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We develop a new method for studying the asymptotics of symmetric
polynomials of representation-theoretic origin as the number of variables
tends to infinity. Several applications of our method are presented: We prove
a number of theorems concerning characters of infinite-dimensional unitary
group and their g-deformations. We study the behavior of uniformly random
lozenge tilings of large polygonal domains and find the GUE-eigenvalues dis-
tribution in the limit. We also investigate similar behavior for alternating sign
matrices (equivalently, six-vertex model with domain wall boundary condi-
tions). Finally, we compute the asymptotic expansion of certain observables
in O(n = 1) dense loop model.
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1. Introduction.

1.1. Overview. In this article we study the asymptotic behavior of symmet-
ric functions of representation-theoretic origin, such as Schur rational functions or
characters of symplectic or orthogonal groups, etcetera, as their number of vari-
ables tends to infinity. In order to simplify the exposition we stick to Schur func-
tions in the Introduction where it is possible, but most of our results hold in a
greater generality.

The rational Schur function s, (xy, ..., x;) is a symmetric Laurent polynomial
in variables x1, ..., x,. They are parameterized by N-tuples of integers A = (A >
Ay >--- > Ap) (we call such N-tuples signatures, they form the set GT ) and are
given by Weyl’s character formula as

WAN=j N
detlx; lilj=1

ni<j(xi _xj)

Our aim is to study the asymptotic behavior of the normalized symmetric polyno-
mials

(X1, .., xN) =

N—k
L....D
(1.1 St N 1y = 2O e b
s,(1,..., 1)
——
N
and also

Sa(X1, .. ny Xk l,q,qZ,...,qN_k_l)

si(1,...,gN "D ’

for some g > 0. Here A = A(N) is allowed to vary with N, k is any fixed number
and x1, ..., x; are complex numbers, which may or may not vary together with N,
depending on the context. Note that there are explicit expressions (Weyl’s dimen-
sion formulas) for the denominators in formulas (1.1) and (1.2). Therefore, their
asymptotic behavior is straightforward.

(1.2) Si(x1, ..., xk N, g) =
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The asymptotic analysis of expressions (1.1), (1.2) is important because of the

various applications in representation theory, statistical mechanics and probability,

including:
e For any k and any fixed xi,...,xx, such that |x;| = 1, the convergence of
Sy(x1,...,x; N, 1) [from (1.1)] to some limit and the identification of this

limit can be put in representation-theoretic framework as the approximation of
indecomposable characters of the infinite-dimensional unitary group U (co) by
normalized characters of the unitary groups U (N); the latter problem was first
studied by Vershik and Kerov [68].

The convergence of Sy (x1,...,xx; N,q) [from (1.2)] for any k and any fixed
X1, ..., X, is similarly related to the quantization of characters of U (00);
see [34].

The asymptotic behavior of (1.1) can be put in the context of random matrix
theory as the study of the Harish-Chandra—Itzykson—Zuber integral

(1.3) / exp(Trace(AUBU 1)) dU,
U(N)

where A is a fixed Hermitian matrix of finite rank, and B = B(N) isan N x N
matrix changing in a regular way as N — oc. In this formulation the problem
was thoroughly studied by Guionnet and Maida [36].

A normalized Schur function (1.1) can be interpreted as the expectation of
a certain observable in the probabilistic model of uniformly random lozenge
tilings of planar domains. The asymptotic analysis of (1.1) as N — oo with
x; = exp(y;/~/N) and fixed y;s gives a way to prove the local convergence of
random tiling to a distribution of random matrix origin, the GUE-corners pro-
cess (the name GUE-minors process is also used). Informal argument explain-
ing that such convergence should hold was suggested earlier by Okounkov and
Reshetikhin in [59].

When A is a staircase Young diagram with 2N rows of lengths N — 1, N — 1,
N—-2,N-2,...,1,1,0,0, (1.1) gives the expectation of an observable
(closely related to the Fourier transform of the number of vertices of type a on
a given row) for the uniformly random configurations of the six-vertex model
with domain wall boundary conditions (equivalently, alternating sign matrices).
Asymptotic behavior as N — oo with x; = exp(y;/ V/N) and fixed y; gives a
way to study the local limit of the six-vertex model with domain wall boundary
conditions near the boundary.

For the same staircase A the expression involving (1.1) with k£ = 4 and Schur
polynomials replaced by the characters of symplectic group gives the mean of
the boundary-to-boundary current for the completely packed O(n = 1) dense
loop model; see [23]. The asymptotics (now with fixed x;, not depending on N)
gives the limit behavior of this current, significant for the understanding of this
model.
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In the present article we develop a new unified approach to study the asymp-
totics of normalized Schur functions (1.1), (1.2) (and also for more general sym-
metric functions like symplectic characters and polynomials corresponding to the
root system BC,), which gives a way to answer all of the above limit questions.
There are 3 main ingredients of our method:

(1) We find simple contour integral representations for the normalized Schur
polynomials (1.1), (1.2) with k = 1, that is, for

T | 1,qg,...,qN 2
(1.4) su(x ) and spy(x,1,q q" ™)

si(1,..., 1) sp(1,...,gN-1) ~
and also for more general symmetric functions of representation-theoretic origin.
(2) We study the asymptotics of the above contour integrals using the steepest
descent method.
(3) We find formulas expressing (1.1), (1.2) as k x k determinants of ex-
pressions involving (1.4), and combining the asymptotics of these formulas with
asymptotics of (1.4) compute limits of (1.1), (1.2).

In the rest of the Introduction we provide a more detailed description of our
results. In Section 1.2 we briefly explain our methods. In Sections 1.3-1.7, we
describe the applications of our method in asymptotic representation theory, prob-
ability and statistical mechanics. Finally, in Section 1.8 we compare our approach
for studying the asymptotics of symmetric functions with other known methods.

In the next papers we also apply the techniques developed here to the study
of other classes of lozenge tilings [61] and to the investigation of the asymptotic
behavior of decompositions of tensor products of representations of classical Lie
groups into irreducible components [13].

1.2. Our method. The main ingredient of our approach to the asymptotic anal-
ysis of symmetric functions is the following integral formula, which is proved in
Theorem 3.8. Let A = (A1 > Ay > --- > Apn), and let xq, ..., xx be complex num-
bers. Denote

Si(xt, ..o xk 1,001
s (1, ..., 1D

with N — k 1s in the numerator and N 1s in the denominator.

SH(xt,...,xp; N, 1) =

THEOREM 1.1 (Theorem 3.8). For any complex number x other than 0 and 1,
we have
(N=D! 1
N-1 _yg N — 4z,
(x—1 2mi Cni:1(Z—()\i+N—l))

xZ

1.5) Si(x; N, 1) =

where the contour C encloses all the singularities of the integrand.
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We also prove various generalizations of formula (1.5): one can replace 1s by
the geometric series 1, ¢, g2, ... (Theorem 3.6), Schur functions can be replaced
with characters of symplectic group (Theorems 3.15 and 3.18) or, more, generally,
with multivariate Jacobi polynomials (Theorem 3.22). In all these cases a normal-
ized symmetric function is expressed as a contour integral with integrand being
the product of elementary factors. The only exception is the most general case of
Jacobi polynomials, where we have to use certain hypergeometric series.

Recently (and independently of the present work) a formula similar to (1.5) for
the characters of orthogonal groups O(n) was found in [41] in the study of the
mixing time of certain random walk on O (n). A close relative of our formula (1.5)
can be also found in Section 3 of [20].

Using formula (1.5) we apply tools from complex analysis, mainly the method
of steepest descent, to compute the limit behavior of these normalized symmet-
ric functions. Our main asymptotic results along these lines are summarized in
Propositions 4.1, 4.2, 4.3 for real x and in Propositions 4.7 and 4.8 for complex x.

The next important step is the formula expressing S (x1, ..., Xk; N, 1) in terms
of Sy (xi; N, 1) which is proved in Theorem 3.7:

THEOREM 1.2 (Theorem 3.7). We have

S)‘-('xl""’xk; N? 1)

1
1.6) =———
(19 Hi<j(xi_xj)
k : k N—1
(N —i)! K j1k ; (xj — 1)
X ];[1 e = det[ DY LJ:I(};[] S N D= )

where Dy is the differential operator x%.

Formula (1.6) can again be generalized: 1s can be replaced with geometric series
1,q, qz, ... (Theorem 3.5), Schur functions can be replaced with characters of
the symplectic group (Theorems 3.14, 3.17) or, more, generally, with multivariate
Jacobi polynomials (Theorem 3.21). Formulas similar to (1.6) can be found in the
literature; see, for example, [24], Proposition 6.2, [51].

The advantage of formula (1.6) is its relatively simple form, but it is not straight-
forward that this formula is suitable for the N — oo limit. However, we are able
to rewrite this formula in a different form (see Proposition 3.9), from which this
limit transition is immediate. Combining the limit formula with the asymptotic re-
sults for Sy (x; N, 1) we get the full asymptotics for S) (xy, ..., xx; N, 1). As aside
remark, since we deal with analytic functions and convergence in our formulas
is always (at least locally) uniform, the differentiation in formula (1.6) does not
introduce any problems.
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Theorems 1.1 and 1.2 allow us to study the asymptotic behavior of normalized
Schur functions in various settings, which are motivated by the current applica-
tions:

e As Aj(N)/N — f(i/N) in a sufficiently regular fashion for a monotone piece-
wise continuous function f on [0, 1] (used in the statistical mechanics applica-
tions of Section 5) or as A(N) grows in certain sub-linear regimes (used in the
representation theoretic applications of Section 6).

e As the variables xi, ..., x; are fixed, or as they depend on N, for example,

X = ey"/‘/ﬁ for fixed y; (used in Sections 5.1 and 5.2).

We believe that the combination of Theorems 1.1, 1.2 with the well-developed
steepest descent method for the analysis of complex integral, paves the way to
study the delicate asymptotics of Schur polynomials (and more general symmet-
ric functions of representation-theoretic origin) in numerous limit regimes which
might go well beyond the applications presented in this paper.

1.3. Application: Asymptotic representation theory. Let U(N) denote the
group of all N x N unitary matrices. Embed U (N) into U(N + 1) as a subgroup
acting on the space spanned by first N coordinate vectors and fixing N + 1st vector,
and form the infinite-dimensional unitary group U (c0) as an inductive limit

o0
U(oo)= | UWN).
N=1
Recall that a (normalized) character of a group G is a continuous function x (g),
g € G satisfying:

(1) x is constant on conjugacy classes, that is, x (aba™") = x (b);

(2) x is positive definite, that is, the matrix [x (gl-gj_l)]f’ j=1 is Hermitian non-
negative definite, for any {g1, ..., g};
(3) x(e)=1.

An extreme character is an extreme point of the convex set of all characters. If
G is a compact group, then its extreme characters are normalized matrix traces
of irreducible representations. It is a known fact (see, e.g., the classical book of
Weyl [70]) that irreducible representations of the unitary group U (N) are param-
eterized by signatures, and the value of the trace of the representation parame-
terized by A on a unitary matrix with eigenvalues u1,...,un is ) (uy, ..., Un).
Using these facts and applying the result above to U (N), we conclude that the
normalized characters of U (N) are the functions

sp(Up, ..., uy)
o)

For “big” groups such as U (00), the situation is more delicate. The study of char-
acters of this group was initiated by Voiculescu [69] in 1976 in connection with
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finite factor representations of U (00). Voiculescu gave a list of extreme characters,
later independently Boyer [10] and Vershik—Kerov [68] discovered that the classi-
fication theorem for the characters of U (oo) follows from the result of Edrei [27]
on the characterization of totally positive Toeplitz matrices. Nowadays, several
other proofs of Voiculescu—Edrei classification theorem is known; see [9, 57, 63].
The theorem itself reads:

THEOREM 1.3. The extreme characters of U(co0) are parameterized by the
points w of the infinite-dimensional domain

Q CR¥F2=R® x R® x R® x R® x R x R,
where 2 is the set of sextuples
w=(at, 0", pr,p7:8T,87)
such that

o =(of zay = 200 €R®,  pE=(=py = =0)eR™,
o0
Za +B5) <%, BF+B <L

The corresponding extreme character is given by the formula

X(w)(U) — 1_[ ey+(u—1)+y‘(u_1—1)
ueSpectrum(U)
(1.7)
e B =D 1+ @ = 1)
i l—afu—D1—af =1
where

0
yE=8" =) (e + ).
i=1

Our interest in characters is based on the following fact.

PROPOSITION 1.4. Every extreme normalized character x of U (00) is a uni-
SJorm limit of extreme characters of U (N). In other words, for every x there exists
a sequence L(N) € GTy such that for every k,

xy, ... ug,1,..)= lim S)(uy,...,ur; N, 1)
N—o00

uniformly on the torus (S)*, where S; ={u € C:|u| = 1).
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In the context of representation theory of U (c0), this statement was first ob-
served by Vershik and Kerov [68]. However, this is just a particular case of a very
general convex analysis theorem which was reproved many times in various con-
texts; see, for example, [26, 57, 67].

The above proposition raises the question which sequences of characters of
U (N) approximate characters of U (co). Solution to this problem was given by
Vershik and Kerov [68].

Let u be a Young diagram with row lengths u;, column lengths ! and whose
length of main diagonal is d. Introduce modified Frobenius coordinates

pi=mi—i+1/2, gi=p;—i+1/2, i=1,...,d.

Note that ¢, pi 4+ ¢i = |ul.

Given a signature A € GTy, we associate two Young diagrams AT and A~ to it:
The row lengths of A are the positive A;’s, while the row lengths of A~ are minus
the negative ones. In this way we get two sets of modified Frobenius coordinates:
plgi=1,...,d"and p; ,q ,i=1,...,d".

THEOREM 1.5 ([9, 57, 63, 68]). Let w = (aF, BT 6%), and suppose that the
sequence A(N) € GTy is such that

pr(N)/N = af,  pr(N)/N—=a, ¢ (N)/N— B,
g (N)/N — g, AT|/N—8F,  AT|/N—68.
Then for every k

xCWr, .o uk, 1,000 = lim Sy (up, ... uk; N, 1)
N—o00
uniformly on the torus (S1)*.

Theorem 1.5 is an immediate corollary of our results on asymptotics of normal-
ized Schur polynomials, and a new short proof is given in Section 6.1.

Note the remarkable multiplicativity of Voiculescu—Edrei formula for the char-
acters of U (oc0): the value of a character on a given matrix [element of U (c0)]
is expressed as a product of the values of a single function at each of its eigen-
values. There exists an independent representation-theoretic argument explaining
this multiplicativity. Clearly, no such multiplicativity exists for finite N, that is, for
the characters of U(N). However, we claim that formula (1.6) should be viewed
as a manifestation of approximate multiplicativity for (normalized) characters of
U (N). To explain this point of view we start from k = 2. In this case (1.6) simpli-
fies to

=S5 (x; N, DS (y; N, 1)

(x =Dy —1) (x(@/(3x)) — y(@/@yIN[Sr(x; N, DS (y; N, D]

+ N —1 y—Xx
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More generally Proposition 3.9 claims that for any k£ formula, (1.6) implies that,
informally,

Sa(xt, oo x N, D) =80 Ny D - Su(; N, 1) + O(1/N).

Therefore, (1.6) states that normalized characters of U (N) are approximately mul-
tiplicative, and they become multiplicative as N — oo. This is somehow similar to
the work of Diaconis and Freedman [25] on finite exchangeable sequences. In par-
ticular, in the same way as results of [25] immediately imply de Finetti’s theorem
(see, e.g., [1]), our results immediately imply the multiplicativity of characters of
U (0c0).

In [34] a g-deformation of the notion of character of U(co) was suggested.
Analogously to Proposition 1.4, a g-character is a limit of Schur functions, but
with different normalization. This time the sequence A(/N) should be such that for
every k,

(l 8) S}\.(N)(-x]a---a-xk’q_k’q_k_lv---5q1_N)
sy (g™ oo gt =)
converges uniformly on the set {(xq,...,xx) € C¥|xi| = ql_i}. An analogue of

Theorem 1.5 is the following one:

THEOREM 1.6 ([34]). Let 0 < g < 1. Extreme g-characters of U(0c0) are pa-
rameterized by the points of set N of all nondecreasing sequences of integers,

N={y<wm<v<--}CZ®.

Suppose that a sequence M(N) € GTy is such that for any j > 0,

(1.9) lim Ayq1—;(N) =vj,
11— 00
and then for every k,
—k —k—1 1-N
(1.10) S (s -2 g7 gt

ssn(1,g= o g =)

converges uniformly on the set {(x1,...,X}) € (Ck||x,-| = ql_i}, and these limits
define the g-character of U (00).

Using the g-analogues of formulas (1.5) and (1.6), we give in Section 6.2 a short
proof of the second part of Theorem 1.6; see Theorem 6.5. This should be com-
pared with [34], where the proof of the same statement was quite involved. We
go beyond the results of [34], give new formulas for the g-characters and explain
what property replaces the multiplicativity of Voiculescu—Edrei characters given
in Theorem 1.3.
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xl +4

X, +3

2

x3+2

N+l
Ns

FI1G. 1. Lozenge tiling of the domain encoded by signature ) (left panel) and of corresponding
polygonal domain (right panel).

1.4. Application: Random lozenge tilings. Consider a tiling of a domain drawn
on the regular triangular lattice of the kind shown at Figure 1 with rhombi of 3
types, where each rhombus is a union of 2 elementary triangles. Such rhombi are
usually called lozenges and they are shown at Figure 2. The configuration of the
domain is encoded by the number N which is its width and N integers @1 > o >
--- > un which are the positions of horizontal lozenges sticking out of the right
boundary. If we write u; = A; + N — i, then A is a signature of size N; see the
left panel of Figure 1. Due to combinatorial constraints the tilings of such domain
are in correspondence with tilings of a certain polygonal domain, as shown on the
right panel of Figure 1. Let €2, denote the domain encoded by a signature A.

It is well known that each lozenge tiling can be identified with a stepped surface
in R? (the three types of lozenges correspond to the three slopes of this surface)
and with a perfect matching of a subgraph of a hexagonal lattice; see, for ex-
ample, [45]. Note that there are finitely many tilings of 2,, and let Y, denote a
uniformly random lozenge tiling of €2,. The interest in lozenge tilings is caused
by their remarkable asymptotic behavior. When N is large the rescaled stepped
surface corresponding to Y, concentrates near a deterministic limit shape. In fact,
this is true also for more general domains; see [15]. One feature of the limit shape
is the formation of so-called frozen regions; in terms of tilings, these are the re-
gions where asymptotically with high probability only single type of lozenges is
observed. This effect is visualized in Figure 3, where a sample from the uniform
measure on tilings of the simplest tilable domain, a hexagon, is shown. It is known
that in this case the boundary of the frozen region is the inscribed ellipse; see [16],

<>

FI1G. 2. The 3 types of lozenges; the middle one is called horizontal.
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FI1G. 3. A sample from uniform distribution on tilings of 40 x 50 x 50 hexagon and corresponding
theoretical frozen boundary. The three types of lozenges are shown in three distinct colors.

and for more general polygonal domains the frozen boundary is an inscribed alge-
braic curve, see [46] and also [62].

In this article we study the local behavior of lozenge tiling near a turning point
of the frozen boundary, which is the point where the boundary of the frozen region
touches (and is tangent to) the boundary of the domain. Okounkov and Reshetikhin
gave in [59] a nonrigorous argument explaining that the scaling limit of a tiling in
such situation should be governed by the GUE-corners process (introduced and
studied by Baryshnikov [3] and Johansson—Nordenstam [44]), which is the joint
distribution of the eigenvalues of a Gaussian Unitary ensemble (GUE-)random
matrix (i.e., Hermitian matrix with independent Gaussian entries) and of its top-left
corner square submatrices. In one model of tilings of infinite polygonal domains,
the proof of the convergence can be based on the determinantal structure of the
correlation functions of the model and on the double-integral representation for the
correlation kernel, and it was given in [59]. Another rigorous argument, related to
the asymptotics of orthogonal polynomials exists for the lozenge tilings of hexagon
(as in Figure 3); see [44, 55].

Given T let vi > v > -+ > v be the horizontal lozenges at the kth vertical
line from the left. (Horizontal lozenges are shown in blue in the left panel of Fig-
ure 1.) We set v; = k; + k — i and denote the resulting random signature « of size
k as Tf. Further, let GUE denote the distribution of k (ordered) eigenvalues of a
random Hermitian matrix from a Gaussian unitary ensemble.

THEOREM 1.7 (Theorem 5.1). Let A(N) € GTy, N =1,2, ... be a sequence
of signatures. Suppose that there exist a nonconstant piecewise-differentiable
weakly decreasing function f(t) such that

N

>

i=1

Ai(N)
N

— f(i/N)|=0(/N)
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as N — oo and also sup; y |1;(N)/N| < 0o. Then for every k as N — 00 we have

vy — NE(f)
VNS(f)

in the sense of weak convergence, where

1 1 ) ) 1
E(f) = /0 Fyde,  S(f)= /O F@Rdt— E(f)?+ /0 £ —20)d.

COROLLARY 1.8 (Corollary 5.2). Under the same assumptions as in Theo-
rem 1.7 the (rescaled) joint distribution of k(k + 1)/2 horizontal lozenges on the
left k lines weakly converges to the joint distribution of the eigenvalues of the k
top-left corners of a k x k matrix from a GUE.

Note that, in principle, our domains may approximate a nonpolygonal limit do-
main as N — oo. Thus the results of [46] describing the limit shape in terms of
algebraic curves are not applicable here, and not much is known about the exact
shape of the frozen boundary. In particular, even the explicit expression for the co-
ordinate of the point where the frozen boundary touches the left boundary (which
we get as a side result of Theorem 1.7) seems not to be present in the literature.

Our approach to the proof of Theorem 1.7 is the following: We express the
expectations of certain observables of uniformly random lozenge tilings through
normalized Schur polynomials S, and investigate the asymptotics of these polyno-
mials. In this case we prove and use the following asymptotic expansion (given in
Propositions 4.3 and 5.8):

Sp(eM/YN VNN )

=exp(v'NE(f)(hi + -+ +he) + SO (AT + - +h3) +o(1)).

We believe that our approach can be extended to a natural g-deformation of
uniform measure, which assigns the weight ¢¥°! to lozenge tiling with volume vol
below the corresponding stepped surface, and also to lozenge tilings with axial
symmetry, as in [8, 33]. In the latter case the Schur polynomials are replaced with
characters of orthogonal or symplectic groups, and the limit object also changes.
We postpone the thorough study of these cases to a future publication.

We note that there might be another approach to the proof of Theorem 1.7. Re-
cently there was progress in understanding random tilings of polygonal domains.
Petrov found double integral representations for the correlation kernel describing
the local structure of tilings of a wide class of polygonal domains; see [62] and
also [54] for a similar result in context of random matrices. Starting from these for-
mulas, one could try to prove the GUE-corners asymptotics along the lines of [59].
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H—O H—O H—0O H—O—H O—H
000 1 O h h
H—O H—O—H O—H O H—O—H
010 —-11 I (R S

00100 H—O H—0O H—O—H O—H O—H

H H H H H
10000 H-O-H O-H O-H O-H O-H
H H H H H

00010 H—0O H—O H—O H—O—H O—H

FIG. 4. An alternating sign matrix of size 5 and the corresponding configuration of the six-ver-
tex model (square ice) with domain wall boundary condition. 1s in ASM correspond to horizontal
molecules H-O—-H and —1s to the vertical ones.

1.5. Application: Six-vertex model and random ASMs. An alternating sign
matrix of size N is a N x N matrix whose entries are either 0, 1 or —1, such
that the sum along every row and column is 1 and, moreover, along each row and
each column the nonzero entries alternate in sign. Alternating sign matrices are in
bijection with configurations of the six-vertex model with domain wall boundary
conditions as shown at Figure 4; more details on this bijection are given in Sec-
tion 5.2. A good review of the six-vertex model can be found, for example, in the
book [4] by Baxter.

Interest in ASMs from combinatorial perspective emerged since their discov-
ery in connection with Dodgson condensation algorithm for determinant evalua-
tions. Initially, questions concerned enumeration problems, for instance, finding
the total number of ASMs of given size n (this was the long-standing ASM conjec-
ture proved by Zeilberger [71] and Kuperberg [50]; the full story can be found in
the Bressoud’s book [12]). Physicists’ interest stems from the fact that ASMs are
in one-to-one bijection with configurations of the six-vertex model. Many ques-
tions on ASMs still remain open. Examples of recent breakthroughs include the
Razumov-Stroganov [64] conjecture relating ASMs to yet another model of sta-
tistical mechanics [so-called O(1) loop model], which was finally proved very re-
cently by Cantini and Sportiello [14], and the still open question on a bijective
proof of the fact that totally symmetric self-complementary plane partitions and
ASMs are equinumerous. A brief up-to-date introduction to the subject can be
found, for example, in [6].

Our interest in ASMs and the six-vertex model is probabilistic. We would like
to know how a uniformly random ASM of size n looks like when » is large. Con-
jecturally, the features of this model should be similar to those of lozenge tilings:
we expect the formation of a limit shape and various connections with random ma-
trices. The properties of the limit shape for ASMs were addressed by Colomo and
Pronko [19]; however, their arguments are mostly not mathematical, but physical.

In the present article we prove a partial result toward the following conjecture.
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CONJECTURE 1.9. Fix any k. As n — 00 the probability that the number of
—1s in the first k rows of a uniformly random ASM of size n is maximal (i.e., there
is one —1 in second row, two —1s in third row, etc.) tends to 1, and, thus 1s in first
k rows are interlacing. After proper centering and rescaling, the distribution of the
positions of 1s tends to the GUE-corners process as n — 0.

Let W, (n) denote the sum of coordinates of 1s minus the sum of coordinates
of —1s in the kth row of the uniformly random ASM of size n. We prove that the
centered and rescaled random variables Wy (n) converge to the collection of i.i.d.
Gaussian random variables as n — oo.

THEOREM 1.10 (Theorem 5.9). For any fixed k the random variable
(W (n) — n/2)//n weakly converges to the normal random variable N (0, \/3/8).
Moreover, the joint distribution of any collection of such variables converges to the
distribution of independent normal random variables N (0, /3/8).

REMARK. We also prove a bit stronger statement; see Theorem 5.9 for the
details.

Note that Theorem 1.10 agrees with Conjecture 1.9. Indeed, if the latter holds,
then Wy (n) converges to the difference of the sums of the eigenvalues of a k x k
GUE-random matrix and of its (k — 1) x (k — 1) top left submatrix. But these sums
are the same as the traces of the corresponding matrices; therefore, the difference
of sums equals the bottom right matrix element of the k x k matrix, which is a
Gaussian random variable by the definition of GUE.

Our proof of Theorem 1.10 has two components. First, a result of Okada [56],
based on earlier work of Izergin and Korepin [43, 49], shows that sums of cer-
tain quantities over all ASMs can be expressed through Schur polynomials (in an
equivalent form this was also shown by Stroganov [66]). Second, our method gives
the asymptotic analysis of these polynomials.

In fact, we claim that Theorem 1.10 together with an additional probabilistic ar-
gument implies Conjecture 1.9. However, this argument is unrelated to the asymp-
totics of symmetric polynomials and, thus is left out of the scope of the (already
long) present paper; the proof of Conjecture 1.9 based on Theorem 1.10 is pre-
sented by one of the authors in the later article [35].

In the literature one can find another probability measure on ASMs assigning
the weight 2"! to the matrix with n; 1s. For this measure there are many rigorous
mathematical results, due to the connection to the uniform measure on domino
tilings of the Aztec diamond; see [28, 31]. The latter measure can be viewed as
a determinantal point process, which gives tools for its analysis. An analogue of
Conjecture 1.9 for the tilings of Aztec diamond was proved by Johansson and
Nordenstam [44].
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J/ \\

FIG. 5. Left panel: the two types of squares. Right panel: the two types of boundary conditions.

In regard to the combinatorial questions on ASMs, we note that there has been
interest in refined enumerations of alternating sign matrices, that is, counting the
number of ASMs with fixed positions of 1s along the boundary. In particular,
Colomo—Pronko [17, 18], Behrend [5] and Ayyer—Romik [2] found formulas re-
lating k-refined enumerations to 1-refined enumerations for ASMs. Some of these
formulas are closely related to particular cases of our multivariate formulas (The-
orem 3.7) for staircase Young diagrams.

1.6. Application: O(n = 1)-loop model. Recently found parafermionic ob-
servables in the so-called completely packed O (n = 1) dense loop model in a strip
are also simply related to symmetric polynomials; see [23]. The O(n = 1) dense
loop model is one of the representations of the percolation model on the square lat-
tice. For the critical percolation models similar observables and their asymptotic
behavior were studied (see, e.g., [65]); however, the methods involved are usually
completely different from ours.

A configuration of the O(n = 1) loop model in a vertical strip consists of two
parts: a tiling of the strip on a square grid of width L and infinite height with
squares of two types shown in Figure 5 (left panel), and a choice of one of the
two types of boundary conditions for each 1 x 2 segment along each of the verti-
cal boundaries of the strip; the types appearing at the left boundary are shown in
Figure 5 (right panel). Let T, denote the set of all configurations of the model in
the strip of width L. An element of Tg is shown in Figure 6. Note that the arcs
drawn on squares and boundary segments form closed loops and paths joining the
boundaries. Therefore, the elements of 1, have an interpretation as collections of
nonintersecting paths and closed loops.

In the simplest homogeneous case a probability distribution on 1, is defined
by declaring the choice of one of the two types of squares to be an independent
Bernoulli random variable for each square of the strip and for each segment of the
boundary. That is, for each square of the strip we flip an unbiased coin to choose
one of the two types of squares (shown in Figure 5) and similarly for the bound-
ary conditions. More generally, the type of a square is chosen using a (possibly
signed or even complex) weight defined as a certain function of its horizontal co-
ordinate and depending on L parameters 21, ..., zr; two other parameters {1, {2
control the probabilities of the boundary conditions and, using a parameter ¢, the
whole configuration is further weighted by its number of closed loops. We refer
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FI1G. 6. A particular configuration of the dense loop model showing a path passing between two
vertically adjacent points x and y.

the reader to [23] and references therein for the exact dependence of weights on
the parameters of the model and for the explanation of the choices of parameters.
Fix two points x and y, and consider a configuration @ € ;. There are finitely
many paths passing between x and y. For each such path T we define the current
c(t) as 0 if t is a closed loop or joins points of the same boundary; 1 if 7 joins
the two boundaries and x lies above t; —1 if 7 joins the two boundaries and x
lies below 7. The total current C*Y(w) is the sum of ¢(t) over all paths passing
between x and y. The mean total current F*7 is defined as the expectation of C*7,
Two important properties of F*Y are skew-symmetry

F*"Y =—F"*
and additivity
FX1A3 — XX + FY2:%3
These properties allow to express F*Y) as a sum of several instances of the mean

total current between two horizontally adjacent points

and the mean total current between two vertically adjacent points
FUDG+LD

The authors of [23] present a formula for F@/)-@j+D apd FU-D-G+1LD) which,
based on certain assumptions, expresses them through the symplectic characters
XoL (z%, e z%, ;“12, ;22) where AL = (L%J, L%J, ..., 1,0,0). The precise rela-
tionship is given in Section 5.3. Our approach allows us to compute the asymptotic
behavior of the formulas of [23] as the lattice width L — oo; see Theorem 5.12.
In particular, we prove that the leading term in the asymptotic expansion is inde-
pendent of the boundary parameters ¢1, {.

This problem was presented to the authors by de Gier [22, 24] during the pro-
gram “Random Spatial Processes” at MSRI, Berkeley.
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1.7. Application: Matrix integrals. Let A and B be two N x N Hermitian
matrices with eigenvalues ay,...,ay and by, ..., by, respectively. The Harish-
Chandra formula [38, 39] (sometimes known also as Itzykson—Zuber [42] formula
in physics literature) is the following evaluation of the integral over the unitary

group:

/ exp(Trace(AU BU 1)) dU
UN)
(1.11)

_ deti j=1.. v (exp(aibj)) .
B [li<j(ai —aj)[li<;(bi — b)) H(] ),

where the integration is with respect to the normalized Haar measure on the unitary
group U (N). Comparing (1.11) with the definition of Schur polynomials and using
Weyl’s dimension formula

sl D =T] (i _i)j_—(ikj_j)’

i<j

i<j
we observe that when b; = A ; + N — j the above matrix integral is the normalized
Schur polynomial times explicit product, that is,
ai

s (e, ..., en) et — e

sy (1, ..., D Py aj —aj '

Guionnet and Maida studied (after some previous results in the physics liter-
ature; see [36] and references therein) the asymptotics of the above integral as
N — oo when the rank of A is finite and does not depend on N. This is precisely
the asymptotics of (1.1). Therefore, our methods (in particular, Propositions 4.1,
4.2, 4.7) give a new proof of some of the results of [36]. In the context of random
matrices the asymptotics of this integral in the case when rank of A grows as the
size of A grows was also studied; see, for example, [14, 37]. However, currently
we are unable to use our methods for this case.

1.8. Comparison with other approaches. Since asymptotics of symmetric
polynomials as the number of variables tends to infinity already appeared in vari-
ous contexts in the literature, it makes sense to compare our approach to the ones
used before.

In the context of asymptotic representation theory the known approach (see [34,
57,58, 68]) is to use the so-called binomial formulas. In the simplest case of Schur
polynomials such formulas read as

(1.12) S +x, . T +xs NoD = s, o, x)e(u, &, N),
%
where the sum is taken over all Young diagrams p with at most k rows, and

c(u, A, N) are certain (explicit) coefficients. In the asymptotic regime of Theo-
rem 1.5 the convergence of the left-hand side of (1.12) implies the convergence of
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numbers c(u, A, N) to finite limits as N — oco. Studying the possible asymptotic
behavior of these numbers one proves the limit theorems for normalized Schur
polynomials.

Another approach uses the decomposition

(113) S}»(xl’ ey Xks N7 l) = ZSM(XI’ '~~axk;ky 1)d(M5)\a N),
I

where the sum is taken over all signatures of length k. Recently in [9] and [63]
k x k determinantal formulas were found for the coefficients d(u, A, N). Again,
these formulas allow the asymptotic analysis which leads to the limit theorems for
normalized Schur polynomials.

The asymptotic regime of Theorem 1.5 is distinguished by the fact that
> i |Ai(N)|/N is bounded as N — oo. This no longer holds when one studies
asymptotics of lozenge tilings, ASMs, or O(n = 1) loop model. As far as the
authors know, in the latter limit regime neither formulas (1.12) nor (1.13) gives
simple ways to compute the asymptotics. The reason for that is the fact that for
any fixed u both c(u, A, N) and d(u, A, N) would converge to zero as N — o0
and more delicate analysis would be required to reconstruct the asymptotics of
normalized Schur polynomials.

Yet another, but similar approach to the proof of Theorem 1.5 was used in [11]
but, as far as authors know, it also does not extend to the regime we need for other
applications.

On the other hand the random-matrix asymptotic regime of [36] is similar to
the one we need for studying lozenge tilings, ASMs, or O (n = 1) loop model. The
approach of [36] is based on the matrix model and the proofs rely on large devi-
ations for Gaussian random variables. However, it seems that the results of [36]
do not suffice to obtain our applications: for k > 1 only the first order asymptotics
[which is the limit of In(S) (xq, ..., xx; NV, 1))/N] was obtained in [36], while our
applications require more delicate analysis. It also seems that the results of [36]
(even for k = 1) cannot be applied in the framework of the representation theoretic
regime of Theorem 1.5.

2. Definitions and problem setup. In this section we set up notation and in-
troduce the symmetric functions of our interest.

A partition (or a Young diagram) A is a collection of nonnegative numbers A| >
A > ---, such that ) ; A; < co. The numbers A; are row lengths of X, and the
numbers A} = [{j : A; > i}| are column lengths of A.

More generally a signature ) of size N is an N-tuple of integers A1 > Ay >
-+ > An. The set of all signatures of size N is denoted GTy. It is also conve-
nient to introduce strict signatures, which are N-tuples satisfying strict inequali-
ties A1 > Ao > --- > Ay; they from the set GT N We are going to use the following
identification between elements of GTy and GTy:

GTN9A<—>X+5N=/LE@'\EN, wi =A; + N —1i,
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where we set Sy = (N —1, N —2, ..., 1, 0). The subset of GTy (GTy) of all sig-
natures (strict signatures) with nonnegative coordinates is denoted GTE (((/}T I,).

One of the main objects of study in this paper are the rational Schur functions,
which originate as the characters of the irreducible representations of the unitary
group U (N) [equivalently, of irreducible rational representations of the general
linear group GL(N)]. Irreducible representations are parameterized by elements
of GTy, which are identified with the dominant weights; see, for example, [70]
or [72]. The value of the character of the irreducible representation V) indexed by
A € GTy, on a unitary matrix with eigenvalues uy, ..., uy is given by the Schur
function

Aj+N—j N
det[u; ]i’j:1

ij(”i —uj) ’

which is a symmetric Laurent polynomial in uy, ..., uy. The denominator in (2.1)
is the Vandermonde determinant, and we denote it through A:

A(ug,...,uy) =det[u£v_j]5?’j:1 = H(”i —uj).

i<j

2.1 sy(Uy,...,uy) =

When the numbers u; form a geometric progression, the determinant in (2.1) can
be evaluated explicitly as

MAN—i _ Ai+N—j
N-1y _ 114 q™’
(22) Sk(l,q’---,q )_1_[ qN_l'_qN_j
i<j
In particular, sending ¢ — 1 we get
) — O —
(23) SA(IN) — 1_[ ( i l). ( J ])’
I<i<j<N J—t
<i<j<

where we used the notation

N=q,..., 1.
_\/_J
N

Identity (2.3) gives the dimension of V;, and is known as the Weyl’s dimension
formula.
In what follows we intensively use the normalized versions of Schur functions:

$.(x15 e x 1,9, gV IR

si(L, .. gN=h ’

S(x1, ..., x5 N, g) =

in particular,

53 (X1, .o xp, INTRY

5.(1V)

Sa(xt, . x N, 1) =
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The Schur functions are characters of type A (according to the classification of
root systems), their analogues for other types are related to the multivariate Jacobi
polynomials.

Fora,b> —1and m =0,1,2,... let p,,(x; a, b) denote the classical Jacobi
polynomials orthogonal with respect to the weight (1 — x)*(1 4 x)” on the interval
[—1, 1]; see, for example, [29, 47]. We use the normalization of [29], and thus the
polynomials can be related to the Gauss hypergeometric function , F1,

T(m+a+1) F( Cutbalatl l—x)
—m,m-+a ,a e B
Tm+ D@+ D> 2

pm(x§aab) =

For any strict signature A € GT ; set

det[pj, (xj§ a, b)]ﬁ/jzl

PBr(xt,...,xnsa,b) =

’

A(xy,...,XN)
and for any (nonstrict) A € G']I‘; define
a+z)! N+ 2y
Q) Braviab) =B P ),

where ¢, is a constant chosen so that the leading coefficient of J; is 1. The poly-
nomials J, are (a particular case of) BCy multivariate Jacobi polynomials; see,
for example, [58] and also [40, 48, 53]. We also use their normalized versions

3n@ls -z 1V 5 a, b)
3,(N; a, b)

(2.5) B(z1,...,2k: Nya,b) =

Again, there is an explicit formula for the denominator in (2.5) and also for its
g-version. For special values of parameters a and b, the functions J, can be iden-
tified with spherical functions of classical Riemannian symmetric spaces of com-
pact type, in particular, with normalized characters of orthogonal and symplectic
groups; see, for example, [58], Section 6.

Let us give more details on the latter case of the symplectic group Sp(2N), as
we need it for one of our applications. This case corresponds to a =b =1/2, and
here the formulas can be simplified.

The value of character of irreducible representation of Sp(2/N) parameterized
by A € (G']I‘; on symplectic matrix with eigenvalues xq, x;” L xN, xﬁl is given
by (see, e.g., [70, 72])

AAN+I—j  —jHN+I=) N
i — X Iij=1

det[x
N+1—j —N—1+jN
det(x; - xX; ]]i’j:1

X (X1, ..., xN) =
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The denominator in the last formula can be expressed as a product formula, and
we denote it Ag

Ag(x1,...,xN) = det[xiN_ij1 - xi_NH_l]?,/j:]
(2.6) =[T0 = D [T0i + 27" = (x +x71)
i i<
_ [Ti<j G — xp)(xixj — D7 — 1)
()Cl s xp ) ‘

The normalized symplectic character is then defined as

X}\,(’xl? ""xk?q’ “"qN_k)
x.(q,q% ....qN)

Xa(x1,...,x; N, g) =

k]

in particular

X0 (X1 e xp, IV 7RY

(1Y)
and both denominators again admit explicit formulas.
In most general terms, in the present article we study the symmetric functions
Sy, Jr, Xy, their asymptotics as N — oo and its applications.
Some further notation. We intensively use the g-algebra notation

X (x1,...,xi;s N, D) =

El

qm -1 a
[mlg=——.  lalg!=[]Iml,.
q—1 -
m=1
and g-Pochhammer symbol

k—1 .
@ =[]0 —aq").

i=0

Since there are lots of summations and products in the text where i plays the
role of the index, we write i for the imaginary unit to avoid the confusion.

3. Integral and multivariate formulas. In this section we derive integral for-
mulas for normalized characters of one variable and also express the multivariate
normalized characters as determinants of differential (or, sometimes, difference)
operators applied to the product of the single variable normalized characters.

We first exhibit some general formulas, which we later specialize to the cases
of Schur functions, symplectic characters and multivariate Jacobi polynomials.

3.1. General approach.

DEFINITION 3.1. For a given sequence of numbers 6 = (61, 63, .. .), a collec-
tion of functions {A, (x1,...,xy)}, N=1,2,..., ue GTy (or GT;) is called a
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class of determinantal symmetric functions with parameter 6, if there exist func-
tions «(u), B(u), g(u, v), numbers cy and linear operator 7 such that for all N
and . we have:

(D

det[g(x;; ).
Au(xi, ..., xy) = d L=l

’

A(x1,...,XN)

2)

N
Au @1, ... 08) =cn [ [ B [Tl —a(u))),

i=I i<j

3) g(x;m) (m € Z for the case of GT and m € Z=g for the case @TJF) are
eigenfunctions of 7" acting on x with eigenvalues «(m), that is,

T(g(x,m)) =a(m)g(x,m),
(4) o' (m) # 0 for all m as above.

PROPOSITION 3.2.  For A, (x1,...,xnN), as in Definition 3.1 we have the fol-
lowing formula:
Ay (xt, oo x5, 015 .0 On—k)
AL, ...,0N)
CN xXi —0; Axy,...,xk)

k . N1
y H(Au(xl,él, o On—1) T G —67)
i=l1

CN
A/L(919""0N) J:1 CN—]

where T; is operator T acting on variable x;.

REMARK. Since operators 7; commute, we have

det[Tij_l]f‘{,j:I =@ —1p.

i<j
We also note that some of the denominators in (3.1) can be grouped in the compact
form
N—

k k
A('xl’ “'7'xk’01’ “‘70N7k)
[TIT&—6pAG, ..., = TN :
i=1 j=I1 O1,....0v-1)
Moreover, in our applications, the coefficients c,, will be inversely proportional to
A1, ...,0,),sowe will be able to write alternative formulas where the prefactors

are simple ratios of Vandermondes.
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PROOF OF PROPOSITION 3.2. We will compute the determinant from prop-
erty (1) of A by summing over all k£ x k minors in the first k£ columns, where
we set the convention that i is a row index and j is a column index. The rows
in the corresponding minors will be indexed by I = {i; < iy < --- < i;} and

wr = (Wiys ..., 1i). 1€ denotes the complement of / in {1, 2, ..., n}. We have
A/L(xl’"'7-xk’91""a9N—k)
A6, ...,60N)
_ 1
1_[ 11_[ (Xz ])

(3.2)

A/J,Ic (01’ ceey eka)

X Yoo (DX DA (L x)

I1={i1<ip<--<ir}

A6, ...,0N)

For each set I we have
AuyeO1,....08 1) ¢y
Ay 1,...,08) Nk
_ liere B Tli<jii jere (@ (i) —a(u )
T B Thi<iejen (@) — o))

| 1 1
- LE(ﬁ(M) .ﬂla(m —a(u,-))}iﬂg,kja(m) —a(u))

J

~ 1 1 )|
L \BGu) 5 au) —a(u))

iel

(3.3)

[icjijer(a(ui) — o))
nr<s,rel,se[l ..... N] —(or(ps) —o(par))

( l)r 1
= [I (ew)—awp) 1

AL rei B Tl @ar) = a(125))°

X

We also have that

[T (@) —a@w))Au, &, x) A, ..., x)
i<jii,jel

k
= det[“(ﬂie)J_l]]g,j:1 Z (=1)° H 8 (Xo;5 Miy)
oSk =1

(34) = Z (—1)U det[a(,ui[)j_lg(xoj? Miz)]]z,jzl

o €Sk
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= 3 (D7 det[ T g oy i)y oy

o €Sk
j—14k £
:det[TiJ ]i,j:l Z l_[g(xa,illi@).
oeSi =1

Combining (3.2), (3.3) and (3.4) we get

k N—k

Au(xr, .o xx, 01, ..,

A 61,....0

det[T]
(3.5)

A(xl,...

0
Nk)l_[l_[(xz_

’ i=1 j=1

11k
]ljl

, XK)

8(xes iy, )
D SINp> Hﬂ(ui%)n#iw(aww)

I1={ij<ip<--<iy}oeSk) ¢

—a(uj)

Note that double summation in the last formula is a summation over all (ordered)
collections of distinct numbers. We can also include into the sum the terms where
some indices i coincide, since application of the Vandermonde of linear operators
annihilates such terms. Therefore, (3.5) equals

det[T/ 717k k N

i i,j=1 g(xe; Mig)
A(xt, ..o, Xg) Z:H] l.; B(wi) T iy (e (i) — @ (u )

When k = 1 the operators and the product over ¢ disappear, so we see that the

Ay (xg,01,....0N_1)
A 01,08 H (xf Q)LNl

remaining sum is exactly the univariate ratio
and we obtain the desired formula. [J

PROPOSITION 3.3. Under the assumptions of Definition 3.1 we have the fol-
lowing integral formula for the normalized univariate A,

Au(x,61,....0n_1)
A, 61, ....65)
(3.6) (CN ! ]:[ )
1 ?g g(x;2)a/(2)
* i ¢ BTIY (@) — a (i)

Here the contour C includes only the poles of the integrand at 7z = u;, i =
I,...,N.
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PROOF. As a byproduct in the proof of Proposition 3.2 we obtained the fol-
lowing formula:

Au(x, 01, ..., 05 Nt cN
A 61,68 El(x D
(3.7)
N g(x; ui)

- l:ZI B(i) Tz (i) — ()

Evaluating the integral in (3.6) as the sum of residues we arrive at the right-hand
side of (3.7). O

3.2. Schur functions. Here we specialize the formulas of Section 3.1 to the
Schur functions.

PROPOSITION 3.4. Rational Schur functions s)(x1,...,xy) (as above we
identify A € GTy with uw = A+ 8 € GTy) are a class of determinantal functions
with

b= gwm=r".  aw=1"r pw=1,
g—1 1T flgx) = f(x)
— : S , T =237 I
cN ISI_I;I_SNq,l_q,l q@)gmq! 7100 ==

PROOF. This immediately follows from the definition of Schur functions (2.1)
and evaluation formula (2.2). O

Propositions 3.2 and 3.3 specialize to the following theorems.

THEOREM 3.5. For any signature A € GTy and any k < N, we have
q(kgl)*(Nfl)(li) [T, [N —i],!
[T TS (i — g7
- ~ -
det[D] 1y K S (s N TS (i — g7

,q i, j=1 Jj=
X )
A(xy, ..., Xg) ,:1_[1 [N —1],!

Si(x1, ..., x5 N, q) =

where D; 4 is the difference operator acting on the function f (x;) by the formula

flgxi) — f(xi)

[Dig f1x1) = —
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THEOREM 3.6.  For any signature » € GTy and any x € C other than 0 or ¢,
i€{0,...,N —2}, we have

(V= 11,542 Vg = DV In(g) x*g?
[, (x—g'=h 2mi C [z (g% — g¥th=1)
where the contour C includes the poles at .1 + N — 1, ..., Ay, and no other poles

of the integrand.

REMARK. There is an alternative derivation of Theorem 3.6 suggested by Ok-
ounkov. Let x = ¢* with k > N. The definition of Schur polynomials implies the
following symmetry for any u, A € GTy:

48) su(g" N g (gt L gty
' si1, ..., gV sp(l,..., gV
Using this symmetry,
N (@ g

Si(¢"; N, q) =

El

hg1-n(1, ... gV
where hy = s,0,..) is the complete homogeneous symmetric function. Inte-
gral representation for /; can be obtained using their generating function (see,
e.g., [52], Chapter I, Section 2)
[e9) N 1
H@ =Y heOis..oymzt =[]
=0

i=1

1—zyi

Extracting hy as

1 H
h[ % (Z) dZ,

T omi ) !
we arrive at the integral representation equivalent to Theorem 3.6. In fact sym-
metry (3.8) holds in a greater generality: namely, one can replace Schur functions
with Macdonald polynomials, which are their (g, t)-deformation; see [52], Chap-
ter VI. This means that, perhaps, Theorem 3.6 can be extended to the Macdonald
polynomials. On the other hand, we do not know whether a simple analogue of
Theorem 3.5 for Macdonald polynomials exists.

Sending g — 1 in Theorems 3.5, 3.6 we get the following:

THEOREM 3.7. For any signature A € GTy and any k < N we have

i .
. B (N —i)!
Si(x1, .. x N D _l_=l_[1 (N — D!(x; — )Nk

det[D{j‘]jfj_l k
X ——BIZTT S (ks N, D(xj — DV
A(xy, ..., xXr) 11;[1 4 /



3078 V. GORIN AND G. PANOVA

where D; | is the differential operator x; %.
1

THEOREM 3.8. For any signature A € GTy and any x € C other than 0 or 1,

we have
xZ

(N-=-D! 1

39) SN, D=—— d
(3-9) W N, 1) (x—l)N—‘2ni?§cl_[fvzl(z—()»i+N—i))

where the contour C includes all the poles of the integrand.

Note that this formula holds when x — 1. Clearly, lim,—1 S5 (x; N, 1) = 1. The
convergence of the integral in (3.9) to 1 can be independently seen, for example,
by application of L’Hospital’s rule and evaluation of the resulting integral.

Let us state and prove several corollaries of Theorem 3.7.

For any integers j, ¢, N, such that 0 < ¢ < j < N, define the polynomial
Pj ¢ n(x) as

Pje.n(x)
_<j_1)7NE(N_j)!< -ni( 3)“‘2 -]
e )Ty ¢ Y ox * ’

it is easy to see (e.g., by induction on j — £) that P; ¢ y is a polynomial in x of
degree j — ¢ — 1, and its coefficients are bounded as N — 00. Also, Pj o n(x) =
x/=V 4+ O0(1/N).

(3.10)

PROPOSITION 3.9. For any signature A € GTy and any k < N, we have

Sp(xr, ..., N, 1)

1
(3.11) -
A(X1, ..., Xk)
I DL [S)(xi: N, D] 1
xdet|:2 il AN; Pjon(xi)(xi — 1)”"—1}
£=0 ij=1

PROOF. We apply Theorem 3.7 and, noting that
9 \/ J . 9\¢ 5\t
<Xﬁ> [f(x)gx)]= ego <é> (xa) [f(x)]<xﬁ> [¢(x)]

for any f and g, we obtain

Sy(x1, ..., x; N, 1)

(N — ) DI (S (s N, 1) (i — 1>N—1>]k

G2 = A(Xy, ..., Xg) © [(N - D! (x; — HN—k ij=1
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N — )
<det[ZD [S).(xis N 1)]( ) )EN—{;'

j—t—1 1k
y I 1} )
. _ 1\N—k
(xl 1) l,_]Zl

/A(xl,...,xk). 0

COROLLARY 3.10. Suppose that the sequence A(N) € GTy is such that
lim S)\(N)(x; N, 1) = CD()C)
N—o00

uniformly on compact subsets of some region M C C, then for any k

Lim Syn)(x1, ..., Xk N, D) =D (xq) -+ - P (xp)
N—o00
uniformly on compact subsets of M*.

PROOF.  Since Sy (n)(x; N, 1) is a polynomial, it is an analytic function. There-
fore, the uniform convergence implies that the limit ® (x) is analytic and all deriva-
tives of Sy (n)(x) converge to the derivatives of ®(x).

Now suppose that all x; are distinct. Then we can use Proposition 3.9, and get
as N — oo

Sy (X1, .., xk N, 1D

_ det[(x; — D 7 S50y (xis N, D Pjon () + O /NI

A(xy, ..., Xk)
_ detl(xi = DM S0 (s N D+ OU/NTE
- A(xy, ..., Xk)
; detl(vi = ¥/ THE L + 01/
1:[ San G N, 1) AGL - x0)
k O(1/N)
l_[ A(N)(xu N, 1)( A(Xli/xk))

where O (1/N) is uniform over compact subsets of M*. We conclude that

(3.13) lim S n)(x1,..., x5 N, 1) = ®P(xq) -+ - P(x)
N—o00

uniformly on compact subsets of

Mk\ U{xi =x;}.

i<j
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Since the left-hand side of (3.13) is analytic with only possible singularities at 0
for all N, the uniform convergence in (3.13) also holds when some of x; coincide.
O

COROLLARY 3.11. Suppose that the sequence A(N) € GTy is such that
. In(Sy vy (x; N, 1))
im

N—o0

=W(x)
uniformly on compact subsets of some region M C C. In particular, there is a

well-defined branch of logarithm in M for large enough N. Then for any k,

! In(Syvy(x1, ..., xx5 N, 1))
1im
N—oo N

=W(xy)) + -+ W)
uniformly on compact subsets of M*.

PROOF. As in the proof of Corollary 3.10 we can first work with compact
subsets of M* \ Ui<j{xi = x;} and then remove the restriction x; # x; using the
analyticity. Notice that

(3/(0x))! Sp(x; N, 1) 9 . 97 .
SN eZ[—ln(SA(x, N.D).oo = In(Si(x: N, 1))},

0x
that is, it is a polynomial in the derivatives of In(S; (x; N, 1)) of degree j and so

(x(3/(3x)))7 S5 (x; N, 1)
Sy(x; N, 1)

9 3/
e Z[x, I8, N, D), (S N, 1))}.

Thus, when

! In(Sy vy (x; N, 1))
1m
N—o00 N

exists, then

(x(3/(3x)))7 S vy (x; N, 1)
NISyny(x; N, 1)

converges and so does

det[Y75 DE [Siw) (xis Ny DI/NEPy oy () (i — DRI
152 Sy (s N DA, - x50) .

Applying equation (3.11) to the last expression, we get that

Savy (X1, . x5 N, 1)
15, Saavy (xis N, 1)




ASYMPTOTICS OF SYMMETRIC POLYNOMIALS 3081

converges to a bounded function and so does its logarithm

k

ISy (K1, ks N 1) = Y InSywy (ki N, .
i=1

Dividing the last expression by N and letting N — oo, we get the statement. [

COROLLARY 3.12. Suppose that for some number A

Sx(N) (ey/“/ﬁ; N, 1)€A‘/ﬁy - G(y)

uniformly on compact subsets of domain D C C as N — oo. Then

lim SMN)(eyl/VN, L eWVN N 1)exp(AVN(y1 + -+ yi))
—00
(3.14)

k
H (i)

uniformly on compact subsets of D.

PROOF. Let Syv)(e”/YN: N, 1)eAVNY = Gy(y). Since Gy(y) are entire
functions, G (y) is analytic on ID. Notice that

— f(¥NIn(x)) =N f/(+/NIn(x)),

therefore

(xi)ES,\(N)(x; N,1)= Ne/2|: 7 (Gn (e A\/—y):|

0x y=+/NInx

I\ (-r e -
=N€/2[Z(F)G§5 () (—AY N2 Aﬁy}
r=0 y:ﬁlnx

= N (=) [eANGy () (1 + 01 /VN)],_ /s

since the derivatives of G y(y) are uniformly bounded on compact subsets of D as
N — oc. Further,

= DE=N" 1+ 0 /VN),  x=e YN
and P; ¢ y(e”/¥N) =14 0(1/+/N) with O(1/+/N) uniformly bounded on com-
pact sets. Thus, setting x; = e/ YN in Proposition 3.9, we get (for distinct y;)

SV (eYI/\/N’ L e)’k/«/ﬁ; N, 1)6A«/N(YI+~-~+yk)

- - L k=
_A(xl,...,xk)det[(x’ DI GN oD+ 0V -,
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det[(x; — DF (1 + O /V/N)DIf 1,
A(xy, ..., xk)

=GNy GNO(1+ O/VN)).

=GNy -GN ()

Since the convergence is uniform, it also holds without the assumption that y; are
distinct. [

3.3. Symplectic characters. In this section we specialize the formulas of Sec-
tion 3.1 to the characters yx; of the symplectic group.

For p € G']I‘;, let
M i+1 —,LL_'—I N
i x Iij=1

A(xr, ..., XN)

det[x

AZ(xl,...,xN)z

Clearly, for A € GT;{, we have
Jic Gy = DTG =D

(xp--xp)V

’

S
AA-HS =xn(x1,...,xN

where y; is a character of the symplectic group Sp(2N).

PROPOSITION 3.13.  Family Aj (x1, ..., xN) forms a class of determinantal
functions with
) x+1 _ —x—1
0 =q', g(x;m) =x"F — x=m= 1 B(x) = 4 ql ,
q—
¢ g ! fgx) +fg ')
ax)=—">—, [Tf1x) = ,
(¢ —1? (¢ —1D?
2
(g — 1) gDV
ev=@-D" [] T—H=—T1

sicjen @74 0BA@, . gY)
PROOF. Immediately following from the definitions and identity is the proof
Aq, - q")

i i<j
J(=DDa(g.....q"). 0

Let us now specialize Proposition 3.2.
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We have that
N—k
(Xt e Xk, Gy q )
x.(q, . q™)
_ AS(q’""qN)A('xlﬂ""xk’q’""qN_k)
As(xla--'s-xkaq7---’qN_k)A(q’~~'sqN)
N—k)

Xp(x1,...,x; N,q) =

AZ(xl,...,xk,q,...,q
As (g, ....qN)

X

THEOREM 3.14. For any signature )\ € GT;\F] and any k < N, we have
Xp(x1,...,x N, q)

Asg.....q") (g — DEF(=1)®)

(3.15) =
AS(XI’ "'7-xk’qa ,C]N_k)

As(xi’ qa ---»QN_I)
Ag(g,....qN)

k
X det[(Dcs],i)J_l]ij:1 H Xa(xi; N, q)
i=1

s .
where D g.i IS the difference operator

flgx)+ fg7x) —2f(x)
(g —1)?

fx) —
acting on variable x;.

REMARK. Note that in Proposition 3.13 the difference operator differed by
the shift 2/(g — 1)2. This is still valid, since in either case the operator is equal to
[li<; (DA — Djj -), and the additional shifts cancel. However, the operator D
is well deﬁned when g — 1, which is used later.

Using Proposition 3.3 and computing the coefficient in front of the integral by
straightforward algebraic manipulations we get the following.

THEOREM 3.15. For any signature )\ € GTﬁ and any g # 1 we have

X (x; N, q)

=D ng@)(g = D*N 28],

(xg; Pn-1x71g; @)n—1(x —x~H[N]4

f (xz—f—l _x—z—l)

X — N ;
2 Hl!\’zl(qzﬂ 4 gl — gmHEN=i=l _ gl N=itl)

(3.16)

dz

with contour C enclosing the singularities of the integrand at 7 = A1 + N —
I,...,AN.
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Theorem 3.15 looks very similar to the integral representation for Schur poly-
nomials, this is summarized in the following statement.

PROPOSITION 3.16. Let € GT. We have

(1+qN) N—1
X, (x;N,g) =———"-85 12N, q),
»(xiN.q) P v(xg q)

where v € GTyy is a signature of size 2N given by vi=A; + 1 fori=1,...,N
andv; = —AN—_jy1fori=N+1,...,2N.

PROOF.  First notice that for any 1 € GT ;, we have

?§ (x*—x7%) J
<
c[li(g*+gq72—g#i~1 —qrith

xZ
= — — —-dz,
o [ig® +q75 —q=H=1 —ghith)
where C encloses the singularities of the integrand atz = A1+ N —1,..., Ay, and

C’ encloses all the singularities. Indeed, to prove this just write both integrals as
the sums or residues. Further,

qz _|_q—z _q—m—l _quﬁ—l — (qz _qui+1)(qz _q—ui—l)q—z‘
Therefore, the integrand in (3.16) transforms into
xquz
Hi (qz _ q)»,--i-N—H—l)(qz _ q—(ki+N—i)—1)
(xgV 17 g7 x~NgV*
- I (g7 — g tIH2IN=i) (g7 — g—Git1-0))’

(3.17)

where 7' = z + N. The contour integral of (3.17) is readily identified with that of
Theorem 3.6 for S, (xg¥~!; 2N, ¢). It remains only to match the prefactors. [

Next, sending ¢ — 1 we arrive at the following 3 statements:
Define

A;(xl,...,xk,lN_k)
Ag(X1, oy Xk Gy gV Tk
(3.18) = lim 2s(L-- % 9.9 )
g—1 (g— D2
(x; — 1)2V=R) 2 .2\AN—k
=N x) [[—— [ @ =722V v -kt
i X

I<i<j<N-—k
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THEOREM 3.17. For any signature ). € GT; and any k < N, we have
X (x1, ..., x5 N, D)
_ AlaN)
AN, xp, INTR)

2(j—1)k
x (—=1H® det[(x,-i) ! ]
0x; ij=1

(i —x7H@—x —x7HN!
22N —1)!

(3.19)

k
x []xn(xi: N, 1)

i=l

REMARK. The statement of Theorem 3.17 was also proved by de Gier and
Ponsaing; see [24].

THEOREM 3.18. For any signature )\ € GTX’, we have
22N — D!

X (N, 1) = (x —xD(x+x-T—2)N-1

1 f (x*—x7%) J
X — Z,
2riJe Iz =i+ N =i+ 1)z +r+N—i+1)
where the contour includes only the poles at . + N —i + 1 fori=1,...,N.

PROPOSITION 3.19. For any signature A € GT; we have
2
(320) %)»(x;Nal):—Sl)(x;szl)’
x+1

where v € GToy is a signature of size 2N givenby vi =X i+ 1fori=1,...,N
and vi = —An_jy1fori=N+1,...,2N.

REMARK. We believe that the statement of Proposition 3.19 should be known,
but we are unable to locate it in the literature.

Analogously to the treatment of the multivariate Schur case, we can also derive
the same statements as in Proposition 3.9 and Corollaries 3.10, 3.11, 3.12 for the
multivariate normalized symplectic characters.

3.4. Jacobi polynomials. Here we specialize the formulas of Section 3.1 to the
multivariate Jacobi polynomials. We do not present the formula for the g-version
of (2.5), although it can be obtained in a similar way.

Recall that for A € GT;{,,

3)\.(Z15 M Zk’ 1N_k; a’ b)
3.(1Ns a, b)

JA_(Z17""Zk;N7a’b):
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We produce the formulas in terms of polynomials ‘B, u € GT ; and, thus,
introduce their normalizations as

Buxr, ... xe, 1IN % a,b)
Pu(1V;a,b)

These normalized polynomials are related to the normalized Jacobi via

Py(x1,...,xx;N,a,b) =

zl-l—zl_l zk—l—zk_l
)

J)\.(Zl""vzk;N’aib):P,u/( ;N1a7b>7

where asusual A; + N —i =pu; fori =1,..., N.

PROPOSITION 3.20.  The polynomials B, (x1,...,xXN), 1 € @T; are a class
of determinantal functions with

0 =1, glx;m)=pu(x;a,b), a(x)=x(x+a+b+1),

 T+a+)
= T @
N T (a) 1
CN_EI T(r+a) ISZ.I;I.SN G—DCN—i—jta+b+1)

32 )
_ (2
T=(x —1)ﬁ+((a+b+2)x+a—b)£.

PROOF. We have (see, e.g., [58], Section 2C, and references therein)

C(pi+a+1)
1 a,b)=||——— x| (i =i +pnj+a+b+1)
(3.21) |
I'(r) 1
XHF(r-I—a) [ G-—i)i+j+ta+tb+1)
r=1 O<i<j<n J J
and also (see, e.g., [27, 47])
) 32 3
m(m~+20)pm(x;a,b) = | (x —1)ﬁ+((a+b+2)x+a—b)a pm(x;a,b).

Now the statement follows from the definition of polynomials 3,,. [

+ ad

. .. . ! _
Specializing Proposition 3.2, using the fact that for x = =5— we have 7 =

# 8% and P, (x) = J,(z), we obtain the following.
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THEOREM 3.21. Forany A € G’]I‘; and any k < N, we have

‘I)\.(Zl""’zk; N’a?b)
3 ﬁ F'(m+a)l2m—1+4a+b) 1
3.22) m=N—k+1 [n+a+b) [T (zi 2 —2)N—*
' J=1 1k
det[D; , ;i =
X k
20AG@ +z7
k

zi+z7 ' =2)NID(N +a+b)
I'(N+a)T(2N — 1 +a+b)

x [17.Gi: N, a,b)
i=1

where D; 4 p is the differential operator
22 (@+b+2)Gi+z ) +2a—-26-277") 9
! 821.2 1-— zl-_z azi

Next, we specialize Proposition 3.3 to the case of multivariate Jacobi polyno-
mials. Note that thanks to the symmetry under £ + (@ +b+1)/2 <> —(¢ + (a +
b+ 1)/2) of the integrand we can extend the contour C to include all the poles.

THEOREM 3.22. Forany A € GT; we have

Ialx, 1IN a, b)

J(z;N,a,b) = 5V a.b)
_ TQN+a+b-1) 1
T Tta+b@a+1) (((z+z71)/2) — HV-!
, C(1-2)?
(3.23) xﬁfc<2F1(—§,§+a+b+l,a+l,— @ )

X(C+@+b+ 1)/2))

/(T ~ e + i+ a+ b+ 1) de.

where the contour includes the poles of the integrand at { = —(a + b+ 1)/2 £
i+ @+b+1/2)and uj=x1i + N —ifori=1,...,N.

4. General asymptotic analysis. Here we derive the asymptotics for the
single-variable normalized Schur functions S, (x; N, 1). In what follows O and
o mean uniform estimates, not depending on any parameters, and const stands for
a positive constant which might be different from line to line.
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4.1. Steepest descent. Suppose that we are given a sequence of signatures
A(N) € GTy [or, even, more generally, A(Ny) € GTy, with Ny < No < N3 <---].
We are going to study the asymptotic behavior of S, (y)(x; N, 1) as N — oo under
the assumption that there exists a function f(¢) for which as N — oo, the vec-
tor (A\{(N)/N,...,An(N)/N) converges to (f(1/N),..., f(N/N)) in a certain
sense which is explained below.

Let R, Ry denote the corresponding norms of the difference of the vectors

(Aj(N)/N) and (f(j/N)),

N A (N Ai(N
Rio, =Y 2 pm)| Rl = sup [HED

— f(j/N)|.
275 RN et 00

In order to keep the computations compact we also introduce a modified form f(t)
of the function f(¢) via

fO=f@O)+1—1t.

As in the previous sections, let £ (N) = A(N) + 8y, so fis the limit of w(N)/N.
In order to state our results we introduce w, defined for any y € C by the equation

I dr

We remark that a solution to (4.1) can be interpreted as an inverse Hilbert trans-
form. We also introduce the function F(w; f)

1 o~ o~
(4.2) .F(w;f):/o In(w— f@))dt,  weC\{f@) 0, 1]}.

Note that we need to specify which branch of the logarithm we choose in (4.2).
This choice is not very important at the moment, but it should be consistent in all
the formulas which follow.

Observe that (4.1) can be rewritten as F'(w; f) = y.

PROPOSITION 4.1. For y € R\ {0}, suppose that f(t) is piecewise-
continuous, Rooc(A(N), f) is bounded, R{(A(N), f)/N tends to zero as N — o0
and wy = wo(y) is the (unique) real root of (4.1). Further, let y € R\ {0} be such
that wy is outside the interval [XNT(N), % + 1] for all N large enough. Then

In S;L(N)(ey; N, 1)
N

4.3) lim = ywo — F(wg) — 1 —In(e” — 1).
N—oo
REMARK 1. When y is positive, we can choose the branch of the logarithm
which has real values at positive real points both in (4.2) and in In(e” — 1) in-
side (4.3). For negative ys we can choose the branch which has the values with
imaginary part 7.
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REMARK 2. Note that piecewise-continuity of f(¢) is a reasonable assump-
tion since f is monotonic.

REMARK 3. A somehow similar statement was proven by Guionnet and
Maida; see [36], Theorem 1.2.

When an accurate asymptotics of A(/V) is known, Proposition 4.1 can be further
refined. For w € C, denote [as before 1 j(N) =A;(N) + N — j]

exp(NF (w; [))
M —pj(N)/N)

4.4) Q(w; M(N), f) =

PROPOSITION 4.2. Let y € R\ {0} be such that wyg = wo(y) [which is the
(unique) real root of (4.1)] is outside the interval [w, %N) + 1] for all large
enough N. Suppose that for a function f(t)

4.5) lim Q(w; A(N), f) =g(w)

N—o00
uniformly on an open M set in C, containing wq. Assume also that g(wo) # 0 and
F'(wo; f)#0. Then as N — o0,

gwo)  exp(N(ywo — F(wo; )
VT D N - DY

The remainder o(1) is uniform over y belonging to compact subsets of R \ {0} and
such that wo = wo(y) € M.

Suwy (e’ N, 1) =

(1+0(1)).

REMARK. If the complete asymptotic expansion of Q(w; A(N), f) as N —
oo is known, then, with some further work, we can obtain the expansion of
Savy(e”; N, 1) up to arbitrary precision. In such expansion, o(1) in Proposi-
tion 4.2 is replaced by a power series in N~/ with coefficients being the ana-
Iytic functions of y. The general procedure is as follows: we use the expansion of
O(w; A(N), f) (instead of only the first term) everywhere in the below proof and
further obtain the asymptotic expansion for each term independently through the
steepest descent method. This level of details is enough for our applications, and
we will not discuss it any further; all the technical details can be found in any of
the classical treatments of the steepest descent method; see, for example, [21, 30].

PROPOSITION 4.3.  Suppose that f(t) is piecewise-differentiable, Roo(A(N),
f)=0(Q) (i.e., it is bounded) and R{(A(N), f)/«/ﬁ goesto 0 as N — oo. Then
for any fixed h € R

S,y (€N N, 1) = exp(VNE(f)h + LS(f)R® + o(1))
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as N — oo, where

1 1 ) ) 1
ﬂﬂ=£1ﬂﬂh Mﬂ=£1ﬁ)m—EU)+Afm0—%Mt

Moreover, the remainder o(1) is uniform over h belonging to compact subsets of
R\ O.

We prove the above three propositions simultaneously.
We start investigating the asymptotic behavior of the integral on the right-hand
side of the integral representation of Theorem 3.8,

(N-=-D! 1

vt d
- Wﬁfc I—[?’ZI(Z —uj(N))

(4.6) S,(e¥; N, 1)

Changing the variables z = Nw transforms (4.6) into

(N —1)! 1NL?§ exp(Nyw)
(ev —1)N-1 2ri c]_[?/:l(w—uj(N)/N)

“4.7)

From now on we study the integral

jé exp(Nyw)
¢ 172 (w — juj(N)/N)

(4.8)
=‘<éexp(N(yw — F(w; f))) - Q(w; A(N), f)dw,

where the contour C encloses all the poles of the integrand.

Note that Re(F(w; f)) is a continuous function in w, while Im(F (w; f)) has
discontinuities along the real axis (if we choose the principal branch of logarithm
with a cut along the negative real axis), both these functions are harmonic outside
the real axis.

In fact, the factor Q(w; AL(N), f) in (4.8) has subexponential growth. Indeed,
under the assumptions of Proposition 4.2 this is automatically true, while for other
cases we use the following two lemmas whose proofs are presented at the end of
this section.

LEMMA 4.4. Let A be the smallest interval in R containing all the points
{f(t)|0 <t <1} and {#lj =1,..., N}. Under the assumptions of Proposi-
tion4.1 as N — oo

In|Q(w; A(N), f)| < 0(N)<1 + sup|In(w — a)| + sup

acA acA

w—a

where o(N) is uniform in w outside A.
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LEMMA 4.5. Let A be the smallest interval in R containing all the points
{f(t)lO <t <1} and {%Ij =1,..., N}. Under the assumptions of Proposi-
tion4.3 as N - 00

IMQ@uMNLfﬂfdJﬁmW—J—++OG) sup m(ﬂiiﬁw‘
acAlW —a lt—s|<i/NI \w — f(s)
0
+ - ==__|»
0551:21 w— f(t)

where o(v/N) and O(1) are uniform in w outside A, and the last sup is taken only
over such t in which f is differentiable.

The asymptotic analysis of the integrals of the kind (4.8) is usually performed
using the so-called steepest descent method; see, for example, [21, 30]. We will
deform the contour to pass through the critical point of yw — F(w; f). This point
satisfies the equation

(4.9) 0=(vw—Fw ) =y~ [
. =(yw — F(w; =y— -
g Tl w=F0
In general, equation (4.9) [which is the same as (4.1)] may have several roots, and
one has to be careful to choose the needed one.

LEMMA 4.6.  Suppose that y € R\ {0}. If y > 0, then (4.9) has a unique real
root wo(y) > f(0). If y <0, then (4.9) has a unique real root wo(y) < f(1).
Further, wo(y) — coas y — 0.

PROOF. For y > 0 the statement follows from the fact that the integral in (4.9)
is a monotonic function of w > f(O) changing from +oco down to zero (when
w — +00). Similarly, for y < 0 we use the that the integral in (4.9) is a monotonic
function of w < f(l) changing from zero (when w — —o0) down to —oo. [

In what follows, without loss of generality, we assume that y > 0, and use wg =
wo(y) of Lemma 4.6.

Next, we want to prove that one can deform the contour C into C’ which passes
through wy in such a way that Re(yw — F(w; f)) has maximum at wg. The fact
that y is real simplifies the choice of the contour.

Let C’ be the vertical line passing through wg. We claim that the contour C
in (4.8) can be deformed into C’ without changing the value of integral. Indeed,
observe that the integrand in (4.8) decays like |lw|~N as |w| — oo in such way
that Re(w) stays bounded from above. Therefore, for N > 2 we can deform the
contour as desired.
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We will now study the integral over w € C’. The definitions immediately imply
that

Re(yw — F(w; f)) < Re(ywo — F(wo; f)), wel',w#w.

Now the integrand is exponentially small in N (compared to its value at wg)
everywhere on the contour C’ outside arbitrary neighborhood of wy. Inside a small
e-neighborhood of wg we can do the Taylor expansion for yw — F(w; f),

(w — wo)*
2
where the absolute value of the remainder 6 is bounded by the maximum of

|F"”(w; f)| in the e-neighborhood.

Note that 7" (wo; f) < 0, and denote u = —i/—F"(wo; f). Setting w = wq +
s/(u VN ), and choosing a small ¢ > 0, whose exact value will be specified later,
(4.8) is approximated by

exp(N (ywo — F(wo; f)))

yw — F(w; f) = ywo — F(wo; f) — - F(wo; )+ (w —wp)? - 8,

wo+ie
xf ’ exp(—NF" (wo; f)(w — wo)?/2 + N&(w — wp)°)

wo—ié&

xQ(w; A(N), f)dw

(4.10)
_ exp(N (ywo — F(wo; f)))
uv/N
++/Nelul -
X /f| | exp(—s2/2 + 535 /v/N)Q(wo + s/ (uv/N); A(N), f)ds
~2m Q(wo; A(N), f)exp(N (ywo — F(wo; f))).
u\/_
where

18] < u|™> sup F" (w; f).
welwo—ie, wotie]
When we approximate the integral over vertical line by the integral over the ¢-
neighborhood [reduction of (4.8) to the first line in (4.10)] the relative error can be
bounded as

const X exp(N Re(F(wo +ie; f) — F(wo; f)))
@.11)
~ const x exp(—N&2|F" (wo; £)]/2).

Next, we estimate the relative error in the approximation in (4.10) [i.e., the sign
~ in (4.10)]. Suppose that ¢ < |u/§|/2, and divide the integration segment into a

smaller subsegment |s| < N~/ 05N /|c§ | and its complement. When we omit
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the s3> term in the exponent, we get the relative error at most const x N ~3/10

when integrating over the smaller subsegment [which comes from the factor
exp(s3(§ / V/N) itself] and const x exp(—N —2/ 15|<§ |~2/3 /4) when integrating over
its complement (which comes from the estimate of the integral on this comple-
ment).

When we replace the integral over [—+/N¢|u|, ++/Ne|u|] by the integral over
(=00, +00) in (4.10), we get the error

constexp(—Ne?|u?|/2).
Finally, there is an error of

const sup |Q(w; A(N), ) — Q(wo: A(N), f)]

we[wog—ie, wo+ie]

coming from the factor Q(wg + s/ (u~v/N); A(N), f). Summing up, the total rela-
tive error in the approximation in (4.10) is at most constant times

N30 4 exp(—N"2/1318172/3 /4) + exp(—Ne?[u?|/2)

+ sup |Q(w; A(N), f) — Q(wo; A(N), f)].

welwo—ie,wo+ie]

Combining (4.7) and (4.10) we get

4.12)

sy (), 1N
S osah)
1 N=1!
~ \/ﬂ (&) — l)N—l
1
<« NI=N (wo; A(N), f)exp(N (ywo — F(wo; f))).

Q
V=F"(wo; HVN

Using Stirling’s formula we arrive at

si(e?, 1N
s, (1N
@iy D
N 1 Q(wo; ~(N), f)
eN(ey — DN=1 /=F"(wo; f)
with the relative error in (4.13) being the sum of (4.11), (4.12) and O (1/N) coming
from Stirling’s approximation, and ¢ satisfying ¢ < |u/§|/2.
Now we are ready to prove the three statements describing the asymptotic be-
havior of normalized Schur polynomials.

exp(N (ywo — F(wo; 1)),

PROOF OF PROPOSITION 4.1. Use (4.13) and Lemma 4.4, and note that after
taking logarithms and dividing by N the relative error in (4.13) vanishes. [J



3094 V. GORIN AND G. PANOVA

PROOF OF PROPOSITION 4.2. Again this follows from (4.13). It remains to
check that the error term in (4.13) is negligible. Indeed, all the derivatives of F, as
well as |ul, |8], |§| are bounded in this limit regime. Thus, choosing ¢ = N ~1/10
we conclude that all the error terms vanish. [

PROOF OF PROPOSITION 4.3. Equation (4.9) for wq reads

1 dt
h/ﬁ_/o wo— F(6)

Clearly, as N — oo we have wog &~ +/N/h — oo. Thus we can write
Idr I G F(1)\? 1
[t 22 () o)
0 wo— f(r) woJo wo wo wp

1 1
_ ~ _ =~ 02
A_/O f()dt, B_/O (f@) dt

Denote

and rewrite (4.9) as

VN AJVN
(2)—w07———0(1)
If follows that as N — oo, we have
VN 1 AVN
=—+—/—=+4——+ 01 /VN
wo=—5-+5\ 3 + ; +0(1/+/N)
N
(4.14) =\/T_+A+O(1/«/N) and alternatively

2
L_h _An +O(N7/3).
wo /N N
Next, let us show that the error in (4.13) is negligible. For this, choose ¢ in (4.10)
to be N!/10. Note that |F”(wo; f)| is of order N~!, and |F”(w; f)| (and, thus,
also |8]) is of order N—3/2 on the integration contour and |u| is of order N —172,
The inequality ¢ < |u/§|/2 is satisfied. The term coming from (4.11) is bounded by
exp(— const x N'/3) and is negligible. As for (4.12) the first term in it is negligible,
the second one is bounded by exp(— const x N*/1) and negligible, the third one is
bounded by exp(— const x N'/3) which is again negligible. Turning to the fourth
term, Lemma 4.5 and asymptotic expansion (4.14) imply that both Q(w; A(N), f)
and Q(wq; A(N), f) can be approximated as 1 + o(1) as N — oo, and we are
done.
Note that

eh/‘m—l

— = 1+o00
—F"(wo; f) ot
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as N — oo. Now (4.13) yields that
/NN 1N—1)
s, (1Y)
= exp(N(=1 = In(e""YN — 1) + hwo/v/N — F(wo: £)))(1 + o(1)).

As N — oo using the Taylor expansion of the logarithm, we have

sy (e

4.15)

l o~
F(wo; f) =/ In(wo — f (1)) dt

= In(wg) +/ <—& - (f(t)z)z + O<wi(3)>) dt

2wy
A B 1

=In(wg) — — — —+ 0<
wo 2w0 w0

and using (4.9) together with (4.14),
Ah  A’h*>  BRh?

—1+A+B+0(1)—1+ +——+O(N?)
JN wo  w} wy B VN N N '

—1 = In("YN = 1) + hwo/~'N — F(wo; f)
A B A B

= —In(wo(" N — 1) + = + = s+ ot t OV 3/2)
wo wO 2w0

2A 3B

:—ln<—(1 —+—+ON /))+—+—+0N /
NASEN W)+ e T2 TOWT

1(1+Ah+(B_A2)h2> 1<1+ h hz)
= —1In
VN N 2f
N ((3/2)B — 2A%)h?
JIN N
Ah B — A? h2 h h?
-+ 4+ O(NT¥.
NPT N T agw aan oW

To finish the proof observe that

+ O(N73/?)

1 1
A=E(f)+1/2, B:/O fz(t)dt+2/0 FO = 1)dt +1/3:
thus (4.15) transforms into

exp(E(f)hv/'N + S(f)h?/2)(1 + o(1)). O
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Now we prove Lemmas 4.4 and 4.5.

PROOF OF LEMMA 4.4. We take the logarithm of Q(w; A(N), f) and aim to
prove that the result is small. For that observe the following estimate:

N

(N N .
ln<w — “f]i[ )> ~ Y In(w - f(j/N))‘
j=1 j=1
(4.16)

N N

1
—a\ RN = FGIN-

w — i=1

1
< — -sup

= =
N acA

ff(j/zv) dx
wj(N)/N W — X

j=1

Further, using a usual second-order approximation of the integral (trapezoid for-
mula) we can write

N
> In(w — F(j/N))

j=1

N in(w = F(i/N))

=N<.Z N )
j=1
1 _ - _ _ o~

4.17) :N/ 1n(w—f(z))dt+1“(w F(1)) —In(w — F(0))
0 2
+T(w, f, N)
= NF(w; )+ 2 =S 2w = JOD 4 7y g,

2

Under the conditions of Proposition 4.1, the function f(t) is piecewise-continuous,
and the remainder 7 (w, f, N) can be bounded via

N -~ 7
T, N <N sup 'ln(w‘f@);ln(w 7))l
4.18) j=1G=D/N=t.s<j/N
4.

< oW)(1 + sup|ln(w - a)]).
acA
On the other hand, the right-hand side of (4.16) is bounded from above by

o(N) sup,ca |ﬁ |. Combining these two bounds we arrive at the desired estimate
for Q(w; A(N), f). O

PROOF OF LEMMA 4.5. We proceed in the same way as in the proof of
Lemma 4.4. This time, the right-hand side of (4.16) is bounded from above by
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o(v'N) SUPgeca |ﬁ|. We also have

N ~ -
ITw, LN)|<NY.  sup | In(w — f(1) —In(w — f(5))]
(4.19) j=1U=-1D/N=<t,s<j/N N
| w— () ' ()
In| ——— S
n(w - f(S)> +Os;11§)1 w— (1)

where the last sup is taken only over those points where fis differentiable and the
term with prefactor O (1) arises because of the possible discontinuities of f. [

9’

<0() sup
lt—s|<1/N

REMARK. Note that the restriction of Propositions 4.1 and 4.3 that f(r)
should have finitely many points of discontinuity is used only in the proofs of
the above two lemmas. It is very plausible that this restriction can be removed if
one uses more delicate estimates in these proofs.

4.2. Values at complex points. The propositions of the previous section deal
with Sy (e”; N, 1) when y is real. In this section we show that under mild assump-
tions the results extend to complex ys.

In the notation of the previous section, suppose that we are given a weakly-
decreasing nonnegative function f(¢), the complex function F(w; f) is defined
through (4.2), y is an arbitrary complex number and wy is a critical point of yw —
F(w; f), that is, a solution of equation (4.9).

We call a simple piecewise-smooth contour y (s) in C a steepest descent contour
for the above data if the following conditions are satisfied:

(1) y(0) = wo;

(2) the vector (F”(wo; f))~'/? is tangent to y at point 0;

3) Re(yy(s) — F(y(s); f)) has a global maximum at s = 0;
(4) the following integral is finite:

/o;exp(Re(yy(s) —F(y ) )|y ()] dt < oco.

REMARK. Often the steepest descent contour can be found as a level line
Im(yw — F(w; f)) =Im(ywo — F(wo; f)).

EXAMPLE 1. Suppose that f(t) = 0. Then
1
F(w; f) :f In(w—1+8dt=wln(w) — (w—1)In(w —1) — 1
0

and

(4.20) F'(w; 0) =In(w) —In(w — 1) = —In(1 — 1/w).
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4

Im(w)
3
A
24
B
C Re(w)
= 3 \\4
B

FI1G. 7.  Sketch of the level lines Re(yw — F(w; 0)) = Re(ywg — F(wq; 0)) for y=1—1.

And for any y such that e¥ # 1, the critical point is

1
1—e’

wo = wo(y) =

Let us assume that e~ is not a negative real number. This implies that wg does
not belong to the segment [0, 1].

Figure 7 sketches the level lines Re(yw — F(w; 0)) = Re(ywo — F(wq; 0)) for
one particular value of y. Let es explain the qualitative features of these level lines.

Taylor expanding yw — F(w; 0) near wy we observe that there are 4 level lines
going out of wg. Note that the level lines cannot cross. Indeed, any intersection of
the level lines is a critical point of yw — F (w; 0), but the only critical point is at wy.
When |w]| > 1, we have Re(yw — F(w; 0)) = Re(yw) — In|w|. Therefore level
lines intersect a circle of big radius R >> 1 in 2 points, and the level lines’ picture
should have two infinite branches which are close to the rays of the line Re(yw) =
const and one loop. We claim that this loop should enclose some points of the
segment [0, 1]. Indeed, due to the maximum principle a nonconstant harmonic
function cannot have closed level line; on the other hand, the only points where
Re(yw — F(w; 0)) is not harmonic lie in the segment [0, 1].

Now the plane is divided into three regions A, B and C as shown in Figure 7.
Re(yw — F(w; 0)) > Re(ywog — F(wp; 0)) in A, C, and Re(yw — F(w;0)) <
Re(ywo — F(wp; 0)) in B. One way to see this fact is by analyzing Re(yw —
F(w; 0)) for very large |w|.

There are two smooth curves Im(yw — F(w; 0)) = Im(ywo — F (wg; 0)) passing
through wy. Taylor expanding yw — F(w; 0) near wo we observe that one of them
has a tangent vector parallel to o/ F”(wg; 0), and another one has a tangent vector
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parallel to i/ F”(wp; 0). We conclude that the former one lies inside the region
B. In the neighborhood of wy this curve is our steepest descent contour. The only
property which still might not hold is property number 4. But in this case, we can
modify the contour outside a small neighborhood of wy, so that Re(yw — F(w; 0))
rapidly decays along it. This is always possible because for |w| > 1, we have
Re(yw — F(w; 0)) ~ Re(yw) — In|w|.

EXAMPLE 2. More generally let f(¢) = a(1 —¢), then

1
F(w; a(1 —1)) =/0 In(w + (¢ + 1)(r — 1)) dt

B win(w) — (w — (¢ + 1)) In(w — (@ + 1)) B
o a+1

1

and
In(1 — (@ +1)/w)
a+1 '

F(w;a(l—1)) =
For any y such that e¥ # 1, the critical point is
wo = wo(y) = (@ + 1)/(1 — eiy(aJrl)).
Note that if we set w = u(x + 1), then
Fwya(l=0))=uln(@) — u—1)In(u—1)+In(e+1) -1,

which is a constant plus F (u; 0) from Example 1. Therefore, the linear transforma-
tion of the steepest descent contour of Example 2 gives a steepest descent contour
for Example 2.

PROPOSITION 4.7. Suppose that f(t), y and wg are such that there exists a
steepest descent contour y, and moreover, the contour of integration in (4.6) can
be deformed to y without changing the value of the integral. Then Propositions 4.1
and 4.2 hold for this f(t), y and wy.

PROOF. The proof of Propositions 4.1 and 4.2 remains almost the same. The
only changes are in formula (4.10) and subsequent estimates of errors. Note that
condition 4 in the definition of steepest descent contour guarantees that the integral
over y outside arbitrary neighborhood of wy is still negligible as N — oo.

Observe that the integration in (4.10) now goes not over the segment [wo —
ie, wo + ie] but over the neighborhood of wgy on the curve yp. This means that
in the relative error calculation, a new term appears, which is a difference of the

integral
f 52 dg
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over the interval [—+/Ne¢|u|, ~/Ne|u|] of real line and over the part of rescaled
curve % inside circle of radius v/Ne|u| around the origin. The difference

of the two integrals equals to the integral of exp(—s2/2) over the lines connecting
their endpoints. But since 1/u = —(F"(wo; f))~!/? is tangent to y at 0, it fol-
lows that for small ¢ the error is the integral of exp(—s2/2) over segment joining
V'Nelu| and v/Nelu| + Q1 plus the integral of exp(—s?/2) joining —v/Ne|u| and
—/Nelu| + Qo with |Q1] < (v/Nelu|)/100 and similarly for Q. Clearly, these
integrals exponentially decay as N — oo, and we are done. [

It turns out that in the context of Proposition 4.3 the required contour always
exists.

PROPOSITION 4.8.  Proposition 4.3 is valid for any h € C.

PROOF. Recall that in the context of Proposition 4.3 y = h/+/N and goes
to 0 as N — oo, while wg & 1/y goes to infinity. In what follows without loss of
generality we assume that / is not an element of R<p and choose in all arguments
the principal branch of logarithms with cut along negative real axis. (In order to
work with 2 € R_(, we should choose other branches.)

Let us construct the right steepest descent contour passing through the point
wo. Choose positive number r such that r > |f(t)| forall 0 <t < 1. Set W to be
the minimal strip (which is a region between two parallel lines) in complex plane
parallel to the vector i/ & and containing the disk of radius r around the origin.

Since wy is a saddle point of yw — F(w; f), in the neighborhood of wq there
are two smooth curves Im(yw — F(w; f)) = Im(ywo — F(wo; f)) intersecting at
wo. Along one of them Re(yw — F(w; f)) has maximum at wy, along another one
it has minimum; we need the former one. Define the contour y to be the smooth
curve Im(yw — F(w; f)) = Im(ywoF (wp; f)) until it leaves W and the curve
(straight line) Re(yw) = const outside W.

Let us prove that Re(yw — F(w; f)) has no local extremum on y except for wy,
which would imply that wy is its global maximum on y. First note that outside W
we have

1 o~
Re(yw — F(w; f)) =Re(yw) —/(; Injw — f ()| dt,

with the first term here being a constant, while the second being monotone
along the contour. Therefore, outside W we cannot have local extremum. Next,
straightforward computation shows that if N is large enough, then one can al-
ways choose two independent of N constants 1/2 > G| > 0 and G, > 0 such that
Re(yw — F(w; f)) > Re(ywog — F(wo; f)) for w in ¥ satisfying |w| = G1|wg|
or |lw| = Ga|wyg|. It follows, that if Re(yw — F(w; f)) had a local extremum, then
such extremum would exist at some point w; € ¥ satisfying G|wo| < |w1| <
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G2 wo|. But since Im(yw — F(w; f)) is constant on the contour inside W, we
conclude that w is also a critical point of yw — F(w; f). However, there are no
critical points other than wy in this region.

Now we use the contour y and repeat the argument of Proposition 4.3 using it.
Note that the deformation of the original contour of (4.6) into y does not change
the value of the integral. The only part of proof of Proposition 4.3 which we should
modify is the estimate for the relative error in (4.13). Here we closely follow the
argument of Proposition 4.7. The only change is that the bound on Q1 and Q5 is
now based on the following observation: The straight line defined by Re(yw) =
Re(ywg) (which is the main part of the contour y) is parallel to the vector i/y. On
the other hand,

VF"(wo) =i/y(1+ O(1/v/N)) ~i/y. O

REMARK. In the proof of Proposition 4.8 we have shown, in particular, that
the steepest descent contour exists, and thus asymptotic theorem is valid for all
complex y, which are close enough to 1. This is somehow similar to the results of
Guionnet and Maida; cf. [36], Theorem 1.4.

5. Statistical mechanics applications.

5.1. GUE in random tilings models. Consider a tiling of a domain drawn on
the regular triangular lattice of the kind shown at Figure 1 with rhombi of 3 types
which are usually called lozenges. The configuration of the domain is encoded by
the number N which is its width and N integers w1 > @2 > --- > uy which are
the positions of horizontal lozenges sticking out of the right boundary. If we write
Wi = A + N — i, then A is a signature of size N; see left panel of Figure 1. Due
to combinatorial constraints the tilings of such domain are in correspondence with
tilings of a certain polygonal domain, as shown on the right panel of Figure 1.

Let 2, denote the domain encoded by A € GT, and define Y, to be a uniformly
random lozenge tiling of €2, . We are interested in the asymptotic properties of T
as N — oo and A changes in a certain regular way.

Given T, let vi > vy > --- > v be positions of the horizontal lozenges at the
kth vertical line from the left. (Horizontal lozenges are shown in blue in the left
panel of Figure 1.) We again set v; = «; + k — i and denote the resulting random
signature « of size k by T¥.

Recall that the Gaussian unitary ensemble is a probability measure on the set of
k x k Hermitian random matrices with density proportional to exp(— Trace(X?)/
2). Let GUE; denote the distribution of k (ordered) eigenvalues of such random
matrices.

In this section we prove the following theorem.
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THEOREM 5.1. Let M(N) e GTy, N =1,2,... be a sequence of signatures.
Suppose that there exists a nonconstant piecewise-differentiable weakly decreasing
function f(t) such that

N ai(V
Y )| = o/ W)

i=l

as N — 00 and also sup; y |Ai(N)/N| < 0o. Then for every k as N — 0o, we
have

Y5y — NE(f)
VNS(f)

in the sense of weak convergence, where

1 1 5 5 1
EN=[ fodn  s(h=[ r@rde-EP+ [ roa -2

0 0 0
REMARK. For any nonconstant weakly decreasing f(¢), we have S(f) > 0.

COROLLARY 5.2. Under the same assumptions as in Theorem 5.1 the
(rescaled) joint distribution of k(k + 1)/2 horizontal lozenges on the left k lines
weakly converges to the joint distribution of the eigenvalues of the k top-left cor-
ners of a k x k matrix from GUE.

PROOF. Indeed, conditionally on Tf the distribution of the remaining k(k —
1)/2 lozenges is uniform subject to interlacing conditions and the same property
holds for the eigenvalues of the corners of GUE random matrix; see [3] for more
details. [J

Let us start the proof of Theorem 5.1.

PROPOSITION 5.3.  The distribution of Tf is given by

_ sy(19)53, (1N H)

Prob{Y§ =} (M)

k]

where s; y is the skew Schur polynomial.
PROOF. Let kx € GTys and u € GTy—1. We say that ¥ and p interlace and
write u < «, if

KlZU2ZK2=Z 2 UM—1 = KM-

We also agree that GT( consists of a single point, empty signature & and & < «
for all « € GT};.



ASYMPTOTICS OF SYMMETRIC POLYNOMIALS 3103

For k € GT k and u € G']I‘L w1th K>1L, let Dim(p, /c) denote the number of
sequences & < gLt <. < X such that ¢' € GTy, ¢& =« and ¢ X = 1. Note
that through the 1dent1ﬁcat10n of each ¢! with configuration of horizontal lozenges
on a vertical line, each such sequence corresponds to a lozenge tiling of a certain
domain encoded by « and u, so that, in particular the tiling on the left panel of
Figure 1 corresponds to the sequence

<2)=<3,00<@3,1,00<(3,3,0,0) < (4,3,3,0,0).
It follows that
Dim(&, n) Dim(n, 1)
Dim(@, A) '

On the other hand the combinatorial formula for (skew) Schur polynomials (see,
e.g., [52], Chapter I, Section 5) yields that for k € GTx and u € GT with K > L,
we have

Prob{Y} =1} =

Dim(u, k) = s,/ (1575),  Dim(@, p) = s, (15). O

Introduce the multivariate normalized Bessel function Bi(x;y), x = (x1,...,
x), y =1, ..., yx) through

Bi(x:y) = det; Jj=1,..., (eXP(XZYJ)) - 1—[(] _

l_[l<j(xl x])l_[l<j(yl
The functions By (x; y) appear naturally as a result of computation of Harish-

Chandra-Itzykson—Zuber matrix integral (1.11). Their relation to Schur polyno-
mials is explained in the following statement.

Yi i<j

PROPOSITION 5.4. For A= (A1, X2, ..., ;) € GTk, we have

s, (e*, ..., e*) e’ — e%i

=Br(xt,...,xp; M +Hk—1,+k—2,..., ).

S)L(lk) i<j Xi — Xj

PROOF. The proof immediately follows from the definition of Schur polyno-
mials and the evaluation of s; (1¥) given in (2.3). O

We study Tf for A € GTy through its moment generating functions
E By (x; Y§ +6¢), where x = (x1, ..., x¢), 8 = (k— 1,k —2,...,0) as above, and
[E stands for the expectation. Note that for k = 1, the function E B (x; T)]f + &) is
nothing but usual one-dimensional moment generating function E exp(x T)z).

PROPOSITION 5.5. We have
su(e¥l, ..., e, IN=h

5. (1)

i

EBk(x; T)If + Sk) = ‘ .
l<i<j<k Xi —Xj
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PROOF. LetZ=1(z1,...,zm)and Y = (y1,..., yn), and let u € GT,,4,, then
(see, e.g., [52], Chapter I, Section 5)

> s Dsupe(Y) =su(Z,Y).
xkeGT,,

Therefore, Propositions 5.3 and 5.4 yield

Xi —Xj sp(e*t, ..., e*) sn(lk)sk/n(lN_k)
EBy(x; Tk 4+ Ok 71 = n .
( ( A )) ,1:[; eXi — o%i HG%M Sﬂ(lk) S)\(IN)
_ Yeam i€, e%)s (1N
B (1Y)
st e, IN=Fky
B 5,(1V) ' -

The counterpart of Proposition 5.5 for GUEy, distribution is the following.

PROPOSITION 5.6. We have

(5.1) EBy(x; GUEy) = exp(3 (xf + -+ +x7)).

PROOF. Let X be a (fixed) diagonal k£ x k matrix with eigenvalues x, ..., X,
and let A be random k x k Hermitian matrix from GUE. Let us compute

(5.2) E exp(Trace(X A)).

From one hand, standard integral evaluation shows that (5.2) is equal to the right-
hand side of (5.1). On the other hand, we can rewrite (5.2) as

(5.3) / Pgug, (dy) / Phiaar(du) exp(Trace(YuXu ™)),
Yizy2=-=Yk uel (k)

where Pgug, is probability distribution of GUEy, Phaar is normalized Haar
measure on the unitary group U (k) and Y is Hermitian matrix (e.g., diago-
nal) with eigenvalues yi,..., yx. The evaluation of the integral over unitary
group in (5.3) is well-known (see [38, 39, 42, 60]), and the answer is precisely
BiOi1, ..., Yk; X1, ..., xx). Thus (5.3) transforms into the left-hand side of (5.1).

OJ

In what follows we need the following technical proposition.

PROPOSITION 5.7. Let ¢V = (¢ > @) > ... > o)), N=1,2,... be a se-
quence of k-dimensional random variables. Suppose that there exists a random
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variable ¢*° such that for every x = (x1, ..., xx) in a neighborhood of (0, ..., 0),
we have

lim EBy(x; ¢") = EBi(x; ).

N—o00
Then ¢V — ¢ in the sense of weak convergence of random variables.
PROOF. For k =1 this is a classical statement; see, for example, [7], Sec-

tion 30. For general k this statement is, perhaps, less known, but it can be proven
by the same standard techniques as for k =1. [

Next, note that the definition implies the following property for the moment
generating function of k-dimensional random variable ¢:

EB(x1, ..., xx; ap + b) =exp(b(x1 + - - + xx))EBi(axi, . .., axi; ¢).

Also observe that for any nonconstant weakly decreasing f(¢), we have S(f) > 0.
The following statement, together with Proposition 5.5, gives the moment gener-
ating function for the shifted and normalized Tf( Ny a8 N — oo.

PROPOSITION 5.8. In the assumptions of Theorem 5.1 for any k reals
hi,..., hi, we have

p S @YD, L MVNSD, Ny
N—o00 SA(N)(lN)
E(f)
X eXp(—«/N S(ff) (hy+--- +hk))

1
=exp(§(h% +--- +h%)).

PROOF. For k =1 this is precisely the statement of Proposition 4.3. For gen-
eral kK we combine Proposition 4.8 and Corollary 3.12. [

PROOF OF THEOREM 5.1. Propositions 5.8 and 5.5, and the observation that
(e*" —e*))/(x; —xj) tends to 1 when x;, x; — 0 show that as N — oo the moment
generating function for the shifted and normalized Tf( Ny converges to the corre-
sponding moment generating function for the GUE; as given in Proposition 5.6.
Now Proposition 5.7 implies the weak convergence

(Yf oy = NE()//NS(f) - GUEy,

and Theorem 5.1 then follows. [
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H i H

H H 0—H H—O0—H O
H H H

a a b b c c
0 0 0 0 1 -1

FI1G. 8. Types of vertices in the six vertex model divided by groups and their correspondence to
numbers in ASM.

5.2. Asymptotics of the six vertex model. Recall that an alternating sign matrix
of size N is a N x N matrix filled with 0s 1s and —1s in such a way that the sum
along every row and column is 1, and moreover, along each row and each column
1s and —1s are alternating, possibly separated by an arbitrary number of 0s. Alter-
nating sign matrices are in bijection with configurations of the six-vertex (“square
ice”) model with domain wall boundary conditions. The configurations of the 6-
vertex model are assignments of one of 6 types of HoO molecules shown in Fig-
ure 8 to the vertices of N x N square grid in such a way that the O atoms are at
the vertices of the grid. To each O atom there are two H atoms attached, so that
they are at angles 90° or 180° to each other, along the grid lines, and between any
two adjacent O atoms there is exactly one H. We also impose the so-called domain
wall boundary conditions as shown in Figure 4 in the Introduction. In order to get
an ASM we replace the vertex of each type with 0, 1 or —1, as shown in Figure 8;
see, for example, [50] and references therein for more details. Figure 4 gives one
example of ASM and corresponding configuration of the 6-vertex model.

Let Jy denote the set of all alternating sign matrices of size N or, equivalently,
all configurations of six-vertex model with domain wall boundary condition. Equip
Jn with uniform probability measure and let wy be a random element of Jy. We
are going study the asymptotic properties of wy as N — oo.

For & € Jy let a; (%), b; (¥), ¢; () denote the number of vertices in horizontal
line i of types a, b and c, respectively (the types are shown in Figure 8). Likewise,
leta; (), Ej (¥) and ¢ () be the same quantities in vertical line j. Also let a (),
b (9) and ¢ () be 0-1 functions equal to the number of vertices of types a, b
and c, respectively, at the intersection of vertical line j and horizontal line i. To
simplify the notation we view a;, b; and ¢; as random variables and omit their
dependence on ¢.

THEOREM 5.9.  For any fixed j the random variable (aj — N/2)/~/N weakly
converges to the normal random variable N(0,/3/8). The same is true for
an—j, aj and dn_;. Moreover, the joint distribution of any collection of such
variables converges to the distribution of independent normal random variables

N(0, /378).

Inspecting the bijection between ASMs and the configurations of the six-vertex
model one readily sees that Theorem 5.9 implies Theorem 1.10. The rest of this
section is devoted to the proof of Theorem 5.9.
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The 6 types of vertices in a six-vertex model are divided into 3 groups, as shown
in Figure 8. Define a weight depending on the position (i, j) (i is the vertical
coordinate) of the vertex and its type as follows:

Lo—1.2 2 Lo—1.2 2 (1
a:q - uj —qvj, b:q Vi —qu;j, c:(g —q)uivj,
where vy, ..., vy, Uy, ..., uy are parameters, and from now and until the end of
this section, we set g = exp(i/3). (Notice that this implies ¢~! + ¢ = 1;9 —

g '=iv3))

Let the weight W of a configuration be equal to the product of weights of ver-
tices. The partition function of the model can be explicitly evaluated in terms of
Schur polynomials.

PROPOSITION 5.10. We have

> W®)

vely

N
= (—I)N(N_l)/z(q_l — q)N H(Uiui)_lsk(N) (M%, R u%v, v%, e, U]ZV),
i=1
where \(N)=(N—-1,N—1,N—-2,N—2,...,1,1,0,0) € GTyy.
PROOF. See [32, 56,66]. O

The following proposition is a straightforward corollary of Proposition 5.10.

PROPOSITION 5.11. Fix any n distinct vertical lines i1, ..., i, and m distinct
horizontal lines ji, ..., j, and any set of complex numbers uy, ..., uy, V1, ..., Upy.
We have

—-1,,2 a; -1 2\ b;
q ‘uy—qg\'%(q ~—qu 'k .
q9  —qq q9  —q

k=1
5.4
e O\ sy @y e, 12V
=\ [T« 2N ?
Pl san) (177Y)
m -1 _ . 2\Gj, y,—1,2 _ _\b; R
Ey H[("lﬂ) I (w) “(w)%}
(=1 q —q q —dq
5.5)

12N—m)

o\ sy @i U,
- HUZ 12N)

San) (
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and, more generally

n —-1,.2 a; —1 2\ b;
q '} —q\%u (g7 —qui\Px
(1) () ]
k=1 q —dq q —dq
m —1 _ gu2\4
M () ]
Pl AN g '—q

1

(5.6) Xﬁlm—[[((qilug qu)(ql—l q))aim

kel \(g 9)(q~" —qv})
((q“v%—qu;%)(q‘l q))”"’”])
X
(@' —qui) (g~} —q)
s ULy ovns Uy Ul e Uy, 12N
HUE l_[ )L(N)(l ns UVl — m ),
- k=1 suvy (157Y)

where all the above expectations Ky are taken with respect to the uniform measure
only.

We want to study N — oo limits of observables of Proposition 5.11. Suppose
that n = 1, m = 0. Then we have two parameters #; = u and i| = i. Suppose that
as N — oo, we have

(5.7) u=u(N)=exp(y/vN),
and i/ remains fixed. Then we can use Proposition 4.3 to understand the asymptotics
of the right-hand side of (5.4).

As for the left-hand side of (5.4), note that ¢; is uniformly bounded, in fact
¢; < 2i because of the combinatorics of the model. Therefore, the factors involving

¢; in the observable become negligible as N — oo. Also note thata; +b; +c; = N.
Therefore the observable can be rewritten as

q—l _qezy/ﬂ N q—lezy/ﬂ_q a;
—1 f G(y)’
9 —q gl —qge2y/vN
with G satisfying the estimate | In G (y)| < Cy/+/N with some constant C (inde-

pendent of all other parameters).
Now let z be an auxiliary variable, and choose y = y(z, N) such that

\/_ q_lez.y/\/ﬁ_
5.8 exp(z/vVN) = ——.
(58) PV =
1_ e y/*/_ N .
Now the observable (as a function of z) turns into (%) times

exp(za;/ /N). Therefore, the expectation in (5.4) is identified with the exponential
moment generating function for a; /v/N.
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In order to obtain the asymptotics we should better understand the function
y(z, N). Rewrite (5.8) as
vV _ @/ g 1+ e/ V) — D /@ + )
g~ +qexpz/v/N) 1+ (expz/v'N) = D(q/(q~" +q))
Recall that ¢! + ¢ = 1, and therefore

2y =vN(In(1 + q‘%exp(zNN) —1)) - ln(l + q(exp(z/JN) -1)))

-1
=—(qg—q ")z- /f+ 2 Z/VN+O0(Z/N).
Note that the last two terms cancel out, and we get
3
(5.9) y=—gi—+ 0(z’/N).

Now we compute

(q_l _ qezy/W>N
9 '—q

eXp[N 1n(1 - _1q _(e_iﬁz/ﬁJrO(ZSN%m) - 1)):|
q9 " —d4

= exp[—v/Nqz + qiv/3z%/2 — ¢*22 /2 + o(1)]
=exp[—v/Nqz — 22/2 + o(1)].

Summing up, the observable of (5.4) is now rewritten as

(5.10) exp[—x/ﬁzi\/?g —zz/2+0(l):| exp[%z]

Now combining (5.4) with Propositions 4.3, 4.8 [note that parameter N in these
two propositions differs by the factor 2 from that of (5.4)], we conclude that (for
any complex z) the expectation of (5.10) is asymptotically

exp[wﬁyE(f) +45()y* +o(D)],
where f is the function 15%. Using (5.9) and computing
E(f)=1/4, S(f)=5/48

we get

(5.11) exp[ le%—%z +0(l):|

Now we are ready to prove Theorem 5.9.

PROOF OF THEOREM 5.9. Choose z; and z, to be related to u;, and v,
respectively, in the same way as z was related to u [through (5.7) and (5.8)]. Then,
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combining the asymptotics (5.11) with Corollary 3.12, we conclude that the right-
hand side of (5.6) as N — oo is

n

[ exp[—x/ﬁzkig - 15—6z,% + 0(1)}
(5.12) =

<[] exp[—«/ﬁz,'(ié — i(Z;()z —I—o(l)]
H 2 16

Now it is convenient to choose z; (z;) to be purely imaginary z; = s;i (z; = si).

Summing up the above discussion, observing that the case n =0, m =1 is
almost the same as n = 1, m = 0 (only the sign of a; changes) and that the observ-
able (5.6) has a multiplicative structure and the third (double) product in (5.6) is
negligible as N — oo, we conclude that as N — oo for all real s;, s/

n m -~
. aik—N/Z . aj(—N/Z /e
lim Epyex ——si1 E——— Y l+0(1)
(5.13)

The remainder o(1) on the left-hand side of (5.13) is uniform in a;,, @;,, and
therefore, it can be omitted. Indeed, this follows from

'IEN exp[%si—l—o(l)] —En exp[%si}
<En exp[wsi} o(1) =o(1).
- VN

Hence, (5.13) yields that the characteristic function of the random vector
a,-l—N/2 Clin—N/2 ajl—N/z Zijm—N/Z
converges as N — 00 to

k=1

Since convergence of characteristic functions implies weak convergence of distri-
butions (see, e.g., [7], Section 26), the proof of Theorem 5.9 is complete. [J

5.3. Toward dense loop model. In [23] de Gier, Nienhuis and Ponsaing study
the completely packed O(n = 1) dense loop model and introduce the following
quantities related to the symplectic characters.
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Following the notation from [23] we set

TL(Zla sy ZL) == X)LL(Z%’ te ’Z%‘)’
where AL e G’]I“Zr is given by AiL = LLZ_iJ fori =1,..., L. Further, set
ur(61,82;215--.,21)
(5.14)
_(_I)Liﬁln[ful((l,m,---,ZL)TL+1(€2,21,---,ZL)}
2 T2ty 20)T42(81, 820 20 ey zn)
Define
) J
X =zj—ur(1,8521,---,2L)
0z
and
9 -1
Y =w—ur2(81,82:21,...,21,vq ,w)‘ -
aw w=v
In particular, X (Lj) is a function of zy, ...,z and ¢y, &2, while Y7 also depends on

additional parameters v and ¢.

De Gier, Nienhuis and Ponsaing show that X Ej ) and Yy are related to the mean
total current in the O (n = 1) dense loop model, which is presented in Section 1.6.
More precisely, they prove that under certain factorization assumption and with
an appropriate choice of weights of configurations of the model, X (Lj) is the mean

total current between two horizontally adjacent points in the strip of width L,
X(Lj) — FUD.Gj+D,

and Y is the mean total current between two vertically adjacent points in the strip
of width L,

Y, = pU-D-G-Li).

see [23] for the details. . .

This connection motivated the question of the limit behavior of X (LJ ) and YL(J )
as the width L tends to infinity; this was asked in [22, 24]. In the present paper
we compute the asymptotic behavior of these two quantities in the homogeneous
case, thatis, whenz; =1,i=1,..., L.

THEOREM 5.12. As L — o0 we have

: iv3 _ 1
X(LJ)|Zj=z;z,-:1,i¢j = E(Z3 -2 3) +0(Z)

and

iv3 _ 1
Yilg=t1i=1,...L = E(w3 —w) + O<Z>'
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REMARK 1. Whenz=1, X (Lj) is identically zero, and so is our asymptotics.

REMARK 2. The fully homogeneous case corresponds to w = e~ " i/6

e2™1/3 1n this case,
V3 1
Y = — — .
L 2L+O<L)

> 4 =

REMARK 3. The leading asymptotics terms do not depend on the boundary
parameters ¢ and &>.

The rest of this section is devoted to the proof of Theorem 5.12.

PROPOSITION 5.13.  The normalized symplectic character for \* = (L%J,
I_%J, ..., 1,0,0) is asymptotically given for even L by
3e”O/M¥(e — 1) (4 (> —1)? )L (1 n 2o )
(€3/2y —1)(e¥ + 1) \9 e¥/2(ey — 1)2 L1222 :
and for odd L by

£ (e L) = 3e 0¥ er — 1) (4 (2 —D2\E HG) | BO)
e’ )_(63/2y—1)(ey+1)(§eY/2(ey—1)2> ( L2 n )

for some analytic functions t1, 12, ... and t],t}, ... such that t; =t] and

th=1+ 15 (P —1)%e/P.

%}\L (ey; L) =

PROOF. We will apply the formula from Proposition 3.19 to express the nor-
malized symplectic character as a normalized Schur function. The correspond-
ing v is given by v; = L%J +1fori=1,...,L and v; = —Li_g_lj for
i=L+1,...,2L, which is equivalent to v; = LLz_iJ +1forali=1,...,2L.
We will apply Proposition 4.2 to directly derive the asymptotics for S, (e”; 2L, 1).
For the specific signature we find that f () = 411 — %t and

1
Faw )= [ Inw=f0=1+1di

= é<—6+ ) —4w)1r1|:—;l +w} + (1 —i—4w)ln[;l +w}>.

In particular, we have

/ 2 5 1
G B
B 1

(w+1/4)(w—5/4)

F'(w; f)=
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The root of F'(w; f) =y, referred to as the critical point, is given by
1+563/%
4(—1+ 32y

Example 2 of Section 4.2 shows that a steepest descent contour exists for any
complex values of y for which wg ¢ [—1/4, 5/4], that is, if ¢3/2” is not a negative
real number. The values at wg are

ywo — F(wo; f)=—3y+1In(e/? —1)+1—1n3

wo = wo(y) =

and

4 (3% — 1)
/! . _
Frwo: )=-5—my

In order to apply Proposition 4.2 we need to ensure the convergence of Q(w; v, f),
defined as in Section 4.1 via

2L vi+2L—j
InQw; v, f) = QL)F(w; f) = Y Inw - L———
3 (- 2

(5.15) = <2L]—"(w; ) —jzéln<w — f(i)))
Pi(wiv. f)

2L .
£G/@L) —v;/ L)
~Y (1 :
“( TG/l — 1+ j/<2L>>

Py(w;v, f)

j=1

As in (4.17), we can write

In(w — £(0)) — In(w — £(1)) | bw)
2 L

where the exact value of b(w) does not depend on the parity of L and thus will not
affect the differences f; — #] and r, — ¢} in the statement.

We now estimate P>(w; v, f). We substitute the values for v and expand the
logarithms as In(1 4 x) &~ x — x2/2. Let

o 2Ly /L) + fG/(2L)  \2
(5.16) A(w; L) := _L;<w_f(i/(2L))—1+i/(2L)>

be the second order term in this expansion, so that

Pi(w;v, f)=

+o(1/L),

2L _ . '
Py(wiv, f)=) —vi/Q2L) + f(i/(2L)) A(w; L)

2
2w fa/ely—1+ijen 2L o(1/L%).
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Approximating the last sum by integrals we have

2L —((L-=0)/2+1)/2L)+1/4—-1/2-i/(2L)

i:l,iz%(:mod 2) w—1/4+i/4L) —1+i/(2L)
2L o o
n Z (L—=1i)/24+1/2)/2L)+1/4—-1/2-i/2L)

i=1,i=L+1(mod 2) w—1/4+i/4L) - 1+i/(2L)

L ~1/(2L)

B i=1,iz§mod oy W—3/4+3i/(4L)
(5.17) ,.
i=1imlri(mod 2) W — 2/4+3i/(4L)
: —1/2 : —1/4 B(w; L)
/0 w—5/44+(3/2)n +f0 w—5/4+(3/2)n nt—7

1 (w — 5/4) B(w; L)
=—1In +

2 \w+1/4 L
where B(w; L) is the error term in the approximation of the Riemann sums by
integrals. While both functions A(w; L) and B(w; L) are bounded in w and L,
they could depend on the parity of L. The sum in (5.16) can be again approximated
by an integral similarly to (5.17); therefore for both odd and even L, we have

A(w; L) = A(w) + O(1/L).

Next, B(w; L) appears when we approximate the integrals by their Riemann sums.
Using that the trapezoid formula for the integral gives O(1/L?%) approximation,
and denoting v(x) = —m, we have for even L

’

2L
B(w; L) =—v(0) + U<Z> +0(/Ly=v(l)—v0)+0{/L)
and for odd L,
B(w; L) =—v(0)/2 + v(i—i)/Z +00/L)y=v(1)/2—-v(0)/2+ O(1/L).

Therefore, we have

A(w,L)+B(w,L)=é(w)+(—1)L+1i( S )+0(1/L),
16\w—5/4 w+1/4

and hence we obtain as L — o0,
exp(Q(w; v, f))

N (%)1/20 +HEDH 161L (w —15/4 W lel/4> " 0(1/L2))
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and

exp(Q(wo; v, f))

=exp(_%y) (1 e 1)L+1241L(( 32y _ 1) 232 4 0(1/L2)),

Now combining Proposition 4.2 and remark after it with the expansion of Q and
explicit values found above, we obtain

Sy(e’;2L,1)

B wo— f(O) =1 (wo—5/4\"exp2L(ywo — F(wo))

B _P’(wo)(wo—f(l))<wo+1/4) e?L(ey — 1)2L-]
_L+11< L ))
(5.18) x<1+( D e (omsa o) o)A

3= Oy — 1) 14 (32 —1)2\L
T 2B -1 (§eY/2(eY—1)2)

R R 3/2y 1 2,-3/2y
o <1+t1L—1/2+<t2+(_1)L+1 (e 12) e )L‘1+--->.

Proposition 3.19 then immediately gives X,.(e”; L, 1) as ﬁSV (e¥;2L,1). O

We will now proceed to derive the multivariate formulas needed to compute uy .
First of all, set h(x) = gx—3/2(x3/2 — 1)?, and define az (x) through

Xy (x: L)_aL(x) h(x) 2-x—x"")7F,

with A as in Proposition 5.13.

Define
2 2 1L—k
~ X}LL(ZI""’Zk’l ) 2 2
(21,0 0s 20) = :%AL(ZI,...,Z/(;L,I),
XAL(IL)
~ . L: \/_ T8, 2t - 2T (82, 210 -5 2k)
ur(¢r, 6521, ..., z0) = (=D~ .~ = .
TL (21, 20 TL4+2(81, 82,21, -+ 45 2h)
Then 7, (¢1, &2; 215 - - -5 2k) —urL (&1, 82, 215 - - - » 2k) 18 @ constant, and thus we have

d ()
Zjaju(fl,;z;m) =X,

=7r.

d -1
w—ir+2(¢1, 62509, w ‘U_w

ow
Therefore, we can work with X, ;. instead of x,. and with # instead of u.
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For any function £ and variables vy, ..., v, we define

" E@)B/BV))AEWD ..., E(um)?)
AEWDL ..., E(m)?) ‘

By, ...,vy; €)=

PROPOSITION 5.14. Suppose that signature A depends on a large parameter
L in such a way that

x—1 L

X0 Ly 1) = ag(x)h(x)F . (x+x"1—=2)7%,

X

where
ar(x) =a@)(1+bi ()L™ 4 by(x)L™  +-.)  forevenL,
ar() =a)(1+b1()L™ 2 +by(x)L™" +--)  forodd L

and a(x), b1 (x), ba(x), Bg(x), h(x) are some analytic functions of x. Let £(x) =
x 2 In(h(x)). Then for any k we have

m[%x(xo,---,xk; L+ 1)X(x1,..., xk+15 L+ 1)}
Xa(x1, .., x5 L)X (x0, -+, Xk1; L+ 2)
L~ (—DE
= c1(x0, x13 L) + Y 2(b2(x;) — ba(x;)) 7

i=l

2
+ 1n[(§(Xk+1)2 — &(x0)%) + T (BGo, . 04 8)

— B(x1,...,xx41; &) + c2(xp, xk+1)):|
+0(L_1),

where co and c| are analytic functions not depending on x1, ..., X.

PROOF. We use Theorem 3.17 to express the multivariate normalized charac-
ter in terms of a7, (x;) and & (x;) as follows:

%A(xl, ey X N)

[1X5.(xi5 N)
(5.19) =m—1 (2N =2j — 1)!N2j l—l,m:](xi _ 1)2m—1(xi + l)xi_m
‘ j=0 2N - 1)! Ag(X1, ..., Xm)

X Mn(X1,...Xm),
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which is applied with N =L, L+ 1,L+2,m =k, k+ 1, k 4+ 2 and define for any
N and m,

D?"‘z[aN(x»h(x,-)N]r
N2I =20 (xi)h(x;)N

_ A(D}/N?,... D2 /NI oy (x)h(x)™
B oy () h(xp)N ’

My(x1, ..., xp) = det|:
i, j=1
(5.20) b

where, as above, D; = x; % The second form in (5.20) will be useful later.
We can then rewrite the expression of interest as

ln[%x(xo, v X L+ DX (e, o Xiegp1s L+ 1)]
Xa(xn, oo xe L)X (x0, - o k13 L+ 2)

=const; (L) + ln[

X (xo; L+ DX (xk+1; L+ 1)}
(5.21)

Xa(xo; L +2)X5 (Xk415 L +2)

. ﬁ X (i L+ 1)? _ln[uo — g okt — 1)2x,:+11}
X (xis L)X (xis L+2) X0 —i—xo_1 — (Xpa1 +xkj:1)

i=1
My 1(xo, x1, ..o, X)) Mppi(xq, .o Xee1)
Mp(xy, .o X)) Mpo(xo, oy Xgt1)

where consty (L) will be part of c1(xg, xr+1; L). We investigate each of the other
terms separately. First, we have that

[%x(xo; L+ DX (xg+15 L + 1)} +ln ﬁ X, (xis L+ 1)?
Xy (xo; L +2)X5 (xx41; L +2) X (i D)X (xis L+2)

+1n

i=1

=Xk:ln(M)+1n<aL+1(x0)0lL+](Xk+l))
i=1

ar (x;)op2(x;) ar2(x0)or2(Xkr1)

" [(xo +xg " =2 Gogr + x5 — 2)}
h(x0)h (xk11) ’
where the terms involving xg and xx are absorbed in ¢{, and we notice that
ar41(x)? > ~ (—DE 1
ln<— =2(by(x) — by(x) + 0(—)
ap (x)ag42(x) ( ) L L2
Next we observe that for any £ and N,

(x(3/(3x))) oy (x)h (x)N]
Nloay(x)h(x)N

e+ ((§)ar = (5) e + g ) L+ o),

(5.22)
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where g1 = &(x)(x %é(x) +E@)) and r(x) =x % log(a(x)). In particular, since
M is a polynomial in the left-hand side of (5.22), it is of the form

My (xt,...,Xm)
(5.23)

1
= AE70), - 8 Cm) + P10 )+ O(NT)

for some function p; which depends only on & and a. That is, the second order
asymptotics of My does not depend on the second order asymptotics of o . Fur-
ther, we have
My
My 11

for any N, so in formula (5.21) we can replace My and My, by M without
affecting the second order asymptotics. Evaluation of M directly will not lead
to an easily analyzable formula. Therefore we will do some simplifications and
approximations beforehand.

We will use Lewis Carroll’s identity (Dodgson condensation), which states that
for any square matrix A we have

(detA)(det Ay 2.12) = (detAy,;1)(det Ap.n) — (det Ay.p)(det As;yp),

where Aj.; denotes the submatrix of A obtained by removing the rows whose
indices are in / and columns whose indices are in J. Applying this identity to the
matrix

=1+ 0N

’

2j-2
A [D,. & [aL<x,-)h(x,-)L]T“
LYap (xp)h(x)E i j=o
we obtain
ML(‘xl?""‘xk)ML('x()"xl’“"xk’xk+l)

B det[fo (otL(xi)hL(xi))}j:[O: k=Lkt1] det[D?j (ozL(xi)hL(xi))T
B L% (xi)h(x;)L Lo (xi)h(xi)*

i=[1:k+1] i,j=0

(5.24)

_ [D?j(“L(xi)hL(xi))}j:[o:k_l’k+1]

Lo, (xp)h(xi)N Jizi0: 1]

D} (u(xi)hL(x,-))T“
LYap (xp)h(x)E 1i jyi=1’

where [0:k—1,k+1]1=1{0,1,...,k — 1,k + 1}. The second factors in the two
products on the right-hand side above are just My evaluated at the correspond-

ing sets of variables. For the first factors, applying the alternate formula for M|,
from (5.20) and using the fact that

X det[

m
j1j=[0:m—2,
A,y vm) 3 v = detv] [0,
i=1
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we obtain

det[D (@ () h(x)” )} —[0: k—1,k+1]
L2ap (x)h(x)E Jicpi: k1)

1 2,00 '=[0:1<—1,k+1]kJrl L
Hk+ o (xi)h(x;)E det[(D7 /L) Sy [T e i)
i=1 1 1 =
1

T T s ket
k+1 k+1

X (Z D?/L2>A(Df/L2, e D /L) T e (e
i=1 i=1

_ 1

I e omeat

ket 1 ket
X (Z D?/L2> [(H OlL(xi)h(xi)L)ML(XL e xk+l):|-

i=1 i=1

Substituting these computations into (5.24) we get

Mp(x0, X1, ..., Xk)Mp (X1, ..oy Xky Xk41)
Mp(x1, ..., xk)Mp(x0, X1, - - -y Xky Xk41)
zk“ D/ LI, ar ) h ) )M (x1, - ., Xk1)]
[T o i) h () EML(xr, - ks

(o DI T g 0L ()R () )M (xo, - x)]
[T oL (xi)h(x)EML(xo, ..., xk)

_ Diar e Dhs)® Djar (xo)h(xo)-

(5.25)

L2ap (o Dh (s DE L2z (xo)h(xo)E
L DDIML G k)] (B DML G, - x0)]
L>My (x1, ..., Xk+1) L>My (xo, - .., Xk)

+ 2(% Dilap (x)h(x)"1 DML (x1, ..., Xky1)

= Lap(xph(x)t LMp(x1, ..., Xk41)

—ZD ilar (xR (i) "1 DML (xo, ..., i)
Lo (x))h(x)L LMp(xg,...,xx) )

Using the expansion for My from equation (5.23) and the expansion from (5.22),
we see that the only terms contributing to the first two orders of approximation
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in (5.25) above are

1
E Q1) — E(xo) + 7 (e300k41) = €3(x0))

k+1 ) ) 5
(526) _i_%(Zé(xl)DlA(é(-xl) ""’E(xk—‘,-]) )
i=1

AE@D?, .. EGk41)?)

d DiA(E(x0)?, ..., E(x)?) .
— i L_
25D o E G0 ) toll™)

for some function c¢3 not depending on L, so c2(xg, Xk+1) = c3(Xk+1) — ¢3(x0).
Substituting this result into (5.21) we arrive at the desired formula. [J

PROOF OF THEOREM 5.12. Proposition 5.14 with xo = ¢7, x¢41 = ¢ and
X; = zi2 shows that
_ > o Lo~ (—DE
L\, b2tz —a(Cf, &35 L) = D 2(baxi) — ba(xi) 7

i=1

521 | @) - (E))

1
+2(B(x0, -, Xk; &) — B(x1, ..., xs 15 E) + 2 (¢, 522))2})

converges uniformly to 0, and so its derivatives also converge to 0. Proposition 5.13
shows that in our case,

h(x) = %x_3/2(x3/2 - 1)2

3/2 . . .
and thus £(x) = % . ;QTJ_“i Moreover, the function £ satisfies the following equa-
tion:

9 X2 9

e —g(%'(X) —1),

and so we can simplify the function B as a sum as follows:

3 £ (3/(Qu) A1), - .., §(um)?)
AEW?, ..., E(om)?)

B L (B/@u)EW)? — Ew))?)

BRI T

a p—
Xaf(x) =

By, ...,v ) =

28 (v;)v; (3/(dv:))E (v;)
5.28 —
(5-28) Z; E(v)? —E(vj)?
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B — /9 EW)* —Ew)H)
_ZE Ei)? —£®vj)?

_y — (/M (EW)* —EW)? —E@WHN*+EW))?)
E(v))? —&(v))?

i<j

= Z—— E@)*+EWH>—1)
i<j
_ 2\, I (m
== n(Tew) +4 ().
We thus have that
B(xo, ... xk: ) — B(x1, ..., X1 ) = —3k(E () — £(x0)?),

which does not depend on xy, ..., xi. .
Differentiating (5.27) we obtain the asymptotics of X (Lj ) as

. R L
ng)_'“/_( 1)%% (b2 (2%) — bz(zz))( Ll) gz%&(z —1)21_3]
= ?(?—2_3).

For Y éj ) the computations is the same. [J
6. Representation-theoretic applications.

6.1. Approximation of characters of U(co). In this section we give a new
proof of Theorem 1.5 presented in the Introduction.

Recall that a character of U(oco) is given by the function y(ui,us,...),
which is defined on sequences u; such that u; = 1 for all large enough i. Also
x(1,1,...) =1. By Theorem 1.3 extreme characters of U (0co) are parameterized
by the points w of the infinite-dimensional domain

Q CR¥H2=R® x R® x R® x R® x R x R,
where 2 is the set of sextuples
o=t o, gt p7:87,87)
such that
ot =(af 205 >+ >0)eR®,  pE=(f{>py > 20)eR™,

Za +BE) <8t Br4Br <L



3122 V. GORIN AND G. PANOVA

Let 1 be a Young diagram with the length of main diagonal d. Recall that mod-
ified Frobenius coordinates are defined via

pi=pni —i+1/2, qi:ug—i+l/2, i=1,....d.

Note that Zle pi +qi = |1l

Now let A € GTy be a signature, and we associate two Young diagrams A and
A~ to it, corresponding to the positive and negative entries of X, respectively: let
r =max(i : A; > 0), then

AT =01,...,0) and A7 = (=AN, =AN_1,..er —Arsl).

In this way we get two sets of modified Frobenius coordinates, pl.+ , qi+, i =
l,....d"and p;,q ,i=1,...,d".

PROPOSITION 6.1.  Suppose that M(N) € GTy is such a way that
+ + - -
Pi + q; + Pi - q; -
—l_>ala ﬁ%ﬁl’ Wl_)ay L%ﬂlv
+
Yl tat &
— .
IR Y

Y bl e &, L

N i=1
then
X
li : H=& ;
Ngnoon(N)(x,N, ) oo<0¢,ﬁ,%x_1>’
where
X .,
CI>oo<Ol, B.v; ﬁ) = exp(y+(x -D+y (x h— 1))

Xﬁ L+ -D 1+A=-B)x -1
= x=1) 1+0+a)x—1

The convergence is uniform over 1 — e < |x| < 1 + ¢ for certain € > 0.

REMARK 1. Note that
I+ -8 —=1) 1+ &'=1
I+ +a)x—1) l—o (x~1=1)

which brings the function @, into a more traditional form of Theorems 1.3, 1.5.

REMARK 2. Our methods, in principle, allow us to give a full description of
the set on which the convergence holds.
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PROOF OF PROPOSITION 6.1. The following combinatorial identity is known
(see, e.g., [9], (5.15), and references therein):
61 ﬁsﬂ—xi_ﬁsﬂ/z—plf‘fs+1/2+N+pl.+
' o s is4+1/24+qF s+ 1/24N—q

i i=1

Introduce the following notation:

oy —1+1/2+¢")/N S w—1+(1/24+N—g")/N
® Tw) = : :
N (HN); w) izl_[lw_1+(1/2—pi+)/1vi1:[1w—1+(1/2+N+p,-+)/N’

and observe that (6.1) implies that in the notation of Section 4.1 we have

1 1

ljj(w—ujw)/zv): w—(N—0i)/N’

(6.2) Dy (AN w)[]

i
Then the integral formula for the Schur function (Theorem 3.8) gives

N-=-D! 1 xt
mz_ﬂg M@~ (V=)
We recognize in the integrand the setting of Proposition 4.2 with f(¢) = 0 for
t € [0, 1]. Thus, following the notation of Proposition 4.2, we denote

exp(NF(w; f))
i — (N —i)/N)

SNy N, 1(X) = Oy (AM(N); z/N)dz.

Q(w; A(N), f) = Dy (AM(N); w).

As N — oo we have
(6.3) SN (A(N); w) = Doola, B, ¥; w).
Further, we have that for f =0, F(w;0) =wIn(w) — (w — 1) In(w — 1) — 1 and
as N - o0

exp(NF(w; f))
Ly (w— (N =i)/N)
Combining (6.3) and (6.4) we conclude that Q(w; A(N), f) = Pso(e, B, ¥; w)
as N — oo. Now we can use Propositions 4.2 and 4.7 with the steepest de-
scent contours of Example 1 of Section 4.2. Recall that here f(t) =0, x = ¢”,
Fw;0)=wn(w) —(w—DIn(w—1)—land wo=1/(1 —e™Y).

We conclude that as N — oo,

: (wo) (N (ywo — F(wo; f)))
Sian(e's V. 1) = s SRR (1 o)

Substituting F, wg, g(wp) = Poo(e, B, v; wo) and simplifying, we arrive at

(6.4)

X
6.5) S () = Goofa fryi ).
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Note that the convergence in (6.3) is uniform (on compact subsets) outside the
poles of @ («, B, y; w), while the convergence in (6.4) is uniform over outside
the interval [0, 1]. Therefore, the convergence in (6.5) is uniform over compact
subsets of

D={x=¢e"e€C|—n <Im(y) <m,—&3 <Re(y) < &2,y #0}.

(Here the small parameter &, shrinks to zero as ocf—L goes to infinity.)

It remains to prove that this implies uniform convergence over 1 — ¢ < |x| <
1+¢.

Decompose

e}
Sim@ N, D= Y e (N)xF.
k=—00

Since Sy (n) is a polynomial, only finitely many coefficients cx(N) are nonzero.
The coefficients cx (N) are nonnegative (see, e.g., [52], Chapter I, Section 5), also
2k ck(N)=Sn(1; N, 1) =1.

Since O (e, B, V; xle) is analytic in the neighborhood of the unit circle, we
can similarly decompose

o0
Oo(wpiri =)= X atont,
k=—00
We claim that limpy_, o, cx (V) = cx(00). Indeed this follows from the integral
representations

1
(6.6) ck(N) = % Savy(z; N, l)Z_k_le,
27 lzl=1

and similarly for ®,. Pointwise convergence for all but finitely many points of
the unit circle and the fact that | Sy (v)(z; N, 1)| < 1 for |z| = 1 implies that we can
send N — o0 in (6.6).

Now take two positive real numbers a and b, with exp(—¢&3) <a <1 <b <
exp(e2) such that

6.7) lim Sy (@ N, 1>=d>oo(a,ﬁ,y; a )
N—o0 a—1

(6.8) lim S (b;N, )= ( B, b )
' e R A |

For x satisfying a < |x| < b and some positive integer M, write

X

6.9) ‘Z ce(N) — c(00))x Zrckw)—ck(oo)!(a 4+ b9
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M
< Y Jek(N) = cx(00)| (@ +65) + D (V) (a* + b*)

k=—M k|>M
+ > c(oco) (@ +0).
Ik|>M

The third term goes zero as M — oo because the series Y cx(00)z* converges for
z=a and z = b. The second term goes to zero as M — oo because of (6.7), (6.8)
and cx(N) — cx(c0). Now for any § we can choose M such that each of the last
two terms in (6.9) are less than §/3. Since cx(N) — cr(00), the first term is a less
than &/3 for large enough N. Therefore, expression (6.9) is less than 4, and the
proof is complete. [

Now applying Corollary 3.10 we arrive at the following theorem.

THEOREM 6.2 (cf. Theorem 1.5). In the settings of Proposition 6.1 for any k,
we have

m Sy (x x'Nl)-ﬁdD <aﬁ " )
N—)OO )L(N) 1""’ k, ) _Z_l 0 k] ,stz_l .

The convergence is uniform over the set 1 —e < |x¢| <1 +¢,£=1,...,k for
certain ¢ > 0.

Note that we can prove analogues of Theorem 1.5 for infinite-dimensional sym-
plectic group Sp(co) and orthogonal group O(oo) in exactly the same way as
for U(00). Even the computations remain almost the same. This should be com-
pared to the analogy between the argument based on binomial formulas of [57] for
characters of U (oco) (and their Jack-deformation) and that of [58] for characters
corresponding to other root series.

6.2. Approximation of q-deformed characters of U(oco). In [34] a g¢-
deformation for the characters of U (co) related to the notion of quantum trace
for quantum groups was proposed. One point of view on this deformation is that
we define characters of U (oco) through Theorem 1.5, that is, as all possible limits
of functions Sj, and then deform the function S)y) keeping the rest of the for-
mulation the same. A “good” g-deformation of turns out to be (see [34] for the
details)

_k 1—
(X1 Xk g0 g

SA,(]" q_17 “‘7q1_N)

Throughout this section we assume that g is a real number satisfying 0 < g < 1.
The next proposition should be viewed as g-analogue of Proposition 6.1.

M)
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PROPOSITION 6.3.  Suppose that L(N) is such that A\y_j 11 — v; for every j.
Then

—1 -2 1-N
sx,qg g7 .q )—>Fv(x),
Sk(l’q_l"“7q1_N)
© (1—¢g/TH In x?
6100 F,0=]] (1=¢’") Infg) 4z,

j=0 (1 —q]+1x) 2mi c/ HOO:](I _q_zquj+J_1)

where the contour of integration C' consists of two infinite segments of Im(z) =
i

Tn(g) going to the right and vertical segment [—M (C') — ln(q), M + ]n(q)]

with arbitrary M(C") < vy. Convergence is uniform over x belonging to compact
subsets of C \ {0}.

REMARK. Note that we can evaluate the integral in the definition of F, (x) as
the sum of the residues

(1-g/thH & xVktk—1

o0
6.11)  Fy(x) = , 4
’ ].1:[0 (1—gitlx) ]; I — gkl gy

The sum in (6.11) is convergent for any x. Indeed, the product over j > k can be
bounded from above by 1/(g; ¢)so. The product over j < k is [up to the factor
bounded by (¢; )0l

k—1
l_[ qvk+k—vj<—j'
j=1

Note that for any fixed m, if k > ko(m), then the last product is less than
qm("k+k—1). We conclude that the absolute value of kth term in (6.11) is bounded

by
1
((4; D o)?
Choosing large enough m and k > ko(m) we conclude that (6.11) converges.

|x|vk+k—1qm(vk+k—l)

PROOF OF PROPOSITION 6.3. We start from the formula of Theorem 3.6,
sax, 1,g7 0 g2 )

s)\,(]" q_17 M ql_N)

_ —In(@) ﬁ (¢ —q7) / (x/q)*
Il

2ri (x—q~" Mgz —q MmN

(6.12)

dz,

i=0
where the contour contains only the real poles z = A + N — j; for example Cis
the rectangle through M + ln(q), M- —M-— —-M + ln( 3 for a suffi-

In(g)° ln(q) ’
ciently large M.
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Since
sx(x,1,q71,...,q27N)=qM|sx(q Yx,q7'. q72, ,qliN),
we may also write
sx.q g g
s)\.(17q_l""’ql_N)
@ =g )
i—o (¢x—q7") 2mi
(6.13)
i
X —dz
cHoig=s =g~ NH)
_ 1:[ (1—¢"*") In(q) x° p
o (T=g™ ) 27 Je T (1 — g2ghitN ) “

Note that for large enough N (compared to x), the integrand rapidly decays as
Re(z) — +00. Therefore, we can deform the contour of integration to be C" which
consists of two infinite segments of Im(z) +; n?;) going to the right and vertical
segment [—M (C') — %, —M(C) + (g )] with some M (C).

Note that the prefactor in (6.13) converges as N — oo. Let us study the con-
vergence of the integral. Clearly, the integrand converges to the same integrand in
F,(x). Thus it remains only to check the contribution of infinite parts of contours.

But note that for z = s £+ s € R, we have

ln(q)’
XZ XZ
(= qmi g V) L (A g )

Now the absolute value of each factor in denominator is greater than 1 and each
factor rapidly grows to infinity as s — o0o. We conclude that the integrand in (6.13)
rapidly and uniformly in N decays as s — 4-00.

It remains to deal with the singularities of the prefactors in (6.13) and (6.10) at
x = ¢~'. But note that pre-limit function is analytic in x (indeed it is a polyno-
mial), and for the analytic functions uniform convergence on a contour implies the
convergence everywhere inside. [

As a side effect we have proved the following analytic statement:

COROLLARY 6.4. The integral in (6.10) and the sum in (6.11) vanish at x =
—i

q
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THEOREM 6.5.  Suppose that M(N) is such that Any_j1 — v; for every j.
Then
SK(N)(xla ceey xk’ q_k9 q_k_lv ceey ql_N)

1 I—N)

—>F(k)(x1,...,xk),
ssny,g™, .0, q Y

(_1)(§)q—2(§)

F(k)x,...,x =
v 2 A(X1,--.,Xk)l_[~(xi61k71261)oo

(6.14)

1 1 k—1
xdetD/ 71” IHF xiqg" V) (xq 1) -
Convergence is uniform over each x; belonging to compact subsets of C \ {0}.

REMARK. Formula (6.10) should be viewed as a g-analogue of the multi-
plicativity in the Voiculescu—Edrei theorem on characters of U (co) (Theorem 1.3).
There exists a natural linear transformation, which restores the multiplicitivity for
g-characters; see [34] for the details.

PROOF OF THEOREM 6.5. Using Proposition 6.3 and Theorem 3.5, we get
F‘fk)(xl, Co LX) = Nli_r)nooq_kwN)lS)L(qul, o q®xi N, q_l)
g~ CHN=DEO) [T [N - il,-1!
[T, T ik — =7+
(—H® det(D/ " I¥

i,j=1
DA, ..., x)
ﬁ $.(xig*; N, g DI (kigh — g7t
X .
[N —1],-1!

i=1
In order to simplify this expression we observe that
D ;
e I Y T gy
[N —1],-1! ’
Also,
mn . m
H(qu _ qu+1) — (_qu,(z)(qu,]; q)m.
Jj=1
Last, we have

lim ¢~ ™8 (xg"; N.g7") = Fu(¢" ).
N—o00
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Substituting all of these into the formula above, we obtain
k1 ik N
(k) . . q ( 3 )+(N 1)(2) 1_[5?:] qN(l l) ( 2 )
FV(x1, ..., x) = th p ~%h
Tl (DN g™ ) (xg* =l @) v i
k i—1 k
(—D@detD] L1k,
qk(é)A(xl,---,xk)

k
N—-1
x [T (xig"; N.a ™) =DV g~ ) (xg" 1 )

i=1

k j—
1 (-D@detn/ L 1F

B qz(g) [T xig" 1 oo Alxr, ... xx)

k
X l_[ Fv(xiqk_l)(qu_l; q) -
i=1 a
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