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Abstract. We construct the natural diffusion in the random geometry of planar Liouville quantum gravity. Formally, this is the
Brownian motion in a domain D of the complex plane for which the Riemannian metric tensor at a point z € D is given by
exp(yh(z)), appropriately normalised. Here % is an instance of the Gaussian free field on D and y € (0, 2) is a parameter. We show
that the process is almost surely continuous and enjoys certain conformal invariance properties. We also estimate the Hausdorff
dimension of times that the diffusion spends in the thick points of the Gaussian free field, and show that it spends Lebesgue-almost
all its time in the set of y-thick points, almost surely. Similar but deeper results have been independently and simultaneously proved
by Garban, Rhodes and Vargas.

Résumé. Nous construisons une diffusion naturelle associée & la géométrie aléatoire de la gravité quantique de Liouville. For-
mellement, il s’agit d’un mouvement Brownien dans un domaine D du plan complexe, muni d’un tenseur de Riemann donné par
exp(yh(z)), correctement renomalisé. Ici A est une réalisation du champ libre Gaussien sur D, et y € |0, 2[ est un parametre. Il est
montré que ce processus est presque slirement continu et possede certains propriétés d’invariance conforme. Une borne sur la di-
mension de Hausdorff des instants passés dans les points épais du champ libre Gaussien est obtenue, qui montre que cette diffusion
passe Lebesue-presque tout son temps dans les points y-épais, presque sirement. Des résultats semblables mais plus profonds ont
été indépendemment et simultanément obtenus par Garban, Rhodes et Vargas.
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1. Introduction

This paper is motivated by a recent series of works on planar Liouville quantum gravity and the so-called KPZ
relation (for Knizhnik, Polyakov and Zamolodchikov). The KPZ relation describes a way to relate geometric quantities
associated with Euclidean models of statistical physics to their formulation in a setup governed by a certain random
geometry, the so-called Liouville (critical) quantum gravity. This is a problem which has a long and distinguished
history and for which we refer the interested reader to the recent breakthrough paper of Duplantier and Sheffield [4]
and the excellent survey article by Garban [5].

A central problem in this area is the construction of a natural random metric in the plane, enjoying properties of
conformal invariance, such that a KPZ relation holds. By this we mean that given a set A in the plane, the Hausdorff
dimensions of A endowed either with the Euclidean metric or the random (quantum) metric are related by a determin-
istic transformation. Given these requirements, it is reasonably natural to look for or postulate that the local metric at
a point z can be written in the form (up to normalising factor) exp(y h(z)), where h is a Gaussian free field and y is a
parameter. Unfortunately, 4 is not a function but a random distribution, and the exponential of a distribution is not in
general well-defined.
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While making sense of this notion of random metric is still wide open, Duplantier and Sheffield, in the paper
mentioned above, were able to construct a random measure, called the quantum gravity measure, which intuitively
speaking corresponds to the volume measure of the metric. Remarkably, using this measure, they were able to de-
fine suitable notions of scaling dimensions for a set A and show that a KPZ relation holds, where the deterministic
transformation involves a quadratic polynomial.

The purpose of this paper is to show that a natural notion of diffusion also makes sense in this context. Roughly
speaking, one can summarise the main result by saying that, while we still do not know how to measure the distance
between two points z and w, it is possible to say how long it would take a Brownian motion to go from z to w. The
key idea is to note that, using conformal invariance of Brownian motion in two dimensions, it suffices to parametrise
the Brownian motion correctly.

Note. As I was preparing this paper, I learnt that Garban, Rhode and Vargas were working on a similar problem [6].
Their results are of a similar nature, though are more precise in some aspects.

1.1. Looking for the right object

What follows is an informal discussion which is aimed to explain where the definition comes from. By local metric
p(z) at a point z € D, we mean that small segments of Euclidean length ¢ are in the Riemannian metric considered to
have distance p(z)e at the first order when ¢ — 0.

Let U, D be two proper simply connected domains, and let f: U — D be a conformal isomorphism. We think of
U as being a (wild) domain endowed with the random geometry, and D a nice domain such as the unit disc, in which
we read this geometry. If (W;, ¢ > 0) is a standard Brownian motion in U (i.e., stopped upon leaving U), then we
simply wish to describe how (W;, t > 0) is parametrized by D. To do this, it suffices to consider X; = f(W;). By [t0’s
formula,

Z; :f(Wt):Bfotlf’(Ws)lzds; (D

and hence Z is a time-change of a Brownian motion (B;, > 0) in D. This cannot directly be used as a definition as
the time-change still involves W and we only want to define the process Z in terms of B and the metric p(z) in D
derived from mapping the metric in U via f. Clearly, p(z) is simply equal to 1/| f'(w)|* = |g’(z)|?, where g = f~!
(see Figure 1).

The reader can then easily check that setting

t
Zo=B(u;"):  where i, = fo |€'(By)[*ds, @

and pu, L= inf{s > 0: p > t}, gives the same process as (1). The advantage of this way of writing Z is that it involves
only the standard Brownian motion (B;,t > 0) in the nice domain D and the local metric p(z) at any point z € D,
which we assume to be given.

Fig. 1. Local metric and conformal map.
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1.2. Statements
We will thus use (2) as our definition. Fix a proper connected domain D C C, and let & be an instance of the Gaussian
free field in D. (We use the Duplantier—Sheffield normalisation of the Green function.) Formally, /4 is a centered

Gaussian process indexed by the Sobolev space HO1 (D), which is the completion of C%° (D) with respect to the scalar
product

1
(f,g)v=—2 /(Vf)-(Vg)-
T Jp

Then 4 is a centered Gaussian process such that if (&, f)v is the value of the field at the function f € H(} (D), then

Cov[(h, f)v, (h, g)v] = (f. &)v

by definition.

For z € D and ¢ sufficiently small, we let /.(z) be the well-defined average of & over a circle of radius ¢ about z.
(We refer the reader to [13] for a proof that this is indeed well-defined and other general facts about the Gaussian free
field.) Then we define a process (Z¢(¢),t > 0) as in (2). That is, let z € U and let (B;, ¢t > 0) be a planar Brownian
motion such that Zy = z almost surely. We put

AT
Ze(t)=B(pg (1)),  where pe(1) = f e By /2 g5,
0

and u; ' (t) =inf{s > 0: pe(s) >}, T =inf{t > 0: By ¢ D}.
Definition 1.1. The Liouville diffusion, if it exists, is the limit as € — 0 of the process Z.

Obviously, since B does not depend on ¢, the issue of convergence of the process Z, reduces to that of the quantum
clock process (ug(t),t <T).

Theorem 1.2. Assume 0 <y < 2. Then (Zs(t),t > 0) converges almost surely along the dyadic sequence € =27% as
k — oo to a random process (Z(t),t > 0) which is almost surely continuous up to the hitting time of 3 D.

Remark 1.3. It can be seen from the proof that Z does not stay stuck anywhere almost surely, in the sense that = (t)
is strictly increasing.

We now address conformal invariance properties. Let D, D be two simply connected domains and let ¢: D — D
be a conformal isomorphism (a bijective conformal map with conformal inverse).

Theorem 1.4. Let Q = % + % and = ¢~ 1. Then we can write
PBu-10) = By iy
where B is a Brownian motion in D,

t ~ ~
[y (1) = lim/ 7?2y lhe+Qlog [/ [1(By)
e—=0Jo

and h is the Gaussian free field in D.

In other words, mapping the Liouville diffusion Z(z) by the transformation ¢, one obtains the corresponding
Liouville diffusion in D, except that the Gaussian free field 2 in D has been replaced by & + Qlog|vy’|. (This is
similar to Proposition 2.1 in Duplantier and Sheffield [4].)
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Finally, it is of interest to quantify how much time the Brownian motion spends at points for which the value of the
field & is unusually big. Consider the thick points of the Gaussian free field: for o > 0, let

To = {z € D: liminf, o s <a},

. he
T.F :={z € D: limsup,_,, log(iz/)e) > a}.

3)

Hu, Miller and Peres [7, Theorem 1.2] proved that the Hausdorff dimension of 7 is a.s. (2 — a?/2) v 0. (Note that
these authors were working with a slightly different normalisation of the Gaussian free field which differs by a factor
of /27, and our « is 4/2a in the notations of that paper.)

Theorem 1.5. Let 0 < y <2 and let o« > y. Then almost surely,

2—a?)2
N +
dim{r: Z(1) e T} < pv—eyL 4)

The same result holds when o <y and T, replaced with T,".
This upper bound is enough to deduce the following result:
Corollary 1.6. With probability one,
Leb{r: Z(1) ¢ T} =0,

where

= _ T he(z) _
To = {ZED' 1 og(1/6) _“}'

By contrast, using the methods of Benjamini and Schramm [2] (see also Rhode and Vargas [12]) it is possible to
show the following analogue of the KPZ relation.

Proposition 1.7. Fix A C D a nonrandom Borel set and let dy = dim(A) where dim refers to the (Euclidean) Haus-
droff dimension. Then almost surely,

dim{r: Z, € A} =d, &)
where d solves the equation dy + d*>y?*/2 —d (2 + y?/2) =0.

Recall that in the case where A = 7;*, as mentionned above, the Hausdorff dimension is (2 — a? /2) Vv 0. Neverthe-
less, the formula in (5) does not match that from Theorem 1.5. This is of course because 7= depends very strongly on
the Gaussian free field. The difficulty in Theorem 1.5 is thus essentially to understand the effect on the clock process
of coming near a thick point, and hence to disentangle the separate effects linked on the one hand to the trajectory of
a standard Brownian motion and on the other hand to the frequency of those thick points.

2. Proof of Theorem 1.2: Convergence

For the rest of the paper, with a slight abuse of notation, we call (B;,t > 0) a Brownian motion stopped at time
T :=T, =inf{r > 0: dist(B;, dD) <r}. Here r > 0 is a small arbitrary number. We will still call

tAT
Ze(t)=B(pg (1)),  where pe(1) = / e heBgr”/2 g,
0

and p; ' (t) =inf{s > 0: we(s) >}, T =T,.
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In this section we prove that the clock process . (¢) converges as ¢ — 0 to a limit (which might still be degenerate).
By Proposition 3.2 in [4],

Var(he(z)) = —loge + log(R(z; D))

for all & such that B(z, &) C D, where R(z; D) is the conformal radius of z in D. That is, R(z; D) = 1/|¢’(z)|, where
¢ : D — D is a conformal map such that ¢ (z) = 0. Note that for ¢t < T = T,., there are two nonrandom constants cp, c2
such that

¢t £ R(Bs; D) <ca.
We will denote /s (z) = yhe (z) + (¥2/2) loge.

Proof. We start by pointing out a potential source of confusion. Note that for each fixed z € D, the sequence o (z) =

eVhe@—(r7/2)Varhe () (viewed as a function of ) forms a nonnegative martingale, in its own filtration. Hence by
Fubini’s theorem,

t
E(/ ag(Bs)ds> =
0

Nevertheless, the above does not imply that o (¢) is a martingale as a function of ¢: this is because the martingale
property of oz (z) ceases to hold when the filtration contains all the information about (k. (w), w € D).

Nevertheless, the random variables . (#) converge as ¢ — 0 almost surely to a limit. We now prove this statement.
In fact we only prove this along the subsequence ¢ = 27¥, k > 1. With an abuse of notation we write jx for Ho—k and
hi for hy—«. Then it suffices to prove that |ur — pr+1]| < Cr* for some r < 1 and C < oo, almost surely. Assume
without loss of generality that # = 1 and let s € [0, 1]. Let S§ =[0, 1] N {s + 2’2"2}, and let

1 -
Xi(s) = 5% Z ek (B1)
tesy

and

1 —
Yi(s) = % Z el (Br),

tes;
Note that uy = fol Xi(s)ds and pyyg = fol Yy (s) ds so it suffices to prove that
| Xi(s) = Yi(s)| < Crt (6)

for some C,r < 1 unifgrmly in s € [0, 1]. As in [4], we start with the case y < /2 where an easy second moment
argument suffices. Let E(-) = E(:|o(Bs, s <t)). Then note that

(|Xk(s) _ Yk(s)} 4k Z hk(Bt) _ eﬁk+1(3r))(eﬁk(3,/) _ e;lk+l(3,/))].

t,1'es;

Let 7, € S,ﬁ and assume that |B; — By/| > 2=*. Then conditionally on hi(B;) and hy(B;), the random variables
hx41(B;) and hyy1(By) are independent Gaussian random variables with mean &y (B;) (resp. hi(B,)) and variance
log2. Thus, in that case,

E[(ehk(Bt) _ eEkJrl(B/))( hi(By) _ ehk+1(3/))|hk(3t) hy (B, )] [ he(By) _ hk+l(Bl)|hk(Bt), hk(Bt’)]

x B[P0 — st B0y (B,), b (By)].
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Now, observe that A41(B;) = hy(B;) + yX — (y%/2) log2 where X is a centred Gaussian random variable with
variance log 2, which is independent from B, hi(B;), hi(By). Hence

E[eﬁkw,) _ ehkr1(B) |k (By), hi(By)] = eﬁk(Bo[l — e /2 log2]E(eyX)] =0.

Of course the same also holds once we uncondition on hy (B;), hi(By). It follows by Cauchy—Schwarz’s inequality
that

(| Xk(5) = Yi(s)]*) = Z% S s, e (B[ (7B — P B ((B) _ P (5]
t,r'esy
<5 2 Uiz B[R i P JB[(&h5) ey
t,t'eS}
¢ hie(2) _ ghit1(2))?
= > lig—p B[ — M @)7], )
t,r'esy

where z is any point in D such that dist(z, d D) > r. To compute the expectation in the sum, we condition on /A (z)
and get, letting & =27,

E[(eﬁk(z) _ eﬁk+1(z))2] < ]E(CZEk(z)) _ 8V2E(e2yhk(z))
< C8V2_47’2/2 = Cs‘yz.
Therefore,

E(|Xes) — ) < Cete ™ 3 g p1rs. ®)

t,r'esy
We will need the following lemma on two-dimensional Brownian motion:

Lemma 2.1. There exists C = C(w) depending only on the realisation of B, such that, uniformly in s € [0, 1]:
2k 4
Z I‘Bt_Bt,lsz—k S CZ k 5
1r'es;

almost surely.

Proof. Key to the proof will be a result of Dembo, Peres, Rosen and Zeitouni [3]. Let x denote the occupation
measure of Brownian motion at time 1. Then Theorem 1.2 of [3] states that

5 w(D(x,6))
im sup

50 . 2 62(log(1/8))2 ©)

almost surely. In particular, there exists M (w) such that (D (x,8)) <M (a))82(10g(1 /8))2.
Let A denote the event where there is some ¢ € [0, 1] such that

Z 1|B[—B,/|§27k > Ck4,

r'es;,
where C = C(w) is chosen suitably. By Lévy’s modulus of continuity theorem, we know that

sup |Bs— B;| <4:= 275 Vk

ls—r]<272
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almost surely for some universal ¢ > 0 and for all k sufficiently large. On the event A, we can thus find x = B, where
w(D(x,8)) > Ck*272F for k sufficiently large. But note that 82(log(1/8))2 < 27 %3 for some nonrandom ¢ > 0.
Hence choosing C(w) = cM (w) we see from (9) that P(A4) = 0, as desired. O

Plugging the estimate of Lemma 2.1 into (8), we get
E(|Xi(s) = Ye(s)|*) < Ce*7" 2(og 1/e)*,

which proves (6) at least if y < V2.
To prove (6) in the general case (y < 2), we introduce the set

S‘f( = {t €8} he(By) < —alog(e/R(Bt; D))},

where @ > y is a fixed parameter which will~be chosen close enough to y later on, and R(z; D) denotes the conformal
radius at the point z € D. We let T,f = 87 \ S}. Then we have

Xi(s) = ZTk Z ehk(Bz) + Z ehk(Bz)

teTy 1e8s

It is easy to show that the first is negligible. If Q denotes the law of the exponential tilting of P by eV B0 e

dQ eVhi(Br)
= a)) = =,
dP R (erh(B))

then letting ol=— log(e/R(By; D)),

e=** /20N erx 4y )N/ 2m02 _ o m/o?) dx

Q(hx(By) € dx) = :
(he(Bi) € dx) [e=x2/@oPerx dx j/2m02 V27102

(10)

where m = yaz, and hence the law of h g (B;) under @ is N(m, 02). Thus

E(lfeTkseﬁk(B’)) = 8’/2/2@(}%(30 > ao?) x E(e?(8))
1
<&/ exp(‘i(a - V)202>R(B,; Dy,

where the bound above is obtained by using standard bounds on the normal tail distribution. This decays exponentially
fast with k uniformly in¢ <T. B
Likewise, by conditioning on &y (B;), we get that

>t Z ehk+1(Bt) < CE Z ehk(Br)
2 teTy teTy

where C < 0o depends only on y, and thus this tends to 0 exponentially fast.
Define now X(s) = 3o 3,50 ") and Yi(s) = 53¢ 3, 5, €41 ®). We wish to bound E((Xi(s) — ¥(5))?).
Applying the same reasoning as in (7) shows that

B((Xes) = Fi)") < 24l< > Lspi= oy E (2P B0 )E (25 B1)),

tzeS*

Now when 7 € § %, using the same reasoning as in (10) but with tilting proportional to v (B1) instead

_ 2 (B _ 2 2 2yhi(By)
E(1 ce KB0) = 7" Q(X < ao?)E (e P),

tes;
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where X ~ /\/(2)/02, 02). We may if we wish assume that o« < 2y, so

1 1
Q(X < 0502) < exp(—E(Zy - oz)zaz) < Cexp<§(2y - (x)2 logs).
Thus using Lemma 2.1 again,
E((Xk(s) — ?k(s))z) < Ce* x (72 10g(1/8)4) x gV +Qr=a?/2—4y?/2
< C(log 1/e)*e2+Cr—?/2=y?

Choosing « arbitrarily close to y we find that the exponent of ¢ is arbitrarily close to 2 — /2 which is positive since
y < 2. Thus we can find « close enough to y such that the exponent is positive, in which case (6) follows.

As discussed at the beginning of the section, this implies almost sure convergence of . (¢) to a limit u(¢) (which
might still be identically zero at this stage). ([

3. Proof of Theorem 1.2: Nondegeneracy

Let » > 0 and let T, = inf{z > 0: dist(B;, dU) <r}.
We will first show that

T,
]P’z{lim/ eVhe(Bs) gv?/2 g o O} > 0.

e—=0Jo

It suffices to show that the integral is bounded in L9 for some ¢ > 1. Our strategy is inspired by work of Bacry and
Muzy [1] on multifractal random measures. Since the proof can appear a bit convoluted, we start by explaining what
lies behind it. Essentially, the gth moment of the integral can be understood as the sum of two terms: one diagonal
term which gives the sum of the local contribution of the field at each point, and a cross-diagonal term which evaluates
how these various bits interact with one another. Consider a square S in the domain and such that z € S. The strategy
will be to slice the square into many squares of sidelength 27", where m will be a large but finite number. The key
part of the estimate is to show that the sum of the contributions inside each smaller square is small. To achieve this,
we use a scaling argument, as the Gaussian free field in a small square can be thought of as a general ‘background’
height plus an independent Gaussian free field in the square.

Without loss of generality, we will assume that z € S = (0, 1)2 the unit square, and D contains the square S’, where
S’ is the square centered on S whose sidelength is 3 (i.e., ' = (—1, 2)?). Then it will suffice to check that

T
/ e”e(B) 7?12 45 is bounded in L4,
0
where T = inf{r > 0: B; ¢ S}. We will in fact show the slightly stronger statement that
r 2
[ g?he(Bs) v /ZI{Bseg} ds is bounded in LY, an
0

where T = inf{r > 0: B; ¢ S'}.
3.1. Auxiliary field
Fix a bounded continuous function ¢ : [0, co) — [0, co) which is a bounded positive definite function and such that

¢(x) =0if x > 1. For instance, we choose ¢ (x) = /(1 — |x|)4, see [10] and the discussion in Example 2.3 in [11].
Define an auxiliary centered Gaussian random field (X (x)), g by specifying its covariance

8 _
ce(x,y) =E(X: ()X (y)) =1Og+(7> +¢<|y . XI>.

lx —ylVve
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Define also the normalized field to be X, (x) = y X¢(x) — (y?/2)o, with o = ¢,(0,0) = log(8/¢) + 1, so that
E(eXs™®) = 1. Because we have assumed that S’ C D, it is easy to check that the covariance structure of X, and
yh are very close: more precisely, there are constants a and b, independent of ¢, such that

ce(x,y) —a <E(yhe(x)yhe(y)) < celx,y) +b (12)
for all x,y € §'. Condition for a moment on the trajectory of the Brownian path (By,s < T), and let [E denote
the corresponding conditional expectation. Define a measure . to be the (random) Borel measure on [0, 7] whose
density with respect to Lebesgue measure is thS(BS)sVZ/Zl{BSeS}, se€l0,T].Let I ={s €[0,T]: By € S}. Note that
conditionally given B, the process (/. (By))ser is a centered Gaussian process indexed by / with covariance function

ne(Bg, B;), where 1 (x, y) is the covariance function of the (unconditional) Gaussian field (h:(x))xep. By Theorem 2
of Kahane [8], we deduce from the right-hand side of (12) that

~ ~, r ) — B )2 4
E[(Mg(o, T))(I] < EI:(/ ng(é) (1/2)E(Ye(s)) l{BJGS} dS) :|, (13)
0

where foE s €, Y.(s) is a Gaussian centered field with covariance c.(Bs, B;) + b. Thus Y. (s) may be realized as
Y:(s) = X.(By) + W, where W is a fixed independent centered normal random variable of variance b. We deduce that

T _ q
E[(MS(O, T))q] < fE(qu—qbﬂ)El:(/ CXS(B“)I{BSGS} ds) i|
0

T _ q
:eqw—l)b/sz[(/ GXS(BS)I{B,es}dS) }
0

Taking expectations,

T _ q
E[(ue(0, 7))7] < eq@—l)b/zﬁ[(/o eXe B p g ds> ] (14)

Reasoning similarly with the left-hand side of (12) gives us

T _ q
E[ (1 (0, T))q]ze—q(q—”“/zE[(/O eXS(BS)l{BxEs}ds> } (15)

The crucial observation about X, (and the reason why we introduce it) is that it enjoys an exact scaling relation, as
follows:

Lemma 3.1. For A <1,
(X)Le()hx))xeg(()A) =d (‘Q)L + Xs(x))xeB(OA)’

where §2), is an independent centered Gaussian random variable with variance log(1/A).
Proof. One easily checks that for all x, y € R2 such that lx — yll <8, cre(Ax, Ay) =log(1/X) 4+ c.(x, y). U
3.2. Moments of order q > 1

Therefore, fix 1 < g < 2 and consider for z € S = [0, 112 the unit square,

T _ q
fs(z)=Ez[</0 eXE(BS)l{BseﬂdS) } (16)
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where as before, 7 = inf{r > 0: B, ¢ §'}, and S’ =[—1,2]?> C B(0,4). We let M, = sup,¢s f¢(z). Our goal will be to
show that

M is uniformly bounded in ¢ for some choice of ¢ > 1. 17)

The strategy for the proof of (17) will be the following. We fix m > 1, which we will choose suitably large (but
fixed) at some point. We split the square S into a checkerboard pattern of squares S;, each of which has sidelength
27", By Minkowski’s inequality, it suffices to show that

Z/ KBy o ds

iel

is uniformly bounded in L9, where (S;);¢; is a maximal subset of squares such that |z —w| > 27" forz € §;, w € §;
and i # j € I. In words, we have retained “every other subsquare” in /. Note that there are at most |/| < 4™ such
subsquares.

Since ¢ < 2, the function x > x%/? is concave. Being equal to 0 at x = 0, it is therefore subadditive. Hence letting

di=Jy GXS(BS)I{Bsesi} ds,
oXe(Bs)q d E, q/2 ? _ q q/2 4/2
Z (Beesyds | | = > d = E(d])+ ) E(d]"ai").
icl iel iel i#]

We treat separately the diagonal terms and the nondiagonal ones. We start by the diagonal terms.

Lemma 3.2. There exists C independent of m, q and ¢ such that

Z]EZ (dl‘l) < szm(i(q)+2)M82m7

iel

where

2
— 2V__ Y-
¢(q)=q 5 q<2+ 5 ) (18)

Proof. LetU; =inf{r > 0: B; € S;}andlet T; = inf{t > U;: B ¢ Sl.’}, where Sl.’ is the square centered on S; containing
the 8 adjacent dyadic squares of same size as S;. Let N; denote the number of times that the path of the Brownian
motion returns to S; after having touched the boundary of S7, before T'.

Then applying the Markov property at each such return, we get

max E. (d) < CmaxE, (8{)E-(N:), (19)
zeS wesS;
where

i _
Bi :/ eXE(BX)l{BxeSi} ds.
0

(Note that by the strong Markov property, (19) holds even when z ¢ S;, as before the first hitting time of S; the
contribution to the integral in d; is zero.) Now, a simple martingale argument shows that for some constant C > 0,

E.(N;) < Clog(2"),

uniformlyinz € Sandi € [.
We now use the scaling properties of both B and X, (i.e., Lemma 3.1) to estimate the diagonal terms. Let A = 1/2",
and write 2" By = Byyom, where B is a planar Brownian motion starting from © = 2"w. Let §; = 2"5;, S’ =2"5,
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and let T, = 2%"T; = inf{r > 0: B, ¢ Sl.’}. Note that we have S’ C B(0,4). Hence for w € S;, performing a change of
variables u = 22",

T; q
m 2
E,(BY) = Ew[(/ 1ian p,coms, 7 7 Xem @B o1 2 ds) }
0

T; - q
_ 2 B B ¥ Xeom(Boom ) v2/2
—E(e‘“/ A)]Ew|:(/0 l{BzzmSESi}ey om (Byam ) o v~/ ds) :|
< Ced’7 1082 /29 ~2qm—qmy? /2 i 1= o erXem (B (gmg\r*/2 4 !
=te o1\ o (B8 (2"e) u

< sz(qZ)’Z/Z—q(Z-")’Z/Z))1‘42",‘E = C2™D Mo, (20)

for a constant C that does not depend on m, g or ¢.
Since there are at most |I| = 4™ terms, we deduce that the contribution of the diagonal terms is at most

> E.(d]) < Cm2" D Mg,

iel
where ¢(q) is defined in (18). This finishes the proof of Lemma 3.2. O
3.3. Interaction term

We now look at the cross-diagonal terms.

Lemma 3.3. There exists Cp, 4 which may depend on m and q but not ¢, such that

Y E.(d1%d??) < Cpg.
i#j

Proof. Since ¢/2 < 1, by Holder’s inequality,
2 ,q/2
E.(df?d!"%) < E.(did;)*/*.

Now, let [E denote the conditional expectation given (B, s < T'). Then by Fubini’s theorem

T T
E(didj) = / / E(exp(Xe(By) + Xe(B1)))1iB,cs;.B,es;) ds df
o Jo

2

T T 8 2
<[ [ (o) s nespaa
S

<(8-2") 12

T ,rT 2 2
2 —2y“log(e/8) +2y~log, 8/(e vV |Bs — B;|)
=/ f (e/8)” eXP( gte/ B+8/ —— )1 {,es;,Bes;) ds di
0 0

Hence, taking expectations, E,(d;d;) < Cm,qIEZ(T2) < Ci,q- Taking the (g /2)th power, and summing over i # j, we
get Lemma 3.3. (]

Putting together these two lemmas, we immediately obtain

M, < Cm2m({(q)+2)M2m€ +Cnyg- 210
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The key fact is that the exponent 2 4 {(g) may be chosen to be negative for some ¢ > 1. Indeed, note that ¢(1) =
¥2/2—=2—y2/2=—=2,and ¢'(1) = (y?/2) —2 < O if and only if y*> < 4 i.e. y < 2. Since this is the assumption of
the theorem, we deduce ¢’(1) < 0 and hence it is possible to choose ¢ > 1 such that 2 + ¢(g) < O.

Since 2 + ¢(g) < 0, we can choose m sufficiently large that Cm2™?+¢(@) < 1/2, and so obtain that

1
Ms < EMZ'"E + Cm,q~
Taking the supremum over ¢ > &g, we get

1
sup Mg < = sup Mg+ Cpy

£>¢€0 e>2Mg

1
<zsup My +Cp g

£>¢0

and hence

sup Mg <2Cy 4.

£>¢€0

This proves (17), and therefore (11). Thus «(7;) > 0 with positive probability.
3.4. Continuity

Let 1. denote the random Borel measure on R obtained by

t
e ((s, t]) =/ e”hg(B“)1{,,<T}£7”2/2 du.
N

Then by the first part of the argument, i1, converges to a measure 1 and we have just shown that . (0, T') is bounded
in L9 for some g > 1, hence is uniformly integrable. Thus E(x (0, 7)) = E(fOT R(B;; D)”z/2 dr) > 0 and thus u is
positive at least with positive probability. We now check that this probability must in fact be equal to one.

Let D; be the disc of radius 27”7~! having the same centre as the square S;. Let D/ be the (open) disc of radius
2 - 27" having the same centre as D;. Let o; = inf{t > 0: B; € D;} and t; =inf{r > 0: B; ¢ Df}. Recall the subset
I introduced earlier, which is a maximal subset of {1, ..., 22’”} such that the th are pairwise disjoint. Note however
each D; is tangent to four other discs D// (except near the boundary of §). Define the event

G; = {/n du(t) > 0}.

Note that if just one of the G; hold, then p (0, T) > 0. We will in fact show that many G; occur with high probability.

LetZ,, = Zie[ 1g;.
Using the Markov property of the Gaussian free field (see e.g. the statement of Proposition 2.3 in [7]), we see that

conditionally given the values of |y where U = S\ | J;; D;, we can write on each of the D;,i € I,

h=hy +h, (22)

where Ay is a.s. a harmonic function on | J;.; D; and h' are independent Gaussian free field with zero boundary
condition on 9D;. Then note that the event G; is unchanged if we replace & by h' in the definition of w(¢). In
other words, G; is a function of 4’ and of the Brownian path (B;, 0; <t < 1;) only. By rotational invariance of K,
and independence of the paths (B;,0; <t < ;) up to rotations around the centre of le, we deduce that for each
il,...,ikel,

k
P.(Gi,N---NGjloj, <00,...,0/, <00)= HIPZ(G,-jwij < 00).
j=1
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In other words, the G; are conditionally independent given {i: 0; < oo}. Moreover, P,(G;|o; > 0) = p, where p > 0
does not depend on i, nor on m by an easy scale-invariance argument, and p > 0 because E,(u[0, T]) > 0.
Putting these pieces together, we find that Z,, has the same distribution as

Zn=Y &l <o), (23)
iel
where &; are i.i.d. Bernoulli random variable with parameter p > 0.

Lemma 3.4. Assume that z is the centre of S and let Ny, =) _; 1{5; <00} Then N,, — 00 almost surely as m — oo.

Proof. Let o/ = inf{t > 0: B; € D]} then N' =}, ;
surely. This is because the diameter of the {B;,0 <t < T} is bounded by above 2-m+1 N/ but is also at least equal

to 1. Now, it is easy to see that for each new disc le which is visited, there is a probability at least 1/2 to visit D;,
independently for all i such that o/ < co. Hence N, — oo almost surely. (]

15/ <oc)- Note that we necessarily have N "> 2m=1 almost

Putting together (23) and Lemma 3.4 we deduce that
P.(Z, >0)—1

as m — oo. In particular, P(u (0, T) > 0) = 1. Now, recall that T = inf{r > 0: B; ¢ S}, and S = [0, 1]? and we have
assumed without loss of generality S C U. The same holds with § replaced by any square containing z and which
is a subset of U. Hence if 7™ = inf{r > 0: B; ¢ [-27™,27"]%}, we also deduce that ;£[0, 7] > 0 almost surely.
Since T — 0 almost surely, this implies (0, t) > 0 almost surely for all t < Top = inf{r > 0: B, ¢ U}. Applying the
Markov property, it follows from this that, almost surely, for all rationals s < t < Tp,

w((s,21) > 0.

Hence, since p is nondecreasing, this is also true for all times s < t < Ty simultaneously.
Therefore ¢ — w~'(¢) is continuous with probability one, and so t — Z(r) = B,,-1() is also continuous with
probability one.

Remark 3.5. It is also easy to see from the proof that ' (t) is a.s. increasing, and hence Z does not “stay stuck”
anywhere. This argument is identical to that used in [6]. Indeed applying Kahane’s convexity inequality as in (13) and
scaling exactly as in (20), we see that

E;[1(0.1)9] < Ct~¢@/2
and hence if Ay (s, u) is the event that t — (0, t) has a jump greater than x in the interval [s, u)

P, (A0, 1)) < Y P(A(j/n, (j + D/n))

j=1

< Cnx_qné‘(qu

by Chebyshev’s inequality. But recall that {(q) + 2 < 0 for some g > 1. Hence ' t@D/12 5 0 and P,(A;(0,1)) =0
and the result follows, since x is arbitrary.

4. Conformal invariance

Naturally, the Gaussian free field is conformally invariant as a random distribution. However, its regularisation /; is
not, and so it is better to consider a different approximation of the Gaussian free field. Fix fi, ... an orthonormal basis
of HOl (D), say by considering normalised eigenvectors of —A with Dirichlet boundary conditions on 9 D.
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Let h"(z) = Z?:l X fi, where X; are i.i.d. standard normal random variables, and note that we can think of 4" as

the orthogonal projection of &, which is formally the infinite sum Y ;2| X; fi, onto Span(fi, ..., fy).
Define

t
1" (10, 11) = / Vg <y BO—(2 /20 Var i B+ /2 log RBiD) 24)
0

The following proposition shows that approximating & by A, does not change the limiting diffusion.

Proposition 4.1. Almost surely for all t > 0,

1" ([0, 1) — ([0, 1])

asn — oQ.

Proof. Define h,(z) to be the average of 4" (w) on a circle of radius & about z. Then for each fixed £ > 0, the sequence
eV HE@=(r?/2)Var ki (2) formg a nonnegative martingale with respect to n, and the filtration H,, = o (h;, 1 <i <n). The

limit as n — oo is naturally eVhe@=(%/2) Varhe (@) which also has expectation equal to 1. Thus the martingale is
uniformly integrable and we have

t
E (e ([0, 11)[Hn) = / 1y <qye? e B)=(r*/2) Varh (B +(y? /D) log R(Bi:D) gy
0

Thus letting ¢ — 0, since &, and Var(h,,) are continuous,
Tim B2 ([0, £1) ) = 110, 1.
But by Fatou’s lemma,
E(p(10. 11)[Hn) = E(liminf jue (10, 11) [H,) < liminf E(pe (10, 11) [4") = u"10, 1.
Hence, for all ¢, and all , almost surely,
E (e ([0, 11)|Hn) < ma (10, 11).
But taking expectations, the left-hand side is equal to E fot 1;-1y(log R(By; D))(Vz/ 2 dt as e 1s uniformly integrable,
and the right-hand side is also equal to the same value. Since these two random variables are almost surely ordered
and have the same expectation, they are almost surely equal.
We deduce
E((10. 11)[Hn) = u" (10, 11).

By the martingale convergence, we deduce that p” ([0, t]) — ([0, ¢]) as n — oo, almost surely. O

Now, let ¢: D — D be a conformal transformation and let = ¢~!. Then writing ﬂ, = fn o ¥, we see that fn
forms an orthonormal basis of H& (D) (this is because (-, -)y is conformally invariant). Thus let 2" = h" o Y, which

is the projection of the Gaussian free field / o ¢ onto Span( floos fu). Let py, = " and W, ! be the inverse function
of w,,. Now by conformal invariance of ordinary Brownian motion,

¢(Bt) = Bf()t ¢/ (By)|2 ds>
where B is a killed Brownian motion in D. Thus

P(B 1) = Bo, 1y =t Zn (1),
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where, by definition, o, (t) = M" o |’ (Bs)|* ds. By the chain rule, if z = Zn(t) and z = Bﬂ;l(,),

o(t)——un )¢/ (B,1 )]

1
T VN @=(2/D) Varh" ()+(7% /D) 1og RE: D) [y ()2

Observe that log R(Z; D)= log R(z, D) + log|¢’(z)| and hence

1
0, (1) = ——— . e —— (25)
ey (" (@)+Qlog [/ ()~ (y?/2) Var k" (2)+(y?/2) log R(%: D)

where Q =y /2 +2/y. Thus define a field in D by hy (w) =h o ¥ + Qlog |y and let

f TN (R Y_ (1,2 ) 2 R .7
ﬁf’p(f)=/ 1, gy e P B2 Vark (B 2 0g R(B:D) g

where T = inf{z > 0: I§f ¢ 13}. Then a computation similar to (25) shows that w(7T) = lim,— o un(T) = [W(f) and
the right-hand side in (25) is simply the derivative of /1:2 (r)~!. Hence we have proved, after taking limits as n — oo,

(@201 < w(D)) = (B 1.1 < iy (D).

5. Proof of Theorem 1.5

We focus on the case 2 > « > y and consider the set {t: Z, € 7.} (the other case is identical). To ease the proof we
will drop the superscript 4 from this notation and hence call 7, := 7, in this proof. Let d = (2 — a?/2)/2 —ay +
¥2/2) so we wish to prove that dim{r: Z; € T;} = d almost surely. Note that since & > y we have d < 1; so we may
choose 1 > 0 such that g =d(1 + n) < 1. Since « < 2, we have that 2 — «?/2 > 0 and we may choose § and € > 0
small enough that (2 — «?/2) — a8 — 2¢ > 0. Then set

2
N2 —a?/2) —ad — 2

K a sequence of scales. Let #,; = jr,%“g, 1<j=<r, 2-2¢ form a partition of [0, 1] into intervals

and choose r,, =n~—
of size r2+%.

If #,; is the closest element of the net to ¢, then

— B(t, aTeE r
|B(t) B(tj)| <C\/r +2 1og 1/ 2+2s)

by Lévy’s result on the uniform modulus of continuity of Brownian motion [9]. Hence applying Proposition 2.1 in
[7], forall ¢ >0and & € (0, 1/2),

[\/ra 2 log(1/rat2))E
|hrn (B(t)) - hrn (B(t”]))| S MCS (log ]/rn){ \/ VS+§5

< MC52+2¢)5?(log1/r,) 5%
<dlog(1/rn) (26)

for n sufficiently large, provided that ¢ + £/2 < 1 (which we may assume if we wish). This motivates the following
definition

Ln={Jj: hr, (B(tnj)) = (@ — &) log(1/ry)}.
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The interest of introducing this set then comes from the fact that, by (26), if B; € T, then we can find arbitrarily large
n such that 7 € [t,,; — r,%, Inj + r,%] for some j € Z,,. More precisely, recall the inverse clock function ¢ /L_l(t)
where with a slight abuse of notation we identify w(z) and ([0, ¢]). Consider the image of [#,; — r,%, tnj + r,%] by
t— u_l (¢). These are also intervals, which we denote by [ay;, b,;]. Let

In = {lan;. bujl. j € T}
n>N
Hence a consequence of (26) is that for all N > 1, Jy covers {t: Z; € Ty}.
Now, it is plain that
_ _82/2—
E(1Zyl) =1, 2% P(hy, (2) = (o = 8)log(1/ry)) ~ ry T @707 /272040L),
and thus
E(|In|) < r;2+a2/278a728+0(1)' 27)

We now estimate the diameter of these intervals. We first need the following lemma:

Lemma 5.1. Let e <r and z, w € D such that B(z,r) U B(w,r) C D.Then
Cov(he (w), b (2)) <log(1/r) + C + 0 (1), (28)
where C depends only on max(dist(z, d D), dist(w, d D)) and o.(1) — 0 as € — 0 and r is fixed.

Proof. It is obvious that the result is true for w = z; and intuitively 4, (z) and &, (¢) are most highly correlated when
r = z. By definition (see e.g. Proposition 3.2 in [4]), the left-hand side in (28) is equal to (§%, §)v, where

E1()=—log(lz—-IVr)+ (),
where ¢° is harmonic in D and is equal to —log|z — -| on dD. Let @Z(-) = —log|z — -| vV r. Note that V&7 =0 in
B(z,r) and V& =0 in B(w, €). By Green’s identity, and since &7 is harmonic outside of B(z,r) U B(z, ¢),
i/V§Z~VE”’=L SwV§Z~ndo+i/ EYVE: .ndo
2n Jp " 2n [ysouBw.ey C 2n Jop ™t T

where 7 is the nomal unit vector. Now, the second integral is clearly O(1), and the contribution coming from d;f is
also easily shown to be O(1) so it suffices to show that

/ g;”v¢5.nda+/ £1Ve? -ndo < 2mlog(1/r) +O(1). (29)
dB(z,r) dB(w,e)

Obviously, on dB(z,r), V¢ -n = 1/r. Assume for ease of computations (without loss of generality) that z = 0. Hence
the first integral on the left-hand side of (29) is equal to

27 ) 2n
/ —10g|relg—w|d9=2n10g(l/r)—/ log
0 0

elf E'de.
r

The second term in the right-hand side is uniformly bounded when |w| < 2r and negative for |w| > 2r.
On the other hand, the second integral in (29) is bounded by (1/r)2melog(1/e) = o.(1), so the result follows. [J

Lemma5.2. Let]1 <j < rn—z—zs. Given that j € T, forall g <1,

3 . 2— 2 2 (1
E(Dlam([aﬂj’bnj])qU EIn) < Crrél]( ya+y~/2)+o,( )’

where 0,(1) — 0 as n — oo.
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Proof. By Jensen’s inequality it suffices to prove the result for ¢ = 1. Note that Diam([ay;, byj]) = u([tsj — r,%, thj +
r,%]). Hence, by uniform integrability of u.,

E(Diam([an;, buj1)1j € Tn) = lim B (1) — rit +rilj € Ly).
Denote r = ry,. Note that by conditioning on B and letting B;,; =z and j € Z,, we get

[nj"rrz

B[t — 2 1) + 2]l €Z,) = E(/
I

nj =T

eVhe(Bo)+(v?/2) loge) i e In> ds

2

it
= / dsE[erhe B0 Dloge () > o log(1/r)].
Iy

nj —r?
Now note that

E[eyhsws”(yz/” 024 1, (2) > alog(1/r)] =P(h, (2) > log(l/r))_l(@(hr(z) > alog(1/r)), (30)

where d(@/d]fD — e7h:(@+(*/Dloge  Under @Q, it is easy to check that 4,(z) is normal with mean yc where ¢ =
Cov(h,(2), he(By)), and variance o2 = log(1/r) + O(1). Therefore, using Lemma 5.1,

Q(h(z) > alog(1/r)) = Q(N(0,0?) > alog(1/r) — yc)
< exp(—%(a —y)?log(1/r) +C + os(l)>
= Cr @ 2(1 4 0.(1)).

Observing that ]f”(h,(z) > alog(l/r)) = pe/2+0-(1) where 0,(1) — 0 as r — 0 and does not depend on ¢, and plug-
ging in (30) this gives

E[e?he B0 /208¢ () > g log(1/r)] < Cr/2Hor D =@=r/2(1 4o (1))

- Cr*a}’+)/2/2+0r(1)(1 + 08(1))_

Integrating over s € [t,; — r2 i+ r?] and taking expectations, we obtain

. 2— 2 /240, (1
Bt ([tnj — r2s tj +r2))lJ € Tp) < Cra 7*F7 20D (1 Lo, (1)),
from which the result follows after letting ¢ — 0. (I

Now, recall that we have chosen ¢ = d(1 + n) < 1, by assumption on 7. By Lemma 5.2, and due to our choice of
K’

E(Z 2 Diam({a, bn,;J)‘f) = O(Z r,;’”‘“zf”‘““‘“"(‘))

n>N jeZ, n>N

_ O(Z n—2+0(1)>.

n>N

This proves that the Hausdorff g-dimension of {t: Z; € 74} is 0, almost surely. Since n > 0 is arbitrary, this proves
the result.
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