus and sep(A,B):=inf{|a —b|la €5 (A),b € o (B)}.

In application to our problem, Theorem 3.6 of Stewart [16] guarantees that as long
as m < %, then there is an operator S: Q — O~ such that

4.1 Slius < — 2~
4.1) ISllas < sep(T,B)
such that Range(IT5 + l'I*Q . S) is an invariant subspace of T.

Accordingly, in order to apply this result, we first need to control the quantities
IGllus and sep(A, B). The bulk of our technical effort is devoted to proving the
following two lemmas:

LEMMA 1 (Hilbert—-Schmidt bound). We have

(“2) IGlIs < XL+ I fo @)+ C@).

where byax 1= maXy=1.__k || [ kn(x, ) dPm(3) 2.

LEMMA 2 (Spectral separation bound). Under the hypothesis of the theorem,
we have

Omin(A) > 1 — 13K[Smax(1p)) +C(I_P))]1/2

and

2 P y11/2
Oomax(B) <1 — % + 3[Smax (P) + C(P)] '

Wmin
Consequently, the spectral separation is lower bounded as

1"2
“4.4) sep(A, B) > T

See Appendices A.1 and A.2 (supplementary material [13]), respectively, for
the proof of these lemmas.
Combined with our earlier bound (4.1), these two lemmas guarantee that

(4.5) IISIlus < 16312 + bmax@ (P, k).
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Moreover, we find that Range(TTg + IT7 LS) is equal to R, the principal
eigenspace of T. Indeed, by Stewart’s theorem the spectrum of T is the disjoint
union o (T) =0 (A + G*S) Uo (B — SG*). After some calculation using the upper
bound on ¢(P, k) in the theorem hypothesis, we find that the spectrum of T satis-
fies omin(A + G*S) > omax (B — SG™), and any element x € Range(ITg + I"[*Ql S)
must satisfy

sup
q€eQ

Therefore Range(IT5 + l'I*Q .S) =
The only remaining step is to translate bound (4.5) into a bound on the norm

ITIr — Mo|lgs. Observe that the difference of projection operators can be written
as

{x*Tx

x*x

x = (g + I'I*QLS)q} > omax (B — SG™).

g — g =Ilg + HRL)(HR —Ilg) = HRHQL — HRLHQ.
Now Lemma 3.2 of Stewart [16] gives the explicit representations
— (1+578) (Mg + 87T o.)

and

My = (I+8S%) "2

(Mgr + IS).
Consequently, we have

1/2

IMerMollus < [|(X+S8*) /7S]l s

and
TR T gL llms < [|(T+S*S) ™ "/28* |-

By the continuous functional calculus (see Section VII.1 of Reed and Simon [11]),
we have the expansion

=12 o (20 (889!
(I+SS¥) _Z(n>2T

n=1

Putting together the pieces, in terms of the shorthand ¢ = ||S||us, we have

Iz — Mollus < & (2”)( )2(" Y 2( ! 1)<
= — — &,
R — QIHS = 2 ) e m =

which completes the proof.
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4.2. Proof of Theorem 2. We say that a K-element subset (or K-tuple) of
{X1,..., Xy} is diverse if the latent labels of all points in the subset are distinct.
Given some 6 € (0, %), a K -tuple is f-orthogonal if all its distinct pairs, when em-
bedded, are orthogonal up to angle %. In order to establish («, 6)-angular structure
in the normalized Laplacian embedding of {X1, ..., X}, we must show that there
is a subset of {X1, ..., X} with at least (1 — «)n elements, and with the property
that every diverse K -tuple from the subset is -orthogonal.

We break the proof into two steps. We first lower bound the total number of
K -tuples that are diverse and 6-orthogonal. In the second step we construct the
desired subset. We present the first step below and defer the second step to Ap-
pendix B.1 in the supplementary material [13].

Step 1. Consider a diverse K-tuple (X!,..., XX) constructed randomly by
selecting X" uniformly at random from the set {X;|Z; =m} form =1,..., K.
Form the K x K random matrix

| |
V= |:¢V(|X1) cI>V(|XK)},

where @y denotes the normalized Laplacian embedding from equation (2.3). Let
V denote an independent copy of V. Let Q € RK*X denote the diagonal matrix

with entries Q,;, = EIIIZ,SIT;)’ where P, is the empirical distribution over the sam-
ples X1, ..., X,;, and define Qax := max,, %.
At the core of our proof lies the following claim involving a constant c3. For at
least a fraction 1 — % of the diverse K -tuples, we have the inequality
32f
(4.6) ||| V Q WHS — max\/ 3V ¥n (8

mm

holding on a high probability set .A. For the moment, we take this claim as given,
before returning to define A explicitly and prove the claim.

When inequality (4.6) is satisfied, we obtain the following upper bound on the
off-diagonal elements of V7 V:

VIV, ., < 32[Qmaxf\/¢n(5 form # £.

min

This is useful because
VIV
STV (VT V)

cos angle(Py (X™), dy(X*)) =
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However, we must also lower bound min,, (V7 \7) mm- 10 this end, by union bound,
we obtain

IA

2 m

. G (X™)
Primin Q2, <t| = Pr{mm AL t}
i’” m } m ||Qm||%;

IA

4.7) Zpr{qm (X™) z}
el ||6Im||

=Y (1).

On the set Ay, := {sup, [, (t) — ¥ (1)| <38} C A, we may combine equations (4.6)
and (4.7) to obtain
~ 32\/_ 302

mm 21— 73 ——— 3o (8),

T
n}%n(V V)
mlrl

with probability at least 1 — ¢ (2t). Therefore, there is a 6 satisfying

cosg) = 2o /D
B wr3nint - 32“/_Qmax«/a’\/ @n(8)
such that at least a fraction 1 — % — ¥ (2t) of the diverse K-tuples are

#-orthogonal on the set 4. This establishes the finite sample bound (3.18) with
co:=2c3 and ¢y :=32+/302,. /3.

It remains to prove the intermediate claim (4.6). Define the matrix

< q1 > < q1 >
JU1) e LUK )
lgilp, B, llg1llp, B,

< qx > < qk >
> U1 _ T » UK | _
lgxllp, 1B, gk llp, P,

Note that the entries of AAT are

(4.8) A=

_ (Iygm, Tyqe)p,

(AAT)
lgm 5, Igels,

The off-diagonal elements satisfy

(AAT)mE = 3((:2 + SAmax) form # ¢,

laclZ

m =T g
Mam —Tvdmley g Smax = = maXpz | ”2 (and P, denotes the

Tgm 5,

where ¢ = max,,

empirical distribution for the samples with latent label m) Similarly, the diag-
onal elements satisfy |(AAT),,, — 1| < 3. Putting together the pieces yields
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lAAT — I|||HS2 < 3K2((/3 + Smax), which in turn implies

A

3K2( 4/ Smax)

I(AAT) — Ils < —
1- 3K2(§0 + Smax)

We now transform this inequality into one involving V7 V. Write B= AV and
B = AV, and note that VIV = BT(AAT)_IE. Therefore, we find that

V7V = Q%ls < I1B"B — Qs + I BT[(AAT) ™" = 11345

<3010lluslIB — Qllus + 1 Bllus2[l(AAT) ™ = I]]ys.

where the last inequality used || B||lgs < 2| Qllgs. Now note that the entries of B

¢
are By = 192X Therefore the difference B — Q satisfies

lamls,

5 5 ()5 — 2 ()52

49) E[|IB - Ql3s|X1. ... X sK(A—+ 3 )+KA ,
[ HS ’l] @ max Wnin

where Wi, = miny, "7'”, and the expectation above is over the selection of the

random K -tuple (X1, ..., xK)7
Both Spax and ¢ are small with high probability. Indeed, Bernstein’s inequality
guarantees that

(4.10) VSmax < v/Smax + 8

. e _ 2 —”l('smax'i“sz)2
with probability at least 1 — 2K~ exp 802 (25m i)
sample version of Theorem 1, which we state as Proposition 2 below.

Let V = span{vy, ..., vk} denote the principal eigenspace of the normalized

Laplacian matrix.

We control ¢ with a finite

/ Ikllp
PROPOSITION 2. There are constants c,, c3 such that for any § € (0, b«/ﬁ)

satisfying condition (3.17), we have

(4.1D) ¢ < c3¢n(9)
] R i —nchs*
with probability at least 1 — 10K eXp(—82+Smax(]P>)+C(IP’) ).

See Section 4.3 for the proof of this auxiliary result.

"Note that there are two different types of randomness at play in the construction of V and hence B;
there is randomness in the generation of the i.i.d. samples X1, ..., X, from PP, and there is random-
ness in the selection of the diverse K -tuple (X 1, . ¢ K ).
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On the set {¢ < ¢3¢, (8)} N {Wmin > %wmin} = A N Ay, equation (4.9) simpli-
fies to

K*c3o; (5)

Wmin

E[IIB — QllAs| X1, ..., Xn] <

2,2
whenever (% + Smax + 8)% < &;Lnﬁs‘”, which is a consequence of condi-
tion (3.17). By Markov’s inequality we obtain the following result: at least a frac-
tion 1 — 21{”7\/&(5) of the diverse K -tuples satisfies

mm

2K c3¢n
JUmin

For the diverse K -tuples that do satisfy inequality (4.12) we find that

B 6\/§K3/2
VTV = @%lls = (P52 + 323K 02 )V,

min

valid on the set A = A, N A; N Ay N{@ < c3¢,(8)} N {\/Smax < V/Smax + 8},
thereby establishing the bound (4.6).

To complete the first step of the proof of Theorem 2, it remains to con-
trol the probability of A. By Hoeffding’s inequality, we have P[A,] > 1 —
Ke ™Wiin/2, Finally, an application of Bernstein’s inequality controls the prob-
ability of A,, and an application of Glivenko—Cantelli controls the probability
of Ay . Putting together the pieces we find that .A holds with probability at least

(4.12) 1B — Qllus® <

1—8K? exp(#“-), where ¢; := min(c),

1
82+Smax (P)+C(P) 80max )-

4.3. Proof of Proposition 2. Consider the operator T: LZ(E) — LZ(Pn) de-
fined by

N (y) -
(1)) = f K y)f ) 4, (y),
where g, (x) = % iK:l k(X;, x) is the square root kernelized density for the empir-
ical distribution IFD over the data X1, ..., X,,. k" (x, y) = k> _ f£or the normal-

qn(x¥)qn(y)
ized kernel function. Note that for any f e L2(P,) and v € R" with coordinates

= f(X;), we have (Tf)(XJ) = (Lv);, where L is the normalized Laplacian
matrix (2.2). Consequently, the principal eigenspace V of L is isomorphic to the
principal eigenspace of T which we also denote by V for simplicity.

To prove the proposition, we must relate T to the normalized Laplacian oper-
ator T. These operators differ in both their measures of integration—namely, PP,
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_kxy) k(x,y)
Gn (X)qn (¥) qgx)g(y) -

we introduce an intermediate operator T LZ(}P> ) — LZ(IP’n) defined by

= 1 ASY)
(THx) = | ——k(x, y)=—dPn(y).
q(x) a» "
Let V denote the principal eigenspace of T. The followmg lemma bounds the
p-distance between the principal eigenspaces of T and T.

versus P—and their kernels, namely versus

To bridge the gap

LEMMA 3. Forany 6 € [0, b”«/HE satisfying condition (3.17), we have

(4.13) p(v,ﬁ)gc—‘;(i +a),
r2\n

with probability at least 1 — 4o /A _ Ze_”EE‘SZ, where c4 = 102427 K ”kJLﬁ”b.

See Appendix B.3 (supplementary material [13]) for a proof of this lemma.
We must upper bound [|g;, — ITygn 5, - By the triangle inequality,

lgm — vgmllp, < llgm — rgmllp, + ITIRGm — Hypgmlip,
+ ITygm — H]}Qm”[@n-
Note that [|TTygm — [ygm g, <llgmlp, p(f), V). We can control this term with
the lemma. The term || g, — [Trgm ”E“n is the empirical version of a quantity con-

trolled by Theorem 1. We handle the empirical fluctuations with a version of Bern-
stein’s inequality. For §,, > 0 we have the inequality

4.14) lgm — HR‘]m”[@” < llgm — HRQm”@ +8p
4
with probability at least 1 — 2exp(—m), where

~ lgm — TIRrGm |l o bmax
=ma and =16,/12
Oma = o el Cpop = Tk

It remains to control [|TIrgy, — Iygmlip, - Let 7 denote the reproducing kernel

Hilbert space (RKHS)?® for the kernel k. Now we define two integral operators
on H. Let H denote the operator defined by

(HR)(x) = / kG () dB(y),

8We give a brief introduction to the theory of reproducing kernel Hilbert spaces and provide some
references for further reading on the subject in Appendix C.2 (supplementary material [13]).
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and similarly let H:#H — # denote the operator defined by
) () = [ ke, 9 dB (),

Both H and H are self-adjoint, compact operators on 7 and have real, discrete
spectra. Let G denote the principal K -dimensional eigenspace of H, and let G de-
note the principal K -dimensional principal eigenspace of H. The following lemma
bounds the p-distance between these subspaces of 7.

LEMMA 4. Forany § > 0 satisfying condition (3.17), we have

~ 1
p(g,g>s%(ﬁ+a)

with probability at least 1 — 26_””15’;(}2*5()52, where cs5 = 6421 K \|/Ek(X, )_()r%.

See Appendix B.2 (supplementary material [13]) for the proof of this lemma.
By the triangle inequality, we have

ITRgm — Mpgmllp, < 1MRgm — Nggmllp, + ITlggm — Mggmllp,
+ 1 ggm — Mpgmllp, -
We claim that

4.15)  |IMrgm — Nggmlls, =0 and [Tggm — Mypgmlls, =0.

We take these identities as given for the moment, before returning to prove them
at the end of this subsection.
Now the term ||[TIggm — Iggmllp, can be controlled using the lemma in the

following way. For any /# € ‘H, note that

n

_ _
P13 = =D (kx5 < = D IRk, X))

3 i=1

N

by Cauchy-Schwarz for the RKHS inner product. Using this logic with & =
Hggm — Nggm, we find

I & - 5
(4.16) Mggm = Mgdmlle, = llgmllz |~ Y k(Xi, Xi)p(G, 9).
i=1

Collecting our results and applying Lemmas 3 and 4 yields

callgnllz, (1
lam = Tl < (oopy + 8)llgmlp + 522 (= +6).

$
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where

4.17) =

25642 Kb [

3 | m”HEk(X X)+ }
r

ligmlip

By an application of Bernstein’s inequality, we have
lgmllp, <~2lgmlip

i ili —2—n/(160%,0) 1
with probability at least 1 — 2e . For § € (0, NG ), we have

2 —pop”81)/ (BT 05 (84 Smax D) HCP)) | 6o —n78%/2 | 5, =1/ (1607

< 10~ 1653/ (> +Smax B)+C@)) |

2
— CPOPS / . pop g . .
where §, = e and ¢, = mm(gr 0. 7)- Modulo the claim, this proves the

proposition with ¢3 = 2max(cpop, Cn)-

We now return to prove claim (4.15). Note the following relation between the
eigenfunctions of T and those of H: if r; is an eigenfunction of T with eigenvalue
Aiand ||ri]lp =1,then g; :== /A;r; has unit norm in { and is an eigenfunction of H
with eigenvalue ;. Note that the eigenfunctions r; of T form an orthonormal basis
of Lz(]f”) and therefore q,, = > ;2 a;r;, where a; are the coefficients (g, ri)p- By
the observation above, we have the equivalent representation g, = > o, j_ 8i-

Therefore the L2(P) projection onto R = span{ry, ..., rg}is Hqu = Z,K—1 ari,
and the { projection onto G = span{gy, ..., gk} is ngm = Zl_l fg, There-

fore the relation g; = +/A;r; implies || T1g — g g, = 0. Similar reasoning yields
IMgge — Mpgellp, =0.

5. Discussion. In this paper, we have analyzed the performance of spectral
clustering in the context of nonparametric finite mixture models. Our first main
contribution is an upper bound on the distance between the population level nor-
malized Laplacian embedding and the square root kernelized density embedding.
This bound depends on the maximal similarity index, the coupling parameter, and
the indivisibility parameter. These parameters all depend on the kernel function,
and we present our analysis for a fixed but arbitrary kernel.

Although this dependence on the kernel function might seem undesirable, it is
actually necessary to guarantee identifiability of the mixture components in the fol-
lowing sense. A mixture with fully nonparametric components is a very rich model
class: without any restrictions on the mixture components, any distribution can be
written as a K -component mixture in uncountably many ways. Conversely, when
the clustering difficulty function is zero, the representation of a distribution as a
mixture is unique. In principle, one could optimize over the convex cone of sym-
metric positive definite kernel functions so to minimize our clustering difficulty
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parameter. In our preliminary numerical experiments, we have found promising
results in using this strategy to choose the bandwidth in a family of kernels.

Building on our population-level result, we have also provided a result that char-
acterizes the normalized Laplacian embedding when applied to a finite collection
of n i.i.d. samples. We find that when the clustering difficulty is small, the em-
bedded samples take on approximate orthogonal structure: samples from different
components are almost orthogonal with high probability. The emergence of this
form of angular structure allows an angular version of K -means to correctly label
most of the samples.

Perhaps surprising is the fact that the optimal bandwidth (minimizing our up-
per bound) is nonzero. Although we only provide an upper bound, we believe
this is fundamental to spectral clustering, not an artifact of our analysis. Again,
the principal K-dimensional eigenspace of the Laplacian operator is not a well-
defined mathematical object when the bandwidth is zero. Indeed, as the bandwidth
shrinks to zero, the eigengap distinguishing this eigenspace from the remaining
eigenfucntion vanishes. This eigenspace, however, is the population-level version
of the subspace onto which spectral clustering projects. For this reason, we cau-
tion against shrinking the bandwidth indefinitely to zero, and we conjecture that
there is an optimal population level bandwidth for spectral clustering. However, we
should mention that we cannot provably rule out the optimality of an appropriately
slowly shrinking bandwidth, and we leave this to future work. Further investiga-
tion of kernel bandwidth selection for spectral clustering is an interesting avenue
for future work.
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SUPPLEMENTARY MATERIAL

Appendix: Remaining proofs and background material (DOI: 10.1214/14-
AOS1283SUPP; .pdf). Due to space constraints, we relegate technical details of
the remaining proofs to the supplement [13]. This supplementary appendix also
gives an overview of some useful background material, and it includes a reference
list for the symbols used in this paper.
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