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Abstract: In practice, it is desired to have estimates that are invariant
under reparameterization. The invariance property of the estimators helps
to formulate a unified solution to the underlying estimation problem. In
robust Bayesian analysis, a frequent criticism is that the optimal estimators
are not invariant under smooth reparameterizations. This paper considers
the problem of posterior regret gamma-minimax (PRGM) estimation of the
natural parameter of the exponential family of distributions under intrinsic
loss functions with Kullback-Leibler distance. We show that under the class
of Jeffrey’s Conjugate Prior (JCP) distributions, PRGM estimators are
invariant to smooth one-to-one reparameterizations. We apply our results
to several distributions and different classes of JCP, as well as the usual
conjugate prior distributions. We observe that, in many cases, invariant
PRGM estimators in the class of JCP distributions can be obtained by
some modifications of PRGM estimators in the usual class of conjugate
priors. Moreover, when the class of priors are convex or dependant on a
hyper-parameter belonging to a connected set, we show that the PRGM
estimator under the intrinsic loss function could be Bayes with respect
to a prior distribution in the original prior class. Theoretical results are
supplemented with several examples and illustrations.
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1. Introduction

Suppose z is a realization of a random sample X with a sampling model given
by a family of densities {f(:|) : 8 € ©} with respect to a o-finite measure
v on a sample space Y where € is the unknown parameter of interest with
0 € O. Let m(-) be a prior distribution on © and 7(-|x) denote the posterior
distribution of € given x. In standard Bayesian analysis, one needs to specify a
prior distribution 7(-). However, in practice, elicitation of the prior distribution
can never be done without error. Hence, we usually need to consider a class I"
of prior distributions which reflects (approximately) true prior beliefs, i.e., the
prior distribution 7(-) is an unknown element of I'. Robust Bayesian analysis is
designed to acknowledge such a prior uncertainty by considering the class I' of
plausible prior distributions instead of a single prior distribution 7 and studying
the corresponding range of Bayesian solutions. See [1, 14] for comprehensive
overview of different robust Bayesian analysis methods and their applications.
One may also attempt to determine an optimal estimator § by minimizing some
measures of robustness. Several criteria have been proposed for the selection
of procedures in robust Bayesian studies. In this paper, we study the maximal
posterior regret method (e.g., [14, 15]) to obtain the posterior regret gamma-
minimax (PRGM) estimator of the unknown parameter for the one-parameter
exponential family of distributions. The PRGM criterion has been used recently
by many people from both theoretical and practical points of view. For example,
[9] investigated the use of PRGM for credibility premium estimation in Actuarial
Science, [4, 5] in insurance for collective risk model analysis, and [12] in statistical
inference based on record data.

For an observed value x, a prior distribution m and the corresponding pos-
terior distribution 7(-|x), we denote the posterior risk of an estimate é(x) of
the unknown parameter 6 under L(6,0) by r(x,d) = E[L(0, §(x))|z]. The Bayes
estimator of @ under the loss function L(6, ) is then given by a d,(X) such that
r(z,d0r) = infs r(z, 9).

Definition 1. The PRGM estimator of # under the loss function L(6,J) and a

class I' of prior distributions is defined as an estimator d pr such that
Supp((sﬂ-,CSPR) :infsupp(6775)a (11)
7€l 9 mer

where p(0r,0) = r(x,0) — r(x,d,) is the posterior regret, measuring the loss

entailed in choosing the action d(x) instead of the optimal Bayes action d.(x)

(under prior 7 and loss L).

In this paper, we study the construction of PRGM estimators under the
so-called intrinsic loss functions. These loss functions shift attention from the
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distance between the estimator 0 and the true parameter value 6, to the more
relevant distance between statistical models they label. More specifically, the
intrinsic loss of using § as a proxy for # is the intrinsic distance between the
true model f(z|f) and the model f(z|§) when 6 = 4, that is

L(0,6) = d(f(]0), f(x]d)) , (1.2)

where d(-,-) is a suitable distance measure. In practice, intrinsic loss functions
could be used as benchmark losses when the utility function related to the
underlying statistical problem cannot be obtained by practitioners. A desired
property of intrinsic loss functions is that they are invariant under one-to-one
smooth reparameterizations. The invariance property of intrinsic loss functions
provides a very convenient tool for statistical application.

Given two densities f(:|#) and f(:|§) with respect to the o-finite measure v,
there are many choices of the distance d(f(:|0),d(-|0)) in (1.2). In this paper,
we consider the Kullback-Leibler distance and we show that, under suitable
conditions, it can be used to formulate a unified set of solutions to the problem
of PRGM estimation of the unknown parameter of the exponential family of
distributions. As mentioned by [2], an estimator intended for general use should
surely be invariant under one-to-one transformations, especially when we merely
wish to report an estimate for some quantity of interest. For example, suppose
one obtains the PRGM estimate of the variance of the normal model. It would
be very difficult to sell to a practitioner that he/she can not use the square
root of this estimate as the PRGM estimate of the standard deviation. This is a
rather obvious requirement, which unfortunately many statistical methods fail
to satisfy. We provide a solution to this problem in Section 3.

The outline of this paper is as follows. In Section 2, we obtain the PRGM
estimator of the natural parameter 6 of the exponential family of distributions
under the intrinsic loss function (1.2) when d(-, ) is chosen to be the Kullback-
Leibler distance. We consider different classes of conjugate priors on the natural
parameter 6 and show how to obtain the PRGM estimator of # in each class.
We provide an automated and unified solution to the PRGM estimation of the
unknown parameter of the exponential family of distributions under different
loss functions, including, but not limited to, quadratic, LINEX, entropy and
Stein loss functions.

In Bayesian statistical analysis, as pointed out by [8], transformations of the
parameter typically suggest new families of prior distributions. Therefore, the
usual robust Bayesian inferences are not invariant under reparameterizations.
For example, if §pr(X) is the PRGM estimator of 6, then it is not necessarily
true that h(0pr(X)) is the PRGM estimator of = h(f), when h is a one-to-
one smooth function. A solution to this problem is proposed in Section 3. To
this end, we obtain invariant PRGM estimators of # under the intrinsic loss
function and different classes of Jeffrey’s Conjugate Prior (JCP) distributions.
We show that the resulting PRGM estimates are invariant under one-to-one
smooth transformations of 6. Theoretical results are augmented with several
examples and illustrations. In Section 4, we provide some general results show-
ing that, under general conditions, PRGM and intrinsic PRGM estimators are
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Bayes with respect to prior distributions in the underlying class of priors. We
study two cases of convex classes of prior distributions as well as the case where
the underlying class of priors depends on a hyper-parameter belonging to a
connected set. We provide a sufficient condition under which the PRGM and
intrinsic PRGM estimators are Bayes with respect to data independent prior dis-
tributions within the underlying class of priors. In Section 5, we present some
examples to show how the PRGM and intrinsic PRGM results can be extended
to a multi-parameter exponential family of distributions. Finally, in Section 6,
we give some concluding remarks.

2. PRGM estimation under intrinsic loss functions

Suppose X is a random variable, where its distribution belongs to the one-
parameter exponential family of distributions F = {f(z|f) : « € x C R,0 €
© C R}, with probability density function (pdf)

f(16) = B@)t(x)e ", (2.1)

where r(z) > 0, 3(0)t(x) > 0 and 6 is the unknown real-valued natural parame-
ter of the model. The density is considered with respect to the Lebesgue measure
for continuous and the counting measure for discrete distributions. Suppose ¢ is
an estimate of @ with both 6,6 € ©. We define the intrinsic loss function (1.2),
using the Kullback-Leibler measure between f(z]0) and f(z|0), as follows

L(6,5) = [log (;g:gﬂ - /Xlog (;Eﬂg) F@d)dv(z).  (2.2)

Loss function (2.2) can be interpreted as the expected log-likelihood ratio in
favour of the true model. Thus, the intrinsic loss function (2.2) not only has
the desired invariance property but it is also related to the relevant measure of
evidence in the Neyman-Pearson Lemma. Note that the intrinsic loss function
(2.2) is invariant under reparameterization since the parameters affect the loss
function only via the probability distributions they label, which are independent
of the particular parameterization. For more details on intrinsic loss functions,
we refer to [13] who studied the Bayesian estimation of the unknown parame-
ters of the exponential family of distributions under intrinsic loss functions with
Kullback-Leibler and Hellinger distances with respect to conjugate class of pri-
ors. Similar results for symmetric intrinsic loss functions under reference priors
are given by [2] and references cited therein.

First, we give a lemma which identifies the intrinsic loss function for the
exponential family of distributions.

Lemma 1. For the exponential family of distributions (2.1), the intrinsic loss
function (2.2) reduces to
B(6)

L(6,8) = log (W) +(6-0)

g'(o)
EON

(2.3)

where B'(0) = L3(0).
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Let H(t) := '(t)/B(t). A straightforward calculation shows that the posterior
risk associated with &, under the loss function (2.3), is

r(z,0) = E(log B(0)|z) —log B(8(x)) + 6(x)E (H(0)|x) — E (0H(0)|x) . (2.4)

The Bayes estimator of 6 can therefore be obtained by minimizing (2.4) in § as
follows

6-(X) =H YE (H(6)|X)}. (2.5)

Following the decreasing monotone likelihood ratio property of densities (2.1)
in r(X), and since E[r(X)] = H(#), H(-) is a decreasing function. Therefore,
the Bayes estimator §,(X) is unique. Furthermore, the posterior regret for es-
timating 0 using 0 instead of the optimal estimator ¢, is obtained by

B(6x)
0r,0)=1lo + (0 — 0:)H(05)- 2.6
p(0r,0) = log 300) ( )JH (67) (2.6)
Note that p(dr,d), as a function of d,, decreases then increases with a unique
minimum at d; = 0. The main result of this section is given in the follow-
ing theorem which obtains the PRGM estimator of 6 under the intrinsic loss
function (2.3).

Theorem 1. Let §(x) = infrer 0x(2) and 6(z) = sup,cp0x(2) and suppose
that 0(x) and 0(x) are finite almost everywhere. The PRGM estimator of 0 in
the exponential family (2.1) under the loss function (2.3) and in the class of
prior distributions I" is given by

5(X) H(X)) - 8(X) H(3(X)) — log 5560

5pr(X) = Hex) _Hex) 7

Proof. First, note that

mfsupp(éﬂ,(s)—mln{mf sup p(0r,9), inf sup p(dr,0), inf sup p(5ﬁ,5)}.
well 0<8 rer 5<5<6 el 6> wel

So, we consider the following three cases: B
Case 1 When § < §, we have sup,.cr p(dr,9) = p(0,6). Let f1(8) = p(3,6) =

log 8¢ 3 5) + (6 — 0)H (6) with f{(6) = H(0) — H(J) < 0, following the decreasing

property of H(-). Hence, f1(d) is a decreasing function of ¢ for § < ¢ and
infs<s f1(6) = f1(8). Therefore,

inf sup p(dr,d) = p(9,0).

9 mel
Case 2 For § > &, we have sup,cp p(6x,0) = p(8,8). Let f2(8) = p(8,0) =
log,@ L+ (5—8)H(8) with f}(8) = H(8)—H(6) > 0. Hence, fo(6) is an increasing
functlon of § for § > § and inf 555 2(6) = f2 (). Therefore,

inf sup p(dr,6) = p(d,9).
>0 wel
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Case 3. If § < § < §, then sup, < p(0r,8) = max{p(3,d), p(J,6)}. Let f3(0) =
f1(8)— f2(8) where f4(5) = H(0)—H(J) < 0. Since f3(9) is a decreasing function
of § with f3(0) < 0 and f3(8) > 0, there exists a unique 6* € (8, 9) (as the root of
f3(6) = 0) such that p(8,5*) = p(8,*). Hence, for § < § < 6%, sup,.cp p(6x,6) =
p(8,0) and for 6* < § < 4, sup,cp p(0x, ) = p(d,d). Note that, for § < § < 9,
p(8,0) is a decreasing function in § with infs<s<s+ sup,cp p(6x,68) = p(d,6*) and
p(d,0) is an increasing function in ¢ with infs. _;_zsup,cr p(0x,0) = p(d,0%).
Therefore,
inf _sup p(6r,6) = p(8,0") = p(5,0%).
<< el

Following the above cases, we conclude that

inf sup p(6,0) = inf _ sup p(6x,8) = p(8,0%) = p(d,5%).
6€D rer §<6<6 wel

That is, the PRGM estimator of € is given by §pr = d* € (,0), as the solution
of

1og% + 5PR(H(S) — H(é)) "+ 8H(8) — 3H(3) =0,

in dpr which results in the estimator (2.7). O

We give some applications of Theorem 1.

Example 1 (Normal distribution). Suppose X ~ N(u,1) is a normally dis-
tributed random variable with unknown parameter p € R and pdf f(z|p) =
1

ﬁe*%(m*”y, —00 < & < 00. The pdf f(z|ux) belongs to the exponential family

(2.1) with § = pu, and B(0) = e Also, H(f) = —0, and the intrinsic loss
function (2.3) reduces to L(#, ) = (6 — 6)? which is proportional to the usual
squared error loss function. Let § and & be defined as in Theorem 1. Using (2.7),
subject to the existence of § and §, the PRGM estimator of # in the class T' of
prior distributions is given by

(6(X) + (X)),

N~

Spr(X) =

which is also obtained in [1, 15]. [1] provides an excellent overview of robust
Bayesian analysis, including the PRGM estimation under squared error loss
function.

Example 2 (Exponential distribution). Suppose X ~ Fxp(o) is an exponential
random variable with pdf f(z|o) = 2e~/?, 2 > 0, where o > 0 is the unknown
parameter. The pdf f(z|o) belongs to the exponential family (2.1) with 6 = %,
and B(f) = 6. In this case, H(#) = 6=, and the intrinsic loss function (2.3)
reduces to the Stein loss

L(9,6):g—logg—1.
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Using (2.7), subject to the existence of § and §, the PRGM estimator of § under
the Stein loss function is given by

log =1— — log =~
5(X 9(X)
Spr(X) = — P

5(X) aX)

The PRGM estimator of o is also obtained in Example 5.

Example 3 (Binomial distribution). Suppose X ~ Bin(n,p) is a binomial
random variable with probability mass function (pmf) f(z[p) = (7)p®(1—p)"~*,
where n is known, x = 0,1,...,n, and p € [0,1] is the unknown parameter. The
pmf f(x|p) is a member of the exponential family (2.1) with 6 = log(%) and
B(0) = (1 +e~?)~". We also have H(f) = 1457 Which results in the intrinsic
loss function

L(9,5)—n{1og<69 1+66)+ 5_9}. (2.8)

b 1+ef 1+ef

Using (2.7), subject to the existence of ¢ and J, the PRGM estimator of @ is
given by

3X) L _8X) _oe {JW 1+eé<><>}
5(X) 14ed(X) 0 (X) 5(X)
Spr(X) = T A (2.9)

14e0(X)  14e5X)
In Example 7, we obtain the PRGM estimator of p.

We now consider the PRGM estimation of § under conjugate classes of prior
distributions. For the exponential family (2.1) and a conjugate prior distribution

Ta(0) o< {B(0)}* e, (2.10)

the posterior distribution is given by m(f|z) o {B(6)} e~ A+r@N0  and
T(0]x) = Taq1,24r(2)(0). Also, as established by [6], E[H (0)|z] = ’\:;Jr(f) Now,
the Bayes estimator of § under the intrinsic loss function (2.3) is obtained by

(e.g., [3, 10, 13])

S(X)=H"" (Aa;ff)) : (2.11)

Furthermore, the posterior regret for estimating 6 with §(z) is p(d5,0) =
log /36(255((;)))) + (0(x) — 5“90))% Now, suppose that the prior distribution

Ta,x belongs to the following class of conjugate prior distributions:

I'= {Wa))\(e) S [al,ag], A€ [)\1,)\2]},
with suitable choices of a3 < as and A\; < A leading to proper posterior
distributions for #. A straightforward calculation shows that H(d(x)) = Aetr(z)

a1+1
and H(6(z)) = ’\g—:(lw) Hence, we can state the following result.
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Corollary 1. Suppose H(t) = 5'(t)/5(t). The PRGM estimate of 0 for the
exponential family (2.1) under the intrinsic loss function (2.3) and in the class
I of prior distributions is given by

Ai+r(z) pr—1 (A1+r(x) Xo+r(z) pr—1 (Aatr(x) ﬁ(H71(>\(131+—M))
1342-|-1 H 1( 112-1—1 )_ 214‘1 H 1( 31-1-1 )_log(B(Hl(%2ij(lz)))

T o1+1
6PR(I) - Aitr(z)  Astr(z)
az+1 ai1+1

(2.12)

Remark 1. One can also consider other classes of conjugate priors such as I'; =
{Tar(0) : o € [a1,az], Ao is fixed} or T's = {may 2 (0) : @ = ap is fixed, A €
[A1, A2]}. The PRGM estimator of 6 in T'; or I'y can be obtained using (2.12)
and by letting A\ = A\s = A\g or a1 = @y = ay, respectively.

Example 4. In Example 2, let m, () o< 0%~ te=% with the posterior distribu-
tion w(0|z) = mar1,a+42(0), and 0. (z) = i—i}ﬁ Using (2.12), the PRGM estimator
of 6 under the Stein loss function L(0, ) = % - 1og% —1inT={mux(0) : a€

[a1, aa], A€ [A1, X)), with 0 < o < g and 0 < Ay < Ag is given by

+1M+X A+ X Ao+ X
Br(X) =log [ =2 - :
5PR( ) 8 as +1X+X as +1 ay; +1

In I'y, as defined in Remark 1, we have

(a1 +1)(aa+1) log (al +1) 1

S (X) = :
PR( ) a1 — Qg 042+1 )\0+X

Similarly, in T's, we have
+1 Ao+ X
o2 (x) = (2 1 .
Pr(X) (AQ—Al AN T X

3. Intrinsic PRGM estimation

In Section 2, we obtained the PRGM estimator of the natural parameter 6 of
the exponential family under the intrinsic loss function. In some applications,
there may be interest in finding PRGM estimation of the original parameter of
the underlying model rather than the natural parameter 6. Unfortunately, like
many other estimators, PRGM estimators are not necessarily invariant under
reparameterization. Although results of this nature, that are not invariant under
reparameterization, can sometimes be interesting in theory, they tend to be less
useful in practice. Indeed, it is difficult to sell to a practitioner that the PRGM
estimator of h(#) is not necessarily h(0pr). In this section, we obtain PRGM es-
timators that are invariant under one-to-one smooth reparameterizations, hence
the name intrinsic PRGM estimators.

For the exponential family (2.1), as opposed to the well known and commonly
used conjugate prior (2.10), consider the following conjugate prior distribution
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for 6
ma(0) o {B(0)}* e /14 (0), (3.1)

where Iyp(0) is the Fisher information for 6. [7] introduced (3.1) and referred
to it as the Jeffrey’s Conjugate Prior (JCP). It is easy to see that the JCP
is invariant under smooth reparameterizations, and the necessary conditions
on « and A in (3.1), leading to proper posterior distributions, do not depend
on the choice of reparameterizations. The invariance property of JCP under
any smooth and one-to-one reparameterization 7 = h(f) can be shown by the
following relationship

-1

() = To(h™ () x | 22
n

Remark 2. For the exponential family (2.1), since Ip(0) = —H'(6), the JCP is
given by ﬂ'ik(@) o {B(0)} e N\ /—H'(0).

First, we give the following result.

Lemma 2. Suppose 8/ is the Bayes estimator of the natural parameter  of the
exponential family (2.1) under the intrinsic loss function (2.2) with respect to
the JCP distribution (3.1). For every one-to-one smooth transformation h(6),
the Bayes estimator of h(0) is h(5)).

Proof. The proof is similar to the proof of Lemma 6.2 of [13] and hence omitted.
O

Now, we state the main result of this section which can easily be proved using
the invariance property of both the class of JCP distributions and the intrinsic
loss functions under smooth reparameterization of 6.

Theorem 2. Suppose 5IF]'2R(X) 1s the PRGM estimator of the unknown param-
eter 0 for the exponential family (2.1) under the intrinsic loss function (2.3)
with respect to a class TV of JCP distributions for 6. Then, for any one-to-one
smooth transformation h(0), the PRGM estimator of h(0) is h(5¥,R(X)).

Proof. By definition, the PRGM estimator of h(#) in the class I'/ of JCP dis-
tributions is given by the solution of

h
S G- o).

where 7 is the Bayes estimator of h(f). Note that p(6”,) = L(6",5) where L
is defined in (2.3). Now, using the invariance property of L and Lemma 2, since
8" = h(6,), with &, being the Bayes estimator of §, we have
inf sup p(6",6) = inf sup p(h(dy),0)
0 rer’ 0 rer’
= inf h(0x), h(t
s sup p(h(0x), h(1))

= inf O,y ).
oliis P, PO, 1)

inf sup p(6",0) = inf sup {log
rer’ S rer/
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Therefore, if 5?;R(X) is the PRGM estimator of 0, i.e., 5};R minimizes (in
t) sup,ers p(0x,t), then, the transform h(6§;R(X)) is the PRGM estimator of
h(9), that is, h(éﬂiR) minimizes (in &) sup,cps p(6%,6) and this completes the
proof. O

Example 5. Suppose X ~ Exp(c) with o,z > 0. In Example 2, we showed
that the intrinsic loss for estimating # = o~! by § reduces to the Stein loss
function

L(9,5):g—logg—1.

Under the JCP distribution wi)/\(ﬁ) oc 092e7%* o > 1, the posterior distri-
bution is a Gamma(a, /\—im) with 77 (0]x) o< 62~ Le~(A+9)¢ wwhich results in the
Bayes estimator of 6 as 0,(X) = 575 . Also, the intrinsic PRGM estimator of 6
under L(6,6) is given by

log 1 _ log _1

Y 5(X (X)

6?PR(X) = (1 )_ 1
5(X) 4(X)

Now, for the estimation of n = o = % using S, it is easy to see that the Bayes

estimator of 7 under the entropy loss function

n n
L ,(S ==—log=— 1,
(n,0) = = —log =
is given by 6,(X) = AEX = ﬁ. To see this, note that 77/ (n) oc n~%e=/"
Atz ~
with 7/ (n|z) o nf(o‘H)e*% and 0, (z) = E[n|z]. Also, the intrinsic PRGM
estimator of n is given by

- 3(X) — 5(x)
6}—‘PR(X) = = =
log §(X) —logd(X)
1 1
_ 5(X) X))
log ﬁ — log ﬁ
B 1
Ofpr(X)
For the PRGM estimation of # under the entropy loss function and its applica-
tion to record data analysis we refer to [12]. Similarly, if n* = —% log0, a # 0,

then the intrinsic PRGM estimator of n* under the LINEX loss function
L', 6*) = €075 _q (' = 5°) — 1,

is given by

o ) 1 (@ 0-57(x)) _q
4 ?PR(X) =0"(X)+ Elog{

a (5*(X) — 8*(X))

which is the PRGM estimator obtained in [5].
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For the exponential family (2.1), suppose that the prior distribution belongs
to the following class of JCP distributions:

= {ﬂ'iA(G) D a € lag,an), A€ A1, A2}y (3.2)

for suitable choices of a; < a and A1 < A2. We continue with some applications
of Theorem 2 under the above class of priors. Similar results can be obtained in
other classes of JCP distributions (see Remark 1), which we do not present here.
In view of Theorem 2, and to obtain an intrinsic PRGM estimator, the critical
condition is that the elements of the underlying class of prior distributions are in
the form of (3.1) and the underlying loss function is intrinsic. We observe that, in
many cases (see Examples 6 and 7) intrinsic PRGM estimators under I'’ can be
obtained using the PRGM estimators under the usual class I' of conjugate priors
with modified values of ;s and A;s in I', 4 = 1, 2. One can easily check that this
will happen whenever the mean-value parameter is conjugate for the natural
parameter in the sense of [11]. In the one-parameter case, a sufficient condition
for this is that the exponential family have a quadratic variance function (see
Section 3.3 of [11]).

Example 6. In Example 5, we showed that 7] ,(6) o< §* %e~%* and & (z) =
345 - Since 7 5(0]x) is equal to m(0|x), the posterior distribution of 6, given the
usual conjugate prior w41 x4+4 (), the intrinsic PRGM estimator of § under the
Stein loss function and the class of JCP distributions can be obtained using the
PRGM estimator of 6 under the usual class of conjugate priors (as in Example
4), by replacing a; with a; — 1, i = 1,2. For example, the intrinsic PRGM
estimator of # in I'V with 0 < a; < as and 0 < A\; < Ay is given by

6?;R(X)_1og<a1)\l+X>/(/\1+X—/\2+X).

a_g)\g—i—X Qg aq

Let TY = {ﬂ'iﬁ(H) ca € [ag,ag] and A = Ag}. Then, the intrinsic PRGM
estimator of # in I'{, with 0 < a; < ag and \g > 0, is given by

J a1 Qg o 1
(X)) = [ —2)1 — .
IPR( ) (al—a2> 8 (OQ) A0—|—X
Similarly, in Ty = {r] 5(f) : @ = ag fixed and X\ € [A1, Ao]}, the intrinsic
PRGM estimator of § in Ty, with ag > 0 and 0 < A\; < Ag, is given by

r’ Qg A+ X
o) = 555 log{Al +X} '

Similar results can be obtained for estimating any smooth and one-to-one func-
tion of  under corresponding class of JCP distributions.

Example 7 (Binomial Distribution). In Example 3, we showed that pmf of X
can be written as f(z|0) = (7)( e’ )re~*? with § = log(%). Here Ip(0) =

x) \14ef
o

irenz and the JCP for f is obtained as wiy)\(ﬁ) x (Lig YA fj/:@ . This results
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in the posterior distribution 77/ (0|z) o (%)a*‘"“e_(w“*%)@. Since 77/ (6|x)
is equal to m(f|z), the posterior distribution of 6, given the usual conjugate
prior 7,1 x41(0), the intrinsic PRGM estimator 51F1'2R(X) of # in T/ can be
obtained using (2.9) and by replacing «; and \; with «; +1 and \; + %, 1=1,2,
respectively. Also, the intrinsic PRGM estimator of p = H% under the loss
function

L(p, ) = p log (%) +(1—p) log C;g) ,

~. J
is given by 17 (X) = {1 + edrpr(X)}=1,

Remark 3. It is possible to generalize the results of Sections 2 and 3 to another

class of intrinsic loss functions using the reverse Kullback-Leibler loss, which is
defined by

L,(6,6) = E, [log <§8§:§;>} = /Xlog (;Ei:g) £(]6) dv(a). (3.3)

Using (2.1), the loss function (3.3) reduces to the following class of intrinsic loss

functions 5(6) 5(5)
L.(0,0) =lo <—>+ 0—40 ,
G0 =18\ 56 ) 05w
which includes many interesting loss functions (such as the Stein loss function,
etc.) as its special case.

4. PRGM, Intrinsic PRGM and Bayes estimators

In this section, we provide some general results concerning the Bayesianity of
the PRGM and intrinsic PRGM estimators of 6 for the exponential family dis-
tribution (2.1) under the intrinsic loss function (2.3) with respect to priors in
the underlying class of prior distributions. The results are only presented for
PRGM estimators of 8, but they can also be used for intrinsic PRGM estima-
tors by simple modifications. Our framework in this section closely resembles the
one introduced by [15], who considered similar problem for the quadratic loss
function. Results of this nature are also obtained by [16] under the quadratic
loss function for the binomial distribution. Several of the following preliminary
results are reported here for the sake of completeness. The idea is to check the
continuity of the underlying Bayes estimator with respect to the prior. Similar
to [15] we study two cases, when (a) the class of prior distributions is convex,
or (b) the underlying class of prior distributions depends on a hyper-parameter
belonging to a connected set.

First, consider the situation where the class I' of priors is convex. That is, if
7o, ™1 € T, then 7y = tmo+ (1 —¢)m; belongs to T, for any ¢ € [0, 1]. Suppose that
X is arandom variable whose density belongs to the family of distributions (2.1).
Let ¢(t) = H(dx,(x)) which is a decreasing function of 6., for any ¢ € [0, 1].
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In the next lemma we show that (¢) is a continuous function in its domain
t€0,1].

Lemma 3. Suppose 1(t), the posterior expectation of H(0) = %/((90)) when m =
tmo + (1 —t)my, t € [0,1], is finite. Then, ¥(t) is continuous in t, t € [0,1].

Now, we use the continuity of ¢ (t) to prove that, under the conditions of
Lemma 3, the PRGM estimator dpg is Bayes if the class of priors is convex.

Proposition 1. Suppose I' is a convex class of prior distributions on the un-
known parameter 0 of the exponential family of distributions (2.1). Then, there
exists a prior distribution w € T such that dpr = 0, where dpr is defined
in (2.7).

A shortcoming of the result in Theorem 1 is that it is not applicable to the
cases where the class of prior distributions depends on a hyper-parameter whose
range is connected. For this case, we need Lemma 4 and Proposition 2 which
are simple extensions of Lemma 3.2 and Proposition 3.2 of [15]. The proofs of
Lemma 4 and Proposition 2 are essentially similar to the proofs of Lemma 3.2
and Proposition 3.2 of [15] and hence they are omitted. Let

Jo H(O)f(210)7(0)d0 _ r(r)
Jo f(al)m(6)d0 s(m)’

Consider d(m,7") = supg |7(0) — 7'(0)| to be the usual I distance between
prior densities m and 7', where H(t) = £'(t)/5(t) is defined as before.

Y(m) = (4.1)

Lemma 4. Suppose that [g ’H(G)‘f(:ﬂ@)d@ exists and it is finite. Then, ()
is continuous in w, in the topology generated by the lo distance.

Proposition 2. Let ' = {m, : a € A}, where A is a connected set and 7, ’s are
densities. Under the conditions of Lemma 4 and the assumption that o, — «
implies d(q,, , 7o) — 0, there exists a prior distribution m € T' such that dpr =
Ox, that is, the PRGM estimator (2.7) is Bayes.

In the following lemma, we provide a sufficient condition under which the
PRGM (or intrinsic PRGM) estimator is Bayes with respect to the same prior
in the underlying class of prior distribution, regardless of the observed value
of x.

Lemma 5. Let I' = {m, : o € [or1, 2]} be the class of prior distributions. Sup-
pose the Bayes estimator ¥ (o, z) = H-YE[H (0)|z)} is a differentiable function
of the hyper-parameter o and the observed value x. Assume that we are under
the conditions of Proposition 2. If

o | Y(ar,z)H(V(a1,x))—¥(az, z)H(V(az,x))—log %
o H(Y(ay,z)) — H(Y(as,x)) ’

(4.2)

0
%\I/(O[,{E) -
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has a constant solution in «, then there is a data independent prior m, € T’
resulting in the PRGM estimate as the Bayes estimate of the natural parameter
0 of the exponential family (2.1) under the intrinsic loss function (2.2).

Proof. Under the conditions of Proposition 2, there exists a solution «(z) such
that the PRGM estimator (2.7) is Bayes with respect to the prior 74,y € T’
under the intrinsic loss function (2.2). That is,

U(ay,z) HY(ar,z)) — ¥(as, ) H(¥(az,z)) — log %
H(V(a, ) — H(¥(az, 7)) '

U(a(z),x) =

Now, differentiating the equation with respect to = leads to

0 da(x) 0

2 ya@). 02D ¢ D ya(a). )

0 U(ay,z) HY(ag,z)) — ¥(ag, ) H(¥(az,z)) — log %
oz H(Y(ay,z)) — H(P(ag,x))

If (z) is data independent, i.e., a(z) = «, then d(ziz) = 0. Now, the desired
value for « is the constant solution to the equation (4.2) leading to a data
independent prior for the PRGM estimator to be Bayes. O

Example 8. In Example 1, the condition (4.2) reduces to the condition (5) in
Proposition 3.3 of Rios Insua et al. (1995) as follows

e} 0 0
2%\11(@90) = %\I!(al,x) + %\I!(ag,x).
Now, consider the class I' = {ma,n, : @ € [a1,a2], Ao is fixed } of conjugate
priors where 7, z, is given by (2.10) with 6 = p and 3(0) = e=%°/2. Here, the
Bayes estimator of ¢ is given by ¥(a, X) = d,, ,(X) = {;’}0 It is easy to see
that, the PRGM estimator of 8 given by

1{X—)\0+X—)\0},

Spr(X) =
pr(X) 2 la+1 as +1

is Bayes with respect to the data independent prior 7« 5, € I' where o* is the
solution to the following equation

2 1 n 1
a*+1 a1+1 ag+1°

That is, a* = O‘I;Ff‘jim € [a1, ] and 0pr(X) = {.ffff = Or e, (X).

Example 9. In Example 4, the condition (4.2) reduces to

9y “ {1Og T 198 Term } .

(OA,I)Z— 1 1
Oz Oz Torm) ~ Tass)
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Now, consider the class I'y = {742, (0) : @ € [a1, 2], Ao is fixed} of conjugate
priors on 6. Here, the Bayes estimator of § with respect to the prior mq x,(6)
is U(a,X) = 0r,,,(X) = )\OO‘JJS( The PRGM estimator of 6 is then Bayes
with respect to a data independent prior my« x,(0) € 'y, if there exists a data

independent solution a* to the equation

o+l <a1+1>(a1+1)(a2+1) 1
()\0+X)2 as + 1 a1 — Qo ()\0+X)2.

A straightforward calculation shows that

oF = (041+1)(042+1)10 (a1+1
O[Q—l—l

) — 1€ [ag,asl.

Therefore, the PRGM estimator of # under the Stein loss function can be
obtained as the Bayes estimator of € with respect to the prior distribution
Tax 2o (0) € T'1 as follows

(al—i—l)(ag—i—l)lo <a1—|—1> 1 a*+1

= =0r ., (X).
as+1/) A+ X Ao+ X a)‘o( )

Q] — Q2

Op(X) =

Q] — Q2

Similarly, in Example 6, one can easily show that the intrinsic PRGM estimator

J
5;}3 r(X) is the Bayes estimator of # under the Stein loss function with respect
to the.prior distri.butic.)n ﬂ'i**)/\o € T{, when a** = ﬁbg(%)- Note that
1/a** is the logarithmic mean of 1/a; and 1/ag, and o™ € [aq, ag].

5. PRGM and intrinsic PRGM estimation in multi-parameter case

It is straightforward to generalize the results of Sections 2 and 3 to the multi-
parameter exponential family of distributions. In this section, we study the
PRGM and intrinsic PRGM estimation of the unknown parameters of a mul-
tivariate normal distribution under intrinsic loss functions as two examples of
such problems. For the PRGM estimation of the regression coeflicients in the
canonical normal regression model see [15]. For the case studied in [15], simi-
lar to Example 11 (below), one can easily check that the PRGM and intrinsic
PRGM estimators of the regression coefficients are equivalent.

Example 10. Suppose X = (X1,...,X,,) is a sample of size n from a p-variate
normal distribution N,(u, X) with the joint pdf

n . I ¢

_np _n —

famZ) = @n) " F B Fep{—5 D> ki —w'S 7 x -} (51)
i=1

where p is the p-dimensional vector of the population means, 3 is a p X p non-

singular covariance matrix and |X| is the determinant of 3. Suppose p =

is known and ¥ is unknown. It is easy to see that the intrinsic loss with the

Kullback-Leibler distance for estimating 3 is given by

Liy(S,5) o tr (2’12) “log|ET'E| - p. (5.2)
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Consider the conjugate class of prior distributions I'y = {ﬂ'aﬁv(z_l) tap < a<
a1, Vo <V <V}, where

1
Tav (871 o [B]72 7 exp{ 5 t1(871V)},

V is a p X p positive definite and symmetric matrix, Vo < V; whenever Vi —V
is nonnegative definite and «g, oy > 0 are scalars. In other word, we assume that
>~ ! is distributed according to the Wishart distribution, W(a + p — 1, V_l).
It is easy to show that the posterior distribution of X% given x is Wn+a+
p—1,(U(x)+ V)™ ') where U(x) = >, (x; — pg)(xi — p)- Now, the Bayes
estimator of ¥ with respect to m,,v and under the loss function (5.2) is given
by

~ Ux)+V
. =k [ X|x| = ———.
v =E[Zx] = =0
Let Ulx) +V
= ~ X)+ Vo
Y(x)= inf X, =
(x) o vix) =— p—
and Ulx)+ vV
~ ~ X)+ Vi
Y(x)= sup X,vx)=—"7-—7-—.
3(x) S vix) =~ Fap—

The PRGM estimator of ¥ under the loss function (5.2) is now given as the
solution of

Ll(i fJPR) = Ll(g, ZAJPR)a (5.3)

or equivalently tr(f)l_gi%(f] —3)) =log|Z| —log |E| in Tpg. To obtain intrinsic
PRGM estimator of X, we first note that the Fisher information matrix of X is
given by I(Z) o |Z|~®+1) and so the Jeffrey’s conjugate prior distribution is
given by

1
Ty (B7) o BT HOTP exp(— 5 (271,
which is equivalent to a 7ra+p_17v(2_1) € I'1. Here, the posterior distribution
of X! given x is a W(n + a + 2p — 2, (U(x) + V)~!) and the intrinsic PRGM

estimator of X is obtained by replacing «; with a;+p—1,47 = 0,1, in the PRGM
estimator obtained from (5.3).

Example 11. In Example 10, suppose that 3 = 3, is known and p is the
unknown parameter of interest. The intrinsic loss function for estimating p by
[ is given by

Lol i2) o (1 — )55 ( — o), (5.4)

where the Bayes estimator of p is E[u|x]. Consider the following class T's of
conjugate prior distributions for p

I'y = {mo,v, () = Np(0, Vo) | 0o <0 <61, 0,0, € R"},
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where V| is a known positive definite covariance matrix (e.g., Vo = 0§ L,xp,
with known o¢ > 0). It is easy to see that the posterior distribution of p given
X is a p-variate normal distribution Ny (g v, (%), V") with

pov,(¥) = (15" + Vg )T (3 %+ V5 10) and V' =03y + Vi)
Now, the PRGM estimation of g under Ly with respect to the class I's of prior

distribution is given by

N 1 :
HPR(f)—§< inf pg v, (x)+ sup He,vo(§)>

m6,vo €2 T, v €2

1
=3 (Neo,vo (f) + Mo, v, (§))
0 0
=nEy +veh! (n251x+vgl( 0; 1)) :

Note that, in this case, since the Jeffrey’s conjugate prior distribution for p is the
same as the usual conjugate prior (the Fisher information I(u) is a constant),
then fipp(x) is also an intrinsic PRGM estimator of g under the loss function
Lo and within the class I's of prior distributions.

In Examples 10 and 11, when both g and ¥ are unknown, the intrinsic loss
with the Kullback-Leibler distance for estimating p and 3 is given by

~ ~—1

~ a1 ~ ~ ~—1
L3(u72,u,2)0<t7°(2 2)+(u—u)'2 (n—p)—p—log|¥ X (5.5)

We note that the PRGM results of Sections 2 and 3 are not directly applicable in
this case. However, one can obtain the PRGM and intrinsic PRGM estimators
of the nature parameters ; = X'y and 6y = —%2_1 by extending Theorems
1 and 2 to the multi-parameter exponential family of distributions

f(10) = B(6) t(x) e Zim O,

under the corresponding intrinsic loss function, when 8 = (64,...,60,) is the
vector of natural parameters.

6. Concluding remarks

Invariant estimators are usually demanding in practice. In this paper, we have
provided general results concerning the PRGM estimation of the natural param-
eter of the one-parameter exponential family of distributions under intrinsic loss
functions. The PRGM estimators are shown to be invariant to one-to-one smooth
reparameterizations under intrinsic loss functions and the class of Jeffrey’s con-
jugate prior distributions. Moreover, when the class of priors are convex or
dependant on a hyper-parameter belonging to a connected set, we show that
the obtained PRGM estimators are Bayes with respect to prior distributions in
the underlying class of priors. Examples are provided to show how the PRGM
and intrinsic PRGM results can be extended to a multi-parameter exponential
family of distributions.
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