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We study one-dimensional exact scaling lognormal multiplicative chaos
measures at criticality. Our main results are the determination of the exact
asymptotics of the right tail of the distribution of the total mass of the mea-
sure, and an almost sure upper bound for the modulus of continuity of the
cumulative distribution function of the measure. We also find an almost sure
lower bound for the increments of the measure almost everywhere with re-
spect to the measure itself, strong enough to show that the measure is sup-
ported on a set of Hausdorff dimension 0.

1. Introduction. Multiplicative chaos is a theory developed by Kahane in the
eighties [26, 28, 29]. It deals with multiplicative processes generating martingales,
which take values in the cone of nonnegative Radon measures on o -compact met-
ric spaces. This theory is based on the lognormal multiplicative chaos proposed
by Mandelbrot to model turbulence [36], as well as the works previously achieved
by Kahane and Peyriere [31] on the simplified model of multiplicative cascades
on trees still proposed by Mandelbrot [35, 37], namely the so-called Mandelbrot
cascades, which assume no lognormality property. The study of random measures
generated by such multiplicative processes also originates from random covering
and percolation theory questions (see [6, 22, 26, 27, 29, 30]). When statistically
self-similar, as it is the case for limits of Mandelbrot cascades, these measures pro-
vide nice illustrations of the so-called multifractal formalism, as well as models in
the study of intermittent phenomena beyond turbulence, like the distribution of
rare minerals in earth [38] or stock exchange fluctuations in finance [39]. Exam-
ples of such measures on R possessing continuous (rather than only discrete for
limits of Mandelbrot cascades) scaling properties are some of the Gaussian mul-
tiplicative chaos built by Kahane in [28] or the Lévy multiplicative chaos built by
Fan in [23], the compound Poisson cascades built by Barral and Mandelbrot [10]
and their generalization to the so-called infinitely divisible cascades by Bacry and
Muzy in [5].
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Kahane’s lognormal multiplicative chaos has been recently revisited and com-
pleted in several directions [3, 43, 44]. Also, it is now a central tool in two-
dimensional quantum gravity theory since it provides, through the exponential
of the Gaussian free field, the random measures used to obtain the first rigor-
ous results in direction to the so-called KPZ formula in works by Duplantier and
Sheffield [19, 20], as well as Rhodes and Vargas [42] (see also Benjamini and
Schramm [12] for a one-dimensional version in the framework of Mandelbrot mul-
tiplicative cascades on [0, 1]). Nondegenerate limits of lognormal multiplicative
chaos associated with the exponential of the Gaussian free field on the circle have
also been used successfully by Astala, Jones, Kupiainen and Saksman in [4] to
build random planar curves by conformal welding. The families of Gaussian mul-
tiplicative chaos considered in these questions are naturally parameterized by a
continuous parameter B € [0, 8.). In the application to quantum gravity, B is in bi-
jection with the so-called central charge; in random energy models, it corresponds
to the inverse of a temperature; in turbulence, it is a measure of the intermittence;
from a purely geometric viewpoint, it is a decreasing function of the Hausdorff
dimension of the associated measure in the Euclidean geometry. At the critical
temperature, and below it, the limit ug of the martingale ug, provided by the
associated multiplicative process vanishes almost surely. For 8 > B, it is never-
theless possible to give a sense to the corresponding dual KPZ formula [8, 16] by
considering measures essentially by subordinating a suitable nondegenerate Gaus-
sian multiplicative chaos to some stable Lévy subordinators; this yields an atomic
measure.

At the critical value 8., one needs new results in multiplicative chaos theory.
They were recently obtained by Duplantier, Rhodes, Sheffield and Vargas in [17,
18], inspired by results recently achieved by Aidékon and Shi in the context of
the martingales in the branching random walk [2]. Thus, it is possible to get a
nontrivial positive measure at the critical temperature as the limit of the signed
measures —dgg” |g=p, as t — oo. Moreover, this measure is continuous. We also
mention that like in the context of martingales in the branching random walks
[2], the critical measure can be obtained as limit in probability of g, ; properly
normalized [18]. During the completion of this paper, corresponding normalization
results [34] were obtained also in the case 8 > .. These normalization results
are analogous to those known in the branching random walk and random energy
models frameworks [11, 33, 45].

This paper is dedicated to the study of some properties of such critical lognormal
multiplicative chaos measure. We concentrate on the exactly scale-invariant one-
dimensional construction. Our main results are the determination of the asymptotic
behavior of the tail of the distribution of the total mass of the measure, a bound for
the modulus of continuity of the measure for which the previous tail asymptotic
behavior is crucial, and an estimate from below of the measure increments almost
everywhere with respect to the measure, which completes the estimation provided




BASIC PROPERTIES OF CRITICAL LOGNORMAL MULTIPLICATIVE CHAOS 2207

by the modulus of continuity and goes beyond the simple fact that the measure has
Hausdorff dimension O; see Theorems 1, 2 and 4 below.

As a motivation to study the exactly scale invariant measure, let us note that
the Gaussian field used to construct the exactly scale invariant measure in one
dimension is simply the Gaussian free field restricted to a line segment. Thus,
the measure can be viewed as a boundary measure of Liouville quantum gravity
(see, e.g., [20]) and conjecturally as the boundary measure of random planar maps
mapped to the upper half-plane. Moreover, while the results are mainly stated for
the one-dimensional exactly scale invariant measure, we expect similar results to
hold quite generally for Gaussian multiplicative chaos measures in any dimension.
In Section 5, we finish the paper with a discussion of extensions of our results to a
higher-dimensional setting.

1.1. Definitions and notation. In this section, we fix notation and give the pre-
cise definitions of the objects studied in this paper. Formally, the one-dimensional
lognormal multiplicative chaos measures g are random measures given by

ey pp(dx) = PXO—BDEX ) g,

where (X (x)),er is a logarithmically correlated centered Gaussian field, that is, a
centered Gaussian process with

EX(x)X (y) ~log

as|x —y|—0.
lx =yl

However, the logarithmic singularity of the correlation kernel implies that the re-
alizations of X are not smooth enough to be functions, but must instead be defined
as random distributions. To overcome this major technical obstacle, in Kahane’s
theory of multiplicative chaos one gives a rigorous meaning to the expression (1)
by considering nonsingular approximations X; to the field X, defining the mea-
sures g, corresponding to these regularizations and then taking the weak limit of
the measures (g ; as the approximation parameter is taken to infinity. In this way,
one completely avoids the problem of defining the exponential of a distribution.

We mainly concentrate on the exactly scale invariant construction. This scal-
ing property, to be defined below, is central to the proof of Theorem 1. The one-
dimensional exactly scale invariant construction is most easily understood through
the following geometric construction, originally due to Bacry and Muzy [5].

Let A denote the hyperbolic area measure on the upper half-plane, that is,

dxd
A(A)zf x2y forall ACR x R™.
A )Y

For x e R and ¢ € R, let C;(x) denote the set

Ci(x)={(x", )y > max(2|x' — x|, e7"), |x' — x| < %}
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and for a compact interval / C R of length less than or equal to 1, denote

C(h=[)C.
xel
Note that for ¢ > log 1/|I] we have C;(I) = Ciog1/11(1). Next, let W denote the
white noise on R x R™ with control measure A. We consider W a random real
function on the Borel sets of R x RT with finite A-measure characterized by
the following properties: for all disjoint Borel sets A, B C R x R™ such that
A(A), M(B) < o0:

(1) W(A) is a centered Gaussian random variable with variance A(A),
(2) the random variables W(A) and W (B) are independent, and
(3) almost surely we have W(A U B) = W(A) + W(B).

Define
Xi(x) = W(Ci(x)) forall x e R, t € [0, 00).

For a fixed ¢ > 0, the covariance structure of the process (X;(x))yer can be com-
puted to be

t+1—elx—yl, x —y|<e™,
EX;(x)X;(y) = { log , e <lx—yl <1,
lx =yl
0, I <|x—yl.

For any interval I C R of length less than or equal to 1 and x € /, we denote
X(I)=W(C/(I)) and X[ (x)=W(C/(x)\Ci(I))

to obtain the decomposition X;(x) = X,;(/) + X ;I (x), where X;(I) is independent
of the process (th (x))xer- Since C;(I) = Ciog1/1)(I) for t > log1/|I|, we denote
X (I) := Xiog1/1/(I). Owing to the geometry of the construction, the field (X;(x))
satisfies the following scale invariance property: for all intervals / C R and e~ <

|I] < 1, we have
d
@ (X))o = (XD + X[ () o = (XelD) + X _iog 1y (6/I11)) v
where X’ is an independent realization of the field X. For the reader’s convenience,
we give the geometric explanation for this scaling property in the Appendix.
For B € (0, \f2), we construct the measures (g, on the unit interval by setting

3) upi(l) = / BXI@—(B/EX: ()
1

for all intervals I C [0, 1]. This construction fits into the framework of Kahane’s
theory of multiplicative chaos [26], which implies that almost surely the limit ug =
lim; ., 11, €xists in the sense of weak convergence of measures and that the limit
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measure satisfies g (/) > 0 for all intervals I C [0, 1]. The scaling property (2)
implies that the measures ug are exactly scale invariant, especially that

@ pp(D) L 1]PXO-F/DEXD (10, 1])  for all intervals 1 C [0, 1],
where ,ujg is an independent realization of ug and X (/), defined as above, is a
centered Gaussian random variable of variance log |}—|

Kahane’s work also implies that the corresponding construction for 8 > /2
results in degenerate limit measures, that is, the limit measure will be almost surely
null. However, the exact scaling relation above makes sense for all 8 > 0. It has
recently been shown by Duplantier, Rhodes, Sheffield and Vargas [17] that by
defining for each interval I C [0, 1]

d
tys, (1) = ~ 3B ﬂ:ﬁﬂﬂ,t(l)

= / (V2(t + 1) — X, (x))e¥2XrD-EX () g
1

one obtains a nondegenerate almost sure weak limit p o= lmeopn X for
which u »ni) > 0 almost surely for all intervals I C [0, 1]. As in the case of
branching random walks (or equivalently, multiplicative cascades), this derivative
turns out to be the correct replacement for the measures (3) in the case 8 = V2, at
the very least in the sense that i is nontrivial and turns out to satisfy the exact
scaling property: as detailed in the Appendix, we have especially

&)

© nsDL |1|eﬁX<1>_EX<”2M/ﬁ([0, 1) forall intervals I C [0, 1].

In defining the lognormal multiplicative chaos measure for the critical parame-
ter value § = V2, the peculiar normalizing factor (ﬁ(r + 1) — X¢(x)) may also
be replaced by a normalization that is deterministic and also independent of x. In-
spired by the arguments of Aidékon and Shi [2] in the case of branching random
walks, Duplantier, Rhodes, Sheffield and Vargas [18] recently proved that there
exists a deterministic constant ¢ > 0 such that for every interval I C [0, 1] one has

@) \ﬁfl VX O-EX (0% gy cu 51 in probability as r — oo.

Before moving on to the statements of our results on the fine properties of u s,
we make a final comment on the scale invariance properties of multiplicative chaos
measures. In [17] and [18], the authors deal primarily with a slightly different
construction, the x-scale invariant lognormal multiplicative chaos measures. In
terms of the geometric construction presented here, a x-scale invariant random
measure is obtained by replacing the field (X;(x)) in (3), (5) or (7) by the field
(X¢(x) — Xo(x)). Since we will make use of this construction in the proof of The-
orem 2, we have included details on x-scale invariance in the Appendix. However,
as also noted in the papers themselves, the proofs of the convergence results in
[17] and [18] are insensitive to these differences.
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1.2. Main results. We will make use of the following result of Duplantier,
Rhodes, Sheffield and Vargas [18], which is a corollary of the deterministic nor-
malization (7).

THEOREM A.  Forall h € (0, 1), E(u ([0, 1)) < oc.

The first of our main theorems is a strengthening of this result, and analogous to
the theorem of Buraczewski [14] on the fixed points of the smoothing transform.

THEOREM 1.  The tail probability of i s has the asymptotic behavior
lim AP 0,1 A) =
Jim AP(r f7(10, 17) > &) =1,
where the constant is given explicitly by

wy(l1/2, 1])) o

2
- R 0,1/2])log| 1+
i i, 172 10g(1+ P20

log?2

This theorem allows one to get detailed information on the geometric properties
of the measure /5. The following result is analogous to our earlier result [9] on
multiplicative cascades.

THEOREM 2. For any interval I C [0, 1] and y < %,

(8) 1 y5(I) < Clw)(log(1+1171) 77,

where C(w) > 0 is an almost surely finite random constant.

The proof of this theorem is inspired by the earlier result, but as the correla-
tions of the field X in the construction of u /3 are much more intricate than in
the branching random walk underlying the cascade measures, more involved argu-
ments are needed.

REMARK 3. We note that this result gives another proof for the result of [17]
stating that almost surely, i/ has no atoms.

We also get a bound on the appropriate Hausdorff gauge function to measure
the size of the smallest Borel sets fully supporting . 5. We have the following
result.

THEOREM 4. Denote fu,(n) = exp(—+/6log2./n(logn + aloglogn)) for
o> % Almost surely,

,uﬁ({x gz (In(x)) = fo(n) for all but finitely many n})= 5[0, 11),
where I,(x) C [0, 1] is the dyadic interval of length 27" containing x.
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The proof uses large deviations estimates exploiting both the exact scaling prop-
erty of i s> and the tail probabilities given by Theorem 1. This theorem implies
the weaker claim that almost surely there exists a set of full 4 _;-measure that has
Hausdorff dimension 0, a fact that we state as Corollary 24.

For the log-normal critical Mandelbrot measure p on trees, we establish in
[9] that w({x: u(l,(x)) < r(n) for all but finitely many n}) = u([0, 1]), for all
functions ¥ (n) = n% k>1.1In particular, the modulus of continuity (shown
to be optimal) does not capture the measure increments behavior p-almost
everywhere—indeed, this is something one would expect of any multifractal mea-
sure. The proof exploits fine information about the renormalization theory for the
low temperature measures (g, ,. Establishing this result in the present setting re-
mains a challenge, as does proving the optimality of the bound provided by Theo-
rem 2.

2. Tail probabilities. The proof of Theorem 1 follows the same idea as the
earlier closely related results of Durrett and Liggett [21], Guivarc’h [25], Liu [32],
Buraczewski [13, 14] and Barral and Jin [7]: one uses the smoothing transform (or
in the case of multiplicative chaos, a similar distributional equation with more de-
pendencies) to derive a Poisson equation satisfied by the quantity one is interested
in, and then analyzes the behavior of the solutions of the Poisson equation at infin-
ity. A key point in the derivations of the Poisson equations in all these proofs is the
use of an alternate probability measure (the Peyriere probability), the idea of which
goes back to the seminal paper of Kahane and Peyriere [31]. While using quite dif-
ferent kinds of methods, we also point out the result of Fyodorov and Bouchaud
([24]), where in the specific case of the Gaussian free field restricted to the unit
circle, an explicit probability distribution for wg([0, 1]) is obtained (though non-
rigorously).

We also note that our form of the tail is related to the freezing transition sce-
nario: it is believed (see, e.g., [15]) that a freezing transition occurs in essentially
any logarithmically correlated random energy model and one universal feature of
these models is that at the critical point, the Laplace transform should be of the
form 1 — E(exp(—e‘ﬂc’“uﬁc([o, 11))) =< xePe* as x — 0o. This is consistent with
the tail P(up, ([0, 1]) > x) < x! being universal.

In this section, we denote u := i NG and Y := u ([0, 1]). The variable Y may be
written as the fixed point of a “nonindependent smoothing transform” as follows:

Y = ([0, 17)
= p(10, 1/2) + p([1/2, 1)

©)
2 2
=1 ¢V2X(0.1/2D=EX (10,1/2D y . 1 eV2X /2. ID=EX ([1/2.1) y,

=: WoYo + W Y7.

Note that this requires that ,u({%}) = 0 almost surely. To see this, simply note
that by the scaling relation (6) and Theorem A we have, for any given & € (0, 1),
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Eu([% — &, % +e) > 0ase— 0. By the exact scale invariance property (6) of

i we have Yo L Wy, Y1 L W; and Yy 4 Y 4 Y;. Note, however, that Yy is not
independent of either Y1 or Wj.

We then define the version of Peyriere probability that is most convenient for
our needs.

DEFINITION 5. Let (2, F, P) denote the probability space on which u is de-
fined and define a probability space (22 x {0, 1}, F x o ({0, 1}), Q) by setting

Eqf (@, ) =E(Wo(@) f (@, 0) + Wi(w) f (@, 1))

for all bounded F x o ({0, 1})-measurable functions f: €2 x {0, 1}. Define the ran-
dom variables Y, W and B on this probability space by setting

Y,)=Yi@, W, j)=Wjw
and
= Wi(w)Y1(w), Jj=0,
Bw.j) = -~
Wo(w)Yo(w), j=1L
For an intuitive idea of what the measure Q does, consider the random proba-

bility measure on [0, 1] defined by MP(‘[(S’?]). Then Wy can be seen as the (random)

probability that a point sampled according to this measure is in [0, %] and similarly
for W1. So Q can be seen as a probability distribution that is obtained by weighting
with the information of which half of [0, 1] a point sampled according to w is in.

We state the essential properties of the variables defined above as the following
lemma.

LEMMA 6. The following statements hold:

(D) ;WV and Y are independent.
2) Y (uangr Q) has the same law as Y (under P).
(3) —log W is a centered Gaussian with variance 210g?2.

PROOF. Let f, g: R+ R be bounded and continuous. By direct computation
and the independences Wy L Yp and W L Y1,
Eqf (W)g(¥) = E(Wo.f (Wo)g(Yo) + Wi f (Wi)g (Y1)
= 2(EWo f (Wo)) (Eg(Y0))-

By taking ¢ = 1, we see that }EQf(W) = 2EWy f (Wp), and taking f =1 yields
Eq@g(Y) =Eg(Yo) =Eg(Y). Thus, (2) holds, and moreover,

Eqf(W)g(Y) =Eqf(W)Eqg(¥),

which means that W and Y are independent as claimed in (1).
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The law of —log W is easy to identify by computing the moment generating
function. Since W 4 Wi 4 %e‘/ 2log2N—log2 \where N is a standard Gaussian,

EQet(—log W) — EQW—t — E(Wol—t + Wll—t)
— 2E2—(1—t)e(1—t)~/2log2N—(1—t)log2 — 22t—1+(1—t)2

2
— ¢! log2' 0

Define the measure v on the positive real axis by setting
(10) /fdu:EYf(Y):E@f/f(f/)

for all continuous functions f:RT — R with compact support. The asymptotics
of this measure will be determined through the functions

Fop(x) =v((xe®, Be*])  for0<a <§B.

In terms of Fy g, the statement of Theorem 1 is essentially equivalent to the fol-
lowing proposition.

PROPOSITION 7.  Let Fy g be defined by v as above. Then

. B
Aim Fy p(x) = c1 log "
where

2
c1 = ——Eu([0, 1/2])10g<1 +

n(1/2, 1])) oo
log?2

n([0,1/2])

The first step toward the proof of the proposition above is deriving the Poisson
equation satisfied by Fy,g. Let T denote the law of —log W. By using the indepen-
dence of W and Y, we get

T % ch,ﬂ(x) = /I‘%EQ?I{?e(aexﬂ’,ﬂe"’ﬂ']}T(dy)

=EQY (v e(ger, per)
= Fo, (X)) + EQY L7 c(ger ey — EQY L e(qer, gery»

where the convolution of the measure t with a function F : R — R is defined by

r*F(x>=fRF<x+y>r<dy>=A;F<x—y)r(dy>.
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By using part (2) of Lemma 6, the distributional equation (9) and the definitions of
the variables W, ¥ and B, the term Eq¥1 [Te(aer, per]) @DOVE may be expressed as

EQY1{?e(an,ﬂeX]}
=EY1{ye(aer.per))
=E(WoYoliaer—w, v, <WoYo<Ber— w1 v1} + Wi Y11 {gex —wy o<W, ¥, <Bet —WoYo})
= EQ?I{aex—§<WI7§,BeX—§}'

The previous computations imply that Fy g satisfies the Poisson equation

(11 Fo,p(x) — T % Fo,g(x) = Yo, p(x)

with the function v/, g given by

(12)  Yap) =BV Lger 5 wy<per—5) — Eo¥ Lger cip=per)-

The desired results on the solutions of this Poisson equation at infinity could be
achieved almost exactly in the same way as in Buraczewski [13], that is, by build-
ing on the general theory developed by Port and Stone [40]. The following propo-
sition is originally due to Buraczewski, but we prefer to give it a self-contained
proof of independent interest that uses only elementary Fourier analysis.

PROPOSITION 8. Let v be a locally finite (nonnegative) Borel measure on
[0, 00) that grows at most polynomially in the sense that there exist y, C > 0 such
that

v((0,x]) < C(1+x)” forall x > 0.
Define the functions
Fyp(x)=v((ae*, Be*])  forall0<a<p

and assume that for each «, B the function Y4 g :R — R is a bounded and contin-
uous function indexed by the parameters o and B that satisfies

/Z(l + 1x1)? W p ()] dx < 00
and
f_z Ve, p(x)dx = 0.
Denote

o0
Ca,,g=/ XYq, p(x)dx
0

and assume that the map (o, B) — Cq g is continuous. Finally, let T be a Gaussian
measure on R, that is, T is the law of a centered Gaussian random variable with
variance 0% > 0.
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Then, if Fy, g satisfies the Poisson equation

Fop—1%Fyp=1vap,

it has the asymptotics
) 2
xli)nolo Fa"g(X) = ;C(x,ﬁ'

We split our proof of this proposition into two lemmas and a finalizing convo-
lution argument.

LEMMA 9. Let the function F :R — R be bounded from below and satisfy

Iim F(x)=0.
X—>—0Q

Assume also that F grows at most exponentially at infinity> and solves the Poisson
equation
(13) F—txF=1,

where T ~ N(0, o) is as in Proposition 8 and ¥ :R — R satisfies

/_0;(1 + |x|)2|1ﬂ(x)|dx < 00, _/_Zl//(x)dx =0 and xlirinoow(x) =0.

Then F has the asymptotics

. 2 (>
(14) xlgrg()F(x):;/_OOxW(x)dx.
PROOF. To shorten the notation, we denote f_oooo xy(x)dx = A.
We start by proving that equation (13) has some bounded solution Fj that has
the desired asymptotics

. ) 2
(15) xBIPoo Fi(x)=0 and xll>Irolo Fi(x) = pA.
We first consider the case A = 0. Then our assumptions imply that the Fourier
transform of y satisfies [our convention for the Fourier transform of ¥ € L1 (R) is

V) = [pe ™y () dx]
U eC]R)NL®MR) and ¥ (0)=v'(0)=0.
As1—-T(&)=1- exp(—ozg 2 /2) is smooth with zero of order 2 at the origin we

may directly define F in the distribution sense through
-~ ~ 252
= © @)\ §e 7
ey = — 1 o) (£

— e—0%E2)2 £2 — 0222

—7©+( ) =@+ .

3The assumption of exponential growth is used only to ensure that the convolution with t is well
defined.
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Since obviously Fg e L', we have lim,_, 1o F2(x) =0 by the Riemann—Lebesgue
lemma, and the same follows for F| by the assumption on /.

In order to construct a solution Fj in the general case A # 0, first define
Yo = Fo — T * Fy with Fy = x(0,00), With x referring to the indicator function
of a set. Directly from the definition we see that ¥9 € L°°(R) and that ¢ decays
exponentially as x — 00, so that it satisfies the moment conditions of the lemma,
and moreover 1;0 € C®°. Also, fo(S) =78y —i&~! (here £ is understood as a
principal value distribution). Since 1 — T(£) = 02£2/2 + O(£7), we see that

)
Yo(®) = =26+ 0(?)

at the origin. Hence,
2

[ w@ar=500=0 ama [~ vy ac=igior =7

Thus, in the case A # 0 we define F7 by finding the solution for the Poisson
equation (13) with the right-hand side ¥ = v — % Ay and then adding % A Fo.
At this point, it is clear that the solution obtained this way is bounded and has the
desired behavior at 3-co.

Let us finally assume that F and ¢ are as in the theorem. Let F be the bounded
solution of (13) constructed above, so that Fi satisfies the conclusion of the the-
orem. It is enough to verify that H := F — F} is constant since then H = 0 by
considering the limit at —oco. Now H is bounded from below and satisfies the
homogeneous Poisson equation

(16) H=1txH.

The claim follows from Lemma 10 below. O

LEMMA 10. Let H solve the homogeneous Poisson equation (16) and assume
that it is bounded from below and has at most exponential growth at £00. Then H
is constant.

PROOF. By adding a constant, we may without loss of generality assume that
H > 0. Let u(x,t) (x € R, t > 0) denote the heat extension of H to the upper
half-plane, explicitly given by

1
N2t

By assumption, u is periodic in ¢: denoting 19 = o2, u(x, t + to) = u(x, r) for all
¢t > 0. Define the function v in the upper-half plane by setting

u(x,t)=

* —o-0%en
/ e H(y)dy.
—0oQ

fo
v(x, 1) ::/ u(x,t+s)ds.
0
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Then v solves the heat equation and, by the periodicity of u, it is constant in ¢.
Thus, it is harmonic in x, that is, a linear function v(x, ) = ax + b. Here, a =0
by the nonnegativity of u, whence v is constant. This shows that there is a constant
C independent of x so that ft /Zu(x s)ds < C. Especially, for each x there is
11 = 11(x) € (to/2, to) so that u(x, t;) < 2C/to. The heat kernel (2777)~"/2e=*"/2
can be bounded from below on x € [—1, 1] uniformly in ¢ € (#p/2, fy), whence
again using the nonnegativity of H we deduce that [ U H(y)dy < €’ for all
x € R. As we combine this information with the fact that H =t x H it follows
that H is bounded. Then the equation

(1—e ¥ HE) =0
interpreted in the sense of distributions, shows that H= c16p + 028(’), that is, H is
linear. By nonnegativity, we finally deduce that H is constant. [J

REMARK 11. As pointed out by one of the referees, these types of results
often have more probabilistic proofs as well. For example, let us sketch one for
the previous lemma. Consider again H > 0 and note that the condition H = 7 *
H means that (H(S,)),>0 is a martingale for the Gaussian random walk (S,,)
with increments distributed according to t. Since H is nonnegative, the martingale
converges to some nonnegative random variable, say /. On the other hand, (S,)
is neighborhood recurrent, so for any € > 0 and x € R we can find a subsequence
ny such that ny — oo as k — oo and [S,, — x| < € for all k. Now, the fact that
H = 1 % H together with the growth condition assumed of H implies that H is
a smooth function. Thus, for any given x we have ‘H = limy_, o0 H(Sy,) = H(x)
and, therefore, H is constant.

We finish the proof of Proposition 8 by deducing it from Lemma 9 by a convo-
lution argument analogous to the one of Buraczewski [13].

PROOF OF PROPOSITION 8. Let ¢ > 0 be an arbitrary symmetric smooth
test function with supp¢ C [—1,1] and [ ¢ = 1. Given any locally integrable
g:R — R, let g, denote the convolutlon ge =g *& '¢(e71"). By convolving the
Poisson equation, we obtain [writing, e.g., (Fy,g)e = Fy gc] forany 0 <a < B
and e >0

Fa,ﬁ,s =T Fa,ﬁ,s + W(x,ﬂ,s-

By the continuity of v g . and integrability of vy g, we have limy_, 400 Vo e =
0. From Lemma 9, we thus obtain, for each ¢ > 0, the asymptotics

2
(17 llm Faﬂa(x)—_ a,B>
since

[ 3V = i, (O = 9,5 0) = [ X0 = Carp
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In order to remove the & from (17), let k € (1, (B /a)l/ 2) be given and observe
that by the definition of Fy, g as a measure of an interval we have Fj, (-15(x) <
Fy g.e(x) for all x as soon as ¢ is small enough. Hence, we obtain from (17) that

. 2
hxrr_l)solép Fyp(x) < ;Ck—la,kﬂ'

By letting k — 17 and recalling the assumption of the continuity of (c, ) >
Cq,p it follows that limsup, ,  Fy g(x) < 2Cqp /o%. The converse direction
liminfy, o Fy,g(x) > 2Cq,g/0 is obtained analogously by starting from the in-
equality Fi-14 (%) < Fo,p,e(x). U

The proof of Proposition 7 has now essentially been reduced to checking that
the Poisson equation (11) with Fy g determined by v as in (10) and ¥ g given
by (12) satisfies the assumptions of Proposition 8.

PROOF OF PROPOSITION 7. We first check that the measure v satisfies
v((0,x]) < C(1 4+ x)? for some C,y > 0. This is clear from the definition and
Theorem A: for any y € (0, 1),

v((0.x]) =EY Lyeo.)) <x"EY ' Lye <EY' 7727
To check the integrability conditions on ¥ g, we define the functions
Vo) =EQ¥ g5 ipcaeyy and Yp(0) =EQ¥ lpo 5 ipyper)-
By this definition,
Vo p () =EQ¥ Ligpr 577 <per—5) — EQY Liieer per) = Va (X) — Yp(x).

Since the functions v, and g are positive, to check the integrability conditions
of Theorem 8 on the functions v g it is sufficient to show that

1 00
/ Ye(x)dx <oo and / xzwa(x) dx < o0 for all @ > 0.
-1 —00

In our situation, the first condition is clear, since Eq W~ < 00. For the second
condition, some computation and a separate lemma is needed. We write

1{ae’“—§<W?§an} = 1{(W?)/a§;<(W)7+§)/a} fort =e"

and use the integral

blogr 1 b
/ —dr == log—)(logab) forO<a<b
a t 2 a
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to compute

/oo leﬁa (x)dx
0

o0
v 2
=IEQY/0 X yor BT <aer) X

(logt)?
_E@Y/ L 7) ja<t<(WT+B) /o) 7‘“

(WY+B)/a (logt)2
=EpY1
Q (WY)/a>l}/ W7)/a :

~ (WY+B)/a (log[)2
T EQY 157 /0 <1 <(WT+B) o) /1 o dr
1 E WY WY+ B
Y

o

1 Wi+ B\ (Wi+B

+ EEQYI{(WY)/LV<1<(WY+§)/0[}<1Og<T>) IOg(T)
=11+ I,

and similarly by the change of variables s = e

| OOO 2 () dx

[\)
!

— we get

0
~ 5 o
:E@Y/-—oox l{aex—B<WY§oce"}dx

~ [ (log s)?
:E@Y_/; l{a/s—§<W7§a/s}Td

1 1 B o o o
< S EOY (- o< 08 1+W?)1 \w7 wr+5)\wy

1 ~ WY \\?2 o
+ EEQYI{(W?)/O{<1<(V~V?+E)/O¢}(10g(7)) 10g<W>

=: 13+ 1.
To show that I < co, we use the crude estimate log(1 + x) < C,x?, valid for all
p > 0 for sufficiently large constant C}, > 0 depending only on p, to get

Cplcpzcm ( (/L([l/2, 1]))191
I < TPt E( ([0, 1/2]) (0. 172

« ({10, 1/21)7 + (10, 1)) we([0, 11)”3).
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In Lemma 13 below, we show that for any 0 < 7 < 1 we have

Eun ([0, 1/21)" u([1/2.11)" < oo.

By choosing p1, p2, p3 > OsuchthatO < 1—p;+pr+p3 <land pi+pr+p3 <

1, this implies the finiteness of 1. For I, one may estimate W <1+ % and
o o
wy+s < wy and

proceed as before, and the finiteness of 14 follows the same route.
In order to apply Proposition 8, we still need to show that

/_O:O Yo, p(x)dx =0

and compute the value of the integral

proceed as in the case of I;. In estimating /3, one may write

o0
Cop= / XVYq,p(x)dx.
o0

The first integral follows immediately from the integrability of ¥, and the fact that

Ve, p(X) = VYo (X) = Yp(x) = Yo (x) — Vg (x + log %)

The value of Cq, g can be calculated by using the change of variables x = ¢’ as
above to obtain

o0 1 o B WY (WY + B
/ xwa(x)dx:—EQYlog<1+ ~~)log ( + ),
00 2 wYy

_ o2
which implies

* . B
Ca,ﬁ =/ (wa(x) - W,B()C))dx =E@Y10g<l + W) ]()g

X
—o0

i
o
Proposition 8 now gives the desired asymptotics

2EqY log(1+ B/(WY
Faﬂ(x)xiio oY log(1+ B/(WY)) logé
' 2log?2

2
= —Eu(lO0, 1/2])10g(1 +

n(1/2, 1]))1 B
———|lo
log?2

10,1721/ “a
foral0<a <. U

Before moving on to the final step of the proof of Theorem 1, we complete the
proof of Proposition 7 by proving Lemma 13.

LEMMA 12. For any h € (0, 1) and any pair of intervals 11, I, C [0, 1] such
that d(1y, I) > 0,

E (e (1)) 11 (1)) < 00.



BASIC PROPERTIES OF CRITICAL LOGNORMAL MULTIPLICATIVE CHAOS 2221

PROOF. We use Kahane’s convexity inequality, to be given as Proposition 19,
and the definition (7) of the critical measure as the limit of

me(dx) = \/lte*/ixf()C)—I[*:Xz(x)2 dx

as t — 0o. Write the product pu;(I1) (1) as
(I (1) = 1 f de [ dy V2K @HX 0D -EX,(0?-EX, ()
I I

and cons1der the Gaussian fields Z,(x, y) = Xi(x) + X:(y) and Z, (x,y) =
X, (x0)+X +(y) indexed by I; x I, where X, is an independent realization of the
field X,. The covariance kernel of Z; is clearly dominated by the covariance kernel
of Z;, so Proposition 19 gives the inequality

h
E(l’ / dx dy eﬁzf(x,y)—EZ[(x,yﬂ)
I I

~ ~ h
E(, / dx [ dy V22 -EZ (x,y>2>
I I

IA

h - - h
=E(\/; e«/EXt(x)—IEXt()c)2 dx) E(\/; eﬁX,(x)—]EX,(x)z dx)
I I

= B (s (1)) E (12 (12)")

< Q.

By expanding the variance EZ; (x, y)2 =EX; (x)2 +EX, (y)2 +2EX;(x) X (y) we
note that the first expression may be estimated from below by

6_2 SUPxery,velp EX;(x)X; (y)E(tﬂt (II)MI(IZ))h )

Since the intervals /1 and I, are separated by a positive distance, the supremum in
the exponent stays bounded as ¢t — oo, which proves the claim. [

LEMMA 13. Forany h € (0, 1),
E(u(10, 1/2]) (1172, 11))" < o0.

PROOF. Fix h € (0, 1). For every k € N, let J; = [1/2 —27%,1/2 +27*].
Denote the left and right half of J; by J,? and Jkl, and the right and left halves of
JY (and J}') by JP and J?! (710 and J'!). Define the sets Ax by

Ar = (JE x YU (720 x O U (12 x .
Write
= (10, 1/2D)e([1/2, 11) = /[0’1/2] u(dx) f[ ZCY
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and define the random variables
Zy = f p(dx) / u(dy) xa, (x,y)
[0,1/2] [1/2,1]
= w(TO)V () + (I (1) + (I (7

for k € N. It is clear that

o0

Z=Y 7
k=1

and thus by the subadditivity of x — x”

oo
Ez" <> EZ;.
k=1

By the exact scaling property of the construction, the measure p satisfies

— _ 2
(18) (M(Jlflaz))al,aze{o,l}zz k1 ,v/2X (J)—EX (Jp) (W)

where X (Ji) = W(C(Jy)) is a centered Gaussian random variable with variance
MC(Jx)) = (k—1)1log2 and ' is random measure independent of X (Ji) that has
the same distribution as . But this implies that

o1,02€{0,1}°

2
Z iz—Zk—f—ZeZﬁX(Jk)—ﬁEX(Jk) Z/l’

where Z ’1 4 Z is arandom variable independent of Z;. Since

2 (“2k42)h g 2V ZhX (J)—2hEX (J)? _ 5(=2k+2)hy (4h?>=2h) (k—1) _ 4(h>—h) (k1)

and EZ! is finite by Lemma 12, we have

o0
EZ" <Bz} 3240t oo, .
k=1

REMARK 14. While it can be seen from the proof of Proposition 7, we em-
phasize that the finiteness of ¢; follows from this lemma: simply use the elemen-
tary inequality log(1 + x) < /x for x > 0 to bound c; by a term proportional to
E(u((0, 3D"?u(lz, 1D'/?).

PROOF OF THEOREM 1. We will show that for any » > 1 there exists a A,
such that

P(Y > ) < %r forall & > A,.

The verification of the lower bound is similar and is left to the reader.
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Letr > 1 and fix g > 1 so that qquTglq < 4/r. By Proposition 7, there exists a A,
such that

Fi 4(x) <ci4/rlogg for all x > log A,

where we have defined Fi 4 (x) = E(Y1jye(er ger1)). We now have for A > A,

P(Y > ) =Y P(Y € (g5, Ag" ™))
k=0

g *Fy 4(klogg 4 log)

A
> =
M2

x~
Il
=}

1
g Feryrlogg = LB O
A q—1 A

A
> =
M2

k=0

as was to be shown. [
3. Modulus of continuity.

3.1. Outline of the proof. In this section, we prove Theorem 2. Our plan of
attack is to follow the arguments carried out in [9] in the case of multiplicative
cascades. However, the delicate dependence structure of multiplicative chaos calls
for nontrivial modifications. Let us briefly sketch the main steps in the case of
multiplicative cascades to see what the main structure of the proof will be and
what kind of modifications we shall need.

The main part of the proof in the situation for cascades was showing that if we
write (I5)se{0,1)» for the dyadic subintervals of [0, 1] of length 27" and  for the
critical measure, then for any € > 0 there exists a C¢ > 0 such that for y € (0, %),
P(maxge(o,1yn w(ls) >n~7") < Cen1=9=01/2) The corresponding result for the

modulus of continuity then follows from this through a Borel-Cantelli argument.

To get a hold of this estimate, one uses the scaling relation (u(ly))s 4

(eXoy (‘”)g, where Y©) are i.i.d. copies of u ([0, 1]) which are also independent of
the random variables (X, ). By using the scaling relation, conditioning on (X )
and the tail estimate P(Y(®) > 1) ~ CA~! (along with some technical details to
justify the approximations used)

P I V)=E 1—P(Y9) >n Ve Xo|(X )
<0‘2{10a,)1(}"'u( U)<n ) (aeg]}n( ( =" ¢ |( U)))

%E( H (l—CnVeX”)>
oef{0,1}*

~ Ee~Cn Loepn X7
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The last term we can write as ¢, (Cn¥~1/2) where ¢, is the Laplace
transform of the correctly normalized total mass: ¢, () = Ee™’ ¢, where S, =
«/ﬁzae{o’l}n eX7. One can then prove that for any fixed ¢ € (0, 1), sup, E(S}) <
o0. Using this and Markov’s inequality, one can show that for g < 1, 1 — ¢, (¢) <
C,4t9 from which one concludes that

IF’( max wu(ly) > n_V) <1-— ¢n(cny—(1/2))
o€{0,1}"*
(19)

< C.n1-9-0/2)

While this sketch swept a lot of the technical details under the rug, it still forms
the back bone of the proof and one can see some of the difficulties that will be
present in the case of multiplicative chaos. Let us consider some of the differ-
ences we can expect to be present in the current context. First of all, if we manage
to prove the same estimate for the maximum of the measure of dyadic intervals,
the Borel-Cantelli argument will go through in a similar manner. The first major
difference is the scaling relation. For the exactly scale invariant critical measure,

one has a similar distributional relation: (i 5(I5))o 2 (eXo @ ([0, 11)),, but the

difference is that we have nontrivial correlations—. (%) are not independent from
each other and they may depend on some of the X, as well. To remedy this, we
consider instead of /5 another random measure which is absolutely continuous
with respect to u 5 which possesses nice scaling properties, nice decorrelation
properties as well as a nicely behaving Radon—-Nikodym derivative with respect
to i s5. Moreover, one gets similar asymptotic behavior for the tail of the measure
of the unit interval for this measure as well.

The next step of the proof is to use scaling, independence and tail behavior
to obtain a similar estimate in terms of a Laplace transform and some errors due
to approximations. This step of the proof requires a fair amount of technical de-
tails which are even more involved than in the multiplicative cascade setup, but
philosophically similar. Finally, we are left with estimating moments of the cor-
rectly normalized approximation to the critical measure. This can be done by using
Gaussian comparison inequalities and the result from multiplicative cascades.

3.2. Tools for the proof. Let us now collect some of the tools we shall need
for the proof. First of all, we shall consider modifications of the field X and the
measure i /5 for which we still have a similar result for the tail.

ZM)y(dx), for some ran-

LEMMA 15. Assume that we can write uﬁ(dx) =e
dom measure v(dx) and random Gaussian field Z which is independent of v and
minyeo,1] Z(x) > 0 with positive probability, then there exists a constant C such

that P ([0, «]) > A) < Car~ L.
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PROOF. Plugging in the definitions,

P(1 3 ([0, a]) > 4) = P(/Oa e?@y(dx) > x)

P(eminve01 Z3y([0, a]) > 1)
]P’(emmxe[0 nze S, v([0, a]) > 1)
IP( min Z(x) > 0)P(v([0,a]) > 2).

vV v

On the other hand, by scaling

(20) P(ie 5(10, a]) > 1) = P(aeXe VDEXD (10, 11) > 2,

where X, is a centered Gaussian independent of 1 ﬁ([O, 1]). Conditioning on X,
and using the tail estimate for ﬁ([O, 1D

1) P(aeXe V/2EXD ([0, 1]) > 2) < Car ™.

Collecting everything gives the desired result. [

REMARK 16. While the class of measures v covered by this result is rather
limited (due to the fact that the result was easy to prove and sufficient for our needs
concerning the modulus of continuity), we believe that such a result for the tail
should hold quite generally for critical Gaussian multiplicative chaos measures.

We next note that the regular variation with exponent —1 of the tail is robust
under linear combinations of copies of random variables:

LEMMA 17. Let X > 0 satisfy P(X > 1) < 4 for A > 0.
Let X, j €{l,..., N} be (possibly dependent) random variables with the same
distribution as X and leta; > 0 for j € {1,..., N}. Then

N C-Alog(N+1D)XN  a))
P(Zanj>k>§ e . )(Zj_l ! forall » >0,
j=1

with a universal (in particular, independent of A) constant C < 0.

PROOF. We may assume that Z;V:l aj = 1 since the statement scales in the
right way. Fix ¢t € (0, 1) and observe first that for all positive yi, ..., yy one has
the subadditivity inequality
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Fix A > 0. The above holds if we set y; = (x; — 1)1, where we denote the positive
part by y; :=max(0, y) and let, for now, the numbers (x;);<j<y be arbitrary
reals. We obtain using 29;1 aj =1 (and Jensen) that

N ! N ! N
(Zam - K) = (Z aj(xj— f\)+) < djxj =),
j=1 + j=1 j=1

or, in other words,

N N
¢( ajxj) SZGW(XJ'),
j=1 j=1

where ¢ (x) ;== (x — A)’+. Especially, we have

N N
(22) Eqb(Zanj) <E¢(X) ) d.
j=1

j=1
The right-hand side can be estimated as follows:

E¢(X) = /OOO ¢ WP(X > u)du

o
< Af tu—2) "y du
)

A t—ld 00 t—ld
23) :Atf Y D 1@
0 yY+A Lo y+A

A o0
SAIA_I/ y’_ldy—i—At/ y[_zdy
0 A

=A1 -~

From Markov’s inequality and (22), we thus obtain

N N N
¢(2A)-P(Z ajX;> 2A> 5E¢<Zajxj> < <Za§>E¢(X),

j=1 j=1 j=1
and by combining with (23)

N A 1 N
Z v Z t
e P(j:lajxj g 2A> : A (1 _tjzlaj).

Finally, choosing t =fy:=1—1/log N (for N > 3) we get

[ 1 N1t N R NA R
A < i == = 1 N;
<l—tojzlaf>‘<1—to) 2 4 1—p °%

j=1

and then (24) yields the stated result. [
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REMARK 18. The above result is essentially optimal: choose 2 = [0, 1), that
is, the one-dimensional torus with the Lebesgue measure. Let

N
Xow)=-  foroe[(k—1D/N.k/N).k=12.....N.

Then P(X > A) < 1/A. Define the random variables X ;, j =1,..., N with the
formula X;(w) = Xo(w + (j — 1)/N), which is well defined since we are now
in the torus. Then each X; has the same tail as X(. However, the average X :=
(1/N) Z?[ZI X j is the constant variable: X (w) = j'v:1 j_1 > log N for all w € Q.
We thus have P(X > log N) = 1.

For comparing the present setting with that of multiplicative cascades, we shall
make use of Kahane’s convexity inequalities [26].

PROPOSITION 19. Let G:[0,00) — R be a concave function such that
|G (x)| < C(1 + x%) for some positive constants C and . Let A C R? be a Borel
set, p be a Radon measure on A and (X,)rca and (Y;),ca be two continuous
and centered Gaussian processes on A such that the covariance kernels satisfy
kx(u,v) <ky(u,v)forallu,v e A. Then

EG( /A oXr—(1/DEX?) p(dr)> ZEG( /A oY= (/DEY?) p(d,))

To apply this inequality, we construct a Gaussian field on [0, 1] for which the
moments of the corresponding measure can be calculated and for which we have a
covariance structure that allows comparing with more correlated situations (such a
comparison is also used in [17] to prove that the limit of the total mass martingale
associated to nonrenormalized critical chaos measures vanishes almost surely).

The Gaussian field we shall employ is essentially a Gaussian branching random
walk. Let us associate to the collection {/,} of dyadic subintervals of [0, 1] ani.i.d.
collection of standard Gaussian random variables {V, }. Let us write = = {0, 1}¥
and define the field

(25) Ux)=Y_ > Vs

k=loeX:x€l,

The covariance of U, is given by

n

E(U,(0)Up(») = Y. > E(Vo Vo)

kk'=loeXo’'eXy i xely,yel

n

= Z Z 1(c =0')

kk'=1oceXy,0'eXy xely,yel

-> ¥

k=loeXy:x,yel,
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For comparison with other fields, we note that to have a o € ¥; such that
x,y € Iy, we must have |x — y| <27¥ and we see that

(—log|x—y|/log2)An

E(Un(x)Un()’)) =< Z 1
k=1
| _

_ —loglx yIAn
log?2

Our last technical lemma is a version of the Borell-Tsirelson—Ibragimov—
Sudakov inequality [1], Theorem 2.1.1. For our purposes, we need a version which
relates the tail probability of the supremum of a Gaussian process on an interval
both to the size of the interval and to the modulus of continuity of the covariance
of the process in a quantitative manner.

LEMMA 20. LetI C R be a bounded interval and L > 0. Let (Y (x))xes be an
arbitrary centered Gaussian process on I such that E|Y (x) — Y (y)|* < L|x — y|
forall x,y € I, and further suppose there is some (deterministic) xo € I for which
Y (x0) = 0 almost surely. Then, for any ¢ > 0, there exists an absolute constant
ce > 0 (i.e., the choice of c; depends only on &) such that for all s > 0

(26) P(sup Y(x) > s) < coe™/CFIIL)

xel

. . 1 .
PROOF. By considering the scaled process mY (|1]-) instead of Y (-) we

may without loss of generality reduce to the case |I| = L = 1. Since EY (x¢)?> =0,
this normalization also implies that o2 := sup,.; EY (x)?> < 1. The Borell-TIS
inequality then states that for s > 0 we have
27) IF’(sup Y(x) —Esup ¥ (x) > s) < 5/Q0)) < =52,

xel xel
Then consider the Gaussian process X (x) = By — By,, where (By)xes is a one-

dimensional Brownian motion. Clearly, (X (x)),e; satisfies the assumptions of the
lemma, and moreover,

E[Y(x) = Y0 < |x — y| =E[X(x) — X ()]

for all x, y € I. By the Sudakov-Fernique inequality ([1], Theorem 2.2.3), we then
have

EsupY(x) <EsupX(x) <M <00
xel xel
for some absolute constant M > 0. In (27), for s > M this implies

IP’(sup Y(x) > s) < e= =M/,

xel
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Since the choice of M does not depend on the parameters of the process (Y (x))xer,
it clear that for any ¢ > O there exists an absolute constant ¢, > 0 for which (26)
holds. [J

REMARK 21. The statement of the lemma generalizes to processes on
bounded domains U C R¢ for d > 2 simply by replacing the length |I| of the
interval I by the diameter diam(U) of U. The only difference in the proof is that
instead of one-dimensional Brownian motion one compares the arbitrary process
to Lévy’s Brownian motion on R, that is, the Gaussian process (X (x)),cpe With
EX(x)X(y) = %(le + |y| — |x — y]); we refer to [27] for a proof that this function
is indeed a covariance kernel.

We are ready to proceed to the main proof.

3.3. Main results for the modulus of continuity. Let ((X;(x))xer):>0 be the
exactly scale invariant Gaussian field on R as before and define the Gaussian field

((Y;(x))xer)r=0 by setting

Y (x) = W(Cr(x) \ Co(x)) = X;(x) — Xo(x) forx eR,t>0.
In the proof of Theorem 2, it is convenient to use the characterization (7) of critical
lognormal multiplicative chaos. To keep the notation simpler, we normalize the

construction by the deterministic constant ¢ > 0 in (7). Explicitly, we consider the
critical measures associated to the fields X and Y and denote

T V2X (x)—(t+1)
Mﬁ(dx) = thm Jte dx
and

vﬁ(dx) =t1_1)rgo ﬁeﬁYz(x)—tdx’

where the limits exist in probability in the weak sense. By construction, it is clear
. .o, d .
that almost surely, the Radon—-Nikodym derivative #(x) — ¢V2X0) =1 i almost
2

surely positive and uniformly bounded away from 0 and oo for all x € [0, 1] (in
particular, the assumptions of Lemma 15 are met), so for the purpose of our re-
sult on the modulus of continuity the difference between these two measures is
insignificant. The measure 41 s is exactly scale invariant as before, but in this sec-
tion we make more use of the measure v /2 Which satisfies the x-scaling relation:
for every € € (0, 1] we have

d V2Y_ +loge €
(28) v 5(A) = (e/ e loge TIOE€,, (dx)) ,
(vy3(A)) aeBo,1) 4 V2 ACB(O.1)
where vf/z is independent of Y_jog¢ and (vf/i(A))A < (Uﬁ(E_IA))A. The proof
of this scaling relation is recalled in the Appendix. We also stress that v_/; satisfies
the conditions of Lemma 15.
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The next lemma contains the key technical estimates that lead to the proof of
Theorem 2.

LEMMA 22. Let us index by o € ¥, = {0, 1}" the dyadic subintervals 1, of
[0, 1] of length 27". Moreover, write Z,EE) for the family of even dyadic intervals of
length 27" (i.e., intervals of the form [(2j)27", (2] + 1)27")). Then for y € (0, %)
and € € (0, 1) there exists a constant C = C(€) such that

(29) P( max v 5(ls) 2 w7 = Call=O0 =012,
oexy

The same holds if we replace E,(,e) with E,(,O), the corresponding collection of odd
dyadic intervals.

PROOF. The proof is rather lengthy so we shall split it into steps that somewhat
parallel the cascade proof.

Step 1: Using scaling and independence.
We begin by noting that by specializing the x-scaling relation to dyadics, we get

i —n ﬁynl() 2(x)—nlog2 ()
30 (vpU)es, = (2 e v ﬁ<dx>)aezn,
where vf;l% is independent of ¥,10g2 and (v(j%(A)) AL w /3(2"A)) 4. Since Y;(x)
and Y;(y) are independent when |x — y| > 1, vﬁ(A) is independent of vﬁ(B)
when d(A, B) > 1. Thus, the scaling property implies that (v("; o), s 1s a
family of independent random measures (and similarly for the odd intervals)—
(n) ;g (n)
here v Vi | I, denotes the restriction of v Vo to I,.
Let us write
G1) Wypo=27" e«/iYnlogz(X)—n10g2,)f7%(dx).
15
Using the independence noted above, we see that
IP’( max W, , < n_y> =E 1_[ P(Wpo <n7|Ya10g2)

UGZ,(,E) 062(6)
n

>E [ (1 =P(Wao =n7"Yyi02)).

ogeX,

(32)

Step 2: Getting to the Laplace transform.
To estimate P(W,, s > n™7[Y,10g2), We will approximate the integral (31) by
a Riemann sum and then make use of Lemma 15. For brevity, we will denote

ffg(-) = ¢V2Vnop2()=nlog2 Eiy 5 € %, for the moment, let k € N and divide 1,

into 2¥ subintervals (1o, J-)ikz | of equal length. Denote the midpoint of I, ; by x4 ;.
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Let s > 0 and define the event Dy = {supxe, [Yn1og2(x) — Yylog2(xq, )| < s for
all j=1,2,...,2%}. We then have on D;

2 Wy = f SR 0w ) < Z ][ 00 dx vl .

where f, f(x)dx := |le| [4 f(x)dx is the integral average. Let F,, = o ({¥;(x):
x €[0,1],# < nlog2}). Since v(n)(IaJ) = (")(IU,) for j # i and the function
f ™ s independent of the measure vf/z, Lemmas 17 and 15 imply that on D;

P([, 2ere =217)

zk
24/2s (n) (n)
§IP’<e E 1][]ajf\/i(x)dxv (Lo,
j=1"""

VBT, PR dx>
A

for some constant C > 0. Setting A = rn~"2" and combining this inequality with
(32) and the inequality e=>* < 1 — x valid for x € [0, 1/2], we get

< Ck27*k <

IEIP( max v 5(ly) > n_y|}'n)
UEE,(f)

<1—-E 1_[ (1 —P(Wn,a zn_VIYnIOgZ))

oEL,

251;1 ., F s (n)(x)dx>)

2"p~=Y

<1 —Eexp(—ZCkZ_kezﬁs 3 <

geX,

+1-— IP)(-An,k,s)
1
—1— Eexp(—zacemw f (n)(x)dx) +1=P(Anis),
0

where A, i ¢ is the event

VN, fRwde
Auss =g Cx2 == <5

{ sup }YnlogZ(x) nlogZ(xa ])| =s
x€ls j

Vjiefo,1,.... 2~ 1} Vo e 3, ).
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Denoting
1
s, :n1/2/ ¥ 2tog2(x)—nlog2 g4
0

we finally get

P( max (L) > n7’) <1 - Eexp(-2Ce™Y>kn=1/2)5,)
oexy

(33)
+1- IP)(-An,k,s)-

Step 3: Controlling the error.
We then estimate the terms in the inequality above. Denote

2\/55 Zk (n)

eNEYioh,, fyd

B, = {max ck27* = o 72 < —}
o€EX, n-van 2

= {max eﬁYnlogz(X)—nlogde < n—y(2Ck62ﬁs)—l}

o€, JI,

and

B;;,k,s = { sup |Yn10g2(x) - YnlogZ(xU,j)| <s Vj € {O, 1, ...,Zk — 1} Vo € En}

XGIU._]'
so that
Anks =B, N B,/Lk’s and 1 —P(A,xs) < (1 — ]P’(B,,)) + (1 — ]P’( ,/1,”))

We first estimate the probability of B/ , _ not occurring. For all o and j, the length

n,k,s
of I, j is 27"7% and E|Y,1002(x) — ¥Yu102(3)1? < 2"F1]x — y|, so by Lemma 20
we have, for any o0 € ¥, and j = 1,..., 2k,
_nk=3.2
P( sup |Ynlog2(x) - Ynlog2(xa,j)| > S) <ce s s
XEI(,,J‘

where ¢ > 0 is an absolute constant. It follows that

1— }P’(B;l’k’s) < (k=2

For the choice s, ~ /€ logn and k;, ~ a logn, the right-hand side of this estimate
is asymptotically equivalent to

o log2 nlog2—(e/8)n” log2 19
from which we see that in order to have > 72, (1 — P(B ,
take € > O arbitrarily small, but must restrict to o > 1/log?2. Taking @ = 1/log?2,

)) < oo we may
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in (33) these choices give

P 1 s
(1)

(34) <1- Eexp(—ZCezﬁ\/“Og”10%,1()/—(1/2)) Sn)
og

+c/n_c//1ogn + (1 _ ]P)(Bn))

for some constants ¢/, ¢” > 0 depending on €.
To estimate the probability of 5,, we note that

(35) [y < n DY (2Ck, ™2™ € B,
By Chebyshev’s inequality, we then see that for any g < 1

1 —P(By) <P(Sp > (2Ckye2Y2m) "I n(1/2=1))

E(Si)

2\/§s,, q
< QCkne™ ™)

Step 4: Comparison with cascades.

If we knew that E(S;/) were uniformly bounded in #n for some values of g, we
would have a quantitative estimate for the speed at which P(5,) tends to one.
For this, we employ Kahane’s convexity inequalities, that is, Proposition 19, and
comparison with the branching random walk U,, defined in (25).

Note that

—1 —
og |x yIAn

E(Un(x)Un(y) < log2

= logZE(YnlogZ(x)YnlogZ(Y)) +C,

for some large enough constant C, since the covariance of the field ¥}, 10g2 is given
by

E(Yn 1og2(x)Yn logZ(y))

—loglx —y|+|x —y|—1, 27" <|x—yl =1,
nlog2 +|x — y| —2"|x —y|, lx —y| <27".

Let us thus consider a standard Gaussian variable Z independent of ¥},102 and
define the fields

A(x) = /210g2U,(x) and B(x) = v2¥10g2(x) +,/2Clog2Z.

We have E(A(x)A(y)) < E(B(x)B(y)) for all x, y. We then apply the convexity
inequality to the fields A and B with the convex function G (x) = n?1/? x4 for
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q <1, toget
E(eq‘/zcIngz_qCIng)E(Sg)

1 q
<E<nq(l/2) (/ oV 2TOZ2U, (1)~ og 2E (U ()?) dx> )
B 0

Comparing with the notation of [9], we see that the quantity on the right here
is simply E((n'/ 2Z1,n)‘1 ), the gth moment of the total mass of the correctly
renormalized critical Mandelbrot cascade measure. As noted in [9], the fact
that this is uniformly bounded in n for a fixed ¢ < 1 follows from [33, 45].
Thus, E(S7) is also uniformly bounded in n for g < 1. So, recalling that s, =
J€logn and k,, = @ logn, we conclude that for any € € (0, 1), there are con-

stants C(%) and C(e) so that if we take n large enough, then 1 — P(B,) <

C(%)(QCkneZﬁsn)1—(6/2)n(1—(6/2))()/—(1/2)) < C(e)n1=9=0/2)  Thys, by (34)
all we are left with is to estimate the Laplace transform of S,,.

We make use of the following formula, valid for all nonnegative random vari-
ables X:

1 — E(exp(—aX)) = /OOO ae YP(X >t)dt.

In this formula, we set o« =2C 225 kon”=1/2) and X = S,,. Recalling from the
argument above that E(S}!) is uniformly bounded in n for ¢ < 1, by Chebyshev’s
inequality we see that for any ¢ < 1

P(S, >1) <Cyt71.

Making the change of variable 7 = at, we get

o0
1 —E(e %) < anqf e Tt 4dr.
0

Recalling again that s, = /e logn and k, = @ logn, we see that since the inte-
gral converges, we can take g so close to one that we get

I —E(e=5) < C(e)n~(1/201-)

which completes the proof of Lemma 22. [

Theorem 2 now follows quickly. We first prove the analogous statement for the
measure v _s.

THEOREM 23. For any interval I C [0, 1] and y < %, almost surely

(36) v () < C@)(log(1 +11171) 77,

where C(w) is an almost surely finite random constant.
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PROOF. It is enough to restrict to dyadic subintervals. Pick y € (0, %). Let /
be an integer so that [(y — %) < —2. We then have by Lemma 22 that

o0 o0

—ly H(y—(1/2)/2)

ZIP’( ng(/a)vﬁ(lg)zk )SCZk < 00.
k=1 oeX k=1

By Borel-Cantelli,

max v 5(I5) < C(w)k™"

rex

for a random (almost surely finite) constant C(w). Combining the estimates for
even and odd intervals, we get

Iy) < C'(w)k7!7.
anel%):[ v ;5Us) = Clw)
We note that maxscyx, v ﬁ(la) is decreasing in n so for K <n<@®k+1! we
have

1) < Ip) < C()k™ <C'(@)2'"n7,
max v ;5s) = JE%’Z, v 5s) = Clw) <C(w)27n
which is the desired result. [

PROOF OF THEOREM 2. From the definition of v 5, we note that for any
interval I C [0, 1]

/Lﬁ(l) = eﬁmaxxe[o,ll Xo(x)—1 Uﬁ(l),

where (Xo(x))xefo,1] is a Gaussian process with a continuous covariance kernel.

The quantity e¥/2maxeer0.1 Xo(®) ig almost surely finite, so Theorem 23 implies the
result. [J

4. On the /2-almost everywhere local behavior of 1 3+ We consider the
following question: what can be said of the size of smallest possible sets of full
e jz-measure? This question is partially answered by Theorem 4, which is proven
in this section.

Let f:N — R be an ultimately nonincreasing function tending to O at infinity
and consider the sets

El ={x:p s5(I(x) < fn)}.

We will determine a class of functions f for which we have

dou ﬁ(E,{ ) <oo  almost surely.
n
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For a nontrivial result, it is already enough to consider the expectation of the series
above. We fix a sequence (1,,),>1 taking values in (0, 1) and write

1
w5 (EL) :/0 L staon= ot y3 (@) = Y 1t 5Uo) Ly s(1,)< fon)

geX,
f)y \™ -
<3 Mua)(—) = 3 psU) T )
oex, ’u\/i(I(’) oex,
Let €, = —w take the form y\/lo“’;(") + alOngg(") for n > 3, where « > 0

and y > 0 are to be prescribed. Assume 71, = A€,.
Denoting by W,, the nth level lognormal factor

d d 9,
W, < exp(v2X, —EX2) £ exp(anN — 7”)

N~N(@©,1), o>=2nlog2,

we have, for each 0 € X,;, u ﬁ(lg) 4 27"W,Y, where Y, is a copy of Y inde-

pendent of W,,. Moreover, by Theorem 1 we have Ey!-m = O(n_l) asn— 0T,
These remarks yield

B 5(Ef) <2027 "0 E(W, i) E(y ! =) e e
< Ce”(l"g(z)”%_Gn"n)—log(nn).

A computation yields for n > 3

n(log(2)n; — €xnn) —log(n) = (c + 3)log(n) + (ca — 3) loglog(n) + O(1),

A%y? — Ay?. With the order of magnitude chosen for ,, taking

where ¢ = log(2)
c= —% is optimal in view of making an 1En ﬁ(E,{ ) convergent. This condi-

tion requires the equation log(2)A%y? — Ay? + % = 0 to have solutions in A. This

imposes y > /6log(2), hence we choose y = +/6log(2) to minimize ¢,. It then

turns out that if —%a — % < —1, thatis, o > %, then anl E,uﬁ(E,{) < 00.
Theorem 4 follows from the preceding estimates by an application of the Borel—

Cantelli lemma to the measure 5. As an application of Theorem 4 we present

the following simple corollary.

COROLLARY 24. Almost surely, there exists a set of Hausdorff dimension 0
that has full | s5-measure.

PROOF. Let

E = {x:u s5(In(x)) = f(n) for all but finitely many n},
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where f = f, for some o > % Since, by Theorem 4, E almost surely has full
. /z-measure, we only need to show that a.s. it has Hausdorff dimension 0.

Let { I(;}Gezhf be the collection of dyadic subintervals of [0, 1] such that |o| > n
and Mﬁ(lq) > f(Jo|). Clearly, for any n, {I”}aez,{ is a cover of E. But for any

s > 0 and sufficiently large n € N we have 276/l < i 5(1,) forall o € %/, s0

Z |I5]° = Z Z L |° = Z Z |IU|S/2(2—|0|)S/2
f

ocex kzngex! o)1=k kzngex! o)1=k
<Y 27K N s)
kzn oes] lol=k
< 1 5(10,17) Y276/,
k>n

The last expression tends to 0 as n — oo. It follows that for any s > O the set E
has zero Hausdorff s-measure, which implies the claim. [J

5. Higher dimensions. In this section, we discuss results corresponding to
Theorems 1 and 2 in a higher-dimensional setting, that is, for multiplicative chaos
measures on R? for d > 2, using similar methods as in the d = 1 case. We will
focus on the d = 2 case. We begin by describing the relevant objects and stating
the results, and we will then sketch the minor differences in the proofs. Finally, we
will make a remark on the higher-dimensional cases d > 3.

Formally, a two-dimensional exactly scale invariant lognormal multiplicative
chaos measure may be constructed by exponentiating a centered Gaussian field
(X (x)),cg2 With the covariance EX (x) X (y) = log™ iy With 7 > 0. To make
a rigorous construction (see [8] Section A.1), one introduces a Gaussian process
(X:(x))yer2,r>0 With covariance:

E(X:(x)X(y))
O, |-x - Y| >r,
(37) B log |xiy|’ re”” <|x—y|<r,

t/\S-{-Z(l—\/lxr;ylems), lx —y| <re /S,

It follows from [17, 18] (see Remark 3 in [18] in particular) that a nontrivial critical
measure [ exists (the critical point being 8. = 2) and it can be written as

(38) p(dx) = ;lim J1e2Xi0=20+D) g
— 00

where the limit is taken weakly in probability. The measure can also be constructed
through the derivative martingale measure. This measure is exactly scale invariant,
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that is, for any A < 1

d _ 2
(M()‘A))AEB(B,/Z) <32 2]E(X")(M(A))Aeza’(za

where B, is any disk of radius %, B(B,/2) denotes its Borel subsets and X

r/2)°

is a centered Gaussian with variance log% and as in the one-dimensional case,
it is independent of (w(A))aeB(B, ) The parameter r plays the role of a scale
parameter. We fix r = 1 from now on.

Our proof of Theorem 1 is robust in the sense that in addition to exact scale
invariance, very little extra information on the exponentiated field (X;(x)) is used.
Indeed, we will prove the following theorem.

THEOREM 25. Let Q = [0, a)? with a < 1 and write Q1 = [0, %]2. Then
lim AP(u(Q) > 1) =c
A—00

for

2 Q)
= long(“(Ql)log u(Qn) =

REMARK 26. Using different values of a and r, we obtain upper and lower
bounds of similar form for disks (or any other compact set containing an open
set) instead of squares. Also, this result can be used to obtain similar bounds for
measures other than the exactly scale invariant one (e.g., by controlling the Radon—
Nikodym derivative).

For our proof of the modulus of continuity, we needed a further decorrelation
property of the family of fields (X, (x)) and the x-scale invariant measure was more
convenient than the exactly scale invariant one. We define a corresponding one in
two dimensions: consider Y;(x) = X;(x) — Xo(x). Again from [17, 18], it follows
that

(39) v(dx) = lim V11 )=2t gy

exists when the limit is taken weakly in probability, that the limit is nontrivial and
that it has the x-scaling property. The x-scaling property is a consequence of the
fact that for 0 < ¢t < ¢/, the field Y may be decomposed as Y, (x) = Y (x) +Y; ¢ (x),
where Y; , is a scaled copy of Y, _, that is sampled independently of Y;. Especially,
Y; (x) is also independent of Y; ,(y) for |x — y| > e~". This decomposition prop-
erty was crucial and also sufficient for the proof of Theorem 2, so without further
comment have the following theorem.

THEOREM 27. Let Q =10, a]2 witha <1andy < % Then

1(Q) < C(w)(log(1+1017") ™

for some random, almost surely finite, constant C ().
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Again, the result readily extends to other sets besides squares, and also to other
measures such as .

We now sketch how the proof of Theorem 1 should be adapted in order to prove
Theorem 25.

First, a fundamental part of our proof of Theorem 1 was that we were able to
write

Y = u([0, 11) = WoYo + Wi Y1,

where for i = 1,2, Y; 2y and W; 4 }TevzlogZN, where N is normal, and W;
is independent of Y;. This decomposition followed from the explicit white noise
representation of the field X, (x) (see the Appendix) which is lacking in dimension
two. In the Appendix, we prove the following replacement.

LEMMA 28. LetY = u(Q) and Q =0, a]* = ?:1 Q; where Q; are squares
of side a/2. By possibly enlarging the probability space where the process
(X1 (X)) yer2,r>0 is defined, we may write

4 4
Y = ZM(Q:’) =) W,

where for each i, Y; = Y W; = % 2VI0g2N with N a standard normal variable,
and Y; is independent of W;.

With this input, adapting Lemma 13 to the higher-dimensional context turns out
to be the only significant task.

PROOF OF THEOREM 25. Using Lemma 28, we may define the Peyriére mea-
sure Q on 2 x {1, 2, 3, 4} by setting

4
Eqf(w,))=E) W) f(o,)),
j=1

and then we may define the random variables ¥ (w,j)=Yj(w), W(a) J)=W;j(w)
and B(a) j)= Z,;ﬁ i Wi (w)Y; (w). From this point on the proof of Theorem 1 may
be followed with only cosmetic modifications. Lemma 6 holds true, the measure
v may be defined exactly as in (10) and one obtains the Poisson equation (11). To
apply Proposition 8, we only need to check there is an analogue of Lemma 13 in the
two-dimensional setup. Note that even though Lemma 13 holds for all # € (0, 1),
for the tail result to hold it is sufficient to have the result for # € (0, % + &) for some
& > 0. This is proven next as Lemma 29. [J

LEMMA 29. Forany h € (0, % + 2—3/5),
E(u(Qn"1n(Q\ 0" < oo
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PROOF. The idea of the proof of Lemma 13 may be applied, but some differ-
ences arise from the fact that the boundary points common to both Q1 and Q \ Q|
are two line segments rather than just one point. We start by noting that Lemma 12
has an analogue in this setting, with exactly the same proof: for two Borel sets
A, B C R? separated by a positive distance, we have E(u(A)" (B < oo for
any h € (0, 1).

By subadditivity, we may estimate

E(u(Qn" @\ on")
<E(u(Q)"u(0)") + E(u(Q1)" 1(Q)") + E((Q1)" Q™).

Suppose that O, and Q3 are the squares that share a boundary segment with Q.
Then the first two terms on the right are equal and we need to estimate two different
types of terms.

Let us first consider Q1 = [0, %]2 =: Py and Q4 = [7, al* =: R. We then de-

compose
a al? a 3a7?
4" 2 2 4

= (P, x R)) U Ay,

where A; = (P} X R1) \ (P2 X Ry). We note that P, X R» is simply a scaled and
translated version of P; x Ry, so we can repeat this procedure. We obtain

a da o©
(40) Pllez{(E,E)}UkL:JIAk,

where Py 1 is a square of side length 2%~ !4 with upper right corner at ( 5.5) and
Ry 1 is a square of side length 2~k=14 with lower left corner at (%, %). Moreover,
the A; are mutually disjoint and disjoint from P4 X Ryi1, and Ay is a scaled
and translated version of A; with the scale factor 2~ K1, The set A; is a finite
union of products of two sets with positive distance. Using Lemma 12, we see that
E((n ® M)(Al)h) < 00, and by exact scaling we have

d _ _ 2
(1 ® ) (Ag) = 28D AN (1 @ 1) (A)).
Thus, by subadditivity, the decomposition (40) yields
o0
E(u(P)! (R < E(( @ ) (A") 3 274k Dh o8 —4MEXD),
k=1

Since IEX,% = klog?2, we see that the series converges for any & € (0, 1). We also
made use of the fact that almost surely (%, %) is not an atom.
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Consider next the case P; := [0, %]2 =0 and Ry := [%, 1] x [O, %] = (0>. We
may then write

P x Ry = (P¥ x RY) U (P¥ x RE) U (P§ x Q%) U (P U QYU A,

where Pj' is the upper half of [, 5] x [0, 7], P2d its lower half and similarly
for R. The set A is what remains, and again it is a finite union of products of
two sets whose distance is positive. The terms corresponding to P’ x Rg and
P2d x R} are of the form we considered already and the sets P,' x Rj and Pzd X Rg
are scaled and translated copies of P; x R;. We repeat this decomposition for
Py’ x Ry and Pzd X Rg and iterate. At the kth iteration, we have 2¥ sets of the
form [0, %]2 x [5, a]? scaled by 2% and having pairwise disjoint interiors, and
also 2k—1 copies of A; with disjoint interiors, scaled by 2—k+1 Finally, we also
have 2% terms that are scaled and translated copies of P; x Ry, which are then
further decomposed in the k£ + 1th step. Using exact scaling, subadditivity and the
fact that the w-mass of the boundary segments is almost surely zero, we obtain

o0

E(u(P)! (R1)") < CE((1n ® ) (Ap)t) 3 260 -8h+84)
k=1

+ C/E(M(Ql)hM(Q4)h) Z 2k(1—8h+8h2)‘
k=1

The series converge for % - ;ﬁ <h< % + 21%, completing the proof of the

lemma. 0O

We close this section by commenting on the case d > 3. It is known ([41])
that exactly scale invariant multiplicative chaos measures exist in any dimension,
but in the known cases, the associated Gaussian field has long range correlations
for d > 3 (i.e., the covariance does not have compact support) and due to this
the existence of a nontrivial critical measure is as of yet an open question. This
being said, such correlations played no role in our proof of Theorem 1. Indeed, if
one could establish the limit (39) the proof of Theorem 25 would also extend to
the case d > 3, with only the combinatorics involved in establishing analogues of
Lemma 29 getting slightly more cumbersome.

For the modulus of continuity, the long range correlations, and more specifically
the lack of decompositions of the approximating fields with the required decorre-
lation properties, are more problematic and our proof does not work as it is. On
the other hand, in any dimension there exists a x-scale invariant critical measure
which does not have long range correlations. Thus, a possible way to proceed is to
try to prove the corresponding tail result for this measure.
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APPENDIX: SCALE INVARIANCE PROPERTIES

In this section, we give the computations leading to the statements (2) and (6)
on the exact scale invariance of the field X and of the measure u /- We also
discuss the *-scaling relation for the measure v s given in (28), and finally prove
Lemma 28.

A.1. Scaling properties for critical one-dimensional measures.

PROPOSITION 30.  The random measure | /5 satisfies the exact scale invari-
ance property (6), that is, for any interval I C [0, 1]

d _ 2
il 1|V XDEXAT L

where |L NG LI denotes the restriction of /3 onto I and Mf/i is a random measure
independent of X (1) with the law given by

I d —1
(1 5(A)) aenry = (5 (17 A)) sery-
REMARK. Writing the scaling relation simultaneously for a set {/;} of subin-

tervals of [0, 1], one has

d Y N2
:(|Ij|eﬁX(1]) EX(Ip? 1)

I .
where the i \}2 are random measures such that for each j,

I; d _ I;
(Mb(J))]eB(Ij)z(/’Lﬁ(uﬂ 1J))JeB(I,) and 'u\;iJ_{X(A)}ACC(Ij)'

However, we stress that for subintervals of the unit interval, for j # k the measure
I . . :
% b is not independent either of ,ui’}i or X (Ip).

PROOF OF PROPOSITION 30. We first show that (2) holds. Consider, for no-
tational convenience, the interval I = [0, y] with 0 < y < 1. By definition, for
t >log1/y we have

(Xf(x))xel = (X(I) + th(x))xel'
Therefore, it suffices to check that

(X! () ves £ (Xe—tog1/y (/) e

and since the processes are Gaussian, it is enough to consider the covariance struc-
tures. Checking that the covariances of the processes are the same is demonstrated
in Figure 1.
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FI1G. 1. Left. The sets Ct(x1) \ Ct (x2) and C; (x2) \ Ct (x1) are shaded light gray, while the intersec-
tion (Cs(x1) N Cr(x2)) \ C([0, y]) is dark gray. The law of the Gaussian process (th (X)) xef0,y]
is determined by the hyperbolic areas of these sets for all pairs (x1,x3) € [0, y]z. The set
C([0, yD), contained in every C;(x) for x € [0, y1, has been left white. Right. Closing the gap left
by the set C([0, y]) does not affect the hyperbolic areas of any of the shaded regions. Scaling
this picture by 1/y also leaves the hyperbolic areas invariant, giving the distributional equality

X! 0D eer £ (X tog 1)y &/ Y)xer-

Showing the exact scale invariance of u 5 is now simple, as one only needs
to note that the measure-defined analogously to the subcritical measures vanishes:
for any intervals J C I C [0, 1] we have

nyr() = lim /, (V2 + 1) — X, (x))eV 2K O-EXi (0 g
= lim / (V2EX (I)? — X (I))e¥ X1 -EXi(0? g
—00 J

+ lim | (V2(t + 1 — EX(D)?) — X! (x))eV2X: @-EXi(0® g

t—o0 J g
=0
1 eV2X(D-EX (1)
. 2 I V2x!I (x)—EX! (x)?
x lim | (V2(t +1=EX(I)?) — X[ (x))eY?Xs (7 dx

t—o0 Jj

_ 2 _
— |I|eﬁX(1) EX(? 1 (11171 ),

where p! a random measure with the law of 4 and independent of X (I). Note that
the measure 4! defined here depends on the field X only through the processes
(X t’ (x))xer, t > 0. This observation implies the statement on the simultaneous
scaling relations for a set of intervals {/;}. [

We then consider x-scale invariance, as defined in [3], and the measure v NG
defined for the proof of Theorem 2. A random measure v on [0, 1] is called x-scale
invariant on scale € € (0, 1] if there exist a process (we(x))xe[0,1] and a random
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measure V¢ that are independent of each other and satisfy

(U(A))AGB([O,I]) g (G/Aea)e(X) dUE(x))

AeB([0,1])

and

d -1
(v (D) acpgo.1y = V(€7 A)) acno.1))-

The measure

Uﬁ(dX) = tl_l)ngo «/;eﬁYt(x)*]EYt(x)z dX,

where Y;(x) = X;(x) — Xo(x) = W(C;(x) \ Co(x)), is *x-scale invariant on every
scale € € (0, 1] with
we(x) = x/EYlog(l/e)(x) + loge.

This can be seen by first deducing the scale invariance property

d _
(41) (Y100)) 0.1 = Vo170 ) + ¥/ _og1/6) (€ ') eqo.1

where Y’ is an independent realization of the field Y, from Figure 2 and then
performing a computation analogous to the one above for /3.

A.2. Joint exact scaling property in two dimensions.

PROOF OF LEMMA 28. For j=1,...,4,let¢;: O — Q; be the linear maps
that map the corners of Q to the corners of Q ; by scaling and translating. We have
the following equality in law:

(42) (Xf (¢] (x)))xe Q,t>log?2 i (V + Xl—lng(x))er,tzlogZ’

i 4

0 =1 T2 1

FIG. 2. The cones Ci(x1) and Ci(x2) have been shaded gray, with the parts in Ciog(1/e)(xX1)
and Clog(l/e)(XZ) highlighted. By scaling the part of the picture below the line log% by e

. s d —
we get the equality of distributions (Y;(x) — Yiog(1/¢)(X))xe[0,1] = (Yr—log(1/¢)(€ ]x))xe[0,1]~
This immediately implies (41), since the process (Yiog(1/e)(*))xe[0,1] is independent of

(Y1 () = Yiog(1/e) (¥))xe[0,1]-
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where V is a centered Gaussian variable of variance log2 which is independent
of the process (X;_10g2(X))xc,r>log2- Equation (42) can be readily checked from
the form (37) of the covariance.

We would like to show that by possibly extending our probability space we can
decompose almost surely

@3)  Xi(pj@)=Vi+ X () forj=1,2,34andx € Q,

where for each j =1, 2, 3, 4 the process (Xf(i)logz(x))erJZIOgZ has the same law

as the process (X;_10g2(X))xec,r>log2 and is independent of V.

As we are interested only in the limit measures, we will need (43) only for ¢
in some sequence tending to oo. We consider the countable collection of point
evaluations given by

Xplog2(x)  wherexe QNQ*k=1,2,3,...
and denote their closed linear span by
H :=3pan(Xx1og2(x):x € QN Q% k=1,2,.. ).

Thus H C L?(Q2,P)isa separable (centered) Gaussian Hilbert space. By enlarging
our probability space, if needed, we may assume that (€2, F, IP) supports a centered
Gaussian variable V of variance log 2 that is independent of all elements in H. Set

H' :=H @ span(V).
Consider the closed subspace
G :=5pan(V + Xxlog2(x):x € 0NQ* k=1,2,...) CH.

The dimension of the orthogonal complement of G in H’ is either 1 or zero since
by definition Span(G U {V}) = H'. Suppose first it is 1 as the latter case is even
easier to deal with. Thus, we may write

H' =G @ span(N),

where N is a centered Gaussian vector of variance log?2 independent of all ele-
ments in G.
By (42), we have for each j € {1, 2, 3, 4} the equality of joint distributions

@) (Xi10g2(85 )zt xeong = (V + X 110g2(0)) iz 1 repnge-

This allows us to define linear (not necessarily surjective) isometries
V"' =G @span(N) — H' =H @ span(V)

as follows. First, set, fork > 1and x € QN Q2

(45) Ui(V 4+ X—1)10g2(X)) = Xilog2 () (x)).
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By (44) ¥; uniquely extends to an isometry W; : G — H'. Then setting
V;(N)=V

extends W; to the whole of #'. Note that in case the dimension of the orthogonal
complement of G in H’ is zero we may omit this last step.
Let us denote

Vj = ‘-I’j(V),
Xiiog2(0) =W (Xyi0g2(r))  fork >0andx € 0 NQ2.
Since V and Xj1og2(x)) are independent and W; is an isometry then V; is inde-

pendent of all the variables X ,E{g)gz(x). (45) then gives

(46) Xklog2(¢j(x)) =V, + XEI{)—I)logZ(x)

forallk>1,xe QNQ%*and j =1,2,3,4.

Since the covariance (37) is Holder continuous in x, y we may assume that a.s.
x — Xklog2(x) is continuous. Since W; is an isometry the decomposition (46)
extends fromx € Q N Q? to all of 0, almost surely.

Consider now, for k > 1, the measures

1 (dx) = /& log 2¢2Xk10g2(0) ~2E(Xk10g2(0)%) g

and for k > O the measures

. ) ) 2
1 (dx) i= J(k + 1) Tog 26X kioe2 ) 2B h0g2(0)

Using the decomposition (46), we get

(47) uk(Q)) = te?Vim2ee2 ) ()
and defining
W= fge’"
we then get
4
(48) (@ =Y win (0.
j=1

Sin_ce Uk — W in probability as k — oo, we infer from (47) that the Vayiables
/1,/((]_) 1(Q) converge in probability to some random variables Y;. Since ,u,(f_) 1(Q)
has the same distribution as (%)l/z,u,k_l (Q), we infer Y 4 Y = u(Q). Hence,

taking limit of (48) the desired result follows as 2V; has variance 4log2. [
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