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Abstract. In a general counting process setting, we consider the problem of obtaining a prognostic on the survival time adjusted on
covariates in high-dimension. Towards this end, we construct an estimator of the whole conditional intensity. We estimate it by the
best Cox proportional hazards model given two dictionaries of functions. The first dictionary is used to construct an approximation
of the logarithm of the baseline hazard function and the second to approximate the relative risk. We introduce a new data-driven
weighted Lasso procedure to estimate the unknown parameters of the best Cox model approximating the intensity. We provide
non-asymptotic oracle inequalities for our procedure in terms of an appropriate empirical Kullback divergence. Our results rely on
an empirical Bernstein’s inequality for martingales with jumps and properties of modified self-concordant functions.

Résumé. Dans le cadre général d’un processus de comptage, nous intéressons a la fagon d’obtenir un pronostic sur la durée de
survie en fonction des covariables en grande dimension. Pour ce faire, nous construisons un estimateur de I’intensité conditionnelle.
Nous I’estimons par le meilleur modele de Cox étant donné deux dictionnaires de fonctions. Le premier dictionnaire est utilisé
pour construire le logarithme du risque de base et le second, pour approximer le risque relatif. Nous introduisons une nouvelle
procédure Lasso pondéré avec une pondération basée sur les données pour estimer les parametres inconnus du meilleur modele de
Cox approximant I’intensité. Nous établissons une inégalité oracle non-asymptotique en divergence de Kullback empirique, qui est
la fonction de perte la plus appropriée a notre procédure. Nos résultats reposent sur une inégalité de Bernstein pour les martingales
a sauts et sur des propriétés des fonctions self-concordantes.
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1. Introduction

We consider one of the statistical challenges brought by the recent advances in biomedical technology to clinical
applications. For example, in Dave et al. [16], the considered data relate 191 patients with follicular lymphoma. The
observed variables are the survival time, that can be right-censored, clinical variables, as the age or the disease stage,
and 44,929 levels of gene expression. In this high-dimensional right-censored setting, there are two clinical questions.
One is to determine prognostic biomarkers, the second is to predict the survival from follicular lymphoma adjusted on
covariates. We focus our interest on the second (see Gourlay [20] and Steyerberg [33]). As a consequence, we consider
the statistical question of estimating the whole conditional intensity. To adjust on covariates, the most popular semi-
parametric regression model is the Cox proportional hazards model (see Cox [15]): the conditional hazard rate function
of the survival time 7' given the vector of covariates Z = (Zy, ..., Z p)T is defined by

r(t,Z) = ag(t)exp(BLZ), (1)
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where By = (Bo,, - .-, ,BOP)T is the vector of regression coefficients and « is the baseline hazard function. The un-
known parameters of the model are B8 € R” and the function «g. To construct an estimator of Ao, one usually considers
the partial likelihood introduced by Cox [15] to derive an estimator of f; and then plug this estimator to obtain the
well-known Breslow estimator of g. We propose in this paper an alternative one-step strategy.

1.1. Framework

Before describing our strategy, let us clarify our framework. We consider the general setting of counting processes.
Fori=1,...,n,let N; be a marked counting process and Y; a predictable random process with values in [0, 1]. Let
(£2, F,P) be a probability space and (F;);>¢ be the filtration defined by

Fir=0{Ni(s),Yi(s),0<s<1,Z;,i=1,....,n},

where Z; = (Z; 1, ..., Z;, p)T € R? is the Fp-measurable random vector of covariates of individual i. Let A; (¢) be the
compensator of the process N; (¢) with respect to (F;);>0, so that M; (t) = N;(t) — A;(¢) is a (F;);>o-martingale.

The process N; satisfies the Aalen multiplicative intensity model: for all # > 0,

t
A= [ 06.20%i) s, (A1)
0
where A is an unknown non-negative function called intensity.

This general setting, introduced by Aalen [1], embeds several particular examples as censored data, marked Poisson
processes and Markov processes (see Andersen et al. [2] for further details).

Remark 1.1 (Censoring case). In the specific case of right censoring, let (1;)i=1,.. n be independent and iden-
tically distributed (i.i.d.) survival times of n individuals and (C;)i=1,.. n their i.i.d. censoring times. We observe
{(Xi,Z;,6)}i=1...n where X; = min(T;, C;) is the event time, Z; = (Z; 1, ..., Z,-,p)T is the vector of covariates
and §; = 11, <c;) is the censoring indicator. The survival times T; are supposed to be conditionally independent of
the censoring times C; given some vector of covariates L; = (Z; 1, ..., Z,-,,,)T eR? fori=1,...,n. With these no-
tations, the (F;)-adapted processes Y; and N; are respectively defined as the at-risk process Y;(t) = 1{x,>s and the
counting process N;(t) = Lix, <t 5,=1) which jumps when the ith individual dies.

We observe the i.i.d. data (Z;, N;(t), Y;(t),i =1,...,n,0 <t < 1), where [0, ] is the time interval between the
beginning and the end of the study.

T
We assume that Ag = sup {/ ro(s, Zl-)ds} < 00. (Az)
0

1<i<n

This is the standard assumption in statistical estimation of intensities of counting processes, see Andersen et al. [2]
for instance. We also precise that, in the following, we work conditionally to the covariates and from now on, all
probabilities P and expectations [E are conditional to the covariates. Our goal is to estimate Ao non-parametrically in
a high-dimensional setting, i.e. when the number of covariates p is larger than the sample size n (p > n).

1.2. Previous results

In high-dimensional regression, the benchmarks for results are the ones obtained in the additive regression model.
In this setting, Tibshirani [35] has introduced the Lasso procedure, which consists in minimizing an £;-penalized
criterion. The Lasso estimator has been widely studied for this model, with consistency results (see Meinshausen and
Biihlmann [31]) and variable selection results (see Zhao and Yu [42], Zhang and Huang [39]). Recently, attention has
been directed on establishing non-asymptotic oracle inequalities for the Lasso (see Bunea et al. [11,12], Bickel et al.
[7], Massart and Meynet [30], Bartlett [S] and Koltchinskii [23] among others).
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In the setting of survival analysis, the Lasso procedure has been first considered by Tibshirani [36] and applied
to the partial log-likelihood. More generally, other procedures have been introduced for the parametric part of the
Cox model: the adaptive Lasso, the smooth clipped absolute deviation penalizations and the Dantzig selector are
respectively considered in Zou [44], Zhang and Lu [40], Fan and Li [17] and Antoniadis et al. [3]. Non-parametric
approaches are considered in Letué [27], Hansen et al. [21] and Comte et al. [14]. Lasso procedures for the alternative
Aalen additive model have been introduced in Martinussen and Scheike [28] and Gaiffas and Guilloux [18].

All of the existing results in the Cox model are based on the partial log-likelihood, which does not answer the
clinical question associated with a prognosis. Antoniadis et al. [3] have established asymptotic estimation inequalities
in the Cox proportional hazard model for the Dantzig estimator (see Bickel et al. [7] for a comparison between these
two estimators in an additive regression model). In Bradic et al. [8], asymptotic estimation inequalities for the Lasso
estimator have also been obtained in the Cox model. More recently, Kong and Nan [24] and Bradic and Song [9] have
established non-asymptotic oracle inequalities for the Lasso in the generalized Cox model

ro(t, Z) = ap(t) exp(fo(Z)), 2)

where o is the baseline hazard function and fj a function of the covariates. However, the focus in both papers is on
the Cox partial log-likelihood, the obtained results are either on fz; — fo oron B; — B for fo(Z) = ﬂg Z and the
problem of estimating the whole intensity Aq is not considered, as needed for the prediction of the survival time.

1.3. Our contribution

The first motivation of the present paper is to address the problem of estimating A defined in (A1) regardless of an
underlying model. We use an agnostic learning approach, see Kearns et al. [22], to construct an estimator that mimics
the performance of the best Cox model, whether this model is true or not. More precisely, we will consider candidates
for the estimation of A of the form

Agy (L) =a, (t)efﬂ(z) for (B,y) € RM x RN,

where fg and a,, are respectively linear combinations of functions of two dictionaries IFy; and Gy . The estimator of Ao
is defined as the candidate which minimizes a weighted £ -penalized total log-likelihood as opposed to the Cox partial
log-likelihood. The second motivation of the paper is to obtain non-asymptotic oracle inequalities for Lasso estimators
of the complete intensity A¢. Indeed, in practice, one cannot consider that the asymptotic regime has been reached, cf.
in Dave et al. [16] for example. In addition, Comte et al. [14] established non-asymptotic oracle inequalities for the
whole intensity but not in a high-dimensional setting and to the best of our knowledge, no non-asymptotic results for
the estimation of the whole intensity in high dimension exist in the literature.

Towards this end, we will proceed in two steps. In a first step, we assume that Ay verifies Model (2), where « is
assumed to be known. In this particular case, the only non-parametric function to estimate is fy and we estimate it by
a linear combination of functions of the dictionary [Fy,. In this setting, we obtain non-asymptotic oracle inequalities
for the Cox model when « is supposed to be known. In a second step, we consider the general problem of estimating
the whole intensity Ao. We state non-asymptotic oracle inequalities both in terms of empirical Kullback divergence
and weighted empirical quadratic norm for our Lasso estimators, thanks to properties of modified self-concordant
functions (see Bach [4]).

These results are obtained via three ingredients: a new Bernstein’s inequality, a modified Restricted Eigenvalue
condition on the expectation of the weighted Gram matrix and modified self-concordant functions. Let us be more
precise. We establish empirical versions of Bernstein’s inequality involving the optional variation for martingales
with jumps (see Gaiffas and Guilloux [18] and Hansen et al. [21] for related results). This allows us to define a fully
data-driven weighted £1-penalization. For the resulting estimator, we work under a modified Restricted Eigenvalue
condition according to which the expectation of a weighted Gram matrix fullfilled the Restricted Eigenvalue condition
(see Bickel et al. [7]). This new version of the Restricted Eigenvalue condition is both new and weaker than the
comparable condition in the Cox model. Finally, we extend the notion of self-concordance (see Bach [4]) to the
problem at hands in order to connect our weighted empirical quadratic norm and our empirical Kullback divergence.
In this context, we state the first fast non-asymptotic oracle inequality for the whole intensity.
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The paper is organized as follows. In Section 2, we describe the framework and the Lasso procedure for estimating
the intensity. The estimation risk that we consider and its associated loss function are presented. In Section 3, predic-
tion and estimation oracle inequalities in the particular Cox model with known baseline hazard function are stated. In
Section 4, non-asymptotic oracle inequalities with different convergence rates are given for a general intensity. Sec-
tion 5 is devoted to statement of empirical Bernstein’s inequalities associated with our processes. Proofs are gathered
in Section 6.

2. Estimation procedure
2.1. The estimation criterion and the loss function

To estimate the intensity Ao, we consider the total empirical log-likelihood. By Jacod’s formula (see Andersen et al.
[2]), the log-likelihood based on the data (Z;, N;(t), Yi(¢),i =1,...,n,0 <t <1) is given by

n

Cp(A) = _%Z{/O log A(t, Z;) dN; (1) — /O At Z)Yi (1) dt}.

i=1

Our estimation procedure is based on the minimization of this empirical risk. To this empirical risk, we associate the
empirical Kullback divergence defined by

~ 1< [°
Ky (ho, ) = ;Z/O (logro(t, Zi) —log A(t, Zi))Ao(t, Zi)Y; (1) dt
i=1

1< (7
_EZ/O (ho(t. Zi) — A (1, Z0)) i (1) dr. 5
i=1

We refer to van de Geer [37] and Senoussi [32] for close definitions. We notice in addition, that this loss function is
closed to the Kullback—Leibler information considered in the density framework (see Stone [34] and Le Pennec and
Cohen [25]). The following proposition justifies the choice of this criterion.

Proposition 2.1. The empirical Kullback divergence K, (X, A) is non-negative and equals zero if and only if A = Lo
almost surely on the interval [0, T Asup{t: i € {1,...,n}, Y;(t) #0}].

Remark 2.2 (Censoring case). In the specific case of right censoring, the proposition holds true on [0,T A
maxi<j<p X;l. In this case, we can specify that P([0, r] C [0, maxi<j<, X;]) =1 — (1 — S7())"(1 — Sc(z))",
where St and Sc are the survival functions of the survival time T and the censoring time C respectively. From (Az),
St (t) > 0 and if T is such that Sc(t) > 0, then P([0, t] C [0, max|<;<, X;]) is large. See Gill [19] for a discussion
on the role of t.

In the following, we consider that we estimate Aq(¢) for 7 in [0, T Asup{t: Ji € {1, ..., n}, Y;(¢) # 0}]. Let introduce
the weighted empirical quadratic norm defined for all function 4 on [0, 7] x R? by

1 n T
lha= |3 /0 (h(t.20))* 4 ), )
i=1

where A; is defined in (A). Notice that, in this definition, the higher the intensity of the process N; is, the higher the
contribution of individual i to the empirical norm is. This norm is connected to the empirical Kullback divergence, as
it will be shown in Proposition 6.4. Finally, for a vector b in R¥, we define, [[blly = >-7_, b;| and |[b]|3 = >7_, b3
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2.2. Weighted Lasso estimation procedure

The estimation procedure is based on the choice of two finite sets of functions, called dictionaries. Let Fy; =
{f1,..., fu} where f;:R? — Rfor j=1,...,M, and Gy ={01,...,0n} where 6y :Ry - Rfork=1,..., N,
be two dictionaries. Typically the size of the dictionary [Fy; used to estimate the function of the covariates in a high-
dimensional setting is large, i.e. M > n, whereas to estimate a function on R, we consider a dictionary Gy with size
N of the order of n. The sets Fy; and Gy can be collections of functions such as wavelets, splines, step functions, co-
ordinate functions etc. They can also be collections of several estimators computed using different tuning parameters.
To make sure that no identification problems appear by using two dictionaries, it is assumed that only the dictionary
Gy =16y, ...,0N} can contain the constant function, not Fy; = { f1, ..., fu}. The candidates for the estimator of Ag
are of the form

N

M
hpy (1 Zi) = ay (0P with logar, =) "y and  fz= B fj,
k=1 j=1

where (8, ) e RM x RV,
The dictionaries IFy; and Gy are chosen such that the two following assumptions are fulfilled:

Forall jin{l,..., M}, | fjllnoco= max |fi(Z)| < oo. (A3z)
<i<n

Forallkin{l,..., N}, [6klloc = max |6 (1)| < c0. (Ag)
tel0,7]
We consider a weighted Lasso procedure for estimating Ag.

Estimation procedure 2.3. The Lasso estimator of Ag is defined by R where

YL

(BL.7)= argmin  |Cy(hp,) + pen(B) + pen(y)},
(B,y)eRMxRN
with

N

M
pen(B) = w;lBjl and pen(y)=>_ &lnl.

j=I k=1

The positive data-driven weights w; = o (f;,n,M,v,x), j=1,...,M and 6 =6(,n,N,v,y), k=1,...,N
are defined as follows. Let x >0,y > 0,6 >0,& >0,c =221 +¢),c=2/2(1 + &) and (v, V) € (0, 3)2 such that
v> @) and v > @ (V), where @ (1) = exp(u) — u — 1. With these notations, the weigths are defined by

o; zc\/W,y(fj)(x—i—logM) +2x+logM

n 3n ”fj”n,om &)
G, log N log N
5 25\/ n ( k)(yn+ ogN) +2y +3Zg 16k oo, (6)
for

S v/n . x/n 2
V2D = 5 a5 g i il o )

~D _ v/n 5 y/n 2
w0 = S oGn) R, (6r) + 5= ®G/n) 116 11 56 3
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where V,( fj) and R, (6)) are the “observable” empirical variance of f; and 6 respectively, given by
. I~ [F 2 5 1 & [F 2
Vo(fj) = — i(Z;))” dN; d R,(6k)=-— Z dN; (s).
w(f) n;fo (fi(Z)) dNi(s) and Ry(6k) n;/() (6x())"dNi(s)

Remark 2.4. The general Lasso estimator for B is classically defined by

M

BL= argmiH!Cn(?»ﬂ) +I Z |ﬂj|},

BeRM =1
with I > 0 a smoothing parameter. Usually, I" is of order /log M /n (see Massart and Meynet [30] for the usual
additive regression model and Antoniadis et al. [3] for the Cox model among other). The Lasso penalization for
corresponds to the simple choice wj = I' where I' > 0 is a smoothing parameter. Our weights could be compared
with those of Bickel et al. [7] in the case of an additive regression model with a gaussian noise. They have considered
a weighted Lasso with a penalty term of the form I’ Z?il I fillnlBjl, with I of order \/logM/n and || - ||, the usual

empirical norm. We can deduce from the weights w; defined by (5) higher suitable weights that can be written I’ n17 n@j

with &; = | WY (f;) defined by (7), which is of order \/ V,(f;) and
[x +logM log M A,
FnlM =c X+ log + 2x +30g lma);/l —”f] ln,oc .
’ <j< ~
" OEER W)

The regularization parameter I nl’ I8 still of order \/logM /n. The weights @; correspond to the estimation of the
weighted empirical norm || - ||n, o that is not observable and play the same role than the empirical norm | f;l, in
Bickel et al. [7]. These weights are also of the same form as those of van de Geer [38] for the logistic model.

The idea of adding some weights in the penalization comes from the adaptive Lasso, although it is not the same
procedure. Indeed, in the adaptive Lasso (see Zou [43]) one chooses @ = | B 179 where ,3 j is a preliminary estimator
and a > 0 a constant. The idea behind this is to correct the bias of the Lasso in terms of variables selection accuracy
(see Zou [43] and Zhang [41] for regression analysis and Zhang and Lu [40] for the Cox model). The weights w; can
also be used to scale each variable at the same level, which is suitable when some variables have a large variance
compared to the others.

Remark 2.5 (Towards practical issues). The actual computation of the estimator A BLis’ although of the greatest

interest, is beyond the scope of the present paper. However, we give here the principal steps to get it. Two types of
algorithms could be considered: the cyclical coordinate descent or the proximal gradient descent. As far as we know,
maximal algorithms have not yet been implemented for the Cox model (neither for the partial likelihood nor for the
total likelihood). On the other hand, cyclical coordinate descent is implemented for the Cox model, e.g., in the R
function glmnet, but only for the partial likelihood. In addition, our sum of weighted £1-penalizations is not usual and
require attention when applying the proximal operator in both cyclical coordinate descend and proximal algorithm.
Finally, the cross validation procedure will have to consider regularization parameters on a squared grid. This done,
we would be able to compare unweighted to weighted procedures in terms of selection, estimation or prediction
accuracies. Following the example in an other context of Hansen et al. [21], we shall expect our weighted procedure
to outscore the unweighted one.

3. Oracle inequalities for the Cox model when the baseline hazard function is known

As a first step, we suppose that the intensity satisfies the generalization of the Cox model (2) with a known baseline
function . In this context, only f has to be estimated and A is estimated by

ABL (t,Z;) :oto(t)effEL(Z") and [iL = argmin{Cn(Aﬂ) +pen(ﬁ)}. )
BecRM
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In this section, we state non-asymptotic oracle inequalities for the prediction loss of the Lasso in terms of the Kullback
divergence. These inequalities allow us to compare the prediction error of the estimator and the best approximation of
the regression function by a linear combination of the functions of the dictionary in a non-asymptotic way.

3.1. A slow oracle inequality

In the following theorem, we state an oracle inequality in the Cox model with slow rate of convergence, i.e. with a rate
of convergence of order /log M /n. This inequality is obtained under a very light assumption on the dictionary [F,.

Proposition 3.1. Consider model (2) with known ag. Let x > 0 be fixed, w; be defined by (5) and for B € RM,

M
pen(B) =Y w;1B;l.

j=1

Let A¢ ,(x) be some numerical positive constant depending only on €, v and x. Under assumption (Az), with a
probability larger than 1 — A, (x)e™, then

Ky(ro,25) < ﬂierﬁng(En(xo, Ag) +2pen(B)). (10)

This theorem states a non-asymptotic oracle inequality in prediction on the conditional hazard rate function in the
Cox model. The w; are the order of +/log M/n and the penalty term is of order ||B|l1+/log M/n. This variance order
is usually referred as a slow rate of convergence in high dimension (see Bickel et al. [7] for the additive regression
model, Bertin et al. [6] and Bunea et al. [13] for density estimation).

3.2. A fast oracle inequality

Now, we are interested in obtaining a non-asymptotic oracle inequality with a fast rate of convergence of order
log M /n and we need further assumptions in order to prove such result. In this subsection, we shall work locally,
for 1 > 0, on the set Iy (n) = {B € RM: | log Ag —logAolln,co <}, simply denoted I" () to simplify the notations
and we consider the following assumption:

There exists i > 0, such that I" () contains a non-empty open set of RM. (As)

This assumption has already been considered by van de Geer [38] or Kong and Nan [24]. Roughly speaking, it
means that one can find a set where we can restrict our attention for finding good estimator of fj. This assumption is
needed in order to connect, via the notion of self-concordance (see Bach [4]), the weighted empirical quadratic norm
and the empirical Kullback divergence (see Proposition 6.2).

The weighted Lasso estimator becomes

B = argmin{C, (1) + pen(B)}. (11)
Bel (w)

By definition, this weighted Lasso estimator is obtained on a ball centered around the true function Ay. However
in assumption (As), we can always consider a large radius p, which weakens it. This could not change the rate of
convergence in the oracle inequalities (~1og M /n) but only the range of a constant. In the particular case in which
logAg for all B € RM and log Ao are bounded, there exists ;> 0 such that || logig —logAolln,co < llogAglln,co +
Hog Aolln,00 < .

To achieve a fast rate of convergence, one needs an additional assumption on the Gram matrix. See Biihlmann and
van de Geer [10] and Bickel et al. [7] for detailed discussions on the different assumptions required for fast oracle
inequalities. One of the weakest assumption is the Restricted Eigenvalue condition introduced by Bickel et al. [7]. We
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choose to work under this Restricted Eigenvalue condition. Let us first introduce further notations:

A=D(B; —B) withBel(x) and D= (diag(@)))_; -y

X =(f;(Z),;, withie{l,...,n} and je{l,..., M},

1

G, =-X"CX with C = (diag(A;(1))) (12)
n

1<i<n-
In the matrix G,, the covariates of individual i are re-weighted by its cumulative risk A;(7), which is consistent with
the definition of the empirical norm in (4). Let also J (8) be the sparsity set of vector 8 € I" (i) defined by J(B) = {j €
{L,..., M}: B; #0}, and the sparsity index is then given by |J(B)| = Card{J(B)}. For J C {1, ..., M}, we denote by
B, the vector B restricted to the set J: (87); =B;if je€ Jand (B;); =0if j € J¢ where J*={1,..., M} \ J.

Usually, in order to obtain a fast oracle inequality, we need to assume a Restricted Eigenvalue condition on the
Gram matrix G,. However, since G, is random in our case, we impose the Restricted Eigenvalue condition to E(G,,),
where the expectation is taken conditionally to the covariates.

For some integer s € {1, ..., M} and a constant ay > 0, the following condition holds:
bTE(G,)b)!/?
0<ko(s,ap) = min min % (REC(s, ap))
JC{l,..M},  beRM\{0}, Ibsll2
I=s  byelli<aolbyly

The integer s here plays the role of an upper bound on the sparsity |J(B)| of a vector of coefficients 8, so that the
square submatrices of size less than 2s of the expectation of the weighted Gram matrix are positive definite.

This assumption is weaker than the classical one and the following lemma implies that if the Restricted Eigenvalue
condition is verified for E(G;,), then the empirical version of the Restricted Eigenvalue condition applied to G, holds
true with large probability. This modified Restricted Eigenvalue condition is new and this is the first time to our best
knowledge that a fast-non-asymptotic oracle inequality has been established under such a condition.

Lemma 3.2. Let L > 0 such that maxi<j<y maxi<j<y | fj(Z;)| < L. Under assumptions (Az) and (RE(s, ap)), we
have

. (b G,b)!/?
0O<k= min min _
Jc{l,...M}, beRM\{0}, b2
VI=s  bselli<aolbsll

and k= (1/y/2A0)ko(s, ap), (13)

with probability larger than 1 — 1, where

4

nK
=2M?*exp| — .
Ty 6XP|: 2L2(1+ao)2s(L2(1+a0)2s+/c2/3):|

Lemma 3.2 assures that the empirical Restricted Eigenvalue condition holds true on an event of large probability,
on which we establish a fast non-asymptotic oracle inequality.

Remark 3.3 (Censoring case). In the particular case of the right censoring (see Remark 1.1), we obtain a better
version of Lemma 3.2. Indeed, in this case, A;([0, t]) is exponentially distributed with rate parameter 1 and since
A;i ([0, T]) < A; ([0, o0]) almost surely, its expectation is then just less than 1, so that we obtain (13) with probability
larger than

I’LIC4

T 2L2(1 +ag)2s(L2(1 + ap)?s + k2)

1—2M? exp( ) with k& = (1/v/2)ko(s, ap).

Theorem 3.4. Consider model (2) with known a and for x > 0, let w; be defined by (5) and ﬁlz be defined by (11).
Let A ,(x) > 0 be a numerical positive constant only depending on €, v and x, { >0 and s € {1, ..., M} be fixed.
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Let assumptions (A3), (Az), (As) and (RE(s, ag)) be satisfied with ag = (3 + 4/¢) and let k = (1//2A0)ko(s, ap).
Then, with a probability larger than 1 — A, (x)e™ — 1y, the following inequality holds

K ~ J

[J(B)|=<s

2
max wj> } (14)

where C(¢, ) > 0 is a constant depending on { and (1.

This result allows to compare the prediction error of the estimator and the best sparse approximation of the regres-
sion function by an oracle that knows the truth, but is constrained by sparsity. The Lasso estimator approaches the best
approximation in the dictionary with a fast error term of order log M /n.

Thanks to Proposition 6.2, which states a connection between the empirical Kullback divergence (3) and the
weighted empirical quadratic norm (4), we deduce from Theorem 3.4 a non-asymptotic oracle inequality in weighted
empirical quadratic norm.

X

Corollary 3.5. Under the assumptions of Theorem 3.4, with a probability larger than 1 — A, (x)e™ — mp,

) . 2 IJ(B)] 2
Hog A gu —log Aol 4 = (1+¢) ﬂelpi(fm{IIIngﬂ —logholly 4 +¢(&, 1) P (]gljanMw,) ;
1 (B)]<s

where ¢(¢, () is a positive constant depending on ¢ and (.

Note that for «p supposed to be known, this oracle inequality is also equivalent to

i ~ J
||f,§’L‘_f0||i,A§(l+§)ﬁ1}1f {”fﬁ_f()”i,/x‘f‘c@,u)' (ﬁ)|(

er(w K2
[J(B)I<s

2
max a)j) .
l<j=M

3.3. Particular case: Variable selection in the Cox model

We now consider the case of variable selection in the Cox model (2) with fy(Z;) = ﬂg Z;. In this case, M = p and
the functions of the dictionary are such thatfori =1,...,nand j=1,...,p

P
fiZi)=2;; and fp(Z;)= Z,szi,j =B Zi.
j=1

A0=DB, —By). D=(diag@)),_;.p;-  Jo=J(By) and |Jo| =Card{Jo).

We now state non-asymptotic inequalities for prediction on X and for estimation on . In this subsection, we
do not need to work locally on the set 1" (i) to obtain Proposition 6.3 and instead of considering assumption (As),
we only have to introduce the following assumption to connect the empirical Kullback divergence and the weighted
empirical quadratic norm:

Let R be a positive constant, such that Elax } 1Zill2 < R. (Ag)
1A n

.....

We consider the Lasso estimator defined with the regularization parameter I'7 > 0:

p
B, =argmin{ C,(rg) + I ij|ﬁj| ,
BeRP j=1
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Theorem 3.6. Consider model (1) with known «ag. For x > 0, let w; be defined by (5) and denote k' =
(1/4/2A0)k0(s, 3). Let A¢,,(x) be some numerical positive constant depending on ¢, v and x. Under assumptions
(A2), (A3), (Ag) and (RE(s, ag)) with ay = 3, for all I'| such that

1 minj<j<y ©? K'?
I < —3 ’
48Rs maxi<j<m ;] MaX|<j<M @]

with a probability larger than 1 — A, (x)e~1"* — 7, then
- 2 4 |Jol 5 2
IXB =B s < ;27 i (g;l}?gp%) (15)
and
P maxi<j<p ®;j |Jol
”ﬁL_ﬂO”lfgi—F] max w;j. (16)

mini<j<,w; k> 1<j<p

This theorem gives non-asymptotic upper bounds for two types of loss functions. Inequality (15) gives a non-
asymptotic bound on prediction loss with a rate of convergence in log M /n, while Inequality (16) states a bound on

BL — Bo-

4. Oracle inequalities for general intensity

In the previous section, we have assumed o known and have obtained results on the relative risk. Now, we consider
a general intensity Ao that does not rely on an underlying model. Oracle inequalities are established under different
assumptions with slow and fast rates of convergence.

4.1. A slow oracle inequality

The slow oracle inequality for a general intensity is obtained under light assumptions that concern only the construc-
tion of the two dictionaries [Fy; and Gy.

Theorem 4.1. For x > 0 and y > 0, let w; and 5 be defined by (5) and (6) respectively and (ﬁL, V1) be de-
fined in Estimation procedure 2.3. Let A;,(x) and Bz ;(y) > 0 be two positive numerical constants depending
on e, v,x and g, v, y respectively and assumptions (Az), (A3z), (A4) be satisfied. Then, with probability larger than
1 —Agp(x)e™ — Bz 5(y)e™

Koo, by o)< inf  {K,(ho, hpy) + 2pen(B) +2pen(y)}. 17)

BL.vL’ — (B,y)eRM xRN

We have chosen to estimate the complete intensity, which involves two different parts: the first part is the baseline
function y : R — R and the second part is the function of the covariates fg:R” — R. The double £-penalization
considered here is tuned to concurrently estimate the function fj depending on high-dimensional covariates and the
non-parametric function og. As fp and o are estimated at once, the resulting rate of convergence is the sum of the
two expected rates in both situations considered separately (~+/log M/n + +/log N/n). Nevertheless, from Bertin
et al. [6], we expect that a choice of N of order n would suitably estimate «g. As a consequence, in a very high-
dimensional setting the leading error term in (17) would be of order /Tog M /n, which again is the classical slow rate
of convergence in a regression setting.
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4.2. A fast oracle inequality

We are now interested in obtaining the fast non-asymptotic oracle inequality and as usual, we need to introduce further
notations and assumptions. In this subsection, we shall agaiNn work locally for p > 0 on the set Iy n(p) ={(B,¥y) €
RM x RN | logAg,y —logAolln,c0 < p}, simply denoted I"(p) and we consider the following assumption:

There exists p > 0, such that r (p) contains a non-empty open set of RM x RV, (A7)

OnTl (p), we define the weighted Lasso estimator as

(B7.95) = argmin {C,(1g,,) + pen(B) +pen()}.
(B.y)el(p)

Let us give the additional notations. Set A be

A:f)(gL_£>eRM+N with (8,y) € I'(p) and D =diag(w,...,opm,81,...,8N).
-

Let 1,,« v be the matrix n x N with all coefficients equal to one,

O1(t) - ON ()
X0)=[(fjZi)i<i<ni<j<m laxn(diag@cOi<k=n1=| x| : € RMM+N)
O1(t) -+ On(2)

and
G L [ T &R - i
G, = —/ X(0)' C()X(t)dr  with C(r) = (diag(ho(r, Z)Y; (1)), ;. Vt=0.
nJo <i<

Let also J(B) and J (y) be the sparsity sets of vectors (8, y) € r (p) respectively defined by

J(ﬂ):{j efl,....,M}: B; #0} and J(y)={ke{1,...,N}: yk;éO},
and the sparsity indexes are then given by

N

M
[JB| = 11,20 =Card{J(B)} and /()] =} L0 = Card{J ()},

j=1 k=1

To obtain the fast non-asymptotic oracle inequality, we consider the Restricted Eigenvalue condition applied to the
matrix E(Gy,).

For some integer s € {1, ..., M + N} and a constant ry > 0, we assume that Gn satisfies:
5 b E(G,)b)!/? ~
0 < ko(s, ro) = min min %. (RE(s, 19))
JC{L,...,M+N}, beRM+N\{o}, Ibsll2
|Jl<s Ibyelli=<rolibylly

The condition on the matrix IE((},,) is rather strong because the block matrix involves both functions of the covari-
ates of F; and functions of time which belong to Gy. This is the price to pay for an oracle inequality on the full
intensity. If we had instead considered two restricted eigenvalue assumptions on each block, we would have estab-
lished an oracle inequality on the sum of the two unknown parameters «g and fy and not on Ag. As in Lemma 3.2, we
can show that under assumption (RE(S 10)), we have an empirical Restricted Eigenvalue condition on the matrix G
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Lemma 4.2. Let L defined as in Lemma 3.2. Under assumptions (A3) and (lﬁ*l(s, 1)), we have
(bT én b) 1/2

min min
JC{l,..,M),  beRM\{0}, b2
I7I=s ibyelli<rollbylly

and & = (1/y/240)i0(s, 10), (18)

O<k=

with probability larger than 1 — 7, where

-4
nK

Ty = 2M? exp| — :

e [ 2L2(1+VO)ZS(L2(1+ro)2S+l?2/3)}

Theorem 4.3. For x > 0 and y > 0, let w; and 8y be defined by (5) and (6) respectively. Let Ag,(x) >
0 and Bz 5(y) > 0 be two numerical positive constants depending on &, v, x and g,v,y respectively, { > 0 and
se{l,..., M+ N} be fixed. Let assumptions (Az), (Az), (A4), (A7) and (RE(s, 1)) be satisfied with

ro= (34 8max(y/|J(B)]./|7P)])/¢).

and let k = (1/4/2A0)ko(s, ro). Then, with probability larger than 1 — Ag , (x)e™ — Bz 5(y)e™ — @,

Ky (ro, )»3{,);5)

, = ~ . max([JB), [T ()])
<(1+0 inf_ {Knao,xﬂ,y)w(;,p) 20 max {0l 871 (19)
B.y)el(p) I<j<M’ -
max(|J(B).1J(P)D=<s 1<k<N

and

2

max(J B P e g,

<1+ inf {n log Ao —loggy Iz o +C'(2, p) w3, 8,%}}, (20)

(B.y)el(p) ©? 1<j<M
max(|J(B)|,1J (¥))<s 1<k<N

where 5({, p) >0 and 5’(;, p) > 0 are constants depending only on ¢ and p.

We obtain a non-asymptotic fast oracle inequality in prediction. Indeed, the rate of convergence of this oracle
inequality is of order

2 logM logN
( max {a)i,(Sk}> A max , ,
I<j<M n n

1<k<N

namely, if we choose Gy of size n, the rate of convergence of this oracle inequality is then of order log M /n (see
Section 4.1 for more details). While Estimation procedure 2.3 allows to derive a prediction for the survival time
through the conditional intensity, Theorem 4.3 measures the accuracy of this prediction. In that sense, the clinical
problem of establishing a prognosis has been addressed at this point. To our best knowledge, this oracle inequality is
the first non-asymptotic oracle inequality in prediction for the whole intensity with a fast rate of convergence of order
logM /n.

For the part depending on the covariates, recent results establish non-asymptotic oracle inequalities for the Lasso
estimator of fj in the usual Cox model (see Bradic and Song [9] and Kong and Nan [24]). We cannot compare our
results to theirs, since we estimate the whole intensity with the total empirical log-likelihood whereas both of them
consider the partial log-likelihood.

The remaining part of the paper is devoted to the technical results and proofs.
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5. An empirical Bernstein’s inequality

The main ingredient of Proposition 3.1 and Theorems 3.4, 4.1 and 4.3 are Bernstein’s concentration inequalities that
we present in this section. To clarify the relation between the stated oracle inequalities and the Bernstein’s inequality,
we sketch here the proof of Theorem 4.1. Using the Doob—Meyer decomposition N; = M; + A;, we can easily show
that for all B € RM and for all y € RY

Calhg, 5,) = Calhpy) = Kn(ho, hj, 5) = KnGos 2p )+ P =) vae + B = B) e, 1)
where
I (7= le (7=
Moo= fo fZ)dMi(r) and wyo= 3" /O 6(1)dM; (1), (22)
i=1 i=1
with f = (f1s-ens fM)T and 5 = (04, . ..,GN)T. By definition of the Lasso estimator, we have for all (8,y) in
RM x RN

Ca(rg, 5,)+ pen(B,) +pen(p,) < Cy (Ag,y) + pen(B) + pen(y),

and we finally obtain
Ku(oirg, 5,0 < Ka(okpy) + Pr =) vac + B — B 1, o +pen(B) — pen(BL) + pen(y) — pen(p ).
Consequently, K (Ao, A hL h) is bounded by

M M
KnGoshpy) + Y (Brj—Bmnc(f) + Y o (1Bl —1BL.j)

j=1 j=1

N N
+ Z(?L,k — v o (B) + Z5k(|yk| —1PLxl),
k=1 k=1

with

1< [ j——
M (f) == /0 Fi @) dMi(s) and v, (O =~ /O Ok (s) AM; ().
i=1 i=1

We will control 1, - (f;) and v,  (6x) respectively by w; and 8. More precisely, the weights w; (respectively &) will
be chosen such that |17, (f;)| < w; (respectively |v, ¢ (Ok)| < &) and P(|n, - (fj)| > w;) (respectively P(Jv,, : (Ok)| >
dx) large. As 0, ((f;) and v, ;(6k) involve martingales, we could directly apply classical Bernstein’s inequalities for
martingales with x > 0 and y > 0

2V, ; 2R, (6,
P nnt(fj)Z\/in’l(fj)x + o |<e™ and P vn,(Gk)z,/in’l( QA <e’,
’ n 3n ’ n 3n

where the predictable variations V, ;(f;) and R, ;(6) of n,,(f;) and v, ;(6¢) are respectively defined by

1< (!
Vi () =nlmn(f)y =~ /0 (f5 (@) ho(t, Z0)Yi(s) ds,
i=1

1< [
Ru.1(00) = n{va 60)), = — 3~ /0 (6 (D) 2o (1, Z)) Y; (5) ds,
i=1
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see, e.g., van de Geer [37]. Applying these inequalities, the weights of Estimation procedure 2.3 would have the forms

wj = /2Vu,(fj)x/n+x/3n and 8 = /2R, (Or)y/n + y/3n. As V,, ;(f}) and R, ((6;) both depend on Ag, this

would not result a statistical procedure. We propose to replace in the Bernstein’s inequality the predictable variations
by the optional variations of the processes 1, ,(f;) and v, ;(6x) defined by

Vi (f) =n[ma ()], Z / (f;(Z)*dNi(s) and  Ror(60) = n[va(60)], Z / (6 (D)) dN; (5).

This ensures that the weights w; and é; will depends on \ZM( fj) and Ién,t(ek) respectively. Equivalent strategies in
different models have been considered in Gaiffas and Guilloux [18] or Hansen et al. [21]. The following theorem
states the resulting Bernstein’s inequalities.

Theorem 5.1. Let assumption (Ay) be satisfied. For any numerical constant ¢ >0, & > 0, c = /2(1 +¢) and ¢ =
V2(1 4 &), the following holds for any x > 0, y > 0:

. [ WY (fix x 2 Ao(w/n+ @ (v/n)) .
P[|nn,z(f])|zc — +3n”fj||n’00:|S<710g(1+8)10g(2+ Py )+1>e . (23)

TPy 2 Ao(B/n+ @ (5/n)) _
|:|Vn NI . §||9k||ooi| < (mlog<2+ v ) + 1>€ 7, (24)
where
vy Vs x/n
WD = e I e )nf,nm, (25)
B/n y/n )
T (6r) = YTy n<ek>+—i/n_®(ﬁ/n) 16112, (26)

for real numbers (v, D) € (0, 3)? such that v > ®(v) and v > ® (D), where & (u) = exp(u) —u — 1.

We deduce the weights w; and §; defined in (5) and (6) respectively, from Theorem 5.1. These empirical Bernstein’s
inequalities hold true for martingales with jumps, when the predictable variation is not observable.

Remark 5.2. Theorem 5.1 is closed to Theorem 3 in Hansen et al. [21], although in our version the event bounding
Wr‘l’ (fj) and fnﬁ (6k) has been removed from the probability (see the proof of Theorem 5.1).

Other weights can also be obtained from empirical Bernstein’s inequalities that are closer to those obtained by
Guaiffas and Guilloux [18] in Theorem 3. We refer to an other version of the paper (see [26]), in which these weights
appear. Their forms are less simple than those defined in (5) and (6), but they do not depend on tuning parameters
v and v to determine for the applications. An interesting perspective would be to determine which one of those two
forms of weights gives the best results in the applications.

Remark 5.3 (Censoring case). In the specific case of right censoring, since maxi<;<u|N;(t)| < 1, we can directly
apply the Bernstein type inequality for martingales of Hansen et al. [21] to get quite simpler right term in Inequality
(23). Indeed in this case, for real numbers (u, v) € (0, 3)2 such that u > ¢(u) and v > ¢ (v), where ¢ (z) = exp(z) —

z—1,and c1,. =/2(1 4 ¢€), we would get

P[nn,t(f/)zc " +3nllf,lln,oo]§4< log(1 1 £) +1>e . (27)
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6. Technical results

In this section, we present the technical results, that are not useful for a first reading of the paper but useful for a better
understanding of the theory and used in the proofs of Section 7. Associated proofs are in Appendices A and B.

6.1. Bernstein concentration inequality
We recall here the classical Bernstein concentration inequality (see Proposition 2.9 in Massart [29]).

Theorem 6.1. Let ¢y, ..., ¢, be n independent real valued random variables. Assume that there exist some positive
numbers v and c¢ such that for all integers m > 2

Z]E 1&i|™] < mlve™ 2. (28)

For any positive x we have

n 2
P(Z(Ci —E@)) = X) < eXP<—m>- (29)

i

Note that if the variables ¢; are bounded, |{;| < b forall i in {1, ..., n}, then assumption (28) is satisfied with
n
v=> E[¢}] and c=b/3.

6.2. Connection between the weighted empirical norm and the empirical Kullback divergence
The following propositions connect the empirical Kullback divergence (3) to the weighted empirical norm (4) in the
different cases considered in the paper.
Proposition 6.2 holds true when the intensity verifies model (2) with a known baseline hazard function «.
Proposition 6.2. Under assumption (As), for all § € I'(w),
W lllog rg —logolly 4 < Kn(ho, 1g) < 1"l log g —log Aolly 4,
where i/ = ¢ () /u?, W' = ¢p(—p)/p? and ¢(1) =e™ +1— 1.

Proposition 6.2 can be rewriten in the particular case of variable selection in the Cox model as follows:

Proposition 6.3. Under assumptions (Ag) and (RE(s, ag)) with ag = 3, there exist two positive numerical constants &
and &' such that

§|BL— B0 X[ 4 < KaCro,2z ) <& BL— B)"X]; -

In the general case, when the intensity does not rely on an underlying model, the connection between the weighted
empirical norm (4) and the empirical Kullback divergence (3) is given by the following proposition.

Proposition 6.4. Under assumption (A7), for all (B, y) € I (p),
P Illogapy —logrollZ 4 < Kn(ho, Ag,y) < p"llloghg,, —logholl2 4.

where p' = ¢ (p)/p?, p" =p(—p)/p* and ¢ (1) =e™" +1 — 1.
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7. Proofs

7.1. Proof of Proposition 2.1

Following the proof of Theorem 1 in Senoussi [32], we rewrite the empirical Kullback divergence (3) as

A2, Zl')
ro(t, Z;)

A, Zy) M, Zy)
= — 1 log ————— — 1 | o(t, Z;)Y; (¢) dt.
Z/ [e p(ogxoa ZJ) oz, o0
Since t — e’ —t — 1 > 0, except for r = 0, we deduce that, except for A = A,

A, Z) ) A, Z)
ro(t, Zy) rol(t, Zy)

Kn(ho, ) = %Z/;[log)»o(t, Z;) —logh(t,Z;) — (1 - )]ko(t, Z)Y;(1)dt
i=1

exp <10g —1>0.

Thus En (Ao, A) is positive and vanishes only if (logAg — logX)(¢, Z;) = 0 almost surely, namely if Ly = A almost
surely.

7.2. Proof of Proposition 3.1
According to the definition (9) of B, , for all B in R, we have

Cu(rj,) +pen(BL) < Cu(hp) + pen(B).

Here « is assumed to be known. Hence applying (21), we obtain
Ko(ro,2p,) < Kn(ho hg) + (BL = B) 1y - + pen(B) — pen(By). (30)

It remains to control the term (fS L — ﬂ)Tn,,,r. For w; defined in (5), set

M Wi
A=Q{|nn,f(f,~>| < 7’}. 31
On A, we have
A M ~
(B =B) | <D wil(BL—B)jl- (32)
j=l1

The result (10) follows since pen(f) = Zj‘il w;|B;|. It remains to bound up P(A). By applying Theorem 5.1

M
AC S Z <|77n,t(fj)| > %) = As,v(x)e_x,

with

As,v(x) =

Ao(v/n+ <1>(v/n))> iy (33)

2
—log
log(1 +¢) x/n

We conclude that P(A4) > 1 — A, ,(x)e™, which ends up the proof of Theorem 3.1.



Oracle inequalities for the Lasso in the high-dimensional Aalen multiplicative intensity model 997

7.3. Proof of Lemma 3.2

We show with high probability, that under (RE(s, ap)), forall / C {1, ..., M} suchthat |J| < s andforall b € RM \ {0}
such that ||bye|l1 < aollbsll1,

b’ G,b
b Hz > k%, withk = (1/4/2A0)Kko(s, ap) and Ag defined in assumption (A»).
Jliz

Let consider the set £2G,,; = {|(G, — E(G»))j x| <t,¥(j, k) e{L,..., M}?}, with a fixed 1 > 0. Under (RE(s, ap)),
on §2g, s, forall J C{l,..., M} such that |J| <s and forall b € RM \ {0} such that ||bye|l; <apllby|1, we have

b’ G,b=b" (G, — E(G,))b+b"E(G,)b > b” (G, —E(G,))b + «jby 3.
On 26, ., under (RE(s, ag)) we deduce that
b Gub > = " t1bylIbj| + glbs 15 > (=26 (1 + a0)*s + &3 b 13-
ij

We choose t = Agk? /(1 + ag)?s with k = g/ +/2A¢ to get bT G, b > k3 |[by |13
It remains to calculate P(£2¢, ;). The coefficient (j, k) of the matrix G,, — E(G,) is given by

1 n
=S (Ar — E(AD) £1(Z) i Zs).
n

i=1

For sake of simplicity, we put {ij’k =AifiZ) fr(Z;) fori=1,...,nand (j, k) €{1,..., M}2 fixed. Under assump-
tions (A») and (A3), we can apply Bernstein’s inequality (29) to get

Aolc2 nic
P(’(G” ~EG),,l> m) = 2exp(‘2(1 + a2 s L2(L2(1 + ao)s + x2/3))'

So the probability of £2¢, , with 1 = Agk?/(1 +ag)*s is given by

4
P(25 ) <2M2exp( — ne ,
(26,.) = exp( 21+ ap2s L2(L2(1 + ao)2s + #2/3)

via an union bound and by denoting

4
nK

=2M? - ,

o eXP( 21+ ag)2s L2(L2(1 + ag)?s +x2/3)>

we finally get (13) with probability larger than 1 — 7,,.
7.4. Proof of Theorem 3.4

Let us introduce the event

b”G,b)!/?
L2RE, (s,a0) (K) = {0 <K= min min % } (34)
JC{l,... M}, beRM\{0}, byl
VI=s  bselli<aolbsl

From Inequality (30), on A defined by (31), for B € I"(w), it follows that

M M
RaGio. i)+ 30 218 = B),] < Batio.2g) + D00y (1B — B), + 1851~ |(B2), .

j=1 j=1
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On J(B), 1(BY — B)j1+ 181 — (B ;1 =0, so on A we obtain

K, (o, ﬂﬂ)+z -B); | < Ka(roap) +2 Y ;| (B — B);l- (35)
jelB)

We apply Cauchy—Schwarz inequality to the second right-hand side of (35) to get

K, (ho, ﬂﬂ)+z B),| < KuGuo ip) +2/|7B)| | D 2B} — B[ (36)

JjeJ(B)

With the notations A = D(ﬁlz —B) and D = (diag(w;))1<<m introduced in Section 3.2, Inequalities (35) and (36)
become respectively

Ku(ro. hge) + %nAnl < Ku(ho.2p) +21 4551, (37)
and

Ku(ho. dg) < K (ho. 2g) + 2,/ |7 (B)] 1 Asp) 2. (38)
We fix some ¢ > 0 and we consider the following set

A ={¢Ku(ho, 2p) <201 As) 1) (39)

Here, we could take ¢ = 1, but this parameter ¢ allows to have more freedom. The smaller ¢ is, the higher P(A;)
is, but the smaller P(£2RE,, (s,q0) (k) is. So ¢ realizes a compromise between these two probabilities. On .A N Af, the
result of the theorem follows immediately from (37). As soon as, |Ajg)cllt < B +4/5) 1A )1, on £RE, (s,a0) k),
withag= (3 +4/¢) and k = (1//2A0)ko(s, ap) we get

1Al < ATG,A.

So, initially we will assume that ||Ajgycll1 < (3 +4/0)I|Ajp i1, and we will verify later that this inequality holds.
Since

ATGnAf(ln}a)iwa l1og g0 —log gl 4.

Inequality (38) becomes on AN RRE, (s,a0) (k)
K0, 24y) = Katr0,2p) +2y/ |7 (8| max o) )™ (Iog 255 ~Tog hallna + Nog o ~ log 2l )

Now, applying Proposition 6.2 to connect the weighted empirical norm to the empirical Kullback divergence, it follows

that
R G2 p) = Koo ip) +2/|B) |( max w,) (/ Rno, 230) +  BaGro, ).

We now use the elementary inequality 2uv < bu? + %2 with b > 0, u = /|J(B)|(max; <<y a)j)lc_l and v being
either \/% I?,, (Ao, )‘ﬁf) or \/% I?n (20, Ag). Consequently

~ ~ 2
Kr,(xo,x,;g)sKnuo,xﬂ)+2b|J(/3)|(12}a§xij) +FK 2o ) + K()»o,)»ﬂ)
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Hence,

b/ +1 ~ b2 '
R 1) = 3 Ralho 1g) 25

2
N\, —2
Oz, er)

We take Zﬁ S cand C(¢, pn) = bﬂ +1 a constant depending on ¢ and . It follows that for any B € I"():

- ~ 2
Rt gy) = (14 0| Raho. i) + Ce 8| max ;) %72

Finally, taking the infimum over all 8 € I"(u) such that |J(8)| < s, we obtain (14).
We have now to verify that A g)clli < (3 +4/0)I1A ) ll1- On AN Ay, applying (37) we get that

1
Al <4(1 + >||A1(ﬂ)||1,

so by splitting A = A ;(g) + A j(g)c, we finally obtain

4
1Al < (3 + E) 1A 1.

Finally, Lemma 3.2 ensures that P(A° U SZ%E" (5.0 (k) < Agy(x)e™™ + m,, which achieves the proof of Theo-
rem 3.4.

7.5. Proof of Theorem 3.6

To prove Inequality (15) of Theorem 3.6, we start from (35) with g = B and [?I ; defined by (9). Consequently
~ ~T

K, (Ao, Ag) = 0. Applying Proposition 6.3 with Ao (¢, Z;) = ao(t)eﬂgzi and )“BL (t,Z;) = ao(t)eﬂLZi, we obtain that,
on AI] = m§=1{|nn,r(fj)| =< Fl%}

p H A A
£/ Br—Bo) X+ 11 Y F1BL — oly <210 Y wilBr — Bl (40)
Jj=1 Jj€Jo

From this inequality, we deduce

E[XBL— B2, <211 Y ;1B — Folj < 2v/1J0I T Ao g 2. (41)

Jj€do

From (40), we also have

Zw,wL —Polj <4 wjlBL — pol,

j=1 Jj€Jdo
and we obtain [|Aoll1 < 4[| Aoy, 1. We then split || Aol|1 = [| Aoy, It + [ Aosgl1 to get
[Aosgllt =3l Aol (42)

On 2RE, (5.q9) ('), defined by (34), with agp = 3 and k¥’ = (1/+/2A0)k0(s, 3) we get

IXAollz 4 = "] Ao, s 3. (43)
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According to (41), we conclude that on A, N 2R, (‘Y’ao)(lc/ )

XL = Bo)lln.a
J K’ ’

&)X (B, —ﬂo)”i 4 =2V/1JolI max
’ l<j=<p

which entails that

- 2 41dol 2
”X(ﬂL —/30)”,,’/‘ = sz,zfl ( max a)j) ,
with P(Ar N 2RE, (s.a0) (k) = 1= Ag p (x)e™ Y — 7,
Let us come to the proof of Inequality (16) in Theorem 3.6. On A, N 2RE, (s,q) (k'), With ap = 3, Inequality (41)
becomes

2

K
E————— 4053 <2V1D0I T[40 s l12- (44)
maX]SjSMa)j

According to (42) and thanks to Cauchy—Schwarz inequality, we have

[Aollt = [[Aos It + | Agsllt =4l Aosyllt < 4y/1Jolll Aoy ll2-

From (44), we get

I4olls _ 2v1Jol 2
< | max w-,
4Tl — &k " Tisj=p !
and finally

R 2
[Jo|  MaXi<j<pw;

1B — Bolli <8

g mini<j<p0;”

with P(Ar, N R2RE, (s.a) () > 1 — Ag v(x)e™11¥ — 1,

7.6. Proof of Theorem 4.1

The proof is very similar to the one of Theorem 3.1. We start from (21) and (22), and write
Ko, 2g, 5,) < Ku(ros 2py) + B = 1) v +pen(y) —pen(Py)

+ (B~ B0, +pen(B) —pen(B ). 45)
Consider the set A defined by (31) and let define similarly the set B such that

N 5
Bzﬂhwﬁﬁﬂig} (46)

k=1

Applying Theorem 5.1, we obtain that P(A°) < A¢,(x)e™ and P(B°) < Bz 3(y)e™, with A, (x) defined by (33)
and

% Ao(D/n+ @ (V/n))
B:3(y) = g 5 10g<2+ T >+ 1,
and thus
P[(ANB)‘ ] =P(A°UB) < P(A°) +P(B°) < Ay (x)e™ + Bz 5(y)e . A7)

X

On AN B arguing as in the proof of Theorem 3.1, with probability larger than 1 — A, , (x)e™
the proof by writing (17).

— Bz 5(y)e™, we finish
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7.7. Proof of Theorem 4.3

. - - . . TE hyl1/2

Let introduce the event £gg ., (0) ={0 <k =minjc(i,..,m), 171 <s MIDLRM\ (0} b e [, <rollby Iy %}. From

Inequality (45), on AN B defined in (31) and (46), for (8, y) € I'(p), we obtain
Mo N k

~ Y
j: :
< KuCho.hp)+2 Y wi[(B = B);1+2 D &l —v),l- (48)
jeJ(B) kel (y)

We then apply Cauchy—Schwarz inequality to the second right-term of (48) and obtain
M N k
K . _/ — e —
i E I
2
RaGuo. g ) +2[1B)] | Y @218 81 +2/l1n| | Y 8ot —vli- (49)

JeJ(B) kel (y)

With the notations of Section 4.2, Inequality (48) is rewritten as:

Ko hgo 50) + %nZ\nl < KuGho. 2py) + 2145800 1. (50)
where A (g), /() = D( E)ﬁf% :ﬁ ;j:f; ). In the same way, Inequality (49) becomes:

Ko hgp 50) < Ku(ho. hpy) +4max((/[J B [T 1 Asgy. s 2. 51
Consider

A= {é‘kvn()to, Agy) < 2||Aj(ﬂ),l(y)||l}~ (52)

On ANBNA, Inequality (19) in Theorem 4.3 follows immediately from (50). As soon as, ||A](ﬂ)cy](y)(7”] <
3+ 8max(VTBI. VTP /O A7), 1911 00 g, ) (). With

it = (1/¥2)ito(s,r0) and ro=(3+8max(y/|J(B)],/[T»)])/¢),

we get that

1A 0013 < ATG,A  with ATG, Aglmax (). 8}l logAgp oo —logip.y I 4-
=Jj=

1<k<N

OnANBN 235, .70) (k), from Equation (51) and applying Proposition 6.4 to connect the weighted empirical norm
to the empirical Kullback divergence, we obtain that K (Ao, A 4 )}n) is less than
L°/L

K (R0, Ap, y)+4max ,/ J(B) ,/ J(y max {a)],(Sk} /K,l(ko, ey Ap)+,/K (R0, Ap, J,)

1§k§N
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Using again 2uv < bu? + w1th b >0, u=2max(v/|J (B, VIJ(¥)) max|<j<m,1<k<n{w;, Sk}lc and v being
either \/?K,, (Ao, ﬁ&p) or \/?Kn(ko, Ag,y), We obtain

/ 2 22

- b +1 5 b F
Koo b ) < 3oy K O hpo) 875 max( )( max {w,,ak})
1<k<N

(53)

Finally, tafing lgp ,+1 =1+4¢ and C(; p) = b 7 +1 a constant depending on ¢ and p, and taking the infimum over all
(B, y) € I'(p) such that max(|J(B)],|J(p¥)|) <s, we obtain Inequality (19).

Inequality (20) follows by applying Proposition 6.2 with b = g}j?% in (53).

We have now to verify that ||A1(ﬂ)¢ JE 1 < B+ 8max(/|J(B),/IJ(¥) )/§)||AJ(3) Jo» 1. We deduce from
(50) that, on ANBN .A], by splitting A Aj(ﬂ) J(y) + AJ(ﬂ)C J(y)e

- 8 -
1Ay, 10yl < (3 + Ema"(‘/ 7B,/ |J<y)})) A7) 101

To achieve the proof of Theorem 4.3, we combine Equation (47) with Lemma 4.2 to conclude

P{(ANBN g5 (5.0 )] < Acv(X)e™ + B 5(y)e ™ + 7.
7.8. Proof of Theorem 5.1

The proofs of (23) and (24) are quite similar, so we only present the one of (23). To prove (24), it suffices to replace
nn,:(fj) by the process v, (k) throughout the following. Denote by U, ; and H;( f;) the quantities

fi(Zi)

maxi<i<y | fj (Zi)

1 (!
Uni(f =3 /0 Hi(f;) dMi(s) and  Hi(f;) =
i=1

Since H;(f;) is a bounded predictable process with respect to F;, Uy (f;) is a square integrable martingale. Its
predictable variation is given by

s (f7) =n{Ua(f), Z/ (Hi(f)’ dAi(s)

and the optional variation of U, ;(f}) is

B (1) =n[Un(£)], Z/ Hi(£)))* dN;(s).

We also define

v/n A x/n

v/n—®(v/n) Onelf7)+ v/n—®©/n)’ oY

for v € (0, 3) such that v > @ (v) with @ (u) =e* —u — 1.
From Inequality (7.12) in Hansen et al. [21], for any 0 < v < w < 400, we have

p(Un,t(f,-)z\/2(1”):‘”’7)’“ x <Wv(fj)<w>§2<M+l>ex. (55)

WY (fj) =

log(1+¢)
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We focus now on removing the event {v < W,f (fj) < w} in (55). Let us consider the martingale given F;

Do () = O () = = Zf (Hi(f)* (AN (s) — d A (s)) = Z/ (Hi(f1))* dM;(s),

and let

Sur(f) = Z/ ( HA(f)) )dAi(s»

From van de Geer [37], we know that

exp(v(z%,,t(fj) — O, (f)) = Su1(f)))

is a supermartingale. Now from Markov inequality, for any v, x > 0, we obtain that
N Svi(fj)  x _
P[wn,,(fj)—ﬁn,,(f,-)! > =S o <2 (56)

ForanyO<h <1land x >0, @(xh) < h2® (x). This combined with the fact that 0 < Hiz(fj) <1, we get

n t
Soalf)) < @w/m) > /0 HA (f}) dMi(s) < @ v/ m)nd, (). (57)
i=1
Combining (56) and (57), we deduce that
Bl B () = 0 ()] 2 20, (4 5 | < 20 (58)
n,t\Jj n,t\Jj /I’l n,t J v = .

Now, under assumption (Az), we have %, ,(f;) < Ao, so the events

2=l il n (o) < Ao)
n v/n_(p(v/)_ ] n,t\Jj) = A0

is of probability one and thus

P(Un,t(fj) > \/2(1 W px ;—n) < P({Un,,(fj) > \/2(1 +8):V’¥(f")x + ;—n} N 9;). (59)

n

From (58), we have

9 D(v/n) X s
P[ﬁn,t(fj)zl?nt(fj)(l—f— >_|__:|§e ,

v/n v

and if we denote E, the event

v A d(v/n) X
Enz{ﬁn,t(f/)fz‘/‘n,z(fj)<1+ >+—},

v/n v

we get

P[U,,,,(f,-) > \/2(1 FOWN (DX | i]
n 3n

SeX+P[{Un,z(fj)z\/2(1+8)Wv(f’)x 3 }DQ"OE]

n n
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On the event E! N £2, from the definition of W ( fj) given by (54), we have

i —L0 (14 2O E)
Wn(f,)sv/n_(p(v/n)(ﬂn,t(f,)<1+ i >+v>+v/n_¢(v/n)

v/n+ @ (v/n) ) x/n
OSm—oWw/n) | vin—ow/n)

(60)

From (60), we obtain

P[{Un,t(fj) > \/2(1 WU + 31} Ny N E,‘::|

n n

3n’

v/n+ ®(v/n) 5 x/n :|
Oom—oWw/n) | vin—o@w/mn) |

SIF’[Un,,(f,-) Z \/2(1 +e)Zv;(fj)x R

x/n Ao p
mfwn(f/)SA

x/n v/n+®(v/n) x/n

We now apply Inequality (55) with v = =1 and w = Ay o/n—d0m T 21)/”_@(”/"),

P[Un,t(fj) = \/2(1 +8)Wi]1)(f.l')x n i:|
n 3n

A()(v/n+@(\1/n))) + 1>e—x_ (61)

2
<[ —-1 2
= <1og(1+s> Og( * x/n

Now it suffices to multiply both sides of the inequality inside the probability by || fjlls,co = maxi<;j<n | fj(Z;)| to end
up the proof of Theorem 5.1.

Appendix A: Proof of Proposition 6.4

The proofs of Propositions 6.2 and 6.4 are similar. So we only prove Proposition 6.4 which corresponds to the general
case. To compare the empirical Kullback divergence (3) and the weighted empirical norm (4), we use Lemma 1 in
Bach [4], that we recall here:

Lemma A.1. Let g be a convex three times differentiable function g : R — R such that forallt € R, |g"” ()| < Sg” (1),
for some S > 0. Then, for all t > 0:

g"(0)

g (0)45(51)Sg(f)—g(o)—g/(O)tf @ 9(=50) with¢u) =e ™ +u — 1.

SZ

This lemma gives upper and lower Taylor expansions for some convex and three times differentiable function. It has
been introduced to extend tools from self-concordant functions (i.e., which verify |g"” (1) < 2g”(1)*/?) and provide
simple extensions of theoretical results for the square loss for logistic regression.

Let & be a function on [0, 7] x R? and define

I~ [ I [F _
G(h):_;;/o h(s,Zi)dAi(s)—i—;;/o "2y, (5)ds.
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Consider the function g:R — R defined by g(¢) = G(h + tk), where h and k are two functions defined on R”. By
differentiating G with respect to ¢ we get:

Lo [T Lo (7 , _
g ===% / k(s Z0)d i)+~ / k(s, Zj)e" PTG L Y, (5 ds,
. 0 . 0
i=l1 i=1
e (7
g'==-3" f (k(s. Z)) e EI TR L0y, () ds,
o

l & T 3 ) )
g'H==Y" f (k(s, Z;)) " CEDTRG 2Dy, (5) ds.
=0

It follows that
|&" ()] < klln.c0g” @)
Applying Lemma A.1 with S = ||k||,,,oc, We obtain for all > 0,

g//(o)
1113, 00

" O
O (tlklln.oc) < g(t) — g(0) — g'(O) < ||i||(2 :

d)(_t”k”n,oo)'
Take t =1, h(s, Z;) =logAo(s, Z;) and for (B,y) € f(,o), k(s,Z;) =loghg (s, Z;) —logAo(s, Z;). We obtain

¢ (l[logrp,y —logAolin,co)
[ logp,, —loghol2 o

g"(0) < G(loghg,y) — G(logho) — g'(0)

¢ (—|llogAp,, —logholln,co)

2

<¢"(0)
” lOg )‘/3,)/ - IOg )‘OHn,oo

(A.1)
Now straightforward calculations show that g’(0) = 0 and g”(0) = | log A4,,, —log ko”i - Replacing g’(0) and g”(0)
by their expressions in (A.1) and noting that G(logAg ) — G(logip) = 1?,, (Ao, Ag,y), we get

¢ (lllog2g,, —logrolln,co)
[ logp,, —loghol2 o

lloghg,, —logholl2 4 < Ku(ro, 2p.y)

and

¢ (—Illogrp,y —logrolln,co)
[ logp,, —loghol2 o

Kn(ho, hpy) < Ilog Ap,y — logAoll? 4.

According to assumption (As) for (8, y) € F(p), llogAg,, — logAolln,co < p. Since (;5(1‘)/1‘2 is decreasing and
bounded below by 0, we can deduce that

¢ (|[logrg,, —logAolln,c0) - d(p)
[logip,, —logholl . — p?

and

¢ (—Illogrpg,y —logrolln,co) - d(—p)
loghg, —loghol2 o — P2

Take p' :=¢(p)/p> > 0and p” := $(—p)/p> > 0 to finish the proof.
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Appendix B: Proof of Proposition 6.3

Similarly to the proof of Proposition 6.4, under assumption (Ag), when considering

G(ﬂ)=‘%2/ log(O‘O(S)eﬂTZi)dAi(S)"'%Z f ao(s)ef LYi(s)ds and  g(t) =G (B +1n).
i=170 i=1"0

we obtain
2 ¢(_R||BL_/30”2). (B.1)

. O(RIBL —Bol) _ = . .
B — B X|} LY < R g ) < | (B — BT X -
|6~ B0 X],, 4 R2||B, — Bol3 0-p,) = Br= B0 X 4 R2||B. — Bol3

IA

Now, we will show that RllﬁL — By |2 is bounded. From Equation (37) with BILL = ﬁL and B = B, we can deduce
that
~ 3
Kn(Ro, 25 ) < §F1||A0||1,

where Ag = D(ﬁL — Bo) and D = (diag(w;))1<<m. From (B.1), we have

- 1B — B TXI? .
K, (Ao, Ay ) > —~ : R — .
(hoshp) = 21 G, ol o(R|(BL—Bo)],)

We apply assumption (RE(s, ag)) with ag = 3 and &’ = «’(s, 3) and we infer that

€401 15 < | AT, -

So we have,

kAo snll3 ¢(RIBL — Boll2) _ 3
2 b S0 < S|l
maxi<j<m ®; R2|B, —Bol3 — 2

We can now use, with s = |Jol, | Aoll2 < [[Aolli <41l A0, 511 <44/s1l Ao, ll2 to get

2 A A
P 3 MaXi<j<m ©; AVsI(BL — B s 12)*R2IBL — Boll2
K*$(RIBL — Boll2) < SN —————— max o, L0 > L 70
2 minj<joy 0f 15j=M 1B —Bo)slls

. 2
maX]SjsM (1)] . 2
<2411 — max w;sR7||Aoll2.

mlnlijij I<j=<M

A short calculation shows that for all k € (0, 1]:
e 2K-D7 L (1 k(1 =k =120,
(see Bach [4] for more details). So by taking 2k(1 —k)~! = R||ﬁL — Boll2, we have

~ n R2 - I 2
e RIBL=Bol> L RB, — Bolla— 1> 181 = Boll3
2+ RlIBL — Boll2

and we deduce that

2p2 (R 2 )
KRB — max|<;<m oj R

”’?L Aol <24 ————— max w;sR*||B, — Boll2.
2+ RIBL — Boll2 minj <<y w; 1<j<M

(S5 S )

~
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This implies that

(4817 RS)/IC/Z(Ina)quSM w?/minli,-SM a)?) max|<;j<m a)? 5
<
1-— (24F1Rs)/lc/2(max1§j§M a)?/minlfij a)?) maXi<j<m w?

RIBL — Boll2 <

1 minj<j<y o) K2

assoona ] < 3 .
48Rs maX]SjSM a)j maxlijM w;

Since ¢ (t)/1? is decreasing and bounded below by 0, we can deduce that

and

$(RIBL—Boll) _ ¢
R2IBL—Bol3 — 4

¢ (RIBL — Boll) _ $(=2)
RYBL—Bol; — 4

Take & := ¢(2)/4 > 0 and £’ := ¢(—2)/4 > 0 and conclude that

£ BL— B0 X[, 4 < Kuo.2p)) <& BL ~ B0 X} -
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