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MOMENTS OF TRACES OF CIRCULAR BETA-ENSEMBLES
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Let 61, ..., 6, be random variables from Dyson’s circular S-ensemble
with probability density function Const-[]j<;x<p |ei9i — ¢'%|P For each
n>2and B > 0, we obtain some inequalities on E[p,,(Z,) pv(Zy)], where
Zp = (€9, ..., ¢) and Py is the power-sum symmetric function for par-
tition w. When B = 2, our inequalities recover an identity by Diaconis and
Evans for Haar-invariant unitary matrices. Further, we have the following:
limy— 00 B[ pp(Zn) pv(Zy)] = S,W(%)l(”)zu for any 8 > 0 and partitions

W, v; limy, s 00 E[| pm (Zn)|2] =n forany 8 > 0 and n > 2, where /(1) is the
length of 1 and z,, is explicit on . These results apply to the three important
ensembles: COE (8 = 1), CUE (8 =2) and CSE (B = 4). We further examine
the nonasymptotic behav1or of E[| pm(Zn)| ] for B =1, 4. The central limit
theorems of )" _ - g(e b ) are obtained when (i) g(z) is a polynomial and
B > 0 is arbitrary, or (ii) g(z) has a Fourier expansion and 8 = 1, 4. The main
tool is the Jack function.

1. Introduction. Let M, be an n x n Haar-invariant unitary matrix, that is, the
entries of unitary matrix M, are random variables satisfying that the probability
distribution of the entries of M,, is the same as that of U M,, and that of M, U for
any n X n unitary matrix U. Diaconis and Evans (Theorem 2.1 from [4]) proved
that

(a) Consider a = (ay, ...,ar) and b = (by, ..., by) withaj,b; € {0,1,2,...}.

Then for n > Z?’:l jaj Vv ZIJ{'ZI jbj,

k
(1.1) E[H(Tr(Mé’))“f (Tr(M)) }—sab [T/%a;,
j=1
where 8,p, is Kronecker’s delta.
(b) For any positive integers j and k,

(1.2) E[Tr(M])Tr(M*)] =8,k - j An.

The idea of the proof is based on the group representation theory of unitary
group U (n). Some other derivations for (1.1) and (1.2) are given in [5, 23-25].
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Classical Circular

Compact Ensembles

Groups

Fi1G. 1. Circular Ensembles and Haar-invariant matrices from classical compact groups.

The right-hand side of (1.1) is evidently equal to E[H’;Zl E;j é;’j ] where &;’s are
independent complex-normal random variables with £; ~ CN (0, j) for each j.

Notice an n x n Haar-invariant unitary matrix is also called a CUE, which be-
longs to the Circular Ensembles of three members: the Circular Orthogonal En-
semble (COE), the Circular Unitary Ensemble (CUE) and the Circular Symplec-
tic Ensemble (CSE); see Figure 1 for the relationship, where the left circle con-
sists of matrices which induce the Haar probability measure on the orthogonal
group O (n), Haar probability measure on the unitary group U (n) and Haar prob-
ability measure on the real symplectic group Sp(n), respectively.

Let €%, ..., ¢ be the eigenvalues of an n x n Haar-invariant unitary matrix,
or equivalently, an n x n CUE, it is known (see, e.g., [12, 22]) that the density
function of 61, ...,6, is f(61,...,0,|8) with 8 =2, where

r(+p/2)" T le — e

A3) O 0lB) = Q)" g g

1<j<k<n

with 8 > 0 and 6; € [0, 27) for 1 <i < n. The density function of 61, ..., 8, for
the COE is f(0y,...,0,|8) with 8 =1, and that for the CSE is f(0y,...,6,|8)
with 8 =4.

The purpose of this paper is to study the analogues of (1.1) and (1.2) for the
circular B-ensembles with density function f(fy, ..., 6,|8) in (1.3) for any 8 > 0.
Further, we develop the central limit theorems for functions of (eiel, e, eign).
Before stating the main results, we next introduce some background about the
circular S-ensembles.

The circular ensembles were first introduced by physicist Dyson [8—10] for the
study of nuclear scattering data. In fact, as studied in [8], Dyson shows that the
consideration of time reversal symmetry leading to the three Gaussian ensembles
behaves equally well to unitary matrices. A time reversal symmetry requires that
U =UT, no time reversal symmetry has no constraint, and a time reversal symme-
try for a system with an odd number of spin 1/2 particles requires U = U, where
D denotes the quaternion dual. Choosing such matrices with a uniform probabil-
ity then gives COE, CUE and CSE, respectively (see, e.g., [11, 22]). The entries
of COE and CUE are asymptotically complex normal random variables when the
sizes of the matrices are large [14, 16, 17].
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Let U be an n x n Haar-invariant unitary matrix. As mentioned earlier, U is also
a CUE; the matrix UT U gives a COE. Furthermore, the matrix UP U gives a CSE
when n is even; see Chapter 9 from [22]. For the relations among the zonal poly-
nomials, the Schur functions, the Gelfand pairs and the three circular ensembles;
see, for example, Chapter VII in [20] or Section 2.7 in [1] for reference.

Now we consider the moments in (1.1) and (1.2) for the circular 8-ensembles.
Taking 8 =1 in (1.3), that is, choosing W,, such that it is an n x n COE, by an
elementary check in Lemma A.1, we have

2n
n—+1

for all n > 2. This suggests that, unlike the right-hand sides of (1.1) or (1.2) that
are free of n, the moments for the general circular B-ensemble may depend on n
for B # 2. In fact, by using the Jack functions, we will soon see from (2.4) below
that the second moment in (1.4) does depend on n except 8 = 2, in which case W,
isann x n CUE.

In this paper, we will first prove some inequalities on the moments in (1.1) and
(1.2) for the circular S-ensembles with arbitrary 8 > 0. In particular, some of our
inequalities for 8 = 2 recover the equality in (1.1) by Diaconis and Evans [4]. Fur-
ther, we evaluate the limiting behavior by letting n — oo for the left-hand side
in (1.1) and k — oo for the left-hand side in (1.2), respectively. Their limits ex-
ist and look quite similar to the right-hand sides of (1.1) and (1.2). Finally, we
spend much effort to study the central limit theorems of Z’}Zl g(e'%i) for two sit-
uations: (a) g(x) is a polynomial and 8 > 0 is arbitrary; (b) g(x) has a Fourier
expansion and 8 = 1, 4. The key to obtain (b) is the nonasymptotic behavior of
E| Z’}-: 1 ¢/™% |2 for any n and m, which are analyzed in detail.

The method of the proof is the Jack functions. The main results are obtained by
using their orthogonal properties and combinatorial structures.

From the studies in this paper, it is obvious to see the importance of understand-
ing the circular S-ensembles through the Jack functions. Realizing that the Jack
functions are a special class of the Macdonald polynomials, we have obtained the
analogue of the results in this paper in the setting of the Macdonald polynomials.
These will be published elsewhere in the future.

The organization of the rest of the paper is as follows. We present the moment
inequalities in Section 2 and their proofs are given in Section 4; the nonasymptotic
behavior of [E| Z'J’-: 1 ¢/™97)2 and the central limit theorems are stated in Section 3
and their proofs are arranged in Section 5. In the Appendix, we prove (1.4) by two
ways different from the method of the Jack functions. Some other explicit formulas
of moments are also given in the same section.

(1.4) E[|Te(W)[*] =

2. Moment inequalities for circular beta-ensembles. Let L = (A{, A2,...)
be a partition, that is, the sequence is in nonincreasing order and only finite of
A;’s are nonzero. The weight of A is |A| = A1 4+ A2 + ---. Denote by m; (1) the
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multiplicity of i in (A, A2, ...) foreach i, and /(L) the length of A: [(A) =m(A) +
ma (L) + - - -. Recall the convention 0! = 1. Set
2.1) o= []i" Ym0,
i>1
Let p = (p1, p2, ...) be a partition, and

L(p)
(22) po=[1pPn  where p(xi,xz,...) =xf + 2§ + -
i=1

for integer k > 1 and indeterminates x;’s. The function p,, is called the power-sum
symmetric function. For real number « > 0, integers K > 1 and n > 1, define two
constants A = A(n, K,«) and B = B(n, K, o) by

oo — 1] K
A=|1——6(=>1) and
n—K+u«o

o — 1| K

—Sa<1)) ,

n—K+a

where (¢ > 1) =1—6(x < 1)is 1 if « > 1, or O otherwise. With these notation,
we have one of main results as follows.

(2.3)
B=(1+

THEOREM 1. Left B > O. and 61,...,0, have density f(61,...,60,|8) as
in (1.3). Set Z, = (¢'%, ..., e'%) and a =2/B. For partitions | and v, the fol-
lowing hold:

(@) Ifn> K =|ul, then
Ellpu(Zw)I*]

alz,

(b) If il # [V, then Elp(Za)pu(Z = 0. If  # v and n > K = |u| v |v],
then

<B.

[E[pu(Z) po(Zy)]| < max{|A — 1|, |B — 1|} - «LWHOD2 (7 7 )12,

(c) There exists a constant C depending only on B such that for any m > 1 and

n > 2, we have
3~np

2 n>2
[Ellpm(Zn)|"] =n| = C 25

Take B =2 in (a) and (b) of Theorem 1, then A =1 and B = 1. The two results
recover the result of Diaconis and Evans in (1.1). Further, letting n — oo in (a)
and (b) of Theorem 1, we see that A and B (depending on n) converge to 1; letting
m — o0 in (c) of the theorem, then the last term in (c) goes to 0. So we obviously
have the following results.
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COROLLARY 1. Let the conditions be as in Theorem 1. Then, for any 8 > 0,

I(w)
@ Jim B{pu(Z)pZ0) = 8(5) 2

(b) mli_)mooEHpm(Zn)}z] =n  foranyn>2.

Part (b) of the above corollary says that, as m — oo, the limit of E[|p,,(Z,)|?]
does not depend on parameter 8, which is consistent with (1.2). We further take
a careful examination on E[lpm(Zn)|2] as f =1 and 4. Some upper bounds of
E[| pm(Z,)|*] are given in Propositions 1 and 2. By studying A and B in (2.3), we
have the following corollary from Theorem 1.

COROLLARY 2. Let B>0and f(61,...,0,|8) be as in (1.3). Set « =2/8
and Z, = (e, ..., %) Let yu and v be partitions with i # v and K = || v |v].
Ifn > 2K, then

2 —
Ellpu(Zo)P] _ | _6ll-alK.

’

(a)

a[(M)ZM - n

- 6|1 —alK
) [E[pu(Z)pe(Zn)]] < % L UWHON2 (7 2 )12,

The above results are in the forms of inequalities or limits. We actually derive an
exact formula in Proposition 3 to compute E[|p,(Z,) 2] for every partition . In
general, it is not easy to evaluate this quantity for arbitrary u, however, we are able
to do so when p is special. For instance, by using the exact formula we calculate
the moment in (1.4) for any 8 > 0 as follows.

EXAMPLE. Foranyn > 1,

2n .
, 1f,3=1;
) 2 n n—+1
(2.4) Ellpi(Z)| |=c———===11 if B =2;
Bn—1+28"1 - ’
. ifg=4
2n —1

The verification of this formula through Proposition 3 is provided in the Appendix.

We also give E[|p1(Z,)[*], El| p2(Z,)I?] and E[p2(Z,) p1(Z,)?] in closed forms
in the Appendix.

The main tool used in our proofs is the Jack functions. Diaconis and Evans [4]
and Diaconis and Shahshahani [5] use the group representation theory to study
(1.1) and (1.2) because U (n) is a compact Lie group. The situations for the Circular
Orthogonal Ensembles (8 = 1) and the Circular Symplectic Ensembles (8 = 4) are
different. In fact, the two ensembles are not groups.
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The proofs of (1.1) and (1.2) involve with the Schur functions. The connection
is that the irreducible characters of the unitary groups, when seen as symmetric
functions in the eigenvalues, are given by Schur functions. Looking at Figure 1,
an Haar-invariant unitary matrix is also a CUE. From the perspective of symmetric
functions, the COE is connected to the zonal polynomials, and the CSE to symplec-
tic zonal polynomials. The three functions are special cases of the Jack polynomial
Jx(a) with @ = 1,2 and 1/2, respectively, where A is a partition. See Section 4.1
for this or [20] for general properties of the Jack polynomials. By using the Jack
functions, we are able to prove (a) and (b) in Theorem 1. Part (c¢) in the theorem
is proved by evaluating the expectation/integral with respect to f (61, ..., 6,|B)
in (1.3) directly.

Treating n as a variable, the bound n32"#m =) in (c) of Theorem 1 seems
quite large. It is possibly to be improved. However, as 8 = 4, we show in Propo-
sition 2 in the next section that E[|p,, (Z,) |2] has the scale of m logm when n and
m are not far from each other. This partially explains why the bound is large.

3. Central limit theorems for circular beta-ensembles. For the sake of
precision, we replace Z, appeared earlier with Z7. Specifically, let Z; =
(eial, el eien) follow the B-circular ensemble with o = % and the density func-
tion f(01,...,6,|B) as in (1.3). According to our notation in previous sections,
pm(Zy) = ?:1 ¢™% for any integer m > 0. In the paper, the symbol CN (0, o%)
stands for the complex normal distribution generated by o - (£1 4+ i&)/~/2, where
&1 an & are i.i.d. real random variables with the standard normal distribution
N (0, 1). The first result is a CLT for general circular S-ensemble.

THEOREM 2 (CLT for any B-circular ensemble). Let Z7 = (@, ..., elfn)
follow the B-circular ensemble. Then, for fixed m > 1, the random vector
(p1(ZY), p2(Z2), ..., pm(Zy)) converges weakly to (&1, ...,&,) as n — 00,
where &;’s are independent random variables with & ; ~ CN (0, %’) for each j.

An immediate consequence of the theorem is as follows.

COROLLARY 3. Let (eiel, e, eig’l) follow the B-circular ensemble. _Let
g8(x) =24 cxzk with fixed m > 1 and cx € C for all k. Set X, = Z,}:l g(el%).

Then X, — ji, converges weakly to CN(0, 02) as n — 0o, where

2 m
WUy =ncy and o= E Zklcklz.
k=1

We next study the central limit theorem when the function g(z) is not a poly-
nomial. To avoid a lengthier paper, we only focus on the cases 8 =1 and g = 4.
A discussion on the general case will be given later in this section. We first need
to understand the variance of p,,(Z;)).
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PROPOSITION 1 (Bound of variance on COE). For all m > 1, n > 2 and
B =1, there exists a universal constant K > 0 such that

2m, ifl1 <m<n;

Ellpn(ZP1={ 0r 02"

PROPOSITION 2 (Bound of variance on CSE). Let B = 4. Then there exists a
universal constant K > 0 such that the following hold:

() Ellpm(ZY) 21 < K80 for all m > (1 + 8)n and 8 € (0, 1].
(i) E[|pm(ZYHI2]1 < Kmlog(m + 1) forallm > 1 and n > 2.
(iii) Elpm(Za'*)21 = K (w+1)"2mlogm forall 12 <n <m < 2n where w =
m—n=>0.

From (ii) and (iii), we see that E[|p;, (Z,1,/2)|2] is of the scale “mlogm” when
m and n are not far from each other. It is known from (1.2) and Proposition 1
that Elpm(Z,‘f)|2 <Knforanyn>2,m>1and 8=1,2, where K is a universal
constant. This together with (b) of Corollary 1 seems to suggest that the second
moment for 8 = 4 is always bounded by Kn. Proposition 2 tells us a different
story. However, (b) of Corollary 1 is indeed consistent with (i).

The proofs of Propositions 1 and 2 are very involved. We use the combinato-
rial structure (5.1) to understand the second moments. Major effort is devoted to
analyzing (5.1) through (5.2) and (5.10).

Another way to calculate above variance is through the covariance of ¢/ and
€% by symmetry [see (4.31)], which again can be computed by using the two-
point correlation function p(2) (01, 62). The explicit form of p(2) (01, 62) is given in
Proposition 13.2.2 from [11]. It seems very hard to estimate the variance by using
the proposition. But it is possible in principle.

THEOREM 3 (CLT for COE). Ler (¢!, ..., %) follow the circular orthog—
onal ensemble (f = 1). Let {aj,bj € C; j =1,2,...} satisfy Z 1](|aj

|bj|2) =02 € (0, 00). Then, Z?‘;l(ajpj (Z,zl) +bjp; (Z%)) converges weakly to
the law of U +iV as n — oo, where (U, V) € R? has the law N»(0, X) with

o _ o0
X:jlaj—l-bjl2 2-Im<2jajbj>
j=1 j=1

Z = o0 o _
2 Im(ZJ'ajb‘/') Y jlaj—b;P?
j=1 j=1
Obviously, if b; = 0 for all j, then = = oI with 0> = Y% j|a,|*, and hence

U+iV~CN(,20?).
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THEOREM 4 (CLT for CSE). Let (¢'%1, ..., ') follow the circular symplec-
tic ensemble (B =4). Let {aj,bj € C; j =1,2,...} satisfy Z?il(j logj)(latjl2 +
. 1/2
bj1?) € (0,00). Set 0% = Y%, j(laj|* + |bj|*). Then z;‘;l(ajpj(zn/ ) +

bipj (Z,l,/z)) converges weakly to the law of U +iV as n — oo, where (U, V) € R2
has the law N»(0, X) with

o0 _ oo
> jlaj+b;I? 2-Im(Zjajbj)
j=1

J=1

o0 0 _
2'““(2 J'ajbj) > jlaj —b;?
j=1

j=1

1
¥=-

Similar to the comment below Theorem 3, if b; = 0 for all j, then X = oI,
with 0% = 7 3% jla;|% and hence U +iV ~ CN(0, 262).

Though Proposition 2 says that E[lpm(Z,I/Z)lz] is of scale “mlogm” when m

and n are not far from each other, the variance of the limiting distribution in The-
orem 4 is not affected by this fact. The variance is similar to those in the circular
orthogonal and unitary ensemble (8 =1, 4).

Diaconis and Evans [4] obtains the CLTs for the orthogonal groups, the unitary
groups and the symplectic groups. Their tool is the identities in (1.1) and (1.2).
Reviewing Corollary 2, we no longer have identities for any 8 # 2; this increases
much difficulty to get the corresponding CLTs. It is understandable because after
all the three members in the classical compact groups have group structures in
addition to their combinatorial ones. So the group representation theory can be
possibly used in the paper by Diaconis and Evans. The general circular 8-ensemble
loses the former property and has only the combinatorial structure.

Johansson in [18] further explores the convergence speed of Tr(M,") to a normal
distribution, where m is fixed and M, is an Haar-invariant orthogonal, unitary or
symplectic random matrix. He shows that the convergence rate is exponentially
fast.

By Proposition 2, the condition * ?ozl(j logj)(laj|2 + |bj|2) < 00” in The-
orem 4 can be slightly relaxed. For simplicity, we just leave it as it is. Also, the
conditions “}-%; j(|a;|*+1b;|?) < c0” and “Y_52 (jlog j)(la;|* + [b;[*) < 00”
can be easily satisfied. For instance, the first condition is satisfied if a; and b; are

of the order ——L—— for some § > 0, and the second one is satisfied if a; and
1/2)+8

b are of the order for some § > 0.

J'(loglj)l+ 8

To study the number of eigenvalues falling in an arc of the unit circle in the
complex plane, namely, Z’}:l 1€ € A) with A being a subset of S' = (7 €
C; |z| = 1}, one needs to handle the Fourier expansion of the indicator function
Ia,p)(x) with [a, b] C [0, 27 ]. It is known from [4] that the coefficients a; and b;

in the contexts of Theorems 3 and 4 are of scale % Our theorems do not cover this
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special case. By using a construction of the circular 8-ensemble, Killip [19] specif-
ically considers this situation and obtains a CLT. The author does not investigate
the general CLTs as treated in our Theorems 2, 3 or 4.

Finally, we provide some examples which satisfy the condition

o0

> Gilog H(laj 1+ 1b;I?) < co.

j=1
They are the solutions of some classical partial differential equations. We leave
readers for the trivial calculations of the means and the variances of the limiting
normal distributions.

EXAMPLE. Letu = u(x, y) be defined on R? and satisfy the Laplace equation

Au=0, x2+y2<a2;
u=h®), x*+y*=d’,
where h(0) is a known function and a > 0 is given. Let (x, y) = (r cos 8, r sinf).

The solution has a Poisson’s formula. It can also be expressed in the following
Fourier series:

1 >
3.1 u(r,e):§A0+ZrJ(A,»cosj9+Bjsinj9)
j=l1
for r € (0,a) and 6 € [0, 27 ], where A;’s and B;’s are obtained from the Fourier
series of /1(6) so that
2 2

Aj=i, h(¢)cos jod¢ and BJ-:L. h(¢)sin jpde.
mal Jo wal Jo

See, for example, more details on page 160 from [26]. Clearly, if C :=
SUPgero,27] 1R (P)| < 00, then |Aj] < i—f and |Bj| < i—f And the coefficients
|r/Aj| and |r/Bj| in (3.1) are bounded by 2C(%)’ for 0 < r < a. Then use the
M and sin jO = M to transfer u(r,0) in (3.1)
to the form of ag + Z?‘;l(ajeije + bje*ijg), where a;’s and b;’s are com-

formulas cos jO =

plex numbers. Fix r < a. It is easy to see that |a;| = O((ra=1)’) and bj =
O((ra=')7) as j — oo. Theorems 3 and 4 can then be applied to get the CLT
for ag + Z;’il (ajpij(Z;))+bjp;(Zy)) fora =2 and a = %, respectively.

EXAMPLE. Letu(x,t) be a function defined on [0, 7] x [0, c0). Consider the
following heat equation with boundary conditions defined by
Uy =kityy, xe0,m),t>0;
3.2) u(0,t) =u(m,t)=0;
u(x,0) =¢(x),
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where k > 0 is a constant. Suppose ¢ (x) = Z?’;l Ajsin jx forall x € [0, 7]. Then
the solution of (3.2) is given by

o
2 .
u(x,t) = ZAje_J K sin jx.
=1

See, for example, page 85 from [26]. If sup;.o|A;| < oo, then Aje_jzk’ =

O(e™/"%) as j — oo. Similar to the previous example, we can write u(x, ?) in
the form of ag + Z?‘;l (aje”g + bje*’fe), where a;’s and b;’s are complex num-

bers with |a;|V [bj| = O(e_jzk’) as j — oo. Theorems 3 and 4 can then be applied

to obtain the CLT for ag + Y32 (a; p, (Z&) + bjp;(Z3)) with @ =2 and & = 3,
respectively.

To get the analogues of Theorems 3 and 4 for any 8 # 1, 2,4, one needs to
get upper bounds for EJ| pm(zg)|2] as in Propositions 1 and 2. It will be even
more involved because of the lack of classifications of partitions as in (5.4) for
general 8 > 0, particularly for irrational 8 > 0. However, by using our method, it
is possible to get upper bounds for any 8 =..., }1, %, %, 1,2,3,4,....

4. Proofs of moment inequalities in Section 2. This section is divided into
two parts. In Section 4.1, the necessary background of the Jack functions including
their orthogonal properties and combinatorial structures are given. With this prepa-
ration, we prove parts (a) and (b) of Theorem 1 and Corollary 2. In Section 4.2, we
prove part (c) of Theorem 1 by analysis.

4.1. Proofs of (a) and (b) of Theorem 1 and Corollary 2. For a partition A, the
notation A" = (A}, A}, ...) represents the conjugate partition of A, whose Young
diagram is obtained by transposing the Young diagram of A.

Let us review Jack symmetric functions briefly. We do not need the exact defi-
nition of Jack functions. In fact, their orthogonal properties are actively used here.
For any real number « > 0 and each integer k > 1, we denote by A*(x) the al-
gebra of symmetric functions of degree k over the field Q(«). Recall power-sum
symmetric function p, in (2.2). The family of p, over partitions p of k forms a
basis on A¥(«). A scalar product on AK(@) is defined by

(4.1) (Pas Pida = 8apcd Pz

for any partitions A and w of k, where z, is as in (2.1). Set
4.2) Cu(x)= 1_[ {(ari = ) +)Jj —i+ 1) (i —j) +)»;- —i+a)l,
(i, j)er
where (i, j) runs over all cells of the Young diagram of A. By definition, Jack
functions {Jk(a)} form an orthogonal basis on A¥(«) and satisfy

(4.3) (0, T @) = 8,,Ca(a);
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see, for example, Chapter VI from [20] or [11].
Since both power-sum symmetric functions and Jack functions form a basis
of Af(a), they can be mutually expanded. Let 93 (o) denote the coefficient of p),

in J/\(a), that is,

(4.4) L= Y 0r@p,.
pilpl=IA|

"ll"lhe 9/); (ar)’s are real numbers. Inversely, let @fo (a) be the coefficient of JA(“) in p,,
that is,

(4.5) Po= Y. ©h@*.
xirl=lpl

LEMMA 4.1. Recalling 93)‘ (@) in (4.4) and G)z (o) in (4.5). Then, for any par-
titions A and p with || = |p|, we have
al®

2p o2
o) "

(4.6) O () =

PROOF. It follows from (4.4) and (4.1) that
(5, poly = <Z 0, (@) po, pp> =0} @)(py. Ppla =0 (@) )z,
v a Ty
Similarly, by (4.5) and (4.3),
. pola = (4. T OL@ 1) = 0Ll 1), = 0@ Ci@).
v a Ty
These two equalities lead to (4.6). U

The coefficients Gg’s satisfy the following orthogonality relations ((10.31)
and (10.32) from [20]):

Y 200 P02 (@)04 (@) = 83, Ca(e0);
P

4.7)

1 A A —1 _—I(p)
;WQP(O()QG(O[)=8PUZ,O a P,

In other words, if a;, := (zpal(p)/CA(a))l/zeé(a), then A, = (a5p)|5|=|p|=m 1S an
orthogonal matrix of size p(m) for m > 1. Here, p(m) is the number of partitions
of m. The following are some special cases of the Jack polynomials.

In other words, if a;, := (zpa!”)/ Cy())!/26} (@), then A,y = (a3))31=|p|=m
is an orthogonal matrix of size p(m) for m > 1. Here, p(m) is the number of
partitions of m. The following are some special cases of the Jack polynomials.
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EXAMPLE. Leta =1, s, be the Schur polynomial and x ﬁ the character value
for the irreducible representation of the symmetric groups. It is well known that
IV = h(3)s; with h(1) = /Cx(1) as the hook-length product. Further, by (7.8)
from Chapter VI of [20] and (4.5) that

hO)x}; X

Arqy W A1y
9"(1)_7@ and 6“(1)_h(x)'

EXAMPLE. Let o = 2. Then JA(Z) coincides with the zonal polynomial Z;.
By (2.13) and (2.16) from Chapter VII of [20], we have

Kk 2k k!

®h and ©(2) = »

o !
bu(@ = n(2n)

2z,

with k = |A| = |u|, where h(2)) = C;(2) is the hook-length product of 2A =
(211,2X2,...) and a)ﬁ is the value of the zonal spherical function of a Gelfand
pair (&a, B). Here, Gy is the symmetric group and By is the hyperoctahedral
group in Gyy.

ExXAMPLE (Example 1(a) on page 383 from [20]). For each partition p of k,
we have

k! k!
(4.8) 6© @)= =1 and 601 (@) = = (),
Zp Zp
For each partition A with /(1) < n, we define

n+(—Da—G—1)
n+ jou—i '

Nemy= ]

@i, j)exr

which is a positive real number. As we saw in (4.3), Jack functions are orthogo-
nal with respect to the scalar product (-, -),,. We next need the second orthogonal
property for them.

LEMMA 4.2. Let A and i be two partitions. Let o« > 0 and n > 1. Then

1 . . . .
() ¢ i6 6, 7(@)( ,—ibh —i6,
J (e et Y (e )
o o 5 )18 )
x [ €% —e%|**as,---ds,
I<p<g=<n
T(njo+1)

=8 - 8(100) <n) Cr(NZ(n).

T+ /o)
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PROOF. Since Jk(a)(xl, eooy Xp) =0 if [(X) > n, we assume [/(A) < n in the
following discussion. It is known (e.g., Theorem 12.1.1 from [22]) that

1 . o r 1
(4.9) / [T % — e 1 a6, - - db, = M.
@)™ Jio,27)y" L1+ 1/a)"

I=p<q=n

From (10.22), (10.35) and (10.37) in [20], we see that

1 . . . .
(@) if i0,\ (@) (,—i6 —i6,
TG Jya "

x J] e — % %% 4g, - - o),

1<p<g=<n
= 8}»/], : Cn-/\/’)?{ (l’l),
where
1 ‘ , 1 T 1
Cp = n _/ 1_[ |el9p - equ |2/a doy---db, = — - (/e + )n
2m)*n! Ji0,27)n 1<p<g<n n! T'(l+1/a)
by (4.9). Hence, the desired conclusion follows. [

PROPOSITION 3. Let 8 > 0 be a constant. Suppose 01, ...,0, have a joint
density as in (1.3). Let Z,, = (¢'%1, . .., €!%). Given partitions p and v of weight K ,
then

P 1)+ (v) 0L (@)@
E[p/t(zn)pu(zn)] =o't Zply Z T(OZ)NX (n).

A-K:I(A)<n
PROOF. Reviewing (1.3), by (4.5) and Lemma 4.2, we have
Elpu(Zo)pe(Zn)]= Y. OL@)O(@)Cil@)NS (n),
AM=K:I(AM)<n
where « =2/6. By Lemma 4.1, the above is identical to
6% ()6} (@)

L)+ (v)
o ZMZV Z C)\(O{)

MK ()<n

N (n).

The proof is completed. [

For positive integers n and K and real number o > 0. Define
FC{ — o
nK Aklglcllz(li()fn/\/’k ()
(4.10) ) )
n+(—Da—(@G—-1)
= max 1_[ ;

MKAG)=n T n4+jou—i
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o . o

Ynk = M—I?:}I(I}})gnN)” ()

4.11) ) )
n+(G—Da—@G-1)

n—+jo—i

= min
AM-K:I(A)<n

@i, j)exr

LEMMA 4.3. Let o > 0,K > 1 and FS,K be as in (4.10) and y,ffK be as
in (4.11). If n > K, then A < y,;’fK < Ffl"K < B where A and B are as in (2.3).
Further, ifn > K, then

(4.12) %¥Wﬁm—u§mMWL4Lw—uy

PROOF. For A F K such that /(A) <n and (i, j) € A, it is easy to check that
(4.13) 1<i<min{n,K} and 1<j<K.

Thus,n+(j—Da—(G—1)>n—i+1>0andn+ jo—i> ja > 0. It follows
that

n—}—(j—l)oz—(i—l)>

4.14 b; ; = 0.
( ) (@ n+jo—i
Write
(4.15) bij() =14+ ——
' LR = n+jo — i

Case 1: o > 1. By (4.14) and (4.15), we see that b; j(a) € [0, 1] for all A = K
such that [(A) <n and (i, j) € A, which concludes Fg’ x =L

Further, by (4.13),n+ ja —i >n— K +a > 0 forall A+ K such that/(X) <n
and (i, j) € A. Thus, noticing 1 — o <0, we get
—o 1 —«f

_ =]1—-— >0
n—K+u«o n—K+ao

bi j(a) > 1+

for all n > K. This yields

11— «f )K
¢ >(] =" .
y"’K_< n—K+a«a

The above two conclusions lead to that

1 — K
(4.16) O—J—JQJ <Veg <Thg =1

foralln > K and o > 1.
Case 2: a € (0, 1]. By (4.15), b; j(a) > 1 for all A - K such that /(1) < n and
(i, j) € X, which shows y,ffK > 1.
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Moreover, by (4.13) again, n + jo —i > n — K + « for all A = K such that
[(A) <nand (i, j) € . Thus, with 1 — o > 0, we have from (4.15) that
-«
b; ; <l4+—--.
i.j (@) = +n—K+oz

By the definition of F,‘f’ ¢ and the earlier conclusion, we get
l—«o K
1<y%, <TY, < (1 7>
—yI’l,K— I’l,K— +n_K+a

for all n > K and « € (0, 1]. This and (4.16) prove the first part of the lemma.
Finally, by the definitions in (4.10) and (4.11),

)/,‘ZK SN)?[(”) = 1_[ bi,j(a) =< Fﬁ,K
(i,j)er

for all A - K since /(1) < n holds automatically if n > K. By the proved conclu-
sion,

A—1<Nf(n)—1<B-1
for all A+ K. This implies (4.12). [

PROOF OF (A) AND (B) OF THEOREM 1. (a) By Proposition 3, take u = v
with weight K to have

0;: ()

Ellpu(Zn)[] =Wz, Y

NF(n).
K0y <n C1(@)

Lemma 4.3 says that I'; ;. > 0 and y,’ - > 0 for all n > K. By the definitions of
FZ,K in (4.10) and y,ffK in (4.11), since C; («) > 0 for any partition A and « > 0,

0} (@)’

2
Cr(a) <E[|pu(Zn)|]

Vr?,K . O[ZI(M)Zi Z
M=K:I(A)<n
4.17)

0;: ()
Crla)

<TY o2z 3
AFK:I(M)<n
From assumption n > K, if A = K, we know [()) < n automatically. Therefore,

from (4.7) the two sums in (4.17) are both equal to z;la_l (), Consequently,

o _ Elpu(Zn)P]

<I%..
yn,K— Otl(“)ZM —*n,K

The conclusion (a) then follows from the first part of Lemma 4.3.
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(b) First, assume || # |v|. Notice

E[pu(Zn) pv(Zy)]
2 2 . . - -
:Const-/ pu(e®, ... e p, (e, ..., eitn)
0 0
X 1_[ | —eie"|ﬁd81 ~-dOy
1<j<k<n

For an integrable function 4 (x), we know fozﬂ h(e'*)dx = ff+2” h(e'™) dx for any
b € R. Using the induction and the Fubini theorem, we see that

E[pu(zn)pv(zn)]
b+2m b+2r . . - -
=C0nst-/ / plu(e'@l,...,6’9")pv(e’9',...,elgn)
b b
x [T €% — e’ ap; - do,.
1<j<k=<n

Making transform n; = 6; — b for 1 < j < n, noting that pu(e"b“"“,...,
elbFimy = oibltlp (eim . ei™) for any b € R, we obtain that

E[pu(Zn) po(Zn)] = "IV p(Z,) pu(Z)]
for any b € R. If || # |v|, since b is arbitrary, we then conclude

E[PM (Zn) py (Zn)] =0
for all n > 2.
To prove the second part of (b), by the first part, it suffices to prove the conclu-
sion for n > || = |v] = K. Observe that [(A) < n if A - K. Thus, it follows from
Proposition 3 that

E[pu(Zn) pv(Zn)]
QO 2 S M(“)ek(a)/\/f(n)
wx o O
05 ()6} () 0,1 ()6} (@)
W+ ), Ip@)o,(@) 0 ()0 () (N _1}
“ L% Gw tET Gw WM
0;: ()6} (o)
l(u)+l(v) M J\/“ -1),
¢ % Gy M=
where the last identity comes from the orthogonal property in (4.7). Therefore,
IE[pp(Zn) pv(Zn)]|

|67(0)] - 16] ()]

- o) _ 1. gl DH )
_g\lll—a[?}/\[)‘ (n)—1|-«a v Y Cl@)

AFK
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Now, by the Cauchy—Schwarz inequality the sum above is bounded by

X (o) 2 1/2 2172
(j{:'eﬂ(“)| ) / .( 105 ()] ) ! _ 121 2= A2
wx Cr@) wx Cr@) :

by (4.7). The above two inequalities imply

(B[ pu(Zn) po(Za) ]| < max| NG (m) — 1 L UWHOD2 (7 2 )12

<max{|A—1|,|B — 1]} - «{WHOD2 (7 2 )12

by (4.12). O

LEMMA 4.4. Let A and B be asin 2.3) with § > 0. Seta =2/B8. Ifn > 2K,
then

61 —alK
max{|4 —1],1B — 1]} < ALK

PROOF. By the definitions of A and B, it suffices to show that, as n > 2K,

-1 \X 6]l—«alk
(4.18) 1—0— ¢ )<<| il fora > I;

B n

l—a \X 6|1 —a|K
4.19 l+——) —1<———  forae(0,1).
( ) (+n—K+a) - n oree(©.1)

First, if ¢ > 1, then (¢ — 1)/(n — K + ) € [0, 1). Notice (1 +x)K > 1+ Kx for
all x > —1 (see, e.g., Theorem 42 on page 40 from [13]), we have

< a—1 )K K@—1) 2K|l —«|
1—(1-— < <
n—K+u«a " n—K+a n

sincen — K +a >n/2 asn > 2K. This proves (4.18).

Second, for @ € (0, 1), it is easy to verify that (1 —a)/(n — K + ) <1/K
provided n > 2K . By the fact that (1 +x)K <143Kxforall0<x <1/K, we
obtain

l—a \X 31—a)K 6|1 —alK
l+—) —1< <
n—K+aoa n—K+a«a n

sincen — K 4+« >n/2if n > 2K as used earlier. This concludes (4.19). [

PROOF OF COROLLARY 2. (a) By Theorem 1

Ellpu(Zo)I*]

A-1<
alz,

1<B-1.
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Thus,

Ell pu(Zn)I?]

— 1| <max{|A —1],|B —1]}.
al(ﬂ)zu

The conclusion (a) then follows from Lemma 4.4.
(b) The conclusion obviously holds if |u| # |v] by (b) of Theorem 1. If |u| =
|[v] = K, by (b) of Theorem 1 and Lemma 4.4, we get the desired result. [

4.2. Proof of (c) of Theorem 1. We start the proof through a series of lemmas.

LEMMA 4.5. Let B > 0. For positive integers m and k and real numbers
ai,...,ai, define

k B

H sin(t + a;)

i=1

D= / cos(2mt) dt.

Then |D| < 6(1 + B) (%),

PROOF. First, since |D| < [ 1dt =z, the conclusion obviously holds for
m = 1. Now we assume m > 2. Set s = mt. Then

k B

l_[ sin(% + a,-)

1 mim
D= —/ cos(2s) ds
m Jo

k B

H sin(% + ai)

i=1
B
T
+a,~>' ds

1 m 1

(J+Dm
f cos(2s) ds
jm

f cos(2s)

= /ﬂ L, (s)cos(2s)ds,
0

(4.20)
1 m 1

HSIH( +j

i=1

where we make a transform: s — s — jm in the second identity to get the third
one, and

k B

l_[ Sin(b,‘j + %)

171

Ln(s) = — Z

forO0<s<m andbj_a,+l Since(a+b)ﬂ<aﬂ+b5f0ranya>0 b>
0,8 € (0,1], and |c? — dP| < Blc — d| for any ¢,d € [—1,1], B > 1, it is not
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difficult to see that [1x[# — |y[#| < (1 + B)llx| — [y[|"* < (1 + B)lx — y|"# for
any 8 > 0 and x, y € [—1, 1]. Therefore,

Lp(s) — — Z l_[smb,J
j=0li=1
4.21) =— Z ]‘[sin(b,-j +—> — Hsinb,j
j=0lli=1 i=1
_ BA1
< — sin| b;; + —) sinb

Now, by the product rule, (]_[f=1 sin(b;; + 1)) = 25(:1 cos(b;j + 1) x
[Ti<i<k iz 8in(bij + 1) for any 7 € R. Thus, the absolute value of the derivative
is bounded by k for ant € R. By the mean-value theorem,

sin{ b;; —|— smb,
J J

i=1
This implies that the last term in (4.21) is controlled by

1 m—1 IAB IAB
1+8 (k_s) —(1+ ﬁ)(k_s) )
moi\m m

It follows from (4.21) that

k B

1_[ sinb,-j

m—1

(s)——Z

ks 1IAB
<a +ﬁ>(;) .

Set C =1 o 2 |H _; sinb;j|P. Notice [ cos(2s)ds = 0. From the above, we
use the s1mp1e fact that | cos(2s)| < 1 to have

‘ / " L, (s) cos(2s) ds
0

_ ‘/” C cos(2s) ds + /ﬂ (Ln(s) — C) cos(2s) ds
0 0

INB pm
s<1+ﬂ><£) fos“ﬁds.

Now the last integral above is bounded by [01 lds + [{"sds = (7*+1)/2<6.
The proof is completed by using (4.20). [

LEMMA 4.6. For B >0, let f(01,...,0,|8) be as in (1.3). Define

2w 2
I(m,n):/0 /0 cos(m (62 — 61))
x f(61,...,6,|8)d61---db, (m>0,n>2).
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Then, for some constant K = K (8), we have |I (m,n)| < (Kn2"Pym=(17B) for all
m=>1andn > 2.

PROOF. Evidently, since f (61, ..., 6,|8) is a probability density function, we
know
(4.22) 1(0,n)=1

foralln > 2. Since |e™ —e |2 = |1 — '@~ |2 = (1 —cos(x — y))2+sin(x — y) =
2(1 — cos(x — y)) = 4sin’((x — y)/2) for any x, y € R, the probability density
function in (1.3) becomes
0; —6
sin( J k)
2

T+
1+ pn/2)

B

fO1...6B=C0 ]

1<j<k<n

’

where 6;, ...,0, € [0, 2] and

Cn — 2n(n—l)/ﬁ/2(2n)—n
Now,

2 2
I(m,n)zfo /0 cos(m(@ —601)) fO1,...,0,18)do; ---db,
2w 2
:Cn/o /0 cos(m (62 — 61))

< |1

1<j<k<n

0. —0 B
sin(ka)‘ d6> ---d6, db,.

Making transforms x; =6; — 0y fori =2,3, ..., n, we obtain that

2w p2w—6 2w —6;
I(m,n):Cn/ / / cos(mxa) - Gp(x)dxo---dx, do
0 0,

_91
sin
2

N\ (B
. [ Xi
s1n<5>‘ : 1_[
2<j<k<n
where the second product is understood to be 1 if n = 2. For a periodic and inte-
grable function /(x) with period 27, we know that [77" h(x) dx = [™ h(x)dx.
By induction and the Fubini theorem, we have

with
Gn(x) = 1_[

i=2

B

’

2 2
I(m,n) = Cn/ / cos(mxz) - Gp(x)dxs---dx,; dO
0 0
2 2
(4.23) = (Zn)Cn/ / cos(mxz) - G,(x)dxy---dx,
0 0

21 2
4.24) :(27T)Cn/0 /0 cos(mxp)J, (x)H, (x)dxy -+ -dx,,
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where G,,(x) = J,(x)H,(x) and

n N\ [B o B
1_[ sin(x—l)‘ . H sin(xj xk) , ifn > 4;
; 2 ; 2
i=3 3<j<k<n
Hy(x) = B
sin(x—3> , ifn=3;
2
1, ifn=2,
and
B — v\ |B
sin(x—2> sin(x2 x,)‘ , ifn>3;
2 ,
Ju(x) = i=3
0\ |P
sm(—) , ifn=2.
2
In particular,
2
4.25) I(m,2)= 271C2/ cos(mxo)Jr(x)dxs.
0

Taking m = 0 in (4.23), we know from (4.22) that

[l G n

2<j<k<n
for all n > 2, where the second product above is understood to be 1 if n = 2. This
implies

1
2nCy

. B
sin(x] > xk)‘ dxydxsz---dx, =

2 2
4.26 / H,(x)dx3---dx, =
(4.26) A A (x)dx3 7Co

for all n > 3. Now, recalling the definition of J, (x), let r = x> /2, we have

B

2 T
/ cos(mxa)Jn(x)dxy = 2/ cos(2mt) dt
0 0

n—1
[ ] sin¢ +ap)
i=l

forall n > 2, where a; =0,a; = —xjy1/2fori =2,...,n— 1. By Lemma 4.5,

2 n InB
4.27) ‘/ cos(mxp)J, (x)dxo| <12(1 + ,3)<—)
0 m

for all n > 2. Therefore, this and (4.25) imply that for some constant K1 = K1(8),

1
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Now assume n > 3. By (4.24) and (4.27), and then (4.26), we obtain

n INB r2m 2
|1 (m,n)| S247T(1+,B)C,1(—> / H,(x)dx3---dx,
m 0 0

4.29
(4.29) .

Cn—l

=12<1+ﬂ)(”)

m
for all n > 3. Now,

Co _T(+B/2) TU+pBn/2—p/2) p(n=1)p

(4.30)

for all n > 3. By Lemma 2.4 from [6], there exists a constant K, = K>(8) such
that

(+Bn/2=B/2) _ Ks
T(1+pn/2) ~ nbl2

for all n > 1. This, (4.29) and (4.30) imply that there exists a constant K = K (8)
such that

1AB np np
n 1 2 n2

. onf (InB)—B/2
|I(m,n)|§K-< ) 57 2" = Kn lAﬁmel/\ﬁ

for all n > 3. This together with (4.28) proves the lemma. [

PROOF OF (C) OF THEOREM 1. Observe that, for any real numbers xy, ..., X,

2 no n )
= Z etri . Z e 1%
j=1 j=1
—n4+ Zei(Xj—xk) =n4+ Z (ei(x.j—xk) + e—i(x]'—xk))
J#k I<j<k=n

=n-+2 Z cos(x; — xi).

1<j<k<n
n 2
ZelmGj :|
j=1

=n+n(mn—1)-E[cos{m(6; —62)}].

n
Z eixj'
j=1

Thus, by the symmetry of f (61, ...,6,|8),

E[|pm(zn)|2] = E|:
4.31)

The conclusion then follows from Lemma 4.6. [
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5. Proofs of central limit theorems in Section 3. Before proving the cen-
tral limit theorems, we will spend a lot efforts in studying the second moments,
which enable us to reduce the infinite Fourier series in Theorems 3 and 4 to finite
sums, and hence we can apply the moment inequalities stated in Section 2. We will
prove Proposition 1 in Section 5.1, and Proposition 2 in Section 5.2. All of the cen-
tral limit theorems will be proved in Section 5.3. We start with the combinatorial
structure of the second moment.

Review that Z% = (¢!, ..., ¢!%) follow the B-circular ensemble with o = %
Its probability density function is given in (1.3). Following our notation, p,,(Z;) =

e ¢/ for any integer m > 0. We know from Proposition 3 that
V2] 2,2 O @
(5.1) Ellpn(Z) N =a’m® >, N ),
Amil () <n C.()
where
n+(G—Da—(@G—-1)
Nemy= T] ——
i.j)en n et
5.2) -
()
(. j)eh n—+jo—i

We also know the following formula (page 383 from [20]): For each A Fm,
(5.3) O =[] (e-1—G-D),

(i, j)exr
(@ H#FAT)

where the product runs over all boxes of Young diagram X, except the (1, 1)-box.

5.1. Proof of Proposition 1. Let us first evaluate G(Xm)(2) and C; (2). Suppose
a = 2. The (3, 2)th box in the Young diagram A gives a(j — 1) — (@i —1)=2-
2—1)— B3 —1)=0, and hence Q(Am)(Z) vanishes if A has the (3, 2)-box. In other
words, Q(Am) (2) vanishes unless A3 < 1. Denote by 7>,§3 ) (n) the set of such partitions
of m with lengths < n:

(5.4) POn)={r= (1,22, ..., k) Fm; a3 < 1}.

The elements in 73,512) (n) can be classified into the following three categories.

1. The one-row partition (m);
2. A two-row partition (m —r,r) withr =1,2,...,[5];
3.A=(@,s, 1" ") withr>s>1land3<IAM)=m—r—s+2<n.
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For each case, the quantity Q(Am) 2 =II jyesr (2j—i—1)is computed as

@ H#A, 1
follows:
(5.5) o (@) =2-4--Qm—2)=2""" (m — )
(m—r,r) _ m—2r (2r - 2)' X
5.7 ous" @) = (12— )
o7 (2s —2)!
Xrl)‘(m—r_s+1)‘

Now we study C, (2). Note that Cj (2) coincides with the hook-length product
of 21 = (211, 2X2, ...). The hook-length product of A is computed in Section 6
from [3]:

L. Cony(2) = 2m)!;
2. Couory () = SUB2E0L
3. C(r,s,lm*V*S)(z) =m+r—s+1)(m+r—s)ym—r—+s)y m—r+s—1)-
(m—r—s+Dlm—r— s)!i(zr;rljgfiTz)!.
0,: ()2

9)» 2
Hence, the term [(a/®z,,)? Gty Ju=my,a=2 = 4m? -

2 .
g; 22; is given below.

g amlm @2
‘ Con@ — @m)!

5oy am2len @7 ) 2242 m — 47 + 1)
Cin—r,r(2) (251’11:;)) (m—r)2Q2r—1D2Q2m—-2r+1)

B dm*m —r —s+1)
m+r—s+1)m+r—sy(m—r+s)y(m—r+s—1)
22T = DIP@r =25 +1)-(25 —2)!

[(s — D!2Q2r —1)! ’

Note: through the rest of the paper, C stands for a generic constant which may
change from line to line.

(5.10)

LEMMA 5.1. Recall N;Z(n) as in (5.2). Then there exists a universal constant
K € (0, 00) such that /\/'Az(n) < K\/% uniformly for all m, n and all )\ satisfying:
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) A=m)andm>n>1,
() A=m—r,r)ywithl <r <m/2andm >n>?2 or
i) A=(@rs, 1" " Ywithr>s>1,3<m—r—s+2<nandm > n.

PROOF. The following basic estimate will be used several times.

i l
5.11 1 < —<1 log —
(5.11) og - = JZk +1log 7

forall 1 <k <. Itis obviously true if k =1. Now, for 1 <k <,

l .
1 J [
Z—S + Z/ —dx_1+ dx_1+10g—
j=kJ k1Y imY k
Similarly,
l l ;
1 J+11 I+11 )
Z_ZZ/ —dx = —dx >log—.
o) Tt kX k
(i) Since A = (m), we have from (5.2) and the fact | —x <e¢™* forall x e R
that
o= T (=) =10 =)
n)= - | = -_—
» (eh n+2j—i =i n+2j—1
(5.12)

Sexp< Zn—1+1>

sincen—+2j—1<2(n—1+4 j). From (5.11), we get that

PR Z —.Zlogn_{—LZIOgﬂ
o J o n n

for all m > n > 1. This gives that/\/f(n) < \/%for any m>n > 1.
(i) Now, A = (m —r,r) with 1 <r <m/2 and n > 2. Recall (5.12). We have

5 _ _ 1
o T (a0



3304 T. JIANG AND S. MATSUMOTO

by the inequality n +2j —i <2(n —i 4+ j) fori =1, 2. Hence,

m+n—r—1 1 n+r—2 1

—2log N7 (n) = oo+ Y -

j=n j=n-

m+n—r—1 n+r—2
= log n ' n—1

for any 1 <r <m/2 by (5.11). Notice %ﬁ > 5 and % > 1 since 1 <

r < m/2. We then have
N2y <2,/ 2.
m

(iii) In this case, . = (r, s, 1" ") withr >s>land 3<I/(A)=m —r —s +
2 <n and m > n. First, these restrictions imply

m—n

(5.13) r> +1, m—r>2andn > 3.
Now,
1
NZ(n) = (1—%>
’ (i,lj_)[ek n+2j—i
= l- 1-—
U( n+2]—l> U( n+2]—2>
Jj=l Jj=l1
m—r—s—+2
x n < n—|—2 1)

1 r 1 1mrs—|—2 1
S D D
24 n—l-l—] 2:n—2+] 2 v n—i+1

by the inequalityn+2j —i <2(n+j—i)forall j>1landi <m—r—s+2 <n.
Rearranging the indices in the sums and using (5.11), we obtain that

n—+r— 11 n+s— 21 n—2 1
Rt AOEID S E D S D D
j=n j=n—1 J j=n+r+s—m—1 J
n+r—1 n+s—2 n—2
> log . .
n n—1 n+r+s—m-—1

nm+r—1Dm+s—2)
2n(n+r+s—m)
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since =2 > % by (5.13). Equivalently,

n—1 —
> 2n(n+r+s—m)
Nk(n)i\/(n+r—1)(n+s—2)

n n+r—+s—m
<2 /= |
- m n+s—2

n
<2 | —
B m

smcen+r—1>n—|—(m—n)/2>m/2and”+s+—(mzr)§1by(5.13). O

LEMMA 5.2. Let m,r,s be positive integers such that r > s > 1 and m >
r+s.Set uw=@m) and A = (r, s, 1"~"75). Then there exists a universal constant
K > 0 such that

<

01(2)? 1
< . . X
C.Q2 — m—r+s s

Further, if r > 2s then
(2)2 1 m-—r—s r
m? —— T R
Ck(2) K (m—r+s)2 s

PROOF. From (5.10), we see that

6;:(2)>
C.(2)
(5.14) _ m>(m—r —s+1)
’ S mHAr—s+Dm+r—s)ym—r+s)m—r+s—1)
272 [(r — DIPP2s = 2)!12r =25+ 1)
% (s — D22 — 1)!
(5.15) _m—r—s+1 22 =2[(r — DIPQ2s —2)!12r — 25+ 1)

- (m—r+s—1)2 [(s — D2Qr — 1!
sincem+r—s+1>mandm +r —s >m. Now, write
222 [(r — DIP2s —=2)!12r =25+ 1)
[(s — D!2Qr — 1)!
2B Qs =P 228 — 25+ 1)

(5.16)

[(s — DI2@2r)! r
2r—2s (25—2
<4. 27(51)

) ()
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due to the fact that w < 4. We regard (8) = 1. The Stirling formula says
that

k!
l<— <2
N 2mkkke—k
for all k > 1. It is easy to check from (5.17) that there exists a universal constant
K > 0 such that

(5.17)

2k 2k
K VK~ \k Vk
for all k > 1. We claim that
92r— 2s(2s )
(5.19) 27 < C\/7
r )

()

forall » >s > 1.Infact,if s =1,
92r=2s 2s 22r—2
2r(Y 1)— <C+r= Cf
) )

by (5.18). If r > s > 2, by (5.18) again,

92r— 2s 2S
C.| _2Cw/ .
S_

So (5.19) holds. Hence, this and (5.15) imply that

6% (2)? —r—
/L()<C m—r—s—+1 7

Ci2) = (m—r+s—12 Vs

1 r
<C ——— . |-
B m—r—+s s

sincem—r—s+1§m—r+s—landm—r—l-s—lz%(m—r%—s).
Now we prove the lower bound. By the fact r <m itisseenthatm +r —s+1 <
2m. Therefore, by (5.14) and (5.16),

Qﬁ L m—r—s 22720 = DIPQ2s—2)!2r - 25+ 1)

C)\(Z) - 4 m-—r +s)2 [(s — D!2Q2r —1)!
1L om—r—s 2R 22r -2+
_4'(m—r+s)2 (2:) . r '

The condition r > 2s implies that M > 2. By (5.18) again,

25—2
2 (%0 1)>C\/Z
(Zr) — s

r
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We complete the proof. [J

PROOF OF PROPOSITION 1. Look at (a) of Theorem 1, B =1 since o = 2.
It follows that E[lpM(Zn)|2] <2m for 1 <m <n. So, in the rest of the paper, we
only need to study the case for m > n > 2.

Review (5.1),

(5.20) El|pm(Z2)[]=4m* Y

Amil(A)<n

0oy (2)?

RO

To study this quantity, we will differentiate the three cases for A in the sum as
appeared earlier.
Case 1: L = (m). By (5.8) and (5.17),
4m29§m)(2)2 _2rm)’ 2" @V2amm™e ™)’
G.(2) (2m)! VATm(2m)2me—2m
Hence, by (i) of Lemma 5.1,

(5.21) < C/m.

20 @7

(5.22) CQ)

M NEn) < C/n
forany m >n > 1 and A = (m).
Case?2: .= (m —r,r)with 1 <r <m/2. First, by (5.9),

0@ (¥) 224112 (0m — 4 4 1)

2
(5.23)  4m G2 (=) Cm—r)2Q2r — D22m —2r+ 1)

By using the fact 1 <r < m/2, we have that (m — r)>r?(2m — 2r + 1) > m3r% /4
and 22"~ m?(2m — 4r + 1) <2 22"=4 3 It follows that the last ratio in (5.23)
is dominated by 8 - 2"~* /r2_ Thus, by (5.18),

(m)(2)2 -c fm — 1 22r 22m74r

Ci(2y —  2m=2r S 2
(5.24) 2 (2) NG
Jm—=r C

=Cr57§mﬁ

for all 1 <r <m/2. It follows from (ii) of Lemma 5.1 that

(2)?
wy %,
A=(m—r,r),1<r<m/2 G.(2)
(5.25) -c. 5/2~/_ \/,

1<r<m/2

<C- (er%)\/ﬁ

r=1
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Case 3: A=(r,s, 1" 7" Yywithr>s>1and3<IA)=m—r —s+2<n.
From (iii) of Lemma 5.1 and the first assertion of Lemma 5.2, we get that

0 (2)?
4 2 (m) NZ
" Z SR
(5.26) |
< C\/_Z e : %a

where both sums are taken over all possible r > s > 1 with3 <I(A) =m —r —
s + 2 < n. These restrictions imply that s +1 <m —r <s +n and hence 25 + 1 <
m —r +s <2s + n. It follows that the last sum in (5.26) is bounded by

i Zin 1 1 f: 1 2s4n 1
(5.27) ==Y — -
s=1 j=254+1 7 Ve AVE j=2s+17

for all n > 2. Now,
2s+n 1 2s+n i1 25+n ]
Yoo—< ) / —dx = —dx—log(1+ )
Jj=2s+1 J Jj=2s+1 j-1 X 2s X 2s
for all s > 1. This implies that (5.27) is controlled by

é%log(l—i— ) /s1710g(1+ )dy / _10g<1+y>dy

=1
Set u = y/n. Then the last integral is equal to

L 1+ ) onduzvin [T Liog(141)a
_). < i _ .
S (H)’”‘— ”/0 ﬁ0g< H)”

Trivially, %log(l + l) ~ % as u — +oo and %log(l + l) ~ —10% as u —
0. It follows that 0 < f log( 1+ )du < 00. Therefore, by (5.26),

Oy (2)?

2
X0 N (n) <Cn

4m?> Z

A=(r,s,1Mm7775)

for all m > n > 2, where the sum is taken over all possible r > s > 1 and 3 <
l(A) =m —r — s + 2 < n. Combining this, (5.20), (5.22) and (5.25), we arrive at

E[|pm(zn)|2] <Kn

for all m > n > 2, where K is a universal constant. []
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5.2. Proof of Proposition 2. The following result allows us to express the vari-
ance for the circular symplectic ensembles (8 = 4) in terms of some familiar quan-
tities treated earlier in the case of the circular orthogonal ensembles and a new
quantity N7 (—2n).

LEMMA 5.3 (Duality lemma). Recall (5.1). For any m > 1 and n > 2, the
following holds:

(2)°
(5.28) [}Pm( 1/2)| ]:mz (m) N—Z(_ 2n),
i GO
where . = (A1, A2, ...) and
2 oy 1 )
(5.29) N (=2n) = (i]j‘)[a(l +5— ivi)

PROOF. The quantity Gﬁ () has the following duality (see (10.30) from [20]):
for partitions A, u of m,

0 (@) = (—a)" T WoX (1/a),

where 1/ is the partition of m corresponding to the Young diagram of the transpose
of A. From (4.2), it is easy to see the duality

Cula)= [] (@ti—pH+x;—i+1)(aki—j)+1;—ita)= o> Cyi(1/a).
@i, j)exr
We furthermore have

n+(j—Da—-G-1)

N)L (n)z(ivlj_)[e)\ n+Ja_l
_ n+@—Da—(@G—1)
_(i}l)»’ n+ioe—j
_ —nja—>(—-D+(—-1)/a
_(igk/ _n/a_i‘i‘j/O(
l/a( n/a)
where
(5.30) N2 = ] x—(@-D+y(G -1

G.j)en X—ityl
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for any partition ¢, y > 0 and x € R satisfying that the denominators in the product
are not equal to zero. It follows from dualities given above and (5.1) that

2m 29);71( /O[) o
Ellp(Zs) P =atm? 3 T Ty Mg

AFEm:l(A)<n

0r (1/a)?
w2y /7
Am:a <n C)\(I/Ol)

where A = (A1, A2, ...). Plugging o = 1/2 into this identity,

2
Elpn(Z) ] =m? Y @

AMm:a<n C)‘( )

N (=n/a),

NE(=2n).

Finally, from (5.30),

—on+2j—i—1 1
N2 = ] AL, o <1+f).
Qe —2n+2j—i (. eh 2n —2j +i

The proof is completed. [

LEMMA 54. Let m>n>1 and » = (AM,Xp,...) = m with Ay < n. Let
N )%(—Zn) be as in (5.29). Then there exists a universal constant K > 0 such that:

(i) N2(—2n) < K./nifm=nand )= (n);

(ii) Nf(—Zn)me fA=(@rs)withl<s<r<nandr -+
s =m.

PROOF. Let C :=max; ;<2 Nf(—2n), where A goes over all partitions as in (i)
and (ii) with A1 <2. Since 2n —2j +i >i > 1 for all (i, j) € A with | <n, we
know Nf(—Zn) > 1, and hence C > 1. Also, since m =r + s < 2n < 4, these
partitions are only of finitely many. Thus, 1 < C < co. Then (i) and (ii) hold by
taking K = C. From now on, we assume, without loss of generality, that n > 3.

(1) In this case,

) B n n n 1
Nk(‘z’“—ﬂ(l 2n—2]+1> l_[( )fexp(k:12k_1).

]:1 k=1

Now,

dx =1
2k—1_ Z/kle—lx +f

The desired result then follows.

n

1
Cdx =1+ Slog(2n —1).
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(i1) By the same argument as in the proof of (i),

r 1 s 1
loe N2(=2m) <y — S
og N ”)—gzn—2j+1+j§2n—2j+2
(5.31) ) 1 ) 1
< — —.
D DR e D DR e

k=n—r+1 k=n—s+1
Similar to (i),

n

> : <1+/n Loge—14 biog 2!
= X = —log ——M8M¥
k=n—r+1 2k =1 n—r+12x — 1 2 g2(n—r)+1

<1+11 2n
—log ———.
- 2 gn—r—i—l

A similar inequality also holds true for the last sum in (5.31). Thus,
2

1 n
log N7 (—2n) < C + = 1 :
o () = o s+ 1)

This implies (ii). U

LEMMA 5.5. Let Nf(—2n) be as in (5.29). Let . = (r,s, 1" ") with 1 <
s<r<n,m>r+s and m > n. Then there exists a universal constant K > 0
such that

1 m > m
X Tooane oo =K o

PROOF. We prove the upper bound and lower bound in two steps.
Step 1: Upper bound. First,

d 1 5 1
log N2(—2n) = 31 (1 7) I (1 —)
og N7 (—2n) =) log +2n—2j+1 +j§og +2n—2j+2

j=1
(5.32)
m—r—s+2

1
log(1+——
" ; °g< +2n+i—2>

r

j:12n—2]+1

(5.33)
s 1 m—r—s—+2 1

+j2::12n—2j+2+ g 2n+i—2
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by the inequality log(1 + x) < x for all x > —1. Easily, if » > 1 then

r J+1

Z2n—2j+1 = +Z/ 2n—2x+1dx

1
1 - 4
+/1 m—2x+1F

2n —1
2n —2r +1

and this assertion is evidently true for r = 1. So the above inequality holds for all
r > 1. Thus,

1
=14+-1
+20g

d 1 s 1 1 2n — 1
27 Zi_l—i——logi.
12n—2j+2 7 i 2n—-2j+1 2 2n —2s +1
Likewise,
m—r—s+2 1 m—r—s+2

Z 2n+i—2S Z [12n+x— dx

i=3
m—r—s+2 1 m+2n—r—s
:f ———dx=log————.
2 2n+x—2 2n

Combining the three inequalities with (5.33), we get

2n —1)2 2 —r —s)?
log N2(—2n) < 2+—lg 2n—D)7m+2n —r — )
2 2n)22n—2r+ 1)2n —2s + 1)
2

1 m
5.34 <2+1log3+=1
(5-34) S et e A D@ —2s 1 D)

m
Jo—r+Dn—s+1)

= —r—s <m+2n <3m are used in the
second inequality; the facts 2n —2r +1>n—r+land2n —2s+1>n—s+1
are used in the last inequality.

Step 2: Lower bound. Review (5.32). Use the inequality that log(1+x) > x —x
for all x > 0 to have

log N7 (—2n)

r 1 s 1 m—r—s+2 1
> - - - -
_;2n—2j+1+;2n—2j+2+ Z; 2n+i—2

<(2+1og3) +log

2

r 1 K 1 m—r—s+2 1

_g(Zn—2j+1)2_j§(2n—2j+2)2_ g Qn+i—2)2

1 3
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Observe that each term in the last three sums is strictly monotone in its correspond-
. . 2
ing index. From the fact )72, 12 = & we know that the sum of the last three sums

is bounded by %5~ By the same arguments as before,

- 1 ) 1
I T DDl M e X0
1 2n—2j+1 st j-12n—2x +1

r 1
=/ 7d.x
0 2n—2x+1
l1 2n+1

T2 % 1o

And
Xs: 1 > 11 2n+3
Zm-2j+2° j=12(l’l—|—1)—2]—|—1_2 oam3—as
Now,
m—r—s+2 1 m—r—s+2

; 2n+i—2 = Z / 2n+x— P L

m—r—s+3 1 m+2n—r—s+1
=/ . dx=log
3 2n+x—2 2n+1

In summary,

2 2
1 2 3 2n —r — 1
log./\//f(—2n)2—n—+—log 2n4+3)ym+2n—r—s+1)
2 T2 A D@ —2r+ D2 —25+3)
7% 1 m?
> ——+ - log
2 2 2n—-2r+1)2n —2s +3)

- < 7% 1 1 6) 41 m
———=lo 0 ,
=\72 28 S f—riDi—s+D
where we use the fact that » + s < 2n in the second inequality, and the facts that
2n —2r+1<2(m—r+1) and 2n — 25 + 3 <3(n — s + 1) in the last inequality.
O

LEMMA 5.6. Let Nf(—Zn) be as in (5.29). Then there exists a universal con-
stant K > 0 such that

@) NX(-2m)<K,)———  ifa=(m)and1<m <n;
n—m+1

3 2, "
()  Ni( 2n)SK\/(n_r+1)(n—s+l)
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ifrx=s)withl <s<randr+s=m<n,orkA=(@,s, 1" 7" HHwithl <s <r
andn>m>r +s.

PROOF. (i) Look at (i) in the proof of Lemma 5.4, replace “ 7=1” with
"_,” to have

m n n 1
log N2(—2n) < <1 d
0N (=2 —X:: n—2]+1 k:nz n—1- o1
since 2k1 fk 12 7 dx for all k > 2. Thus,
log N2(—21) < 1+ ~log — ! <1+11 2)+11 "
0 —2n —log —— —lo —log ——
g4 R B G Ry R R g

since 2n — 1 < 2n and 2n —2m + 1 > n — m + 1. This gives (i).

(i1) We consider the two aforementioned cases separately.

Case (a): A= (r,s) with 1 <s <r and r + s = m < n. Review the proof of (ii)
of Lemma 5.4. The first paragraph is still true. The only occurrence of “m”, which
isin “r +s =m”, does not show up in the proof. So we obtain the same 1nequality.

Case (b): A = (r, s, 1"~y with 1 <s <r andn>m >r + s. Review step 1
in the proof of Lemma 5.5, no restriction on the relationship between m and n is
used from the beginning to (5.34). So, by (5.34), we have

) 1 Q2n—1D%(m+2n—r —s)?
log Ny (—2n) <24 ~log
2 T 2n)22n—2r+1)2n—2s+1)

1 9n?
<2+ —log
2 TQ@n-2r+1)R2n—2s+1)

n2

1
<(2+1o0g3) + =1
= @logd) +7log o T )

since m 4+ 2n — r — s < 3n. This gives the conclusion. [J

LEMMA 5.7. There exists a universal constant K > 0 such that

@

mn

<Km foralll <m <n;
n—m

(i1) log(l + > < Kﬁlog(m +1) foralll <m <n;
n

n—m

(iif) {m Sy }<K
111 su _— an .
m>npzl Vm—n m—nj

PROOF. ()If 1 <m <%, thenn —m > % and hence /- < \/2m.If 4 <
m<n—1,then /- < /mn < V2m.
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(i) If 1 <m < 5 then:

m m m 2 m
10g<1+\/ )5\/ <2/—< - /= -log(m +1).
n—m n—m n log2 Vn

If 3 <m <n,then .= > 1 and 2\/% > 1. It follows that

1
log(l—l- /L> §log(2 mt )
n—m n—m

1
<log2+ Elog(m +1)

<2log(m+1) < 4\/§log(m +1).
n

(ii1) Define

m 1 1 n
Apn=—" tan .
n m—n m-—n
Obviously,
Sm
sup Apn < sup Apn+ sup Apn <—+ sup Ay,
m>n>1 n<m=<5n m=>5n m>5n

Note that tan—! x < x for all x > 0. It follows that

A - {m 1 n }
su sup § — -
b m’n_m>?n n Jm—n\Vm-—n

m>5n

) {1 1 }<5
sup{—= - —— 1 < -
SRV T—nm] =4

m>5n

Then (iii) follows. [

LEMMA 5.8. Recall (5.28). Let m > n > 2. Define

ek (2)2
Em n= 2 (m) N2 _2 ,
= ZA Ci.(2) »(=2m)

where the sum is taken over all A = (r,s, 1" ") with 1 <s <r <n and m >
r + s. Then there exists a universal constant K > 0 such that the following hold

1 Enn < K8 'n forallm > (14 8)n and § € (0, 1].

(1) Enun < Knlogn forallm>n > 2.
(iii)) Letw=m —n>0.Then E,, , > K(w + D 2n logn for alln > 12.
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PROOF. (i) From the first assertion of Lemmas 5.2 and 5.5, we know

mn_Cm\/_Z !

Jo—r+Dn—s+Ds(m—r+s)

where the sum runs over all possible r and s satisfying 1 <s <r <n,
m —r —s > 1. Obviously, s < 5. Therefore,

1
Vn—s+1 )SZVn—r+ Im—r+s)

(535  Emn <Cmfz

where m,, =n A [m/2].
Step 1. First, we consider the term corresponding to s = 1 dividing by C, which
is equal to

Z 1 v,
(S D

(5.36)

Easily an,n =ny m <n Zj?o JL =n¢(3/2), where ¢(z) is the Rie-
mann zeta function. Assume now m > n > 1. Then
(5.37) Z !
. =m
f m—n+j

by setting j =n —r + 1. Each term in the sum is bounded by fj 1 f P LH dx.
Consequently,

m " / —n+x m—
J/n/(m—n) 1
dy
m [EBE
2m tan-! n
= an
Jm—n m-—n
by defining y = m’i —. From (iii) of Lemma 5.7, we obtain that
m 1 1 n
(5.38) m a=@2n)- sup {—- tan <Cn
m>n>1 m—n m—n

for any m > n > 1. Hence, to prove the conclusion, it suffices to show

mp 1 n | f
5.39 Winn = Ci 1
( ) SX;\/(H S+1)SVZS\/n_r+l(m—r+S)<
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Step 2. In this step, we prove (5.39) holds forallm > (1+6)n.Set j =n—r+1.
Then, using the same argument as in estimating the term in (5.37), we have

Zm(m—r+s) ]Zl(m—n+s—1)+j'f
n—s+1
Z/ —dx
1a-+x
n—s+1 1 1
= - —dx,
./(; a+x Jx *

wherea=m —n+s—1>1fors>2. Lety=./x/a.lItfollows that

n—s+1 1 1 Jn—s+D)/a 1 4
/o a+x T _f/ T+y2 @

= — -tan _
Ja \ a
Thus,

1 2 n—s+1
649 Zm(m—r—i—s) VAR

for any m > n > 1 and s > 2 [we do not need the condition “m > (1 4 §)n” here].
Therefore, for any n > 2,

W, <2% ! ! [T s L
m,n =
’ SZZJs(n—s+1)(m—n+s—1) m—n+s—1

n! 1 |k
2 tan! [
= ,;Jk(m—k)(n—k) R —

by letting k =n — s + 1. The term corresponding to k =n — 1 in the sum is equal

to
1 _ n—1
tan” " [ ——.
J—1Dm—n+1) m—n-+1

By the inequality tan~! x < x for all x > 0, it is seen that the above quantity is

controlled by -—— n+1 < % *’{1— due to the fact .= = (1 — )_l <148 1<257!
from the assumption m > (1 + §)n. Consequently, to prove (5.39), it suffices to

show

- —1 k —1@
(5.41) Uy, g T k)(n_k) - tan ,/m_ <C$s .
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for all m > (1 + 8)n and n > 3. In fact, since tan~! x < x for all x > 0,

U, , <
= o (m —k)v/n—k
n=2 ck+l 1
<
_k:1/k (m—x)/n—x

1
1 (m—x)«/n—xdx

by the obvious monotonicity. Now,

1 1
Unn < / d
"= —n+1 Jn—x *
_2«/11—1—2
T o om—n+1
2[

m n

By the inequality ™. < 261 again, Uy, < 48‘1%. We get (5.41).

(i1) By taking § = % in (1), we know E,, , < Cn for m > %n. So, to prove (ii),
we assume, without loss of generality, that n < m < %n Recall (5.35). We know
my=nA[m/2] < 3n.Thenn —s+1>2 for | <s <m,. It follows that

1

Epn<CV,, +sz Z\/i

n—r+1m—r-+s)

1
Scn+cn§xfzm(n—r+ﬂ

by (5.36) and (5.38) since n <m < %n. Thus, to complete the proof, we only need
to show
1
H, = Z
YZ\/_ cn—r+1n—r+s)

for all n > 2. In fact, apply (5.40) to the case m =n so that a =5 — 1 > 5 for
s > 2. We know that

(5.42)

<Clogn

1 T

Zm(n—r—l—s) Ja =

%\S’
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for s > 2. It follows that

"1 1
Hy<(@m)-Y - < Q@) <1+ﬂ> < Clogn
P log?2
by (5.11) where C = (47)(log 2)~!. This gives (5.42).
(ii1)) From Lemmas 5.2 and 5.5,
—r—=s r 1

m">cmz(m—r+s)2 s Jo—r+Dm—-s+1D)

whereZsSrfnandm>r—|—s.Sincen—s—|—1§nand\/?z\/%ifrz%.
Then

E > C Z m—r—s 1 1
n D ——————_—_—_—— T e ——
e (r.5)eT) (m—r+s)?7 s Jn—r+1
1

w+t—s 1
=Cn — .. ,
(”)ZGT Wi+ s Vit

where w = m — n as defined in the statement of the lemma,

T, :{(r,s)eN2;2s§r§n,m>r+s andrz%},
t=n—r and
:{(s,t)eZz;sz 1,t20,2s+t§n,t§%andw—i—t—szl},
where N is the set of positive integers and Z is the set of real integers. Easily,
T,DO T3 :={(s,t)eN2; 1 5s§%and2§t§%}.

Consequently,

Z Z w+t—s L 1
2<t<n/21<s<t/2 (w+1 +S)2 \/E Vi+1

t—s 1 1
—<1+w)2 Lo 2 <;+s)2‘$'$

2<t<n/2 1<s<t/2
sincew+t+s<(w+1)t+s)and r + 1 < 2t. Notethat )2

creasing in s € [1, 2], it is bounded below by 5 ; foralll <s 5 ’. Thus,

is strictly de-

Em”—(w_|_1)2 Z Z 3/2 x

2<t<n/2 1<s<t/2

Cn 1
> _ —
~ (w+1)2 Z t

2<t<n/2
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because 13% . % lz for 1 <s <t. Finally, by (5.11),
Z ! > 10g(1 [n}) > Clog
- > =)= n
2§t§n/2t 212

for n > 12, where C = infnzlz{(logn)_1 log(%%])} € (0, 00). In summary,

nlogn

Eppn>C —=—
=T (w4 1)2

foralln >12. O

LEMMA 5.9. Recall (5.28). There exists a universal constant K > 0 such that
E[|pm(2,/*)"] < Kmlog(m + 1)

foralll <m <n.

PROOF. By Lemma 5.3,

(5.43) Ellpw(Z)/A)1=m> Y

A=mia <n

(m)( 2)?

2

Since m < n, the restriction A; < n automatically holds. Review (5.4). Many of the
terms in the sum are equal to zero except the following three types of partitions:
() A=(m); (i) A =(m —r,r) with1 <r < Z; (iii)) A = (r,s, I"7"7%) with 1 <
s<randm-—r —s>1.

Now let us analyze the three sums separately.

Step 1: Analysis of the sum corresponding to case (i). By (5.21), (i) of
Lemma 5.6 and (i) of Lemma 5.7,

(5.44) m? 3 Qém)(z)zfx/z(—zn) <c /™ _c'm
' G2 ~* ~ Nn-m+1—- "7
A=(m)

where both C and C’ are universal constants.
Step 2: Analysis of the sum corresponding to case (ii). Review (5.24). Replace
“(r,s)” in (ii) of Lemma 5.6 by “(m — r, )" to obtain

m2 Z (m)( )2N2( )
r=(m—r,r) C (2)
1 1
Scnﬁp(mz—:r,r)m Ju—r+D—m+r+1)

where the sum runs over all possible A = (m —r,r) with 1 <r < % and m < n.
Use the trivial estimate n — r + 1 > % andn —m+r+1>n—mto see that

(545 m> Y G(Am)(z)zf\/z(—zwc/m” ii—c <§>
) G T EC T s T )

r=(m—r,r)
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by (i) of Lemma 5.7, where ¢ (z) is the Riemann zeta function.
Step 3: Analysis of the sum corresponding to case (iii). Consider

Oy (2)°

2
2n
CA()N( )

A=(r,s,1Mm77=5)

where the sum is taken over all partition A = (r,s, 1"7"7°%) with 1 <s <r and
n > m > r + 5. From the first assertion of Lemmas 5.2 and 5.6, we know

1
mnfcnfz

Joao—r+Dm—s+ Ds(m—r—+s)

where the sum runs over all possible r and s satisfying 1 <s <r,m—r —s > 1 and
n > m. Clearly, s < %, hencen—s—+1> % Further, the restriction “m —r —s > 17
implies that m > 3. Therefore,

(5.46) n = Cfmmn Zmzf(m—r+s)

Use the inequality m <[5, m dx to get

" 1 r 1
2—5/ S E—
szlﬁ(m—r—i-s) 0 J/x(m—r+x)
Jr]m—=r) 1

2 r
dy = tan~!
«/ —r 1+y2 Y Jm—r m—r
by setting y = /mx_r. Since tan~ ! x < min{x, %} for all x > 0, we have

Z:\/mxz\f(m—r—i-s)

(5.47)
1

Jr
<2 — .
- 1925;"/2 Vn—r(m-—r) nm/zggzm—z N —=r)m—r)

Observe thatn —r > 5 and m —r > 5 for 1 <r < 5. Then

i :
Z Vn—r(m—r) " myn _Z v

1<r<m/2

(5.48) <—= > Vxdx

IA
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since [ /xdx = %(m3/2 — 1). On the other hand,

1
m/zerSm_z\/(l’l—l’)(m—r) m/2<rz<m 2/ v n—x)(m—x

m—1 1
S/m/z (n—x)(m—x) dx

m/2 1
1 Jy(nm—m+y)
by taking y =m — x. Now, let u = /y/(n — m), the above integral becomes
2/«/141/(2(n—m)) 1 J 4/«/m/(n—m) 1
1//n=m Vi+uz u+1

:410g<1 +1IL>
n—m

by using the inequality 1 + u? > %(1 + u)?. By (ii) of Lemma 5.7,

u

1 m
> <C,/—log(m+1),
m/2<rm—2 Jm—r)yim—r n

which together with (5.47) and (5.48) gives

Z\/mz\/_(mir—i-s) '(Eﬁ-glog(m—i-l)).

This inequality and (5.46) conclude that

(5.49) Enn<C-mlog(m+1).

At last, according to (5.43) and its following paragraph, the desired result follows
by considering (5.44), (5.45) and (5.49) together. [

PROOF OF PROPOSITION 2. From Lemma 5.9, we know that we only need to
prove the theorem for the case m > n. By (5.28),

Oy (2)°

2
C(Z)N(2)

(5.50) E[|pn(Z,)] Z
where the sum is taken over all A = m : A1 < n. Review (5.4). Many of the terms in
the sum are equal to zero except the following three types of partitions: (i) A = (m);
@MrA=m-—-r,r)ywithl<m—r<nandl1 <r < %; (i) A = (r, s, 1"7"75) with
l<s<r<nandm-—r—s>1.

Now let us analyze the three cases one by one.
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(a): The estimate of the sum corresponding to case (i). When A = (m) with
A1 =m <n, itis seen that m = n, then from (5.21),

(m) (m)
@ " e <OV

By (i) of Lemma 5.4, we know

A 2
22

C(2)
(b): The estimate of the sum corresponding to case (ii). If A = (m — r, r) with

l<m—-—r<nandl<r< m , then from (5.24) and (ii) of Lemma 5.4 [replace
“(r,s)” by “(m —r,r)"],

(5.51) NZ(=2n) < Cn.

0y (2)° c n
27(m) 2
m-———N;(=2n) < —5+/m-
C,r(2) i€ )—rs/zf Jo—r+Dmn—m+r+1)
B2
<C- .
PEIEN
since the restrictions on r imply that m < 2n and 1 <r < n. Therefore,
2
Oy (?
N;(—2n
Z Gy M=)
1 1 1 1

1o P =+ namren TP =141

where the sum is taken overall A = (m —r,r) withl <m —r <nand 1 <r < %

The term in the first sum is controlled by %; each term in the second sum is

dominated by ;15%' Consequently,

(DY o 2 o
c,. *

< (2(3)n+s) =c-(2¢(3) +8)n,

where the sum is taken corresponding to case (ii) and ¢{(z) is the Riemann zeta
function.
(c): The estimate of the sum corresponding to case (iii). Let m > n > 2. Define

Ly (22
2 n) 2,
Epn=m Z XD — N (=2n),

(5.52)



3324 T. JIANG AND S. MATSUMOTO

where the sum is taken over all A = (r,s5,1"7"7%) with 1 <s <r <n and
m >r +s. By Lemma 5.8, there exists a universal constant K > O such that the
following hold:

(A) Epp<Ké 'nforallm> (1+8)nands € (0, 1].

B) Enn <Knlognforallm>n=>?2.

(©) Letw=m—n>0.Then E,;, , > K(w + 1)*211 logn for all n > 12.

If 12 <n <m <2n then nlogn > imlogm. It follows that E,, , > K(w +
D2m logm for all 12 < n < m < 2n. These combined with (5.50), (5.51)
and (5.52) imply that

(A Ellpm(ZY*) 21 < K6 'nforall m > (14 8)n and 8 € (0, 1].

(B E[|pm(ZY/*)?] < Kmlogm for all m > n > 2.

(©) Ellpn(Zy' 212 Epn = Kw + 1)2mlogm forall 12 <n <m < 2n.

Finally, (A)" and (C)’ are identical to (i) and (iii) in the statement of Propo-
sition 2, respectively. As mentioned at the beginning of the proof, (B) and
Lemma 5.9 implies (ii) of the proposition. [

5.3. Proofs of Theorems 2, 3 and 4. With the preparations in Sections 5.1
and 5.2, we are now ready to prove the central limit theorems.

PROOF OF THEOREM 2. For any complex numbers c;’s and di’s with
>k ekl + |di]) # 0, define
m m _
Xn=) lejpi(Zy) +dipj(Zy)] and X =3} [c;&; +djE)).
j=1 j=1
We claim that, to prove the theorem, it is enough to show
(5.53) lim E(X]X]) =E(X"X)

for any integers p > 0 and ¢ > 0 with p + g > 1. In fact, for a complex random
vector U = (U, ..., Uy) € C™, we treat it as the real vector U € R*" by listing
their real and imaginary parts in a column. Since the real and the complex parts of

U; are Yi ;Uj and Yi 2_in , respectively, for each j, then a’ U for a € R?" is a linear
combination of U;’s and U j’s with complex coefficients. Thus, by the Cramér—
Wold device (see, e.g., page 176 from [7]), to prove the theorem, it suffices to show
X, converges weakly to X as n — oo. Trivially, X has the same distribution as that
of an1 + bn, where 51, 1y are i.i.d. with distribution N (0, 1) and a, b are complex
numbers, hence X is uniquely determined by its moments. By the moment method,
we only need to check (5.53).

First, E[ p,.(Z;)) py(Z%)] = 0 unless the weights |u| and |v| are equal. This fact
follows in a way similar to the proof of Proposition 3. The key is Lemma 4.2: Jack
polynomials are orthogonal. We have

(5.54) E[p.(Z2)]=0 in particular E[ px(Z2%)] =0
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forall || >1and k > 1.

Second, expand X Pxq and XP X7 as sums of M terms, where the number M
does not depend on n. In the same way, it is seen that, to prove (5.53), we only
need to show

(555 lim IE(H pj(z2) ]‘[p, z9) )=E<ng§f : ngjq)
j=1 j=1

j=1
for nonnegative integers /;’s and l;’s with Z 1lj=1or Z ll/ >1.Setu=
(1, 2k mimy and v = (lli, 215, ,ml'/w). Then, according to (2.1),

m N
I =>"1; and z, =[] "
j=1

j=1
The quantities /(v) and z, are defined similarly. Hence, by (a) of Corollary 1,

The left-hand side of (5.55) = lim E[p.(Zy)pv(Z2)]

2\

By independence and rotation-invariance, we know that the right-hand side
of (5.55) is zero if [; # l} for some j, or equivalently, u # v. If © = v, then

(w) m

L B ANN 2
(5.56) E(H &1 éj-’) = [TE(s;1*) = <—> [1/5
j=1 =1 j=1 p j=1

since |&; |2 ~ %J W where W is the exponential distribution with density e™* 1 (x >
0) and EW! = ! for all integer / > 1. We then obtain (5.55). [

PROOF OF COROLLARY 3. Leta = % and Z% = (¢!, ..., ¢¥). Write
ZZCkelkgf _chzelkéj = Un +ZCkPk Zot
j=1k=0
with pi(z) = /-:1 Zj for z = (z1,...,24). By Theorem 2 and the continuous

mapping theorem, X, — i, converges weakly to Z := 21}1:1 cj&j as n — 00,
where &;’s are independent random variables and &; ~ CN (0, ﬂ) for each j. It
is easy to check that Z ~ CN(0,02). O

LEMMA 5.10. Let X ~CN(O0,1) and c,d be two complex numbers. Then
cX+dX =U++iV where (U, V) ~ N»(0, X) with

2_1 lc+d|* 2Im(cd)
2 \2Im(ed) |c—d)? )
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PROOF. Let & be a standard normal random variable and a = a; + api be a
complex number, where a; € R and a; € R. Then a§, as a 2-dimensional random
vector, has the same distribution as that of (a&, ax&) ~ N»(0, X ) where

5 _( a? CllClZ)_l( a+a)? (52—a2)i)
"Naa @2 )T a\@-ad)i —@-a?)
Let &1, & be i.i.d. with distribution N (0, 1), and ¢, d be complex numbers. Then
&1+i& &1 —i& c+d c—d
c +d = 1 +i——
72 NN RN

as a sum of independent (2-dimensional) normal random vectors, has distribution
N>(0, X») where
o o
5, — < 11 12) .
012 022

Since the covariance matrix of the sum of two independent random variables is the
sum of their individual covariance matrices, we have
o =g((c+d+é+d)?—(c—d—c+d)?)

=g 4c+dDC+d) =jle+dP

&2,

by using the identity x> — y? = (x + y)(x — y). And by the identity again,
op=—x3(c+d—c—d?—(c+i—d—d)?
=—%-4(c—d)(d—0) =%lc—d*

Now,
o1 = é((é—i—c?)z —(c+d)? —@E—d*+(c—ad)?) = %@— cd).

Thus, c& +d& = U +iV where (U, V) ~ N>(0, X£3) and
_1< lc+d)? @—cd)i)

23=5\ d = caji lc —d?

g

LEMMA 5.11. Let {X,;1 <n < oo} be complex normal random variables
with mean zero for each n. Then, X, converges to X weakly if and only if
lim,— 0o E(XE X1 = B(XE XL) for any integers p > 0 and g > O with p+q > 1.

PROOF. Write X,, = U, + iV, for all 1 <n < oo, where U,, and V,, are real
random variables. Then there exists a 2 x 2 nonnegative definite matrix X, such
that (U, V) ~ N2(0, X,,) for each n. Since both U, and V,, can be expressed
by linear combinations of X, and X, and vice versa. The lemma then can be
interpreted as follows: (U,, V,,) converges to (U, Voo) Weakly if and only if
lim,, oo E(UY Vi) = E(UL V) for any integers p > 0 and g > 0 with p+¢ > 1.
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The sufficiency is obtained by using the moment method and the Cramér—Wold
device. We now show the necessity. By using characteristic functions, it is easily
seen that (U, V,,) converges to (Us, Vo) weakly if and only if lim,, 5o (X,)ij =
(X0)ij for all 1 <i, j <2. Now, assuming (U,, V) converges to (Uso, Vo),
then U} V,! converges weakly to UL VL by the continuous mapping theorem.
So we only need to show the uniform integrability. In fact, let r = p + g + 1,
then by the Holder inequality, E(U,%p Vnzq) < [E(U,%’)]p/’ . [E(Van)]q/r_ We know
EUZ) = (Z)NEWNO, 1)) - (Zo) P E(N(O, D) = E(UZ) as n — oo.
This shows that sup, - E(U,%p Vnzq) < 00. In particular, {U,f’ vin> 1} is uni-
formly integrable. [

PROOF OF THEOREM 3. Setm =m, = [logn]+ 1 forn > 1, where [x] is the
integer part of x > 0. Review (b) of Theorem 1 and (5.54). We know

E[p;j(Z3)pe(22)]=0  forany j #k > 1;
E[p;j(Z22)pk(22)] =Epu(Z3) =0  forany j>landk > 1,

where w := (J, k) is a partition. In particular,

E[(ajpj(Zy) +b;p;(22)) - (ax pr(Z3) + bipr(Z2))]
=8k - (laj > + 1b;1})E| p; (22)
forall j >1and k > 1. Set
m —_—
Yo=Y (aj& +bj&)),
i=1

where &;’s are i.i.d. random variables such that §; ~ CN (0, 2) for each j > 1. By
the Minkowski inequality,

2
<2E

2 2

> bjE

j=1

Z(aj§j+bj§j) +2E

j=1

E

0
> ajk;
j=1

o0
<4 jllajl® +1b1%) < oo.
j=1
Therefore, Y, converges weakly to Y := ?‘;l(ajéj +bj§j). Write a ;& —|—bj§j =
U; +1iVj for each j such that (U;, V;) € R? and (Uj, Vi) ~ N2(0, X;). Then, by
Lemma 5.10,
:( jlaj+bj1*  2j -Im(a_jbj)>
77 \2j - Im(ajb;)  jlaj —bjl?
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for each j. Thus, Z —1(aj&; + b; S,) has the law of U + iV where (U, V) ~
N> (0, X) with

o o0
> jlaj +bjl? 2-Im<Zjajbj)
2-Im<Zjajbj> Zj|aj—l;j|2

j=1 j=1
since the covariance matrix of the sum of independent random variables is the sum
of their individual covariance matrices. By Lemma 5.11,

(5.57) lim E[YPVI]=E[y"¥].

Proposition 1 tells us that E[|p; (Z,%)lz] < Kjforall j > 1and n > 2, where K is
a universal constant. We then have
2
2 2 2y12
E’ > (ajpi(Z0) +b;pi(22)| = Y (la; >+ 1b;P)E| p;(27)]

Jj> j>m

(5.58) -~
<K > j(lajl*+1b;1*) — 0
j>m

as n — 00. This shows that Z?im(aj Pj (Z,zl) +bjp;j (Z,%)) converges to zero in
probability as n — oo. By the Slutsky lemma, to prove the theorem, we only need
to show

(5.59) Za,p, 2)+bipj(Z2) > Y

weakly as n — oo. Thus from (5.57), similar to (5.53), to prove (5.59) it suffices
to show that
(5.60) lim (E[X?X4] - E[Y/Yd]) =0.

n—oo

Recall the multinomial formula,

P — P
(561) (x4 +x0) 2 (zl,zz, .
Ii+-+g=p

for any complex number x;’s, positive integers kK > 2 and p > 1, where [;’s are
nonnegative integers. Note that X, is a sum of 2m terms. Expand X} X} to have

E[X{;XZ]:Z(ZLP’IZWI)(Z;’ ) 1_[ 1b"1+j H_l;bl;+m

WA
2m7 = j=1

m

i +
[H pj( Zz pi( Zz J

(pj( 22 PJ Zz) m+])}
j=l1 j=l1
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where the sum runs over all possible nonnegative integers /;’s and l;-’s with

2’" 1lj = p and Yol =g. Rearranging the products in the expectation, we

j=1 J
get
P¥q p " / m+/ - l// s
]E[Xn Xn] = Z / )i : ! l 1_[ b 1_[ b
1’ AR ) 2m 17 .. 2m .: J 1
(5.62) o, o,
[l—[ (Z2)" it I PRZ) (Z%)1}+1,n+j]

=1 j=1

Similarly,
rya P q Ly T L e
E[YnYn]:Z I bm )\ N/ l_[(ajbj )H ij
s oo 2m 1o bom j=1 j=1
(5.63) . .
L+l U+,
% |:1—[ %_jH- m+j 1—[ S/+ +1]

j=1 j=1

We claim that
- 2\ i+ IVARY
E| [Tpi(z0) - T1 pi(232)
j=1 j=1
m l'+l’/n ) m —1/‘+lm )
(5.64) _E|:l—[ Ejj +i | H Sjj +/j|
j=1 j=1

< Cp,q 1_[ ](l it j)/2 . 1_[ _](I +l,,,,,+j)/2

uniformly for all possible /;’s and [;’s in the two sums, where C, , is constant
depending on p and ¢ only. In fact, let u and v be two partitions so that

I,L = (lll+ll/ﬂ+l s 212+ll/11+2’ cee mlm-’_lém);
V= (lli+lm+l , Zlé+lm+2 ) mlm-HZm)
Then () = 1(l + lm+J) < p + q and similarly [(v) < p 4+ ¢, and

m
= |plv v = Z] L+l )V Y J G+ lntj) Sm(p+q).
j=1
According to this notation,

(5.65) E[H pi(Z2) s T v <z,%)’f”'"*’} = B[ p,(22)pu(2D)]-

j=1 j=1
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By (5.56),
AL PR L [ .
l—[ S]j +i l—[ fjj +J:|
:1 .:1
(5.66) ’ ’
2\!W I
= 5#"(5) [T+ b ) = 80’ Wz,

j=1

where o = % =2and z, is as in (2.1). Since Z’J’?:] (lj +lnyj) < p+gq,then

Card{l < j <milj +lpyj > 2} <

P+q
7

Using lj + 1y s < p+gqforalll < j <m, we get

3

0<061(M)Z < (2p+q((p+q); (P‘H])/Z 1—[ l+l;n+J

A similar inequality also holds for /™7, From (a) and (b) of Corollary 2, we see
that

|E[pM(Z,%)M] - 5uvo‘l(mzu«’ =Cpq-— l_[ J(l e )12 l_[ J(l +lm+,~)/2,

where C), 4 is a constant depending on p and ¢ only. This together with (5.65) and
(5.66) yields (5.64).
Now, combining (5.62), (5.63) and (5.64), we arrive at

[E[X7X7] B[y, Y]]

m
. ﬁ . p . m+]
=Cra 2(11,---,lzm> (li lz,n) fla, (Vb

n j=1

x ﬁ (V1)1 (/71D j1)

Jj=1

:c,,,q-%(é (Vilajl+ijlb;1) |> (é flaj|+fjlbjl))q

3

=Cpq o (Z Vilajl+ilb; |)>p+q,

j=l1
where (5.61) is used in the first identity. From the inequality (x| + - - - 4 Xx2;)% <
2m (xl2 4+ x%m) for any real number x;’s we see that

_ - 1
[E[XPXY] — B[V 7] = (C) o) ~m 0 +0)/2 L g
’ n
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as n — oo since m = [logn] for n > 3, where C;,’q is a constant depending on p
and ¢ only. This confirms (5.60). [

PROOF OF THEOREM 4. From the assumption that Z?‘;l(j 10gj)(|aj|2 +
1b;1?) € (0, 00), we know o2 € (0, 00). Take m = m,, = [logn] for n > 3. By (ii)
of Proposition 2, the assumption Z;’-‘;l(j logj)(|aj|2 + |bj|2) € (0, 00) and the
same argument as the derivation of (5.58), to prove the theorem, it is enough to
show that

m - o
12 =
Do(@ipi(Zy) +bipi(Za%) = Yo (@€ +bjE))
j=1 j=1

weakly as n — oo, where {&;; j > 1} are independent random variables with &; ~
CN(0, %j) for each j. Write a;&; + bjéj =U; +1iV; for each j with (U;, V;) €
R2. By Lemma 5.10, (U;, V;) has the distribution N»(0, X ;) where

1 ( jlaj+bj*  2j .Im(a_jbj)>

774 \2j - Im(a;bj)  jlaj —b;|?
It follows from the independence that Z?O:] (aj&j+b; £ ;) has the law of U +iV
where (U, V) ~ N»(0, X) with

o0 _ o
> jlaj +bjl? 2-Im(Zjajbj>
j=1

Jj=I
(0,0] o0 _
z-lm(zfa,-bj) S flay — by
j=1 j=l1

Then the rest proof will be completed by following the same arguments as in the
corresponding parts in the proof of Theorem 3. [J

1
Y=-

APPENDIX

In this section, we calculate some moments for the circular 8-ensembles. The
first result below is an independent check of the second moment of the trace of a
COE given in (1.4). The derivation does not depend on the Jack function as used
in Section 4.1. It only uses the distribution of the entries of the COE.

LEMMA A.1. Let W, be an n x n circular orthogonal ensemble (COE), that
is, W, = UnT U, for some Haar-invariant unitary matrix U,,. Then E[| Tr(Wn)|2] =
2n/(n+1) foralln > 2.

FIRST PROOF OF LEMMA A.1. We prove the lemma in three steps.
Step 1. Write U, = (u,s). First, we claim that

(A1) E[u}siir,]=0
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if » £ p or s # ¢. In fact, since U, is Haar-invariant unitary, the distributions of
UU, and U, U are the same as that of U, for any unitary matrix U. In particular,
take U = diag(elgk)lfksn to obtain that

E((eierurs)lfr,sfn) = ‘C((eiesu”)lir,sfn)
= E((”rs)lihsfn)

(A.2)

forany 0y, ..., 6, € R, where £(X) is the joint distribution of the entries of random
matrix X. If r # p, taking 6, — 6, = 7 /2, then by (A.2), we have that

B 73,] = XL 2, ] = ~E[2 2, ]

which means (A.1). The case for s = g can be proved similarly.
Step 2. Recall notation 2m — 1)!! = (2m — 1)(2m — 3)---3 - 1 for any integer

m > 1, and (—1)!! = 1 by convention. We have the following fact (Lemma 2.4
from [15]):
[T'.;a; — D!
A3 E E | = = ,
where ay, ..., a, are nonnegative integers witha =)_7_, a;, & = X?/(X% 4+ 4

X,Zl) and X1, ..., X, are i.i.d. random variables with X| ~ N (0, 1).

Step 3. Evidently, Tr(Wy,) = > "1<; j< ulzj Notice, from the invariant property,
by exchanging some rows and some columns of U,,, we see that the distributions
of u,s and u 1 are identical for any 1 <r, s <n. By (A.1),

s (5]
- E[; |urs|4:| =n?E[Jun|*].

(A.4)

It is known (e.g., Lemma 2.1 in [15, 17]) that the probability distribution of |u11 |2
is the same as that of (X2 + Xz)/Z 2 X;%. By (A.3),

3 1
Bl = gy W4 ElERI=5 o
Then
2
E[lun|*] = E[¢1 +£)*] = 2B[£7] + 2E[£16] = nn+1)

Substitute this into (A.4) to see that E[| Tr(W,)|?1=2n/(n +1). O
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SECOND PROOF OF LEMMA A.l. We use the following formula due to
Collins [2] (see also [21]): let (u;j)1<i, j<n be an n x n CUE matrix (or equiva-

lently, an Haar-distributed unitary matrix) and let i1, ..., ix, ji, ..., jk» 015 -+ i
Jis---s Jz be elements in {1,2, ..., n}. Then
Eluiy jy - i j i i
Ji T Ry
(A.5) 171 kJk )
-1
Z wgn,k(a T)(H ip,i U(p)) (1_[ Jg» jr(q)>
0,71€6; p=1

Here, & is the symmetric group and Wg, ; is a class function on &, called the
Weingarten function for the unitary group. For our purpose, we do not need the
explicit definition of Wg, ; but use the case for k =2. In fact, for n > 2, we know
(see (5.2) of [2])

Wg, »(idy) = and

n2—1

Weyo((12) = ———

En.2 T T =1y
where idy and (1 2) are the identity permutation and the transposition on {1, 2},
respectively.

We have | Tr(W,,)|? = dors, p g ” pq By (A.5), E[u“ pq] is zero unless r = p

and s = g. Moreover, E[urs ,s] = E[|u11| ] for all 1 <r, s <n. Therefore, us-
ing (A.5) and (A.6), we obtain

(A.6)

2n
n+1 O

E[|Te(Wa)[*] = n®E[Ju11[*] = 202 {Wg, 5(id2) + We, 5 ((12))} =

Lemma A.1 corresponds to the conclusion for 8 =1 in (2.4), which is derived
through Proposition 3 by the Jack functions. Now we apply the same proposition
to derive some other moments for the circular 8-ensembles. Let p; and Z, be as
in Theorem 1.

EXAMPLE. Assumea =2/ > 0. Forn > 2,

2ne?(n? 42« — Dn — )

E[|p1(Zn)[*] = —~ — -
(A7) m+aoa—1n+aoa—-2)n+2a—1)
8(n? +2n—2)’ =1,
(n+1)(n+3)
=12, if B =2;
2n? —2n —1 ,
if 6 =4.

(2n—1)2n —3)’



3334 T. JIANG AND S. MATSUMOTO

EXAMPLE. Assumea =2/8 >0.Forn > 2,

_ 2an(n®+2(a— Dn+a® =30+ 1)
4+ a—-Dm+20—Dn+a—2)

E[|p2(zn)|2]
(A.8)

2 _
Ant+2n—1) itp=1:
(n+1)(n+3)
24,
4n° —4n —1 ’ itp=a.
2n —1)(2n —3)
EXAMPLE. Assumeoa =2/8 >0.Forn > 2,
E[p2(Zy) p1(Zn)?] = E[p2(Z,) p1(Zn)?]
20%(a — Dn
(A.9) =
m+a—1m+2a—1Dn+aoa—2)
———E———, ifg=1;
n+1DHn+3)
=1o, if B=2;
-1 .
on—Den_3 P=%
In particular, if  # 2, as n — oo,
(A.10) E[p2(Z) p1(Zn)?] ~ 20 (e — 1)n 2.

PROOFS OF (2.4), (A.7), (A.8) AND (A.9). Letn > 2, u and v be partitions
of 2. Set « = 2/8. By Proposition 3 and (4.8), we have

E[pu(Zn)pv(Zy)]
— W) (4“2_1(“)“2_1(U) nin+ )
202(@+1) (n+a—1)n+2a—1)
4(—1)2 1 (=12 n(n —1) )
2(ax+ 1) nm+a—1Dnm+aoa—2)
20 W+ W)y, AW (g 4 o) (=D WHOI g — 1)
:a%a+nm+a—n( n+2a—1 nto—2 )

(A.11)

(i) Take u =v = (1) in Proposition 3. Since 9((11)) () =1, C1)(a) = o for any
o > 0, we obtain (2.4).
(i) Taking u =v =(1,1) in (A.11), (A.7) follows.
(iii) Taking u =v = (2) in (A.11), (A.8) follows.
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(iv) Taking u = (2) and v = (1, 1) in (A.11), we get the identity for the first
expectation in (A.9). Since the value of the expectation is real, the identity for the
second expectation follows. With the earlier conclusion, (A.10) is obvious. [J
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