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LARGE DEVIATIONS FOR MARKOVIAN NONLINEAR
HAWKES PROCESSES
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Hawkes process is a class of simple point processes that is self-exciting
and has clustering effect. The intensity of this point process depends on its
entire past history. It has wide applications in finance, neuroscience and many
other fields. In this paper, we study the large deviations for nonlinear Hawkes
processes. The large deviations for linear Hawkes processes has been studied
by Bordenave and Torrisi. In this paper, we prove first a large deviation prin-
ciple for a special class of nonlinear Hawkes processes, that is, a Markovian
Hawkes process with nonlinear rate and exponential exciting function, and
then generalize it to get the result for sum of exponentials exciting functions.
We then provide an alternative proof for the large deviation principle for a
linear Hawkes process. Finally, we use an approximation approach to prove
the large deviation principle for a special class of nonlinear Hawkes processes
with general exciting functions.

1. Introduction. Let N be a simple point process on R, and let F; :=
o(N(C),C € B(R),C C (—o0,t]) be an increasing family of o-algebras. Any
nonnegative JF;-progressively measurable process A; with

b
(1.1) E[N (a, b]| ] =EU A ds‘]—"a]

a.s. for all intervals (a, b] is called an F;-intensity of N. We use the notation N; :=
N (0, t] to denote the number of points in the interval (0, ¢].
A general Hawkes process is a simple point process N admitting an F;-intensity

(1.2) At ::A(/()lh(t—s)N(ds)),

where A(-) :RT — R™ is locally integrable and left continuous, A(-) : RT — R,
and we always assume that ||h|[;1 = foooh(t) dt < oo. The notation foth(t -
s)N (ds) stands for f(o,r) h(t — s)N(ds). Local integrability assumption of A(:)
ensures that the process is nonexplosive and left continuity assumption ensures
that A; is F;-predictable.

In the literature, 4(-) and A(-) are usually referred to as exciting function and
rate function, respectively.
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Let Zi =) g<r; < h(t — 7;), where 7; is the jth arrival time of the process for
j = 1. Thus we can write A; = A(Z;).

This is known as the nonlinear Hawkes process; see Brémaud and Mas-
soulié [3]. When the exciting function 4 (-) is exponential or a sum of exponentials,
the process is Markovian, and we name it a Markovian nonlinear Hawkes process.

When A(-) is linear, this is known as the (linear) Hawkes process, which was
introduced in Hawkes [12]. If A(-) is linear and A (-) is exponential or a sum of
exponentials, the (linear) Markovian Hawkes process is sometimes referred to as
Markovian self-exciting processes; see, for example, Oakes [20]. You can think of
the arrival times 7; as “bad” events, which can be the arrivals of claims in insurance
literature or the time of defaults of big firms in the real world. Hawkes process
captures both the self-exciting property and the clustering effect, which explains
why it has wide applications in cosmology, ecology, epidemiology, seismology,
neuroscience and DNA modeling. For a list of references to these applications, see
Bordenave and Torrisi [2].

Hawkes process has also been applied in finance. Empirical comparisons sug-
gest that Hawkes processes have some of the typical characteristics of a financial
time series. Financial data have been analyzed using Hawkes processes. Self-
exciting processes are used for the calculation of conditional risk measures, such
as the value-at-risk. Another area of finance where Hawkes processes have been
considered is credit default modeling. Hawkes processes have been proposed as
models for the arrival of company defaults in a bond portfolio. For a list of refer-
ences to the applications in finance, see Liniger [18] and Zhu [26].

For a short history of Hawkes process, we refer to Liniger [18]. For a survey on
Hawkes processes and related self-exciting processes, Poisson cluster processes,
marked point processes, etc., we refer to Daley and Vere-Jones [5].

When A(-) is linear, say A(z) = v + z, then one can use immigration-birth repre-
sentation, also known as Galton—Watson theory to study it. Under the immigration-
birth representation, if the immigrants are distributed as Poisson process with
intensity v and each immigrant generates a cluster whose number of points is de-
noted by S, then N, is the total number of points generated in the clusters up to
time ¢. If the process is ergodic, we have

(1.3) lim — = vE[S] a.s.

The central limit theorem for linear Hawkes processes was obtained in Bacry
et al. [1], and it was proved for nonlinear Hawkes processes in Zhu [28]. The
moderate deviations for linear Hawkes processes was obtained in Zhu [29].

Bordenave and Torrisi [2] proves that if 0 < u = fooo h(t)dt < 1 and
[OOO th(t)dt < oo, then (% € ) satisfies the large deviation principle (LDP) with
the good rate function / (-), that is, for any closed set C C R,

1
(1.4) limsup — logP(N;/t € C) < — inf I (x),
t xeC

t—00
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and for any open set G C R,

1
(1.5) litginf; logP(N;/t € G) > — ing I1(x),
o0 xe
where
X0 +v— —2 ifxe[0,00),
(1.6) I(x)= v+ pux
+00, otherwise,

where 6 = 0, is the unique solution in (—oo, & — 1 — log u] of E[¢?S] = e

x > 0. Itis well known that (e.g., see page 39 of Jagers [14]), forall 6 € (—oo, u —
1 —logul, E[e?5] satisfies

(1.7) E[e?S] = ¥ exp{(E["5] - 1)}.

See Dembo and Zeitouni [7] for general background regarding large deviations
and the applications. Also Varadhan [23] has an excellent survey article on this
subject.

In a recent paper, Zhu [24] studied the limit theorems for a Cox—Ingersoll—-
Ross process with Hawkes jumps, an extension of the linear Hawkes processes.
Karabash and Zhu [16] obtained to the limit theorems for linear marked Hawkes
processes, another extension of the classical Hawkes processes.

The large deviations result for (V; /¢ € -) is helpful to study the ruin probabilities
of a risk process when the claims arrivals follow a Hawkes process. Stabile and
Torrisi [21] considered risk processes with nonstationary Hawkes claims arrivals
and studied the asymptotic behavior of infinite and finite horizon ruin probabilities
under light-tailed conditions on the claims. The corresponding result for heavy-
tailed claims was obtained by Zhu [27].

In this paper, we are interested in Hawkes processes with general nonlinear
A(-). If A() is nonlinear, then the usual Galton—Watson theory approach no longer
works. If the exciting function / is exponential or a sum of exponentials, the pro-
cess is Markovian, and there exists a generator of the process. The difficulty arises
when £ is not exponential or a sum of exponentials in which case the process is
non-Markovian. Another possible generalization is to consider /# to be random.
Then, we will get a marked point process. For a discussion on marked point pro-
cesses, see Cox and Isham [4].

When A(:) is nonlinear, Brémaud and Massoulié [3] proves that under certain
conditions, there exists a unique stationary version of the nonlinear Hawkes pro-
cess and Brémaud and Massoulié [3] also proves the convergence to equilibrium
of a nonstationary version, both in distribution and in variation.

In this paper, we will prove the large deviation when /% is exponential, and A
is nonlinear first. Then, we will generalize the proof to the case when # is a sum
of exponentials. We will use that to recover the result proved in Bordenave and
Torrisi [2]. Finally, we will prove the result for a special class of nonlinear A and
general /.
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2. Anergodiclemma. In this section, we prove an ergodic theorem for a class
of Markovian processes with jumps more general than the Markovian nonlinear
Hawkes processes.

Let Z;(1) := zr _;a;e 07T 1 < <d, where b; > 0, a; # 0 (might be
negative), and t;’s are the arrlvals of the simple point process with intensity

MZi(t), ..., Z4()) at time ¢, where A: Z — RT and Z :=R®! x --- x R is
the domain for (Z1(t), ..., Z4(t)), where R® := R or R~ depending on whether
=+1 or —1, where ¢; = +1 if a; > 0 and ¢; = —1 otherwise. If we assume the

exciting function to be A(t) = Zle aje~ "', then a Markovian nonlinear Hawkes

process is a simple point process with intensity of the form )\(Zle Zi(1)).
The generator A for (Z1(t), ..., Z4(t)) is given by

d
—Zbizi%
i=1 9zi
2.1)
+ Azl -z f@tal, .. zataa) — (21, 20)]-

For a reference to generators for Markov processes with jumps, see Davis [6].
We want to prove the existence and uniqueness of the invariant probability mea-

sure for (Z(t), ..., Z4(t)). Here the invariance is in time.

LEMMA 1. Consider h(t) = Zf | aie e bt = 0. Assume Azi,...,z0) <
Zl (ilzil + B, where B > 0 and a; > 0, 1 <i <d, satisfies Zl 1‘“—’0@ < 1.
Then, there exists a unique invariant probability measure for (Z(t), . Zd 1)).

PROOF. The lecture notes [11] by Martin Hairer gives the criterion for the
existence of an invariant probability measure for Markov processes. Suppose we
have a jump diffusion process with generator L. If we can find u such that u > 0,
Lu < C1 — Cau for some constants C1, Cy > 0, then there exists an invariant prob-
ability measure.

Try u(zy, ..., zq) = Zle gicizi >0, where ¢; > 0,1 <i <d. Then

d d
- Zbieicizi 4+ Az1s.-.52d) Zaieici

(2.2) =1

d d d d
<= bicilzil + Y _ailzil Y lailei + B Y lailci.
i=1 i=1 i=1 i=1

Taking ¢; = 7- > 0, we get

AMS( _y el

i=1

d 4 Ja;la;
)Z ilzil+B8Y b
i=1 !

i= =

(2.3)

d

1
) la; o 4 Jajla;
< — min b; - 1—2 b u—i—ﬁz b
1 i=1 l

1<i<d i1
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Next, we will prove the uniqueness of the invariant probability measure. It is
sufficient to prove that for any x, y € Z4, there exist times 77, 7> > 0 such that
P*(T1,-) and PY(T>,-) are not mutually singular. Here P*(T, ) := P(Z} € -),
where Z7 is Zr starting at Zo = x, that is, Z = xe PT 4 D ori<T ae PT=1) To
see this, let us prove by contradiction. If there were two distinct invariant prob-
ability measures p1 and uo, then there exist two disjoints sets £; and E; such
that wy: Ey — E1 and po: E» — Ej; see, for example, Varadhan [22]. Now, we
can choose x1 € E1 and xp € E>. So that P*'1 (T, -) and P*2(T>, -) are supported
on E| and Ej, respectively, for any Ty, T» > 0, which implies that P*1(Ty, -) and
P*2(T>, -) are mutually singular. This leads to a contradiction.

Consider the simplest case h(t) = ae~"". Let us assume that x > y > 0. Condi-
tioning on the event that Z and Z; have exactly one jump during the time interval
(0, T), respectively, the laws of P*(T, -) and P (T, -) have positive densities on
the sets

24) ((a+x)e T xe™ +a) and ((a+y)e T, ye T +a),
x—y+a
a

(2.5) ((a+x)e™T xe T +a) N ((a+y)e T, ye ™ +a) £ @,

which implies that P* (T, -) and PY(T, -) are not mutually singular.
Similarly, one can show the uniqueness of the invariant probability measure for
the multidimensional case. Indeed, it is easy to see that for any x, y € Z, Z)}l and

respectively. Choosing 7' > %log( ), we have

Z% hit a common point for some 7 and 7, after possibly different number of
jumps. Here ZF :=(Z;',...,Z;") € Z4 and Z] :=(Z}", ..., Z}") € 24, where
Z7 =xje it 4 Z,j<, a;je Pit=7) 1 <i<d.Since P*(T},-) and P? (T, -) have
probability densities, P*(T1, -) and PY (T3, -) are not mutually singular for some
Tyand To. O

3. Large deviations for Markovian nonlinear Hawkes processes with expo-
nential exciting function. We assume first that i (¢) = ae? where a,b > 0,
that is, the process Z; jumps upward an amount a at each point and decays expo-
nentially between points with rate b. In this case, Z; is Markovian.

Notice first that Zg =0 and

(31) dZ,:—btht+adN,,

which implies that N, = 1 Z, + £ [§ Z, ds.
We prove first the existence of the limit of the logarithmic moment generating
function of N;.

THEOREM 2. Assume that lim;_, @ = 0 and that \(-) is continuous and
bounded below by some positive constant. Then

. ON _
(3.2) Jlim —logE[¢"¥]=T(®).
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where

0b . o
(33) T@®) = sup —zi(dz) + | A=A (dz) — [ (log(h/1))AR (dz) |,
(i,ﬁ)ege{/ a / / }

where Q, is defined as
B34 Q.= {()A» #) e Q: A has unique invariant probability measure 7 },

where
(35 Q= {(i,ﬁ):y% e M(R"), /zﬁ(dz) <00, heLl(#®), A > 0},

where M(R+) denotes the space of probabzllty measures on RY and for any A
such that (A, ) € Q, we define the generator Aas

— 0 N
(3.6) 3@ =-beek + 50l e +a) - f)
forany f:RYt — R that is C', that is, continuously differentiable.

PROOF. By Lemma 3, E[e?N] < oo for any 0 € R, also

3.7 ]E[eezv,] — E[e(G/a)(Z,—i-bf(; Zs ds)].

Define the set

(3-8) Uy ={u e C'(RY,RY):u(z) =/ @, where f e Fl,
where

= {fﬁf(Z)=Kz+g(Z)+L,
3.9) P
K > —,K,L€eR,gis C; with compact support}.
a

Now for any u € Uy, define

(3.10) M sap @+ (@D )2 )
220 u(z)
By Dynkin’s formula if M < oo, for V (z) := =2 z, we have
E[u(Z)els ¥ #)d:]
(3.11) =u(Zo) + /Ot E[(Au(Zy) + V(Zs)u(Zs))el V7 4] g5

¢ S
<u(Zo) + M/ E[u(Z)elo V@) ] g,
0
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which implies by Gronwall’s lemma that
(3.12) E[u(Z)elo Y Z45] < u(Zg)eM! = u(0)eM!.

Observe that by the definition of Uy, for any u € Uy, we have u(z) > c; e 007 for
some constant ¢ > 0 and therefore by (3.7) and (3.12),

1 1 1
(3.13) E[e"N] < —E[u(Z,)elo@/DZ:ds] < —y0)eM!,
Cl Cl
Hence
(314) lim sup 1 IOgE[ QN,] <M= sup AM(Z) + ((Qb)/a)ZM(Z) ’
t—00 z=>0 M(Z)

which is still true even if M = oo. Since this holds for any u € U,

(3.15) lim sup — ! logE[¢?] < inf sup Au@@) + ((Ob)/a)zu(z).

t—00 uellp ;> u(z)

Define the tilted probability measure P by

_ ! N ! X(Zs)
—exp{/o (20— iz ds + log(k(zs))dNS}.

Notice that P defined in (3.16) is indeed a probability measure by Girsanov for-
mula. (For the theory of absolute continuity for point processes and their Girsanov
formulas, we refer to Lipster and Shiryaev [19].)

Now by Jensen’s inequality

(3.16)

dP
dP| 7,

— oN;
htgggf?loglﬁl[e ]

1 d
= liminf — log]E[exp{GN, log —

ol

I—>00 ¢t dP
(3.17)
. 1 dp
zhmmfIE[ ON; }
1—00 dP

N | 1 - Lo (MZy)

Since N; — f(; AM(Zs)ds is a martingale under P, we have

(3.18) E[/Ot log(ii?;)(d% — )A»(Zs)ds)} =0.
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Therefore, by the ergodicA theorem, (for a reference, see Chapter 16.4 of Koralov
and Sinai [17]), for any (A, 7) € Q,,

1 3 1 QNI
htrgloglf A logE[e"""]

~[1 1 1! ~
0

=00
(3.19) N
! )»(Zs)>A }
— | lo MZg)d
/0 g<x<zs> (2 ds
6b - . A an
= / zzn(dz) +/()» — M (dz) — /(log(k) —log(M)) A7 (dz).
Hence
1
liminf — log E[¢"]
1—00 t
(3.20) ob
> sup {/ —z7 + /()A\ — T — /(log(i) - log()\))Aﬁ}.
G.ireg ) ¢
Recall that
0
F= {f:f(z)sz+g(z)+L,K> -,
(3.21) “
K, L eR, gis Cy; with compact support}.
We claim that

0, if (A, #) € Q,,
—oc0, if(hA)eQ\ Q..

It is easy to see that for (A, ) € Qp, and g being C; with compact support,
[ Agm = 0. Next, we can find a sequence f,(z) — z pointwise under the bound
| fn ()| < az + B, for some «, B > 0, where f,(z) is C; with compact support.
But by our definition of Q, [z < co. So by the dominated convergence theorem,
f./zl\zﬁ = 0. The nontrivial part is to prove that if forany g € G ={g(z) + L, g
is C; with compact support} such that [ Ag# = 0, then (A,7) € Q.. We can
easily check the conditions in Echevrria [8]. (E.g., G is dense in C(R™), the
set of continuous and bounded functions on R with limit that exists at infin-
ity and A satisfies the minimum principle, that is, A f(zo) = 0 for any f(zo) =
inf,cp+ f(z). This is because at minimum, the first derivative of f vanishes and
)A»(ZO)( f(zo +a) — f(zo0)) = 0. The other conditions in Echeverria [8] can also
be easily verified.) Thus, Echevrria [8] implies that 7 is an invariant measure.
Now, our proof in Lemma 1 shows that 7 has to be unique as well. Therefore,

(G22) ot { / A f(z)y%(dz)} — {
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(i, ) € Q.. This implies that if ()AL, 1) e Q\ Q,, there exists some g € G, such

that [ le\gfr # 0. Now any constant multiplier of g still belongs to G and thus

infgegf./zl\gy% = —oo and hence inf‘fey:f.,zl\ffr =—c0if (A, 7)€ Q\ Q..
Therefore,

1 —~
(3.23) liminf—logE[eeNf] > sup inf {/ A —HOL7) + /.Affr}
t—oo t feF
(A)eQ
b .  ~ ~ ~ A
(3.24) > sup inf {/ —zm— H, 7) +/Afn},
Gaamer /€T a

where R = {(A%, 7): (A, #) € Q} and

(3.25) HG, )= / [ —4) 4+ log(A/MA]A
Define

F():fr,y%,f):f%zfr —ﬁ(i,ﬁ)+/ﬁfﬁ
(3.26) = %zﬁ —HGL7) /bzaf 7

+ /(f(z +a) — f(2))AR.

Notice that F is linear in f and hence convex in f and also
(3.27) AG.#)= sup {/[ifﬂ(l —ef)]y%},
feCp@®™)

where C,(R™) denotes the set of bounded functions on R™. Inside the bracket
above, it is linear in both # and A7. Hence H is weakly lower semicontinuous
and convex in (A7, 7). Therefore, F is concave in (A7, 7). Furthermore, for any
f=Kz+g+LeF,

~ 0 i 0
F(kﬁ,ﬁ,f)=/<— —K)bzn —HO\, 1) — sz—gﬁ
a

(3.28)
+/(8(z+a) — ()R +Ka/5u%.

If Ay — Yoo and m, — mo weakly, then, since g is C; with compact support,
we have

—/bzg—gnn + /(g(z +a) — (@) A7y + Kaf)»,mn
(3.29) ¢

— —/bzg—inoo+/(g(z+a)—g(Z))VooJrKa/Voo’
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as n — 00. Moreover, in general, if P, — P weakly, then, for any f which is upper
semlcontlnuous and bounded from above, we have limsup, [ fdP, < [ fdP.
Since (— — K)bz is continuous and nonpositive on R™, we have

0 0
(3.30) lim sup (— — K)bznn < /(— — K)bznoo.
n—o00 a a

Hence, we conclude that F' is upper semicontinuous in the weak topology.

In order to switch the supremum and infimum in (3.24), since we have already
proved that F' is concave, upper semicontinuous in (A7, #) and convex in f,it
is sufficient to prove the compactness of R to apply Ky Fan’s minmax theorem;
see Fan [9]. Indeed, Jo6 developed some level set method and proved that it is
sufficient to show the compactness of the level set; see Jo6 [15] and Frenk and
Kassay [10]. In other words, it suffices to prove that, for any C € R and f € F, the
level set

6b N
(3.31) {(An 7)eR: H+/bz—7r——z71 A[f(z—i—a) f(z)]nfC}

is compact.
Fixany f =Kz+g+ L e F,where K > 7 % and g is C1 with compact support

and L is some constant, uniformly for any palr (krr, 7r) that is in the level set
of (3.31), there exists some Ci, C» > 0 such that

~ 0 ~
C12H+<K——)b/2ﬁ—C2/Xﬁ
a
e A 9 A
z[ [)»—)»—l—)»log()»/)»)]rr—i—(K——)bfzrr
A>cz+L a
(3.32) -G f Af—Cy f AR
A>cz+L A<cz+Ll
£ -
|:m1n10g cart 1-— Cz] / AT
z>0 A(2) A>cz+L

0
+ |:—C -Cor+ (K — —)b:| /Zﬁ —LCy.
a
744

We choose 0 < ¢ < (K — Q)Ci and ¢ large enough so that min,>¢log CA(—Z) o

C, > 0, where we used the fact that hmz_>oo 2@ _ 0 and min; A(z) > 0. Hence,
(3.33) / 7t < Cs, / A < Cy,
A>cz+L
where
CL+1LCo
= O T K= @y
_C . —

(3.34) 2

C1+4£C2

~ mingolog((cz + /(@) — 1 - C2’
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Therefore, we have

(3.35) /iﬁ:[ AR+ | AT <Ci+c-C3+4,
A>cz+L rA<cz+L
and hence
(3.36) HO, 7)< Ci+Ca[Cs+c-C3+€] < oo.
Therefore, for any (A,7m,, m,) € R, we get
1 C
(3.37) Jim sup [ 7, < lim sup~ [ 2w, < lim =,
=00 n Jz>¢ =00 n L t—o0 £

which implies the tightness of 7,,. By Prokhorov’s theorem, there exists a subse-
quence of m, which converges weakly to m,. We also want to show that there
exists some Yo such that A, 7w, — Yo weakly (passing to a subsequence if neces-
sary). It is enough to show that:

(i) sup,, [ Ap7r, < 00.

(i) limg— oo sup, fzzé Ant, =0.

(i) and (ii) will give us tightness of X, m, and hence implies the weak conver-
gence for a subsequence.

Now, let us prove statements (i) and (ii).
To prove (i), notice that

b b
(3.38) sup/knnn = sup/ -z, < —[Cq4+c¢-C3+£] < 0.
n n a a
To prove (ii), notice that (A — A,,) 4+ A, log(A, /1) > 0. That is because x — 1 —
log x > 0 for any x > 0 and hence
(3.39) A — 4 Alog(A/r) = A[(A/A) — 1 —log(r/M)] = 0.
Notice that
lim sup/ ATy
(—) ZZe

(3.40)

< lim sup AnTln + hm sup AnTly.
=00 n )\.n<\/)\._ >0 {—>00 n )Ln>\/— 7>l

For the first term, since sup,, [ z7r, < 0o and lim;_, oo A(Z) =0,

(3.41) hm sup n < hm sup VAzm, =0.
t—o0 n kn<\/ﬁz>ﬁ =00 n Je=t
For the second term, since limsup, _, ., @ =0,

lim su / AT
G4 R

An _
A— )\n + )Mn IOg()"n/)‘) B

< lim sup ﬁ(kn,nn) sup
{—o0 p

A= Az,2>4
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Therefore, passing to some subsequence if necessary, we have A, 1, — Y and
T, — Moo Weakly. Since we proved that F is upper semicontinuous in the weak
topology, the level set is compact in the weak topology. Therefore, we can switch
the supremum and infimum in (3.24) and get

NS N,
(3.43) htgg)lf;logE[e ]

) 0b . a A
> inf  sup sup {/ —zm+ A=A

fe}—ﬁ:fzﬁ<ooj\eLl(ﬁ.)
(3.44)
—log(h/Mi +,1fff}
0b 9
(3.45) = inf  sup /[_Z +)\(Z)(ef(z+a)—f(z) _ 1) _ bz_fi| 3 (dz)
f€F 2. [zh<c0 a 0z
. 0bz B af
3.46 = inf su |:_ + Mz e/ GO =@ _ 1) _ bz_i|
(3.46) nf sup| =+ 4 )~
. 0bzel @ A(z) Feta) S bz def@
G = el B e ) - ]
A 0b
(3.48) > inf sup{_” n _Z}.
uely 7>0 u a

We need some justifications. Define GA)=h— log(i /M)A + A f. The supremum
of G(j\\,) is achieved when %({ = 0 which implies A = re/ @O/ Notice that
for f € F, the optimal A = re/ @t —S () gatisfies [ A7 < oo since [ A# < oo and

[z < oo. This gives us (3.45). Next, let us explain (3.46). For any probability
measure 7,

/[% n )\(Z)(ef(zw)—f(z) — 1) — bz%} T(dz)
p a9z

0b 0
< sup|:—z +A(z)(ef(z+“)_f(1) —1) - bz—f],
ZZO a 8Z

(3.49)

which implies the right-hand side of (3.45) is less or equal to the right-hand side
of (3.46). To prove the other direction. For any f = Kz + g + L € F, we have

0b 9
062 | a@)(efE0=1@ _qy _ bza_f
(3.50) o ¢ )
= (; — Kb)z + A(z) (eKarslta—s@ 1) _ bza—i,

which is continuous in z and also bounded on z € [0, o0) since g is C ! with com-
pact support and K > g and lim;_, o @ = 0. Hence there exists some z* > 0
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such that
6b 0
voz 4 A(z)(ef(z+“)_f(2) _ 1) _ bza_f
(3.51) - < "
Z (% (%
— () (efTHO—SE@) 1) _pr 2l )
p (@)( ) 57 ).

Take a sequence of probability measures 7, such that it has probability den-

sity function n if z € [z* — %, * + ﬁ] and O otherwise. Then, for every n,

[ z7,(dz) < 0o. Therefore, we have

0b 0
lim [——f—rx(zuef&*ﬂ>—f&>-1)-bz4£]ﬁh(dz)
n—oo a 8Z
ZH(1/Cm)TOb 0
= lim n/ [—Z + A(z) (e CFO=T@ _ 1) — bz—f} dz
n=00" Jor—ijeny L a dz
(3.52) 0bo* of
Z * *
— + () (e EHO=fE) ) _pr 2l
) )-b |
0b 0
— sup[ < + )L(Z)(ef(z+a)—f(1) —1) - bz_fi|'
z>0L d 0z

We conclude that the right-hand side of (3.45) is greater or equal to the right-hand
side of (3.46).
Notice that forany f = Kz+ g+ L € F,
0bz

o
____fkg)@f@+wf@>_1)_bzgf
<

(3.53)

b(O — K J
_ MZ +)\(Z)(eKa+g(Z+a)*g(Z) _ 1) — bzi’

whose supremum is achieved at some finite z* > 0 since lim;_, o @ =0, K > %

and g € C! with compact support. Hence [z < oo is satisified for the optimal 7.
This gives us (3.46). Finally, for any f € F, u = e/ € Uy, which implies (3.48).
O

LEMMA 3. Assume lim;_, @ =0, and we have E[eN1] < oo for any
0 eR.

PROOF. Observe that for any y € R,

(3.54) exp{yNt - /Ot(ey - 1)A(Zs)ds}
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is a martinagle. Since lim;_, o @ =0, for any ¢ > 0, there exists a constant
C. > O such that A(z) < C; + ¢z for any z > 0. Also,

/Ot stsz/(;t/:h(s—M)N(du)dsz/(:[/uth(s—u)ds]N(du)

t o0
< / [/ h(s — u)ds]N(du) = ||l 1 N;.
0 u
Therefore, for any y > 0,

(3.55)

1= E[eny—/S(ey—l)k(Zs)ds]

(3.56)

Y

[eyNﬁ(ehl)fé(cs+ezs)ds]

[e

For any 6 > 0, choose y > 0 and ¢ small enough so that y — (e” — 1)e||h||;1 > 6.
Then

(3.57) E[e?Ni] < @ ~DC! < 0, O

E
E

v

yNi—(e¥ =1)Cet—(e¥ =De|lh]l ;1 Nz]'

Now we are ready to prove the large deviations result.

THEOREM 4. Assume limz_wo@ = 0 and that A(-) is continuous and

bounded below by some positive constant. Then (% € -) satisfies the large de-
viation principle with the rate function I(-) as the Fenchel-Legendre transform

of T'(),

(3.58) I(x) =sup{6x —T'(0)}.
feR

PROOF. If limsup,_, 28 — (), then the forthcoming Lemma 6 implies that

I'(@) < oo for any 6. Thus, by the Gértner—Ellis theorem, we have the upper bound.

For the Gértner—Ellis theorem and a general theory of large deviations, see, for

example, [7]. To prove the lower bound, it suffices to show that for any x > 0,

g > 0, we have

1 N,
(3.59) liminf — logIP’(—t € Bg(x)) > —sup{fx — '(0)},
1—00 t t 0

where B, (x) denotes the open ballAcentered at x with radius . Let P denote the
tilted probability measure with rate A defined in Theorem 2. By Jensen’s inequality,

1 N
;10gIP’<T’ € Bg(x))

1 dP ~
(3.60) = - log/ —dP
t (N;/1)eBs(x) dP
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1. (N,
== 1og19>(7’ € Bg(x))

1 dP
+ - log[A / — dIP’]
t P((N;/1t) € Be(x)) J(N:/1)eB, (x) dIP

1. ~/N,
> ;log]P’(Tt € Bg(x))

1 11@[1 | d@}
— = - = og— |.
BN,/ e By 1 L M0 gp
By the ergodic theorem,
. Ny
(3.61) liminf — logIP’(— € Bg(x)) > —Ax),
t—o0 t t
where
(3.62) A(x)= _inf { / (A — N7+ / 1og(i/)\)iﬁ}
(A, 7)€Q}
and
(3.63) 0 ={d.m e [ =x).

Notice that

r©®) = sup {/eiﬁ +f(?\ — MDA —flog(i/x)ifr}

(h7)EQe

=sup sup {/0)27% +/(i — M7 —/log(i/l)iﬁ}
Y (hr)eQr
(3.64)

Gb A A A
=sup sup {/ —z7(dz) +/(A — T — /log(k/k)kﬁ}
¥ Gameqr 4

= sup{fx — A(x)}.

We prove in Lemma 5 that A(x) is convex in x, identify it as the convex conjugate
of I'(#) and thus complete the proof. [J

LEMMA 5. A(x) in (3.62) is convex in x.

PROOF. Define

(3.65) HO,7) = /(x — N7+ flog(i/x)iﬁ.
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Then

(3.66) Ax)= inf HQ, 7).
(A7)eQ

We want to prove that A(ax; + Bx2) <aA(xy) + BA(x2) for any «, 8 > 0 with

a + B = 1. For any ¢ > 0, we can choose Ok, k) € O2F such that H (i, %) <

A(xp) +¢e/2,fork=1,2. Set

R N R - d(am) - d(pm) -
3.67 3 = any + B, MmM=———" M+ ——— ).
( ) 3 1+ AT 3 d(amy + Bmo) ! d(amy + Bmo) 2

Then for any test function f,

(3.68) /ﬁgfﬁg =a/ﬁ1ffn +ﬂfﬁzfﬁz=0,
which implies ():3, 73) € Q.. Furthermore,
(3.69) /)137%3 :a/ilﬁl +ﬁ/izﬁ2=ax1 + Bxy.

Therefore, ()A\g, m3) € QgXHLﬁ 2, Finally, since x logx is a convex function and if
we apply Jensen’s inequality, we get

H(h3, 73) = /[(K — i3 — Azlogh) + Azlogis]is

A A dm ~ A dmy ~ 7.
(3.70) < /[(A — A3 —A3logh) +a——Arlogh; + B—A2 logkz}m
dms dm;
=aH(u, 1) + BH(, 72).
Therefore,
Alax) + Bxz) < H(hz, 73)
(3.71) <aHGy, 71) + BH (. 72)
<aA(x1)+ BA(x) +¢. O
LEMMA 6. Iflimsup,_, %? < é, then for any
b A
G372 6< log( . ) 14+ % imsup 22,
alimsup,_, . (A(z)/z) b 50 2

we have T"(8) < oco. If limsup,_, @ =0, then I'(0) < oo for any 0 € R.

PROOF. For K > f—l, we have eX? € Uy and

Ag(z) + ((6b)/a)zg(z) {AeKZ 0b }
p <sup
z>0

I'®) < inf su
g€y ;>0 g(2)

= sup{—(bK — i_b)z + A(z) (X — 1)}

z>0

—z
ekz a

(3.73)
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Define the function

A
(3.74) F(K) :—K+1imsupﬂ (K9 —1).

77— 00 Z
Then F(0) =0, F is convex and F(K) — oo as K — o0 and its minimum is

attained at
L 1 b
(3.75) K*=—log - > 0,
a alimsup__, (A (z)/2)
and F(K™) < 0. Therefore, I'(#) < oo for any

A
0 < —amin{—K +limsupﬁ (e — 1)}

K>0 7—>00 Z

(3.76)

b a . A(z) «
=log| —; — 14— limsup—— < K"a.
alimsup,_, o (A(z)/z2) b 500 z

If limsup,_, 22 =, trying eX? e Uy for any K > %, we have I'(0) < oo for

z
any 6. [

4. Large deviations for Markovian nonlinear Hawkes processes with sum
of exponentials exciting function. In this section, we consider the Markovian
nonlinear Hawkes processes with sum of exponentials exciting functions, that is,
h(t) =Y aje " Let

(4.1) Zi(t) =Y aje 107, l<i<d

Tj<t
and Z; = Zfl:1 Zi(t)= er<, h(t — t;), where 7;’s are the arrivals of the Hawkes

process with intensity A(Z;) = A(Z1(¢t) + --- + Z4(¢)) at time ¢. Observe that this
is a special case of the Markovian processes with jumps studied in Section 2 with

AMZ1(2), Zo(t), ..., Z4(t)) taking the form A(Zf’zl Zi(t)). It is easy to see that
(Z1, ..., Zg) is Markovian with generator

d af
Af = _;bizia_zi
“4.2) p
+A<Zz,~) (fGi+ar,....za+aa) — f(z1,...,2q)]-
i=1

Here b; > 0 for any 1 <i <d and a; can be negative. But we restrict ourselves to
the set of b;’s and a;’s so that h(t) = Zle aje~bit > 0 for any t > 0 for the rest
of this paper. In particular, 4(0) = Zle a; > 0.If q; > 0, then Z;(t) > 0 almost
surely; if @; < 0, then Z;(t) <0 almost surely.
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THEOREM 7. Assume lim;_, @ =0, A(-) is continuous and bounded be-
low by a positive constant. Then

1 Au 0
(43)  lim - log]E ON 1= inf  sup {— bizi }
=00 [ ] UeUy (z1,...zg)ez | U Zd 1 4i ; o
where Z ={(z1,...,24):a;2; > 0,1 <i <d} and
(4.4) Uy ={ueCi(R,RT),u=e’, f e F},
where
de 1%i
Zl lal
where

d
(4.6) g= [Z Keizi + g, K >0, g is Cy with compact support}.
i=1

PROOF. Notice that

(4.7) dZi(t)=—b;Z;(t)dt + a;dN,,  1<i<d.
Hence a; N; = Z;(t) — Z; (0) + [; bi Zi(s) ds and
0%, Zi (t) Zi(O)
4.8) E[e'M]=E =l bi Zi(s)d
o 1o B2 S

Following the same arguments in the proof of Theorem 2, we obtain the upper
bound

1 A d
(4.9) limsup — logE[ ON] < inf  sup {—u+ ZbiZi}.

1—00 ueUy (zy,...z00ez | U Zl 14i =1
As before, we can obtain the lower bound

. ON,
htrgloréf—logE[e ]

> sup /QA A+ A — Alog(k/k)]ﬂ(dzl,.. ,dzq)

(.)€,
4.10)
> sup inf [[0A — A+ A —Alog(A/r) + AglA
(G.#)eQ®<Y
0% bizi s A =~ 7.
= sup inf [# — A+ A —Alog(A/2) +.Af]n
el L Yo ai
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Zd’ L% ¢ F for

The equality in the last line above holds by taking f =g + L + >
i=14i

g € G, where

d
4.11) g= {Z Keizi+ g, K >0, g is C; with compact support}.
i=1

Here, ¢; = a;/|a;|, 1 <i <d. Define

(4.12) F()ifr,fr,f):/[eg&-l—flf} —HG ).

i=14i

F is linear in f and hence convex in f. Also H is weakly lower semicontinuous
and convex in (A7, 7). Therefore, F is concave in (A7, 7). Furthermore, for any

f_GZZ, LS4 5 Keizi+g+LeF,
i=19%

d
F()AJAI,J%, f) =/|:9 +ZK8,'CI,':|):7AT
(4.13) =]

d
- [ Y Kkebiza - HG.A) + [ Agk.
i=1

If Ay, — Yo and 7, — 7 weakly, then, since g is C; with compact support,
we have

/|:9+ZK8,a,})\ nn—i—/Agnn

i=1
(4.14)

d
—>f|:0+ZK8,~a,~:|yoo+/ﬁgnoo.
i=1

Since — Zf’zl Ke;b;z; is continuous and nonpositive on Z, we have

d d
(4.15) lim sup [—ZKsib,-z,}nn 5/[—2[(8,-19,1,}%0.
oo i=1 i=1
Hence, we conclude that F is upper semicontinuous in the weak topology.

In order to apply the minmax theorem, we want to prove the compactness in the
weak topology of the level set

(4.16) {(kn 7): /[ 921 1bizi —ﬁf]ﬁ+ﬁ($\,fr)sc}.

1“1
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d .
For any f = 0226,"7:1;’ + szzl Keizi + g+ L € F, where g is C1 with compact
i=1"

support, etc., there exist some Cp, C > 0 such that

d
Ci Zﬁ—i—ZKbiS,‘/ZiYAT—Cz/):TA[
i=1

>

f [A — A+ Alog(h/a)]7
}»22?:1 cizi+t

d
- ZKbiSi/Ziﬁ
i=1

(4.17)

—Qf m_qf in
Azz;izl cizit+t A<Z?:lc,~z,-+ﬁ
C PR C e
> [ min  log 121+ -+ ciza +£ : —C2i|[ 5 s
(z1,--2d)EZ AMzi+--+za) A=Y cizitt

A

d
+ Z[—Ci . C2 + Kbl'é‘i]/Ziﬁ — ECQ.
i=1

Ifa; > 0, then ¢; > 0, pick up ¢; > 0 such that —c; - Co + Kb;e; > 0.1f a; < 0, then
& < 0, pick up ¢; such that —c; - Co» + Kb;¢e; < 0. Finally, choose ¢ big enough
such that the big bracket above is positive. Then

(4.18) /|z,-|fz <Cs, AR < Ca.

/5\2251_1 cizi+l

Hence, [ AR < Cs and H < Cq. We can use a method similar to the proof of
Theorem 2 to show that

4.19) lim sup Antt, =0, 1<i<d.

{—00 pn |zi|>¢

For any (A,m,, ;) € R, we can find a subsequence that converges in the weak
topology by Prokhorov’s theorem. Therefore,

ol N,

htglorgf; logE[e”™]

0 biz
Zflzl ai

0 6_1_ biz: o . 1.
= inf supsupf[# —)»—i—)»—)\log()u/k)—kAf]n
fer & 3 D im1 Gi

> sup inf [

> —A+X—ilog(i/x)+,1f]y%
G.meal<F

d . .
(4.20) = }ng__ sup % + k(ef(zl+a1 ..... za+ag)—f @1 nzd) 1)
& @nz)€Z Q=1 Gi
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d
0
- Zbizia_f
i=1 <
Au d
> inf  sup {—+ > bizi
u€u9(21 ----- ez U Zl 19i j=1

That is because optimizing over A, we get A = Ae/ @1Fa12ataa)=f@1..2a) gpd
finally foreach f € F,u=e/ elty. O

THEOREM 8. Assume llmz_>OO =0, A(-) is positive and bounded below by

some positive constant. Then, (1\17, €- ) satisfies the large deviation principle with
the rate function I (-) as the Fenchel-Legendre transform of T'(-),

(4.21) I(x)= sup{@x — F(@)},
feR
where
(4.22) r@)= sup / 9k A+ — Alog(k/k)]
(h,7)€Q,

PROOF. The proof is the same as in the case of exponential A(-). U

5. Large deviations for linear Hawkes processes: An alternative proof. In
this section, we use our method to recover the result proved in Bordenave and
Torrisi [2]. We prove the existence of the limit of logarithmic moment generating
function first. The strategy is to use the tilting method to prove the lower bound.
This requires an ergodic lemma, which we state as Lemma 9. For the upper bound,
we can opitimize over a special class of testing functions for the linear rate with
the sum of exponential exciting function 4,. Any continuous and integrable /# can
be approximated by a sequence 4,. By a coupling argument, we can use that to ap-
proximate the upper bound for the logarithmic moment generating function when
the exciting function is /. Finally, by a tilting argument for the lower bound and
the Girtner—Ellis theorem for the upper bound, we can prove the large deviations
for the linear Hawkes processes.

LEMMA 9. Assume M(z2) =a + Bz and u = foooh(t) dt <oo. If B < 1, then
there exists a stationary and ergodic probability measure 7 for Z; and [ zm =

o
1-Bu-

PROOF. The ergodicity is a well-known result for linear Hawkes process; see
Hawkes and Oakes [13]. Let 7 be the invariant probability measure for Z;, then

5.1 lim — —/A(z)n(dz) —oc—l—ﬁ/zn(dz)
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If Z, is invariant in ¢, taking expectations to Z; = fioo h(t —s)dN;,

E[Z] =/zn(dz) =/A(z)n(dz)f_t h(t —s)ds

5.2)
=i [ M@ (d2),
which implies that [ zr = lfgu. O

REMARK 10. InLemma 9, we assumed that A(z) =« 4 Bz and B||A|l;1 < 1.
However, when do the LDP for linear Hawkes process and when we prove The-
orem 12, we assume that A(z) = v + z since A(z) = v + Bz is equivalent to the
case A(z) = v + z if we change h(-) to BA(-). The reason we used A(z) =« + Bz
in Lemma 9 is because we need to use it when we tilt A(z) = v + z to KA(z) =
Kv + Kz in the proof of lower bound in Theorem 12.

LEMMA 11. Ifh(t) > 0, [¢°h(t)dt < 00, limy_, o0 h(t) =0, and h is contin-
uous, then h can be approximated by a sum of exponentials both in L' and L>
norms.

PROOF. The Stone—Weierstrass theorem says that if X is a compact Hausdorff
space and suppose A is a subspace of C(X) with the following properties: (i) If
f,g€A, then f x ge A. (i) 1 € A. (iii) If x, y € X, then we can find an f € A
such that f(x) # f(y), then A is dense in C(X) in L*> norm. Consider X = R>oU
{oo} = [0, o] that is compactified and C[0, co] consists of continuous functions
vanishing at oo and the constant function 1.

By the Stone—Weierstrass theorem, the linear combination of 1, e/, e 2 etc.,
is dense in C[0, oc]. In other words, for any continuous function 4 on C[0, oo],
we have

n
(5.3) sup|h(t) — Y aje!!| <e.
t>0 j=0
In fact, since h(oc0) =0, we get |ag| < €. Thus
n
(5.4) sup|h(t) — Y aje /'] < 2e.
t>0 j=I1

However, 2?21 a je_j ! may not be positive. We can approximate /h(r) first by
a sum of exponentials and then approximate %4(¢) by the square of that sum of
exponentials, which is again a sum of exponentials but positive this time.

Indeed, we can approximate /() by the sum of exponentials in L' norm as well.
Suppose ||h — hy||Lo — 0, where h,, is a sum of exponentials. Then, by dominated

convergence theorem, for any 8 > 0, [ |h — h,|le % dt — 0 as n — oo. Thus, we
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can find a sequence 8, > O such that§, — Oasn — oo and [ |k —hyle % dt — 0.
By dominated convergence theorem again, [ h(1 —e~%")dt — 0. Hence, we have
S 1h— hye 9| dt — 0 as n — oo, where h,e %" is a sum of exponentials.

We will show that /e converges to i in L™ as well.
(5.5) |h = hue ™| oo < I1h = hyllzoe 4 [|hn — hne ™| oo

Notice that (1 — e %)k, < (1 — e~ ") (h(t) + €). Since h(co) = 0, there exists
some M > 0, such that for t > M, h(t) < ¢ so that (1 — e~%")h, <2¢ fort > M.
Fort <M, (1 —e %", < (1 —e "M)(||h| 1~ + ¢) which is small if 8, is small.

O

THEOREM 12. Assume A(z) =v + z, v > 0. h(-) satisfies the assumptions in
Lemma 11 and [§° h(r) dt < 1. We have

1
(5.6) lim —logE[e’M] =v(x — 1),
t—oo t
where x is the minimal solution to x = ¢’ T~ ywhere u = fooo h(t)dt.
PROOF. By Lemma 9, we have
N N 1 QNZ
htrll)lolgf; logE[e""]

> sup /[93\ + 24— —Ailog(h/A)]7

(.7)eQ,

> sup /[Gi—i-i—k — Aog(h/M)]7
(KX, 7)€eQ,,KeRT

(5.7) |

> sup /[9+1———logK}iﬁ
0<K<1/u,(Kh7)eQ, K

> [9 PRI K} Kv

> sup — — —logkK |-
0<K<1/u K I—Kup

_Jv(x—=1), if0 € (—oo, u—1—1logul,

| 4o, otherwise,

where x is the minimal solution to x = e/ t#&—1,

By Lemma 11, we can find a sequence of &, where h, (1) =>_"_,a;je”" ! such
that i, — h as n — oo in both L' and L™ norms. Let h,(¢) = |h(t) — h,(2)].
Then0<h,, —h, <h <h, + h,.

Let D; be the set of points generated by the Hawkes process with inten-
sity A(ZreDl’K, h,(t — 7)) and then conditional on Dq, let D, be the set of
points generated by the point process with intensity A(}_;cp, r<;(hn + he)(t —

—b
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7)) — k(Z,eDLK, hn(t — 7)) and then iteratively, conditional on Dy, ..., D;_q,
let D; be the set of points generated by the point process with intensity
M eyt gt in F 1)U =) =1, 2y U+ he) (¢ =), for any
J = 3. Let D;(t) correspond to the number of points in D; by time ¢. Therefore,

?‘;1 D (t) equals the number of points generated by Hawkes process with inten-
sity A(D_;<;(hy + he)(t — 71)). Our coupling argument is essentially the same as
the one used in Brémaud and Massoulié [3]. For a more formal treatment, one can
use Poisson canonical space and Poisson embeddings; we refer to Brémaud and
Massoulié [3] for the details.

Assume that 6 > 0, and we therefore have

(5.8) E[eeNf] < E[eg X Dj(f)]‘

Now, for any N € N,
N
E[exp{@ > D,(z)H
j=1
N-—1
:E|:exp{0 > Dj(t)}
j=1

xexp{(ee—l)/()zk< Z (hn+hg)(s—r)>

rEU,N;ll D;,t<s

— x( Yo (hatho)(s— r)) ds”
TEU,N

=_12 Dj,t<s
(5.9)
N-2

< E|:exp{9 Z Dj(t)} exp{((eg — D lhn + kel +9)DN_1(t)}:|
j=1

<E[exp{0 D1 (1) + fn-1(6)D2(1)}]

E[exp{6 D1 (t) + (exp{ fn—1(0)} — 1)l|Aell .1 D1(D)}],
where fj(0) = (e/i=1® — 1)||h, + hell 1 + 6, for j > 2 and f1(0) = 6. Thus, for
any 0 < ||hy +hellr —1—log(Ihn +hell 1), e/¥=1® converges to y, as N — oo,

where y, is the minimal solution to y, = O thell 1Gn=1) "Gince D1 (¢) is the
Hawkes process with exciting function /4,

1
(5.10) lim sup ;logE[eeN’] <T,(pnd),

11— 00
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where p, =14 yu|lh — hyll ;1. For I'y(p,6), we have

. Au 0 &
[(ppf) = inf sup {——I—%Zbizil

UEUpLO (zy,...z)ez | U i=1% ;]
. Au pnf
< . inf sup !—-I—%Zbizi
u=e>i=1% €U, (21, 2)€Z | U S

n
= inf sup [—Zbicizi +@W+zr+--- —i—zn)(eZ?:lC"“f -1)

Clyeen C
! " (215002n)EZ i=1

— U(@Z?:l C;kai —_ 1) = V(Xn - 1)»

.0
Yo ai
. ., . n * . .
some computation, it is not hard to see that x,, = e2i=1% 4% gatisfies

n ai
Xn = expipne +2 - 1)}

i=1 "t

where ¢} satisfies —b;c’ + eXiziGia 1 4 b;i =0, for each 1 <i <n. By

(5.11) ~
:exp{(l+yn||h_hn||Ll)9+(xn_l)/(; hn(t)dt}-

Since h, — h in L! norm, it is not hard to see that x, converges to the minimal
solution of x = /Tl &= ag 5 0. 1f O < 0, consider & > h,, — he > 0 and
the argument is similar. []

THEOREM 13.  Assume 1(z) =v +z, h:[0,00) > RY, u:= [ h(t)dr < 1
and h is continuous. Then (N;/t € -) satisfies a large deviation principle with the
rate function I (x) given by

X
1 — ’ : 0. 00).
(5.12) I(x)= . Og(v—i—xu) X+ pux +v if x € [0, 00)

+00, otherwise.

PROOF. For the upper bound, apply the Gértner—Ellis theorem. For the lower
bound, use the tilting method and identify / (x) as the Fenchel-Legendre transform
of '(6). O

REMARK 14. In Bordenave and Torrisi [2], their / (x) has the form

x0y +v— X , if x € [0, 0c0),
(5.13) I(x)= v+ X

+00, otherwise,
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where 6 = 6, is the unique solution in (—oo, u — 1 — log ] of E[e?S] = erxxu’

x > 0. Here, E[¢”5] satisfies the equation

(5.14) E[e?S] = ¢ exp{n(E["5] — 1)},

which implies that 6, = log(; J:‘W) — (5 wa
their rate function is the same as what we got.

— 1). Substituting into the formula,

REMARK 15. In Bordenave and Torrisi [2], the assumption in proving the
large deviations for linear Hawkes processes is slightly different from ours.
They did not require A(-) to be continuous, but they further assumed that
JoT th(t)dt < co.

6. Large deviations for a special class of nonlinear Hawkes processes: An
approximation approach. In this section, we prove the large deviation results
for (N;/t € -) for a very special class of nonlinear A(-) and 4(-) that satisfies the
assumptions in Lemma 11.

Let P, denote the probability measure under which N, follows the Hawkes
process with exciting function i, = >, a;e~ ' such that h, — h as n — oo in
both L' and L norms. Let us define

1
(6.1) [,(0) = lim —logE["M].
t—00 t
We have the following results.

LEMMA 16. Forany K > 0and 61,6, € [—K, K], there exists some constant
C(K) such that for any n,

(6.2) ITn(61) = Tu(62)| < C(K)|6) — 62].

PROOF. Without loss of generality, take 6, > 6. Then
[ (01) < Th(62)
(6.3) = sup /(92 —ODAR + O1AF — H(O\, 7)
< sup [ (B2—0)AR + (),
(.7)eQs

where

(6.4) Qj::{(i,ﬁ)eQe:/miﬁ—ﬁ(i,ﬁ)zrn(el)—1}.
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The key is to prove that SUP(3 7)e0r f):fr < C(K) for some constant C(K) > 0

depending only on K. Define u = u(zy, ..., zn) = e>i=1% where
(6.5) 3K ! 1<i<
. ci=—— - —, <i<n.
CX L (@i/b) b
Define V = —<% such that
6.6) Vi,..., Az ) (X = 1).
6.6) V(i,....20) = 1(a,/b 2 Zz, (z1 zn)(e )

Notice that [ A f7 =0 for any test function f with certain regularities. If we try
f_b,1<z<n we get

6.7) —/Ziﬁ—l—% A =0, 1<i<n.
i

Summing over 1 <i <n, we get

(6.8) /?\ﬁ = 7?:1(1%/[%) /é:zifr

Notice that }_"_; b = ||hn|l;1 which is approximately ||k| ;1 when n is large.

Since limsup,_, MZ) =0and ) 7_, z; >0, we have

6, fifr < Kf?\y%
K n
6.9) _ —f LA
i=1(ai/bi) ;

1 .
< —/Vrr + Ci2(K),

where C/2(K) is some positive constant dependmg only on K.
We claim that [V ()7 < H (%) for any 7 € Q. Let us prove it. By the ergodic
theorem and Jensen’s inequality,

N . A1 !
/V(Z)”:tl_lfgoE [;/0 V(Zs)ds:|

1 [ _
< limsup — log " [0V Z)4s] L H ().

t—00

(6.10)

Next, we will show that u > 1. That is equivalent to proving »7_, Z’ > 0. Consider
the process

Zi(1)

6.11) Y, = Z —ZZQZ ) = 3 (1 — 1),

i=1 l Ti<ti= 1 Tj<t
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where g(t) =37, b —bit Notice that g(t) = f, h(s)ds > 0. Therefore, Y; > 0

almost surely and )7, (t) >0. Since 2% +V =0and u > 1, by the Feynman-—
Kac formula and Dynkln s formula

E" [ejé V(Zs)ds] <FE” [u(Z,)efé V(Zs)ds]

t )
(6.12) =u(Zo)+ [ E[(Au(Z)) + V(Zou(Zo)es VD] d
0
=u(Zy),
and therefore [V (z)7 < H(#) for any 7 € Q. Hence
1 1~
6.13) o [37 =5 [ V@ +Cip) = 1 +CinK).
Notice that
(6.14) —oo<r,,(91)—1591/?\;%—51‘51“,1(91)<oo.
Hence
1 oy ~ A 1 ~
(6.15) Fn(el)—l-i-EHS@l An—incl/z(K),

which implies H <2(Cyp2(K) —T'y(61) + 1) and so also,

N 1 1
/Aﬁ < —/Vﬁ+—C1/2(K)
(6.16) 211( K 1
< E(CI/Z(K) —Ta(6) +1)+ = C12(K).

Finally, notice that since &, — h in both L' and L* norms, we can find a function
g such that sup, #, < g and ||g||;1 < oo and thus

(6.17) [ (01) =2 T (=K) = g (=K),

where I'y denotes the case when the rate function is still A(-) but the exciting
function is g(-) instead of A, (-). Notice that here ||g||;1 < oo but may not be less
than 1. It is still well defined because of the assumption lim;_, oo 2 (ZZ ) = 0. Indeed,
we can find A(z) = v + €z that dominates the original A(-) for v, > 0 big enough
and ¢ > 0 small enough so that ¢||g||;1 < 1. Now, we have I';(—K) > | s ¢(=K)
which is finite (see Theorem 12), where I'% ¢(—=K) corresponds to the case when
M(2) = ve + €z. Hence

(6.18) sup /An <C(K),
(A n)eQs

for some C(K) > 0 depending only on K. [
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LEMMA 17. Assume that A(-) > c for some ¢ > 0, lim;_, @ =0and *()*
is Lipschitz with constant L, for any o > 1. Then for any K > 0, I",,(0) is Cauchy
with 6 uniformly in [-K, K].

PROOF. Let us write H, (1) = thd hn(t — 7). Observe first, that for any g,
i A(H, r/ AM(H, 4
(6.19) exp[q/ log(m> dN; —/ (% —k(Hn(s))> ds}
0 A(Hp(s)) 0 \A(Hp(s))4~
is a martingale under P,. By Holder’s inequality, for any p, ¢ > 1 with % + % =1,
EPn[¢fM] = EFs [eezv, de}
dp,
— EPn [EGNr—fé O-(Hm ($))—A(Hy (5))) ds— [ og(A(Hy () /A (Hm (S)))st]
(6.20)
< EP: [ePPNi=p Jo (U Hn () =(Hu () ds |1/
xc P [ 1o 108 (Hn())/2(Hy () dN: 14

By the Cauchy—Schwarz inequality,
EFn [e7 Jo 10g((H ())/A(Hy (5))) d Ny ] 1/q

< BP0 O CHn ()% [1(Hy (52 =3 (Hy (7)) ds]1/(24)

(6.21)
<P [6(1/c24—1)qu 1 e<s |hm(s—r)—h,,(s—r)|ds]l/(2q)

<EP [e<1/c2q—‘)qu Ve =hall 1 Ni )1/ )

We also have
EPn [epeNt—pfg(MHm(s))—A(Hn(s)))ds]l/p
(6.22)
E EPn [ePGNt-l-PLl ”hm_hn”Ll Nt]l/p.

Therefore, by Lemma 16 and the fact I',,(0) = O for any n, we have
L (0) —Tn(6)

L2q5m,n
c2q-1

1 1
s—rn<p9+leem,n>+—Fn( )—me)
P 2q

C(K) L2q8m,n
= C(K)Llem,n + 7 : c2q—1

(6.23)

’

1 1 1
+ —To(ph) — —TW(®) + (1 — —)|Fn(9)
P P p

C(K) L2q8m,n
= C(K)Llem,n + 7 : c2q—1

# SO DE (- Dycwor,
p p




LDP FOR MARKOVIAN NONLINEAR HAWKES PROCESSES 577
where &, = |hm — hnll ;1. Hence,

. 1
(6.24) limsup{I",,,(8) — ()} < 2(1 — ;)C(K)K,

m,n— 00

which is true for any p > 1. Letting p | 1, we get the desired result. [

REMARK 18. If A(-) > ¢ > 0 and lim,_, oo 22 =0 for any & > 0, then, A())°

is Lipschitz for any o > 1. For instance, A(z) = [log(z + ¢)]P satisfies the condi-
tions if 8 > 0 and ¢ > 1.

THEOREM 19. Assume that A(-) > c for some ¢ > 0, lim;_, o @ =0 and
A()¥ is Lipschitz with constant Ly for any o > 1. Then, for any 6 € R,

1
(6.25) lim ~logE[e’M] =T(0) = lim T',(6).
t—>o0 t n— 00

PROOF. By Lemma 17, [',(0) tends to I'(6) uniformly on any compact set
[—K, K]. Since I[',,(0) is Lipschitz by Lemma 16, it is continuous and the limit I"
is also continuous. Let ¢, = ||, — k| ;1 < e. As in the proof of Lemma 17, for any
0e[—K,K], p,qg> 1,%+$=1,Weget

1
limsup — log E[?™]
620 T

' C(K) qusn

=Tw@® +C(K)Lign + —— 2

+2(1 - %)C(K)K

Letting n — oo first and then p | 1, we get limsup,_, o, 7 L1og E[e?N] < T(6).
Similarly, for any p’, ¢’ > 1 with ; + q, =1,

1
r,@®) < li[minf— log E[e(pG-i-les,,)N,]
—00

. ((Lagen) /¥~ HN;
+11tr£1>ggf2q log E[e'"2 ]

(6.27)

1 1
< liminf —-logE[e” QN’] + hmmf_ log E[ e lean,]
=00 ppt t—>00 pq't

iminf — ((Lagen) /1~ Ny
—I—htgggfzqt log E[e'"2 ]-

Since we can dominate A(-) by the linear function A(z) = v + z in which case the
limit of logarithmic moment generating function I"},(6) is continuous in 8, we may
let n — oo to obtain

1 ,
(6.28) ['(0) <liminf — log E[e?P ON].
t—>00 pp/t
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This holds for any 0 and thus

1 0
(6.29) liminf - log E[/V] > pp’r<—>.
t—>o0 t pp/

Letting p, p’ | 1 and using the continuity of I'(-), we get the desired result. []

THEOREM 20. Assume that A(-) > ¢ for some ¢ > 0, lim,_, @ =0 and
A()¥ is Lipschitz with constant Ly for any o > 1. We have that (N;/t € -) satisfies
the large deviation principle with the rate function

(6.30) I(x) =sup{6x — T (6)}.
feR

PROOF. For the upper bound, apply the Girtner—Ellis theorem. Let us prove
the lower bound. Let B.(x) denote the open ball centered at x with radius ¢ > 0.
By Holder’s inequality, for any p, g > 1 with % + é =1,

N 1/q
P(—f € Bg(x)) :
Lr@p)y \1

0x — T, = I IIPNZB
glelﬂg{ x —T( )}—t_lggo; og n<7€ s(x)>

dp,
dpP

(6.31) P, (% € Bg(x)) < H

Therefore, letting t — oo, we have

1 / 1 Lopg'en
(6.32) < WF(,DP Liey) + 2qur(c2pq/—l)

.1 Ny
+ ;htrll)logf; log]P’(T € Bg(x)>,

where ¢, = ||h, — hl|;1. Hence, letting n — oo, see that

1 1 N,
(6.33) - litmggf; log}P’(Tz € Bg(x)> > limsup sup{0x — ', (9)}.
q —

n—oo0 PelR

Since [',(8) — I'(6) uniformly on any compact set K,

(6.34) sup{0x — T',(0)} — sup{6x — T (6)},
feK fekK
as n — oo for any such set K. Notice that A(-) > ¢ > 0 and recall that the limit
for the logarithmic moment generating function with parameter 6 for a Poisson
process with constant rate c is (e? — 1)c. Hence
T (0) € =De _

(6.35) liminf = > limin
f——+oco0 0O 6——+00

+009
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which implies that supycp{6x — [ (0)} — supger{fx — I'(0)}. Therefore,

1 1 N,
(6.36) —liminf - logIP’(—t € Bg(x)) > sup{6x —T'(0)}.
q t—oo it t 0cR

Letting g | 1, we get the desired result. [J

REMARK 21. The class of nonlinear Hawkes processes with general excit-
ing function & for which we proved the large deviation principle here is unfortu-
nately a bit too special. It works for the rate function like A(z) = [log(c + 218,
for example, but does not work for A(-) that has sublinear power law growth. In
fact, by the coupling argument we used in the proof of the case of linear A(-) in
Theorem 12, we can prove that in the case when lim,_, @ =0 and A(-) is a-
Lipshcitz and A(-) > ¢ > 0, I'(0) = lim;,_, 50 [, (#) for 8 < pu — 1 — log u, where
p=Jo h(t)dr and T and T, are the limit of logarithmic moment generating func-
tions when the exciting functions are 4 and h,,, respectively, and h, — h in L'
For the linear case, since ['(f) = oo for 8 > u — 1 — log u, the coupling argu-
ment is good enough. However, for the sublinear A(-), I'(6) < oo for any 6 and
the coupling argument is not enough. In fact, it will appear in Zhu [25] that un-
der the condition that lim,_, @ =0, A(-) is positive, increasing, «-Lipshcitz
and A(-) > ¢ > 0 and h(-) is positive, decreasing and [~ h(t) dt < oo, there is a
level-3 large deviation principle from which we can use the contraction principle
to get the level-1 large deviation principle for (N;/¢ € -). Therefore, we conjecture
that in the sublinear case, ['(0) = lim,,_, 5, [',;(#) for any 6 and (N;/t € -) satisfies
the large deviation principle with rate function /(x) = supyp{fx — I'(6)}. The
advantage of approximating the general case by the case when # is a sum of expo-
nentials is that I';;(#) can be evaluated by an optimization problem, which should
be computable by some numerical scheme.
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