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GAMBLING IN CONTESTS WITH RANDOM INITIAL LAW

BY HAN FENG AND DAVID HOBSON
University of Warwick

This paper studies a variant of the contest model introduced in Seel and
Strack [J. Econom. Theory 148 (2013) 2033-2048]. In the Seel-Strack con-
test, each agent or contestant privately observes a Brownian motion, absorbed
at zero, and chooses when to stop it. The winner of the contest is the agent
who stops at the highest value. The model assumes that all the processes
start from a common value xy > 0 and the symmetric Nash equilibrium is
for each agent to utilise a stopping rule which yields a randomised value for
the stopped process. In the two-player contest, this randomised value has a
uniform distribution on [0, 2xq].

In this paper, we consider a variant of the problem whereby the starting
values of the Brownian motions are independent, nonnegative random vari-
ables that have a common law 1. We consider a two-player contest and prove
the existence and uniqueness of a symmetric Nash equilibrium for the prob-
lem. The solution is that each agent should aim for the target law v, where
v is greater than or equal to p in convex order; v has an atom at zero of the
same size as any atom of u at zero, and otherwise is atom free; on (0, c0) v
has a decreasing density; and the density of v only decreases at points where
the convex order constraint is binding.

1. Introduction. Seel and Strack (2013) introduced a contest model in which
each agent chooses a stopping rule to stop a privately observed stochastic process.
The contestant who stops her process at the highest value wins a prize. The ob-
jective of each agent is not to maximise the expected stopping value, but rather to
maximise the probability that her stopping value is the highest amongst the set of
stopping values of all the contestants.

The Seel-Strack contest is a stylised model of a contest between agents in which
agents compete to win a single prize. Examples include certain internet casino
games (where competitors ante a fixed amount, then play independently with no-
tional funds, with the prize awarded to the contestant with the highest notional
fortune at the end of the game), competitions between fund managers (where each
manager aims to outperform all the others in order to obtain more funds to invest
over the next time period) and competitions between company CEOs (only the
most successful of whom, in relative terms, will be offered an executive position
at a larger company); see Seel and Strack (2013) for further details and examples.
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The key feature of these contests is that the cost in terms of effort is not dependent
on the riskiness of the strategy, and that agents do not earn rewards from the value
of their entry into the contest, but only from the relative value or rank order of the
entry.

The modelling assumptions of Seel and Strack (2013) include the fact that con-
testants are unable to observe both the realisations and the stopping times of their
rivals and the fact that the privately observed stochastic processes are independent
realisations of a drifting Brownian motion absorbed at zero. As argued by Feng
and Hobson (2015), the setting can be generalised to allow for independent real-
isations of any nonnegative, time-homogeneous diffusion process since a change
of scale and time reduces the problem to the martingale case of Brownian motion
without drift. Henceforth, we will concentrate on the case of drift-free Brownian
motion, absorbed at zero. We will focus on the two-player case.

Seel and Strack (2013) studied the symmetric case where the contestants ob-
serve processes which all start from the same strictly positive constant. In this
paper, we will discuss an extension of the Seel-Strack problem to randomised
initial values, whereby the starting values of the Brownian motions are drawn
independently from the (commonly known) distribution w, where w is any inte-
grable probability measure on R™*. This might correspond to casino gamblers who
are obliged to participate in a minimum number of bets before closing out their
position, fund managers with different initial portfolios (which are unknown to
competing agents) or to newly installed CEOs taking positions in companies of
different strengths.

A very attractive feature of the Seel-Strack contest model is that it has an ex-
plicit symmetric Nash equilibrium, as constructed in Seel and Strack (2013). Stop-
ping rules are identified with target laws for the entry into the contest and in equi-
librium players use randomised strategies, so that the level at which the player
should stop is stochastic. Moreover, the set of values at which the agent should
stop forms an interval which is bounded above. In the two-player case, the target
law is a uniform distribution (so that if the initial wealth of both agents is x then
the target law has constant density 1/2x on [0, 2x]); see Example 3.1 below. Our
results extend Seel and Strack (2013) to the case where the initial values of the
Brownian motions are independent draws from a common initial law. As in the
Seel-Strack contest, stopping rules are identified with target laws, and in equilib-
rium players use randomised strategies, so that the level at which the player should
stop is stochastic. Now, however, the set of values at which the agent should stop
forms an interval which can be unbounded above (if the initial law has unbounded
support). Since terminal laws are obtained from stopping a nonnegative martin-
gale, it is clear that any attainable terminal law has a mean which is equal to or less
than the mean of the initial law, and it is natural to expect that an optimal terminal
law has highest mean possible, or equivalently we expect that for an optimal stop-
ping rule the mean of the terminal law should equal that of the initial law. Then
the candidate terminal laws are precisely those which are greater than or equal to
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the initial law in convex order. In fact, we show that the optimal law has the twin
properties that (with the possible exception of an atom at zero of the same size
as the inital law) the target law has a density which is decreasing, and the density
decreases only at those levels where the convex order constraint, expressed via the
potential of the distributions, is binding. We have two main results: first, we show
that any distribution with these properties characterises a symmetric Nash equi-
librium for the problem (Theorem 3.1); and second we show that for any initial
law there is exactly one target law with these properties (Theorem 3.2), and hence
there is a unique symmetric Nash equilibrium for the problem.

The Seel-Strack contest is a recent addition to the literature in economics and
has not yet been greatly studied. However, as Seel and Strack (2013) emphasise,
there are strong connections between their contest model and all-pay auctions [see,
e.g., Baye, Kovenock and de Vries (1996)], wars of attrition [Hendricks, Weiss and
Wilson (1988)] and silent timing games [Park and Smith (2008)]. Indeed in the set-
ting of n exchangeable agents with fixed initial wealth (equal to 1/n), the solution
of the Seel-Strack contest is identical to that of n-agents in an all-pay auction with
cost equal to bid size. In both situations, agents randomise their strategy in order to
introduce uncertainty into the value they enter into the contest/auction. This makes
it more difficult (and in equilibrium, impossible) for opponents to take advantage
of knowledge of the distribution of the entry. If in the two-player Seel-Strack con-
test an agent chooses an entry which is a point mass (at the initial wealth x), then
the opponent can play until his wealth is x + ¢ or he goes bankrupt; thus winning
the contest with probability x /(x + ¢). Since ¢ can be chosen arbitrarily the oppo-
nent can choose a strategy for which the probability of him winning is arbitrarily
close to unity, and thus the strategy of the first player cannot be optimal.

In contrast to the Seel-Strack contest, the all-pay auction is much studied. The
all-pay auction is used as a model of technological competition, political lobbying
and job promotion (with effort). Several generalisations of the all-pay auction have
been studied. Sometimes in these auctions one or more of the agents has a headstart
[Konrad (2002)], perhaps from prior effort, or from being the incumbent in an
election campaign. In recent work, Seel (2014) studies the all-pay auction with
random head starts, which is the direct analogue of the problem studied here. Seel
finds the Nash equilibrium in an asymmetric, two player all-pay auction where
one of the players has a random headstart, and the ideas can be extended to the
symmetric case where both players have random headstarts.

Relative to the main results of Seel (2014) on all-pay auctions with random
headstarts, we find that the symmetric Nash equilibrium in the Seel-Strack contest
with random initial law is more subtle. In the symmetric two-player all-pay auction
with random headstart, the target law for the total bid has a density taking values in
{0, 1}. In particular, there may be gaps in the support of the distribution. In contrast,
in the symmetric two-player Seel-Strack contest with random initial law, we find
that the support of the target law has no holes, and that the density is monotonic
decreasing. This indicates that the Seel-Strack contest and the all-pay auction are
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perhaps less closely linked than might be expected from considering the base case
alone. In the case without headstarts/with point mass initial law, the Nash equlibria
in the two settings are identical, but this does not carry over to generalisations
of the two problems. Even in the standard setting we learn that the fundamental
property of the uniform distribution which leads to optimality in the two-player
Seel-Strack contest is that it has a decreasing density, whereas in the context of
the all-pay auction it is the fact that the uniform distribution has a density which
takes values in {0, 1}.

Seel and Strack (2013) solved their problem by proposing a candidate value
function for the problem, and then verifying that this candidate is a martingale
under an optimal stopping rule for each agent. We solve the problem in a different
way using a Lagrangian approach. Our solution methods allow us to characterise
the target laws which correspond to a candidate equilibrium quite easily, but some
effort is required to show that there is a measure with these characteristics, and that
for a given initial law, this measure is unique.

The paper is structured as follows. In Section 2, we introduce the mathematical
model of the contest. We will see that a Nash equilibrium is identified with a pair
of probability measures. In Section 3, we state the main theorems which charac-
terise the unique symmetric Nash equilibrium and give some examples. A proof of
the characterisation theorem is given in Section 4. Following some preliminary re-
sults in Section 5, which are potentially of independent interest, Section 6 includes
an explicit construction of the symmetric Nash equilibrium in the case where the
starting random variable takes only a finite number of distinct values, and then an
extension of the existence result to general measures. Uniqueness of the equilib-
rium is proved in Section 7.

2. The model. Consider a contest between two agents. Agent i € {I,2}
privately observes the continuous-time realisation of a Brownian motion X' =
(X f),eR+ absorbed at zero, where the processes X' are independent. Seel and
Strack assume X = x( for some positive real number xo which does not depend
on i. The innovation in this paper is that we assume X, 6 ~ W, where p is the law of a
nonnegative random variable with finite mean i € (0, co0). The values of (X 6) i=12
are assumed to be independent draws from the law .

Let .7-"; = a({X;~ s <1t} and set F! = (H),Zo. A strategy of agent i is a
[Fi -stopping time t'. Since zero is absorbing for X', without loss of generality
we may restrict attention to T/ < H} = inf{t > 0: X/ = 0}. Both the process X'
and the stopping time 7' are private information to agent i. That is, X’ and 7’
cannot be observed by the other agent.

The agent who stops at the highest value wins a prize, which we normalise to
one without loss of generality. In the case of a tie in which both agents stop at
the equal highest value, we assume that each of them wins 6, where 6 € [0, 1).
Therefore, player i with stopping value X ’t ; receives payoff

Lo =gty T 00 =x3 )
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Seel and Strack (2013) observed that since the payoffs to the agents only depend
upon 7' via the distribution of X';, the problem of choosing the optimal stopping

time 7/ can be reduced to a problem of finding the optimal distribution of X i,- or

equivalently an optimal target law. Once we have found the optimal target law v’,
the remaining work is to verify that there exists t* such that X ’T ; ~ v'. This is the

classical Skorokhod embedding problem [Skorokhod (1965)] for which solutions
are well known [see Ob1dj (2004) and Hobson (2011) for surveys]. Note that there
are typically multiple solutions to the embedding problem for a given target law,
and any of these solutions can be used to construct an optimal stopping rule. We
will identify a solution with the distribution of X i,-, rather than with the stopping
rule itself, so that when we talk about a unique equilibrium the uniqueness will
refer to the target distribution and not to the stopping rule.

We now introduce some notation which will be used throughout the paper. Let
M be the set of integrable measures on R™ = [0, oo) with finite total mass, and
let P be the subset of M consisting of integrable probability measures on R™. Let
dx € P be the unit mass at x and let o, € P be the uniform distribution on [0, 2x]
(with mean x).

For w e M, let @ = f0°° xw (dx), and define the right-continuous distri-
bution function Fy, :[0, 00) > [0, @ (RT)] by Fy (x) = @ ([0, x]). In the se-
quel, we occasionally want to consider F as a function on (—o0, 0o) in which
case we set Fg (x) =0 for x < 0. Define also the call and put price functions
Cx :[0,00) — [0, ] and Py : [0, 00) - [0, 00) by

Cor () = / (v — D) (dy) = / (@ (RY) — For (1) dy,

Pw<x>=/0x<x—y)w<dy>=fox Fo () dy.

Note that C (x) — P (x) = [o° yo (dy) — x [y w (dy) =@ — xowo (RT) and if
x € M and if o (RT) = x (R™) then

1iTm (P (x) — Py (x))

(1) = liTm (P (x) — xwo (R)) — liTm(PX (x) —xx(RT))
=X —-o.

Then y is less than or equal to @ in convex order (written x <.x @) if and only
if x(RT) =@ (RT), x =@ and Cy (x) < Cy (x) for all x > 0. This last condition
can be rewritten in terms of puts as Py (x) < Py (x) for all x > 0.

Note that if x <cx @, then C,(0) = C(0) and x ({0}) = F, (0) = x (RT) +
C;( (0+4) <@ (RT) 4+ CL (04) = Fpr (0) = & ({0}).

Suppose x, @ € P, then it is well known [see, e.g., Chacon and Walsh (1976)]
that for Brownian motion X with Xo ~ x, there exists a stopping time 7 for which
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(Xtaz)e>0 is uniformly integrable and X; ~ @ if and only if x <¢x @. In our
context, we do not necessarily want to insist on uniform integrability, but rather
that the stopping time occurs before the first hit of X on zero.

LEMMA 2.1. Suppose x,wm € P. Let X be a Brownian motion absorbed at
zero with initial law x. Then there exists a stopping time t with X; ~ @ if and
only if Py (x) < Py (x) forall x > 0.

PROOF.  Since (X;AH,):>0 1S a nonnegative supermartingale, by a conditional
version of Jensen’s inequality,

E[(x — X)) [Fo] = (x — E[X.|Fol)" = (x — Xo)*
and then
P.(x) =E[(x — X)) T = E[E[(x — X:) T |Fo]] = E[(x — X0)T] = Py (x).

Conversely, the existence follows from results of Rost (1971). [

DEFINITION 2.1. Given u € M, we say that v € M is weakly admissible
(with respect to p) if v(R') = w(R™) and P, (x) > P, (x) forall x > 0.

We say that v is strongly admissible (with respect to ) if v is weakly admissible
and Vv =1t.

Note that if v is weakly admissible then necessarily v({0}) > w({0}) and v <
by (1). If v is strongly admissible, then p <cx v.

These definitions are motivated by the fact that if X is Brownian motion with
Xo~ e P andif v eP is weakly admissible with respect to p then there exists
T < Hy :=inf{u > 0: X,, = 0} such that X; ~ v, and if v is strongly admissible
then there exists t such that X; ~ v and (X;a¢)s>0 is uniformly integrable.

DEFINITION 2.2. The pair of weakly admissible measures (v!, v?) with v’ €
‘P forms a Nash equilibrium if, for each i € {1, 2}, given that the other agent j =

3—i uses a stopping rule 7/ such that X ; I v/, then any stopping rule t/ such
that X', ~ ' is optimal.
If (v, v) forms a Nash equilibrium, then the equilibrium is symmetric.

A Nash equilibrium may be characterised as follows. Let V)’;’w denote the value
of the game to player i if Player 1 uses a stopping rule which yields law x for X il
and Player 2 uses a stopping rule which yields law @ for X 32. It follows that

1 = —_ —_— —
Vx,w—f[o’oo)x(dx){Fw(x )+ 0(Fe (x) — Fr (x—)) },

Vf,w = f[o’oo) @ (dx){Fy(x—) +6(Fy(x) — Fy(x—))}.
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Then (o, v) is a Nash equilibrium if Val’v = sup,, V,}’V and V(%v = sup,, VU% > Where
the suprema are taken over the set of weakly admissible measures. A symmetric
Nash equilibrium is a weakly admissible measure v such that Vv{v = sup,, an,v
and VE’V =sup,, sz, -» where again the supremum is taken over weakly admissible
measures 7. Note that since V;vw = Vé’ , the definition can be simplified to a
symmetric Nash equilibrium is a weakly admissible measure v such that Vvlyv =
sup,, V;U from which is follows that sup,, VVZJr = sup,, V,:,v = Vvl’v = V‘%V and v
is also optimal for Player 2.

Our paper investigates the existence and uniqueness of a symmetric Nash equi-
librium. It seems natural that a Nash equilibrium is symmetric, since the contest
is symmetric in the sense that each agent observes a martingale process started
from the same law p. Then simple arguments over rearranging mass can be used
to show that it is never optimal for two agents to put mass at the same positive
point x, and further that any symmetric Nash equilibrium must be strongly admis-
sible. The proof of Theorem 2.1 is in the Appendix.

THEOREM 2.1. Suppose (v, v) is a Nash equilibrium. Then v is strongly ad-
missible, F, (x) is continuous on (0, 00) and F,(0) = F,(0).

3. Main results and examples. In this section, we describe the main results
concerning existence and uniqueness of a symmetric Nash equilibrium for the con-
test, and give examples.

DEFINITION 3.1.  Suppose p € M. Let A}, € M be the set of measures v
satisfying:
(1) v(RY) = w(R"), F,(0) = F,(0), F, is continuous on (0, o), V = 7z, and
Cy(x) = Cy(x) for all x > 0;
(i1) F,(x) is concave on [0, 00);
(i) if C,(x) > Cj (x) on some interval 7 C [0, co) then F) (x) is linear on J.

The two main results in this article are a theorem which characterises symmetric
Nash equilibria, and a theorem which proves that a symmetric Nash equilibrium

exists and is unique.

THEOREM 3.1. If u € P, then (v*,v*) is a symmetric Nash equilibrium for
the problem if and only if v € Aj,.

THEOREM 3.2, For p € M, |A}|| = 1. In particular, if ju € P then there exists
a unique symmetric Nash equilibrium for the problem.

Before proving Theorems 3.1 and 3.2, we present some examples.
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EXAMPLE 3.1. Recall that o, =U[0, 2x], where U stands for the continuous
uniform distribution. Suppose u € P satisfies C;, < C,. Then it is easy to see
that oz € Aj;, and thus (o7, o57) is the unique symmetric Nash equilibrium for the
problem. In the case p = dp, this is the Seel and Strack (2013) result.

EXAMPLE 3.2. Suppose u € P is atom-free, except perhaps for an atom at
zero. Set by, = sup{x: Fy,(x) < 1}. If F}, is concave on [0, b,], then u € A} and
(4, ) is the unique symmetric Nash equilibrium for the problem. If F), is convex
on [0, b, ] and F,(0) = 0, then it can be verified that C;, < C o (see Proposition 5.1
for a detailed proof), and thus (o5, o) is the unique symmetric Nash equilibrium
for the problem.

EXAMPLE 3.3 (Beta distribution). Suppose u is a Beta distribution on [0, 1]
with shape parameters « = 2 and 8 = 3, that is u = Beta(2, 3). Then, the mean
of pis 2/5, Cpu(x) = (3x° — 2x* +2x3 — x + )1 <1, and F, (x) = min{3x* —
8x3 + 6x2, 1}. Then F,(x) is convex on (0, %) and concave on (%, 1), or equiv-
alently the density f, = F, [L is increasing on [0, 1/3] and decreasing on [1/3, 1].
Hence, p itself is not a candidate Nash equilibrium. Instead we expect to find
a symmetric Nash equilibrium v with a constant density f, (x) = 2c; on [0, 2],
and f,(x) = f.(x) on [c, 1], where ¢y and ¢; are constants to be determined.
Since v has constant density 2¢; on [0, c2] it follows that C,(x) = cxt—x+ %
on this interval. Moreover, ¢ and ¢, satisfy C;,(c2) = C,(c2) = clc% —c + %
and C;L(cz) = C|(c2) = 2cic2 — 1. Solving the system of equations, we ob-

tain ¢} = 4*/12_9%140 and ¢ = m—’ﬂ' For this choice of ¢y, ¢y it follows that
v e Aj. Thus, (v,v) is the unique symmetric Nash equilibrium for the prob-

lem.

EXAMPLE 3.4 (Atomic measure). Suppose that u = %8 l—e + %51+s, where
g€ (0,1). Then

Cu@)=(1—=x)Lyeo1—e) + 5(1+& —x) - Legfi—e, 14e)-

Suppose ¢ € (0, 1/2]. Then C;, < Cy,, where g1 =U[0, 2], and then (01, 01) is
the unique symmetric Nash equilibrium for the problem.
Now suppose € € (1/2, 1). Define the function C by

x2—8(1l—e)(x—1) x2 — 8ex + 162

Cx) = -1 -
(x) 81— e) xel0.2(1—¢)) T 8Ge — 1)

“Lre2(1-¢),4¢)

and let v be given by C,(x) = C(x). Then v € A;’;. Hence, (v, v) is the unique
symmetric Nash equilibrium for the problem if ¢ € (1/2, 1).
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4. Sufficiency.

PROOF OF REVERSE IMPLICATION OF THEOREM 3.1. 'We show thatif u € P
and v € A;"L then (v, v) is a symmetric Nash equilibrium. The statement that if
(v, v) is a symmetric Nash equilibrium then v € A7, is given in the Appendix.

Given u € P, define the classes of measures .Al”j = {v € M, v weakly admissi-
ble with respect to ©} and AZ = {v € M, v strongly admissible with respect to u}.
Recall also the definition of A}, in (3.1).

Using the properties of Theorem 2.1 we find that a symmetric Nash equilib-
rium is identified with a measure v* € Aj, with the property that, for any v € A}/,

Vvl* = Vvlv*. Since again by Theorem 2.1 we have that v* has no atoms on

(0, 00), for a symmetric Nash equilibrium we must have that for any v € A}

/ Fyr (x)V*(dx) + 0 Fy (0) Fy- (0)
(0,00)
@)
> / Fye(X)v(dx) + 0 For (0) F, (0).
(0,00)

Fix v* € A}, and suppose v € M. Suppose that A, y and ¢ are finite constants
and 7 is a measure on (0, 0o0), and suppose A and ¢ are nonnegative. Define

Ly A, v,8,n)

= Fye (x)0(dx) + 0 Fy (0) F, (0) +A<ﬁ— /
(0,00) (0,00)

xv(dx))
+ y(l — ./(O,oo) v(dx) — FU(O)) + ¢ (F,(0) — F,(0))

3) + o Oo)(Pu (2) — Pu(2))n(dz)

= (FV* x)—Ax—y —i—/( )(z — x)n(dz))v(dx)

(0,00)

N (GFU*(O) Cydcd f( . zn(dz))Fv(m

@) ATty —/(0 _ PuOm(d) ~ LFy(0),

where we use
[, peman=[ a@ o)+ [ LG v |

— F,(0) f( 1y 1D f(o,oo) v(dx) /(x’oo)@ — X)n(da).
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Equivalently, we have
/ Fye(x)0(dx) 4 0 Fye (0) Fy (0)
(0,00)
- / (Po(2) — Pu(2))1(d2).
(0,00)

Now suppose v € A;UZ- Then since A > 0, ¢ > 0 and n(dz) > 0 and since v € Al“j
implies that v(RT) = u(RT) =1, F,(0) > F,(0) and P,(z) > P,(z) Yz >0, we
find

5) f(o (0@ +0F OF,0) S Lo (7.2,

Furthermore, if 5 is such that n(J) = 0 for every interval J for which P,«(z) >
P, (z) on J, then since v* has unit mass and mean & and since F\+(0) = F,(0),

(0) /(o : Fyr (x)v*(dx) + 0 Fyx (0) Fyx (0) = Ly (V5 A, ¥, ¢, 1)

Define b* = sup{x: F,«(x) < 1} so that b* < co. Since F,+ is continuous and
concave, it is absolutely continuous, which means that there exists a function f«
such that F,«(x) = f(j‘ fux(y)dy + F«(0). By concavity of Fyx, f,+ is monotonic
and we may take it to be right-continuous. Then f«(x) = f( x.b¥] Y (dz), where the
measure ¥ is given by ¥ ((z1, 221) = fur (21) — fur(z2) for any z1 < 2.

Let A*=0, y*=1,¢*= ({1 —0)F,x(0) and n* = . Then f(o’oo)zn*(dz) =
1 — F«(0). Since v* € A} we have that if n* places mass on every neighbourhood
of x then Py« (x) = P, (x).

Define I' on [0, 00) by ['(x) = A*x + y* — f(x’oo)(z — x)n*(dz). Then, for any
x>0,

Fa)=1- fuw v [Cdy=1- /:o dy fur(y) = Fye ().

Observe that 0 F,«(0) — y* + ¢* + f(o,oo) zn*(dz) = 0. Thus, by (5) and (4), for
veAY,
/ Fyr(x)0(dx) + 6 Fy (0) F, (0)
(0,00)
)
<WTAy - f P (dz) — £*Fu(0),
(0,00)

and by (6) and (4),

/ Fyr (0)v*(dx) + 0 Fy+ (0) Fyr (0)
(0,00)
@®)
=T+ y ‘/«),oo) Pu(2)*(dz) — £*F, (0).
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Note [(.00) Pu(@0*(d2) = [(o ) P+ @Y (d2) = [o pr) o+ (@ Fx(2)dz = (1 —
F(0)?) /2 < 1 so that the right-hand side of (7) and (8) is well defined and posi-
tive. Furthermore, for any v € A,

/ Fy(x)v(dx) + 0 F<(0) F, (0) S/ Fys (x)v*(dx) + 0 Fy« (0) Fy+ (0).
(0,00) (0,00)
Hence, (v*, v*) is a symmetric Nash equilibrium for the problem. [J

REMARK 4.1. Substituting for the values of the optimal Lagrange multipliers,
we find

Vb= [ RV @) + 0 0)F©)
' (0,00)
1 2
=1—-(1-0)Fx(0)F,(0) — 5(1 — F,«(0) )

_! - (9 1>F (0)?
2 2)

Note that this is as expected, since for any law 7 with no atom on (0, co) we have
by symmetry that V! = (1 — 7 ({0})%)/2 + 67 ({0})>.

5. Preliminaries. In the previous section, we characterised the symmetric
Nash equilibria. In this section, we state and prove some auxiliary results which
will be required for proofs of existence and uniqueness in later sections. The first
result is of independent interest. Note that F),« is a concave function on [0, c0), but
the case we will want in the following theorem is for convex distribution functions.

PROPOSITION 5.1. Fix y € (0,00). Let P(y) C P be the set of probability
measures w on RT with mean ™ = y. For w € P, recall that Fy is the distribution
function of 1, and extend this definition to (—00, 00). Let a; = inf{u : F (u) >
0} >0and by =sup{u: Fr(u) <1} <oo.

(1) Let Pex(y) = {m € P(y): Fy is convex on (—00, by 1}. Then, for m € Px(y),
7 ({0}) = 0. Moreover:

(a) suppose H is convex; then,
2y 1
sup JT(dZ)H(Z)=f — H (v) dv;
7 E€Pex (y) o 2y
(b) suppose H is concave; then, sup, cp_ () Jm(dz)H(z) = H(y).

(i1) Let Pey(y) = {m € P(y): Fy is concave on [0, 00)}. Then, for m € Pey(y),
a; = 0. Moreover:
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(a) suppose H is convex; then, Sup, cp_ (y) [m(dz)H(z) = H() +

y ]imxToo H)(Cx) ;

(b) suppose H is concave; then

2
sup n(dz)H(z):/ yiH(v)dv.
7T E€Pev(Y) 0 2y

The suprema in (i)(a) and (ii)(b) are attained by w ~ U[0, 2y]. The supremum
in (1)(b) is attained by m ~ §y. The suprema in (i)(b) and (ii)(a) are valid for all
distributions on R™ with mean y and not just those with convex (or concave) dis-
tribution functions.

REMARK 5.1. This result is stated for completeness; the result we will use
and prove is (i)(a).

PROOF OF PROPOSITION 5.1. Let U be a /[0, 1] random variable.

Suppose w € Pcx(y) and let Y have law . It is obvious that F' = Fy, is strictly
increasing on (ay, br), and F(ar) = 0. Hence, the inverse function G £ F-1!
exists on [0, 1]. Since G(U) is distributed as Y, E[H(Y)] = E[H(G(U))] =
Jo H(G(u))du and [} G(u)du =E[G(U)] =E[Y] =

It is clear that G is concave on [0, 1] and G(0) = a, > 0. Since fol 2yudu =
fol G (u)du, then either G(u) = 2yu and Y ~ 2yU, or there exists a unique
u* € (0,1) such that G(u*) = 2yu™ (see Figure 1). In the latter case, 2yu <
Gu) <2yu* for u € [0,u*] and 2yu™* < G(u) < 2yu for u € [u*, 1]. Then if
D2 E[H(Y)]-E[H(2yU)] we have

D= / H(G)) — HQ2yu)) du+/ (G(u)) — HQ2yu))du

2yu
G(u)

d

|
|
|
a |
|
|
1

u

0 u 1

F1G. 1. Comparison of G(u) and 2yu. Since G is the inverse of the CDF of a random variable
with mean y, the area under G is y. Then the areas under G and the line £(u) = 2yu are the same.

Hence, if G is concave on [0, 1] (and not a straight line passing through the origin), there is a unique
crossing point u* of G and the line €.
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Let H’ denote the left derivative of the convex function H. Then H(u3) —
H(uy) < (up —uy)H' (up) for any u; and uy, and setting u; = 2yu and uy = G (u)
and using the fact that H' is increasing,

*

u 1
D < /0 (G(u) —2yu)H' (G(u))du + /*(G(u) —2yu)H' (G(u))du

1
<H' (2yu*)/0 (G(u) —2yu)du =0.

Thus, E[H(Y)] <E[HQ2yU)] = fozy Zl—yH(u) du. Moreover, it is obvious that the
bound is attained by ¥ ~ [0, 2y]. U

PROPOSITION 5.2. Suppose that H is such that H is twice differentiable and
h = H' is concave. Suppose that H(0) =0, h(0) > 0, h’(0) <0 and h is not con-
stant. Then, for w > 0 such that H(Ww) = 0, we have h(w) + h(0) < 0, that is,
|h(w)| > h(0).

PROOEFE. Since £ is not constant and % is concave, there is a solution w = w
say, to h(w) = —h(0). Let § = —2h(0) /w be the slope of the line joining (0, 2(0))
to (0, —h(0)). Then, on (0, @), h(w) > h(0) + dw and H(w) = [3’ h(x)dx >
h(O)w + 8w2/2, so that H (w) > 0. Then, by concavity of H and since H (w) =0,
w > w. Thus, A(w) < k(W) = —h(0) and the result follows. [

PROPOSITION 5.3.  For any measure v € A}, if C,(x) = Cy(x) for some
x >0, then C,,(+) is differentiable at x and C,(x) = C;L(x).

PROOF. Suppose that v € AZ- Then C, is continuously differentiable on
(0,00) and C), > Cy,. Since C,(y) — Cp(y) 2 0=C,(x) — C,(x) for any y < x,
we deduce C,,(x—) — C}, (x—) < 0. Similarly, we have C},(x+) — C; (x+) > 0.
Thus, C; (x+) < C,,(x+) = C},(x—) < C,, (x—). Conversely, convexity of Cy, im-
plies C;L(x—) < CI/L(x—l-), and hence C//L (x—) = C;L (x+), and the results follow.

O

PROPOSITION 5.4. Fix any measure v € AZ. Suppose that C,,(x) = ¢(x) on
some interval J = []1, j2), where 0 < j| < jp < o0 and where ¢ (-) is a quadratic
function defined on (—oo, 00) with ¢” > 0. Then j, < oo and C,(x) < ¢(x) on
[j2, 00).

PROOF. Assume that j, = oo. Then C, is quadratic on [j, co) with strictly
positive quadratic coefficient. This means that C, is not ultimately decreasing,
which is a contradiction. Thus, j» < 0o. Since C|, is continuous and concave on
(0, 00) and since ¢’ is linear, it is clear that C, (x) < ¢(x) on [jo, 00). [
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6. Existence of a Nash equilibrium.

6.1. Atomic initial measure. We start with the case where the initial law pu is
an atomic probability measure. We will construct a put function Q(x) that satisfies
certain conditions, and then define a measure v via v((—oo, x]) = Q'(x). It will
then follow that v belongs to A7,.

We state the theorem for the case of a measure y as we will need the more
general result in subsequent sections. In the case of X¢ ~ w, where u is a purely
atomic probability measure with finitely many atoms, the theorem gives existence
of a symmetric Nash equilibrium.

THEOREM 6.1. Suppose x € M consists of finitely many atoms, that is, x =
Z;V:l pjde;, where 0 <& <& <---<ényand pj >0 forall 1 < j < N.Then
A% is nonempty.

PROOF. If x is a point mass at zero, then set 7 ({0}) = x ({0}). Then 7 € A},
and the construction is complete.

Otherwise, set Q1(r, y) = yFy (0) + ry?/2. Then there exists a unique value of
r (r1 say) such that

01(r1,y) = Py(y) Vy>0 and
Qi(r1,y)=Py(y)  forsomey > 0.

Let y; = max{y > 0: Q(r1,y) = P,(y)}. That y; is finite is one of the con-
clusions of Proposition 5.4, but also follows from the fact that Q(ry,-) is
quadratic, whereas P, (-) is ultimately linear. Then necessarily P)’( (y1) exists
and %Ql(n, yi) = P)/( (y1) (see the proof of Proposition 5.3). Note that y; ¢

{61,&, ..., &n) since P, has akink at these points. Set § = 0 and §y.+1 = oo and
letn be such that&,, < y1 <&, +1.1f n1 = N [equivalently P} (y1) = Z?’:l pj=
x (R™)] then stop. Otherwise, we proceed inductively.

Let yo = 0. Suppose we have found 0 < y; < y» < --- <y <ény ()i ¢
{£1,&2,...,EN} V1 <i < k) and Q(-) on [0, y] such that (i) Q is continu-
ously differentiable, (ii) Q(y;) = Py (y;) and Q'(y;) = P)/( (y;) forany 1 <i <k,
(iii) Q(yk) = Py(yx) and Q'(yx—) = P (yx) and (iv) Q" is defined everywhere
except at the points 0, y1, y2, ..., yx and is piecewise constant and decreasing.
In particular, Q is quadratic on {(y;—1, i)} 1<i<k With representation Q(y) =
Qi(ri,y) for y € [yi—1, yi] where

Qi(ri, y) & Py(vim)) + (v = yi— D Py (i) + 5ri(y — yi— 1),

and where (r;)1<;<x i a strictly decreasing sequence. Let Qi 1(r, y) = Py (yx) +
(v = yo) Py (vi) + %r(y — yr)?; then there exists a unique r (r1 say) such that

Qk+1(Te41,y) = Py (y) Yy >y
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0,(r5,)

FIG. 2. The construction of Q(y). The piecewise linear curve is Py (y). The functions Q3(-, y) are
quadratic functions of y on [yz, 00) such that Q3 (-, y2) = Py (y2) and % 03(, ) = P)’( (y2). Then
r3 is the unique value of r such that Q3(r3,y) > Py (y) for all y > y> and Q3(r3,y) = Py (y) for
some y > yy. The dashed curve is Q3(r, y) withr <r3.

and

Qi+1(rk41,y) = Py (y)  forsome y > yg.

See Figure 2. Since Qi (rk,y) > P,(y) for all y > yy, it is clear that 0 <
Tkl < Tk- Set Yg1 = max{y > yi: Qk+1(rk+1,y) = Py(y)}. Then P} (yx41) ex-

ists, P} (Yk+1) = %Qk+1(’”k+1,yk+l), and yr41 € {£1,&2, ..., &N} since P, has
changes in slope at these points. Set Q(y) = Qk+1(k+1,y) on [ Yk, Yik+1]-

We repeat the construction up to and including the index k = T — 1 for which
Yit+1 > En. Then yr_1 < &y < yr. Finally, we set Q(y) = Py (y) = x(R")y — X
for y > yr.

For y > 0, let p(y) = Q”(y). Then p is defined almost everywhere and p(y) =
ri on (yi—1,Yi)i<i<r and p(y) =0 on (yr, 0o). Furthermore, p is decreasing
and p only decreases at points where Py (y) = Q(y). Let = be the measure with
an atom at 0 of size F,(0) and density p on (0, 00), and recall that yr > &y.
Then Fy (0) = Fy (0); for any y > yr, Fz(y) = Py(yr) = P, (yr) = x(RT) and
T =[5 yr(dy) = yr Fx(yr) — Pr(yr) = yr Fy(yr) — Py (yr) = X. Further-
more, Pr(y) = Q(y) = Py(y). It follows that 7 € A}. [

REMARK 6.1. Fixanyk € {1,2,...,T}.Letng besuchthat&,, < yx <&, +1.
Then, in the mapping x +— =, the atoms (§1,&2,...,§,,) of x are mapped to

[0, ye], and 7 ([0, yx]) = Py (ve) = X5 p;- Moreover, [5* y7(dy) = yk Fr (&) —
Pr(y) = 0 pj— Py ) = e X0 pj = 58 pik — &) = X5 pj&j.
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EXAMPLE 6.1. Suppose that x = pdz with § > 0. Then P, (y) = p(y — &)™
Let Q1(r,y) = ry2/2. Then, Q(r,y) > P, (y) if and only if r > p/(2§) £ r,and
for r =r; we have Q1(r1,y) > Py (y) with equality at y =0 and y = y; = 2.
Then y; > £ so that the construction ends and & = plU/[0, 2£].

The rest of this subsection is devoted to the proof of a useful proposition which
will be used in the next subsection to find the optimal target law for a general initial
measure.

For @ € M, let X, be a random variable with law e . Denote by @ the law of
a random variable X = Where conditional on X = x, X  has law o, =U]0, 2x].

LEMMA 6.1. Forx >0, and w € M,

Fis (x) = Foy (x/2) + @ (dy)—;
©) (x/2,00) 2y

00 x2
Py (x) :/ Pey (u) 5— du.
x/2 2u

PROOF. We prove the second result. We have

2u _ A\t
P,;,(x):wa(O)+/(o )w(du)/o %dz

2

:wa(0)+f (x — w)e (du) + X (dw),
(0,x/2) [x/2,00) 4u
and integrating by parts we find

2

Pg,(x):f Fo (1) du + Fw(u)x—za’u.
(0,x/2) 4u

[x/2,00)

The result follows from a further integration by parts. [
COROLLARY 6.1. Ifm <Xx w, then T <¢x .

PROPOSITION 6.1. Suppose p € M consists of finitely many atoms. Denote
by v the element of A}, which is constructed using the algorithm in Theorem 6.1.
Suppose @ is any measure such that @w has mass (L(RT), mean 1t and p <x @.
Thenv < @.

PROOF. By Corollary 6.1, it is sufficient to prove the proposition in the case
w = L.

Suppose u = Zyzl pjdg;, where 0 < & <& < --- <&y, pi >0 and
Z;V:l pj&j = . By construction, [t = Z?’:l p;uU[0,2&;] where U[0, 0] can more
simply be written as dg.
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Forany m € {1, 2, ..., N}, define u"* = Z’]”:l pj8; and suppose v™ is the cor-
responding measure derived using the algorithm in Theorem 6.1.

If N =1, then u = p18¢, and v = p1U[0, 2&1] = [t and the result holds.

Now suppose that N > 2. Then v = vV = ng;ll(vm“ —v™) 4 vl Note that
wm T — ™~ py18g,., and hence V™! — v™ has mass py11 and mean &4 1.
Provided we can show that (V! — v™) has a nondecreasing density, then it fol-
lows from Proposition 5.1 that (V"1 — V") <. pmi1U[0, 2&,41]. Then, since
convex order is preserved under addition, if (v**! — v™) has a nondecreasing
density for every m with 1 <m < N — 1, then v < an\{zl pmld[0, 28, = L.

We use a suffix m to label quantities constructed in Theorem 6.1, to show that
they are constructed from measure p"”. The idea of the proof is that in calculating
p™ and v *! using the algorithm of Theorem 6.1, the early parts of the construc-
tion will be the same, and indeed v and v"*! will differ only over the final
nonzero element of v+,

Fix m with 1 <m < N.Define B"™ C{1,2,...,T"} by B" ={k: Q' (r}", y) >
Pymi1(y) on (y' 1, 00)}.

Case (a). B™"={1,2,...,T™}.
Then (Q7 (7', ), ¥/ )ij<rn and (QFH (I, y), v cjcrm are the

m+1

same. Then also T"! = T™ + 1, y7, < y"+1 and the densities p and
satisfy that p

Tm+l
0 M+l = p™ on the interval (0, y%, = y?’,ﬁ“l), ot
on (y%'fl, y?,,’;ll) and p™ is zero on (y’}’,jl, y'T"Lll). In particular, vt — " =
pm-i—lu[y]n}rj—l, y%“] =cx Pm+1U[0, 28y, 11].
Case (b). inf{k:k ¢ B"} = T™.
Then it must be that in the construction we have 7" = T+l pm+l = pm

m is constant

on the interval (0, y%i] = y’T”,ﬂl), ,om+l is constant (with value denoted by
r?nﬁl say) on (y’T”,j_ll, y%’f 1), and p™ is constant and strictly less than r?nj:ll on

(y'T”nT_ll, Vi), p™ is zero on (¥, 00). We want to argue that Y, < Yy ! which

m+l _ p™) is nondecreasing on (0, y%fl). See case (b) of

then implies that (p
Figure 3.

Note that in the construction of V™ the masses at points (Sn?m,ﬁl’ v Em)
are embedded in the interval (y7'_;, y7), and in the construction of v+ the

masses at points (5n’}’m,,+1’ .oo»Emy1) are embedded in (Y7 _;, y?,}f 1. Moreover,

m+1

V™ has constant density over (yJn_;, y7m) and v has constant density over

(Y, .,y l). Consider the means of v™ and v !; by Remark 6.1, we have
Yrm_1> YT y

m m

1
5 OFn_y + i) Yo opi= ). pi&

j:n';fm_l'i'l j:n’]r",m_l‘f'l
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L

p e I|
m m+ y
0 Vin Yo
Case (a)
pm+l
—\—|: ————————— |
m I
| P !
L Y
m m m+1
0 R s vl
Case (b)
—\— ~m+l
e |
| 1 m+
i N
——————————— by
—\_‘— | |
o
1 A |
y
m m m ~m+l m+1
0 v ooy "
Case (c)

FIG. 3. Graph of the decreasing, piecewise constant functions p™ (y) and Ml (y). Observe that
o™ < p™ L and (p™F! — p™) is nondecreasing on (0, er",Lll). The three cases correspond to the

three cases in the proof. In case (c) the density ﬁmH is also shown.

and
m—+1 m+1

1
E(y?m_ﬁy'r"rfl) > pi= ). pi&.

j:n’?m_l—i—l j:nr]y-lnz_1+1
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Hence,

22w, 11 PiE = V)

T

m .
Zj:n’;!m_l‘l'l p]

m+1 (& m
Zj =M _|_1pj(§j—mi_1)
m+1 m
< m+1 —mi mi_l
Zj =nm_y+1 Dj

m m
Yrm — Yrm_1 =

and then y7,, < ym+1.

Case (c). inflk:k ¢ B"} < T™.

Define k £ inf{k : k ¢ B™}. Then it must be that in the construction we have
T+ =k, p"*! = p™ on the interval (0, = yZ’Jrll) p"F1 is constant (with

value denoted by r'T",,T "1 say) on (ymH, y'T",j 1), p™ is decreasing and strictly less

m+1 m+1

than r7,/; on (y , YTm) and p"™ is zero on (y7., 00). Similarly to case (b), we

m+1 _

want to argue that mi < mi +, , which then implies that (p p™) is zero on

O, yl’;"_ 1) and nondecreasing on (y » y?,j +11) See case (c) of Figure 3.

We first construct a new measure 9"t!. Define Q™*! on [0, yrm_1] by
0"+ (y) = Q" (y) = Py (y). Let L™ be the line L™+ (y) = X! pi(y — &)
so that Pu+1(y) = max{Pym(y), L"*!(y)} and for y > y,,_, define

_— 2
Ot (ry 3) & Pun (Vi _y) + (v = ¥ _g) P (V) + 37 (v = ¥ 1) ™
Then there exists a unique  (denoted by 7"*! say) such that
O (P y) = L1 () Yy =y,

and

Qm+1(~m+1, y) =Lmut+1(y) for some y > y%_l-

Note that in the construction of 7**! (unlike in the construction of v or v*1)
there is no requirement that 7"*! < rim_y. Let 7™+ be the point such that

DT F L 5 = Lypar ™). Then 371 >yt and 07 7
ymthy=1p’ Tl LG = Zm+11 pj. Now let Q"*+1(.) be given by (see Figure 4)

0" () = Pon(y) - Apo g, + O (P y) Ay, )
+ Lm+1(y) . 1[51’"+1,OO)'

Let g™l = (Q™*1)”, and let 9"*! be the measure with density 5"+ on
(0,00) and an atom at O of size F,(0). Then Pym+1(y) = 0™ *1l(y), and for

y > 5"+ we have Fyuii(y) = +l(ym+1) = Z'J"ﬂl pj and [3°yi"t(dy) =



CONTESTS WITH RANDOM INITIAL LAW 205

L™ (y)

P.(»)

7

0 miun_l ém §m+l y;‘m ;WH]

FIG. 4. Graph of Qm-H (v). The dashed curve Q?,ﬁl Fm+, y) is a quadratic function of y over

the interval [y;f’m_1 , §m+1].

Y Fopt D) = P G = ZT;LII p;j&;. Inparticular, p+1 has the same

mass and first moment as ©”*!, and hence as v 1.
The point about the intermediate measure pm+1 is that as in case (b) the masses

at points (Snr;m_lJr], ..., &ny1) are embedded in the interval (y7._,, 5)’”“). In

particular, v™ has constant density over (y7,_;, y7=) and p"+1 has constant den-

sity over (ypm_q, 7"+1). Then, exactly as in the proof of case (b), considering the

means of v and 71, we have y7, < 5"+

Next, we wish to compare the supports of »"™*! and v”*+!. Recall that
prrLRT) = v (RY) = Z’j’.’:ll p; and 9™ *! and v"*! have the same mean.
Moreover, Fm+1(y) = Fym(y) = Fym+1(y) on [0, yl’gl_l], and Fm+1(y) > Fym(y) =

m—+1 m+1

Fym+1(y) on (yl’g’_l, ¥7m_11. This implies that y < Y7m+1 since the means of

p+1 and v+ are the same [and hence the area between F,.+1 and the horizontal
line at height V"1 (R*) is equal to the area between Fu+1 and the same horizon-
tal line (see Figure 5)]. Hence, y/h, < y"*! < y;'f,jfl and we find that (p”+! — p™)
is nondecreasing on (0, y;ﬂf{ +11), and (V"t! — v™) is a positive measure with in-

creasing density on its support. Hence, v" ! — v < pp1d[0, 26, 41]1. O

6.2. General initial measure. Our first result shows that if u is a general mea-
sure in M then A is nonempty, and hence a symmetric Nash equilibrium exists.
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~m+1 = v Y L o __
v (R) v (]R) : | E/mn (y)
F) /3
my._ . S I |
e . L ! Fr)
— L y
F/’ (0) Yia Yrm_y Ypm Y l yrm*l‘

F1G. 5. Graph of Fm+1, Fym and Fyuy1 in the case k< 1m By the constructions,
1 1

Fyns1 () = Fom () = Fyms1 (9) on [0, 57 11, Fynsn (3) > Fym (9) = Fman () on (™ v

and Fym+. is linear on (y’ﬁm_l, im"']). Since Fm+1 and Fym+1 have the same mean, the area be-

tween the horizontal line at ﬁm+l(R) and F m+1 must be equal to the area between the line at

"+ (R) and Fym+1. Hence, 3"+ < )’?ﬂl-

THEOREM 6.2. Suppose € M. Then AZ is nonempty.

PROOF. Let {,},>1 be a sequence of atomic probability measures with finite
support such that F,,, (0) = F,,(0), u, has total mass w(RT) and mean & and
Un 1 p in convex order. Theorem 6.1 implies that for every n, there exists v, €
A% . Define Dy, : [0, 00) > [0, w(R1)] by

Dy(x) = —C}, (x) = u(RY) — F, (x)

and let b, =sup{x: F,, (x) < w(R™)}. From the construction of v, in the proof
of Theorem 6.1 it can be seen that b,, is finite. Thus, D, is a decreasing, convex
function with D, (0) = w(R*) — F,,(0), Dy (b,) =0, D, > 0 and

o bn bn
(10) /(; D, (x)dx :/0 D, (x)dx :/0 xv,(dx)=v, =1, =1.

Helly’s Theorem [see Helly (1912) or Filipéw et al. (2012), Theorem 1.3] states
that if { f, },>1 is a uniformly bounded sequence of monotone real-valued functions
defined on R then there is a subsequence { f;,, }x>1 which is pointwise convergent.
Hence, there exists a convergent subsequence of {D,},>1 and moving to a subse-
quence as necessary, we may assume {D,},>1 is pointwise convergent. Let Do,
denote the limit function. Since D, is decreasing and convex for any n > 1, D is



CONTESTS WITH RANDOM INITIAL LAW 207

also decreasing and convex. Moreover, by Fatou’s lemma and (10),
o0 o0 0
/ Doo(x)dx :/ liminf D, (x) dx < liminf/ D,(x)dx =1t.
0 0 n—oo n—>o00 Jqo

In particular, since Dy, is decreasing and fooo Do (x)dx < oo, we must have
lim, 400 Do (x) = 0.

Define a measure v via v((—00, x]) = w(R") — Dy (x). It is clear that v(R') =
w(@®RY), F,(0) = F,,(0), F\,(x) is continuous and v has a nonincreasing density p.
Moreover, v, converges in distribution to v.

We wish to show that v has mean 7z. Note that v, <x [, (Proposition 6.1 ap-
plied to ;) and w, <cx u from which it follows that v, <cx (. Hence, elements v,
in the sequence have a uniform bound (in the sense of convex order) and it follows
that the sequence is uniformly integrable and 7z = lim,, v, = .

Since v, converges to v in distribution, it follows that P, (x) converges point-
wise to P,. Then since v, — V it follows that C,, (x) converges pointwise to C,.
Hence, C, (x) =1im, C,(x) > lim,, Cy, (x) = C,(x).

Suppose Cy,(x) > C,(x) on some interval J: we show that v has constant den-
sity on J. It is sufficient to prove the result on every closed subinterval of 7, so
we assume J = [a, b]. Then, by continuity of C, and C,, there exists ¢ such that
Cy(x)>Cu(x)+eonJ.Letk = —C;L(CH—) < uw(R™); then C;L(x—l—) > —x for
all x € J. Fix K € N such that K > 2(b — a)x /e and set JK = {aj}o<j<k where
aj=a+ (b—a)j/K. Since there is pointwise convergence, there exists No > 0
such that C,, (x) > C,(x) +¢/2 forall x € JX and all n > Ny. Then, for n > Ny,
ifaj_l =<x =aj,

Cu(x)<Culaj—1) =Culaj)+«k(aj—aj_1) <Cylaj)+¢e/2<C,,(aj)
=< Cvn(x)-

Finally, C,, (x) < C,(x) everywhere, and we conclude that for sufficiently large n,
Cy.,(x) < Cy,(x) on J,and hence D, (x) is a linear function on 7. It is easy to see
that Doo(x) = limy 400 Dy (x) is also linear on 7, and thus v has constant density
on J as required. Thus, the density of v only decreases when C, (x) = Cj (x).
Hence, v € .AZ. O

7. Uniqueness of a Nash equilibrium. Section 6 shows that set A} is
nonempty. In this section, we prove that |-AZ| < 1, which thus completes the proof
of Theorem 3.2.

PROPOSITION 7.1.  Suppose n € M. Then | A} | < 1.
PROOF. Assume to the contrary that there exists two distinct elements v and o

in the set AZ. Recall that if C, (x) > C,,(x) then C, is locally a quadratic function
near x, similarly for C,. Moreover, both C|, and C/, are concave.
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Observe that, for any x > 0, we cannot have C,,(y) > C,(y) for all y € (x, 00):
if so then C,(y) > Cs(y) = Cu(y) on (x,00) and C, is quadratic on (x, 00),
which is impossible by Proposition 5.4.

Let xo > 0 be such that C, (xp) # Cs (xp). Without loss of generality, suppose
that C,(xg) > Cq4 (xp). Define x| = inf{x > x¢:C, (x) = C;(x)}. By the observa-
tion above x; < 00. Also note that C,,(x) > C, (x) for all x € [xg, x1).

Suppose that C,, (x1) = Cy5(x1) > Cj(x1). Then, near xy,

Cyp(x) = Cy(x1) + Bu1(x —x1) + Y1 (x — x1)%,
Co(x) = Co (x1) + Bo1 (x — x1) + Vo1 (x — x1)?,

for some constants 8,1 <0, B5.1 <0, y.1 > 0and y5 1 > 0. Since C,, (x) > Cy (x)
to the left of xy, it is clear that 8, 1 < Bs.1-

Assume that 8,1 = B5,1. Then since C,(x) > Cs(x) on [xg,x1), we have
Yol > Yo,1. Let X, 1 = inf{x > x1:C,(x) = C,(x)}, then C,(x) = Cy,(x1) +
Bu.1(x —x1)+¥p1(x —x1)> on [x1, £,,1] and £,,,; < oo by Proposition 5.4. Further,
by Proposition 5.4, Cy (x) < Cy(x1) + Bo1(x — x1) + Vo1 (x — x1)? on (x1, 00).
Thus, Co (%y,1) < Cy(Xy,1) = C,(Xy,1), which is a contradiction. Hence, 8,1 <
Bos,1 < 0. Now let X5, 1 = inf{x > x1:Cs(x) = C,(x)} < oo (by Proposition 5.4).
If y,,1 < ¥5,1 then Cy,(X4,1) < Cy(X4,1) = C,,(X5,1), which is a contradiction. So
we conclude that 8, 1 < Bs1 <0and y),1 > ¥5,1 > 0. Set % = B51 — Bv,1 > 0.

Now we introduce a useful lemma.

LEMMA 7.1.  Suppose v and o are distinct elements of Aj,. Suppose xi is
such that C, (x) = Cy (xx) > Cy(xx). Then x; > 0 and in a neighbourhood of xi
we can write

Co (x) = Co (k) + Bok (x — X1) + Vo i (x — x1)*.

Suppose By # Bok. Then there is an interval to the left of xi on which
Cy,(x) — Cy(x) is either strictly positive or strictly negative. Suppose that
Cy(x) — Cs(x) > 0 on some interval (x; — €, xr): if not then interchange the roles
ofvand o.Then B,k < Box <0and yy x> Yok > 0.

Define xpy1 = sup{x < xx:C,(x) = Cs(x)}. Then, 0 < xg41 < Xk, Cy(Xg41) =
Co (xky1) > Cp(xk41), and hence in a neighbourhood of xj1 we can write

[ Co(x) = Cy(x0) + Box (& — x1) + Yo (x — x0)2,

(11) { Cy(x) = Cy (xk41) + Bukr1 (X — Xp41) + Vo k1 (X — Xk11)2,
Co (x) = Co (Xk1) + Bo skt 1(X — Xk41) + Yok 1 (X — Xp41)%.

Further, By k+1 < Buk+1 <0, Vo k+1 > Yok+1 > 0and By k1 — Bok+1 > Bok —
Bu.k > 0.

PRrROOF. Exactly as in the case k = 1 from the proof of Proposition 7.1, we
conclude that 8, x < Box <0 and yy x > Vo > 0.
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Assume that Cy, (xg41) = Cy (Xk41) = Cu(xk+1). If xx+1 =0, then C,/)(xk+1) =
F,(0) — w(RT) = C (xg+1). Otherwise, if xg+1 > 0 then C|,(xx+1) = C (xk41)
by Proposition 5.3. In either case, since C,(x) > Cy(x) > Cp(x) on (Xg41, X)),
C), is linear on [xg41, xx]. Then because By x = C. (xx) > C/,(xx) = By.x and C,, is
concave, it is clear that C/ (x) > C/ (x) on (xg+1, xx). This contradicts the fact that
Cs(-) = Cy(-) at both x and xg41. Hence, Cy (xg+1) = Co (Xk41) > Cpu(Xg+1)-

It then follows that xz+1 € (0, xz) and both C,, and C, are quadratic in a neigh-
bourhood of x441. In particular, C, is quadratic on (xg+1, Xx) and Yy x = Vv k+1-
Using a similar argument to that described in the case k = 1, we get that B, x+1 <
Bu+1 <0and Y5 k41 > Yykt+1 > 0.

Denote by p, the density function of the measure v. Then p, is constant on
(Xk+1, Xk). In contrast, p, is nonincreasing, oy (Xk) =2V k < 2¥v.k = Pv(xx) and
Po (Xk+1) = 2Vok+1 > 2V0 k41 = Po(Xk+1). Set ye = suply < xi 1 po (¥) = po (M)},
then yr € (xg+1, xx). Further, R(x) £ Cy(x) — Cy(x) defined on [Xk+1, xk] is zero
at the endpoints, has nondecreasing second derivative and is concave on [xXg41, k]
and strictly convex on [y, xi] (see Figure 6).

Let zx € (xk4+1,yk) be the unique value such that R(zx) = R(yx). Then
R'(xx+1) = R'(zx) > 0 and R'(yx) < R'(xx) <0. Set H(x) = R(yx —x) — R(y)
on [0, yx — zx]. Then using Proposition 5.2, we obtain R’(zx) > |R’(yx)|. Hence,
Bvkt+1 — Bok+1 = R' (k1) = R'(zi) = |R'(vi)| > IR ()| = Bok — Buk > 0.

O

Return to the proof of Proposition 7.1. Using Lemma 7.1, we construct a de-
creasing sequence of points (xx)x>1 at which C,, — C, changes sign. Moreover,
|C} (xk) — CL(xp)| = | Buk — Bo,k| = 0. Let Xoo = limg oo X then xo > 0. Observe
that limg p oo (Bu,k — Bok) = €1, (Xoo) — C, (X0) exists. However, lim SUPg 100 (Bu.k —
Bok) = ¥ > 0 and liminfy400(Byk — Bok) < —9 < 0, which is a contradiction.
Hence, there cannot be distinct elements v and o in set AZ.

0 Xk+1 2k Vi Xk

FIG. 6. Graph of R(x). Since R"(x) = py(x) — po(x) is nondecreasing on (Xk+1, Xk)
and R"'(yx) = 0, R is concave on [xpy1,yx]l and strictly convex on [yg,xil. Since
R'(x) = C:;(x) - C;, (x), R/(xk—i-l) = Bvk+1 — Bok+1 > 0 and R (x) = Bk — Bok <0. Then
R'(yr) < R'(x) <0, and there exists a unique zj, € (xg11, y¢) such that R(zg) = R(yg). Further,
R (xk+1) = R'(zp) > 0.
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The above is predicated on the assumption that Cy(x1) = Cy(x1) > Cp(x1).
Now suppose C,(x1) = Cy(x1) = C,(x1). Recall that C,, > C, on an interval
to the left of x;. Let xo = sup{x < x1:Cy(x) = Cs(x)}. Then x € [0, xg) and
C,(x) > Cy(x)on (x2,x1).

Assume that Cy,(x2) = Co(x2) = Cp,(x2). Then, by Proposition 5.3, C},(x;) =
C/ (x1) and C},(x2) = C/ (x2). Since C, is linear and C, is concave on (x2, x1), it
follows that C,(x) < C/ (x) for all x € [x2, x1], which is a contradiction. Hence,
Cv(x2) = Co(x2) > Cp(x2).

Now starting the construction at x;, rather than x, we are in the same case as
discussed previously. In particular, there cannot be distinct elements v and o in
set A7, U

APPENDIX: NECESSITY OF CONDITIONS FOR A SYMMETRIC
NASH EQUILIBRIUM

PROOF OF THEOREM 2.1. First, we argue that for v € P to be a symmetric
Nash equilibrium we must have that v = t. Suppose not. Then v < 1.

Let a be the unique solution of 7'(-) =0 where T'(x) = P, (x) — x + V. There
are two cases; either P, (@) = P, (@) =a — v or P,(a) > P,(a). We consider the
second case first; the first case is degenerate and will be treated subsequently.

So suppose P,(a) > P,(a). Then P,(x) > x — vV > P,(x) on («,00) and
& = 1infy>o[Py(x) — Py (x)] > 0. The aim is to construct an interval (y, B) and
to modify v by moving the mass of v in this interval to the right-hand endpoint,
whilst preserving the admissibility property. Then the modified measure is pre-
ferred to v when playing against an agent with target law v.

Consider Q(-) defined on x > o by Q(x) = P,(x) — ¢. Then Q is nonnegative.
Fix 8 > o and define y via

{ 0p) — Pv(c)} _9B) - P¥)
p—c I B—v
(Note ¥ may not be uniquely defined, but I" is.) Then F,(y—) <T < F,(y) <

Fv (;B _) .
Let P, be defined by

y = argsup r

c<f

Py, (x), O0<x<y;
%Uﬂ={hW%Hx—wR y<x<PpB;
0(x), x> p.

If o is the measure associated with the put price function P, then o > v in the
sense of first-order stochastic dominance, and P, > P, so that o is weakly admis-
sible.
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For any admissible strategy 7,
o
Vo= Voo :/O 7(d){[(1 = Fy (X)) + 0(Fy(x) — Fy(x—))]

—[(1 = Fy(x)) + 0(F, (x) — Fy(x—))]}
=7({y})(1 = O)[F(y) —T]

+/(y7ﬁ)7r(dx){(1 —O)[Fu(x) — T+ 6[Fo(x—) — T}
+ 7 ({B})0(Fv(B—) —T)
> (1 —9>{n({y})[Fv(y> 1] +f(y LT[R - r]}.

Then since v assigns positive mass to [y, 8) it follows that VU]’V - Vv]’v > 0 and
(v, v) cannot be a symmetric Nash equilibrium.

Now consider the degenerate case P, (o) =« — V. Then v has support on [0, «]
and an atom at o and p assigns positive mass to (¢, 00).

Define o via the put price function P, where P, (x) = P,(x) for x <« and
Py;(x) = Py(x) for x > . Note that P, and P, are convex and P,(a—) =
Pl(a—) < P[L(a—) < P/; (¢+) = P, (a+), and hence P is convex. Then also o
is admissible and

Vox = Vg =m(fa})1 = 0)[1 — Fu(@)]+ ( w(dx){[1 = F.(x)]}

o,00)
+ G[Fu(x) — Fﬂ(x—)]

and VUI’V — V‘}’V > v({a}) (1 =0)u((a, o0)) > 0. We conclude in this case also that
(v, v) cannot be a symmetric Nash equilibrium.

Second, we show that for v to be a symmetric Nash equilibrium we must have
that v has no atoms at points above zero. Assume that v is strongly admissible
and that v places an atom of size p > 0 at z > 0. We aim to show that v cannot
correspond to a symmetric Nash equilibrium by considering the impact of splitting
the mass at z into a mass of size g at z — €1 and a mass of size p —q at z + &
where ¢ < p and e1 > &3, in such a way that the mean is preserved.

Let the measure o be given by

F,(x), ifxel0,z—¢e1)U[z+ &2, 00),
Fo(x)=1 Fv(x)+q, ifx elz—e¢1,2),
Fy(x)—(p—q), ifx elz,z+¢€2),
where ¢ € (0, %), el € ((%fr_gg))zz,z) and g = ;ﬁr‘zz € (0, p). Observe that

(z—e1)qg+ (z+&2)(p —q) = zp, and hence F, and F, have the same mean. Then
Co(x)=C,(x)ifx €[0,z — &) Uz +&2,00), Co(x) = Cy(x) + [x — (z —€1)]gq
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ifxelz—er,z),and Co (x) =Cy(x)+ (z+&2 —x)(p—q) if x € [z, 2+ &2). This
implies that C, (x) > C, (x) > C,(x). Thus, o is strongly admissible.
Suppose that Player 2 chooses law v. Then

Vo, =V, =F(z—e)-)g+ F(z+&)-)(p—q) — F,(z—)p — p*
+0v({z —e1})g +0v({z +&2})(p — q)
> Fy((z—e1)=)q + Fu((z+ 82)=)(p — q) — Fy(z—)p — 0p*

—p{[Fu(<z+sz) ) - e S
&2
~[RG) - A —en-)] 2~ op)

Since F,((z +€2)—) = Fy(z—) = pand 0 < F,(z—) — K (z —e)—) = I,

€1 & ei(1—=0)p—(1+0p)ea
p —Op|=p >0

ert+é

vl —yl >
7Y el terl el te

v,v =

9

which contradicts the assumption that (v, v) is a Nash equilibrium. Thus, F, (x) is
continuous on (0, 00).

Third, we consider the possibility of an atom at zero. Suppose (v, v) is a sym-
metric Nash equilibrium and set p = F,(0) and p, = F,(0). Since v must be
strongly (and not merely weakly) admissible by the first part of the theorem,
1 =cx v and we must have p > p,. Suppose that p > p,; we aim to derive a
contradiction. Fix any g such that 0 < ¢ < min{p+/1 —6,1 — p}. Since by the
arguments above we must have that F,, is continuous on (0, 00), there exists ¢ > 0
such that v((0, €)) = ¢, and then F,(¢) = p + ¢. For any ¢ € (0, 1), let measure
oy be given by

1—-9¢)F,(x), if x € [0, §),
Fo,(x) = [¢(P+4)+(1—¢)Fv(x), ifx €[4, ¢),
F,(x), if x € [g, 00),

where § = [ yv(dy)/(p + ¢). Then oy is a probability measure with the same
mean as v. It follows that

v -Vl = ¢>{<p +@F,6) - 60 — [ Fv(y)v(dy)}
0

>¢l(p+q)p—0p* — (p+9)q} = {1 —0)p* — 4%} > 0.

Hence, if oy is strongly admissible then Player 1 would prefer strategy oy to v.
Making g and ¢ smaller if necessary, and using the fact that C/,(0+) = p —

Il>p,—1= CL(O—i—), we can insist that C,,(x) — Cy,(x) > (p — pu)x/2 for x €

(0, ¢). Observe that Cy,(x) — Cy, (x) =0 for x > &. Moreover, for x € [0, &), since
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Fy(x) — Foy(x) <@ F,(8), Co(x) — Coy(x) < @F,(8)x. Then, if ¢ < f;—%”) we
have

Coy(X) = Cp(x) = (Cp(x) — Cpu(x)) = (Cy(x) — Copy (1))
> 2(p— pp)x —¢Fy(8)x >0

for all x € (0, ¢), and thus u <¢x 0p. Hence, oy is admissible for small enough ¢
and (v, v) cannot be a symmetric Nash equilibrium. It follows that p = p,, and
F,(0)=F,0). O

PROOF OF FORWARD IMPLICATION OF THEOREM 3.1. We have shown that
if v is a symmetric Nash equilibrium then v must be strongly admissible with re-
spect to w. It remains to show, first that v must have a decreasing density, and
second that the density can only decrease at points where the convex order con-
straint is binding.

Let (r, w) be a candidate symmetric Nash equilibrium, and suppose 7 has the
properties given in Theorem 2.1. Suppose that 7 is such that F;; is not concave on
(0, 00). Then there exist a, b with 0 < a < b < oo such that F; (b) — Fry(a) >0
and for x € (a, b),

xX—a
Fr(x) < Fr(a) + E[Fn (b) = Fr(a)].

Let o be such that F, (x) = F; (x) for x outside [a, b) and for x € [a, b), F;(x) =
Fr(a)+ ¢ Fr (b) — Fr(a)], where ¢ is chosen so that the means of o and 7 agree.

Then [ (Fy (x) — Fx (@) dx = [} (Fo (x) — Fx(a)) dx = ¢[Fy (b) — Fx(a)](b—a)
and it follows that ¢ < 1/2. Then

vi vyl = Fy dx) —n(d
Yo~ Via= [ | Felo@n —mav)]
= /[ b)(Fn (x) = Fr(a))[o(dx) — (dx)]

(Fr (x) — Fr(a))?|?
2 xX=a

= (1= ¢)(Fr (b) — Fr(a))® —

= (3-0)(F0) - Fe@)* >0

and hence (77, ) cannot be a symmetric Nash equilibrium.

Now suppose that v is strongly admissible, has no atoms on (0, c0) and F,
is concave on (0, 00). Then the density f, = F/ is decreasing. Without loss of
generality we take f, to be right-continuous. Suppose that z is such that f,(x) >
fv(z) for all x < z and that C,,(z) > C,,(z). Then there exists ¢ € (0, z) such that
Cv(z—e)+2eCl(z—¢) > Cp(z+e)and Cy(z+¢) —2eC(z+¢) > Cplz —¢),
and it follows that if o is any measure such that C, = C,, outside (z — &,z + ¢)
then Cy (x) > C,,(x) on the interval [z — ¢, z + ¢] and o is strongly admissible.
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F,(z+¢€) R

E(2)

Fv(w) = ZFV(Z) —-EK(z+e)

v =F,w)

FV(Z—E)

E,(0)
1 1 X

1
0 zZ—ew W z zZ+e€

FIG. 7. Plot of the concave function F,(-). By concavity of F, we have w > z — ¢. If
Fy(w) = Fy,(z) — {Fy(z + €) — Fy,(2)}, then the area A_(F, (W)) is strictly less than the area of
the triangle which lies above the horizontal line at F, (W), to the left of the vertical line at 7 and
below the tangent to F at z with slope f,(z), as represented by the sloping line. This area is equal
to the area of the triangle delimited by the vertical line at z, the horizontal line at F,(z + €) and
the same tangent to F\. In turn, this area is less than or equal to A. It follows that w < W and
v=Fy(w) < Fy(w) =2F,(2) — Fy(z + ).

Given z and & as in the previous paragraph, let Ay = fZZ“LS(Fu(Z + &) —
Fy(x))dx and let A_(x) = [F"®(z — F;1(u)) du. Let v solve A_(v) = A, and

set w = Fv_l(v). Note that AC_(FU(Z —¢&)) > A4 by the concavity of F,. Then
w >z — ¢ and v > F,(0). Note further that A_(F,(z) — {F,(z +¢) — F,(2)}) <
fo@{Fy(z + &) — Fy,(2)}/2 < Ay and, therefore, v < 2F,(z) — F,(z + €), see
Figure 7.

Then by construction, [+ xv(dx) = z [Z7° v(dx), and if we define o by F, =
F, outside (w, z+ ¢) and F,(x) = F,(w) for w <x <z and F;(x) = F,(z + ¢)
for z < x < z + ¢ we have that o has the same mean as v. [In effect, o replaces
the mass of v on (w, z + ¢) with a point mass at z.] Then, by the remarks of the
previous paragraph, o is strongly admissible with respect to .

Finally,

vi -Vl = /( o Fy(0)[o(dx) — v(dx)]

Fy(z +€)* —v?

= (Fu(z+&) —v)F,(z) — Vf
_ (Fy(z+¢)—v)
N 2

and hence (v, v) cannot be a symmetric Nash equilibrium. [

[2F,(z) —v—F,(z+¢)] >0
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