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Abstract. This paper deals with a subcritical Keller—Segel equation. Starting from the stochastic particle system associated with
it, we show well-posedness results and the propagation of chaos property. More precisely, we show that the empirical measure of
the system tends towards the unique solution of the limit equation as the number of particles goes to infinity.

Résumé. Cet article traite de 1’équation de Keller—Segel dans un cadre sous-critique. A I’aide du systéme de particules en lien avec
cette équation, nous montrons des résultats d’existence et d’unicité, puis la propagation du chaos pour ce dernier. Plus précisément,
nous montrons que la mesure empirique du systeme tend vers 1’unique solution de 1’équation limite lorsque le nombre de particules
tend vers ’infini.
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1. Introduction and main results

The subject of this paper is the convergence of a stochastic particle system to a nonlinear and nonlocal equation which
can be seen as a subcritical version of the classical Keller—Segel equation.

1.1. The subcritical Keller—-Segel equation

Consider the equation:

afr(x)
ar

x Vi (K % f)(x0) fr(0) + Ax fi (), (1.1)

where f: Ry x R — Rand x > 0. The force field kernel K : R* — R? comes from an attractive potential ® : R — R
and is defined by

X 1 1—
K (x) .=|X|T+1=—v (a_1|x| “), ae(0,1). (1.2)
—_—
D (x)

The standard Keller-Segel equation correspond to the critical case K (x) = x/|x|* (i.e., more singular at x = 0)
and it describes a model of chemotaxis, i.e., the movement of cells (usually bacteria or amoebae) which are attracted
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by some chemical substance that they produce. This equation has been first introduced by Keller and Segel in [15,16].
Blanchet, Dolbeault and Perthame showed in [4] some nice results on existence of global weak solutions if the non-
negative parameter x (which is the sensitivity of the bacteria to the chemo-attractant) is smaller than 87t/ M where M
is the initial mass (here M will always be 1 since we will deal with probability measures). For more details on the
subject, see [12,13].

1.2. The particle system

We consider the following system of particles

vi=1,...,N, x/N=x;" —% > f K(xiN — x™)ds + V2B, (1.3)
j=1j#i "0
where (B');—;... n is an independent family of 2D standard Brownian motions and K is defined in (1.2). We will

show in the sequel that there is propagation of chaos to the solution of the following nonlinear S.D.E. linked with
(1.1) (see the next paragraph)

t
Xi=Xo-x [ [ KO0 @nds+ 28, (1.4)
0 JR
where f; = L(X;) (L(X;) denotes the law of X,).
1.3. Weak solution for the P.D.E.

For any Polish space E, we denote by P(E) the set of all probability measures on E which we endow with the topology
of weak convergence defined by duality against functions of Cp(E). We give the notion of weak solution that we use
in this paper.

Definition 1.1. We say that f = (fi)i>0 € C([0, 00), P(R?)) is a weak solution to (1.1) if

T
VT >0, ///|K(x—y)|fs(dx)fs(dy)ds<oo, (1.5)
0 R2 JR?

and if for all ¢ € C}(R?), all t > 0,
t
/(P(X)ft(dx)z/ so(x)fo(dx)+// Ayp(x) fs(dx) ds
R2 R2 0 JR2

t
—x / / / K(x — ) - Va(o) £y (dy) £ (dv) ds. (1.6)
0 JR2JR2

Remark 1.2. We can see easily that if (X;);>0 is a solution to (1.4), then setting f; = L(X;) for any t >0, (fi)i>0 is
a weak solution of (1.1) in the sense of Definition 1.1 provided it satisfies (1.5). Indeed, by It6’s formula, we find that
for g € Cy(R),

t

@(X1) = ¢(Xo) — X/O Vip(Xs) - /Rz K(Xs —y) fs(dy)ds

t t
+ / V2Vio(Xy) - dB, + / Avg(Xy)ds.
0 0

Taking expectations, we get (1.6).
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1.4. Notation and propagation of chaos

For N > 2, we denote by Psym(E N the set of symmetric probability measures on EV i.e., the set of probability
measures which are laws of exchangeable E -valued random variables.
We consider for any F € Psym((Rz)N ) with a density (a finite moment of positive order is also required in order to
define the entropy) the Boltzmann entropy and the Fisher information which are defined by
! [VF@)P?

1
H(F):=— F(x)log F(x)d d I(F):=— ——dx.
(F) N/(RZ)N MlogFedr and 1(Fi=g | o ds

We also define (x; € R? stands for the ith coordinate of x € (R2)M), for k > 0,

N
1
My(F) := — § (| F(dx).
(F) N/(RZ)NHIXII (dx)

Observe that we proceed to the normalization by 1/N in order to have, for any f € P(R?),
H(®Y)=H(f), 1Y) =1(f) and M(foV) = Mi(f).

We introduce the space Py (Rz) ={fe P(R?), My ( f) < oo} and we recall the definition of the Wasserstein distance:
if f,8 € PI(R?),

Wi, g) = inf{ f

R xR

zlx_le(dx’dy)}v

where the infimum is taken over all probability measures R on R? x R? with f for first marginal and g for second
marginal. It is known that the infimum is reached. See, e.g., Villani [21] for many details on the subject.
We now define the notion of propagation of chaos.

Definition 1.3. Let X be some E-valued random variable. A sequence (X f/ s X x) of exchangeable E-valued
random variables is said to be X-chaotic if one of the three following equivalent conditions is satisfied:

i (xV, Xév) goes in law to 2 independent copies of X as N — +00;
(i) forall j >1,(XN,..., X;V) goes in law to j independent copies of X as N — 4-00;

(iii) the empirical measure MI;N = % ZlN:] 8y~ € P(E) goes in law to the constant L(X) as N — +o0.

We refer to [19] for the equivalence of the three conditions or [11], Theorem 1.2, where the equivalence is estab-
lished in a quantitative way.

Propagation of chaos in the sense of Sznitman holds for a system of N exchangeable particles evolving in time
if when the initial conditions (Xé’N, . ..,X(I)V’N) are Xo-chaotic, the trajectories ((X}’N),Zo,...,(XfV’N),ZO) are
(Xt)r>0-chaotic, where (X;);>0 is the (unique) solution of the expected (one-particle) limit model.

We finally recall a stronger (see [11]) sense of chaos introduced by Kac in [14] and formalized recently in [6]: the
entropic chaos.

Definition 1.4. Let f be some probability measure on E. A sequence (FN) of symmetric probability measures on EN
is said to be entropically f-chaotic if

FY — f weaklyinP(E) and H(F")— H(f) asN — oo,

where FlN stands for the first marginal of FV .

We can observe that since the entropy is lower semi continuous (so that H(f) < liminfy H(F")) and is convex,
the entropic chaos (which requires limy H (F Ny=H( f))is a stronger notion of convergence which implies that for
all j > 1, the density of the law of (X, ..., X;V) goes to f®/ strongly in L' as N — oo (see [3]).
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1.5. Main results
We first give a result of existence and uniqueness for (1.1).

Theorem 1.5. Let o € (0, 1). Assume that fy € P, (R?) is such that H(fy) < 0.

(i) There exists a unique weak solution f to (1.1) such that

fe Lﬁfc([O, 00), P; (]Rz)) N Llloc([O, 0); L"’(Rz)) for some p > 1 . 1.7
-«
(i1) This solution furthermore satisfies that for all T > 0,
T
/ I(fs)ds < oo, (1.8)
0
forany q €[1,2) and forall T > 0,
V. f e L*/G172(0, T; L(R?)), (1.9)
forany p > 1,
f € ([0, 00); L' (R?*)) N C((0, 00); L”(R?)), (1.10)

and that for any B € C'(R) N Wl%)’coo (R) such that B” is piecewise continuous and vanishes outside a compact set,

BB = x(K * [)-Vi(B(H)) + A:Bf)
— B (OIVfIF+ xB (f) [s (Ve - K % f5), (1.11)

on [0, 00) x R2 in the distributional sense.

N 2\N . - f e
{FO € Py (RH™Y) is fo-chaotic; (1.12)

SUp N> M (Fév) <00, SUPys) H(Fév) < 00.

Observe that this condition is satisfied if the random variables (XSN)[:l,_A_, n are i.i.d. with law fo € Py (R2) such that
H (fo) < oo. The next result states the well-posedness for the particle system (1.3).

Theorem 1.6. Let @ € (0, 1).

(i) Let N > 2 be fixed and assume that M1(F(§v) < o0 and H(Fév) < 00. There exists a unique strong solution
(X;‘N);Z(),i=1 ,,,,, ~ to (1.3). Furthermore, the particles a.s. never collapse, i.e., it holds that a.s., for any t > 0 and
i# g, XN x]

(i1) Assume (1.12). If for all t > 0, we denote by FIN € Psym((Rz)N) the law of (Xi’N)i:],,,,,N, then there exists a
constant C depending on x, Supy s, H(Fév) and supy M1(F0N) such that for allt > 0and N > 2

t
H(FN)<ca+n, M(FY)<ca+o, / I(FN)ds <cd+1).
0
Furthermore for any T > 0,

E[ sup |X}~N}] <C(+T1). (1.13)
te(0,7T]
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We also have

t t .
H(FIN)—i—/ I(FSN)dng(FéV)—i-%Z/ E[div K (X2 — x7™)] ds. (1.14)
0 it 0

We next state a well-posedness result for the nonlinear S.D.E. (1.4).

Theorem 1.7. Let « € (0, 1) and fo € P1(R?) such that H( fy) < 0o. There exists a unique strong solution (X1)i=0
to (1.4) such that for some p > 2/(1 — ),

(f=0 € Lig ([0, 00), Py (R?)) N Li. ([0, 00); LP (R?)), (1.15)
where f; is the law of X,. Furthermore, ( f);>0 is the unique solution to (1.1) given in Theorem 1.5.

We finally give the result about propagation of chaos.

Theorem 1.8. Leta € (0, 1). Assume (1.12). For each N > 2, consider the unique solution (Xf’N)i:L_,,N,,zo to (1.3).
Let (X;);>0 be the unique solution to (1.4).

(i) The sequence (Xf’N)i:L_,,N,,zo is (X;)i=0-chaotic. In particular, the empirical measure oN:= % vazl S(Xi.N)t>0
goes in law to L((X;)1=0) in P(C((0, 00), R2)).

,,,,,

entropically chaotic. In particular, for any j > 1 and any t > 0, denoting by Ft]}/ the density of the law of
xIN L x2 N, it holds that

. N ®j _
Nh_I)noo” Fi = f HU((RZ)J') =0.
We can observe that the condition limy H(Fév) = H(fp) is satisfied if the random variables (Xf)’N),-zl,wN are
i.i.d. with law fy such that H(fp) < oo.

1.6. Comments

This paper is some kind of adaptation of the work of Fournier, Hauray and Mischler in [8] where they show the
propagation of chaos of some particle system for the 2D viscous vortex model. We use the same methods for a
subcritical Keller—Segel equation. The proofs are thus sometimes very similar to those in [8] but there are some
differences due to the facts that (i) there are no circulation parameter (M ZN in [8]): this simplify the situation since we
thus deal with solutions which are probabilities, (ii) @ # 1 so when we use Hardy—Littlewood—Sobolev’s inequality
an extra change of variables for the time variable is needed (see Step 1 in the proof of Theorem 1.5 in Section 6) and
(iii) the kernel is not the same: it is not divergence-free and we thus have to deal with some additional terms in our
computations (see the comments before Proposition 3.1 and in the proof of Theorem 1.5). We can also notice that due
to this fact, we have no already known result for the existence and uniqueness of the particle system that we consider.
The methods used to prove uniqueness for the Keller—Segel equation (1.1) and its associated S.D.E. (1.4), and to prove
the entropic chaos are also different.

The proof of Theorem 1.5 follows the ideas of renormalisation solutions to a P.D.E. introduced by DiPerna and
Lions in [7] and developed since then. The key point is to be able to find good a priori estimates which allow us
to approximate the weak solutions by regular functions, i.e., to use C¥ functions instead of L!. Then, using these
estimates, one can pass to the limit and go back to the initial problem. One can further see that the uniqueness result
is proven based on coupling methods and the Wasserstein distance. This will allow us to use more general initial
conditions than we could use in a strictly deterministic framework.

The proof of existence and uniqueness for the particle system (1.3) (Theorem 1.6) use some nice arguments. Like
for S.D.E.s with locally Lipschitz coefficients, we show existence and uniqueness up to an explosion time and the
interesting part of the proof is to show that this explosion time is infinite a.s.
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To our knowledge, there is no other work that give a convergence result of some particle system for a chemo-
taxis model with a singular kernel K and without cutoff parameter. In [17] and [18], Stevens studies a particle sys-
tem with two kinds of particles corresponding to bacteria and chemical substance. She shows convergence of the
system for smooth initial data (lying in Cg (R?)) and for regular kernels (continuously differentiable and bounded
together with their derivatives). In [9] and [10], Haskovec and Schmeiser consider a kernel with a cutoff parameter
K:(x) = m They get some well-posedness result for the particle system and they show the weak convergence
of subsequences due to a tightness result (observe that here we have propagation of chaos and also entropic chaos). In
a recent work [5], Calvez and Corrias work on some one-dimensional Keller—Segel model. They study a dynamical
particle system for which they give a global existence result under some assumptions on the initial distribution of
the particles that prevents collisions. They also give two blow-up criteria for the particle system they do not state a
convergence result for this system.

Finally, it is important to notice that the present method can not be directly adapted for the standard case o = 1
because in this last situation the entropy and the Fisher information are not controlled.

1.7. Plan of the paper

In the next section, we give some preliminary results. In Section 3, we establish the well-posedness of the particle
system (1.3). In Section 4, we prove the tightness of the particle system and we show that any limit point belongs to
the set of solutions to the nonlinear S.D.E. (1.4). In Section 5, we show that the P.D.E. (1.1) and the nonlinear S.D.E.
(1.4) are well-posed and we show the propagation of chaos. Finally, in the last section, we improve the regularity of
the solution, give some renormalization results for the solution to (1.1) and we conclude with the entropic chaos.

2. Preliminaries

In this section, we recall some lemmas stated in [8] and [11] and we state a result on the regularity of the kernel K
defined in (1.2). The first result tells us that pairs of particles which law have finite Fisher information cannot be too
close.

Lemma 2.1 ([8], Lemma 3.3). Consider F € P(R? x R?) with finite Fisher information and (X1, X2) a random
variable with law F. Then for any y € (0,2) and any B > y /2 there exists Cy, g so that

E[1X) — X2|7] =/ P, x2)

— 272 dxydxn < Cy g (I(F)P +1).
R2xR2 X1 — x2]Y x1diz = Cpp (1) + )

In the next lemma, we see that the Fisher information of the marginals of some F € Psym((Rz)N ) is smaller than
the Fisher information of F.

Lemma 2.2 ([11], Lemma 3.7). For any F € Peyn((R)V) and 1 <1 < N, I(F) < I(F), where F; € Pgym((R?)")
denotes the marginal probability of F on the lth block of variables.

The following lemma allows us to control from below the entropy of some F € P ((R*)") by its moment of order
k for any k > 0.

Lemma 2.3 ([8], Lemma 3.1). For any k, X € (0, 00), there is a constant Cy ) € R such that for any N > 1, any
F e P(RHN),

H(F) =z —Ci — AM(F).

The next result tells us that a probability measure on R? with finite Fisher information belongs to L? for any p > 1
and its derivatives, to L? for any ¢g € [1, 2).
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Lemma 2.4 ([8], Lemma 3.2). For any f € P(R?) with finite Fisher information, there holds
Vpell,oo), |flprmey <Cpl(H'P,
Vg e1.2), [IVxfllLame) < Cql ()14,

We end this section with the following result on K.

Lemma 2.5. Let o € (0, 1). There exists a constant Cy, such that for all x, y € R?
1 1
|K(x) — K(»)| < Calx —y| Gl + )

Proof. We have

|K(x)— K(y)| =

( 1 1 )+ xX—y
x _
|x|°‘+1 |y|a+1 |y|a+1

1 1 X —
§|x||x—y|(a+1)max< )—i—l ]

at2’ a+2 a+1 "
x| Iyl [yl

By symmetry, we also have

1 1 lx =yl
|K(x) = K| < Iyllx — yl(@+ l)maX<|x|a+2, |y|a+2) T

So we deduce that

) 1 1
K@) — K| < Ix — y|[(a + 1) min(|x], Iyl)maX(W’ —|y|a+z>

1 1
+ |x|(x+1 + |y|oz+l

1 1 1
=k y'[(“ it et e |y|a+1}
<(x+2)x —y|<; + ;)
|x|a+l |y|a+l
which concludes the proof. O

3. Well-posedness for the system of particles

Let’s now introduce another particle system with a regularized kernel. We set, for ¢ € (0, 1),

X

Ke(x)= W, 3.1
which obviously satisfies |K¢(x) — K¢ (y)| < Cq.¢|x — y| and we consider the following system of S.D.E.s
N t
Vi=1,...,N, XxiNe=xiN_ % > /0 Ke(XENe — x7M %) ds + V2B, (3.2)

J=jA

for which strong existence and uniqueness thus holds.

The following result will be useful for the proof of Theorem 1.6. Its proof is very similar to the proof of [8],
Proposition 5.1. Nevertheless, due to the fact that the kernel is not divergence-free, there is an additional term in the
dissipation of entropy’s formula (3.3) which will lead to additional computations to control it.
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Proposition 3.1. Lerx € (0, 1).
(i) Let N > 2 be fixed. Assume that M (Fév) < o0 and H(F(;V) < oo. For all t = 0, we denote by F,N’e €
Py (R2)N) the law of (Xi™N)iz1... . Then

,,,,,

H(F )— F0 NZZ/ /]R divKg(xi—xj)FsN’s(x)dsdx

l#] 2)N
t
— / 1(F)*)ds. (3.3)
0

(i1) There exists a constant C which depends on x, H (FON ) and M, (Fév ) (but not on ¢) such that for all t > 0 and
N Z 2’

t
H(EN Y <c+n,  M(FV*)<cd+n), / I(FN*)ds <C(1+1). (3.4)
0
Furthermore,
E[ sup|[x,/V¢[] = ca+1). (3.5)
[0,T]

Proof. Let ¢ € Cg((RZ)N ), and ¢ > 0 be fixed. Using It6’s formula, we compute the expectation of ¢(X,” LA, e,

N N, *#) and get (recall that x; € R? stands for the ith coordinate of x € (R*)V)

e X N,e
ar 'Y e(x)F, " (dx) = Y (]RZ)NZKS(XI X;) - Vo) FV (dx)
+ / Avp(x)FNE(dx). (3.6)
RN

We deduce that FV-¢ is a weak solution to

X .
»FNF(x) = 5 > divy, (FY (0 Ke(xi — x))) + A FVE (). (3.7)
i#]

We are now able to compute the evolution of the entropy.

gH(F’“) =—

3 FN¢ () (1 +1og FN* (x)) dx
dr ! N Jwryy (F ) (1 log £ (x)

= % Z /Rz)/v divy, (F,N’S(x)Kg(x,- —x;))(1+1log FIN’g(x)) dx

1
+— AcFN () (14 Tog FYV* (x)) dx
N Jr2ywv

Performing some integrations by parts, we get

d & £
d—tH(l = Z/RZ)NKS(X, X)) -V FV o de — 1(FNVF)

X .
= Z/(RZ)N div Ko (x; — x ) FVF (x) dx — T1(F),
i#]



Propagation of chaos for a subcritical Keller-Segel model 973

and (3.3) follows. Using that div K, (x) = lxl‘%]l”ﬂzg} + Ea%]l{m@} < \XI% and the exchangeability of the parti-
cles, we get

i N é‘ / _ N,e
dr Z R2)N Ix, —X; |°‘Jrl de —1(F7)

N.,¢e
< 2X/ L N 1(F9).
(

RN |x] — xp]@t]

Since « € (0, 1), we can use Lemma 2.1 with y =« + 1 and § such that “T“ < B < 1, which gives

FN* () dx N.e\f
/(RZ)N P—— <C(Fy*)" +1),

where Fg’g is the two-marginal of F**. By Lemma 2.2, we have I(Fg’s) < I(FN'¥). Using that Cxf < C' + %
for a constant C’ sufficiently large, we thus get

d 2
EH(FIN‘S) <C-— gI(Ft’“),
and thus
t
H(FN®) + %/ 1(FN¥)ds < H(F)) +Ct. (3.8)
0

We now compute M (F,N’g). We first observe that

N
1 N.e I,N,e
= — E I F 0 (dx) =E|| X,
N \/(\RZ)N — |Xl| ! (dx) [| t

]
since the particles are exchangeable. We will need to control E[supyg 71X ,I’N *®|] in the sequel. We have
B[ sup /] = ([ x3[] + E[ sup 5]
[0,T] [0,T]
o= gy D )
< (Bl + 7+ 3 [ Bk (- x ) Jas)

J#1

T 1
< C|(E[|x] —i—T—i—f E[ ]d). 3.9
( [1Xo0]] ) XN 2N § (3.9)

Using Lemma 2.1 with y =« and B such that 5§ < B < 1 and recalling that I (F, 2 %) < I(F ), we get

Mi(FY¢) < C(Ml(FO )+ T +/Ol 1(FN)? ds>

t
<C(M(F)+7)+ 5 / 1(FY4) ds, (3.10)
0



974 D. Godinho and C. Quifiinao

where we used that Cx? < C' + 5 for a constant C’ sufficiently large. Summing (3.8) and (3.10), we thus find

t
H(EN) 4+ My (FN) + %/ 1(FN)ds < H(FY) + Ct +C(1 + My (FY)).
0

Since the quantities M7 and [ are positive, we immediately get H (F,N’s) < C( +1). Using Lemma 2.3, we have
H(FN) > —C — My(FN*%) /2, so that

1 t
My (FNF) + 5/ I(FN¥)ds < C(1+1) + My (FVF) /2.
0
Using again the positivity of M and I, we easily get (3.4). Coming back to (3.9), we finally observe that
LN ’
E[sup |X; "’”|] < C(E[|x(§|] +T +/ I(FSN’S)ds> < C(1+E[|X}|]+T),
[0,T] 0
which gives (3.5) and concludes the proof. ([

We can now give the proof of existence and uniqueness for the particle system (1.3).

Proof of Theorem 1.6. Like in [20], the key point of the proof is to show that particles of the system (1.3) a.s. never
collide. We divide the proof in three steps. The first step consists in showing that a.s. there are no collisions between
particles for the system (3.2). In the second step, we deduce that the particles of the system (1.3) also never collide,
which ensures global existence and uniqueness for (1.3). In the last step, we establish the estimates about the entropy,

Fisher information and the first moment. We fix N > 2 and for all ¢ € (0, 1), we consider (Xi’N’a)izl,,__,N,tzo the
unique solution to (3.2).

Step 1. Let 7o == inf{t > 0,3i # j, | X"V'* — X/"N¥| < ). The aim of this step is to prove that lims_, o P[t, < T] =
Oforall T > 0. We fix T > 0 and introduce

1 i\N N,
Sf = e § log| Xyt — X0 (3.11)
i#]j
For any A > 1, we have

P[z, <T] < IP’[[(i)r’le] St < sg]

<P[3i,3r €[0,T],

X;Ve| > A]

+P[Vi,‘v’t [0, T],

XM <A, inf S5 <S5 ]
0.7] :

INT —

NE[supyo. 71X, ™41 . loge
e g <5 ]

C(1+T)N . . loge
< — +P|:[(1)?Tf] Siar, < ~NZ + log2A |, (3.12)

where we used (3.5). We thus want to compute P[infjo 71 Sf,,, < —M] for all (large) M > 0. Using 1td’s formula, that
K. (x) = K(x) for any |x| > ¢ (see (3.1)) and that A(log|x|) =0on {x € R2, |x| > &}, we have

i,N,e J.N.e| _ i,N j.N i,j,e
10g|erg — Xire, | —10g|X0 - Xp |+Ml/\1'g

[ATe ) .
L G e e i
Kk, j
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i,N,e J.N.e
X — X3

2K (X0Ne — x [Ny |28 :
+ ( s N ) |X§’N’€—X§’N’s|2 S

. i,N JN i,j,€ i,j,e

=:log|Xy" — X\ |+ ML+ RS,
where Ml’]’g is a martingale. Setting So = 3 >_;; log X5 — xPN|, Mg = J3 2 M and RY =
N2 Zl#] 1%, we thus have

&
SIA‘[

=So+ M} + R,
so that
IE”( inf S, < —M) <P(So < —M/3) + ]P’([éan] M < —M/3)

e
+E”<[(1)f17f]R,§ M/3). (.13)

Using first Lemma 2.5 and that |K(x)| = |x|~%, and then exchangeability, we clearly have for some constant C
independent of N and &,

1 1
8
[SUP |R ] Y N3 Z Z < |:|X§,N,8 . Xéc,N,sla_H] +E|:|X!,N,s _ X§,N,s|a+1}

i#] k#i, ]

1
E| — : d
" |:|X§’N"9—X_{’N’£|“+1]> ’

T
1
§C)(f ]E|: ]ds
o Lixgtt - xp e

T
SC)(/ (1+1(F5*))ds
0

<CU+T), (3.14)

where we used Lemma 2.1, the fact that I (F, 2 Y < I(F N, '*) by Lemma 2.2, and finally Proposition 3.1. We thus get

. . C(+T)
P([(l)fl]f] R® < —M/s) < IP([%%PJR, | > M/3) < (3.15)

We now want to compute P(infjo, 7] M7 < —M/3). Using that log |x| < |x|, we have

Sts— ZZ lNS|+|X]N£ S%Z|X§,N,a|.
i

i#]j

Consequently,

M < S, + sup |RE| — So
€[0,T]

532 sup ’Xf;’N’8|+ sup |RE|—So=:K®—So=:Z".
~ 5€l0.T] 5€[0,T]

We have

. & _ & . & _ &
IP’({(l)fle]Mt < M/3)§IP’(Z > M/3)+P([ég7f]M, <_MJ3,7° < M/3). (3.16)
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Since (M} );>0 is a continuous local martingale, there exists a Brownian motion g such that M; = Bs),. For x e R,
we set oy := inf{t > 0, 8, = x}. Using that SUpo. 7] M; <Z° as.,

IE”( inf M® < —M/3, Z¢ < M/3) < IP( inf M® < —M/3, sup M? < M/3)
[0,7] [0,T] [0,T]

<Plo—m;3 =0 m73)

__ ¥y VM/SS\/Z, (3.17)
M/3+ M]3 M

by classical results on the Brownian motion. Using (3.5) and (3.14), we get that E[K?] < C(1 + T') where C does not
depend on ¢. So using the Markov inequality,

P(Z° > M/3) =P(K® — So > /M/3)
<P(K*>/M/12) +P(—Sy > y/M/12)

< # +P(=Sy > /M/12). (3.18)

Gathering (3.16), (3.17) and (3.18), we find that

, ¢ C1+T)
IP<[(1){1Tf] ME < —M/3) <= RSz JM/12). (3.19)

Coming back to (3.12) and (3.13), using (3.15) and (3.19) with M = _1(1>ng5 —log2A, we finally get that for any
e€(0,1),any A > 1 such that %8¢ +log24 <0,

N2
Cl+T)N loge
P(r, <T) < % +]P’(So < <% +10g2A)/3>
cCa+T) CA+T)

—(loge/N?) —log2A | /(—loge/N?) —log2A

I
+IP<SO < —\/<—% —1ong)/12>.

Observe finally that So > —oo a.s. (because Fév has a density since H(F({v) < o0) sothatlimps—, oo P(So < —M) =0.
Letting ¢ — 0 in the above formula, we get that for all A > 1,

C(14+T)N
limsupP(r, < T) < %
I3

It only remains to make A go to oo to conclude this step.

Step 2. Since K is Lipschitz-continuous outside 0, classical arguments give existence and uniqueness of a solution
to (1.3) until the explosion time 7 = inf{t > 0, 3 # j, X;"N = X,j’N}. We can observe that since K.(x) = K (x) for
any |x| > ¢, (X"N-¥);_; _y is solution to (1.3) on [0, 7,] so that forany i = 1,..., N, X"V = X"N¢ on [0, ,]. We
thus have 7, < t for any € € (0, 1) a.s. so that, using Step 1, we have for any 7 > 0

e—0

P(r<T)<P(t,<T)— 0.

Thus T = oo a.s. which proves global existence and uniqueness for (1.3).
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Step 3. Using that the functionals H, I and M are lower semi-continuous and Proposition 3.1, we have

H(F) <liminf H(F"") <1 +0),
(3.20)

t

t
/ I(FN)ds < liminf/ I(FN*)ds<Cc(+1)
0 e Jo
and
My(FY) <liminf My (FY°) <C(1+1).
&
Using Fatou’s lemma and (3.5), we get

E[sup |X;N|] < liminf]E[sup |X,1N8|] <C+T1),
[0,7] £ [0,7]

and (1.13) is proven. It remains to prove (1.14). Using again that the functionals H and I are lower semi-continuous
and using (3.3), we get

! t
H(FIN) +/0 I(FSN) ds < lirréinf[H(FtN*E) +/0 I(FSN,s) dsj|

t .
<H(F)) ~|—limginf%/0 3 E[div K, (x3V - x74) ] ds.
i#]

By exchangeability, it suffices to prove that, as ¢ — 0,
t t

D, ;=/ E[div K. (X, — X7V4)]ds — / E[divK (X" — x2V)]ds =: D.
0 0

By Step 2, we have Xi’N = Xi’N’s for any i and s < 7, and thus recalling that K. (x) = K (x) for any |x| > ¢, we get
that a.s. for any s < 7,

div K (X6 — X2N8) = div K (XN — X2V =divk (XY — X2V,

So using that div K (x) < 2|x|~*~! and div K, (x) < 2[x|7*~!, we get

! 1 1
|D—D|SC/ E|:]l£ ( + >i|ds
e 0 {te <s} |X;’N’€ _ XS2,N,8|0H_1 |X;,N _ XS2,N|CH_1

Let a € (0, ﬁ) (in order to have (1 + a)(« 4 1) < 2). Using first the Holder inequality with p = 1 4+ @ and g such

that 1/p 4+ 1/q = 1, and then Lemma 2.1 with 8 = 1, we get

t
D — D,| < c/ P(z, <s)1/q1[<:[<
0

1
|X3,N,s - Xg,Ns5|(oz+l)(l+a)

1 I/p
+ |XS1N _ X%’N|(a+l)(1+a)>:| ds
t
< CP(z, < t)l/q/O [1+1(FN<)+1(F))]ds
<CA+0DP(r, <)/,

by (3.4) and (3.20). This tends to 0 as ¢ — 0 by Step 1 and concludes the proof. ([
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4. Convergence of the particle system
We start this section with a tightness result for the particle system (1.3).

Lemma 4 1. Let a € (0, 1). Assume (1.12). For each N > 2, let (X ), 1,
QN - N Zz la(x

(i) The family {L((X}"N)i=0), N > 2} is tight in P(C ([0, 00), R2)).
(i) The family {L(QN), N > 2} is tight in P(P(C ([0, 00), R))).

N be the unique solution to (1.3) and

.....

t )I>0

Proof. Since the system is exchangeable, we deduce (ii) from (i) by [19], Proposition 2.2. Let’s prove (i). Let thus n >
Oand T > 0 be fixed. To prove the tightness of {E((X}’N)lzo), N >2}in P(C(]0, c0), R2)), we have to find a compact
subset K, 7 of C([0,T], R?) such that supy ]P)[(X,]’N),E[o,r] ¢ K, 7] <n. We first set Z7 :=supy_;; .7 «/§|Bt1 —
le |/|t — s|'/3. This random variable is a.s. finite since the paths of a Brownian motion are a.s. Holder continuous with
index 1/3. We can also notice that the law of Z7 does not depend on N. Using the Holder inequality with p =3 and
q=3/2,wegetthatforall0 <s <t <T,

N '
%Z/ K(XIV —xPVYdu| < —Z/
j=2"

|X1N_X/N|
N T 2/3
< X(t s)1/32</ du‘N )
N o 1x " = XN par

. 1/377N
= (t—s5)PUY.

Using Lemma 2.1 with y = 3«/2 and B = 1, the exchangeability of the system of particles, and denoting by F Lf\é the
two-marginal of FLfV , we have

1 r N
E(U7) = “X—/ <|x;’N—X5’N|3a/z>d”§X+C/o (1+1{F)) du

sx+c/ (1+1(F)))du
0
=CI+T),

where we used that I(th') < I(FIN) by Lemma 2.2 and Theorem 1.6. We thus have supy -, E(U}V) < 00. Further-
more, Z7 is also a.s. finite so that we can find R > 0 such that P(Z7 + U}V > R) <n/2 for all N > 2. Recalling
(1.12), we can also find a@ > 0 such that supy -, IP(X(I)’N > a) <n/2. We now consider

Knr:={feC(0.T1.R?),|f(O) <a, f&|<Rt—9'"V0<s <t <T},

which is a compact subset of C([0, T], Rz) by Ascoli’s theorem. Observing that for all 0 <s <t < T, |X,1’N —
NM<@zr+ UN)(t —5)1/3, we get

P[(X}’N)tGOT ¢k, r] <P(|Xy"| > a) +P(Zr + U} > R) <u,

which concludes the proof. O
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We define S as the set of all probability measures f € P(C([0, c0), R?)) such that f is the law of (X 1)r=>0 solution
to (1.4) satisfying (setting f; = £(X,))

T
VT >0, / I(fs)ds <oco and sup Mj(f;) < oo. “.1)
0 [0,T]

Observe that by Lemma 2.4, (4.1) implies (1.7). The condition p > ﬁ in (1.7) is asked in order to use (5.1) with
y = —(a + 1) (see the beginning of Section 5).

N be Fy N _distributed and consider

.....

Proposition 4.2. Let o € (0, 1) and assume (1.12). For each N > 2, let (XS’N), 1
the solution (X;’N),-zl N.t>0 to (1.3). Assume that there is a subsequence of oN = v Zl 1 (X, Ny, gozng in law
to some P(C ([0, 00), R?))-valued random variable Q. Then Q a.s. belongsto S.

Proof. We consider a (not relabelled) subsequence of oN going in law to some Q and we introduce the identity
map ¥ : C([0, 00); R2) — C([0, 00); R?). Using the arguments of [8], Proposition 6.1, we have to prove that Q a.s.
satisfies

@ QoW ()™ = fo;
(b) setting Q; = Qo (¥ (1)), (Q))r=0 satisfies (4.1);
(c) forall0 <t <-- <ty <5 <t,¢1,..., 0k € Ch(R?), g € CZ(R?), F(Q) =0 where, for f € P(C([0, 00), R?)),

F(f) = / F@ F@ o) 0k ()

t t
X [<p(yt)—¢(ys)+xf Vo) - K (vu —fu)du—/ Ax¢(yu)d”:|~

For simplicity, we split the proof in many steps.

Step 1. By assumption (1.12), we have that Fév is fop-chaotic which implies that Q(j)v = QN oy (0)~! goes weakly
to fp in law, and, since f; is deterministic, also in probability. Hence Qp = fp a.s. and thus f o ¢ (0)~! = fy. Thus Q
a.s. satisfies (a).

Step 2. Since % ZzN=1 CSX;'.N goes weakly to 9, for all j > 1, Ff}’ goes weakly to 7;;, where m; := £(Q;) and

= fP(RZ) £®I,(df). We can thus apply [11], Theorem 5.7 (and then Fatou’s lemma) to get

T T T
E[/ I(Qs)ds}z/ ]E[I(QS)]dsff liminf7(F}")ds
0 0 0 N

T
< lim inf /0 1(FN)ds,

which is finite by Theorem 1.6. We conclude that fOT 1(Q;)ds < oo a.s. We also have, using Fatou’s lemma and the
exchangeability of the particles,

E[[%u%) M (Qt)] < E[lm}lvlnf[%u%)] M, (QN)]

< lmjlvme|:sup — Z}X’ N|:|

[OT

< liminfE[sup |X,1’N|] <CU+T),
N (0,71

by (1.13), so that supyo, 71 M1 (Q;) < o0 a.s. Consequently, Q a.s. satisfies (b).
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Step 3.1. Using It&’s formula

. [ .
0! == p(xiV) Z/ Vep(XENY - (Xé’N—Xﬁ’N)ds—/ Dep(XEN Y ds
0

J#i
= o) + V2 [ Vap(xi) - a8
0

But, using the last equality, we see that

1 N

F(QY) =5 2o (xi") - e(x;M)[0] - 0]

N =1
N . t . .
= %Z k(X;;N)/ Vep(X,N) - dBL.
— s

From there, and thanks to the independence of the Brownian motions we conclude that (recall that the functions
@1, ... Pk, Vx@ are bounded)

B[(F(Q"))"] =

Step 3.2. We also introduce the regularized version of F. For ¢ € (0, 1), we define F; replacing K by K. defined
by (3.1). Since f +— F.(f) is continuous and bounded from P(C ([0, c0); R2)) to R and since OV goes in law to Q,
we deduce that for any ¢ € (0, 1),

E[|7:(Q|] =limE[| 7 (Q")]]

Step 3.3. Using that all the functions and their derivatives involved in F are bounded and that | K, (x) — K (x)| <
[x] 7% Lo<|x|<e, WE get

t
F(f) = Fo(f)] < xC / f 100 = 700 Sociy o po<e dnf @) 07)

t
< ce¥re / / 1y 60 =701y duf @) £ @)

Thus,

C83/2 a

[F(QY) = Fe(Q)| =

/ |Xl N X] N |—3/2 du ,
i#]
and by exchangeability

t
E[|F(QN) _-FS(QN)H = Cg3/2*01/ ]EHX;'N _Xi,N|*3/2] du

0

Using Lemma 2.1 with y =3/2 and 8 = 1 and denoting by Fl% the two-marginal of F¥, we have

u
t
BIF(Q") - 7 (@) < e [ 1(rY)au.
0
Using that / (Fg )y<I (F[N ) by Lemma 2.2 and Theorem 1.6 we conclude that

E[|F(QY) = Fe(QY)[] = ce727.



Propagation of chaos for a subcritical Keller-Segel model 981

Step 3.4. Now we see that
t
|F(Q) — Fe(Q)] < Ce¥/* f / / lx — y|73/2Q,(dx) Qs (dy) ds.
0 JR2JR2

Step 2 says that (4.1) holds true for Qy, then thanks to Lemma 2.4 we get that a.s., V, Q, € L?4/G34=2(0, T; L4 (R?))
for all ¢ € [1, 2). Then using [8], Lemma 3.5, for y = 3/2 we deduce that a.s.

lim | F(Q) - Fe(Q] =0.

Step 3.5. Using Steps 3.1, 3.2 and 3.3, we finally observe, using the same arguments as in [8], Proposition 6.1, Step
4.5, that

E[|F(Q]| A 1] < Ce¥* ™ +E[|F(Q) — F(Q)| A 1],

so that F(Q) = 0 a.s. by Step 3.4 thanks to dominated convergence and Q a.s. satisfies (c) which concludes the
proof. (|

5. Well-posedness and propagation of chaos

We start this section with the proof of existence and uniqueness for the nonlinear S.D.E. (1.4). We will use that for
y € (=2,0), for p € (2/(2+ y), oo] and for any h € P(R?) N LP (R?),

sup/ h(ve)|v — vg]V dvy < sup/ h(v)|v — vg]V duy
R2 |ve—v]<1

veR? veR2

+ sup/ h(vy) dvy
veR2 J |vs—v|>1

< Cypllbllrgey + 1, (5.1)

where

C%p=|:/ |ou7P/P7D du,
[ve]=<1

since by assumption yp/(p — 1) > —2.

(r=D/p
|

Proof of Theorem 1.7. The existence in law follows from Proposition 4.2 and Lemma 4.1 (see the comment after
(4.1)). We now prove pathwise uniqueness which will also imply the strong existence. To this aim, we consider
(Xt)r>0 and (¥;);>0 two solutions of (1.4) driven by the same Brownian motion and with same initial condition such
that, setting f; := £(X,) and g, := L(Y;), (f1)r=0 and (g;);>0 are in L, ([0, 00), P1(R*)) N L}, ([0, 00); L” (R?)) for
some p > ﬁ For any s > 0, we consider the probability measure R; on R? x R? with first (resp. second) marginal

equal to f; (resp. gy) such that

Wl(fs:g&) =/

R xR

) lx — y|Rs(dx, dy).
We have

t t
Xz—Yz=—x<// K(XS—X)fs(dx)ds—// K(Ys—y)gs(dy)dS)
0 JR2 0 JR2

t
Z_X/ / [K(Xs_x)_K(YS_)’)]RS(dx7dy)-
0 JR2xR?
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Using Lemma 2.5 and recalling that £(X;) = f;, £L(Y;) = g, and that R, has marginals f; and g;, this gives

T
1 1
E| X—Y]<C// E| (1Xs — Yyl +Ix — + Ry(dx, dy)d
[SOI’J%I Yl =Cax | ) (1Xs = Yol + |x = y1) X ap iy et )[R dn)ds

T
1
SCaX/O E|:|X5—Ys|([R2 Wfs(dx)
1
“ |7 —y|a+1g5(dy))]ds

T
1
+C x—yB| ————
A foe e =
1

R;(dx, dy) ds.

* |Ys—y|“+‘}

Using (5.1), we thus have, since fszRz |x — y|Rs(dx, dy) = Wi (fs, gs) < E[| X — Y;|] by definition of Wi,

T
Blsup 1%, = 1] = € [ B[ = V)14 1AL + eler) b
[0,T]

T
+C/ / lx = yI(1+ Il fsllr + llgsllLr) Ry (dx, dy) ds
0 R2xRR2

T
< C/ E[IXs = Yl ](1 + I fsllzr + llgsliLr) ds.
0
By Gronwall’s lemma, we thus get E(supyg 71 |X; — ¥;|) = 0 and pathwise uniqueness is proven. (]
The following lemma is useful for the uniqueness of (1.1).

Lemma 5.1. Let p > 2/(1 — «) and consider a weak solution (f;);>0 to (1.1) lying in LSC.([0, 00), Py R?)) N

loc

L} ([0, 00); LP (R?)). Assume that for some h = (h);>o lying in LY.([0, 00), P1(R?)) N L} ([0, 00); LP(R?)), for
all p € C2(R?), all t > 0,

t
/fﬂ(X)hz(dX)=/ w(x)fo(dx)+// Ax@(x)hs(dx)ds
R2 R2 0 JRr?
t
—X// [ K(x —y) - Vio(x) fs(dy)hs(dx) ds. (5.2)
0 Jr2 Jr2

Then h = f.

Proof. For any ¢ € C2(R?) and any ¢ > 0, we set
Arp(x) = Arp(x) — x /Rz K(x —y)- Vip) fi (dy).

We will prove that for any u € Py (IR?), there exists at most one /1 lyingin L}y ([0, 00), Py R2)HN L}OC([O, 00); L?(R?))
such that for all t > 0, ¢ € C2(R?),

t
/ () (dr) = / () (dx) + / / Ay )y (dx) ds. (5.3)
R2 R2 0 JR2

This will conclude the proof since f and % solve this equation with i = fy by assumption.
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Step 1. Let ;€ P1(R?). A continuous adapted R?-valued process (X;);>0 on some filtered probability space
(82, F, (Ft)1=0, P) is said to solve the martingale problem MP((A;)>o, i) if P o Xal = and if for all ¢ € CS(RZ),
(M;p)tzo isa (82, F, (F1)r>0, P)-martingale, where

t
M;p=¢(Xt)—/0 Asp(X5) ds.

Using Bhatt and Karandikar [1], Theorem 5.2 (see also Remark 3.1 in [1]), uniqueness for (5.3) holds if

(i) there exists a countable subset (¢i)i>1 C CC2 such that for all 7 > 0, the closure (for the bounded pointwise
convergence) of {(¢k, A;@r), k > 1} contains {(¢, A;¢), ¢ € CCZ},
(i) for each xo € R2, there exists a solution to MP((A;)>0, 8x,)»
(iii) for each x( € R2, uniqueness (in law) holds for MP((A;)>0, 8x,)-

Step 2. We first prove (i). Consider thus some countable (¢)i>1 C CC2 dense in C 3, in the sense that for ¢ € CC2,
there exists a subsequence ¢y, such that limy,_ oo (| — @k, lloo + |1V — (p;(” loo + 1" — wl/(/n lloo) = 0. We then have
to prove that, for > 0,

(@) A;q, (x) tends to A,y (x) for all x € R?,
(b) sup, [ 4@k, loo < 00.

Let x € R%. Using that |K (x)| = =, we have

x|

1
| Aror, () — Ay )| < V" = ¢ || o + x|V -, °°[Rz Ty i@ 0.

x =yl

since fRZ ﬁf,(dy) < C(+ |l ftllLr) by (5.1). For (b), we can observe that setting A := sup,, ([ ¢x, [lco + l¢x; lloo +
g, lloo)

Ao | S A xA [ o fid) < A+ CAGL+ i),

R2 |x — y|*

which concludes this step.
Step 3. Using classical arguments, we observe that a process (X;);>0 is a solution to MP((A;)>0, 8x,) if and only
if there exists, on a possibly enlarged probability space, a (F;);>0-Brownian motion (B;);>o such that

t
X,:xo—X/ /ZK(XS—x)fs(dx)ds+x/§B,. (5.4)
0 JR

It thus suffices to prove existence and uniqueness in law for solutions to (5.4) to get (ii) and (iii).

Step 4. The proof of (pathwise) uniqueness for (5.4) is very similar with the proof of uniqueness for (1.4) which
has already been done and we leave it to the reader.

Step 5. It remains to check (ii) to conclude. We thus have to prove the existence of a solution to (5.4). To this aim,
we use a Picard iteration. We thus consider the constant process X? = xo and define recursively

t
X1 = xq _X/o /Rz K (X} —x)fs(dx)ds+\/§B,.

Using the same kind of arguments as in the proof of Theorem 1.7, we get

T
B(sup X! = x7) < [ E[|x? = X171+ 1) b,
[0,7] 0

Since fOT(l + || fsllzr) ds < oo, we classically deduce that D, E(supyo, 7 |X;Hrl — X7|) < oo, so that there is a con-

tinuous adapted process (X;);>o such that for all 7 > 0, lim,, E[sup[O’T] |X: — X7]1=0. This L convergence implies
that (X;);>0 is solution to (5.4), which concludes the proof. O

The following result ensures that uniqueness holds for (1.1).
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Theorem 5.2. Let fo and go be two probability measures with finite first moment. Let (fi)i>0 and (g;);>0 be two
solutions 10 (1.1) lying in L7, (10, 00), P1(R*)) N Ly (10, 00); L (R?)) for some p > 2/(1 — &) starting from fo and
80, respectively. Then

t
Wi(fr, &) = Wi(fo, o) eXP<C/0 (T+ 1Al + ||gs||LP)dS)~

Proof. Let thus p > 2/(1 — «), (fi)r=0 and (g/)r>0 be two solutions to (1.1) lying in L7 ([0, 00), P1(R?)) N

loc
Llloc([O, 00): LP(R?)). For any s > 0, we consider the probability measure R on R2 x R? with first (resp. second)

marginal equal to f; (resp. gy) such that

Wi(fs, gs) = /

RoxR

b= YRy, dy),
and we consider (X, Yp) with law Ry. We finally set
t
X, = X — x/ / K(Xy —x) fy(dx)ds + /2B,
0 JR?

!
Yt=YO—X/ fzK(Ys—x)gs(dx)ds+\/§B,.
0 JR

Using Itd’s formula, we see that & defined by &, := L£(X,) satisfies (5.2) and Lemma 5.1 ensures us that £L(X;) = f;.
Similarly, we also have £(Y;) = g;. Using the same arguments as in the proof of Theorem 1.7, we easily get

t

E(1X; — Y/|) <E[|Xo — Yol] + C/o E[I1Xs = YsI](1+ I fsller + llgsllzr) ds.

Using the Gronwall’s lemma and recalling that E[| X — Yo|] = W1 (fo, go), we get

t
E(1X; — Y1) = Wi(fo. 80) eXP<C/0 (L4101 fsllzr + IIgSIILP)dS),
which concludes the proof since W (f;, g:) < E(|X; — Yi]). O
We can now give the proof of our well-posedness result for (1.1).

Proof of Theorem 1.5(i). The existence follows by Theorem 1.7. Indeed consider (X;);>o the unique solution of
(1.4) with initial law f{ and set for # > 0 f; := L(X;). Thanks to the Remark 1.2, f; is a weak solution to (1.1) in the
sense given by Definition 1.1 and (1.15) is exactly (1.7).

For uniqueness, consider two weak solutions (f;);>0 and (g;);>0 of (1.1) satisfying (1.7) with the same initial
condition fy € Py (Rz). Then Theorem 5.2 ensures that W (f;, g;) = 0 for any ¢ > 0 which concludes the proof. [J

We end this section with the proof of our propagation of chaos result.

Proof of Theorem 1.8(i). We consider OV := L "N, 8yiNy,_,- By Lemma 4.1, the family (L(QN),N =2} is
t 1=

tight in P(P(C ([0, 00), R?))). Furthermore, by Proposition 4.2, any limit point of Q" belongs a.s. to the set of all

probability measures f € P(C([0, c0), R2)) such that f is the law of a solution to (1.4) satisfying (1.9). But by

Theorem 1.7, this set is reduced to £((X;);>0) =: f. We thus deduce that OV goes in law to f as N — oo which

concludes the proof of (i). O
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6. Renormalization and entropic chaos

In this section, we first deal with the renormalization which will give us the dissipation of entropy for the solution to
(1.1). From this, we will be able to show the entropic chaos for the system (1.3), which will conclude this paper.

Proof of Theorem 1.5(ii). We adapt the ideas used in [8] for the 2D vortex model to our case, which in particular
has a nondivergence free kernel. We split the proof in four steps plus a Step 0 which is nothing but direct results of
what we have already done. We consider the unique weak solution f = (f;);>0 of (1.1). In Step 1 we deal with the
necessary estimates on K * f and V - (K * f) to regularize f. In Step 2 we show the convergence of a regular version
of f towards f. In Step 3, we improve the regularity of the solution using a well-known bootstrap argument. Finally,
in Step 4 we prove the renormalization property.

We first observe that by construction, f satisfies (1.8). Indeed, for any ¢+ > 0, we considered f; as the law of
X:, where (X;);>0 is the unique solution to (1.4), obtained by Proposition 4.2 and Lemma 4.1, so that (4.1) (which
englobes (1.8)) is satisfied.

Step 0. Direct estimates. We start by noticing that Lemma 2.4 and (1.8) implies directly (1.9) and also that for any
pell,oo)andall T > 0,

fe Lp/(p—l)((), T: LP(RZ)). 6.1
Step 1. First estimates. The aim of this step is to prove that for any ¢ > 2/ and all T > 0:
(K * f) e L*/@1=2 (0, T; L1 (R?)) (6.2)
and
Vi (K% f)=K % (V- f) e L2/@IH0=D (0 T, 19(R?)). (6.3)

Let us remember the Hardy-Littlewood—Sobolev inequality in 2D: for 1 < p <2/(2 — «),

f»
Lororeae

Using (6.1) we get that forany p € (1,2/(2 —«)) and all T > 0,

< Caplfllp-
2p/Q2~(2~a)p)

(K * f) c LP/(P—I)((), T; L2p/(2—(2—(x)p) (Rz)),

and under the change of variables ¢ =2p/(2 — (2 — a) p) we easily deduce (6.2).
Similarly, but using (1.9) instead of (6.1), we get that forany p € (1,2/(2 —«)) and all T > 0,

V- (K * f) € L2P/GP=2)(0, T; 127/~ C=2)P)(R2)),

applying the same change of variables ¢ =2p/(2 — (2 — o) p) we get (6.3).

Step 2. Continuity. Consider T > 0 fixed. For ¢ > 2/a we have that 2g/(q(1 + «) —2) > g/(q — 1), then using
(6.1) with g4 = g /(g — 1) > 1, and (6.3), we get that fV, - (K % f) belongs to L'(0, T; L' (R?)). The following
lemma follows directly:

Lemma 6.1. Consider a mollifier sequence (p,) on R? and introduce the mollified function fit = fi * pn. Clearly,
ft e C(0, 00), LI(RZ)). Forall T > 0, there exists r" € Ll(O, T; LIIOC(RZ)) that goes to O when n — oo, and such
that

O f" —x V- (K*)f") = Daf"=r". (6.4)

Remark 6.2. The proof of the previous lemma is a modification of [7], Lemma 11.1(ii) and Remark 4. In fact, for all
T >0, feL®0,T; L' (R?) and for any g > 2/a, (K * ) € L'(0, T; LY(R?)). That suffices for the existence of "
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given by
= [(V (K * ) ) % 0" = V- ((K % ) f")].

which goes to 0 if n — oo in L' (0, T; L _(R?)).

loc

As a consequence of Lemma 6.1, the chain rule applied to the smooth f” reads
uB(f") = x[(K*f)-Vep(f") +B'(f")f"Vx - (K % f)]
A B() = B VST B () (65)

for any g € C IR) N Wli’coo (R) such that B8” is piecewise continuous and vanishes outside of a compact set. Since
equation (6.4) with (K = f) fixed is linear in f", the difference f™* := f" — f* satisfies (6.4) with r" replaced
by k=" — k5 0in LY, T; LIIOC(R2)) and then also (6.5) (with again f" and r" changed in £k and rK).
Observe that the term B'(f™) f"V, - (K * f) is equal to 0 in [8].

Now, choosing B(s) = B1(s) where B1(s) = s2/2 for |s| < 1 and Bi(s) = |s| — 1/2 for |s| > 1. It is clear that B €
CL(R), that B’, B” € L°(R) and that the second derivative has compact support. For any nonnegative ¢ € CCZ(Rz),
we obtain

d
d[ R2

Br(f"* (. ) (x) dx

= fR XL ) - (f7F) + B Ve (K % )] () de
+ fR (BB (f5) = BY (£ [V ™57 + B (£7F)r ™ ] (x)

< [ e lperdss [ g am i

+x fRz|f"”‘vx (K % )Y ) dx— /R B1(F) Vs - ((K % v () dx.

where we have used that |8]| < 1 and that 8] > 0. We know that fj € L' (R?) then f™k(0) — 0in L'(R?), also that
rk — 0in L0, T; LL (R?)). It is not difficult to see that 81 (f"*)(K % f) — 0in L'(0, T; L} (R?)) (because

loc loc
B is sub-linear, and for all 0 < @ < 1 there is ¢ := p/(p — 1) > 2/, then using (6.1) and (6.2): fk > 0 in
LP/P=D(0, T; LP(R?)), and (K * f) € L4/~ (0, T; L4 (R?))).
The same arguments apply to 8; (f" )V, - (K * f) and | f"¥V, - (K % f)|, and then both goes to 0 as n, k — oo
in L'(0, T; L (R?)). Finally, we get

loc

sup / Bi(fm @, )y (x)dx — 0.
R2 n,k—o0

t€[0,T]

Since v is arbitrary, we deduce that there exists f € C([0, 00); L] .(R?)) so that f" — f in C([0, 00); L] (R?))
with the topology of the uniform convergence on any compact subset in time. Together with the convergence " — f
in C([0, o0); P(R?)) we get that f = f. We end this step by concluding that, with the same convention for the notion
of convergence on [0, 00): f" — f in C([0, 00); L' (R?)).

Step 3. Additional estimates. From (6.5), we know that for all 0 < g < 11, all { € C2(R?),

[Ltmueacs [* [ grmvesPrwaras
R2 o R2

=f ﬂ(f,ﬁ)w(x)dx+f f B'(f)r" v (x) dx ds
R? o JR2
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+/ /R BUM [ Ax () — x (K % )Yy ()] dx ds
1) 2

n
+X/ /Rz[ﬂ/(fs”)f{’ — B/ Y @)V - (K * £)dxds. (6.6)

Let us choose 0 <y € C Cz (R?) and B € C'(R) N WI%’COO (R) convex such that 8” is nonnegative and vanishes outside
of a compact set. Let us remark that there is a constant C > 0 such that s8’(s) < CB(s), this will be very useful to
deal with the last term which appears because the kernel is not divergence-free. We can pass to the limit as n — oo
(for details see Step 2) to get

[ vwas < [ povwart [ [ B0[awm =k« V] deds

+X/ /R[—ﬂ(fs)+ﬁ’(fs)fs]w(x)vx-(K*f)dxds.
Io 2

It is not hard to deduce, by approximating ¥ = 1 by a well-chosen sequence g that

/ ﬁ(fn)dXEf ﬂ(fzo)derX/I/ [=B(f) + B (f) f]s - (K % f)dxds,
R2 R2 1o R2

whenever g is admissible.
Now we deal with the regularity in space of (1.10). Let us start by noticing that

d—-a)f

Vo (Kx = | S

dy, (6.7)

so that taking p > 2/(1 — «) and using (5.1),

T T
19 K < sy = € [ Al +1) <

and due to the fact that sB8’(s) < CB(s), we get
[ ptar= [ pias
R2 R2

n
+(C+ l)X/ Ve - (K * f)(X)||LOO(Rz) /Rzﬂ(fs)dxd&
fo
Then Gronwall’s lemma implies that forall 0 <ty <t < T,

/ B(fi)dx = C(a, T)/ B(fi) dx.
R2 R2
Finally letting 8(s) — |s|9/q, we getthatforallg > landall0 <ty <11 < T,
lf @) ey = €@ . D | £ 0. ) | Lo gy (6.8)

Coming back to (6.6) and using B (s) = s2/2 for |s| < M and By (s) = M|s| — M?/2 for |s| > M, we have
1
/ ﬂM(ft'f)lﬂder/ / 1y fy1<m [V £ dr ds
R2 o R2

=/RzﬂM(f,ﬁ)wdx+fl/Rzﬁ;W(f;’)r"w(x)dxds
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n
+f /zﬂM( AV () — x (K *w) Ve (x)] dxds
tn JR

+X/ / [Bu (S £ = B (F1) ] () Vi - (K * f)dx ds,
1) R2

similarly as above we first make n — oo, then we approximate {» = 1 by a well-chosen sequence {¥g and make
R — 00, and finally make the limit M — oo to find that for every T > t; >ty > O:

n
/|fn|2dx+f / IV /o dx ds
R2 I R2

n
2 2
ngz|fm| derx/to ||vx<K*f><x)||Lw(Rz)Az|fs| dxds.

We conclude, using (6.8), that for all 0 <ty < T and any g € [1, 00):
feLl®(t, T;L9(R?) and Vi.feL*((t, T) x R?). (6.9)

To get the continuity in time of (1.10), we need to improve even more the estimates on f which will be achieved
using a bootstrap argument. First, fixing p > 2/(2 — o) we notice that for all 7y > 0

IK % fille <C(1+ 11 file) = K fy € L(19, T; LX(R?)),
and thanks to (6.7) and (6.9):

[ Ve (K % )] e < COA+ 1 fillr) = Vi(K * fi) € L (0. T; L¥(R?)),
we thus have

Wf—Dxf=[xfVe (K% )+ (K*f) Vif]eL*((to,T) x R?),

and [2], Theorem X.11, provides the maximal regularity in L? spaces for the heat equation, in other words: for all
to>0

feL®(t, T; H'(R?*) N L2 (1o, T; H*(R?)).

Remark 6.3. We emphasize that the previous bound is true for all ty. In fact, when f;, € H'(R?), the maximal
regularity implies the above bound in the time interval [ty, 00). But thanks to (6.9), we can find ty arbitrary close
to 0 such that fi,0 € H 1 (Rz), then we get the conclusion.

Using now the interpolation inequality, there exists a constant C > 0 such that
2/3 1/3

Ve flls@ey < CID? 15 A1 gy

which implies

T T
2
/ Vs 175 oy ds < € f 1D £ |22 1 f 2y < 00
to fo

Thanks to the previous calculus and again [2], Theorem X.12, we conclude that o, f, V, f € L3((t0, T) x ]Rz) and
then Morrey’s inequality implies that for all #y > 0

feC’, T) x R?),
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all together allow us to deduce that
fec(o,7); L'(R?*)) N C((, T); L*(R?)).

We can go even further iterating this argument, using the interpolation inequality and the Sobolev inequality, to
deduce that V, f € L?((t9, T) x R?) for any l < p <00, [xfVy- (Kx )+ (Kx*f) -V fleLP((to,T) x R2) for
all #p > 0. Then the maximal regularity of the heat equation in L? spaces (see [2], Theorem X.12) implies that for all
to>0

O f.Vaf € LP((t0,T) x R?),

and then using again Morrey’s inequality: f € C%®((t9, T) x R?) for any 0 < o < 1, and any 7y > 0. All together
allow us to prove (1.10).

Step 4. Renormalization. To end the proof we show (1.11). Let thus g € C RN Wli’coo (R) sub-linear, such that 8"
is piecewise continuous and vanishes outside of a compact set. Thanks to (6.9), we can pass to the limit in the similar
identity as (6.6) obtained for time dependent test functions i € Cf([O, 00) x R?) to get

/ /R ﬁ//(fs)|vxfs|2¢Sdde:/1‘§ ,B(fto)WIodx_X/ /]R ws(x)vx'(K*f)(fsﬁ/(fs)_,B(fs))dXdS
™ 2 2 1 2

+/ /I;Zﬁ(fs)(Ast(x) — (K % f)Ve(x) + 895 (x)) dxds.  (6.10)
fo

In the case ¥ > 0 and B” > 0 we can pass to the limit 7o — 0 thanks to monotonous convergence in the first term, the
continuity property obtained in Step 2 in the second term, and the monotonous convergence in the other terms (recall
that sB’(s) < B(s), B is sub-linear and | f|(1 + |K * f| + |V - (K % f)|) belongs to L' (0, T; L' (R?)) thanks to (6.2)
and (6.3)). We get

/ / B (I f s dx ds = / B foyvodx
0 R2 R2
o T A A (T S A PR A LA

+X/O /Rz B'(f) fsrs (1) Vi - (K % f)dxds, (6.11)

and the bound given by (6.11) implies directly that we can pass to the limit 7o — 0 in the general case for i in (6.10)
which is nothing but (1.11) in the distributional sense. ([l

We now give a useful lemma for the entropic chaos.

Lemma 64. Let « € (0,1) and fy € Py (R?) such that H(fo) < oo. Let (fi)i=0 be the unique solution of (1.1)
satisfying (1.7). Then

fs(dx) fs(dy)

ds. 6.12
g fx—yetl & (©.12)

t t
H(ft)-i-/ 1(fs)dS=H(f0)+X(1—01)/ /
0 0 JR2

Proof. Form > 1, let us take B,, € C'(R) N W>*°(R) given by

loc

slog(s) + (1 —s)/m form™! <s <m,
B (s) =13 Bu(m_)+ B,,(m_)(s —m) for s > m,
/3m(mjrl) —i—,B,/n(mfrl)(s —m Y fors<m™!,

so that 8,,,(s) < Cs and B,, — slog(s) for any s > 0.
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Since B, is admissible (in the sense of Theorem 1.5), then using (1.11) we get that for any ¢ € C° (R?),

/ﬁmm)vf dx — /ﬁm<fo>w dx = x/o /vx (K % DB () = Bu(£)) ¥ dxds
+f0t/ﬁm(f)(ﬁx1/f—X(K*f)~Vx1/f)dxds

—fo /ﬁ;,;(f)wxﬂzw)cds,

using that 8/ (s) is nonnegative, that 8, growths linearly at +oco and that ( f;)s>0 is nonnegative we can make ¥ — 1
to get

t
/ B () dx — / B fo)dx = x /O / Ve (K % 1Bl () — Pu( ) drds

—fot/ﬁ;,xf)wxfﬁdxds.

In fact, the first and the second terms converge thanks to monotonous convergence and that |, (s)| < C|s|. The third
term is a consequence of the monotonous convergence, that ), (s) is bounded, and that fV - (K « f) (resp. | f (K * f)|
for the fourth term) is integrable by (6.3) (resp. (6.2)). The last term is a consequence of (4.1).

Finally, we notice that in the interval (0, 1] the function —8,, increases to —s log(s) while in the interval [1, 00),
B (s) increases to s log(s). Thanks to the monotonous convergence we can make m — oo and using the integrability
of all the limits we get (6.12). O

It remains to conclude with the proof of the entropic chaos.

Proof of Theorem 1.8(ii). We only have to prove that for each t > 0, H (F,N ) tends to H(f;). To this aim, we first
show that for any ¢ > 0

t t
L:= limsup|:H(FtN)+/ I(Ff")ds] §H(f,)+/ 1(fy)ds. (6.13)
0 0

N

Let ¢ > 0 be fixed. Using (1.14) and recalling that H(FON) — H(fp) by assumption, we have

0!)
L<H(f0)+11msup Z/ |: v jN(H]}ds,
[y | X5 = X

so that using that H (f;) + fé I(fs)ds=H(fo)+x(1—a) fot Jr2 Jre % ds by Lemma 6.4, we only have to
prove that

1 [t 1 Js(dx) fs(dy)
lim — E . - ds.
N1—I>noo N2 /0 [; |X§’N _ ngN|a+1i| / /]Rz R |x — |"“"1 y

By exchangeability, it suffices to prove that, as N — oo,

! 1 fs(dx) £ (dy)
Dy :=/ IE|: ] / / ds =: D.
o LixgN — x3Njer 2 Jre |x — et

For any ¢ > 0, we have

|D—DN|<|D— D¢+ |Dg — Dy el + |Dn.e — Dl
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where Dy, = fo ]E[”V—W]ds and D, = fo Jr2 fR SOfy) §¢ Using that for any & > 0 fixed, the

(Ix—ylve)et!
function (x, y) — (Jx — y| v €)7*~" is bounded continuous and that K(XSI’N, XE’N) goes weakly to f; ® f; for

: 1 fs(dx) fs(dy) ;
any s > 0, we have limy E[(|X;'N7X3’N\Ve)°‘+l fRZ fR Ur—ylveytr: By dominated convergence, we thus get that

limy |D; — Dy ¢| = 0. We thus have

limsup|D — Dy| < |D — D¢| +limsup|Dy . — Dy| Ve > 0.
N N

Let & be such that ¢ + 1 < @ < 2. We have

\D—D,| <2/ / fS(dx)fS(dy)]l{‘x_yks}ds
R? JR?

e =y

O{ a— 1/ / fs(dx)fs(dy)
r2Jr2  |x —y®
< Ce¥ o~ lf( +1(f))ds <C(1+n)e* !,
0

by Lemma 2.1 (applied with F = f; ® f;, for which I (Fy) = I(fs)) and (1.8). Using the same arguments, we also
have for any N > 2,

- t :
|DN,5 — DN| < CSa_a_l/(; (1 + I(FSN))dS <C +l‘)8a_a_l,

We thus get that limsup, |D — Dy| = 0 and (6.13) is proven.
Using [11], Theorem 3.4 and Theorem 5.7, we have

t t
lin}vian(FtN)zH(f,) and lin}lvinf/ I(EvN)dsz/ I(fy)ds. (6.14)
0 0

Using (6.13) and (6.14), we easily conclude that

t t
limH(FN)=H(f,) and limf I(E{V)ds=/ 1(fs)ds,
N N Jo 0

which concludes the proof. O
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