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Abstract. Under full Hormander’s conditions, we prove the strong Feller property of the semigroup determined by an SDE driven
by additive subordinate Brownian motions, where the drift is allowed to be arbitrary growth. For this, we extend a criterion due to
Malicet and Poly (J. Funct. Anal. 264 (2013) 2077-2096) and Bally and Caramellino (Electron. J. Probab. 19 (2014) 1-33) about
the convergence of the laws of Wiener functionals in total variation. Moreover, the example of a chain of coupled oscillators is
verified.

Résumé. Sous des conditions de Hormander fortes, nous prouvons la propriété forte de Feller pour le semi-groupe déterminé par
une SDE dirigée par des mouvements browniens subordonnés additifs, ou la dérive est autorisée a &tre arbitrairement croissante.
Pour cela, nous étendons un critere di a Malicet et Poly (J. Funct. Anal. 264 (2013) 2077-2096) et a Bally et Caramellino (Electron.
J. Probab. 19 (2014) 1-33) sur la convergence, en variation totale, des lois de fonctionnelles de Wiener. Ce résultat couvre le cas
d’une chaine d’oscillateurs couplés.

Keywords: Strong Feller property; SDE; Malliavin’s calculus; Cylindrical «-stable process; Hormander’s condition

1. Introduction

Let W be the space of all continuous functions from Ry := [0, co) to R™ vanishing at the starting point 0, which is
endowed with the locally uniform convergence topology and the Wiener measure pyy so that the coordinate process
W;(w) = wy is a standard m-dimensional Brownian motion. Let H C W be the Cameron—Martin space consisting of
all absolutely continuous functions with square integrable derivatives. The inner product in H is denoted by

(h1, h2)m :=Z/O R (s)h (s) ds.
i=1

The triple (W, H, wwy) is also called the classical Wiener space.
Let D be the Malliavin derivative operator. For k € N and p > 1, let D%? be the associated Wiener—Sobolev space
with the norm:

IFlle.p = I1Fllp+ IDFIl,+---+ | D*F ,

where | - ||, is the usual L”-norm. Let X : W — R? be a smooth Wiener functional in ﬂk’ p]D)k’p . Let Z‘g =
(DX', DXJ)g be the Malliavin covariance matrix. The classical Malliavin calculus studies the problem that under
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what conditions on X, the law of X has a smooth density with respect to the Lebesgue measure. In particular, as
application, Malliavin gave a probabilistic proof for the celebrated Hormander’s hypoellipticity theorem (cf. [16,17]).
Nowadays, the Malliavin calculus, as a kind of infinite dimensional analysis, has been extensively used in many fields
such as heat kernel estimates, large deviation theory, financial mathematics, numerical calculations, and so on (cf.
[6,12,14]).

On the other hand, in the studies of the ergodicity of stochastic dynamical systems, the notion of strong Feller
property plays a crucial role (cf. [9]), which relates to the following problem: Let A be a metric space and (X )ica
a random field. We want to seek conditions on X, so that for any f € B (R9Y (the space of bounded measurable
functions),

A= Ef(X,) iscontinuous.

In many cases, it is difficult to verify. As we know, if X; (x) is the solution of an SDE, there are many ways to derive the
strong Feller property of P, f(x) := E f(X,(x)). For examples, Bismut—-Elworthy—Li’s formula provides an explicit
formula for V P; f(x) (cf. [11]). Moreover, F. Y. Wang’s Hanarck inequality, which gives some quantitive estimate of
Py f (x) for finite and infinite dimensional systems, can also be used to derive the strong Feller property (cf. [22]).

In the framework of the Malliavin calculus, the above problem can be introduced as follows. The celebrated
Bouleau—Hirsch’s criterion says that if X; € D'? for some p > 1 and the Malliavin covariance matrix X ){{ = 2% s
invertible almost surely, then the law of X, is absolutely continuous with respect to the Lebesgue measure (cf. [17]).
But we have no information about the regularity of the density p;. In order to obtain such information, one usually
needs a strong hypothesis (¥ )f( ylen p>1 L7 If this is true and we work with a diffusion process, then the semi-
group of the diffusion has a “regularization effect.” The question is: is it possible to emphasize a regularization effect
under a weaker hypothesis “det(X f( ) > 0 almost surely”? The answer is yes. In fact, Bogachev [3], Corollary 9.6.12,
has already shown the following result: Let X,, and X be d-dimensional random variables in D7 so that X,, — X in
DLe If p > d and for almost all w,

{DiX (@), h e H} =R,

then the laws of X, converge to the law of X in total variation. Notice that det(XX (w)) > 0 implies the above
condition, which can be seen as follows: Suppose that {D, X (w), h € H} # R?, then there is a non-zero vector v =
(vg,...,v4) € R4 such that

(DX (@), v)

g =0, Vh eH:ZviDXi(a)):O:> 2% (@)v =0 = det(Z¥(w)) =0.

1

This criterion recently was reproven by Malicet and Poly in [15], Corollary 2.2, by using another argument (see also
Bally and Caramellino [2], Corollary 2.16). We also mention that the convergence of the densities of random variables
has been studied by Ren and Watanabe in [20] under stronger assumptions.

The first aim of this work is to extend Bogachev’s result as follows.

Theorem 1.1. Let (X3)sea be a family of R -valued Wiener functionals over W. Suppose that for some p > 1,

(H1) X, € D>? foreach » € A, and » — || Xy, ll2,p is locally bounded.
(H2) A +— X, is continuous in probability, i.e., for any ¢ > 0 and Lo € A,

)Lli)II)}O]P)(LX)L — XA()| > 8) =0.

(H3) For each A € A, the Malliavin covariance matrix X f of X, is invertible almost surely.

Then the law of X, in RY admits a density p; (x) so that A +— p;, is continuous in L! (Rd).

Remark 1.2. Our proof is different from [2,3,15] and based on the Sobolev’s compact embedding. Compared with
[3], our result requires less integrability and continuity assumptions, while more differentiability condition is needed.
This can be considered as the case that the differentiability index can compensate the integrability index in infinite
dimensional calculus.
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Our another aim of this work is to apply the above criterion to the SDE driven by degenerate jump noises. Let S

be the space of all cadlag functions from R to R} with £y = 0 and each component being increasing and pure jump.
Suppose that S is endowed with the Skorohod metric and the probability measure s so that the coordinate process

S =6 =(¢),.... 00"

is an m-dimensional Lévy process with Laplace transform

BPS (o) = exp{ /R

Consider the following product probability space

(e_”’ - 1)vs(du)}. (1.1)

m
+

(82, F,P):= (W xS, BW) x B(S), uw x us).

If we define W, and S; on this probability space, then W; and S; are independent, and the subordinate Brownian
motion

Ws, = (Wsltl oo Win)
is an m-dimensional Lévy process. Below we assume
PlweR:3j=1,...,mand 3 >0suchthatStj(a))=0) =0, (1.2)

which means that S; is nondegenerate along each direction.
Consider the following SDE driven by Wy, :

dX; =b(X;)dt + AdWs,, Xo=x, (1.3)

where b : RY — R? is a smooth function, A = (q; j) is ad x m constant matrix. Let H : R? — Rt be a C*®-function
with limy|— o0 H (x) = 0o, which is called a Lyapunov function. We assume that for some Lyapunov function H and
K1, K2, k3 >0,

b(x)-VH(x) <1 H(x), 1.4

andforallk=1,...,m,

2
Y oH@ai| <koHx), Y 8:0;H(x)airaji < k3. (1.5)
i ij

Under (1.4)—(1.5), X. Zhang in [27], Theorem 3.1, has already proved that SDE (1.3) has a unique solution X;(x),
which defines a Markov process. The associated Markov semigroup is defined by

P f(x) :=Ef(X/(x)).
We say that (b, A) satisfies a Hormander’s condition at one point x € R? if for some n = n(x) eN,

Rank[A, Bi(x)A, B2(x)A, ..., By(x)A] =d, (1.6)
where By (x) := (Vb);;(x) = (iji (x))ij, and forn > 2,

By (x) :=(b-V)By_1(x) = (Vb - By_1)(x).

Now we can give our main result, which will be proven in Section 3.
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Theorem 1.3. Assume that (b, A) satisfies (1.4)—(1.5) and Hérmander’s condition (1.6) at each point x € R, Then
for any t > 0, the law of X;(x) is continuous in variable x with respect to the total variation distance. In particular,
the semigroup (P;);~q has the strong Feller property, i.e., for any t > 0 and f € By(R?),

X Ef(X, (x)) is continuous.

Remark 1.4. If Rank(A) = d, then we can take H (x) := |x|> + 1 so that (1.4) becomes
x-b(x) 5/(1(|x|2 + 1).
In this case, the strong Feller property holds for SDE (1.3) (cf. [23,25]).

The topic about the smoothness of the distributional densities of SDEs with jumps has been studied for a long time
since the work of Malliavin [16]. We mention the following results:

e By using Girsanov’s transformation, Bismut in [5] established an integration by parts formula for Poisson function-
als and then used it to study the smoothness of the distributional densities of nondegenerate SDEs with jumps. His
idea was systematically developed in the monograph [4].

e In [18], Picard introduced a difference operator argument and derive a new criterion about the smoothness of the
distributional densities of Poisson functionals, which is also used to SDEs with jumps. Recently, Ishikawa and
Kunita in [13] extended Picard’s result to the Wiener—Poisson functional cases. Moreover, Cass [8] studied the
SDEs driven by Browian motions and Poisson point processes under Hérmander’s conditions. However, the result
in [8] does not cover the cases of (1.6) and «-stable noises.

e If b(x) = Bx, condition (1.6) is also called Kalman’s condition. In this case, Priola and Zabczyk [19] proved
the existence of smooth density for the corresponding Ornstein—Uhlenbeck process. In [26], X. Zhang proved the
existence of density for SDE (1.3) when b is smooth and Lipschitz continuous. In a special degenerate case, the
smoothness of the density is also obtained (cf. [26,27]).

To the best of the authors’ knowledge, Theorem 1.3 is the first result about the regularization effect of Lévy noises
under full Hormander’s conditions. One motivation of our studies comes from the following stochastic oscillators
studied in [7,10,21] etc.:

dz; (1) = u;(¢)de, i=1,....d,
du; (1) = =0z, H (2(1), u(1)) dt, Ci=2,..d—1, an
du;(t) = —[0;, H(z(2), u(?)) + yiu; (1)1dt + \/TidW;i, i=1,d,
t
where d > 3, y1,v4 € R, T1, T; > 0, and

d

d—1
1
H(z,u):= Z<§|u,~|2 + V(zi)> + ZU(ZH-] —Zi).

i=1 i=1
The typical examples of V and U are

|z|? 21> z)*
V) =2t up=2 4B
(2) > (2) > + 1

The Hamiltonian H describes a chain of particles with nearest-neighbor interaction. We have

Proposition 1.5. Assume that V,U € C*(R) are nonnegative and limj;—.oo V (z) = 00 so that H is a Lyapunov
function. If U is strictly convex, then (1.4), (1.5) and (1.6) hold.

This proposition will be proven in Section 4.
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2. Proof of Theorem 1.1

Below, we fix a point Ag € A and a neighbourhood E;,, of Ao. We divide the proof into three steps.
(1) Let GL(d) ~ R? ® R4 be the set of all (d x d)-matrix. Define

K, :={A €GL(d): ||A|| <n,det(A) > 1/n}.

Then K, is a compact subset of GL(d). Let @,, € C®(R? ® R9) be a smooth function so that
Dylk, =1,  Bylge =0, 0<d, <1,

For each A € A and n € N, let us define a finite measure ., ,(dx) by
o (A) :=E[14(X0)®,(ZF)], A e B(RY).

Then for each ¢ € Cgo (Rd), by [17], Proposition 2.1.4 of p. 100, we have

/R Ve (dx) = E[Ve(X;) @y (5)] = E[p(X2)8 (@0 (5] )(25) ' px,)].

where V = (01, ..., dq) and § is the dual operator of D (also called divergence operator). From this, by (H1) and
Holder’s inequality, we derive that

‘/ Vo) pnn(dx)| < ll@llecC (A, n),
R4

where C (A, n) is locally bounded in A. Hence, u, , is absolutely continuous with respect to the Lebesgue measure
(cf. [17]), and in particular, the density p, , satisfies

/Rd|Vm,n<x)|dx <C@n),

which implies that p;_, is locally bounded in W' (R?) with respect to A. By Rellich—Kondrachov’s compact em-
bedding theorem (cf. [1], Theorem 6.3 of p. 168), {p) »}ic Ej, is compact in Llloc (R?), and by Fréchet—-Kolmogorov’s
theorem (cf. [24], Ch. 10), we have

lim  sup / |Pan(x) = pan(x +y)|dx =0, 2.1)
YI=>0xeE;, J By

where By :={x e R?: |x| < M}and M > 0.
(2) Let ¢ € C2°(B1) be a nonnegative smooth function with f ¢=1.Fore >0, let

¢ (x) 1= s_d¢(8_1x).

For f € By(R?) with support in By, let

Sfe(x) :=/ FOPe(x — y)dy.
Rd

Noticing that
E[(f(X0) = fe(X0))@a ()] = /R (O = f)pra()dy

=/ f(y)/ (Prn(¥) = Pan(y —x)) e (x) dx dy,
R4 R4
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and in view of f]| B, = 0, we have
[E[(£(X) — £o(X)bu(55)]] < 1 Flloe /B /R [P = Prn(y =0 |pe) dxdy
M
< I flloo sup / |Pan(¥) = pan(y —x)|dy. 2.2)
M

xeB; /B

On the other hand, since DX = (I — £)~%(L9) for any g > 1 (Meyer’s inequality), where £ = —3 D is the Ornstein—
Uhlenbeck operator, by the interpolation inequality, we have

1/2 1/2
IDX5 — DXo,llg < ClIXo — Xag g 21X — Xao 55
which together with (H1) and (H2) implies that for any ¢ € (1, p),

lim ||DX)\ — DX)»Q”([ =0.
)»*))VQ

Hence,
A — X¥ is continuous in probability. (2.3)
Observe that
[E(f(X2) — F(X30))| < [E(f (X)) = fe (X)) | + [E(f (Xag) = fe(Xag))| + E| fe(Xi) = fe(Xap)]
< |E[(f(X2) = fe(X2))@u(Z5)]] + 201 flocE[1 — @, (£)]
+[E[(f (X20) = £ (X20)) @u (Z35)]] + 21 FllocE[ 1 = @ (£55)

+ ||f||oo/ E|¢e(X; — y) — ¢e (X1 — )| dy.
Bm

By (2.1), (2.2), (2.3) and taking limits in order A — Ag, € = 0 and n — oo, we obtain

(H3)

lim sup [E(f(X2) — f(X3))| < 4nli>“5.‘oﬂm(2ﬁ ¢ K,) = 0. (2.4)

2201 flloo <1 fLge =0

(3) Lastly, noticing that for any M > 0,

sup |E(f(X2) — f(Xxp)| < sup  [E(f(X0) = fF(X0)| +P(1Xal > M) +P(1X5,| > M),
I flloo=1 ”f”oofo|BX4=O

by (2.4), Chebyshev’s inequality and (H1), we get

lim sup |E(f(X;)— f(Xy))|=0.
A= 20 flloo<1

The proof is thus completed by (H1), (H3) and [17], Theorem 2.1.1 of p. 92.
3. Proof of Theorem 1.3

The following lemma is proven in [26], Lemma 2.1.

Lemma 3.1. For s > 0, set Aﬁf = £§ — Zg_ and

So := {ZeS:{s:Ad >0} is dense in [0,00),Vj =1,...,m}.

Under (1.2), we have usg(So) = 1.
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Fix £ € Sp and consider the following SDE:
dX{(x) =b(XL () dt + AdW,,, X{=ux. (3.1)
The following result is proven in [27], Theorem 3.1.

Theorem 3.2. Under (1.4)—(1.5), there exists a unique solution to SDE (3.1) so that for all t > 0,

ZSUPse[O t] H (Xf(,c)) H
E s § <C (x), 32
[ex { 1 (ko €| + 1) = ot G-

where Cy, «; > 1. In particular, we have
Ef(X:(x)) =E(Ef (X[ ()le=s).
For proving the conclusion of Theorem 1.3, by Lemma 3.1, it suffices to show that for each £ € Sy and ¢ > 0,
the law of X f (x) is continuous in x with respect to the total variation distance. (3.3)
For any n € N, let x,(x) be a cut-off function on [0, co) with
XnlB, =1, Xnle, =0, 0=)xn=1,
and set
by (x) = b(x) xn (H (X))
Since H € C*(R%; R,) and lim|y|— oo H (x) = 00, we have
by € C°(RY).
Consider the following SDE:
dX](x) = by (X! (x))dr + AdW,,, X{=x. (3.4)

For fixed t > 0 and n € N, it is easy to see that (H1) and (H2) hold for x — X}'(x). On the other hand, the Malliavin
covariance matrix of X} (x) has the following representation (cf. [27], Lemma 4.5):

n n 4
oM =Jt”(x)(z /O Kg(x)a.k(Kg(x)a.k)*dﬁf)(J,"(x))*,
k=1

where J/" (x) and K} (x) solve the following matrix valued ODEs:
t
J'x)y=1 +/ Vb, (X;l(x)) <Ji(x)ds
0
and
t
K'(x)=1 —/0 K} (x) - Vb, (X} (x))ds.

Define

B,fl = {xeRd:H(x)<n}.
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If (b, A) satisfies Hormander’s condition (1.6) at one point x € B,fl , then it is easy to see that (b,, A) also satisfies

Hormander’s condition (1.6) at the point x € BnH . Thus, from the proof of [26], Theorem 1.1, one sees that Ej( ‘ is
invertible almost surely for x € B/?. Using Theorem 1.1, for any y € B¥, we have

lim sup [E[f(X]'®)— f(X!M)]|=0. (3.5)

TV flleo<1
Now, for any x € B/, define a stopping time
T (x) :=inf{t > 0: H(X{(x)) > n}.
By the uniqueness of solutions to SDE, we have
XMx) =X (x), Vr<t,(x), as.
Let f be a bounded nonnegative measurable function. For any x, y € B¥, we have
B (xE) = F(XE)]] = [BLS (X ) L0 = (X0 L]
+ 1 f looP(t = T () + [ fllooP(r = Ta (1))
= [E[f (X} ) Li<y0) = L(XT D) i<t ]|
+ 1 looP(r = 72 (0) + L f looP(r = (1))
= [E[f (X7 @) = F(x; )]
+ 201 llooP(r = 7 () 4 201 flooP(r = (1))
Hence, by (3.5) and (3.2), we obtain

lim sup [E[f(X[() = f(X;()][ <4 lim sup P(r=1,(x))

Y flloo=<1 TP x—y|<1

<4 lim sup ]P’( sup H(X!(x)) 2n>

=00 1x—y|<l  “se[0,1]

<4 lim 1 sup E( sup H(Xf(x))) =0.

PN x—yl<l Vsel0.1]

The proof is complete.

4. Proof of Proposition 1.5
Letx =(z1,...,24,u1,...,Uq) € R? x R? and define

b(x) :=b(z,u) := (ul, cooug, =0, H+yiuql, ..., —0,H, ..., —[0;,,H + ydud])
and

A= (ajj) withagii 411 = \/T, azd 2d = \/T_, a; j =0 forotheri, j.
Clearly,

b(x)-VH(x)=—ylul —ylu3 <0.
Moreover,

Y 4 H®ajar1 =T, Y i Hx)ai2a=Taua
: 4

1
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and

Z 0;0; H(x)a; g+1a;j,4+1=Ti, Z 0;0j H(x)ajpqajrq =1y.
ij ij

Hence, (1.4) and (1.5) hold.
Let us now check (1.6). Let 'V(x) be a vector field defined by

d d
V(x) :="V(z,u) = Zb (@ W) + Y bita(z, w)dy,

i=1

d
Z (iur + V' (1) = U'(z2 — 21)) 8y,
d—1

= (V@) = U'Gis1 —2) + U'@i = 2i-1)) s,
i=2

— (yaua + V' za) + U'(za — 24-1)) duy
Here the prime denotes the differential. Set Ug := 9, and define recursively
Uy = [Up-1, V] =Up—1V —VU,—1, neN.
By direct calculations, we have
U1 =0z, — V10u;»
Uo = U" (22 — 2008, + (v — V" (@) = U"(z2 — 20)) 3, — 119z,
and
Us =U"(z2— 21035, + (ri = V' (@1) = U" (22 — 21))
+ (V'@ +nU" @ -2 +u VO @) + 2 —u)U (22 — 1))y,
+ (1 —u)UP (@2 = 21) = U (22 = 20)) uy.-

By induction, it is easy to see that forany k =1, ...,d — 2,

Upk =U" (241 — 21) - U" (22 — 208y, + Zle(fkiSX)azi + 8ki (x)0y; ),
U1 =U" i1 —21) - U (20 — 21)0 ., + Zle(fki ()07 + 8ki (x)0u;) + A (X) 0y

where fii, ki, fki, 8ki, hi are smooth functions. Since U” > 0, we have
Ouy> Ozys vy Ouy_y» 07,4 €span{Uog, U1, ..., U2qg—3}.

On the other hand, since
[Ouy> V1= 0z — VaOuy,

by (4.1) we further have
Quys 02y vy Oy, 0zy € Span{Uo, Ui, ..., U2d—3, duy. [3uy, V1]

which means that (1.6) holds.

4.1)
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