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THE FREE ENERGY IN A MULTI-SPECIES
SHERRINGTON-KIRKPATRICK MODEL

BY DMITRY PANCHENKO
University of Toronto

The authors of [Ann. Henri Poincaré 16 (2015) 691-708] introduced
a multi-species version of the Sherrington—Kirkpatrick model and suggested
the analogue of the Parisi formula for the free energy. Using a variant of
Guerra’s replica symmetry breaking interpolation, they showed that, under
certain assumption on the interactions, the formula gives an upper bound on
the limit of the free energy. In this paper we prove that the bound is sharp.
This is achieved by developing a new multi-species form of the Ghirlanda—
Guerra identities and showing that they force the overlaps within species to
be completely determined by the overlaps of the whole system.

1. Introduction and main results. Recently, the following modification of
the Sherrington—Kirkpatrick model [15] was introduced in [3]. Given N > 1, let
us denote by

(1) o=(01,...,0n8) €y ={—1,+1}V

a configuration of N Ising spins. Consider a finite set . that will be fixed through-
out the paper and, in particular, it does not change with N. We emphasize this
because we will often omit the dependence of other objects on N. The elements
of . will be called species and will be denoted by s or ¢. Let us divide all spin
indices into disjoint groups indexed by the species

) I={1,....N}={J L.

seS
These sets will, obviously, vary with N, and we will assume that their cardinalities
N = |I,| satisfy

N,

3) lim — =X, €(0,1) for all s € .%7.
N—oo N

For simplicity of notation, we will omit the dependence of k?’ := Ns/N on N and

will simply write A;. The Hamiltonian proposed in [3] resembles the usual SK

Hamiltonian,

| N
4 Hy(o) = TN > gijoio;,

i,j=1

Received February 2014; revised August 2014.
MSC2010 subject classifications. 60K35, 60G09, 82B44.
Key words and phrases. Spin glasses, Sherrington—Kirkpatrick model.

3494


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP967
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

MULTI-SPECIES SK MODEL 3495

where the interaction parameters (g;;) are independent Gaussian random variables,
only now they are not necessarily identically distributed but, instead, satisfy

(5) Eg;=4;, ifiel,jel fors,tes.

In other words, the variance of the interaction between i and j depends only on
the species they belong to. We will make the same assumptions on the matrix
A= (A?,)S, te. as in [3], namely, that it is symmetric and nonnegative definite,

(6) A2, = A2 forall 5,7 €. and A% > 0.

Let us denote the overlap of the restrictions of two spin configurations to a given
species s € . by

S ielg

Then it is easy to see that the covariance of the Gaussian Hamiltonian (4) is given
by

1
8 —EH AZ 0 Ry R, (o), o).
(®) N n(o! sgy Ry(o!, o) R, (0!, 0?)

This already gives some idea about the main new difficulty one encounters in this
model compared to the classical Sherrington—Kirkpatrick model. Namely, now we
will need to understand the joint distributions of the overlap arrays in the ther-
modynamic limit simultaneously for all species s € .%°. Our main goal will be to
compute the limit of the free energy in this model,

1
9 Fy=—ElogZy, here Zy = Hy (o).
9) v=yElogZy,  where Zy Y expHy(o)

(IGZN

Notice that we do not consider the inverse temperature parameter here, because it
can be absorbed into the definition of the matrix A2. One can also consider the
externals fields that depend only on the species but, since it does not affect any
arguments in the paper, for simplicity of notation we will omit them.

Under assumption (6), the authors in [3] proved, using the Guerra—Toninelli
interpolation [7], that the free energy has a limit. They also proposed the following
analogue of the Parisi formula [11, 12] for the free energy, which was proved for
the original SK model by Talagrand in [16]; see also [17]. Given integer r > 1,
consider a sequence

and, for each s € ., a sequence

(1) 0=qgi<ql<---<q'_,<q =1
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We will also consider two types of nondecreasing combinations of these sequences
as follows. For 0 < £ <r, we define

(12)  Qu= > Alihgiq, and Q)=2) Al kqjforse..
s,tes tes

The meaning of these definitions will become clear when we look at the covariance
of the cavity fields in the Aizenman—Sims—Starr scheme in Section 5. Given these
sequences, let us consider i.i.d. standard Gaussian random variables (17¢)1<¢<, and,
for s € ., define

(13) XS =logeh Y ne(Q} — 0)_1)'"%

1<t<r

Recursively over 0 < £ <r — 1, we define
1

(14) X; = g—logEgeprXéﬂ,
[J

where E; denotes the expectation with respect to ¢4 only. Notice that Xj are
nonrandom. Finally, we define the analogue of the Parisi functional by

1
(15) P(&.q)=log2+ Y A X — 5 D Qo1 — Qo).

se.s 0<tl<r-—1

The main result of the paper is the following.

THEOREM 1. Under the assumption (6), the limit of the free energy is given
by

(16) lim Fy =inf (¢, q),
N—o00
where the infimum is taken over r > 1 and the sequences (10) and (11).

In [3], the inequality Fy <inf #(¢, g) was proved under assumption (6) using
the analogue of Guerra’s replica symmetry breaking interpolation [6]. For conve-
nience, we will reproduce this result in Section 2 in the formalism of the Ruelle
probability cascades, which will also allow us to introduce several objects that
will be used in the subsequent sections. In this paper we will prove the matching
lower bound using the analogue of the Aizenman—Sims—Starr scheme [1] and, in
this part, the assumption A% > 0 will not be needed. The approach was applied
previously in various situations in [10] and [4] and is based on the ultrametricity
result in [8]. As we mentioned above, in the multi-species model we encounter
a new nontrivial obstacle. Namely, we need to describe the joint distribution of
the overlap arrays simultaneously for all species, and even though it is clear that
the marginal distribution of each array will be generated by the Ruelle probabil-
ity cascades as in the SK model, it is not at all clear what their joint distribution
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should be. We will develop an approach to overcome this obstacle in Sections 3
and 4. In Section 3 we will prove a multi-species version of the Ghirlanda—Guerra
identities, which are similar to the original Ghirlanda—Guerra identities [5], but
apply to generic overlaps that may depend on the overlaps of all species. Using
these identities, we will show in Section 4 that the overlaps of different species
are synchronized in the sense that they are deterministic functions of the overlaps
of the whole system. This will describe the joint distribution of all overlaps and
allow us to obtain the lower bound in Section 5 in a straightforward way using the
Aizenman—Sims—Starr scheme. In the last section, we will mention several inter-
esting open questions.

2. Guerra’s replica symmetry breaking bound. Given r > 1, let (vy)qenr
be the weights of the Ruelle probability cascades [14] corresponding to the param-
eters (10); see, for example, Section 2.3 in [9] for the definition. For «r, 8 € N”, we
denote

(17 aANB=min{0 <Ll =<rlay=P1,...,0¢=Be, g1 % Bes1},

where o A B =r if @ = B. Since the sequences defined in (12) are nondecreasing,
we can consider Gaussian processes C*(«) for s € . and D(«) both indexed by
a € N with the covariances

(18) EC*(a)C*(B) = Qyrp and ED(a)D(B) = Qung-

These are the usual Gaussian fields that accompany the construction of the Ruelle
probability cascades; see, for example, Section 2.3 in [9]. For each s € . and
each i € I, let C;(«) be a copy of the process C*(«), and suppose that all these
processes are independent of each other and of D (). For 0 < x <1, consider an
interpolating Hamiltonian defined on Xy x N” by

N
(19)  Hy.(o.0)=xHy(0)++1=x) 0iCi(a) + VxVND(e)
i=1
and the corresponding interpolating free energy
1
(20) 9(x) = Elog ) vaexp Hy x(0, ).
N o,o
Then it is easy to check the following.

LEMMA 1. Under assumption (6), the derivative of ¢(x) in (20) satisfies
¢'(x) <0.

PROOF. Let us denote by (-), the average with respect to the Gibbs measure
'y (o,a) on Ty x N defined by

I'x(o,a) ~ vy exp Hy x (0, ).
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Then, obviously, for 0 < x < 1,

fon i dHy x(0,a)
i psten)

It is easy to check from the above definitions that
1 _3Hy (o', al)

N]ETHN,X(O'Z,(XZ)
1
=3 Z A?tkskt(Rs(al,UQ)R,(GI,GZ)
s,te.s

— 2R, (01’ Gz)qéﬂmﬂ + qgﬂ/\a2q;1Aa2)'

In particular, this is zero when (o Lal)y= (02, az) and, in general, can be rewritten
as a quadratic form (A%(R — q), (R —q))/2, where

R=(aRs(0',0%)),c q =G’ 2)ser-

Notice that here we used the symmetry of the matrix A2. Finally, usual Gaussian
integration by parts then gives (see, e.g., Lemma 1.1 in [9])

1
¢/ (1) = = E((A*(R = q), (R = 9)), <0,
where the last inequality follows from the assumption A% > 0 in (6). O

The lemma implies that ¢(1) < ¢(0). It is easy to see that

1
9(0) =log2 + - Elog > v [] chCi(e)

aeN" i<N
and
1
p(1)=Fy + NElog > veexpVND(a).
aeN"

Now, standard properties of the Ruelle probability cascades imply that (see, e.g.,
the proof of Lemma 3.1 in [9]),

1 1
~ Elog > vy [ ] ehCi(e) = ~ Y Elog ) vechCi(a)

aeN" i<N 1<i<N aeN"
(21)
=Y A X}
se.s
and
1 1
(22) ~Elog > veexpV/ND(a) = 5 > Q1 — Qo).
aecN’ 0<i<r-—1

Recalling (15), the inequality ¢ (1) < ¢(0) can be written as Fy < Z(¢, g), which
yields the upper bound in (16).
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3. Multi-species Ghirlanda—Guerra identities. In order to prepare for the
proof of the lower bound, we need to obtain some strong coupling properties for
the overlaps in different species, which will be achieved in the next section using
a multi-species version of the Ghirlanda—Guerra identities that we will now prove.
Let us consider a countable dense subset # of [0, 1], For a vector

(23) w = (Wy)sesr € X,

let s; (w) = Jw; fori € I; and s € .7, and consider the following p-spin Hamil-
tonian,

1
(24) hnw,p(0) = N2 Z g;’::.’,’,,ipﬁilsil (W) 0,581, (w),
1<iy,..ip<N
where giul} p i, are iid. standard Gaussian random variables independent for all
combinations of indices p > 1, w € # and iy, ..., ip€f{l,..., N}. If we define
(25) Rw(ol,az): ZASwSRS(Gl,GZ),

ses

where R;(c'!, 02) was defined in (7), then it is easy to check that the covariance
of (24) is

(26) Ehn w p(0" )N .w. p(0%) = Ry(a!, 0?)”.

Since the set # is countable, we can consider some one-to-one function
Jj:# — N. Then we let x,, , for p > 1, w € # be i.i.d. random variables uni-
form on the interval [1, 2] and define a Hamiltonian

27) hy(o)= Y Y 2770 Py, hy w p(0).
weW p>1

Note that, conditionally on x = (xy, p) p>1,wew , this is a Gaussian process and its
variance is bounded by 4. The Hamiltonian %y (o) will play a role of a perturbation
Hamiltonian, which means that, instead of Hy (o) in (4), from now on we will
consider the perturbed Hamiltonian

(28) HY"(0) = Hy(0) + snhy(0),

where sy = NV forany 1/4 < y < 1/2. First of all, it is easy to see, using Jensen’s
inequality on each side, that

1 1

NElog Z exp Hy(o) < NIElog Z epo]I\’,en(a)
0ETYN oEXy

(29)

2s 2
NIElog Z epoN(a)—FTN

UGEN
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and, since limpy_ oo N _lslzv = 0, the perturbation term does not affect the limit

of the free energy. As in the Sherrington—Kirkpatrick and mixed p-spin models,
the purpose of adding the perturbation term is to obtain the Ghirlanda—Guerra
identities for the Gibbs measure

exp Hpert(a)
(30) Gy(o)= 271:’\/ where Zy = Z exp H}\),ert(a),

geXy

corresponding to the perturbed Hamiltonian (28). We will denote the average with
respect to G%OO by (-). Now, given n > 2, let

/
R" = (RS (O—e’ ot ))seY,Z,E/sn

and consider an arbitrary bounded measurable function f = f(R"). For p > 1 and
weW,let

A(f.n,w, p) = E(fRy(c',6")7) = —E(f)E[Ry (o', 7))
€19
1 n
— N E(fRu(0 oY),
=
where [E denotes the expectation conditionally on the i.i.d. uniform sequence x =

(Xw,p)p=1,wew . If we denote by E, the expectation with respect to x then the
following holds.

THEOREM 2. For any n > 2 and any bounded measurable function f =

f(R"),
(32) Jim EA(fin,w, p) =0

forallp>1andweW .

PROOF. The proof is identical to the one of Theorem 3.2 in [9]. For a given
p = land w € #, equation (32) is obtained by utilizing the term hy ,, ,(0’) in the
perturbation (27). O

Theorem 2 implies that we can choose a nonrandom sequence x" =
(Xg,p)pzl,we%/ changing with N such that

(33) lim A(f,n,w,p)=0
N—o0

for the Gibbs measure Gy with the parameters x in the perturbation Hamilto-
nian (27) equal to xV rather than random. In fact, the choice of x"V will be made
below in a special way to coordinate with the Aizenman—Sim—Starr scheme. In this



MULTI-SPECIES SK MODEL 3501

section, we will simply assume that we have any such sequence xV . Moreover, let
us now consider any subsequence (Ny)i>1 along which the array

!
(Rs (Ge’ o’ ))seY,Z,Z’zl

of the overlaps within species for infinitely many replicas (o¢);>1 converges in
distribution under the measure EG%OO. Again, later we will be interested in a spe-
cial choice of such subsequence. Let

(34) (Ry o) ses 0021
be the array with the limiting distribution, and similarly to (25), define
(35) RYy=Y AR} ,.

ses

Then equations (31) and (33) imply that the limiting array satisfies
1 1<
(36)  Ef(R")(R{,41)" = ~Ef (RE(R!)" + ) Ef(R")(RY,)",
=2

where, of course, now R" = (Rzv 1)se . 0.0'<n- From this we will deduce the fol-
lowing multi-species form of the Ghirlanda—Guerra identities for such limiting
arrays. Let us consider an array

(37) Qro=9((R) ¢)ser)

for any bounded measurable function ¢ of the overlaps in different species.

THEOREM 3. For any n > 2 and any bounded measurable function f =

S(R"),
1 1
(38) Ef(R")Q1n+1= ;Ef(R")EQl,z +- Y Ef(R")Q1.c.

=2

PROOF. Since equation (36) holds for all w € #, both sides are continuous
in w, and # is dense in [0, 1], equation (36) holds for all w € [0, 111, Take
any integers p; > 0 for s € .7, and let p = Y . &~ ps. If we recall the definition of
RZ’ » 10 (35),

P4
s (REy)" =p! ] (sR7 )™
HS €S 8w§7 ’ sle_[ﬂ 7
Computing this partial derivative on both sides of (36) implies

B (&) [T () = LB (R)E [T (R],)"

se ses

SO (P

=2 se

(39)
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Approximating continuous functions by polynomials, this implies (38) for contin-
uous functions ¢ in (37), and the general case follows. [

REMARK. In particular, Theorem 3 implies that the array (Qy ¢)¢ > itself
satisfies the usual Ghirlanda—Guerra identities,

1 1 &
40) Ef(Q")¥(Qin+1) = ;Ef(Q")EW(QLz) + Y EF(QM (010,

=2

for any bounded measurable function ¢ and f = f(Q"), where Q" =
(Qr.¢')e.e'<n- In the case when the array Q is also nonnegative definite, the main
result in [8] will allow us to use the full force of the Ghirlanda—Guerra identities
and, in particular, will imply that such arrays are ultrametric and can be generated
by the Ruelle probability cascades; see Section 2.4 in [9].

4. Synchronizing the species. Now, let us consider any limiting distribution
as in (34), and let us notice that the overlap

) 1 N , /
R(0% o) = N Z"ieaiz = Z AsRs(0",0")
i=1 ses

of two configurations over the whole system in the limit will become

(41) Reo =) AR,

ses

In this section, we will prove the main result that will allow us to characterize the
limits that will arise in the Aizenman—Sims—Starr scheme.

THEOREM 4. For any array (34) that satisfies (38), there exist nondecreasing
(1/As)-Lipschitz functions Ly :[0, 1] — [0, 1] such that R; , = Ly(Ry ¢) almost
surely forall s € % and all £,¢ > 1.

The reason we can consider the domain and range of L; to be [0, 1] is be-
cause each array R® is nonnegative definite and satisfies the Ghirlanda—Guerra
identities (40), and therefore, its entries are nonnegative by Talagrand’s positivity
principle (Theorem 2.16 in [9]). Theorem 4 implies that the joint distribution of
the overlap arrays for all species will be determined trivially by the overlap array
(Re.¢)¢,0=1. On the other hand, the Ghirlanda—Guerra identities imply that this
array can be generated using the Ruelle probability cascades, which will be used
in Section 5. We begin with the following observation.

LEMMA 2. If R}, > R}, for some s € /,then R, , > R}, ,, forallt € /.
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PROOF. By Theorem 3, for any s, t € ., the arrays

(R}.¢) g1 (R ¢)ee=1 and (R o+ Ry )y ps

satisfy the Ghirlanda—Guerra identities. Since all these arrays are nonnegative def-
inite, the main result in [8] (or Theorem 2.14 in [9]) implies that these arrays are
ultrametric, that is,

(42) RZ/,ZU > min(RZZ/, RZZ”)

for any different ¢, ¢’, ¢ > 1 and, similarly, for the other two arrays. In other
words, given three replica indices, the smallest two overlaps are equal. Suppose
now that R} , > R} ,, but R, , < R}, ,,. By ultrameticity of the first two arrays,

Rz Yz > RZ o = Rz/ o and Ré/ Vi == Ré Y < Rz’zu-
However, this implies that
Rz/ o + Rz/ o < mln(RE Yz + Ré ) Rz o + Rz E//),

violating ultrametricity of the third array. [J
Let us state one obvious corollary of the above lemma.

COROLLARY 1. The following statements hold:

(@) If Reoo > Ry ¢, then R ,, > Ry , forall s € 7.
(b) IfRze/ > Rz,e” for some s € /, then Ry ¢y > Ry .

This already gives some indication that the overlaps in different species will
be synchronized. However, keeping in mind the ultrametric tree structure of the
Ruelle probability cascades that generate them, we need to show that the entire
clusters are synchronized and the corresponding cascades are completely coupled.
To prove this, for g € [0, 1] and s € ., we will consider the array

(43) RZ:Z/ = I(RZ,Z’ = CI)(REV,E/ + 1)'

First of all, we add +1 to the overlap R; , to ensure that the only way the right-
hand side can be equal to zero is when R, ¢ < g and not, for example, when
RZZ, =0. As in (42), by Theorem 3, the array (R ¢/)¢ ¢'>1 is ultrametric, which
implies that the array (I(Ry ¢ > g))¢.¢’>1 is nonnegative definite, as it consists of
blocks on the diagonal with all entries equal to one. Therefore, the array

R* = (R, })g =1

is nonnegative definite as the Hadamard product of two such arrays. By Theo-
rem 3, the array R%9 also satisfies the Ghirlanda—Guerra identities, so all the
consequences of the Ghirlanda—Guerra identities for nonnegative definite arrays
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described, for example, in Section 2.4 in [9], hold in this case. One such conse-
quence is the following. Let

(44) p=L(Riz and p'l=2L(R})

be the distributions of one entry of the arrays R and R®Y correspondingly.
Lemma 2.7 in [9] implies the following consequence of the Ghirlanda—Guerra
identities, which was first observed in [13].

LEMMA 3. Foranys € ., € > 1and q € [0, 1], with probability one, the set
(45) (@) = {RZZ,W #L}={I(Re.0 = @) (R} o + 1)|€' # ¢}
is a dense subset of the support of u*1.

This will be the key to the proof of Theorem 4. Now, for any ¢ € [0, 1], let us
define

(46) li(q) = inf{x > 1|x € Suppus,q} _1

Equivalently, one could take the infimum over x > 0, because R;’Z, > ( if and

only if R} ¢ = 1. To understand the meaning of this definition, let us notice that,
whenever the set A$ 7(q) in (45) is dense in the support of 1**¢ (which happens with
probability one for a given q),

(47) Ls(q) =inf{Ry 1€’ # €, Re v > g,

so £5(g) is just the smallest value that R; ¢, can take whenever Ry ¢ > q. This
alternative definition, obviously, implies the following.

LEMMA 4. Forany s € ., the function £5(q) in (46) is nondecreasing in q.

To obtain the functions L in Theorem 4, we will first need to regularize £5(q)
as follows:

(48) Ly(g) =lim{,(x)
xtq

for ¢ > 0 and L;(0) = £5(0). Theorem 4 will be now proved in two steps. First,
we will show that Rz ¢ = Ls(Ry ¢) almost surely. Second, we will show that Lj is
(1/As)-Lipschitz on the support of the distribution © of R; ». Then we can redefine
L outside of the support to be (1/As)-Lipschitz extension which, obviously, does
not change the first claim, Rz’ o = Ls(Rg ¢), since Ry ¢ belongs to the support of
w almost surely.

PROOF OF THEOREM 4. Step 1. We will use that the claim in Lemma 3 holds
with probability one simultaneously for all ¢ € Q N [0, 1]. Let us fix some indices
¢#0 1 n({0}) =0, then all Ry s > 0 almost surely. If £ ({0}) > 0 and R, »» =0,
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then we must have R; , =0 for all s € ., and definition (46) implies that £;(0) =
0. In this case,

Rz,(/ = Zs (RZ,E/) = LS(RZ,Z/)-

Let us now consider the case when Ry ,» > 0. First of all, for any x < Ry ,» we must
have that £,(x) < RE’ > because the function £ (x) is nondecreasing and, for any
rational ¢ < Ry ¢/, (47) implies that £;(q) < Rz - Next, consider arbitrary ¢ > 0,
and consider any rational g such that

(49) q<Rppy=<q+e.

Consider two possibilities. First, suppose that R; , = £s(g). Since for ¢ < x <
Ry ¢ we showed that

Zs (x) = RE,Z’ = gs (CI) =< Ks (X)
[so £5(x) = €5(q) for such x], we get the desired claim,

Ry p=45(q) = lim £;(x)=Lys(Re ).
’ XTRy p
Second, suppose that €5(g) < Rz ¢+ By (47), we can find a sequence (¢,) such
that R, > ¢ and R; , | £s(q). Since we assumed that £,(¢) < R; ,, for large
enough n we must have Rzen < RE,@/ and, by Corollary 1, we get Ry ¢, < Ry ¢
and R} , <R}, forallt € 7. Therefore,

0<is(Rpp—Ryy) <) M(Rpy—Ryy,)
tes
(50)

=Rppy— Ry, <qt+e—qg=ce.

Using that Ry , | £s(q) implies that £5(q) < R, , < £s(q) + eks_l. Finally, letting
q 1 Ry ¢ and ¢ | 0 in such a way that (49) holds, again, implies the desired claim
R; = lim £s(q) = Ly(Ry ).

’ gt Ry ¢
Step 2. Let us now show that L is (1/Xy)-Lipschitz on the support of the distribu-
tion u of Ry . Take g1 < ¢ in the support of 1. Let g} = g2 — &2 for some small
&2 > 0 such that ¢} > 0, and let g; = max(q; — €1, 0) for some small ¢ > 0. Let
us also make sure that g; and ¢, are rational. By (47), given ¢ > 0, we can find
indices £ for j =1, 2 such that

(51) Ree; >¢q; and ﬁs(q})fRz[jfﬂs(q})%—s.

Similarly to Lemma 3, Lemma 2.7 in [9] implies that the set {R, ¢/[¢' # £} is a
dense subset of the support of u = .Z(R; ) with probability one and, since we
chose g1 and ¢» in the support of 1, we can find other indices E’j for j = 1,2 such
that

q} SRLg/j <qj+te.
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If the index £; already satisfies this condition, we simply take E’j = {;. Otherwise,
because of the first inequality in (51), we must have R, v < Ry, and, by (47),

Corollary 1 and the second inequality in (51),
&(6]}) = Rz’@/j =< Rz’gj =< Es(q}) +e.
In both cases, we have
qj <Ry <qj+e and £(q)) < sz,e; <ts(q;) +e.

Since q1 < g2, by taking ¢ > 0 small enough, we can assume that R, ¢ < Ry, 0
Then, as in (50),

hs (RS

N
N/ Rz,eq) = Ree, — Regp-

Combining all the inequalities, we showed that

)\s(es(‘é) _gs(qo _8) <gq2+te¢ _Qi-

Letting ¢, €1, €2 | 0 implies A;(Ls(g2) — Ls(q1)) < g2 — q1, which proves that L
is (1/A;)-Lipschitz on the support of 1. As we mentioned above, (1/Ag)-Lipschitz
extension of L outside of the support does not affect the fact that RZ o =Ls(Rg )
almost surely. [

5. Lower bound via the Aizenman-Sims-Starr scheme. Given the main
result in the previous section, the arguments of this section will be a standard
exercise. To a reader familiar with the corresponding arguments in the setting of
the classical SK model (e.g., Sections 3.5 and 3.6 in [9]) these arguments will be
completely obvious. Otherwise, we recommend to study them first in the easier
case of the SK model.

It is clear that small modifications of the vector (As)se.~ result in small changes
both of the free energy for large N and the Parisi formula (16), so without loss of
generality, we can assume that all Ay are rational and can be written as

(52) Ay = —.

In the proof of the lower bound, we will use an obvious fact that
. L. .

(53) ljlvnllglofFN > X 1}111_1>10réf(E10g Zni+k —Elog Z,x).

Let us consider the right-hand side for a fixed N = nk, and in addition to parti-
tion (2), let us consider a partition of k new coordinates

(54) I"={N+1,....N+ky= If
se
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into different species, so that |I;"| = k;. Let us compare the partition functions Zy
and Zy . If we denote p = (0, ¢) € Ly for o € Xy and ¢ € X, then we can
write

(55) Hy+1(p) = Hy(0) + Y izn.i(0) +r(e),
ielt

where

(56) Hy (o) = W”ZI 8ij0i0},

(57) zn.i(0) = JW Z(gl, +8ji)0;

and

(58) r(e)=

Z 8ijEi€j-
VN +k i,jelt

On the other hand, the Gaussian process Hy (o) on Xy can be decomposed into a
sum of two independent Gaussian processes

(59) Hy (o)L Hy(0) + yn (o),
where

YN(O) = —me—— vk Zgrm
NN TR 2= 8%

i,j=1

(60)

and (g; j) are independent copies of the Gaussian random variables (g;;). Using
that the term r(¢) is of a small order, we can write

(61) Elog Zy+x =Elog »  [] 2ch(zn,i(0))exp Hy (o) + o(1)

oeXyielt
and, using equation (59),
(62) Elog Zy =Elog Z exp(yn (o)) exp Hy (o).
O’GZN

Finally, if we consider the Gibbs measure on Xy corresponding to the Hamiltonian
Hy (o) in (56),

exp Hy (o)

(63) V(o) = 7 where Z}y = Z exp Hy (o),
N

O'GZN
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then combining (61), (62) we can replace the right-hand side of (53) by

L. .
El}lrggéf@log > T 2¢h(zn,i(0))Gy (o)
oEXNielT

(64)
~Elog Y exp(yNw))G;v(a)).

O‘GEN

This is the analogue of the Aizenman—Sims—Starr representation in [1]; see Sec-
tion 3.5 in [9]. From the construction it is clear that the Gaussian processes zy ; (o)
fori € I and yy (o) are independent of each other and the randomness of the
measure G'y. Fors € . and i € I,

EZN!( )ZNZ ZZZAI
N+kl€/_]€] ' J J

N

©5) TNtk

2AZ 0 R (0!, 0?)
tes

=2Y AL MR(0',0?)+O(NT)
tes

and, similarly to the Computation of the covariance in (8),

Z A sk Ry ( ol,o )Rt(al,az)
s,te

Eyn(o')yn(0%) = N(N—I—k)

66

(©0 =k Y AL AMRs (o' 0?)Ri(c' 0?) +O(NT!).
s,te.s

Notice how these expressions resemble the definition in (12). Of course, one can

ignore the lower error terms O (N —1) from now on.

The same computation can be carried out just as easily in the case when the
free energy Fy in (53) corresponds to the perturbed Hamiltonian H}\),ert(a) in (28)
instead of the original Hamiltonian Hy (o). Moreover, since the perturbation term
syhy (o) in (28) is of a smaller order, one can show that the perturbation term
SN+khN+k(p) in the partition function Zy; can simply be replaced by the one in
Zn, syhy (o). This is standard and is explained, for example, in Section 3.5 in [9].
In this case, we obtain the representation (64) with the Gibbs measure GQ\, in (63)
corresponding to the perturbed Hamiltonian

Hy (o) + syhy(0).

Also, in this case the expectation [E in (64) includes the average [E, in the uniform
random variables x = (xy,, ») in the definition of the perturbation Hamiltonian (27).

The proof of Theorem 2 applies verbatim to the measure Gy, and right be-
low Theorem 2 we mentioned that one can choose a nonrandom sequence xV =
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(x{,y’ p) p>1,wey changing with N such that (33) holds for the Gibbs measure G;V
with the parameters x in the perturbation Hamiltonian (27) equal to x* rather than
random. By Lemma 3.3 in [9], one can choose this sequence xN in such a way
that the lower limit in (64) is not affected by fixing x = x” instead of averaging
in x. To finish the proof, we will use Theorem 1.3 in [9] (a trivial modification of)
which implies that

(67) Elog ) [] 2ch(zn.i(0))Gly(0) —Elog ) exp(yn(0))Gy (o)
oeXyielt OEXN

is a continuous functional of the distribution of the array

(68) (Ry(c*.0" Dser =1

under the measure IEG?S?OO. Passing to a subsequence, if necessary, we can assume
that this array converges in distribution to some array (Rz se.e.0=1 that, by
construction, satisfies Theorem 3. In particular, by Theorem 4,

(69) R}y =Ls(Re.¢)

for some nondecreasing (1/A,)-Lipschitz functions L, where Ry ¢ is the overlap
of the whole system in (41).
Let us consider sequence (10) and a sequence

(70) O=qo<qi<-<gi1<q=I
such that the distribution ¢ on [0, 1] defined by
(71 t(lge) =¢—t—1  fore=0,...,r

is close to the distribution .Z'(R;2) of one element of the array (Ry )¢ ¢>1 in
some metric that metrizes weak convergence of distributions on [0, 1]. As in Sec-
tion 2, let (vy)qenr be the weights of the Ruelle probability cascades correspond-
ing to the parameters (10). Let (o/)gz 1 be an i.i.d. sample from N" according to
these weights and, using sequence (70), define

(72) Q' =4yt pngt -

Since from Theorem 3 it is clear that the overlap array (Ry )¢ ¢>1 satisfies the
Ghirlanda—Guerra identities, Theorems 2.13 and 2.17 in [9] imply that its distri-
bution will be close to the distribution of the array (Q¢ ¢/)¢ ¢'>1. If for each s € .
we define the sequence in (11) by

(73) q; = Ls(qe) forO0<l<r,
and let
(74) Qo =Ls(Qee) =40 o>
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equation (69) implies that the entire array (QZ o)s,e7 0,0>1 Will be close in distri-
bution to the array (quz/)‘;eyvg’g/zl.

Let us now consider Gaussian processes C*(«) for s € . and D(«) indexed by
o € N as in Section 2. For each s € .# and each i € I", let C;(«) be a copy of the
process C* (), and suppose that all these processes are independent of each other
and of D(w). Similarly to (67), consider

(75) Elog > [T 2¢h(Ci(@))ve —Elog Y exp(vkD())vq
aeN"jelt aeN”

By (12), (18) and (74), the covariances of these Gaussian processes can be written
as

(76) ECi(a')Ci(@?) =2 3 Alhgh o =23 AL Q)
tes tes

fors €. andi € I\, and

EvkD(a')Vk =k > A2rg

t
al na29a! na?
s,te

=k Y A2 Ak 03,01 ,.

s,te.s

(77)

If we compare the covariances in (65) and (66) with (76) and (77), Theorem 1.3
in [9] implies that (75) is the same continuous functional of the distribution of the
array

(78) (Qr.0)servs1s

as (67) is of the array (68). Since both arrays, by construction, approximate in
distribution the array (R} ,)se.#.¢,¢'>1, we proved that the quantities

(79) %(Elog > T 2¢h(Ci(@))ve —Elog > exp(\/zD(a))va>

aeN je[t+ aeNr

can be used to approximate the lower limit of the free energy. It remains to observe
that, similarly to (21) and (22), using standard properties of the Ruelle probability
cascades (again, we refer to the proof of Lemma 3.1 in [9]),

—Elog > ] 2¢h(Cita))v Z Elog Y 2ch(C;(a))vy
k aeNje[t zel+ aeNr
= Z rsElog Z 2¢h(C* (a))va
ses aeN"

=log2+ > A X
ses
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and

NI>—*

—Elog Y exp(WkD@)ve == Y e(Qes1 — Qo).
aeN’ 0<t<r—1
Therefore, (79) is precisely Z(¢, g) defined in (15), and this finishes the proof of
the lower bound.

6. Some open questions. An obvious question that arises is what happens
when A? is not positive definite, for example, in the case of a bipartite model
with two interacting species and no interactions within species, that is, A%z > 0,
and A%l = A%z = 0. Notice that our proof of the lower bound for the free energy
still works in this case, but the Guerra-type upper bound in Section 2 utilized the
condition A% > 0 in an essential way.

It was clear from the proof of the lower bound, in particular from the equa-
tions (71) and (73), that the parameters (¢,) in (10) and (g¢) in (11) can be inter-
preted as encoding the joint distribution of the overlaps within species and, there-
fore, the minimizer in formula (16) for the free energy has an important physical
interpretation. As a result, as in the original Sherrington—Kirkpatrick model, there
are many interesting questions about this formula that one can study. For example,
can one extend the result in [2] to show the uniqueness of this minimizer? The
main result in [2] implies that the functional in (15) is strictly convex in the vector
(¢¢)¢<r for fixed parameters (11), which is sufficient to prove the uniqueness of the
minimizer for one system, but not obviously for the multi-species case. Another
important problem would be to understand the phase transition in this model and
to describe the replica symmetric (RS) region when the minimizer corresponds to
a distribution (71) concentrated on one point g € [0, 1], that is,

¢ =0, 1=1, =1, q0=0, q1=¢, g2 =1.

For technical reasons (to define the Ruelle probability cascades) we assumed that
the inequalities in (10) are strict, but the infimum in (16) may be achieved on the
limiting case when some inequalities become equalities. If the infimum is replica
symmetric, it is easy to write down the following critical point equations for the
parameters ¢° = g{ for s € .7:

> aAL(¢° —Eth(zy/ Q5 + hy)) =0 forallt €.,
ses

where 7z is a standard Gaussian random variable, Q° =2Y",., A2 A,q" and
(hs)se.# 1s a vector of external fields corresponding to each species. (For simplic-
ity of notation, we did not consider external fields above, but including them does
not affect any arguments.) Assuming that A2 is invertible, this system is equivalent
to

¢* =Eth*(zy/Q° +hs)  forallt e .7.
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In the SK model, this reduces to one equation, and the uniqueness of its solution
is known as the Latala—Guerra lemma; see Section A.14 in [17]. It would be in-
teresting to see if the solution of the above system of equations is also unique. In
that case, it should not be difficult to prove replica symmetry breaking above some
analogue of the AT line (in this case, some surface) by the same method as in the
SK model; see [18] or Theorem 13.3.1 in [17]. However, to characterize the replica
symmetric region exactly, one would probably need to work much harder. Notice
that the multi-species model allows for some interesting possibilities; for exam-
ple, one can imagine that for some choice of parameters, the replica symmetry is
broken in some species but not the others.
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