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We consider an elliptic Kolmogorov equation Au — Ku = f in a sepa-
rable Hilbert space H. The Kolmogorov operator K is associated to an infi-
nite dimensional convex gradient system: dX = (AX — DU (X))dt+dW(¢),
where A is a self-adjoint operator in H, and U is a convex lower semi-
continuous function. Under mild assumptions we prove that for A > 0 and
fe L2(H, v) the weak solution u belongs to the Sobolev space W2*2(H, V),
where v is the log-concave probability measure of the system. Moreover max-
imal estimates on the gradient of u are proved. The maximal regularity re-
sults are used in the study of perturbed nongradient systems, for which we
prove that there exists an invariant measure. The general results are applied
to Kolmogorov equations associated to reaction—diffusion and Cahn—Hilliard
stochastic PDEs.

1. Introduction. Let H be an infinite dimensional separable Hilbert space
(norm || - ||, inner product (-, -)). We are concerned with the differential equation

(1.1) au— 3 Te[D*u] — (Ax — DU (x), Du) = f,

where A: D(A) C H — H is a linear self-adjoint negative operator, and such that
A~ is of trace class, U: H — R U {400} is convex, proper, lowerly bounded,
and lower semicontinuous. The data are A > 0 and f: H — R, the unknown is
u:H — R. Du and D*u represent first and second derivatives of u, and Tr[D%u]
is the trace of D2u.

Equation (1.1) is the elliptic Kolmogorov equation corresponding to the differ-
ential stochastic equation

(1.2) dX = (AX — DU(X))dt +dW (1),
(1.3) X(0) =x,

where W (t),t > 0, is an H-valued cylindrical Wiener process. Equation (1.2) is
a typical example of gradient system. Under suitable assumptions, it has a unique
invariant measure v(dx) = Z~le=2V® y(dx), where Z = Sy e 2V (dy) and
is the Gaussian measure in A with zero mean and covariance Q = —%A‘l. This
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is the reason to assume A~! of trace class. Z is just a normalization constant in
order to have a probability measure. Moreover system (1.2) is reversible; that is, if
the law of X (0) coincides with v, the reversed process Y (t) = X (T —t),t € [0, T']
fulfills again (1.2); see, for example, [17]. In statistical mechanics v is called a
Gibbs measure.

The above assumptions do not guarantee well-posedness of problem (1.2)—(1.3);
however, under suitable additional assumptions, a solution in a weak sense may be
constructed, using the general strategy presented in [22] and applied in [12]. But in
this paper we shall concentrate on the solutions of the Kolmogorov equation (1.1)
only. The precise relation between the weak solution to (1.1) and the solution to
(1.2)—(1.3) is established in the case of Lipschitz continuous DU, and in the ex-
ample of Section 5. In such cases we prove that the expected formula

+o0
u:/o e ME(f(X(1,-)))dt

holds for every f € Cp(H).
Throughout the paper we assume that U belongs to a suitable Sobolev space.
Then, the measure v symmetrizes the operator

Ku := § Tt[D*u] + (Ax — DU (x), Du),

since for good functions u, v (e.g., smooth cylindrical functions) we have

1
/lCuvdv:——/ (Du, Dv) dv.
H 2JH

Accordingly, we say that u € W12(H, v) is a weak solution of equation (1.1) if

1
(1.4) xf u(pdv+—/ (Du,Dw)du:/ fodu  Voe WV (H, v).
H 2 JH H

For every A > 0, the weak solutions to (1.1) when £ runs in L?(H, v) are precisely
the elements of the domain of the self-adjoint realization K of K associated to the
quadratic form (u, v) % Sy (Du, D) dv. See Section 3.1 for the definition of K.

Existence and uniqueness of a weak solution to (1.1) have been extensively stud-
ied, even in more general situations. We quote [1] for the Dirichlet form approach
and [12] where it was proved that the restriction of K to exponential functions
is essentially m-dissipative in L?(H, v). However, in all these papers only W12
regularity of solutions was considered.

Our main concern is the investigation of the second derivative of the weak so-
lution and of other maximal regularity results. In Section 3 we shall prove that the
weak solution u of equation (1.1) has the following properties:

() ueW>*(H,v), (ii) / | (=4)2Du|?dv < oo,
H
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and under further assumptions,
(iii) / (D*U Du, Du)dv < oo.
H

Regularity of the second derivative of u and sharp estimates for Du are challeng-
ing problems for the theory of elliptic equations, even in finite dimensions. (i) Is
a “natural” maximal regularity result for elliptic equations, both in finite and in
infinite dimensions, while (ii) is typical of the infinite dimensional setting; see,
for example, [15, 23] for the Ornstein—Uhlenbeck operator, when U = 0. (iii) Is
meaningful in the case that D2U is unbounded; otherwise it is contained in (i). It
was known only in finite dimensions [19].

Properties (i)—(iii) allow us to study some perturbations of C of the type K =
K + B, where

Bu(x) = (B(x), Du(x)),

and B: H — H is possibly unbounded. This is the subject of Section 4. Taking
advantage of (i)—(iii), we can solve

(1.5) ru— Ku — (B, Du) = f,

under reasonable assumptions on B, when X is sufficiently large. The perturbed
operator inherits some of the properties of K. For instance, it generates an analytic
semigroup that preserves positivity. In some cases we can solve (1.5) for every
A > 0, in a different L? setting. More precisely, adapting arguments from [14] that
involve positivity preserving and compactness, we are able to prove the existence
of p € L?(H,v) such that a suitable realization of K 1 of K1 is m-dissipative in
L*(H, ¢) where ¢ (dx) = p(x)v(dx). Then, equation (1.5) can be solved for any
A >0and any f € L?>(H,¢), and we prove that ¢ is an invariant measure for the
semigroup generated by Kiin L3(H, ?).

It is worth to note that KC; is the Kolmogorov operator corresponding to system

(1.6) dX = (AX — DU(X) + B(X))dt +dW (1),  X(0)=x,

which is not a gradient system in general. It may be useful in the study of nonequi-
librium problems arising in statistical mechanics; see, for example, [18]. Another
possible application of the regularity of the second derivative of the solution u
of (1.5) could be to the pathwise uniqueness of (1.6) (see the recent paper [11]),
through the Veretennikov transform. This will be the object of future investiga-
tions.

In Sections 5 and 6 we show that the general theory may be applied to Kol-
mogorov equations of reaction—diffusion and Cahn-Hilliard stochastic PDEs.
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2. Notation and preliminaries. In this section we fix notation and collect
several preliminary results needed in the sequel. Though essentially known, they
are scattered in different papers, so we will give details for the reader’s conve-
nience. Readers familiar with Sobolev spaces in infinite dimensions may jump to
Section 3.

Let H be a separable Hilbert space with inner product (-, -) and norm || - ||,
endowed with a Gaussian measure p := N ¢ on the Borel sets of H, where Q €
L(H) is a self-adjoint positive operator with finite trace. We choose once and for
all an orthonormal basis {ej : k € N} of H such that Qe; = Are for k € N and set
Xk = (x, ex) for each x € H. We denote by P, the orthogonal projection on the
linear span of ey, ..., e,. For each k € NU {400} we denote by ]-"C’b‘(H) the set of
the cylindrical functions ¢(x) = ¢ (x1, ..., x,) for some n € N, with ¢ € C{; (R™).

2.1. Sobolev spaces with respect to ;v. For p > 1 we setasusual p’:=p/(p—
1). If a function ¢ : H — R is Fréchet differentiable at x € H, we denote by D¢ (x)
its gradient at x. Moreover, we denote by Dyp(x) = (D@(x), ex) its derivative in
the direction of e, for every k € N.

For 0 <6 <1 and p > 1 the Sobolev spaces Wel’p (H, n) are the completions
of F Cll (H) in the Sobolev norms

o0

p/2
p = p—I— 9D p d :/ p+ )\.GD 2 du.
1601040, 017 +1€° Do) i = [ 1017 + (2 05000)°)

For 6 = 1/2 they coincide with the usual Sobolev spaces of the Malliavin Calculus;
see, for example, [3], Chapter 5; for & = 0 and p = 2 they are the spaces considered
in [15]. Such completions are identified with subspaces of L”(H, i) since the
integration by parts formula

1
/Dkfpwduz—/ Dm/wdwr—/ XY d,
H H M JH

2.1
@D @, ¥ € FCL(H),

allows us to easily show that the operators QGD : .FC;(H) — LP(H,u; H)
are closable in LP(H,u), and the domains of their closures coincide with
Wyl (H, ).

Moreover, since x +— x; € L*(H, ) for every s > 1, (2.1) is extended by den-
sity to all o € W, (H, ), ¥ € Wy’ (H, 1) such that 1/p + 1/q < 1. In fact,
extending [15], Lemma 9.2.7, to the case p > 2 it is possible to see that it holds
forl/p+1/g =1 too.

The spaces Wel "P(H, u; H) are defined in a similar way, replacing JF C,l (H) by
linear combinations of functions of the type gex, with ¢ € Fi Cbl(H ).
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2.2. Sobolev spaces with respect to v. Concerning U we shall assume the fol-
lowing:

HYPOTHESIS 2.1. U:H — RU {400} is convex, lower semicontinuous and
bounded from below. Moreover U € Wll/’g(H , ).

We denote by v the log-concave measure v(dx) = Z~ e 2U™ y(dx). Since
e~ 2V is bounded, v(H) = 1.

LEMMA 2.2.  Forevery p>1, FC;°(H) is dense in LV (H, v).

PROOF. Since H is separable, then Cp(H) is dense in LP(H,v). Any f €
Cp(H) may be approached in L?(H, v) by the sequence f,(x) := f(Pyx), by
the dominated convergence theorem. In its turn, the cylindrical functions f,, are
approached by their (finite dimensional) convolutions with smooth mollifiers that
belong to FC°(H). O

We may apply the integration by parts formula (2.1) with ¢ replaced by yre 2V,
that belongs to Wll/’g(H, w) for ¢ € ]-'C,l(H). We get, for ¢, ¥ € ]-"C;(H) and
heNlN,

1
(2.2) /Dhgm//dv—l—/ Dhl//(ﬂdl)ZZ/ DhU(ptpdv—I-—/ XpQW dv.
H H H An JH

Once again, the Sobolev spaces associated to the measure v are introduced in a
standard way with the help of the integration by parts formula (2.2). We recall that
L>(H) is the space of the Hilbert—Schmidt operators that are the bounded linear
operators L : H — H such that ||L||%2(H) = Zfl‘,’kzl(Leh, ex)? < oo.

LEMMA 2.3. For all g > 2 the operators
D:FC}(H)w Li(H,v; H),
(2.3)
02D FCl(H) — LY(H,v; H),
(2.4) (D, D*): FC}(H) + L(H,v; H) x LY(H,v; Lo(H))
are closable in L1(H, v).
PROOF. Let (¢,) C bel(H) converge to 0 in L9(H,v) and be such that
0Dy, — W in LY(H,v; H), with 6 =0 or § = 1/2 or § = —1/2. Then for

every h € N the sequence ((Q9D¢n, ep)) = (Azthn) converges to (W, ej) in
L9(H,v). By formula (2.2) for each ¢ € ]:Cé (H) we have

1
2.5) fDmpnwvar/ thndv=2/ thwnwdw—/ Xhon dv,
H H H A JH
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and letting n — oo, we get
: T —0 _
n%oLDh%de _nhglgo/HAh (W, en)ydv=0.

Since .FC;(H) is dense in LY (H,v), then (W,ep) =0 v-ae. for every h € N,
hence W =0 v-a.e., and the first statement is proved.

The proof of the second statement is similar. If (¢,) C F Cg(H ) converge to 0
in LY(H,v) and Dy, — W in LY(H,v; H), DZgon — Qin LY(H, v; L2(H)), by
the first part of the proof we have W = 0, so that for every k € N, Dy¢, — 0 in
L4(H,v). On the other hand, for each h,k € N, (D2<pneh, ex) = Dpry, goes to
(Qen, ex) in L1(H, v). Formula (2.2) applied to Dy ¢, instead of ¢ reads as

1
| Dugnvrdv [ DuDgadav=2 [ DyUDav+— [ xcDiguydv,
H H H A JH
forall Y € .7-'(3,1 (H). Letting n — oo we get

Jim [ Dy av=lim [ (Qenei)pdv=o0.

Then, (Qey,, ex) =0 a.e. for each h and k, so that @ =0, v-ae. [

REMARK 2.4. We remark that the restriction ¢ > 2 comes from the integral
Sy DhU@u dv in (2.5), where DU € L%(H,v) as a consequence of Hypothe-
sis 2.1. If |DU|| € L?(H, ) for some p > 2 the proof of Lemma 2.3 works for

any ¢ > p'.

DEFINITION 2.5. For ¢ > 2 we still denote by D, Q'/2D, Q~'/2D, and by
(D, D?) the closures in L(H, v) of the operators defined in (2.3), (2.4).

We denote by Wl’q(H, v) and by Wll/’g(H, V), Wi’lq/z(H, v), the domains of
D, Q1/2D, Q_1/2D in LY(H, v), respectively, and by W24 (H, v) the domain of
(D, D?) in LY(H, v).

Then, W-4(H, v), Wi’lq/z(H, v) and W>49(H, v) are Banach spaces with the
norms

q — q q
8y g1, = [ 1t @+ [ 1Dulav.

Wy oy = [ 1019 dv+ [ 10%12Dulav,
H H

Wit (H,v)

q _ q 2149
1y = Dy + [ 1Dy
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Denoting by Dyu := A;°(0%Du,e;), with 0 € {0,1/2,—1/2}, Dpu =
(D?uey, ey), the above Sobolev norms may be written in a more explicit way as

q/2
b1y = [, Wl av+ [ (Zoaw?) av,

keN
Il oy = [t v [ (23 (Dku)2>q/2dv,
W:Hq/Z(H v) keN
q/2
kg = W+ [ (2 D) v
h,keN

2
=l v)+/HTr([D2u] )dv.

For g = 2, such spaces are Hilbert spaces with the respective scalar products

(u, V)i, ”)_f uvdv—l—/ ZDkuDkvdv
keN

(u, Wil/Z(HV)_/ uvdv—l—/ Z)‘k DruDypvdv,
keN

(u, V) w22y = (U, V)wizg, v)+/ Z DpruDyprvdv.
h,keN

REMARK 2.6. Let us make some remarks about the above definitions.

(1) It follows immediately from the definition that for every u € WLP(H, v)
and ¢ € Cg (R), the superposition ¢ o u belongs to WP (H, v), and D(¢ o u) =
(¢’ o u) Du. This fact will be used frequently in the sequel.

(2) Formula (2.2) holds for each ¢ € .FC; (H), ¥ € wha(H,v) with qg >2.
Indeed, it is sufficient to approach by a sequence of cylindrical functions in
]:C; (H), and to use (2.2) for the approximating functions, recalling that D, U,
Xp € L2(H , V).

(3) Similarly, (2.2) holds for ¢ € WP (H,v), € W9 (H, v) such that 1/p +
/g <1/2.

2.2.1. Positive and negative parts of elements of W'“?(H, v). The following
technical lemma will be used later to study positivity of solutions of (1.1).

LEMMA 2.7. Let u € WV2(H,v). Then |u| (and consequently, ut =
sup{u, 0}, u™ = sup{—u, 0}) belongs to WL2(H,v), and D|u| = signuDu. More-
over Du =0 a.e. in the set u_l(O), and Dut = Duly>0) = Duly,sq), Du™ =
—Dul <oy = —Duly, <.
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PROOF. Set f,,(§) =,/€2+1/n, & € R.If (u,) is a sequence of functions in
}"Cli (H) that approach u in WI’Z(H , V) and pointwise a.e., the functions f, o u,
belong to Fi Cg (H) and approach |u| in WL2(H, v). Indeed, they converge to |u| in
L*(H,v) by the dominated convergence theorem, and D( f, o u,) = f,, o uy Duy,
converge to signuDu in L2(H, v; H). The first statement follows.

Let us prove that Du vanishes a.e. in the kernel of . It is sufficient to prove that
for every u € WU2(H,v) and i € N we have

(2.6) / Diupdv =0, @ € FCL(H).
{u=0)

Indeed, since FC; (H) is dense in L2(H, v), (2.6) implies that D;ul,—q is or-
thogonal to all elements of LZ(H , V), hence it vanishes a.e.

Let 6:R — R be a smooth function with support contained in [—1, 1], with
values in [0, 1] and such that 8(0) = 1. For ¢ > 0 set 6.(£) = 6(&/¢). The func-
tions 6; o u have values in [0, 1] and converge pointwise to 1,—o;. Moreover, they
belong to W2(H, v) and we have D; (6 o u) = (8. o u)Dju = (6’ o u/e)Dju/e.
Integrating we obtain

/Dimp(eeou)dv=—/ uDip(B; ou)dv
H H

—/ ugoD,-(Ggou)dv—i—Z/ up@; ou)D;U dv
H H

1
+ —/ xiupBe ou)dv.
A JH
As ¢ — 0 we obtain by the dominated convergence theorem

lim Diugo(egou)dv=/ Diupdv,
e=>0JH {u=0}

lim uD,-go(ngu)dvzf uDjpdv =0,
e—~0JH {u=0}

lim ugo(égou)DiUdvzf upD;U dv =0,
e—=>0JH {u=0}

1 1
slgl}))\_, /H xiupB@; ou)dv = )»_z o) xiupdv = 0.
The integral [, u@D; (6, o u) dv vanishes too as ¢ — 0, by the dominated conver-
gence theorem. Indeed the support of u¢ D; (6, ou) is contained in u" (e, ¢]) so
that its modulus is bounded by [|0|| s ||¢|lco.- Moreover it converges to 0 pointwise
as ¢ — 0. So, letting ¢ — 0 we obtain (2.6).

Once we know that Du vanishes a.e. in the kernel of u, the formulas for Du™
and Du~ follow from the equalities u™ = (Ju| +u)/2, u™ = (lu| —u)/2. O
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2.2.2. Functional inequalities and embeddings. Under some additional as-
sumptions important functional inequalities hold in the space W'-2(H, v).

HYPOTHESIS 2.8. U € Wy *(H, n) and || DU || € LP(H, ) for some p > 2.

We recall that since A is invertible, and —A~! is nonnegative and compact, then

—w :=sup{(Ax,x):x € D(A)} <0.

PROPOSITION 2.9. Let Hypotheses 2.1 and 2.8 hold. Then the following
Poincaré and Logarithmic Sobolev inequalities hold:

2
1
@7 /(rp—/ de> avs o [IDgPdv. g eW'H,v),
H H 2w JH

1
/(pzlog(wz)dvs—/ ||D<p||2dv+/ <p2dvlog<f (pzdv),
H w JH H H

(2.8)
¢ e WL2(H, v).
For the proof we refer to [15], Section 12.3.1.
Another useful property is the compact embedding of W!2(H, v) in L?>(H, v);
see [10].

PROPOSITION 2.10.  Under Hypotheses 2.1 and 2.8, WY2(H, v) is compactly
embedded in L*(H, v).

PROOF. Let (f,) be a bounded sequence in WL2(H, v). We look for a sub-
sequence that converges in L?(H, v). By the Log-Sobolev inequality (2.8) the se-
quence is uniformly integrable, and hence it is sufficient to find a subsequence that
converges almost everywhere.

The sequence (f,e~Y) is bounded in W(}*" (H, ), with ¢ =2p/2 + p) €
(1,2). Indeed, it is bounded in L2(H, i), and hence it is bounded in L9 (H, n),
moreover D(fne_U) = Dfne_U — anUe_U. Once again, || Df,,e_U || is bounded
in L2(H, ), while the second addendum f, DUe~ U satisfies

q/2
/H | fxDUe™ | dp < (fH fre du) (/H |DU |2/ dM)

2
— 1A, (f IIDUllpdu)( e
H»\ Jy

so that it is bounded in LY (H, ).
Since the embedding Wol’q(H, w) C L9(H, n) is compact [5], there exists a
subsequence that converges in L?(H, ) and a further subsequence that converges

pointwise p-a.e. and also v-a.e., since v is absolutely continuous with respect to .
O

2-9)/q
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2.3. Moreau—Yosida approximations. An important tool in our analysis are the
Moreau—Yosida approximations of U defined for @ > 0 by

lx — y[?

(2.9) Ua(x)=inf{U(y)+ ,yeH}, xeH.

We recall that U, (x) < U (x) and U, (x) converges monotonically to U (x) for each
x as o — 0. Moreover, each Uy is differentiable at any point, DU, is Lipschitz
continuous and || DU, || converges monotonically to || DoU ||, at any x such that the
subdifferential of U (x) is not empty. Here, DoU (x) is the element with minimal
norm in the subdifferential of U (x). At such points we have

(2.10) | DU (x) — DU 0)|)* < | DoU () |* — | DUa (x)|*;

see, for example, [4], Chapter 2. If in addition U € C2, then DoU = DU, and we
have convergence of the second order derivatives, as the next lemma shows.

LEMMA 2.11. Let U: H +— R be convex and C2. Then limy,_. DQUO,(x) =
DU (x) in L(H) forall x € H.

PROOF. Foreachx € H set y,(x) = + aDU) ™ (x), so that

(2.11) Yo (X) + DU (yq(x)) = x,
and by [4], Chapter 2,
(2.12) DUy (x) = DU (yy).

Since U 1is convex, then (DU (x) — DU (yq(x)),x DU (y4(x))) = (DU (x) —
DU (yy(x)), x — yq(x)) > 0. Taking the scalar product with DU (y4(x)) yields
DU (yq (X)) || < |IDUx)]|/(1 —a), and letting « — 0 in (2.11) we get

lim y,(x) =x Vx e H.
a—0

Now it is clear that y, is of class C!, and differentiating (2.11) yields

(2.13) Yo (x) +aD?U (yq (x))yl, (x) = 1.

Since U is convex,
1y6 O geay = 1.

so that, letting & — 0 in (2.13) and recalling that D?U is continuous, we obtain
O}i_r)no v, (x)=1.

On the other hand, differentiating identity (2.12) gives D?Ug (x) = D*U (yq(x)) -
y,,(x) which yields the statement. [J
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3. Elliptic problems. This section is devoted to the main result of the pa-
per. In Section 3.1 we prove existence and uniqueness of a weak solution u of
equation (1.1). Section 3.2 is devoted to the particular case that DU is Lipschitz
continuous. This is an intermediate step in order to prove in Section 3.3 that under
Hypothesis 2.1 we have

ue WA(H, v) N Wi, (H, v).

In Section 3.4 we show that if in addition U is twice continuously differentiable,
then

/ (D*U (x) Du(x), Du(x)v(dx) < oc.
H

3.1. Weak solutions. 'We consider a Kolmogorov operator defined on F! Cl%(H )
by

(3.1) Ko = 3 Tt[D?¢] + L(x, 07! Dg) — (DU (x), Dy).

Using the partial derivatives Dy and Dy, K may be rewritten as

1 o0 1 o0 [e.e]
Ko@) ==Y Dup®) — = > A 'xeDeo(x) — > DiU (x) Drgp(x).
2 k=1 2 k=1 k=1

The measure v enjoys the following important symmetrizing property:

PROPOSITION 3.1.  Forall ¢ € FC3(H), { € FC}(H) we have
1
3.2) f Ko dv = ——/ (Do, Dyr)dv.
H 2JH
PROOF. Recalling (2.2) we get

1 & 1 00
3 J, X pusvdv==3 [ 3 Doty dv

s 1
+/ (DUxD x)+ —xi D x)dv,
H,; kU (x) Dig(x) Zkkkk(/)()
and the conclusion follows (note that all series are finite sums in our case). [

Let f € L*(H,v), » > 0. Taking into account formula (3.2), we say that u €
WL2(H, v) is a weak solution of equation (1.1) if we have

1
(3.3) xf u(pdv-l——/ (Du,D(p)dv:/ fodv  YoeWL2(H, v).
H 2JH H

Since ]-'C,l(H) is dense in W1-2(H, v), it is enough that the above equality is sat-
isfied for every ¢ € ]-"C;(H).
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The function A:(W'2(H,v))? = R, A(u,¢) = A [yupdv + % [ (Du,
D) dv is bilinear, continuous and coercive, while the function F : Wl*z(H ,V) >
R, F(¢) = [y fedv, is linear and continuous. By the Lax-Milgram theorem
there exists a unique u € WY2(H, v) such that A(u, ¢) = F(g) for each ¢ €
wh2(H, v); namely equation (1.1) has a unique weak solution u € W1’2(H, V).

We denote by K:D(K) C L?*(H,v) — L%(H,v) the operator associated to
the quadratic form A in WLY2(H, v). So, the domain D(K) consists of all u €
W12(H, v) such that there exists v € L?(H, v) satisfying

1
> /H(Du, Dy)dv =—(v, P)12(H,v)

for all 9 € W12(H, v), or equivalently for all ¢ € J-"C,i(H). In this case, v = Ku.
The weak solution u to (1.1) belongs to D(K), and it is just (A — K)_lf.

REMARK 3.2. We have ]:CI%(H) C D(K). In fact, for u € ]-'CI%(H), integrat-
ing by parts we obtain

1
(3.4) E/Hu)u, Dg)dv = —/H(/Cu(x))<p(x)u(dx),

for all ¢ € ]-'C,l (H). Here Ku € L*(H, v) since it consists of the sum of a finite
number of addenda, each of them in L?(H, v). Hence, u € D(K) and Ku = Ku.

To study the domain of K it is convenient to introduce a family of approximat-
ing problems, with U replaced by its Moreau—Yosida approximations U, defined
in (2.9). Since DU, is Lipschitz continuous, in the next section we consider the
case of functions U with Lipschitz gradient.

3.2. The case of Lipschitz continuous DU. Here we assume that U : H — R
is a differentiable convex function bounded from below and with Lipschitz contin-
uous gradient. Since DU is Lipschitz, it has at most linear growth, and U has at
most quadratic growth. Therefore, it satisfies Hypothesis 2.1.

The aim of this section is to show that for every f € L2(H, v) the weak solution
to (1.1) belongs to W22(H,v) N Wi’lz/z(H, v) and the estimate

1
x/ |Du|2dv+—/ Tr[(Dzu)Z]dv—i—/ |@~">Du? dv
H 2JH H
(3.5)
+f <02UDu,Du)du54/ frdv
H H

holds.

Note that U ¢ W22(H, ) in general. The term (D?U Du, Du) in the last in-
tegral is meant as follows: since H is separable, and u is nondegenerate, by [21],
Theorem 6, DU : H — H is Gateaux differentiable v almost everywhere. The
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Gateaux second order derivatives Dy U are bounded by a constant independent
of h, k, since DU is Lipschitz continuous so that the Lipschitz constant of each

Dy U is bounded by a constant independent of k. Since u € Wilz /2(H , v) the dou-
ble series Zh, & DniU Dpu Dy u is well defined and belongs to L! (H, v). Indeed,

< C(Z |Dku|) = C(Z x,jl/zmkuu,i/z)

o0
Z DnUDpuDyu
h,k=1

<c|o *pu|*Tr Q.

Moreover, we shall show that the weak solution is also a strong solution in the
Friedrichs sense.

DEFINITION 3.3. A function u € L?(H, v) is called strong solution (in the
Friedrichs sense) to (1.1) if there is a sequence (u;) of .7-"C§(H ) functions that
converge to u in L2(H, v) and such that Au,, — Ku, — fin L2(H,v).

In fact, we begin with the strong solution. The procedure is the following: we
show that the operator K : F C;’(H Y L2(H,v)is dissipative, so that it is closable.
Then we show that (A — K) (.FCZ(H)) is dense in L?(H, v) for every A > 0. This
implies that the closure KC of K generates a contraction semigroup in L?(H, v),
and F Cg (H) is a core, that is, it is dense in D(K) endowed with the graph norm.
In particular, for every f € L?(H,v) and A > 0, equation (1.1) has a unique so-
lution # € D(K), which is a strong solution by definition. Then we show that
D(K) ¢ W»2(H, v) and that (3.5) holds. Eventually, we prove that the strong
solution coincides with the weak solution.

3.2.1. IC:}"CZ(H) + L2(H,v) is dissipative. This is just a simple conse-
quence of the integration formula (3.4), taking u = ¢ € F CZ (H).

322. (WM —-K) (.FCZ (H)) is dense in L>(H, v). We shall approach every ele-
ment f € FCp°(H) by functions g of the type g = Av — K, first with v € ]-'C%(H)
and then with v € }"CE(H ). This will be done using existence and regularity re-
sults for differential equations in finite dimensions. Since FC;°(H) is dense in
L2(H, v), our aim will be achieved.

We recall that P, is the orthogonal projection on the linear span of ey, ..., e,.
We identify P,(H) with R", by the obvious isomorphism R" + P,(H), &
> ¢_i&kex. The induced Gaussian measure in R” is just Ny o, where Q, =
diag(Ay, ..., Ap).

For any function v: H > R we identify v o P, with the function v, :R" > R,
v, (&) == v(3_}_ &kex). In particular, we identify U o P, : H — R with the func-
tion U, :R" = R, U, (&) := U(X_}_, ékex). U, is convex, and DU, is Lipschitz
continuous, and hence U, belongs to W>®(R", d&) C W2 (R", No.o,)-
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For A > 0 let us consider the problem
(3.6) Ay, — Lv, + (DU, Duvy) = fn,
where the Ornstein—Uhlenbeck operator £ in R” is defined by

n

1
Lo@ =3 (D@ — i ' &Dip®), & €R".

k=1
Since DU, is Lipschitz continuous, (3.6) has a unique solution v, € Uye(0.1)

C§+°‘(R”). A reference is [20], Theorem 1. In fact [20], Theorem 1, deals
with large A’s, but a standard application of the maximum principle (e.g., [20],

Lemma 2.4) and of the Schauder estimates of [20], Theorem 1, show that (3.6) is

uniquely solvable in C§+9 (R™) for each A > 0. Moreover, an estimate for the first

order derivatives of v,,,

1
(3.7) [1Dvall o = N1D oo

follows from the well-known probabilistic representation formula for v,

o0
(3.8) n(® = [ ME( (X)) dr R
X, (t, &) being the solution to the stochastic ode in R”

{dxn(z, £)=—10,"X,(t,&)dt — DU, (X, (t,8)) dt +dW, (1),
Xn(0,8) =6,

where W, (t) = P, W (¢) is a standard Brownian motion in R". Indeed, (3.7) follows
taking into account that

d(Xn(t, %) = X (1, 3)) = =5(Q; (Xa (1, %) = X (2, y)) di
— (DUn(Xn(t,x)) — DU, (X4 (1, y)))) dt

so that X, (-,x) — X, (-, ¥) is almost surely differentiable, and taking the scalar
product by X,, (¢, x) — X, (¢, y) we get % 1 Xn(t, x)—Xn(t,y) ||2 < 0, by the mono-
tonicity of DU,,. This implies || X, (¢, x) — X, (¢, y)|| < ||lx — y|| and consequently

v (0) — vy DI =< 1 fullLipllx — ylI/2.
Going back to infinite dimensions, we set

3.9 Va(x) i=v,(x1,...,x0), x€eH.
Then V,, € FC2(H), and
(3.10) AVy — KV, = foPy,+ (DU~ DU o B,), DV,),

where f o P, = f for n large enough, since f is cylindrical. The right-hand side
converges to f as n — oo since estimate (3.7) implies

’

1
‘(DU(x) —DWUoPy)(x), DV,f(x))| < X su[[_)I”Df(y) H ”DU(x) —DWUoPy)(x)
ye
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which goes to 0 pointwise, since DU 1is continuous, and in LZ(H , V) by the domi-
nated convergence theorem, since

|DU o P)(0)| < [DUILipll Pax|| + | DU O) | < [DUTLiplIx [l + [ DU (0)

’

for each n € N. Therefore, AV, — K'V,, converges to f in L2(H, v), which implies
that (A1 — K)(FC2(H)) is dense in L*(H, v).

This will be used later, in the proof of Proposition 3.8; however, it is not enough
for our aims. This is because the formula, (3.20), which is the starting point of all
our optimal estimates, is obtained differentiating Au — Ku for a cylindrical u, and
we need that u has third order derivatives. So, we shall approximate using F Cg
functions instead of only F Cg functions.

To be able to use regularity theorems for elliptic equations in R” that yield C3
solutions, we need regular coefficients, so we approach U, in a standard way by
convolution with smooth mollifiers. Precisely, we fix once and for all a function
0 € C°(R™) with support contained in the ball B(0, 1) of center 0 and radius 1,
such that g, 0(§)d& =1, and for ¢ > 0 we set

Up©) = [ UnE—exo()dy,  §eR".

Then U} is smooth and convex, and DU is Lipschitz continuous. Moreover,
|DU,(§) — DU, (£)| = 'fu@ (DU, (&) — DU, (§ —y))0(y)dy

(3.11) < e[DUnlLip fR [y16(y) dy
< e[DU,lLip < e[DU]Lip, £ eR".
For A > 0 and & > O let us consider the problem
(3.12) A — Lo, + (DU, D) = f,.

As before, since DU, are Lipschitz continuous, (3.12) has a unique solution v}, €
Uge©.1) C,f*"" (R™), again by [20], Theorem 1. The functions v;, are represented
by

(3.13) v (x) = /Ooo e ME(fu(XF (2, x))) dt,

where X?(¢, x) is the solution to the stochastic ode

dX®(t,x) = =10, ' X (t,x)dt — DUE(X* (1, x)) dt +d Wy (1),
X¢(0,x)=x,
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and W, (¢) is a standard Brownian motion in R". The representation formula (3.13)
yields the sup norm estimates

1
(3.14) ”Uleoof X”fn”oo,

. 1
(3.15) [1Pvalloo < 5 11Dl -

Equation (3.14) is immediate, while (3.15) follows arguing as in the proof of (3.7),
since DU,; is monotonic as well.

We want to show that v¢ € C3(R"). Since DU is smooth, then v¢ belongs to
C°°(R™) by local elliptic regularity, and we need only to prove that its third order
derivatives are bounded. To this end we differentiate both sides of (3.12) with
respect to x;, getting

1
)LDL'UZ — £D,-v,§ + ;Divﬁ 4+ <DU5, D(Dﬂ)ﬁ)) = D,‘fn — (D(D, Urf)’ DUE)
i

The right-hand side is Holder continuous and bounded. Applying once again the
Schauder theorem [20], Theorem 1, we obtain D;v;, € CZJF“ (R™) for each o €
(0, 1). In particular, v € C; (R").

Let us go back to infinite dimensions and set

(3.16)  Vi(x):=vi(x1,...,Xn), Us(x)=U; (X1, ..., xn), xeH.

Then V;f € FC3(H) and

(3.17) AVy —KVP=foP,+ (DU — DU;, DV,).

Concerning the right-hand side, taking into account (3.15) and (3.11), we get
(DU (x) — DU, (x), DV (x))|

1
< S sup IDfFD)|(|DU(x) — DU o Py)(x)|
yeH
+ | DU o Py)(x) — DU (x)])

1
< ; sug”Df(y)”(”DU(x) — DU o P,)(x)| 4+ e[DU]Lipx))
ye

so that
2
(DU — DU, DV, ) 12019

1 2
= (5 s Ipr0l) 2( [ 16U = DW o P dv -+ DU L)),
yeH H

where the first integral [y, ||DU — D(U o P,)||?>dv vanishes as n — oo, as we

already remarked. Therefore, |(DU — DUy, DV} 12y, 1s as small as we wish

provided we take n large and & small, and the same holds for AV} — KV, — f.
Summarizing, we have proved the following proposition.
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PROPOSITION 3.4. The closure K of the operator IC:}"C;’(H) — L%(H,v)
is m-dissipative, so that it generates a strongly continuous contraction semigroup
in L>(H,v). In particular, for every . > 0 and f € L?*(H,v) problem (1.1) has
a unique strong solution u, that is: there is a sequence (u,) C fCi(H ) such that
up —> u and A, — Ku, — fin L?(H,v).

3.2.3. W22(H,v) regularity of the strong solution and other estimates. To
prove our estimates it is sufficient to consider functions u € ]-'C;(H ), which is
dense in the domain of K. So, we fix u € ]-"C,?(H), A > 0, and we set

auu—Ku=f.

Estimates on # and on Du in terms of f are elementary. They are obtained multi-
plying both sides by u and taking into account (3.2).

LEMMA 3.5. We have

2 1 2
/ A+ || Du|| dv:/ uf dv,
H 2 H

and therefore

1
(3.18) fuzdvf—zf f2dv
H A JH
and
2 2 2
(3.19) / | Dul| dvf—/ f2dv.
H rJH

Estimates on the second order derivatives are less obvious. They are a conse-
quence of the following proposition.

PROPOSITION 3.6. Foreachu € .FC; (H) we have

2 1 212 1 —1/2 12
a0 A/H||Du|| dv+2fHTr[(D ) ]dv+2/H||Q Du||"dv
2 _ — —
+fH(D UDu,Du)du_/ku,Df)du_sz(M f)fdv.

PROOF. As in Section 3.2.2, we differentiate the equality Au — Ku = f with
respect to x;, then we multiply by D;u and sum up. We obtain
(Dju)*
22X

o
+ Y DijUDjuDju = (Df, Du),

o0 0
M Dull* = > (KDju)Diu+
i=1 i,j=1

i=1

where the series are in fact finite sums. Integrating on H and taking (3.1) into
account, (3.20) follows. [l
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As a corollary of Lemma 3.5 and Proposition 3.6 we obtain estimates on the
strong solution to (1.1).

PROPOSITION 3.7. Let ) >0, f € L?(H,v), and let u be the strong solution
to (1.1). Then u € W2(H,v) N W 1/2(H v), and

1
A/ ||Du||2dv+—/ Tr[(Dzu)z]dv+—/ |Q~"2Du|?dv
H 2JH 2 JH
(3.21)
+/ <D2UDu,Du>dv 54/ f2dv.
H H

In addition, if f € FC;°(H), then u is v-essentially bounded, and we have

1
(3.22) ess sup |u(x)| < — sup| f(x)|.
xeH A xeH

PROOF. Letu; € ]-"C;(H) approach u in D(K). By estimate (3.19), Du; —
Du in L?>(H, v; H). By Proposition 3.6, equality (3.20) holds, with u j replacing u,
and f; := Auj — Ku replacing f. Then

Af | Du;|*dv + = /Tr 2u)dv + = /||Q YV2Duj|*dv

+/H<D2UDMJ‘, Duj)dv < Z/H()»uj — fj)fj dv < 4”fj”iz(H,v)’

while by (3.18) we have Alujll 2.,y < I fjll 2.0y~ Since fj — fin L%(H,v)
as j — 00, (uj) is a Cauchy sequence in W22(H,v) and in Wi’lz/z(H, V). So, u
belongs to such spaces, and letting j — oo estimate (3.21) follows.

To prove the last statement, for f € FC;°(H) we approach u by the functions
used in the proof of Proposition 3.4. Then (3.22) follows from (3.14), taking into
account that for a suitable sequence (jx), (u,) converges to u, v-a.e. []

3.2.4. Weak = strong. For A > 0 and f € L*>(H,v), let u be the strong so-
lution to (1.1) given by Proposition 3.4. Let u,, € ]-'C; (H) be such that u, — u
and f;, := Au, — Ku, — f in L2(H,v). As we remarked in the proof of Proposi-
tion 3.7, u, — u in WH2(H, v).

Fix ¢ € .FC;(H ). Multiplying both sides of Au, — Ku, = f, by ¢, integrating
over H and recalling (3.2), we obtain

1
A/ unfpvar—/ (Dun,D@dv:/ Japdv.
H 2 JH H

Letting n — oo yields that u is the weak solution to (1.1). So, weak and strong
solutions to (1.1) do coincide.
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As a consequence of coincidence of strong and weak solutions we obtain a
probabilistic representation formula for the weak solution to (1.1). Let W(z) be
any H -valued cylindrical Wiener process defined in a probability space (€2, F, P).
A construction of such a process may be found, for example, in [13], Section 4.3.
For each x € H consider the stochastic differential equation

(3.23) dX =(AX — DU(X))dt +dW(), X(0)=x.

We recall that a mild solution to (3.23) is a F; adapted, H -continuous process that
satisfies

t t
X =ex = [ DU s+ [ MW, 10
0 0

where F; is the natural filtration of W (¢). Existence and uniqueness of a mild solu-
tion to (3.23) follow, for example, from [14], Theorem 5.5.8; see also Remark 5.5.7
of [14].

PROPOSITION 3.8. For A > 0 and f € Cp(H), let u be the weak solution
to (1.1). Then

(3.24) u _/ e MEf(X(t,-))dt

PROOF. As a first step, let f € FC;°(H), let V, be the functions de-
fined in (3.9) and set f, := AV, — KV,,. In Section 3.2.2 we have shown that
lim, s fp = f in LZ(H, v). Therefore, u = R(A, K) f =lim,_, o R(A, K) f, =
lim,,_, 50 V,,. On the other hand, we have V,,(x) = v,(x1, ..., x,), where the func-
tions v, solve (3.6). This implies that V,, satisfies

(3.25) Vo (x) :fo+°° e MEf(X,(t,x))dt,  xe€H,

where X, is the mild solution to
(3.26) dX, = (AXn —D(Uo P,,)(X,,))dt +dW (1), X, (0) = P,x

and for every t > 0, x € X we have lim,_, o X, (t,x) = X(¢, x), a.s. Letting
n — oo in (3.25), the left-hand side goes to u in L?(H,v). The right-hand
side converges to f0+°° e‘“Ef(X(t,x))dt pointwise and in L?(H,v) by the
dominated convergence theorem. Indeed, for each x € H and ¢ > 0 we have
lim, o f(X,(t,x)) = f(X(t,x))as.,and | f (X, (¢, x))| < || flloo- Therefore, the
statement holds if f € FC;°(H).

If f e Cy(H), it is possible to approach it, pointwise and in L>(H,v), by a
sequence (f,) of functions belonging to FC;°(H). For instance, one can take
approximations by convolution of f o P,. Then, u, := R(X, K) f,, satisfy (3.24)
with f replaced by f,, and converge to u = R(A, K) f in L>(H, v). The right-hand
sides converge to f0+°° e_“]Ef(X(t, ) dt in L?>(H,v), again by the dominated
convergence theorem, and the statement follows. [



2132 G. DA PRATO AND A. LUNARDI

3.3. The general case. Here we apply the results of Section 3.2 to prove our
main result.

THEOREM 3.9.  Under Hypothesis 2.1, for every > > 0 and f € L*(H, v), the

weak solution u to (1.1) belongs to WZ2(H,v) N Wi’lz/Z(H, V), and it satisfies

1
2 2
/Hu dUSM/Hf av.

2 2 2
f | Dull dvs—f Frv,
H AMJH

629 5 [ w0 avt [ o P ouPav 4| fav

(3.27)

PROOF. Let U, be the Moreau—Yosida approximations of U, defined in (2.9).
Since DU, is Lipschitz continuous, we may use the results of Sections 3.2.3
and 3.2.4 for problem

(3.29) Mt — Litg + (DUy, Dug) = f.

Let Zy = [y e Ve (dx) and vy 1= e Ve /) Z,. Fix any f € FCP(H), » >0,
and let u, be the strong solution to (3.29) in the space L2(H, v,). By Lemma 3.5,

1
/ ule Ve dp < / fre ey,
H H

A2

(3.30) A
f | Dug|2e~2Ve dyp < = f Fre e ay,
H AJH

and by Proposition 3.7,

1 1
3 [, TP e diet 5 [ 107D
(3.31) H H
+/ (D*Uy Duy, Dug)e Y dp 54[ fre Ve gqp.
H H

The right-hand sides of (3.30) and (3.31) are bounded by a constant independent
of a, since U, > inf U so that

(3.32) [ £Pe e dn < 7 Ee .

Since U, < U, then ¢ 2V < ¢=2Ue«_ and it follows that u, € W2~2(H, v) and
their W22(H, v) norms are bounded by a constant independent of «. A sequence
(#q,), with lim,,_, o, o, = 0, converges weakly in W22(H,v) and in Wi’lzﬂ(H, V)
to a limit function denoted by u. Letting n — oo yields that u satisfies (3.27)
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and (3.28). Our aim is to show that u coincides with the weak solution to (1.1). For
every n we have

1
[ e dp+ 3 [ (Dug, Doy du= [ foe o dp,
H 2JH H

@ € FCL(H).

Letting n — oo, the right-hand side converges to [}, f @e 2V du. Let us split the
left-hand side as

1 —20,
Mg, @ + = (Dug,, Do) |e ndp
H 2
_ 1 —2v
= Ay, 9 + = (Dug,, Do) |e dp
H 2

1
+/ (Auanw + §<Du“"’ Dgﬂ))(l _ e—2U+2Ua,,)e—2Uan du.
H

The first integral converges to [ (Augp + %(Du, D(p))e_w d . We claim that the
second integral too vanishes as n — oo. Indeed, by the Holder inequality with
respect to the measure e ~>UYen dyu, its modulus is bounded by

1 2 12
(/ ()\,I/tangﬂ =+ —(Duan, Dgﬂ)) e_zUcm d/_L)

H 2

) 12
o (f (1 — 20 +2Uan)2g=2Uer du)
H
1
= ”gﬂlng(H) ”)\”an ||L2(H,e*2UOtn W + 5 H ||D”an I ”LZ(H,e_zUOfn W

172
y (/ (1 — ¢=2U+2Va) 220, d,u) '
H
Recalling (3.32), (3.30) implies now that

1
htar, 112 g1 e20en 1y + 5 1 Dttty 1 247,200 1

is bounded by a constant independent of n. Moreover [, (1 — e 2UH2Uan)2

e 2VYen dy vanishes as n — 0o by the dominated convergence theorem, and the
claim is proved.

Therefore, u satisfies (3.3) for every ¢ € ]-"C,i(H ), and hence it is the weak
solution to (1.1).

If f e L2(H,v), there is a sequence of FC;°(H) functions that converge to
f in L?(H,v). The sequence (R(A, K) fi) of the weak solutions to (1.1) with f
replaced by f; converge to the weak solution u = R(A, K) f of (1.1), and it is
a Cauchy sequence in W22(H,v) and in Wllz /2(H , V) by estimate (3.28). Then

ue W22(H,v) 0 Wl (H,v), and it satisfies (3.28) too. [
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3.4. Another maximal estimate. Under further assumptions we may recover
the full estimate on Du that holds in the case that DU is Lipschitz continuous. In
fact, we shall show below that

(3.33) /(DZUDu,Du)dv§4/ f2av,
H H

in the case where U € C?(H), while in Section 4.2 it will be proved in a specific
example with U ¢ C?(H). Here and in the following, we denote by C*(H) the
space of the twice Fréchet differentiable functions from H to R, with continuous
second order derivative.

We need a preliminary result.

LEMMA 3.10. Under Hypothesis 2.1, for each f € Cp(H) there is o, — 0
such that uy, — u in W“2(H, v) as n — oo.

PROOF. We already know that there exists a sequence (uq,) weakly conver-
gent to u in W2(H, v). So, it is enough to show that

(3.34) limsup|uan|W1‘z(va) < lulwi2cm.y)
n—o0

for some equivalent norm | - [y12(p ) in WL2(H, v).
By Lemma 3.5 we have

1 _ _
/ <)\‘|M05n |2 + A ”Duoln ||2>e 2Uan dlu/ = / fuolne 2U(1n d/"L
H 2 H

We claim that the right-hand side converges to Z [}, fudv as n — oo. In fact we
have

/ f”ane_zUa" du = f fuane_ZU dp +f fuan(l — €2U”‘”_2U)e_2U°‘” du,
H H H
where the first addendum tends to Z [,; fu dv, and the second one is estimated by
’f Fita, (1 — 2Van =20 ) =20k, du‘
H
— 2
S “f”OO”MO{” ”Lz(H,e_ZUan ) /H(l — €2Uan 2U) e 2Uﬂn dl‘L’
which vanishes as n — oo because ||ug, || ;2 (H e~an 1) is bounded and
lim [ (1—e2Ven=2U)?e=2Ven gy =

n—oo H

by the dominated convergence theorem.
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Therefore we have

1
lim sup (Aui + = || Dug, ||2>e_2U du
H o2

n—oo

1
< limsup H(xman 1%+ 51 Dua, ||2>e_2U“” du = Z/H fudv.

n—oo
2 1 2
/fudv:/ ru”+ —||Dul|” ) dv,
H H 2

1 1
lim sup (Aluan > + =|| Dug, ||2> dv < / <Au2 + = ||Du||2) dv,
H 2 H 2

n—oo

Moreover
so that

and (3.34) follows. [
Now we can prove estimate (3.33).

THEOREM 3.11. Let U be a C? function satisfying Hypothesis 2.1.
Then (3.33) is fulfilled for all f € L*>(H, v).

PROOF. Since Cp(H) is dense in L>(H,v) it is sufficient to prove (3.33)
when f € Cp(H). In this case, let o, — 0 be such that u,, — u in W1*2(H, V)
(Lemma 3.10). Then Duy, — Du in L*(H, v; H) and so [possibly replacing (o)
by a subsequence] Dug, (x) — Du(x) for almost all x. Using Lemma 2.11, for
these x we have

lim (D?Us, (x) Dutg, (x), Ditg, (x))e™2Yen @ = (DU (x) Du(x), Du(x))e 2V,
n—oo

and by Fatou’s lemma,

f(DZU(x)Du(x),D(x)>dv
H
:/H<D2U(x)Du(x),D(x)>e—2y<x) du

<liminf (DZU% (x)Dug, (x), Dug, (x))e_ZU"‘" ™ du
H

n—oo
. 2 —2Way 7,1 2
541}lrr_1)géf/Hf e du_4/Hf dv. 0

4. Perturbations. The regularity results and estimates of Section 3 open the
way to new results for nonsymmetric Kolmogorov operators, by perturbation. Here
we consider the operator K in the space L*>(H, v) defined by

4.1) D(Ky)=D(K),  Kyv:=Kv+(B(x), Dv(x))
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with a (possibly) nongradient field B: H +— H.

We shall give two perturbation results, the first one in the general case (Sec-
tion 4.1) and the second one in the case where the weak solution to (1.1) satis-
fies (3.33) (Section 4.2). In both cases we shall use the next proposition and a part
of its proof.

PROPOSITION 4.1. Let A be a self-adjoint dissipative operator in L*(H, v),
and let B: D(A) — L%(H, v) be a linear operator such that

42 1BvlGagy SallAvlia gy )+ 01072, v E DA,

for some a < 1/(~/2+ 1)? and b > 0. Then the operator
A1:D(A) > L*(H,v),  Ajv=Av+Bv

generates an analytic semigroup in L>(H, v).

PROOF. Let us denote by X = L*(H, v; C) the complexification of LZ(H , V)
and by A the complexification of A, A(u + iv) = Au + i Av. Then the spectrum
of Ais contained in (—o0, 0], and we have [|[AR(A, A)|lzx) < 1/cos(8/2) for A €
C\ (=00, 0], with & = arg 1. Hence, for Re A > 0 we have [AR(A, A)| zx) < V2.

A standard general perturbation result for analytic semigroups in Banach spaces
states that if the generator A of an analytic semigroup in a complex Banach space
X satisfies [AR(A, A)|lzx) < M for Red > w, then for any linear perturbation
B:D(A) — X that satisfies

I1Bullx < cillAvlx + c2llvllx, ve DA,

with ¢y < 1/(M+1) and ¢; € R, the sum A+ B: D(A) — X generates an analytic
semigroup in X'. We write down a proof, which will be used later.

For Re X > w the resolvent equation Au — (A + B)u = f is equivalent (set-
ting Au — Au = v) to the fixed point problem v = Tv, with T: X +— X, Tv =
BR(A, A)v + f. We have

ITv] <ci| AR, A)v| + c2| R(h, A)v|

oM
saM+ D+l ved.
Fix wg > w such that C :=c{(M + 1) + coM/wy < 1. Then for every A in the
halfplane ReA > wg T is a contraction with constant C, the equation v = T'v has
a unique solution v € X and ||v|| < || f||/(1 — C), and the resolvent equation Au —
Aju = f has a unique solution # = R(A, A)v with |lu|| < M| f||/|A|(1 — C), and
the statement follows.

In our case we can take w = 0 and M = +/2. Assumption (4.2) implies
that ||Bv|lx < allAv|x + v/b|v|x, for every v € D(A), so we require a <
1/(+~/2 + 1)%. Once we know that A + B generates an analytic semigroup 7 (¢)
in L2(H, v; C), it is sufficient to remark that the restriction of 7'(r) to L*(H, v)
preserves L>(H, v), and it is an analytic semigroup in L>(H,v). O
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4.1. First perturbation.

PROPOSITION 4.2. Let U satisfy Hypothesis 2.1. Let B: H — H be t-measu-
rable (hence, v-measurable) and such that there exist c; € (0,1 /2(\/5 + 1)),
¢ > 0 such that for a.e. x € H we have

4.3) (B(x),y)| <ci]| @2y +callyl,  ye QY2(H).

Then the operator K defined in (4.1) generates an analytic semigroup in
L%(H,v). In particular, there exist Ag > 0, C > 0 such that for every A > g
and for every f € L>*(H,v) the equation \v — K\v = f has a unique solution
ve D(K), and

vy < CIHFI L2 v)-

PROOF. In view of Proposition 4.1, it is sufficient to show that the operator B
defined in D(K) by

Bu(x) = <B(x), Du(x)), x € H,
satisfies estimate

@4 1Bvll3agy,, <allKvlllagg ) +blIvIT2g ), veDEK),

for some a < («/E + 1)~2. We note that for every u € D(K) we have

4
4.5) / 1Dul%dv 54A/ u2dv+—/ (Ku)dv Vo> 0.
H H AJH

(4.6) /H |02 Du|*dv < 4/H(Ku)2dv.

Estimate (4.5) follows from (3.27), taking f = Au — Ku. Estimate (4.6) follows
from (3.28) taking again f = Au — Ku, and letting . — 0. Using (4.5) and (4.6),
for each ¢ € (0, 1) and A > 0 we get

/(B,Du>2dv5/ (c1| Q"2 Du| + c2|| Dul))* dv
H H
1
5c%(1+e)/ ||Q—1/2Du{|2dv+c§(1+—>/ 1 Dul® dv
H & H
<4ci(l +g)/ (Ku)?dv
H

1 4
+c%<1+—>(4)»/ uzdv—i——/ (Ku)zdv).
e H AJH

Since 4c? < 1/(v/2 + 1)?, there is & > 0 such that 4c2(1 +¢&) < 1/(v/2 + 1)2.
Fixed such ¢, choose A big enough, such that a := 4c%(l +e)+ 4c%(1 +1/e)/A <

1/(+/2 4 1)2. With these choices estimate (4.4) is satisfied with a < 1/(~/2+ 1)2,
and the statement follows from Proposition 4.1. [J
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REMARK 4.3. The assumptions of Proposition 4.2 are satisfied if x +—
Q*B(x) € L>®(H, v; H) for some o < 1/2. Indeed, in this case for y € Q'/?(H)
and a.e. x € H, we have

(B(x), y)| = [(Q*B(x), @7*y)| < [Q*B()| (e Q™ 2y] + @) lyl),
xe€H, >0,

and choosing ¢ small enough, (4.3) is satisfied with ¢; < 1/2(«/5 —-1).

In the case that x — QY2B(x) € L®°(H, v; H) we need some restriction in
order that the assumptions of Proposition 4.2 be satisfied. For instance, they are
satisfied if B = By + B», with B; € L™(H,v; H) and Q'/?B, € L*(H,v; H),
102 Bslloe <c1 < 1/2(v2+ 1).

4.2. Second perturbation. In the case that U € C?*(H) we have also esti-
mate (3.33), which is useful when

(4.7) (D*U@)y, y) = CWlyll>,  x,yeH,

and the function C(x) is unbounded from above [if C is bounded from above,
(3.33) does not add much information to (3.27)].

PROPOSITION 4.4. Let U € C2(H) satisfy Hypothesis 2.1. Assume moreover
that (4.7) holds for some unbounded C(x) and that for every A > 0 and f €
L2(H, v) the weak solution u to (1.1) satisfies (3.33). Moreover, let B: H +— H be
u-measurable and such that there exist c1, ¢y, c3 > 0 with c% + c% < 1/8(\/§+ 1)2,
and for a.e. x € H, we have

4.8) |(Bx),y)| <c1]| @72y + /Tyl +csllyll, vy e QV(H).

Then the operator K| defined in (4.1) generates an analytic semigroup in
L2(H, v). In particular, there exist Ag > 0, C > 0 such that for every A > Ag
and for every f € L>(H,v) the equation \v — K\v = f has a unique solution
ve D(K), and

lvlilpk) < CIFNlL2cr, -

PROOF. We argue as in the proof of Proposition 4.2. Here, besides estimates
(4.5) and (4.6), we also use

(4.9) fH(DQUDu, Du)dv < 4/H(Ku)2dv, ue D(K),

which follows from (3.33) taking f = Au — Ku and letting A — 0. By (4.8) for
each u € D(K) we have

fH<B, Du)?dv < /H(q |02 Du|| + c2y/C )| Dul| + 3] Dul))* dv.



MAXIMAL SOBOLEV REGULARITY IN INFINITE DIMENSION 2139

Using the inequalities (a + b +¢)* < a?(2+¢) +b*(2+¢) + c*(1 4 2/¢) for each
ee€(0,1),and

/ C(x)||Du|*dv < f (D*U Du, Du)dv < 4[ (Ku)?dv
H H H
that follows from (4.7) and (4.9), we obtain, recalling (4.5) and (4.6),

f (B, Du)*dv
H

<2 +e) /H |0~ 2Du|*dv + 32 +¢) fH C(x)|| Dul|* dv

2 2 2
+c3(1+= f||Du|| dv
& H

<4(cl+3)Q2+e) /H(Ku)2 dv

2 2 2 4 2
+og| 1+ - 4k/udv+—/(Ku) dv ).
e H AJH

As in the proof of Proposition 4.2, we may choose ¢ small and then A large, in
such a way that for every u € D(K), we have [, (B, Du)?dv < afH(Ku)2 dv +
by u?dv with a < 1/(+~/2+ 1)2, and the statement follows from Proposition 4.1.

g

REMARK 4.5. Assumption (4.8) is satisfied if B = By + B», where x —
Q“B1(x) € L*(H,v; H) for some « € [1/2) and there are b < 1/2(2 + V2),
¢ > 0 such that || Bo(x)|| <bC(x) + ¢ for almost every x € H.

Theorem 3.11 allows to use Proposition 4.4 when U € C*(H). In some specific
examples the result of Proposition 4.4 holds when U is not C2, but belongs to a
suitable Sobolev space. See Section 5.2.

We emphasize that the domain of the perturbed operator K| coincides with
D(K). Therefore, under the assumptions of Proposition 4.2 for every u € D(K1)
we have

ueW>2(H,v), / ||A_1/2DuH2dv<oo,
H

and if the assumptions of Proposition 4.4 hold, then for every u € D(K{) we have
also

/ (DZUDu, Du)dv < oo.
H

An important feature of the semigroup generated by K is positivity preserving.
If B=0, thatis K| = K, Lemma 2.7 implies that K satisfies the Beurling—Deny
conditions that yield positivity preserving (e.g., [6], Sections 1.3, 1.4).
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PROPOSITION 4.6. Let the assumptions of Proposition 4.2 or of Proposi-
tion 4.4 hold, and let Lo be given by Proposition 4.2 or 4.4. Then for every A > Lo
and f € L?(H,v) such that f(x)>0ae., R, K))f(x)>0a.e.

PROOF. Let us introduce the approximations

B, (x) :=nR(n, A)B(X)LixeH : | B(x)ll<n} neN,xeH,

that are -measurable and bounded in H.

If the assumptions of Proposition 4.2 hold, then each B, satisfies (4.2) with the
same constants a, b of B. Indeed, since |[nR(n, A)|| z(u) < 1, then for every x € H
and y € Q'/2(H) we have

|{Bn(x), y)| = [(B(x),nR(n, A)y)|Lixen : |Bx)|<n)
<a|Q7'*nR(n, A)y| + b|nR(n, A)y|
=a|nR(n, AYQ™V2y| + b|nR(n, A)y| <a| Q™ 2y| +bllyl.

Similarly, if the assumptions of Proposition 4.4 hold, then B, satisfies (4.8) with
the same constants c1, ¢z, c3 as B. Moreover B, converges to B v-a.e., since

By(x) — B(x) =nR(n, A)B(x) — B(x)  if |B(x)| <n.

For each f € L?>(H,v) we may approach R(x, K1) f by the solutions u, €
D(K) of problems

(4.10) Ay — Kuy — (Bn(x), Duy) = f

that still exist for A > Aq since the functions B, satisfy the assumptions of Propo-
sition 4.1 (or, of Proposition 4.4) with the same constants as B. By the proof of
Propositions 4.2 and 4.4, u,, is obtained as R(A, K)(I — T,,)~! where

T,v = (B, (-), DR(A, K)v), veL*(H,v),

and (I — T;,)~! exists because T is a contraction. We may use the principle of
contractions depending on a parameter since

”Tnv — TUH%Z(H,V) < /H|<B — Bn, DR()\,, K)v)’zdv

that vanishes as n — oo by the dominated convergence theorem. Indeed, for v-
almost every x we have lim,,_, 5, B, (x) = B(x) and

(B, (x), DR(A, K)v(x))| <a||@"?DR(\, K)v(x)| + b| DR, K)v(x)

if the assumptions of Proposition 4.2 hold, and
(By(x), DR(L, K)v(®))| < c1|Q™V2DR(x, K)v(x)|
+02/CW[DRG, K)v()]
+c3|DRG K)v(x) |,
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if the assumptions of Proposition 4.4 hold. In both cases, the right-hand sides be-
long to L*(H,v).

It follows that for A > A9 we have lim,— o, = R(A, K1) f, in L?(H,v). To
finish the proof we show that if f > 0 v-a.e., then u,, > 0 v-a.e. This will yield the
statement.

Let us multiply both sides of (4.10) by u,, that belongs to WL2(H, v) by
Lemma 2.7, and integrate over H. We get

1
A/ unu;dv+—/ (Dun,Du;)dv—/ (B,,,Du,,)u,fdv:/ fu, dv,
H 2Jn H H

and recalling that u,u, = —(u;)z, (Dup, Du, ) = —||Du,, | by Lemma 2.7, we
obtain

1
—A/ () dv — —/ HDu;”zdv—/ (Bu, Duy)u, dv > 0.
H 2JH H
Now we estimate

f (Bn, Dup)u, dv
H

/ (Bn, Dup)u, dv
{u, <0}

/H<B,,, Duy, u,; dv

= it f I Pae) ([ )

1
< 5/H||Du; ||2dv+2||B,,||oo/H(u;)2du.
If A > Cy,:=2|Bllco, We get
-2
—(x = C”)Hun ||L2(H,v) >0

which implies u#,, = 0, namely u, > 0 a.e. So, the resolvent of K, := K + (B,,, D-)
preserves positivity for A large, possibly depending on 7. Since K,, generates a Co
semigroup, its resolvent preserves positivity for every A bigger than the type of the
semigroup, in particular for every A > Ag. Then, R(A, K1) preserves positivity for
A>Xdo. O

Now we discuss the existence of an invariant measure ¢ (dx) = p(x)v(dx) for
the semigroup generated by K| in L>(H, v). An important step is the following
proposition.

PROPOSITION 4.7. Let the assumptions of Proposition 4.2 or of Proposi-
tion 4.4 hold. Let in addition Hypothesis 2.8 hold. Then the kernel of K [the

adjoint of K1 in L>(H, v)] contains a nonnegative function p 0.
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PROOF. The function 1 identically equal to 1 belongs to the domain of Ky,
and K11 = 0. Then for any A > A, 1 is an eigenvector of R(A, K1) with eigen-
value 1/A. Since D(K1) = D(K) is compactly embedded in L?(H,v) by Propo-
sition 2.10, then R(A, K1) is a compact operator, and 1/A is an eigenvalue of
R(A, K1)* = R(A, KY) too. Hence, 0 is an eigenvalue of K|, so that the kernel of
K7 contains nonzero elements. Note that since R(A, K1) preserves positivity for
large A, then R(X, K7) too preserves positivity for large A, hence the semigroup
o' Ki generated by K| preserves positivity for every ¢ > 0.

Let us check that the kernel of K7 is a lattice, that is, if ¢ € Ker KT, then |¢| €
Ker K. Assume that ¢ € Ker K. Then ¢ = etKikga for every ¢ > 0, and since o' Ki
preserves positivity, then

lp(x)| = }etKl*w(x)] < (etKT|(p|)(x), v-ae. x € H.
We claim that for every ¢ > 0,
4.11) lo(x)| = 'K (Jo]) (x), v-ae. x € H.

Assume by contradiction that there are ¢ > 0 and a Borel subset / C H such that
v(l)>0and |p(x)| < e Ki (J¢])(x) for x € I. Then we have

[ le@lv@ < [ (S iph v,
H H
On the other hand, since 1 € Ker K, then /X 1 = 1. Hence

./H ! tllgldv =(e'"Tg], L2, = (lol, ek L2,y = /H ol dv.

which is a contradiction. Then (4.11) holds and it yields |¢| € Ker K{. [J

A realization of K| in L?(H, pv) is m-dissipative, as the next proposition
shows.

PROPOSITION 4.8.  Under the assumptions of Proposition 4.7, let p be a non-
negative function belonging to Ker K{ \ {0}. Then the operator

D:={ue D(K\)NL*(H, pv): Kju € L*(H, pv)} > L*(H, pv), ur> Kiu

is dissipative in L*(H, pv) and the range of \l —K|:D+ L*(H, V) is dense in

L%(H, pv) for ». > 0. Then its closure K, generates a contraction semigroup T ()
in L*(H, pv), and the measure pv is invariant for T1 (1).

PROOF. As a first step we prove dissipativity, through estimates on R(x, K1).

We remark that Lemma 2.2 holds for the measure pv as well, with the same
proof. In particular, C;(H) is dense in L' (H, pv).

Let L > Ao and let f € Cp(H). Set u = R(\, K1) f. We recall that, since
p € D(KY) and K{p = 0, then for every u € D(K1) we have [, Kiupdv =



MAXIMAL SOBOLEV REGULARITY IN INFINITE DIMENSION 2143

[ uK;pdv=0.So, multiplying both sides of Au — Kju = f by p and integrating
we obtain

/Au,odv:/ fpdv.
H H

If f has nonnegative values v-a.e., by Proposition 4.6 u has nonnegative values
v-a.e., and the above equality implies

1
4.12) el 1 vy < X”f”Ll(H,pv)‘

In general, we split f as f = fT — f~.Sinceu =R\, K))fT — RO\, K f~ =
ut —u~, (4.12) follows for every f € C;,(H). Since C,(H) is dense in L'(H, pv),
the resolvent R(X, K1) may be extended to a bounded operator [still denoted by
R(x,K1)]to L'(H, pv), and

1
@13) RO KO f 1o < W oy f ELCH, pv).

Let now f € L (H, pv). f is in fact an equivalence class of functions, that
contains a Borel bounded element. Indeed, for each element ¢ € f, setting f (x) =
) if (9O < 1 f oo, pvy» f () = 0f |9(X)[ > [[f oo, o) the function f
is Borel and bounded, and || f || Loo(#, pv) = SUpy g | f (X)].

Let us go back to the resolvent equation, Au — Kju = f. Since f is Borel and

bounded, it can be seen as an element of L°°(H, v), identifying it with its equiva-
lence class.! Moreover, || f Lo (#,v) = sUpyep [f (O = 1 flLooH, pv)-

Since sup|f| — f(x) = 0 for every x, still by Proposition 4.6 we have
R, Ky)(sup|f| — f) = sup|f|/A —u = 0, v-ae. Similarly, since f(x) +

sup|f| = O for every x, then u 4 sup|f|/A > 0, v-a.e. So, we get an L esti-
mate, ||u| ~H,v) <sup|f|/A. Hence

= 1
||R()\-, Kl)fHLOO(H”DV) = ”R()"v Kl)f”LOO(H,v) = X”f”LOO(H,pU)a
(4.14)
feL®(H, pv).

By interpolation, R(A, K1) may be extended to L?(H, pv) [and, in fact, to all
spaces L”(H, pv)], in such a way that the norm of the extension does not exceed
1/A. In particular,

1
HR()\,, Kl)f”Lz(H,pv) = X”f”Lz(H,pU)’

(4.15)
feL*H, pv)NL*(H,v).

'Note that p may vanish on some set with positive measure, so that f does not belong necessarily
to L°(H, v), and even it does, its L°°(H, v) norm may be bigger than its L°°(H, pv) norm.
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Let now u € D. For A > Ag estimate (4.15) gives

Mullz2 g, pvy = 1A = Kiull g2, oy

and squaring the norms of both sides, we obtain

1 2
(u, K1u>L2(H,pv) =< ﬁ”KluHLz(H,pv)'

Letting A — oo yields (u, Kiu) 2y 5y < 0, namely the restriction of K to D is
dissipative in L*(H, pV).

We remark that D is dense in L2(H, pv) since it contains FC;°(H) which is
dense by the extension of Lemma 2.2 to L>(H, pv). Moreover (A — K1)(D) is
dense for A > wy, since it contains FC;°(H). Indeed, if f € FC;°(H), then u =
R(A, K1) f belongs to D and Au — Kju = f.

Let us denote by 1?1 D(I?l) — LZ(H pv) the closure of K1 :D +— L*(H, pV).
By the Lumer—Phillips theorem, K| generates a strongly continuous contraction
semigroup in L?*(H, pv), and D is a core for K1 So, for every Qe D(Kl) there is
a sequence of functions ¢, € D such that ¢,, — ¢ and K¢, — Kl(p in L2(H, pv).
For every n we have

/ Kipppdv = / onKipdv=0
H H
and letting n — oo we obtain [ K, @p dv = 0. This proves the last statement. [

5. Kolmogorov equations of stochastic reaction—diffusion equations. Let
H = L2((0, 1),d&), and let A be the realization of the second order deriva-
tive with Dirichlet boundary condition, that is, D(A) = W22((0,n),d&) N
Wy (0, ), d§), Ax = x".

We consider the Gaussian measure @ in H with mean O and covariance
0 = —%A‘l. A canonical orthonormal basis of H consists of the functions
ex (&) = V2 sin(krw &), k € N, that are eigenfunctions of Q with eigenvalues
A= 1/ k% ?).

Let @ : R~ R be any convex lowerly bounded function, with (at most) polyno-
mial growth at infinity, say

(5.1) |D(r)| < C(1+[7]7), teR,
for some C > 0, p; > 2. We set
1
p
(5.2) Ux) = /0 P (x(£))dE, x e LP(0,1),
+00, x ¢ LP1(0,1).

Section 5.1 is devoted to check that U satisfies Hypotheses 2.1 and 2.8, so that we
can apply Theorem 3.9 to obtain regularity results for the solution # to (1.1). Then
in Section 5.2 we show that under an additional assumption u fulfills (3.33) too.
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5.1. Checking Hypotheses 2.1 and 2.8. We first note that U is finite p-a.e.,
thanks to the next lemma. Its statement should be well known; however, we write
down a simple proof for the reader’s convenience.

LEMMA 5.1.  For every p > 2 we have

1
(53) [, [ r©l agdu < oo,

and hence n(L?(0,1)) = 1. Moreover, x — |x|Lr0,1) € LY(H, ) for every
qg=>1

PROOF. Let P, be the orthogonal projection on the subspace spanned by
el,...,e,. For every £ € (0,1) and m < n € N, the function x — P,x(§) —
Pux(£) is a Gaussian random variable Nosn_ ek ()2 Then, for p > 1,

| 1Bux(®© = Pux(@" d= [ 101" No sy, syexicrn @)

n p/2
:Cp( > )»kek(f;')2>

k=m+1

with &, = 2P/2¢,,, so that

1 1
_ P _ _ P
/H /0 |Pax(8) — Pux(€)| d dp = /0 /H|an(s> Pux(®)|” dpudé
n p/2
SE‘p( Z )»k> .

k=m+1

This implies that the sequence (x, &) — P,x (&) converges in L”(H x (0, 1), u x
d&) to a limit function u that belongs to L? (H x (0, 1), u x d&) for every p. Letus
show that u(x, &) = x (&) taking p = 2: indeed, fol | Pyx (&) — x(£)|? d& vanishes
for every x € H as n — 00, and it is bounded by ||x ||> which belongs to L' (H, ),
so that by the dominated convergence theorem, [y fol |P,x (&) — x(é)lzdg du
vanishes as n — oco. Then u(x,&) = x(§), and (5.3) follows. It implies that
w(LP(H, n)) = 1forevery p > 2 and that x — ||x||zr,1) € LY (H, ). Forqg > p
and x € L9(0, 1), the Holder inequality yields ||x|/zr,1) < l[x[lz4(0,1) so that
x> lxllLr,1) € LY(H, w). O

The function U defined by (5.2) is convex and bounded from below because &
is. Using the Fatou lemma, it is easily seen to be lowerly semicontinuous. By as-
sumption (5.1) and Lemma 5.1, U € L?(H, u) for every p > 1, and the measures
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wand v=e"2Ypu/ [y e~ 2V du are equivalent. For U belong to some Sobolev
space it is sufficient that also ®" has at most polynomial growth, as the next propo-
sition shows.

PROPOSITION 5.2. Let ®:R +— R be any C' convex lowerly bounded func-
tion such that

(5.4) (@' ()| < C(1 + |1]P2), teRR,
for some C > 0, pr > 1. Then the function U defined in (5.2) belongs to

WOI"D(H, w) for every p > 1, and DU (x) = ® o x for a.e. x € H [namely, for
each x € L*72(0, 1)].

PROOF. By (5.4), ® satisfies (5.1) with p; = po+1,sothat U € L?(H, p) for
every p by Lemma 5.1. To prove that U € Wol’p (H, n) we shall approach U by its
Moreau—Yosida approximations U, defined in (2.9). Each U, is continuously dif-

ferentiable and DU, is Lipschitz continuous, hence U, € Wol’p (H, ) forevery p.
This can be easily proved arguing as in the case p = 2 of [8], Proposition 10.11.

Since Uy (x) converges monotonically to U (x) at each x such that U (x) < oo,
by Lemma 5.1 U, converges to U, u-a.e. Since

infU < U, (x) <U(x)

< c(1+/01|x<s>}”‘ ds)

<c(1+ (fol|x<s)|p”’dé)l/p),

by Lemma 5.1 and the dominated convergence theorem, Uy, — U in LP(H, ).
Let x € L2P2(0, 1). Then the subdifferential dU (x) is not empty. Indeed, since
® is convex, for each y € H we have

U(y) —Ux) = /O [0(x(®) — B(y(E))]dE
(5.5

> /O O/ (x(6)) (x () — y(&)) dE,

which implies that the function ®' o x € H belongs to dU (x). In fact, ® o x €
H is the unique element of dU (x); see, for example, [2], Proposition 2.5. By
Lemma 5.1, x — ||® o x| € LP?(H, 1), and again by the dominated conver-
gence theorem [} [|[DUy(x) — @ o x||Pdp — 0 as o — 0, which shows that

UeW,(H,p) and DU(x) = ® o x, p-ae. [

If the assumptions of Proposition 5.2 hold, then U satisfies Hypotheses
2.1 and 2.8, and consequently the results of Theorem 3.9 and of Propositions 4.7
and 4.8 hold.
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5.2. Further estimates of Du. We are going to show that for every A > 0 and
fe L2(H , V), the solution of (1.1) satisfies estimate (3.33) as well, under reason-
able additional assumptions on ®. We use the following preliminary result.

PROPOSITION 5.3. Let g € C*(R) be such that
(5.6) lg" ()] < C(1+11™), teR

for some C > 0, m > 1. Then the function F (x) := g ox belongs to Wll/’g (H, u; H)
for all g > 1. If in addition g, :R +— R are C? functions fulfilling (5.6) with con-
stant C independent of « > 0 and g, g,, pointwise converge to g, g, respectively,
as a — 07, then Fy(x) := gy o x converges to F in WI/Z(H,M; H)asaoa— 0"
forall g > 1.

PROOF. As first step we show that for each x € L?™(0, 1) (hence, u-a.e.), F is
differentiable in any direction i € Q'/2(H) = HJ (0, 1) and that 218 = ¢’ o x - 1.
We have in fact for all & € HO1 0,1),ée(0,1)and all 0 < |t]| < 1,

h J—
£ DO 56D _ e

1
= Vo [¢'(x (&) +10h(§)) — g/(X(S))]h(E)dG‘

1 pl1
:V / g”(x(s)+tonh(§))toh(§)2dnda‘
0 JO

< 1IR3 C (L +2" (X @[ + 1A1%))-
Now, taking the square and integrating over (0, 1), yields
HF(x—I—th) — F(x)
t

—g'ox hH <tC(R)(1 4 l1x[IT2m)-
H

This implies that for each x € L?"(0, 1), F is differentiable at x in any direction
h e H}(0, 1) and that

oh
Let us notice that F', d F/oh belong to LY(H, u; H) for every g > 1. Indeed, (5.6)
implies that [g(r)| < M(1 + [t]™F2), |g’'(t)| < M(1 + |¢|™*") for every 1 € R and
for some M > 0, so that | F(x(£))| < M (1 + |x(€)|"F?), |0 F (x)/dh(&)] < M(1 +
|x(&)["*1)||h]l o and then

Feoly = [ 420+ k@)

H dF(x)

@) <||h||oo/ M2(1+ x| e,
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and the right-hand sides belong to L9(H, ) for every g. It follows from [3], Sec-
tion 5.2, that F belongs to G¢'!(H, u; H) [i.e., F belongs to LI(H, u; H), it is

weakly differentiable in all directions of the Cameron—Martin space H(} (0, 1) and

any weak derivative % with & € HO1 (0, 1) can be expressed as W(x)h, where

Ve ll(H, u, E(HO1 (0, 1), H)) is such that 0 F'(x)/dh = W (x)(h)]. To show that
F e Wll/’g (H, u; H) we have still to check that ([3], Proposition 5.4.6, Corol-
lary 5.4.7)

q/2
/H( Z )»h)»k<8F(x)/aeh,ek)2> du < oo.

h,keN

This is because a canonical orthonormal basis of HO1 (0,1) is just the set
{~/Arek  k € N}. Recalling that |leg|loc = V2 for every k, we get

1
(9 F (x)/den, ex)| = Vo g/(X(S))eh(é‘)ek(é)dS’

! m—+1
< 2M/O (1+x@["*") ag
=2M(1+|IxII7:E)

Lm+l

for each h, k € N, which implies

q/2
/ ( ) thaF(x)/aeh,ek)z) e =2M [ (1)l dpe < oo,
H\p keN H

so that F € W4 (H. u: H).
Now we can show that F, — F as o — 0. In fact, since (5.6) is fulfilled with
constant independent of «, there is M| > 0 independent of « such that

lga )] < Mi(141t1"2), gl <Mi(1+ /™Y,  reR.

Concerning the convergence of g, o x to g o x in LY(H, p; H) we have

[ 1seor—gontydn= [ ([atee) - stxeyfas)” an

1
< /H ]O |8 (x(®)) — g (x(&))|? dE d,

and the last integral goes to 0 as « — 0 by the dominated convergence theorem.
Therefore Fy(x) = g4 o x converges to F in L9(H, u; H). Concerning the con-
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vergence in Wll/’g (H, u; H) we have

q/2
[ (X mislotsa often ~d(g o) jden i) du

h,keN

—/ < > Am(/ (g, (x(®) — (x(é)))eh(s)ek(s)dg)z)q/sz

h,keN

<C f(z mkj |84 (x(8)) — (x(s))|2d5>q/2du

h,keN

1
< C,(Tr )" /H /0 18, (x(®) — g (x ()| dE dp.

and the last integral vanishes as « — 0 again by the dominated convergence theo-
rem. [J

We shall use Proposition 5.3 to prove that the Moreau—Yosida approximations
U, converge to U in le/’g(H , ) for every g [for the moment, we only know
convergence in WH4(H, ).

PROPOSITION 5.4. Let ®:R > R be any C3 convex lowerly bounded func-
tion such that
(5.7) 1" ()| < C(1+[2]™), t eR,
for some C,m > 0.Then U € le/’g (H, w) for all g > 1, and we have

lim U, =U in le/’g(H,M) Vg > 1.

a—0
PROOF. Let us apply Proposition 5.3 to F(x) = DU (x) = g o x with g = &',
Since g” has polynomial growth, F € le/’g(H,;L; H) for all ¢, so that U €

W12 }(21(H , ) for all g. Moreover DU, (x) = DoU (y4), Where y, is the solution
of

yOl +05D0U(ya) =X,

that is
Yo + P (yo) =x.
Therefore
va®) = ([ +a®) ' (x®), 0<&<l,
and so

DU, (x)=® o (I +a®) ' ox.
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Setting go (f) = ® o (I +ad") (1), we see that g, converges pointwise to g = &,
and

, @ o(I+a®)!
S = I ¥ ad” o (I +ad) 1)

converges pointwise to g’ = ®”.

Moreover we notice that there exists M > 0, independent of « € (0, 1) such
that [(1 + a®)~1(t)| < M + |t] for all t € R. (5.7) implies that & and &”
have polynomial growth as well; in particular |®’(f)| < ¢1(1 + |t|"™*?), so that
lga ()] <c1(1+ (M + |t|)m+2). A similar estimate with m + 1 instead of m + 2
holds also for |g/,(¢)|. By the second part of Proposition 5.3, DU, converges to

DU in Wll/’g(H, w; H) as o — 0, thereby U, converges to U in le/’g(H, w). O

As a final step, we can show that the solution to (1.1) satisfies (3.33) under the
assumptions of Proposition 5.4.

PROPOSITION 5.5. Let U be defined by (5.2) with ®:R — R convex,
bounded from below, of class C> and satisfying (5.7). Then for every A > 0 and
fe L?(H, v) the weak solution u of (1.1) satisfies (3.33).

PROOF. It is sufficient to prove the statement for f € Cp(H), which is dense
in L>(H, v). By Lemma 3.10 there is a sequence (o) — O such that u,, — u
in WI'2(H, v). Then Duy, — Du in L?*(H,v; H) so that (up to a subsequence)
Duyg, (x) — Du(x) for almost all x. By Proposition 5.4, Uy, converges to U in
le/’g(H, W), thereby for all fixed i, k € N we have D Uy, — DpiU in L*(H, ).
Let us fix N € N. Possibly choosing a further subsequence, we have Dy U,, —
Dy U pointwise a.e. for all &, k < N. Therefore for u-a.e. x € H we have

N
lim " DyUs, (x) Dhita, (x) Dt (x)e ™ Ven )
h,k=1
N
= > DU (x)Dpu(x) Dp(x)e V™
h,k=1

and by Fatou’s lemma,

N
/ > DU (x) Dyu(x) Dyu(x) dv
B pi=1

N
:/ Z thU(X)DhM(X)Dku(x)e*QU(x)dM
H oy k=i
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N
< liminf / > DukUsq, (x) Dpttg, (x) Dyitg, (x)e™2Ven ™ d
H

n— 00
h,k=1

54liminf/ F2e~2en dM:4/ 24,
H H

n—oo

Now by Theorem 3.9 we know that x > || Du(x) IIHOI o.n =l O~ ' 2Du)|u/vV2
e L2(H, Wu), therefore for almost any x € H, Du(x) € HO1 (0, 1), whereas by
Proposition 5.4 it follows that x +— Z?szl AnAak(DpiU (x))? belongs to L' (H, ),
that is x — ||D2U(x)||£2(H01(0,1)) e L%(H, u). Therefore for almost x € H,

D*U(x) e £2(H(} (0, 1)). It follows that for almost any x € H the sequence
Y H k=1 DU (x) Dgu(x) Dyu(x) converges to 37%_; DpkU (x) Dyt (x) Dgu (x).
Using once again Fatou’s lemma we can conclude that

/ > DU (x) Dyu(x) Dyu(x) dv
Hp k=1

N
= 1i Dy U (x)D D d
HNI—EHOOhél wkU (x) Dpu(x) Diu(x) dv

N
gliminf/ > thU(x)Dhu(x)Dku(x)dv§4/ F2dv.
N—o0 Hh,k:l H

Then we can apply all the results of Sections 3 and 4. In particular, we have the
following theorem.

THEOREM 5.6. Let ®:R +— R be any convex C' lowerly bounded func-
tion satisfying (5.4), and let U be defined by (5.2). Then for every A > 0 and
fe L?(H, v) the weak solution u to (1.1) belongs to W22(H,v) N Wi’lz/z(H, V),
and it satisfies (3.27), (3.28). If in addition ® is C? and satisfies (5.7), then u
satisfies (3.33) as well.

With our choice of U, the stochastic differential equation (1.2) in H reads as
(5.8) dX =(AX — ®'(X))dt +dW (1), X(0) =x,

and hence it is a reaction—diffusion SPDE, whose Kolmogorov operator is just K.
As in Section 3.2.4, W (¢) is any H -valued cylindrical Wiener process defined in
a probability space (€2, F, IP). The connection between (5.8) and (1.1) is stated in
the next proposition. The definition of mild solution to (5.8) is the same as in the
case of Lipschitz continuous DU.
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PROPOSITION 5.7. Let ®:R > R be a convex lowerly bounded function sat-
isfying (5.4) for some p> > 1. Then for every x € L*P2(0, 1) (hence, for j-a.e.
x € H) problem (5.8) has a unique mild solution X. For every f € Cp(H) we have

(5.9) u(x) = /Ooo e ME(f(X(1,x)))dt,

u-a.e. x € H, where u is the weak solution to (1.1).

PROOF. Existence of a unique mild solution to (5.8) follows from [14],
Theorem 5.5.8, that deals with Cauchy problems such as d X = (AX + F (X)) dt +
dW (), X(0) = x. In our case, F(x) = —DU(x) = —®’(x) satisfies the as-
sumptions of [14], Theorem 5.5.8, with K = L?P2(0, 1). In particular, Hypoth-
esis 5.5 is satisfied, since in [7], Proposition 4.3, it is proved that (¢,&) —
f(; eU=DA AW (5)(£) is a.s. continuous.

The mild solution is obtained as the limit of mild solutions to approximating
problems,

dXy = (AXy — DUy (X)) dt +dW (1),  X(0) =x,

as @ — 0, where DU, are the Yosida approximations of DU, and for each T > 0
we have limy .o supg<; < [| Xo (£) — X (#)|| = 0, P-a.e. By Proposition 3.8, for ev-
ery A >0,

(5.10) RA Ky f = /OOO e*ME(f(Xa(z, 9))dt.

We recall that R(\, Ky) f = uy is the weak solution to (3.29), and that a sequence
Ug, With o, — O converges to u in L*(H, W) as n — oo, by Lemma 3.10. More-
over, [7° e ME(f (Xq, (t,-))) dt goesto [5° e ™ E(f (X (t, x))dt pointwise p-a.e.
and also in L?(H, u), by the dominated convergence theorem. Taking o = «,
in (5.10) and letting n — oo formula (5.9) follows. [

Concerning perturbed equations,
(5.11) dX =(AX — ®'(X)+ B(X))dt +dW (1),

we do not know about existence of invariant measures except in the case of
bounded perturbations of Ornstein—Uhlenbeck equations. See [14], Chapter 8.
If B is a bounded Borel function, Proposition 4.8 yields that the corresponding
Kolmogorov semigroup ¢! has an invariant measure v. The verification of for-
mula (5.9) where now X (¢, x) is the mild solution to (5.11) and u = R(A, K1) is
not obvious. In fact, even existence of a mild solution is not obvious. It could be
done through the Girsanov transform, but the argument is quite delicate and we
hope to be able to treat the subject in a future paper.

6. Kolmogorov equations of stochastic Cahn-Hilliard-type problems. In
Section 5 we have seen that the superposition x — &’ o x may be seen as the
gradient of a suitable function U in the space L>(0, 1). This is no longer true for
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operators of the type x — %(Cb’ oXx)orx j—;(@’ o x). However they may be
still interpreted as gradients, with suitable choices of the space H.

Here weset V :={x € H(0, 1): fol x (&) d& = 0}, with scalar product (x, y)y =
fol x'(8)y'(§) d§&, and we choose H to be the dual space of V, endowed with the
dual norm. We consider the spaces LP(0,1):={x e LP(0,1): fol x(&)d& =0} as
subspaces of H, identifying any x € L?(0, 1) with zero mean value with the ele-

ment y — [ x(§)y(§)dE of H.
The standard extension B of the negative second order derivative on V with

values in H is defined by

1
Bx(y) = fo Y €)Y €)ds.  yeV.

If x e VN H?*O0,1) and x’(0) = x'(1) = 0, then Bx(y) = —fol x"(€)y(€)dE so
that, with the above identification, B is an extension of (minus) the second or-
der derivative with Neumann boundary condition. The operator B is an isometry
between V and H, since ||Bx|lp = sup,o{x, y)v/Ilyllv = llx|lv. Moreover, if
z€L?(0,1)and x € V, then (z, Bx) i = (2, X) 2(0.1)-

Let ex(§) = V2 cos(kmw&). Then {e;:k € N} is an orthonormal basis of
ZZ(O, 1), Bey = k*m%ey, and setting fy = kmeg, the set { fi : k € N} is an orthonor-
mal basis of H. We recall that P, is the orthogonal projection on the subspace
spanned by the first n elements of the basis,

n

Pux =) (x, fi)u fr.

k=1

REMARK 6’;1. Note that the restriction of P, to ZZ(O, 1) is the orthogonal
projection in L?(0, 1) on the subspace spanned by e, ..., e,. Indeed, for every
x € L%0,1) and k € N we have

o, fomfo=x, B~ fi) 2 fo = <x, :—;> kmer = (x, ex)2ek.

L2
Here we set A = —B? and, as usual, we denote by x the Gaussian measure on H
with zero mean and covariance Q = —A ™! /2. Note that the eigenvalues of Q are

now Ay := 1/27%k*, and B = v/20Q'/2.
We consider a function @ : R — R satisfying the following assumptions.

HYPOTHESIS 6.2. ®:R > R isa C! convex lowerly bounded function, sat-
isfying (5.4) and

6.1) im 20 oo

r—+oo |r|
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Setting p; = p> + 1, we define U as in Section 5.1, by

1 ~
Ulx) = ./0 O (x(§))dE, x e LP1(0,1),

+00, x ¢ LP1(0, 1).

(6.2)

U is obviously convex and bounded from below, moreover by [2], Proposition 2.8,
it is lower semicontinuous. To be more precise, in [2] the space H is the dual space
of HO1 (0, 1), but the argument goes as well in our case. The subdifferential of U is
not empty at each x € L'(0, 1) such that ® o x € V and it consists of the unique
element DoU (x) = B(P' o x).

We shall see that U € W/}3(H. 1), while U ¢ Wy'>(H. p1). For the proof, in-
stead of approaching U by its Moreau—Yosida approximations, we shall approach
it by the sequence U o P,; namely we set

1
U,,(x):/0 O(P,x(§))dg, x€H.

By (5.4), ® satisfies (5.1), and we have U(x) < C(1 + ||x||£},l(0 1)), U,(x) <
c(+ ||an||€},1(0’1)). So, the starting point of our analysis is the study of the
functions x +— ||x||zr0,1), X = || Puxl|lzr(0,1) for p > 2.

PROPOSITION 6.3.  For each p > 1 there is C, > 0 such that

1 n 1 p/2
(6.3) fH/OIan@)V’dScluscp(Zm) . neN,

k=1

| n 1 p/2
/H/O }an(é)—me(€)|pd$dM§Cp< > W) ’

(6.4) k=m+1

m<néeN.
PROOF. First of all note that for every x € H, P,x is a smooth function. More-

over for every £ € (0, 1) and m < n € N, the function x — P,x(§) — Ppx (&) is a
Gaussian random variable NO,ZZ:,,,H(1/(ﬂ4k4))fk($)2' Then, for p > 1,

/H!an(g) — Pux(®)|P dp

= fR 1P No s /ey @2 (@n)

n 1 p/2 n 1 p/2
2 2
:Cp< 2 122k (8) ) <27/ CP( 2. k2n2) ’

k=m+1 k=m+1
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so that

1
f/\an(S)—PmX(é)l”d%‘du
HJO

1 5 n 1 p/2
= [ ] 1Px© = Pux@|" dpuag <27 cp< 3 m) :

k=m+1
that is, (6.4) holds. The proof of (6.3) is the same. [

Proposition 6.3 has several consequences.

COROLLARY 6.4. ,u(ZP(O, 1)) = 1, and the sequence of functions (x, &) —
P,x (&) converges to (x, &) — x(&) in LP(H x (0,1), u x d§), for every p > 1.

PROOF. 1t is sufficient to prove that the statement holds for p = 2. Indeed,
estimate (6.4) implies that the sequence (x, §) — P,x(£) converges in L?(H X
(0,1), u x d&) for every p to a limit function, that we identify with the function
(x,&) — x(&) taking p = 2. Once we know that [}, fol |x(&)|P d& du < oo, then
w(LP(0, 1)) is obviously 1.

So, fix p =2. Since

1 2
[REEGIRE

1 n
= [ X o fdale fid i (@) £ ©) s

h,k=1
1 n
:/0 Do S () dg,
k=1

then for every x € H the sequence fol | P,x (£)|? dE is increasing, it converges to
Ix117, if x € L*(0, 1), and to +oc if x ¢ L*(0, 1) by Remark 6.1. By monotone
convergence and (6.3) with p = 2 the limit function belongs to L'(H, ), and this

implies M(Zz(o, 1)) = 1. Consequently, the function (x, £) — x(&) is defined a.e.
in H x (0, 1). Moreover,

1
/N / |Pux (&) — x (&) dt dp
L2(0,1) 0

1
= lim /0 | Pax(§) — Pux(§)|* dg dpe

22(0’1) m— 00

1
§liminff£2(0’l)/(; |an(§) — me(§)|2d5 du.

m— 00
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Foreach ¢ > O there is n, € N such that for n, m > n, we have [729 1, fol |Pyx (&) —

Pyx(§)1*dé dpu < e. Then for n > ng we get [72(g ) Jo IPax(8) —x(&)Pde dp <
¢, and the statement follows. [

PROPOSITION  6.5. Under Hypothesis 6.2, U € Wll/’g(H, w) and
hmn_>OO U, =U in LP(H,u), for every p > 1. Moreover, DyU(x) =
Jo @' (X&) fi(&) dE for ae.x € H.

PROOF. As a first step, we remark that the sequence of functions x +—
||an||Z,, ©o.1) is bounded in L*(H, u) for every s > 1. Indeed, using the Holder
inequality we get

/01|an<5>\%5s(/ol}an@)r’”ds)l/s, s> 1,

and the right-hand side belongs to L*(H, i) with norm independent of n, by esti-
mate (6.3).

We already remarked that |U,, (x)| < fol C(1+|Pyx(&)|)P1 dE with p1 = pr+1,
so that Uy, is bounded in L” (H, 1) by a constant independent of n, for every p > 1.
Let us prove that U, — U in L?(H, n). Using (5.4) and the Holder inequality we
get

p
Un(x) U@ < ( (P (&) — (X(E))ldé)
=cr([ 1+ @1+ Pa@)” P x@ldg)
1 172
< cp( [+ + |an(s)|)2”2”ds)

x (fO1|an<s> —x(é)\z”ds)m.

Since x > [|1 + |x] 4+ [Pux]ll ;220 (g 1) is bounded in L2P2P(H, 1) by a constant
independent of n, and || P,x — x ||sz(0’1) vanishes in L2P (H, ) as n — 00, by the
Holder inequality the right-hand side vanishes in L!(H, i) as n — oo. Hence, U
in LP(H, ) and U, — U in LP(H, ) as n — oo0.

To prove that U € Wll/’g (H, ) it is enough to show that the sequence U, is
bounded in Wll/’g (H, ) (e.g., [3], Lemma 5.4.4). We already know that it is

bounded in LP(H, ). Moreover each U, is continuously differentiable, since
it is the composition of x + P,x which is smooth from H to C([0, 1]), and

V> fol ®(y(£)) d& which is continuously differentiable from C ([0, 1]) to R, and

1
(6.5) DUy (x) =/0 ' (Pux (§)) fi(§) dE, k <n,
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while DU, (x) =0 for k > n. Using again assumption (5.4) and the Holder in-
equality, we get

| D Un(x)| = ch>/(1"nJC("§))fk(%‘)d%‘ =C 1(1+|PnX(S)|)p2|fk(S)!d$
0

A1/4 |1+ 1 Pux]] 3

k
for kK < n. Then

L2P2(0,1)°

|0"2DU, ()| Zkk|DkU ) <CZZ,\1/2||1+|an|||i’§f,2(0’1).
k=1 k=1

By the first part of the proof we know that x +— || P, x||i§f,2 ©.0 belongs to
12 _

L'(H, i) with norm bounded by a constant independent of . Since 3 2° =1
o0, then U, is bounded in W7 (H, ) so that U € WP (H, ).

Now we show that for every k € N, a subsequence of DyU, converges to
Jo ®'(x(£)) fe () dg in L*(H, w). Then the equality DyU(x) = [y @ (x(£)) x
fr(§)dE p-a.e. follows using the integration by parts formula (2.1).

We have

/‘DkU ) — /1 ) fu®) de|

//’q’ Pux (&) — @' (x(®))[ fi6)* d dp.

By Corollary 6.4, the sequence of functions (x,&) — P,x(§) converges to
x(£) in L>(H, ). Consequently, a subsequence converges p-almost everywhere,
and since @’ is continuous, along such subsequence (x, &) — (®'(P,x(§)) —
@' (x(&))) fx (§) vanishes. Moreover, by assumption (5.4),

@ (P,x (&) — @' (x(8))[* fe (€)% < C2(2 + | Pux(®)|P2 + |x &) ") fill%

which belongs to L'(H x (0, 1), © x d&) with norm bounded by a constant in-
dependent of n. The statement follows by the dominated convergence theorem.
O

Then, U satisfies Hypothesis 2.1. So, the results of Theorem 3.9 and of Propo-
sitions 4.2, 4.6 hold.

We recall that the operator 0'2D in the space L?(H,v; H) is the closure of
the operator ¢ — Q'/2D¢ defined in a set of smooth functions; see Definition 2.5.
However, we can identify 0'2DU (x): indeed, recalling that B = Q12 / V2, we
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obtain
1
DU = (@ 0¥, fil 2 = (@ 0x - [ @) ds. B)
H
—1/2
NG

for every x € L2 (0, 1), so that

<q>/ ox — /01 ' (x(£)) dE, fk>H

1 o0 1
172 = — /o — /
Q/“DU(x) ﬁk§:1<¢ x /0 '(x(8))ds, fk>ka

P ox — [y ¥ (x(§))dE

7 .
On the other hand, we already mentioned that if ®' ox € V [i.e., ® ox € D(B)],
then DoU(x) = B(®' o x), so that, since Q2 = B~1//2, QY2DyU(x) =
QI/ZDU(x). For such x we have

(B(® o x), Du(x))=(® o x, BDu(x))=(Q?*DU (x), Q"> Du(x))
= (DU (x), Du(x)).

Then the stochastic differential equation (1.2) in H reads as

3% 3
(6.6) dX(t)_( 8§4X 8$2q> (X)> dt +dW (), X(0) =x,
and it is a stochastic Cahn—Hilliard equation, whose Kolmogorov operator is K.
It was studied in [16] and in several following papers, in particular in [9], where
existence and uniqueness of weak solutions were proved for polynomial nonlinear-
ities ®. Here W (¢) is, as usual, any H-valued cylindrical Wiener process defined
in a probability space (€2, F, P).

We think that it is possible to relate the weak solution to (6.6) constructed in [9]
to the solution of the Kolmogorov equation by formula (3.24), at least in the model
case ®(£) = &2 with m e N. Indeed, for every x € H the weak solution given
by [9], Theorem 2.1, is obtained through cylindrical approximations X, (¢), solu-
tions to

6.7)  dX,=(AyX,+ P,BY (P, X))dt + P, dW(t),  X,(0)=P,x,

with A, = A|p,(u) € L(P,(H)); identifying P,(H) with R" the Kolmogorov op-
erator K, associated to (6.7) is

_1 " Xk ! ’ g
ICngo_EAgo—I;(m—i-/(; d (;thh(€)>fk(€)d§)Dk¢-
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Taking into account such explicit expressions, one should be able to follow the pro-
cedure of Proposition 3.8 (that deals with the case of Lipschitz continuous DU).
However, many details should be fixed, and giving a complete proof goes beyond
the aims of this paper.

Acknowledgement. We thank one of the referees for careful reading of the
manuscript, and for several remarks that helped to improve the paper.
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