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1. Introduction

In a recent paper, (see [13, 14]) we investigated the asymptotic behaviour of a
Whittle-like approximate maximum likelihood procedure for the estimation of
the spectral parameters (e.g., the spectral indez) of isotropic Gaussian random
fields defined on the unit sphere S?. Under Gaussianity, it was indeed possible
to establish consistency and a central limit theorem allowing for feasible infer-
ence, under broad conditions on the behaviour of the angular power spectrum.
These results, as many others concerning statistical inference on spherical ran-
dom fields, have recently found strong motivations arising from applications,
especially in a Cosmological framework (see for instance [40] and the references
therein). From the technical point of view, the asymptotic framework is rather
different from usual, as it is based on observations collected at higher and higher
frequencies on a fixed-domain (the unit sphere): even consistency of the angular
power-spectrum estimator under such circumstances becomes non-trivial, and
largely open for research, see also [39].

The procedure considered in [13] is based upon spherical harmonics and clas-
sical Fourier analysis on the sphere. Despite its appealing properties, it must be
stressed that in many practical circumstances spherical harmonics may suffer
serious drawbacks, due to their lack of localization in real space. This can make
their implementation infeasible, due to the presence of unobserved regions on
the sphere (as is commonly the case for Cosmological applications), and it may
exclude the possibility of separate estimation on different hemispheres, as con-
sidered for instance by [6, 51]. In view of these issues, it is natural to investigate
the possibility to extend Whittle-like procedures to a spherical wavelet frame-
work, so as to exploit the double-localization properties (in real and harmonic
space) of such constructions. This is the purpose of this paper, where we shall
focus in particular on spherical needlets.

Spherical needlets are a form of second-generation wavelets on the sphere,
introduced in 2006 by [45] and [46], and very extensively exploited both in the
statistical literature and for astrophysical applications in the last few years.
Stochastic properties of needlets when used to estimate spherical random fields
are developed in [5, 6, 7, 32, 33] and [42]. Needlets have been generalized ei-
ther to an unbounded support in the frequency domain (Mexican needlets)
by [20, 21] and [22], and to the case of spin fiber bundles (spin needlets, see
[17], and mixed needlets, cfr. [18]), again in view of Cosmological applications
such as weak gravitational lensing and the so-called polarization of the Cos-
mic Microwave Background (CMB) radiation. Concerning the latter, applica-
tions to CMB temperature and polarization data are presented for instance
by [5, 9, 12, 15, 19, 16, 41, 50, 51, 53]. Indeed, as described for instance in
[10] and [9], satellite missions such WMAP and Planck are providing huge
datasets on CMB, usually assumed to be a realization of an isotropic, Gaus-
sian spherical random field. Parameter estimation has been considered by many
applied papers (see [25] for a review), but in our knowledge until now no rigor-
ous asymptotic result has so far been produced on these procedures. We refer
also to [5, 15, 19, 49, 50, 39] for further theoretical and applied results on an-
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gular power spectrum estimation, in a purely nonparametric setting, and to
(28, 30, 29, 31, 27, 26, 35, 32] and [40] for further results on statistical inference
for spherical random fields or wavelets applied to CMB.

As mentioned earlier, the asymptotic framework we are considering here is
rather different from usual: we assume we are observing a single realization of
an isotropic field, the asymptotics being implemented with respect to the higher
and higher resolution level data becoming available. In view of this, our paper
is to some extent related to the growing area of fixed-domain asymptotics (see
for instance [3, 24, 37, 55]); on the other hand, as for [13] some of the tech-
niques exploited here are close to those adopted by [52], where semiparametric
estimates of the long memory parameter for covariance stationary processes are
analyzed. In terms of angular power spectrum behaviour, we shall also allow for
semiparametric models where only the high-frequency/small-scale behaviour of
the random field is constrained. In particular, we consider both full-band and
narrow-band estimates, the latter entailing a slower rate of convergence but
allowing for unbiased estimation under more general circumstances.

The plan of the paper is as follows: in Section 2, we will recall briefly some
well-known background material on needlet analysis for spherical isotropic ran-
dom fields; in Section 3 we will introduce and motivate the Whittle-like mini-
mum contrast estimators. In Section 4 we shall establish the asymptotic prop-
erties of these estimators, in particular weak consistency and Gaussianity, while
in Section 5 we present results on narrow band estimates. Some Monte Carlo
evidence on performance and comparisons with the procedures in [13] are col-
lected in Section 6, while some auxiliary technical results are collected in the
Appendix.

2. Spherical random fields and angular power spectrum

It is a well-known fact in Fourier analysis that the set of spherical harmon-
ics {Vim : 1 >0,m = —lI,...,l} represents an orthonormal basis for the space
L? (82), the class of square-integrable functions on the unit sphere (see for in-
stance [2, 56, 26, 40], for more details, and [36, 38] for extensions). Spherical
harmonics are defined as the eigenfunctions of the spherical Laplacian Agz, e.g.
Ag2Ym = —Il(l + 1)Yyy, see again [56, 57] and [40] for more discussion and
analytic expressions. The spherical needlets ([45, 46]) are defined as

l
0 @) =V 0 (55 ) 3 T ) Vi (50) 1)
l

m=—1

where {{;1 } is a set of cubature points on the sphere, indexed by j, the resolution
level index, and k, the cardinality of the point over the fixed resolution level,
while A\j, > 0 is the weight associated to any ;i (see also e.g. [7]) and [40]).
Let N; denote the number of cubature points for a given level j; as discussed
by [45, 46], cubature points and weights can be chosen to satisfy

Njk ® B™% | N;j ~ B% | (2)
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where by a &~ b, we mean that there exists c1, co > 0 such that cia < b < ca. In
the sequel, for notational simplicity we shall assume that there exists a positive
constant cp such that N; = cgB%, for all scales j. In practice, cubature points
and weights can be identified with those evaluated by common packages such
as HealPix (see for instance [5, 11, 23]).

Viewing L;({(z,y)) = Z;:7l71m (2) Yim (y) as a projection operator, (1)
can be considered a weighted convolution with a weight function b (), chosen
so that the following properties holds (see [45, 46]): for fixed B > 1, b(-) has
compact support in [Bfl, B} and therefore b (%) has compact support in [ €
[Bi~1, BiF1]; this implies that needlets have compact support in the harmonic
domain. Moreover, b (-) € C* (0, 00), which is pivotal to prove the following
quasi-exponential localization property (see [45]): for any M = 1,2,... there
exists cys > 0 such that for any x € S?,

CMBj
(1 4 BJ arccos ({z, &))"
Finally, we have the so-called partition of unity property: for [ > B

se(h)

j=0

[Vjk| <

which allows the establishment of the following reconstruction formula (see again
[45]): for f € L* (S*), we have, in the L? sense:

f@) =" Bintn(x)
7,k

where
ﬂjk = <fa ¢jk>L2(S2) = /S2 Ejk («I) f (117) dr . (3)

Consider now a zero-mean, isotropic Gaussian random field T : S? x Q — R;
we recall also that for every g € SO (3) and z € S?, a field T (+) is isotropic if
and only if

T(x) £ T (g2) |

where the equality holds in the sense of processes. It is again a standard fact
(see e.g. [26, 40]) that the following spectral representation holds:

!
T(z) = Z Z aimYim () (4)

>0 m=—1
/ T (2)Y i (7)dz .
S2

Note that this equality holds in both the L? (S* x 2, dz ® P) and L? (P) senses
for every fixed z € S?. For an isotropic Gaussian field, the spherical harmonics
coefficients ay,, are Gaussian complex random variables such that

E (a1m) =0 , E (am@iym, ) = 61671 C)

Alm
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where the angular power spectrum {C; , 1 =1,2,3,...} fully characterizes the
dependence structure under Gaussianity. Characterizations of the spherical har-
monics coefficients under Gaussianity and isotropy are discussed for instance by
[4, 40]; here we simply recall that:

l
D laml* ~ Crx X34 -

m=—I

Hence, given a realization of the random field, an estimator of the angular power
spectrum can be defined as:

1
~ 1 5
C=—
1= g 2l
m=—I
the so-called empirical angular power spectrum. It is immediately observed that

l o~
~ 1 C[ 2
(Cl) 2l+1m:§_lCl C, Var <Cz> ST — 0 for I — +oc0 (5)

Now recall that the needlet coefficients can be written as

l
Bik=+vXk >, b (é) > amYim (§1) (6)

Bi—l<i<Bitt m=—1

where

l
E@Bw) =Xk Y, b (é) D Vi (€1) E (amm) =0 .

Bi-l<l<Bi+1 m=-—1

Remark 1. It should be noted that in this paper we consider as observations
directly the needlet coefficients, rather than their measurements on actual data.
While this is clearly a simplifying assumption, we believe it can be heuristically
justified, at least as a first order approximation, as follows.

The data collection procedure for astrophysical experiments can be described
as consisting of continuous averages around pointing directions, obtained as

H) = [ 7@K (o) ds

Heuristically, the kernel K(.,.) represents the spatial effect of the measuring
antenna; in the astrophysical literature, it is usually labelled a beam function,
which we take to be radially symmetric, so that it can be expanded in terms of
Legendre polynomials as

K(u)=> P (u) ,uecl-1,1] .
l
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Standard computations then show that the observed spherical harmonic co-
efficients are related to the intrinsic ones by the simple modulation factor
a?ﬁfI = haym,. For our purposes, the factor h; can be incorporated in the
asymptotic behaviour of the angular power spectrum Cj, for which we allow
some flexibility, see Conditions 1-4 below.

A more realistic experimental set-up would allow also for the presence of

masked or unobserved regions, e.g. we can consider the observed field
T(z):=T(z)M(z) ,

where M (z) is the mask function, e.g. the indicator function of the set where
observations are actually collected. However, this more general setting does not
really pose extra-difficulties; indeed, defining

By = /S Do ()T () da ;
it was proven in [6] that

Bik — Bjn
Var (Bjk)

for all coefficients outside an arbitrarily small neighbourhood around the masked
regions. Heuristically, this result is stating that for coefficients centred outside
the masked regions, the presence of missing observations is asymptotically neg-
ligible. This is indeed a major advantage of the needlet analysis, when compared
to standard spherical harmonics transforms.

= Op (1) )

Asin [5], we introduce the following regularity condition on the angular power
spectrum:

Condition 1 (Regularity). The random field T'(x) is Gaussian and isotropic
with angular power spectrum such that:

Oy = 17"G(l) > 0, (7)

where cal < G() < co, g > 2, for alll € N, and for every r € N there exist
¢ > 0 such that:
d’l‘

G
du” (u)

foru € (0,00).

Condition 1 requires some form of regular variation on the tail behaviour
of the angular power spectrum Cj. For instance, in the CMB framework the
so-called Sachs-Wolfe power spectrum (i.e. the leading model for fluctuations
of the primordial gravitational potential) takes the form (7), the spectral index
oy capturing the scale invariance properties of the field itself (ag is expected
to be close to 2 from theoretical considerations, a prediction so far in good
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agreement with observations, see for instance [10] and [34]). In particular, this
Condition will be necessary to prove needlet coefficients (3) to be asymptotically
uncorrelated (see [5]). For asymptotic results below, we shall need to strengthen
Condition 1 as in [13], imposing in particular

Condition 2. Condition 1 holds, and moreover
Gl)y=Go(1+0(1™Y)) ,
whence R
E(Cl) =Gl ™ (1+0 (™)) .

As we shall show, Condition 2 is sufficient to establish consistency for the
estimator we are going to define. We shall also consider two further assumptions,
3 (which implies 2), to derive asymptotic Gaussianity, and 4 (which implies 3)
to provide a centered limiting distribution, see also [13] for related assumptions.

Condition 3. Condition 1 holds and moreover
G()=Go(1+kl""+0(17?)) .
Condition 4. Condition 1 holds and moreover
G()=Go(1+o(I"h)) .

Example 1. Condition 1 is satisfied for instance by

P (1)

G (1) = {log}° —2

(1) = {log !} 10

where
P() = po+pil+pl®+pnl™;
QW) = qo+al+ql®+gnl™

are two finite order polynomials such that P (1), Q (I) > 0. Condition 3 is then
fulfilled for 6 = 0, kK = pym—1/Pm — Gm-1/qm, while Condition 4 holds for k = 0
(see also [5, 13, 42]).

Under Condition 1 we have:

; l 20 +1 ;
(2—a)j 2 (2—a)j
coB < El b (Bj) C . L ((z,y)) <aB . (8)

Indeed

1 5 1 20+ 1
m ;b (E) Cl?Ll (<$7y>)

=c [ @ g tde o) ~ B
s2

more details can be found the Appendix, Proposition 13.
As mentioned before, in [5] it is proven, in view of (8), that:
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Lemma 2. Under Condition 1, there exists M > 0 such that:
Cu
(1+ BId ((&r, &)™

As a direct consequence of this lemma, the needlets coefficients at any finite
distance are asymptotically uncorrelated, and hence asymptotically independent
in the Gaussian case.

Following (6) and [45], we have easily that:

Sho- X i () X

Bi—l<l<Bitt

> (%) 20+1)C ,

Bi—l<l<Bitt

|Cor (B, Bix )| <

where, by equation (5):

E(Xk: J?k)_ > b2<é)(2z+1)ol(1+0(1—1)). (9)

Bi—l<l<Bit1
The following Lemma provides the asymptotic behaviour of Var(}_, JQk)

Lemma 3. Under Condition 7, we have

N’.
. 1 S 2 2 2
i sy Var ;ﬁjk = Ggo“(ao, B) ,
and
1 N Njy
: 2 2 _ 2, 2 s
m gy Cov D B D B = Gorilao.B) . forji=j+1,

k=1 ki1=1

G%TE(CYOaB) 7f0rj1 :.7_1 )
= 07f0r|jl_j|227

where
B
o*(ag, B) = 4/ b (z)a' 20 dy
—1
BB i
(a0, B) = 4/ b2 (x)b? (—):vl_%‘odx ,
1 B
4 B T
2 - 2 2 1—2a
T_(OéO,B) = m/l b (I)b <§>I Ode .

For the sake of notational simplicity, in the sequel we shall write o2, 72, 72

(omitting the dependence on g, B) whenever this does not entail any risk of
confusion.
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Proof. Simple calculations based on (5) lead to:

N]' Biti
N AECDS b4< ) (204 1)C2,
k=1 l=Bi—1

and, for j; < jo,

Z Jlsz Jo k2

ki1=1 ko=1

BI1t+1 RBi2+1

= > > (Bh) (ffj)(211+1)(212+1)cov{6h,@2}

=Bi1—1[,=Ri2~1

BJ1+1
_ { S b5

)b2(372 ) (2L +1)2C% | for jo =41 £1
, otherwise

Finally, we have:

Biti
glggoBJZ 2a0) Z b4< ) Q2+1)Cr
l=Bi—1
Bj+1

163 1 i (L) L1
m D BJ ) Bi B2 BJ

l Bi—1t
B
= G? 4/ bt (z) 2t 720 dy | =: GEo? |
B-1
and, if jo=7+1

Bitl

l
2 2
JIHEO Bi(2— 2a0) Z b (BJ) <Bj+1> (20 +1)C;

- 2 4/ 02 ()02 (L) ot 2000 | = G272
(o o (p) 202

while if jo = j — 1

B
, 2 S LN, [ 1 ,
jli}rgoml—Bi—lb (E>b (le) (2l+1) Cl

1
G? (4/ b? (x) b* (Bx) zt 20 dx)
B-1

4 B x oa
G <Bz2ao/1 b* () b* (E) o de> = Gor?

as claimed. O
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3. A needlet Whittle-like approximation to the likelihood function

Our aim in this Section is to discuss heuristically a needlet Whittle-like approxi-
mation for the log-likelihood of isotropic spherical Gaussian fields, and to derive
the corresponding estimator. We start from the assumption that needlet coef-
ficients can be evaluated exactly, i.e. without observational or numerical error,
up to resolution level Jy,. This is clearly a simplified picture, analogous to what
we assumed in [13] for the case of spherical harmonic coefficients; however in
the wavelet case the assumption can be considered much more realistic. Indeed,
it is shown for instance in [5] that the effect of masked or unobserved regions
is asymptotically negligible, in view of the localization properties of the needlet
transform. Hence we believe our results provide a useful guidance also for re-
alistic experimental situations. Needless to say, the maximal observed scale Jr,
grows larger and larger when more sophisticated experiments are undertaken:
indeed Jr, is a monotonically increasing function of the maximal observed mul-
tipole L. The latter is for instance in the order of 500/600 for data collected
from WMAP and 1500/2000 for those from Planck. In terms of our follow-
ing discussion, it is harmless to envisage that B/:*! = L. The analysis of
frequency-domain approximate maximum likelihood estimators based on spher-
ical harmonics is described in [13], while narrow-band, wavelet-based maximum
likelihood estimators over R can be found in [44].

To motivate heuristically our objective function, consider the vector of coef-
ficients

?j = (Bj1: Bj2,-- -+ Bin,) -

Under the hypothesis of isotropy and Gaussianity for T, we have that ﬁj ~
N (0,T), where

I = [Cov (B, Biw g e = VA D b7 (%) Sl 1)ClPl (&t Egir)) -
l

In view of Lemma 2 and equation (2), it is to some extent natural to consider
the approximation

4 I\ (20+1)
'~ — =) — In.
Nj <; <BJ > 4 Cl) Ny

where I, denotes the N; x N; identity matrix. We stress, however, that the
present argument is merely heuristic - indeed, for instance, elements on the first
diagonal do not converge to zero. The approximation however motivates the
introduction of the pseudo-likelihood function:

c (v 7, ) = (2m) Y (detT) 2 exp( L1grp- 1?)
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and the corresponding log-likelihood as:
—2log L (19; ?])
Z N; B3 N;Bk
- Zle(%)(Zl—i—l)Ol(ﬁ) zle(BJ)(le)OZ( Y/

up to an additive constant. The full (pseudo-)likelihood is obtained by combining
together all scales j, so that

—210g£( F],. .?JL)

L N; Y, B N; 32,
; lzl b (47) 2L+ 1) Ci(9) _zk:log (Zl b? (57) (20 + 1)%9))] '

Let us now introduce the following:

Definition 1. For a € (2, +oo] = A, define the function
2
Kj () =% Zb < > 20+1)17
with derivatives K, (o) given by

Ky (0) = LK (0) = <‘N1j) > (Bi) (20 + 1)1 (log )"

Our objective function will hence be written compactly as:

Ry, (G,a) := —210g£Ga'?»

[k pe)

j—l
125 o5
GKk( ;C—l—N log G — E log (KJ (2))] .

J:
More precisely, in view of Condition 2 and the discussion in the previous Section,
the following Definition seems rather natural:

Definition 2. The Needlet Spherical Whittle estimator for the set of parameters
(g, Gp) is provided by

(aJL,GJL) = arg aeglléleFRJL (G,a) .
Remark 2. To ensure that the estimator exists, as usual we shall assume that
the parameter space is a compact subset of R?; more precisely we take o € A =
[a1,a2], 2 < a1 < az < 0o, and G € T = [y1,72], 0 < 71 < 72 < oo. This
is little more than a formal requirement that is standard in the literature on
(pseudo-)maximum likelihood estimation.
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We can rewrite in a more transparent form the previous estimator following
an argument analogous to [52], i.e. “concentrating out” the parameter G. Indeed,
the previous minimization problem is equivalent to consider

(aJL,éJL) =argmin Ry, (G,a) .
a,G
It is readily seen that:

0

JL 2
_ 1 2B | N
%RJL (Ga Oé) - J; +

_E Kj(a) G

)

Jr N; 2

0 ~ 1 k=1 Pjk
— Ry (G,a) =0 G =G (a) = - S (10)
oG Zj:l N; o K (a)
because
N
92 1 s |2 B
aG2RJL(G’O‘>__222 GK;(a) |
j=1k=1 J
we obtain
(92 1 Jr Nj 2 2k
—RJ (G,Oé) = = = J 1
oGt G=G(a) G (o)’ = LG (o) K;(a)
J
LN
= Zﬁ_l >0
G ()

Hence G (a) maximizes R, (G, ) for any given value of o. It remains to com-
pute

@ = argmin {Ry, (a)} (11)

where

Ri. (é(a),a)

-1
Zij

Ry, (o) =

1 &
N Zleong (o) .

j=11Y7 j=1

L 5 B
= log =+
jz:; Kj(a) %
4. Asymptotic properties
In this Section we investigate the asymptotic properties of the estimators &y,

and G J..- We start by studying their asymptotic consistency: in order to achieve
this result, we will apply a technique developed by [8] and [52], see also [13].
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Theorem 4. Under Condition 2, as J — co we have:
(aJLvGJL) —>p (a07 GO) M

Proof. Let us write:

AR, (a,ao) = Ry, (04) - Ry, (ao)
B G(a) ,  Glag) 1 & o i ()
— logG(a) lgG(ao) Z]L ijlelg 3(040)
G (@)

+ lo G (ao)

= Uj, (o,a0) = Ty, (, 0)

where
G(a) = ZN GOK
B Jr K (a) G(a)
UJL (04,040) = ZJL N] JZIN lo gK (a()) +10gG(a0) .

It is easy to see that:

_ _ A5\
G (o) = Go , log Glao) log SN, j:leJ K, (@)

The proof is then completed with the aid of the auxiliary Lemmas 7, 8 which
we shall discuss below. In particular

Pr(lay, —ap| >e) < Pr( inf ARJL(a,ao)SO)

la—ag|>e

< Pr ( inf| Uy, (a,a0) — Ty, (o, 0)] < O) .
a—og|>€E

The previous probability is bounded by, for any § > 0

Pr < inf Uy, (a,ap) < 5> + Pr ( sup Ty, (a,ap) > 0) ;

la—agp|>e la—ag|>e

for ayp — a < 2, it is sufficient to note that

L—oo la—ap|>e

lim Pr ( sup Ty, (a,ap) > O) =0,
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from Lemma 8, while from Lemma 7 there exists 0. = B%:fl + BB;—Qfl logB >0

such that

L—oo la—ag|>e

lim Pr ( inf Uy, (a,a0) < 55> =0

For ag—a = 2 or ag—a > 2 the same result is obtained by dividing ARz, (o, ag)
by, respectively loglog B’t or log B’t and then resorting again to Lemmas 7,
8. Thus @y, —p v is established.

Now note that

2

ZNZK OéJL)_Zij;
_ Zk J Kj(a L)
- NZ K aJL (GOKJ(k)_Kj(aJO)>'

By adding and subtracting I (B, ag, a5, ) — 1, where I (B, ag, @y, ) is defined as
(29) in Proposition 13, we obtain:

é(aJL) - G'0 =

A

2
é(aJL) —Go - Z N ZGO aJL)) <G02‘:[§JB(JO]:0) - 1)

( @) I(B,ao,aJL))

aJL)

T Z% ZGO (I(B,ag,ay,)—1)

= |Gal+|GB|+|Gc| -

By Proposition 13 we have that

Kj(Oéo) &, — ~
—i %) _ gi@—e0) [ (B, ag,dy,) + oy, (1) .
Kj (aJL) ( 0 ]L) ]L()
Clearly
€
> 2
Pr{|GA|_ 3}
€ . 1 ~ 1
< Pr{{|GA|2§}ﬁ{|ao—ah|<§}}+Pr{|ao—ah|2§}
Go _ >k B
< Pr N I(B,ag,ay,) B (Em—e) 250 ) > o840, (1
> ZJNJ : 0 ]L) GOKj (aO) = ]L()
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1 Gy ~ (a, —
< VNGI(B,ag,ay,) B8 =)
g Ej Nj ; J
1 X B%
XE| ===k 4l 406, (1
\/Nj Gon (ao) / ( )
< 1 G N VNI (B,ag,ay, ) B (E7n—0)
57 1/2
1 Y Bh
x |E|l———=£00k +oy,(1
\/Nj G()Kj (ao) / ( )
OGOI (B7a0’aJL) ag, —ao)+1)JL
- ZTB(( pmeo) ) 4 o0 (1)
_ OI (ij();OCJL)GOB((aJL—ao)—l)JL + OJL(l) — OJL(]~> ,

in view of the consistency of &, . As far as G is concerned, we obtain, for a

sufficiently small § > 0:

Pr{|GB| > %} =

Pr{[|GB| > g] N [log B? |ag — G, | < 5]}

+Pr{{|GB| > %} N [log B |ag — @y, | 25]}

Because for 0 < x < 1, we have |e™

praten-an) 3| =
<

and hence, in view of

Pr{[|GB| > g] N [log B |ap — @y, | < 5]} +oy, (1) .

— 1] < z, we have:

lexp (—j (g — @y, ) log B) — 1]

(e —aJL)logBj ,

Pr{{|GB| > %} N [log B? |ag — @iy, | < (5}}

Jr
1 K<(a0) ’ 9 : ~
< Pr Go|—=L—%—-1|>=| NnflogB’ |ag —ay,| <9
Ej ij; Kj(ay,) 3 [ " }
~ Jr,
OI(BaO‘an‘JL> i ~ C 5JL
YEP80Y) ND G log BIE |ap — @y, | = < — oy, (1) .
9 Zij ; r 9 Zij r

Finally, in view of (30),

Jr
1 ~
WZGO(I(ROZO,O&JL)—U <
77 j=1

JLCrlag — g, |

Ej N;
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Hence, because for a sufficiently small 6 > 0:

Pr{[|Gc| > %H < Pr{[|Gc| > g] N[lao — @y, | < 5]} 4 Pr{jag —ay, | > 0}

- Pr{[|Gc| > g] N(lao — as, | < 5]} +oy, (1)

JLC]5
2

as claimed. O

Pr{[IGel = 5| Nllao | <01} < =05, (1) ,

Z

Here we present the auxiliary results we shall need on G and its derivatives.
We introduce

Jr 2
Go(a) == Gla)= —p ZZ’“ 2-Uo.j (a)

SN = Kj(a)
i) = a5y ), (12)
dov EJL N; i3 Kj (@) !
o) = L=t Ty, )
: do? ZJL NJJ - KJ( ) 2J

Jr (o
GO (O[) = G(Q) E 1 J ;Nj%(é)o)[]&j (Oé),
Gi(a) = %G (a) = S : ZNJ‘ G%{_j(((;;o)Ul,j (a);  (13)
J Jj=1 J
2 J (v
G2 (a) = %G (Oé) Z ! ] le Nj G%jj(fy)o) Ug)j (a) .

The first result concerns the behaviour of expected value and variance of the
estimator G (ag) computed in ag, the second regards the uniform convergence
in probability of the ratio between G and G, and their k-th order derivatives
G, Gk.

Lemma 5. Let G (a) be as in (10). Under Condition 7, we have
E (é (040)) = GQ N

B? -1

1imB2JLVar(é(a0)) = Gip*(c0, B) =%
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where I (B) is defined by (28) in Proposition 13 and

2 'B) _,’_B—oon2 (a 'B)
2 B — g (OCO, 05
P (O[(), ) IOQ (B) )

% (ap;B) = Ti(ao;B)—I—TE(ozo;B).

Proof. By (9), we obtain that

(a)
2#2

20 () U (L+0(7Y)

E@m—zlém%w)
o

E
= G0+OJL (1) ,

while from Lemma 3 and Proposition 13 (see also the proof of Lemma 10), we
have

A B2 -1
Var (G (ao)) = G2p*(ao, B) ez

as claimed. O

B—2JL +O(B_2JL) ,

Lemma 6. Under Condition 2 we have for n =0,1,2

Gy (a)

PG

—p 0.

Proof. Under Condition 3, we observe that:

~ , 52
Gy (@) . Zj]Ll Zzz(k(of)kU'n (@) )
G (@) Sty N ESEs ) (a)

> NJK(&O))U (a )K\/—Zk (GDK (@0) 1))] '

J Kj(a
Y N R Ui (@)

Then we have:

K [e%

\/_7 4 ( U)U )|:(\/—Zk (GDK ao)_l))]

P Jr K, (ao) >5a
> Ni B Ujn (@)
1 B

] T v (w%m&wmwwg
> L a ; "
Z N; 1}((((;) U; n (@) g
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In view of Proposition 13 and equations (35) and (36) in Corollary 14, de-
scribed in the Appendix, we have

Uji(a) = ( > log B/ +0; (1) ,
(K]l(a )2 Kjg(a) .92
Ujz2(a) = : : = (logB’)" + 052 (1) .
] ( K@) R )~ WeB) o
Then,
Z‘.]L /N ; K; (ao)U ( ) Jr Bi Bla—a0)j in
VG _ Zim L _ o(p=r)
ijl Nj II((J(((ZO)) Ujn (@) Z;Ii1 B2j Bla—ao)jjn
so that -
/ _KJ «@o
Sup JL JL JKIza(OO;) Uin (2) < +00 .
L E 1 Ni® @y Ui, n (@)
Also, by Markov inequality and Lemma 3, we have that, for all j:
1 2
F 2 1> CJ}
< w/N»ZGOK-(ao) L)
< > .
- CJ2 \/_ GoK
1 1 i
= ——=—-Var J
CJ G§N; < — K (ao)>
1
= =P (OCO,B):O J72 R
CJ? (727
whence

< JL sup P{ _Z GoK: (a0) 1 >CJL}
< JLXO(L) :O(L):OJL(l)'
Under Condition 2 we have:
/N, KJ (o) ]E[Z ﬁjz ]
an (Oé) 1 J K (0‘) U ) |:<\/_ Zk (GOK (Oto) N]‘G()Kj fao))>:|
G (@) N ZJL NJII?(((Z?))U (a)

J Ki(a > B3
it Ny R Ui (o )(7N‘[GD'E(AEZ]O> ‘1>

S NG Ui ()
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From (37), it is easy to see that the second term in the last equation is O (B’JL ),
while for the first term we follow the same procedure already described, also
considering that, by (37):

B[

1 3 5
VN 57\ GoEj (@) GoKj ()

2
_ 1 E[ik} i 3

VN; GoKj (o) \ g { fk}

- VR (+0(5Y) E[Zzi}‘l

We can establish now the asymptotic behaviour of Uy, (o, ag), for which we
have the following

O

Lemma 7. Foralle < ag—a <2

lim Uy, (a,ap)

JLHOO
Jr
1 K; (ap )
= lim log N; -2 N;l
JL—r00 Zij; T K (o ) PO N,; )
B2 -1 B2(a — 0)
log Botle—an) — 1 + 571 logB > 6. >0 .
Moreover, if a« — oy < —2, we have
1 1 L K; (ao )
li 1 N;—2Z Njlog
1 log B | BTN, ; ' Kj(a) JL LN, ;
) — &
= -1>0
2 -0
and if o« — g — 2
lm —L Z ZN log 252(00)
Jp—o0 IOgJL Z N J K N )

Proof. By recalling N; = cgB?/ (see (2)) and (27), we observe that,

K; (GO)}
og
! { K;j ()
B(2—a0)j
= BQJLBQ ZB2J 1og{ Bo—a); } +log (I (B, g, ) + 05, (1)
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B*-1 L :
= G- a) > B¥log B/ +o0,,(1)
Jj=1

B? -1 5y, B? 1
= m(a—ao)logB{B LBz_l{JL—ﬁ}}-FOJL(U,

— (@ aotogB{ |- g |} +on 1), (19

using (39) in Proposition 15, described in the Appendix, with J; =1 and s = 2.
Now, for a — ay > —2:

1 K; ()
log N; -2
Zj N; = T Kj(a)
Jr _ ;
1 . B(2—a0)j
= log{ =5 Z szﬁ +log (I (B,ap,)) +0y,(1)
{Zjil B2 j=1 Bl
BQ -1 B(2+a7ao)JLBQ+a7ao
= 1Og{B2JLBQ B2+a—ao _ ] } +1Og (I (B,Oéo,a)) +OJL(1)
o B2 -1 Bla—ao)Jr ga—ao L | (I (B ) + (1)
= log Brta a0 — 1 og , i, Qv oL
B? -1
= 10g W +(O[—OZO){JL+1}1OgB+IOg(I(B,O[O,O[))+O]L(1)
(15)
Hence, combining (15) and (14) we obtain
1 1 iNKj(Oéo) 1 iNl {Kj(ao)}
08 —=—— i — i log
= 1 B -1 J, 4+ 1}log B
= 98 ey 1 + (@ —ao) {Jr + 1} log
1
— (Oé — CYQ) {JL — m} 1OgB+OJL(1)
B? -1 (o — )
= 10g{m} + (CY - Oéo)lOgB + wlOgB + OJL(l)

B? -1 B?
= 10g{m}+(a—a0){ﬁ}10g3+0‘]11(1).

Now consider the function

B2-1 B?
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it is readily seen that for x > —2, I(x) is a continuous function such that

B?***log B B2
! e _
U'(z) = B 1 +B2_110gB,

I'o0) = 0,I(z)<0forz<0,l'(x)>0forz>0,

whence [(0) = 0 is the unique minimum, and I(z) > 0 for all  # 0. The first
part of the proof is hence concluded.
Take now o — ap < —2; we have
1 1
log B2/t

JL JL

K; (ao) 1 K, (Oéo)
= N; -2 — N;log =2
_Zj N; j=1 " Kj(a) >IN ng ' K; (e)

J=1

-
1 .
= ——— [log | > BI2temeoll _log B2/t
2J
log B?/¢ =

{o—ag} &
- 7OZleogBj +0y,(1)

JrL
Zj:l N; j=1
o) — &

e 5 —1+OJL(1) .

Finally, for ag — a = 2 we obtain

0)

JL
1 1 K; (« K; (ao)
——log | =—= Y N,-Z
o7 | |5 % 2 )

1 & :
— N;log =2
Zj N; ; ! Kj(a)

1
= {—log B** +1log Ji, + Oy, (1) +log B>t +0,, (1)} ,

log Jp,
whence
li ! log L JZLN K; (20) L iN log K; (20) 1
im —— —_ i — i =1,
Jr—oo log Jp, Zij = I Kj (a) Zij = / Kj (a)
as claimed. O

Now we look at Ty, (a, «g). From (5), we can prove the following:

Lemma 8. As J;, — oo, we have

Sup |TJL (a7 a0)| = Op(l) .

Proof. From (12) and (13), we have that

é (Oéo) _ 1 i k B]k
G (o) Zjil Nj = GokK; (o)
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From Lemma 5, it is immediate to see that
G ()
E -1 =0,
( G (a0)

G (o B2 —-1__ _
Var (GEQS - 1) = p*(ag, B) I B2t +0(B 2JL)

and

By applying Chebichev’s inequality, we have

G (o)
G (o)

-1-—,0,
and from Slutzky’s lemma:

log (ggjﬁ;) —p 0.

On the other hand, in view of Lemma 6,

Gl
Gla)

sup —p 0,

so the proof is complete.

=0 (B?") .

O

The second main result to be achieved is a Central Limit Theorem for the
estimator &y, , which will be investigated by exploiting some classical argument
on asymptotic Gaussianity for extremum estimates, as recalled for instance by

[47], see also [13]. We shall in fact establish the following

Theorem 9. Let aj, = argmingea Rr(a).
a) Under Condition 2 we have:

B (@, —a0) = 0,(1) ;
b) Under Condition 3 we have:
@y, — o) —pm,
where

logB
(B+1)’

m =kl (B,ap+1,ap)
¢) Under Condition 4 we have:
B’ (@, —ag) -5 N (0,D)

where

D = D(ag,B) = p*(ao; B)¥ (B) , ¥ (B) =

(B> -1)°
~ Btlog’B

(16)

(17)

(18)

(19)
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Proof. By a standard Mean Value Theorem argument and consistency, for each
Jr, there exists @y, € (ag — @, ap + @) such that, with probability one:

_ SJL (010)
Qi (@r)’

where S, () is the score function corresponding to R, («), given by:

_ 1 i _Kj (o) 1 Kji (o)
NN ZJ:; G(a) K, () < K;(a) ) " > Nj ZJ: Kj (@) N

@y, —0) =

_ 1 G(o) K (o) G (o) Gl
B Zij@(a)zj:( Kj(a)>zk:<@(a)G(0<)Kj(a) GW)) ’
and 2
QJL ( ) = WR]L (a) )
QJL (a) _ G2 (a) G (a) - (Gl (a))

(G ())®
1 Kj_]g « Kj o) — Kj71 o 2
+Zijzj:Nj (@) K () = (K1 (@)

2
lK'(O[()) K'J Ot) _ K;g(a) lK'(Ot())
(Zj N R @) (2 ( () ) () )) (Zj N R @) )

where G(a), G1(a), Ga(a) are respectively the estimate of G and its first and
second derivatives, as in Lemma 6. In order to establish the Central Limit Theo-
rem, we analyze the fourth order cumulants, observing that this statistics belong
to the second order Wiener chaos with respect to a Gaussian white noise random
measure (see [48]). Let

1
B71S;, (o) = B Z (45 + Bj) ,
j
where

2
A = B2jlogBj{ 21 B —1},

NjGon (040)

B, = B2J’10g347{GJ67(00‘0)—1} . (21)
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In the Appendix, Lemma 17 shows that:

ﬁcum {Z(Ajl +B,), > (Aj, +Bjy). Y (Aj, + Bjy), > (A, + Bj4)}

ll l2 l3 l4

Jt log* B
=On (W -

The Central Limit Theorem follows therefore from results in [48]. The proofs
of (17) and (18) are completed by combining the following Lemmas 10 and
11. Observe that under Condition 3, the only difference between (16) and (17)
concerns the possibility to estimate analytically the bias term. O

The following result concerns the behaviour of Sy, («).

Lemma 10. Under Condition 3, we have:

log B
B'rS;, (ag) —p kI (B, + 1, 0) B+ 1)5 ;
while under Condition 4 we have:
d log? B
B7rS;, (ap) = N (0,p2B () m) .

Proof. We have that:

1 K; 1 (Oéo) GO g2k é (Oé)
S1, (o) = (-f2l) 3 (5 - ,
YN, ZJ: K (ao) zk: G (ag) GoKj(a0)  Go
where we recall that for Lemma 6:
Go

=" —7p 1.
G (ao)

Then we will study the behaviour of

5 _ 1 _ Kji(ao) 7 Gl
oo (o) = >N ZJ: < K (ao) > 2 <G0Kj (a0)  Go ) '

k

Under Condition 3, simple calculations, in view of (38), (35) in Corollary 14 and
(40) in Proposition 15, lead to

lim B*E (S, (a0))

JLHOO

E (¥ A%) _E<@(ao>>

1 ,
= lim B/r——— logB’N; | ———%
Jp—00 >N XJ: & "\ N;GoK; () Go
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Iy (B
—  fim g l(B20) R
Jr—v00 Iy (B, «) Sk, BY

JL ]L
) . . 1
x »  logB’-BY (B I S By > BJ) +o7, (1)

j=Jo Jj=Jo Jj=Jo
log B
= Ji@ooml(B a0+ 1, 0) —— B+1) +oy, (1),

while under Condition 4 we have

lim E (S, (a0)) =0.

Jp—o0
Moreover we obtain:
. B 1 Ky (o) [ kB G (o)
Var (SJL (ao)) - (Z N Z (ao) <G0I?j (oljo) _Nj GOO ))
= A+ B+C,
where
_ i (@) Kjy i (@0)
4 ( J) hh( ) sz(a0)>
Zkl |BJ1/€1 Zk}z |BJ2/€2| .
Golj, (a0) " GoKj, (o) |
_ 1.1 (00) K1 (o) <é<ao>> ,
B = N; N;,Var ;
(Z N)2JIZJ2< ) K; (040)> Go

“ - > N)QZ< )l;;l(%))

Zk} |Bj1k| . ( O)
x Cov <G0 K;, (a0)’ N, o ) .

In view of Proposition 13 and Lemma 3, we obtain:

Kja(a0)) 2B

. ( ) ( 0) rar <Gof?j (0]:0)>
j « Z 7 Z 32'1

3 ( S e 3))CO”<GOI?< D) Gok kﬁf(k))

I K1 (ao) >k B SorbB
Z( Kg (@ 0))CO GoK; (a0)’ GoK 1 (o)
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U + B~ .
Zlog B b (B )B2J +oy, (1)
- 0

because

el (Kj,l (o) Kjt11 (040)) Cow >k sz'k Dk BJ2'+1,k
Kj(a) Kji1 (o) GoKj (o)’ GoKjt1 (ap)

Jr—1 —2a0) (i
_ < (( KJ+1 1 ( 0)) TJQr BE200)0+) + 05 (1))
- i J
1

= ) K1 (ao) ) I3 (ag, B) B B=2a0(+1)
Jr 2 B~ a0T2

= +o0;(1 ,
2 ( o) Faop %W

and, likewise,

L i1 (o) Kj—1 (o) SouB ik Zkﬁ?—l,k
;( (a0) Kj-1(a 0)>OO GoKj () GoKj-1 (o)

E« 1 >)QI§<::,T§>+"“”> '

On the other hand, by Lemma 5, we have:

1

B 4/)2 (Oéo,B)

Jr Jr Jr
x Y B¥logB" Y B¥2log B Y~ B¥*+o,, (1)
ji=1 j2=1 Jjz=1

(Zj B log Bj)2
(Zj BQj)g

= p2 (a07B)

+ oy, (1)

Finally we have:

_ —2 Kjia (o) Kjpa (o)
¢ = A Z ( Kj, (ao) K, (o) >NJ2

J 2
L 2k B >k |Bjsk]
x 2 Cov (G (00) K, (a0) Gok, (a0)
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_ —2 Kjr1(a0) K1 (@) )
© oy o e K )

CQB (02 + 370‘07’2)

B¥t 405, (1)

I3 (B)
_ N2
(Zj B2 log BJ)
= —2p*(ap, B) 3 +oy, (1).
=)
Hence, following Corollary 16 in the Appendix and equation (39), we have:
_ 1
Var (SJL (ao)) =p? (oo, B) —
=)

2

X ZB%’ZB%og?Bi— ZB2jlogBj +o(B77r)
J J

J

1
(=)

2 3 6
2 (B _1) 4J 2 B —2J
= p" (a0, B) “porpe B log BWJFO(B ‘)

= 2 (a0, B) 5275, (2)+o (B’QJL)

log? B __ -
_ 2 B) 25 P p 2Jr, B2JL . 22
p(oco, )(BQ—I) —|—0( ) ( )
Finally we have:
log® B
b Var (5785, o) = o, ) 252

JL%OO

as claimed.
The following Lemma regards instead the behaviour of Q s, («).
Lemma 11. Under Condition 2, we have:
_ B%log’ B
Qi @) — o1y

Proof. By using 6, we obtain:

Q) = G (@) G (@) = (G1 ()’
Qo (0] (G ()
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(movke (%) - %)) (i)

(Z N5 <(°;°)))2

(v i)
( 755&3)
) —

K; (0) = (K1 (2)”
+¥N (ZJINJI)%(a))Q

QJ, («) can be rewritten as the sum of three terms:

Qi (@) = Q1 () + Q2 () + Q3 ()

where:
Q"™ (o)

W=

so that

e = (o () ) (o)
- (Z e (- %8 )) |

Q" (a (Z e (

@ (a)

@)= o)

( o) (I;{(g)))

so that

i (ZN jlf{é(g)))) (ZN (12((5))) |

Q5" (a Z JK )ZN

Q3 (Oé) = 3gen ((Ocj)) )

J

Q" () = (ZNJ»)
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num Kj2(a)
e = (o) (i)
K (a0) Kj2 ()
(ZN) (Z Kban Kj<a>) |
The next step consists in showing that:

Q2 (a) + Qs (a) =0y, (1) .

Using Corollary 14, Q5%™ («) can be written as:

whence

+ (2 Eg)z + OJL(1)>> (Z Nj)

—(ZN (10 B7+22§?1 BI

J

I ( K (a
- (Io + 0 (1 ) ( N Kj(a )

while Q5*™ («) becomes:

num _ .Igj(a ) 2 pj I (13) J
QY™ () = (Z N; % (ao) <1og B + 21(1) B log B

num j I (13)
QL™ (o) = (;Nj <logB23+21; @ log B’

1 (B) K; (a0)
* 1o on) (Z N @ )

i) (3)

Q" (0) + Q3" ()
Qi (a)

so that:

OJL (1) .
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It remains to study Q4" («) ; by using (13) and (15), we have:

. 1 Kj (ao)
lim P ;NJ K, () ;NJ

Jr—o0 g2(

. 41 (B, oo
— lim B—’
Jp—o0 B2 24

aao

) Y BY

p2(1+= 2“0) B?
2 2
CBI(Baa07a) B2( a;ao)_132_1>0'

Finally, we prove that Q1 (@) —p . Using Corollary 14, we write the

i (e - 265)

2

e 1>

2

numerator Q7" (a) as:

Q"™ (a)

(B

B>

BJ

log B

Let s = 2 (1+ 25%); by applying (43) we have:

CQBI (B,ao,a)2

i prart = i BBl ()
= 1o 233738021(3 ap, )
g (BS — 1)4 B s X0,y
It remains to study Q" («) ; by using again (27) and (15):
, 2
: 1 den _ : CQBI (Ba Qo, a) sj
Jili{loo B2sJL Ql (a) N Jilgloo B2sJL ZB
J
Bs \?
= CQBI(B,QO,OL)Q (Bs_]_)
Hence .
B2(1+°5%) 19e2 B

Jp—o0 o (B2(1+a;a0) B 1)2 .
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For the consistency of ay,, for @y, € [ag — ar, ap + ar], we have

B2log’ B
o —rp )
Q ( L) P (B2 _ 1)2
. log2 B
i Var (8751, (o) = e B) 5

O

To investigate the efficiency of needlet estimates, fix B/t = L/B, so that the
highest frequency covers the multipoles [ = [L/ Bﬂ + 1,...,L; observe that,
under Condition 4

BJLJrl (aJL — 040) =L (aJL — ao) i> N (O,fg2 x D (B,ao)) 5
while parametric estimates based upon standard Fourier analysis (see [13]) yield
L(aL — o) -5 N (0,8) .

For any given value of B, the asymptotic variance D (B, ap) can be evaluated
numerically by means of (19) and a plug-in method, where « is replaced by
its consistent estimate @;,. In practice, though, this is not really needed for
the values of B which are commonly in use, i.e. B ~ 1.1/1.5. In fact, using
logz ~ 2 —1+o0(1) as  — 1 we have

. B2U(B) 1 (B2-1)?
lim ————~ = lim
B>l B—1 BE>1 B—1B2(B - 1)
L 1 (B+1)*(B-1)
N 5131511 B-1 B2 =8

A standard choice for the function b(.) (see [5, 40]) is provided by

1
b2($) = bz(x7B):Oaf0r$¢(§aB) )
(1_327131@—%)) 1
_ exp(— du 1
Vi(z) = 1—f1 5 Il)( ) Jfor = <z <1,
f_lexp(— ——)du B

_ exp(——L5)du
Vi (z) = ! p(=1=) ,for1<z<B.

1
f_l exp(—ﬁ)du

For this choice of b(.), analytical and numerical approximations allow to show
that

. . 2 . _
élinl(B 1)p*(e;B) =1,

whence

. . [(B+1)?+2B(B+1) B
élinlD(B,ao)—é1g11< J7E +op(1)] =8.
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TABLE 1
Some deterministic results for different values of B and aq
B V2 V2 2 2
e8] 2 3 4 2 3 4 2 3 4 2 3 4

o? 0.27 | 0.27 | 0.27 | 0.53 | 054 | 0.54 | 1.15 | 1.16 | 1.16 | 2.09 | 2.10 | 2.10
T2 0.04 | 0.05 | 0.05 | 0.13 | 0.13 | 0.13 | 0.44 | 0.44 | 0.44 | 0.58 | 0.58 | 0.58
I 0.17 | 0.17 | 0.17 | 0.35 | 0.35 | 0.35 | 0.70 | 0.70 | 0.70 | 1.39 | 1.39 | 1.39
02 8.46 | 8.48 | 8.50 | 5.00 | 5.04 | 5.09 | 2.58 | 2.61 | 2.63 | 1.40 | 1.41 | 1.43
W 0.75 1.18 2.08 3.51

B?D | 7.67 | 7.69 | 7.70 | 8.36 | 8.43 | 8.52 | 10.7 | 10.8 | 10.9 | 20.6 | 20.8 | 20.9

Summing up, the variance of the needlet likelihood estimator is very close to the
“optimal” value (e.g. 8) which was found by [13] for the Fourier-based method.
Some numerical results to validate this claim are provided in Table 1 for a range
of values of B and ag. These numerical results are confirmed with remarkable
accuracy by the Monte Carlo evidence reported in Section 6 below.

Remark 3. Tt is shown in [5] how needlet coefficients are asymptotically un-
affected by the presence of masked or unobserved regions, provided they are
centred outside the mask. It is then possible to argue that the asymptotic re-
sults presented here remain unaltered in case of a partially observed sphere, up
to a normalization factor representing the so-called sky fraction, i.e. the effec-
tive number of available observations. This is a major advantage when compare
to standard Fourier analysis techniques - in the latter case, asymptotic the-
ory can no longer be entertained in the case of partial observations. Again, for
brevity’s sake we do not develop a formal argument here; proofs, however, can
be routinely performed starting from the inequality

2
E {ﬂjk - ;k} _ Cu
BB, T {1+ Bid(, G

valid for every integer M > 0, some constant Cj; > 0, for G denoting the
unobserved region, see again [5, 6].

5. Narrow-band estimates

As discussed in the previous Section, under Condition 3, asymptotic inference
is made impossible by the presence of the nuisance parameter m. It is possible
to get rid of this parameter, however, by considering narrow-band estimates
focussing only on the higher tail of the power spectrum. The details are similar
to the approach pursued in analogous circumstances in [13]. We start from the
following

Definition 3. The Narrow-Band Needlet Whittle estimator for the parameters
¥ = (o, G) is provided by

X SIS (s
™ - 1 R TIRE IR
(aJL;leGJL;Jl) = arg%}}g} P GK7 (a) . 1Og <GKJ (a)> )
j=J1

=1
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or equivalently:

Ajpg, = argmainRJL;Jl(Oé,é(Oé)), (23)
N 1 JL
Ry (e) = <IOgGJL?J1(a)+JL7 > Njlogk; (a)> ,
Zj:Jl Nj Ji=J1

where J; < Jp, is chosen such that B’ — B7t — o0 and

B =Bt (1-¢g(J Jy=J
(1-9(Jr) , Ji=Jr+ oz B

We choose 0 < g (J) < 1s.t. limy, 00 g (Jr) =0 and limy, o0 J7g> (J) = 0.

For notational simplicity B”t is defined as an integer (if this isn’t the case,
modified arguments taking integer parts are completely trivial). For definiteness,
we can take for instance g (Ji) = J; °.

Theorem 12. Let ay,.s, defined as in (23). Then under Condition 3 we have

2(ag. B
Mwah_%pﬁN@ﬂg%%>,

=

g(Jr)

@ (B) = log’ B(BQB—2 7 (<B24— n e <%>> |

Proof. Because the proof is very similar to the full band case, we put in evidence
here just the main differences. Consider:

where

d
SJL;Jl (a) = @RJL;JI (a) ;
d2
QJL;Jl (a) = WRJL;Jl (a) .
Let
_ Go
S sJp = S Jp =<
Jp (o) Jri (@o) 3 (o)
N; N
—1 i K1 () 3 i G ()
YIE N S K@) 5\ G o) Kj(ao) G (ao)
‘We have:
) Br M
i =S (85, ()
Jr
— dim =2 [(Bag+1,00) —

Ji=oo Jpg (Jr) Sk, B
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Jr JrL
) . . 1 .
x > logB’-BY B 47—2& e > B | 405, (1)
Jj=J Jj=J1 Jj=J

Jr

— lim -2 kT(B,ag+1
A Frg Ty (Broo T 1a0) x

Jr
> log B7 - B (Bj - Bt (% + %)) +oy, (1)

Jj=J1
B~Jr B’tBlog B
= I ——rl (B 1 _
g T (Braot Leo) —p—

(55 w5 ) 0 (5 m@en)))

log B
= lim kI (B,a0+1,a0) 82 +og, (1) .

JL—>OO B + 1
Following (42) and (22), we have

Var (8.0, (a0)) = p*(ao, B)(ZZJ—];Z)) .
j=a P~
For (24), we have:
i 2o (2)
- (1 4= %2“’”2)2 B ) (- gy (- 9 ()
_ <B2_1;229(JL)>2_<B;1>2(1_29(JL))

x (1=Togg (1= g(J1)))* + 0 (9(J)%)

- (32 - 1>2 AZy,.0,(9 (1)) + O (9(11)°)

B2
(5 (el o
where
8nnton) = (14 8) o ag ) (14 phpetn)
(1 n (ng(iLl))) —(1—-2g(J1)) (1 + ﬁg(JL))
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4 2
= _— 2 — J .
(T (- ms)) 70

Zyp (2) = BY®(B) g (JL) +0 (B4JL9 (JL)2) :

Thus we have

Note that ® (B) > 0 for B > 1.
On the other hand, simple calculations on Proposition 15 lead to

3
Jr ‘ 6 5
Z B2 — (3237_1)3 (B2JL _ BQ(J171)) To (BGJL)
Jj=J1
BS 3
- WBGJL (1-B20-g(0)?) +o(B%)
BS B2-1\°
T B 1)3BGJL ( B? ) +0 (B9 (1))

= B +0 (B g(Jp)) ,
hence we have
Var (Sy,. (a0)) = p*(ao, B)® (B) g (Jr) B~>- .
Consider now Q, .s, (o), which we rewrite as

Qnum (@)
Qden (CY) '

Following a procedure similar to Lemma 11, we have
Qnum (O‘) = CQBG%I (37 Qo, O‘) AR (S) )

where s = 2 (1 + 2522). Following (25), we obtain

QJL;Jl (a) =

Qnum () = AG2 (B, ag, @) ® (B, s) B>/ g (Jp) + O (BQSJL g (JL)Q) ,

where
® (B, s) =log” B

B® 25g(JL)+slogB—2
(Bs—1)> \ B*—1 logB )’

Finally, we obtain

Qden (a)

AGA (B, g, Z B
j=J1

CQBG%I (B, ag, @) B*t 4o (B25JL) .
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Hence
Quuan (0) = (B,5) g (J1) + O (B9 (J1)?) .

and, for the consistency of a, we have

Qg (@) —p ®(B)g(JrL) -
Thus

p2(040,B) 3 1 JLgJL;Jl (ao) d,
( (B) ) 9(J)* B Qupin (@) SNOD

as claimed. Finally we can see that

1 §J - (Oéo) 3
Jp)2 BItR= L — O (Jp-g(J)?) — 0.
g( L) Jr;J1 (a) ( r g( L) )JLHOO
O

Remark 4. A careful inspection of the proof reveals that the asymptotic result
could be alternatively presented as

B> -1)°
Bii]l‘\/m(al‘;l/l(é) —040) i>./\/’(07p2((107-8)('ﬁ)> )

where
2
Jr Jr, Jr,
Zyps (2) = Z B Z BYj?log” B | — Z B*jlog B
Jj=J1 Jj=J1 j=J1

6. Numerical results

In this Section we provide some numerical evidence to support the asymptotic
results discussed earlier. More precisely, using the statistical software R, for
given fixed values of L, oy, B and Gy and the alternative conditions discussed
in the previous Section, we sample random values for the angular power spec-
tra (7, and evaluate the corresponding needlet coefficients 3;,; we implement
standard and narrow-band estimates with both standard Fourier (as described
in [13]) and needlet methods. We start by analyzing the simplest model, i.e. the
one corresponding to Condition 4. Here we fixed Gy = 2. In Figure 1, the first
column reports the distribution of Fourier estimates of ay, — ap normalized by
a factor /2L /4, while the second column reports the distribution of @y, — ag
normalized by the factor D(aO,B)_%B"L. In Table 2, we report the sample
means and variances for different values of L and «g, while in Table 3 we report
the corresponding Shapiro-Wilk test of Gaussianity results. Figure 2 describes
graphically the behavior of normalized distributions of estimates of «p in both
classical Fourier and needlet analysis, full band and narrow band, with x = 1,
under Condition 3. Table 4 provides sample means and variances for different
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Needlet estimates

(]
& -
o
8 -
o |
a
o |
w
o |
=
o |
(o]
o
T T T 1 T T 1
4 2 0 2 4 2 i 2
Fic 1. Distribution of normalized (6, — ag) and (aJL - ao), L = 2048, ap = 2.
TABLE 2
Sample means and variances of ay and &y, , for different values of L and ag, B = 2
B=2 ar, oy,
L o mean sd (L-sd)*>/D | mean sd (L-sd)*> /D
2 1.9984 | 1.12-1072 1.03 1.9981 | 1.68-1072 1.12
256 3 2.9994 | 1.13-10" % 1.05 2.9997 | 1.84-10" % 1.07
4 4.0009 | 1.10-10"“ 0.99 3.9996 | 1.89-10" 7 1.12
2 2.0005 | 5.79-10—3 1.09 2.0002 | 8.55-103 0.93
512 3 2.9995 | 5.76-10" 3 1.08 2.9999 | 8.50-10° 73 0.91
4 3.9997 | 5.59-10~7 1.02 3.9997 | 9.35-107 7 1.09
2 2.0002 | 2.79-1073 1.02 2.0002 | 4.42-103 0.99
1024 3 2.9999 | 3.01-1077 1.18 2.9998 | 4.40-1077 0.98
4 3.9997 | 2.82-10°° 1.04 3.9998 | 4.39-10"° 0.97
TABLE 3

Shapiro-Wilk Gaussianity test of ar, and &y, , for different values of L and oo, B = 2

ay, - Shapiro test | @, - Shapiro test

L ap w p-value w p-value
2 0.9921 0.35 0.9952 0.32
256 3 0.9945 0.68 0.9939 0.59
4 0.9906 0.22 0.9909 0.24
2 0.9956 0.83 0.9945 0.12
512 3 0.9915 0.30 0.9943 0.65
4 0.9946 0.70 0.9895 0.15
2 0.9885 0.11 0.9955 0.82
1024 3 0.9967 0.94 0.9949 0.74
4 0.9915 0.29 0.9959 0.87
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Full Band Estimates Narrow Band Estimates
[}
=
2 2
= [ I I I e [ I I i
-2 0 2 4 -2 0 2 4
Fourier Fourier
[ ] o]
2 2
[} [}
w (=]
[an] [ ]
2 -1 0 1 2 3 4 3 -2 A 0 1 2 3
MNeedlet MNeedlet

Fic 2. Comparison among normalized distribution of Full Band and Narrow band estimates
~ap=2, L =1024, Ly = 724.

TABLE 4
Sample means, variances and Shapiro Wilk Gaussianity test of ay and &, , for different
values of ag

ar, Shapiro test ay, Shapiro test
[o) mean sd W p-val mean sd A% p-val
2 2.004 | 2.68-10~3 | 0.9985 0.35 2.007 | 2.75-10~3 | 0.9989 0.32
3 3.004 | 2.76-102 | 0.9988 0.91 3.004 | 2.79-103 | 0.9988 0.94
4 4.004 | 2.88-10=3 | 0.9978 0.89 4.004 | 2.97-10~3 | 0.9954 0.28
ar.r, Shapiro test aj g, Shapiro test
[o) mean sd W p-val mean sd A% p-val
2 1.999 | 5.51-10=3 | 0.9907 0.72 2.002 | 6.69-10~3 | 0.9876 0.25
3 3.001 5.66-10~3 | 0.9989 0.95 3.001 | 6.98-10=2 | 0.9979 0.53
4 4.001 5.59-10~3 | 0.9960 0.42 4.001 | 6.40-10~3 | 0.9974 0.78

values of ag, with = /2, L = 1024, L, = 724, and the results of the corre-
sponding Shapiro-Wilk test of Gaussianity. Overall, we believe this numerical
evidence to be very encouraging; in particular, we stress how the asymptotic ex-
pression reported earlier provide extremely good approximations for the Monte
Carlo estimates of the standard deviation.
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This Section presents some results, mainly focussed on the behaviour of the
K (o), which will be useful to develop consistency and asymptotic behaviour
of the estimator (11). We remark that all these results hold under Condition 2.

Proposition 13. Let K, (a), K1 («) and K; 2 (o) be as in Definition 1. Then

we have:
K;(a)
K (o)
K; (a)
where
Iy
so that
and

B~ (ifo (B,a) + o; (1)> ;

B

= B (I (B, ag,a) +0; (1)),

B
(B,«a) = 2/ b2 (u)u' ~%du
B—1

Iy (B, ap)

I(B,Oéova): m s

0<c; <Ip(B)<eca<+o00,

I (g, ) — 1] = Crla — apl -

Moreover, for K (a) and Kj2 (o) as above, we have:

K1 (a) + K () log BY = —éBW‘ {1 (B) +0; (1)} ;

(26)

(27)

(31)

Kj72 (Oé) + Kj (Oé) 10g2 B’ + 2Kj71 (O[) 1OgBJ = C_B_a] {IQ (B) + 05 (1)} B (32)
B

where

B
I, (B) = 2/ b? (u)u'~* (logu) du , I (B) :2/

B-1

and

B

B-1

0<c3<Iz(B)<ecq <+00.

b (u)u' = (logu)? du,

Proof. Recalling that N; = cg B¥ from (2), simple calculations lead to (26):

Kj(a) =

1 5 I\ 1 (2+1) 1@
o l,;fl <BJ) BT BI B

B*aji
CcB

B9 {1y (B) + 0; (1)}
cB

2/B b? (u) u'~“du + o; (1)}

B-1
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by applying the Lagrange Mean Value Theorem we obtain
Iy(B,a)=2b*(§) ¢ (B—B7') for £ € [B7,B]
which is a non-zero, finite positive real number. Obviously:

K;j(a) B~ {ly(B,a)+o; (1)}
)

) _ npjilag—a) a. o o
K, (ao) B {ly(B,a0) +0; (1)} =B {I(B,a,a0) +0; (1)} .

Because by construction 0 < Cyin < b2 (€) < Chax < 00, we have
CoinB'™* (B—=B™") < Iy(B,o) < CraaxB' ™ (B—B7") ,

so that

Cmax ! Cmax
( Cmin Ba_ao) =1 (B, o a) = Chin B
Hence, fixing Chin/Cmax < C1 < Cmnax/Chmin, We obtain (30). We recall more-
over that I (B, a,a) = 1.
As far as K («) is concerned, we prove (31). In fact:

. pit
B I\ 1 (2+1) 1@ l
. . J = 2
K@)+ Kj(a)log B = —— Z,Zijlb (BJ)BJ‘ Bi B <1°g Bj>
B~ B
= —/ 202 (u) u* = (log u) du + o; (1)
CpB B-1

—aj L
= —B™—{L(B)+0; (1)} .
CB
Now, we have, by applying again Lagrange Mean Value Theorem:
I (B)=2b*(§) ¢ " “log (¢) (B! = B) for ¢ € [B™!,B]
where —oo < —¢; < I (B) < ¢ < 400, so that
1 _
Kji (@)= =B — (Io(B)log B ~ 11 (B) +0; (1)) . (33)
Similarly, we obtain for (32):
i2 (@) + K;
i1

)+ K (a) 1og2 BI 4+ 2K, (a)log B
B 1R ENCIES VI
= . Z Bi B B % Bi
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which is trivially strictly positive and bounded. Hence we have:
Kjs(a) =B (10 (B) (log BY)? + 211(B) log B’ + I (B) + 0; (1)) . (34)
O

We now provide some further auxiliary results on the function K; (o) ; these
results are exploited in the proofs for consistency and elsewhere.

Corollary 14. As j — oo, we have:

Kjn(@) _ g B i1, :
p i+ e B 10, ) 0 (39)
Eji ()" Kjs(a)
{2(&(@) KJ@}
= (logB%)” + 2?0((13)) log B/ +2 (?0((15))> + ;Z Egi (36)

= (l0gB)" (1+0;(1)).
Proof. From (33), we obtain:
Kj1(a)
Kj(a)
Also, in view of (34),

. I
= —log B/ (1+ 225 +0(1)) .
Iy

K2 (@) _ ogpiy? 4 9By i B gy

Kj(a) I (0) Iy (B)
Thus
Kin(@)\* Ky (o)
{2(Kj(a)> K (a) }
~ (loe BI)? L(B)\? _I,(B) oo o 12(B)
= (logBY) +2<10(0)> F2 g s B g

O

Remark 5. It is immediate to see that under Condition 2, equation (9) becomes
(using Proposition 13):

1 Z ﬁ?k o —j
E(EiGoéj(ao)>_l+O(B ) (37)

while under Condition 3 we have

L Db\ _ - -
E(ij>—l+ﬁ3 +o0(B7) . (38)
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Proposition 15. Let s >0, B> 1, J; < Jr Then:

Jr Bs
st - sJp _ psJi—1
Z BT (B B ), (39)
Jj=J1
i B¥log B/ = B log B | B*t ( Jp, — ! (40)
Bs -1 Bs -1

Jj=J1

1
_psth=1 (7, —1) =
H-N-5—7))"
Jr

: B* 1\ Bs
B j?log® B = log? B | B** | Jp, —
D, BYj*log Bs—1 % LY o1) Yoy

i=h
2 s
_ gt (((Jl —1)- le_ 1) + (BSB_ 1)2>> .

Proof. The first result is trivial:

Jr Jr J1

) ) ) BsJLJrl -1 Ble -1
B% = B3 — B% = _
2 DB B = T
Jj=A Jj=0 Jj=0
Bs

_ BsIL _ Bs(Jl—l)) '
5

Likewise, we obtain:

i B? _ —B®logB
dsB>—1 — (Bs—1)*"
JrL . ‘ d |2
Z B log B’ = P Z exp {sjlog B}
j=J1 Jj=J1
d B*
— e BSJL _ BS(Jlfl))
ds [BS -1 (

B* 1
= log BB*/* —
Bs—1 % <<‘]L Bs—1>

1
_ ps(/i-1) _1) —
o (10 )
Jr

: d? B
Z sj <2 2 _ BsJL _ gs(Ji-1)
55" (log B) ds? {Bs—l { }}

Jj=J1
—B*log® B J 1
= —= (B (J -
(Bs —1)? K (L BS—1>

Finally, we have:
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_ psthi-1) ((Jl -1)- le_ 1))
+ <BSJL <J§ - le_ /et (BSB—51)2>>
_ <BSJ1 <(Jl — 1)2 — le_ 1 (Jl - 1) + ﬁ))l
B*log’> B s Ly =
T TB o1 <<B J (<JL B - 1) oz —1>2>>
2 s
i (Bsul_w ((ul D m) 1>2>>> |

O

The next result combines (39), (40), (41).
Corollary 16. Let

Jr Jr, Jr ?
Zyn ()= | DB | | X BYj*log® B | — | }_ BYjlogB
Jj=J Jj=J1 Jj=J

Then we have:

Bs IOgB)Q|:Bs(BsJL_Bs(J1—1))2 ; B
Zya(s) = — Bt (g (1))
o) = (5 o (J=(h=1)
(42)
Moreover if J; =1, we have
2
Jr ‘ Jr ‘ Jr ‘
Zy ()= |>_BY| | D_BY?log®B| — [ > BYjlogB| ,
j=1 j=1 j=1
so that 5
lim B=%7tZ; (s)=log* B (43)

JL*)OO (BS - 1)4 ’
Proof. Recalling (39), (40) and (41), we have:

Jr, Jr
> B9 (> BYj*log’ B
j=1

j=1

- (B

X ((BsJL ((JL - le_ 1>2+ (BSB_S 1)2>>
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1)’ B*
— | ps(thi-1) —1) =
< (Jl ) Bs_l +(BS_1)2
Bslog B\? 1\ B
o 2sJy, _
B (Bs—1> “ P <<JL BS—1>+(BS—1)2>
1\’ B*
25(,]171) _ _
+B <<(J1 1) BS—1> +(BS—1)2>
1 2
_ gsUr+a-1) _
B ((J - 1)

. ((Jl—l)—le_1)2+ (Bfi)gﬂ |

while, on the other hand:

2

Jr 2 2
- B?log B 1
B%jlogB| =(——7—) |B*/* -
2 BYjlos (BS—1> <JL Bs—1)
Jj=1
1 2
B2(i=1 ([ (1, —1) —
* (=D -5
Y A a— (Ji—1)— !
Bs — 1 Bs—1)]’
so that:

BslogB\’[ B* 5
ZJL;Jl (S) = ( Bs _gl > |:(BS _ 1)2 (BSJL — BSJl) — BS(JL+J1) (JL - Jl)Q] .

Clearly if J; =1

3s

ZJL (S) — BQSJL 1Og2 B BQSJL)

)

B -1 ol

as claimed. O

Lemma 17. Let A; and B; be defined as in (20) and (21). As J, — o

ﬁcum {Z(Ajl +Bj)), Y (A, +Bjy), Y (Ajy + Bjy), > (Aj, + Bj4)}

l1 l2 l3 l4

Jilog" B
o, (Yl

Proof. Tt is readily checked (see also [13]) that

cum {él,él,él,él} =0 (1731740‘0) .
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Let us compute:
4
J1,J2,7374
_ um( Y B Yk B > B Y B )
Nj,GoKj, (a0)’ Nj,GoKj, (o) NjyGoKjj, (@)’ Nj, GoKj, (o)
< 4

.S <ﬁ b’ (Bzg,) (*5)

cum (C’zl , 012, C'l%, 014)
l1,l2,l3,l4 \i=1 NjiGOKii (a0)>

B zz: <214—7i_rl)4 <ﬁ N d (Blh)

PN N
i1 NiGoK, (%)) cum (CvalaOz,Oz) +0(B™Y)

l
= (0—2)7i 2 (2—4ag)j (j1—4ag
o (3 (Lo v () o)
4 .
= O(BGjH6§i> :
i=1

Then we have

GJL(QO) aJL(ao) aJL(O‘O) éJL(O‘O)
Cum{ Go ' Go ' G, ' Go

1 4
O\ Zor 2o NiNuNuN.LC

J4 ™~ 41,J2,93j4
J1Jj2337a

1

o ZB% =0 (B~%r) .
J

0

As in [13], the proof can be divided into 5 cases, corresponding respectively to
1
ey Y Ajn D A Y A D A
Ji J2 Js Ja
mcum Zlev Zij ZBjsvz Bj,
Ji J2 Ja Ja
1
mcum {ZAj17ZBj27ZBjS7ZBj4}
Ji J2 Ja Ja

ZAJ'NZAJQ’ZBJS’ZBM
J J2 J3 Ja
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ﬁcnm ZAJ'NZAJwZAJ’mZBM s
Ji J2 Js Ja

where we have used 20, 21. We have for instance

and

ﬁcum ZAj1aZAj27ZAj3’ ZAj4
J1 J2 Js Ja

4
1 27; ji 4
= Oz > I[(B¥1eB™)Cf 0
J1,J273,Ja i=1
1 4 pjp2j IOg4BJL ;
= O(B4JL Zlog BB ):O(W) 7
J

ﬁcum ZijZij ZBj3’ ZBj4
J1 J2 J3 Ja

= O(log'B*B7%/t) .

The proof for the remaining terms is entirely analogous, and hence omitted. [

References

1]

ABRAMOWITZ, M., STEGUN, 1. (1964) Handbook of Mathematical Func-
tions, Dover Publications.

ADLER, R.J. AND TAYLOR, J.E. (2007) Random Fields and Geometry,
Springer. MR2319516

ANDERES, E. (2010) On the Consistent Separation of Scale and Vari-
ance for Gaussian Random Fields, Annals of Statistics, 38, no. 2, 870-893.
MR2604700

BaLpi, P. AND MARINUCCI, D. (2007) Some Characterizations of the
Spherical Harmonics Coefficients for Isotropic Random Fields, Statistics
and Probability Letters, 77, 490-496. MR2344633

BaLpi, P., KERKYACHARIAN, G., MARINUCCI, D. AND PicaArD, D.
(2009) Asymptotics for Spherical Needlets, Annals of Statistics, Vol. 37,
No. 3, 1150-1171. MR2509070

BaLpi, P., KERKYACHARIAN, G., MARINUCCI, D. AND PICARD, D.
(2009) Subsampling Needlet Coefficients on the Sphere, Bernoulli, Vol.
15, 438-463, arXiv:0706.4169. MR2543869

BaLpi, P., KERKYACHARIAN, G., MARINUCCI, D. AND PicarD, D.
(2009) Adaptive Density Estimation for directional Data Using Needlets,
Annals of Statistics, Vol. 37, No. 6A, 3362-3395, arXiv:0807.5059.
MR2549563


http://www.ams.org/mathscinet-getitem?mr=2319516
http://www.ams.org/mathscinet-getitem?mr=2604700
http://www.ams.org/mathscinet-getitem?mr=2344633
http://www.ams.org/mathscinet-getitem?mr=2509070
http://arxiv.org/abs/0706.4169
http://www.ams.org/mathscinet-getitem?mr=2543869
http://arxiv.org/abs/0807.5059
http://www.ams.org/mathscinet-getitem?mr=2549563

8]

Needlet- Whittle estimates on the unit sphere 643

BRILLINGER, D.R. (1975) Statistical inference for stationary point pro-
cesses. Stochastic processes and related topics (Proc. Summer Res. Inst.
Statist. Inference for Stochastic Processes, Indiana Univ., Bloomington,
Ind.), Vol. 1, 55-99. MR0381201

CABELLA, P. AND MARINUCCI, D. (2009) Statistical Challenges in the
Analysis of Cosmic Microwave Background Radiation, Annals of Applied
Statistics, Vol. 2, pp. 61-95. MR2668700

DODELSON, S. (2003) Modern Cosmology, Academic Press.
DOROSHKEVICH, A.G., VERKHODANOV, O.V., NASELSKY, P.D.,
Kmv, J., Novikov, D.I., TurcuanNiNov, V.I., Novikov, [.D.,
CHIANG, L. AND HANSEN, M. (2011) The Gauss-Legendre Sky Pizeliza-
tion for the CMB polarization (GLESP-pol). Errors due to pizelization of
the CMB sky, Int. J. Mod. Phys. D20:1053-1078.

DuraAsTANTI, C., GELLER, D. AND MARINUCCI, D., (2011) Adaptive
Nonparametric Regression of Spin Fiber Bundles on the Sphere, Journal of
Multivariate Analysis, Vol. 104, Issue 1, pp. 16-38. MR2832184
DurasTaNTI, C., LAN, X. AND MARINUCCI, D. (2011) Gaussian Semi-
parametric Estimates on the Unit Sphere, submitted.

DURASTANTI, C. (2011) Semiparametric and Nonparametric Estimation
on the Sphere by Needlet Methods, PhD thesis, University of Pavia.

Fay, G., GuiLLoux, F., BETOULE, M., Carposo, J.-F., DE-
LABROUILLE, J. AND LE JEUNE, M. (2008) CMB Power Spectrum Es-
timation Using Wavelets, Physical Review D, D78:083013.

GELLER, D., HANSEN, F.K., MARINUCCI, D., KERKYACHARIAN, G. AND
P1carD, D. (2008) Spin Needlets for Cosmic Microwave Background Po-
larization Data Analysis, Physical Review D, D78:123533, arXiv:0811.2881.
GELLER, D. AND MARINUCCI, D. (2010) Spin Wavelets on the
Sphere, Journal of Fourier Analysis and its Applications, n. 6, 840-884,
arXiv:0811.2835. MR2737761

GELLER, D. AND MARrINUCcI, D. (2011) Mixed Needlets, Journal of
Mathematical Analysis and Applications, n. 375, 610-630. MR2735550
GELLER, D., LAN, X. AND MARINUCCI, D. (2009) Spin Needlets Spectral
Estimation, FElectronic Journal of Statistics, Vol. 3, 1497-1530 MR2578835
GELLER, D. AND MAYELI, A. (2009) Continuous Wavelets on Manifolds,
Math. Z., Vol. 262, pp. 895-927, arXiv:math/0602201. MR2511756
GELLER, D. AND MAYELI, A. (2009) Nearly Tight Frames and Space-
Frequency Analysis on Compact Manifolds, Math. Z., Vol. 263 (2009), pp.
235-264, arXiv:0706.3642. MR2534117

GELLER, D. AND MAYELI, A. (2009) Besov Spaces and Frames on
Compact Manifolds, Indiana Univ. Math. J., Vol. 58, pp. 2003-2042,
arXiv:0709.2452. MR2583490

Gorski, K.M., HivoN, E, BANDAY, A.J., WANDELT, B.D., HANSEN,
F.K., REINECKE, M. AND BARTELMAN, M. (2005) HEALPix — a Frame-
work for High Resolution Discretization, and Fast Analysis of Data Dis-
tributed on the Sphere, Astrophys. J. 622:759-771.


http://www.ams.org/mathscinet-getitem?mr=0381201
http://www.ams.org/mathscinet-getitem?mr=2668700
http://www.ams.org/mathscinet-getitem?mr=2832184
http://arxiv.org/abs/0811.2881
http://arxiv.org/abs/0811.2835
http://www.ams.org/mathscinet-getitem?mr=2737761
http://www.ams.org/mathscinet-getitem?mr=2735550
http://www.ams.org/mathscinet-getitem?mr=2578835
http://arxiv.org/abs/math/0602201
http://www.ams.org/mathscinet-getitem?mr=2511756
http://arxiv.org/abs/0706.3642
http://www.ams.org/mathscinet-getitem?mr=2534117
http://arxiv.org/abs/0709.2452
http://www.ams.org/mathscinet-getitem?mr=2583490

644 C. Durastanti et al.

[24] Guo, H., Lim, C.Y. AND MEERSCHAERT, M. (2009) Local Whittle Es-
timator for Anisotropic Fields, Journal of Multivariate Analysis, 100, 993—
1028. MR2498729

[25] HAMANN, J. AND WoONG, Y.Y.Y. (2008) The Effects of Cosmic Mi-
crowave Background (CMB) Temperature Uncertainties on Cosmological
Parameter Estimation, Journal of Cosmology and Astroparticle Physics,
Issue 03, 025.

[26] TvaNov, A.V. AND LEONENKO, N. (1989) Statistical Analysis of Ran-
dom Fields, Mathematics and its Applications (Soviet Series), 28. Kluwer
Academic Publishers, Dordrecht. MR1009786

[27] JIN, J., STARCK, J.-L., DoNoHO, D.L., AGHANIM, N. AND FORNI, O.
(2005) Cosmological non-Gaussian Signature Detection: Comparing Per-
formance of Different Statistical Tests, Eurasip Journal on Applied Signal
Processing, 15, 2470-2485. MR2210857

[28] KERKYACHARIAN, G., PHAM NcGoc, T.M. AND PIcArD, D. (2011) Lo-
calized Spherical Deconvolution, Annals of Statistics, Vol. 39, no. 2, 1042—
1068. MR2816347

[29] Kim, P.T. anD Koo, J.-Y. (2002) Optimal Spherical Deconvolution,
Journal of Multivariate Analysis, 80, 21-42. MR1889831

[30] Kmm, P.T., Koo, J.-Y. AND Luo, Z.-M. (2009) Weyl Eigenvalue Asymp-
totics and Sharp Adaptation on Vector Bundles, Journal of Multivariate
Analysis, 100, 1962-1978. MR2543079

[31] Koo, J.-Y. anD Kim, P.T. (2008) Sharp Adaptation for Spherical Inverse
Problems with Applications to Medical Imaging, Journal of Multivariate
Analysis, 99, 165-190. MR2432326

[32] LAN, X. AND MARINUCCI, D. (2008) The Needlets Bispectrum, Electronic
Journal of Statistics, Vol. 2, pp. 332-367. MR2411439

[33] LaN, X. AND MAaRrINUCcI, D. (2009) On the Dependence Structure of
Wavelet Coefficients for Spherical Random Fields, Stochastic Processes and
their Applications, 119, 3749-3766, arXiv:0805.4154. MR2568294

[34] LARsON, D. ET AL. (2011) Seven-Year Wilkinson Microwave Anisotropy
Probe (WMAP) Observations: Power Spectra and WMAP-Derived Param-
eters, Astrophysical Journal Supplement Series, 192:16.

[35] LEONENKO, N. (1999) Limit Theorems for Random Fields with Singular
Spectrum, Mathematics and its Applications, 465. Kluwer Academic Pub-
lishers, Dordrecht. MR1687092

[36] LEONENKO, N. AND SAKHNO, L. (2009) On Spectral Representations of
Tensor Random Fields on the Sphere, arXiv:0912.3389. MR2870527

[37] LoH, W.-L. (2005) Fixed-Domain Asymptotics for a Subclass of Matérn-
type Gaussian Random Fields, Annals of Statistics, Vol. 33, No. 5, 2344—
2394. MR2211089

[38] MALYARENKO, A. (2009) Invariant Random Fields in Vector Bundles and
Applications to Cosmology, arXiv:0907.4620. MR2884225

[39] MarINucct, D. AND PEccaTI, G. (2010) Ergodicity and Gaussianity
for Spherical Random Fields. Journal of Mathematical Physics 51, 043301.
MR2662485


http://www.ams.org/mathscinet-getitem?mr=2498729
http://www.ams.org/mathscinet-getitem?mr=1009786
http://www.ams.org/mathscinet-getitem?mr=2210857
http://www.ams.org/mathscinet-getitem?mr=2816347
http://www.ams.org/mathscinet-getitem?mr=1889831
http://www.ams.org/mathscinet-getitem?mr=2543079
http://www.ams.org/mathscinet-getitem?mr=2432326
http://www.ams.org/mathscinet-getitem?mr=2411439
http://arxiv.org/abs/0805.4154
http://www.ams.org/mathscinet-getitem?mr=2568294
http://www.ams.org/mathscinet-getitem?mr=1687092
http://arxiv.org/abs/0912.3389
http://www.ams.org/mathscinet-getitem?mr=2870527
http://www.ams.org/mathscinet-getitem?mr=2211089
http://arxiv.org/abs/0907.4620
http://www.ams.org/mathscinet-getitem?mr=2884225
http://www.ams.org/mathscinet-getitem?mr=2662485

Needlet- Whittle estimates on the unit sphere 645

[40] MARINUCCI, D. AND PECCATI, G. (2011) Random Fields on the Sphere.
Representation, Limit Theorem and Cosmological Applications, Cambridge
University Press. MR2840154

[41] MARINUCCI, D., PIETROBON, D., BALBI, A., BALDI, P., CABELLA,
P., KERKYACHARIAN, G., NaTOLI, P. PicARD, D. AND VITTORIO, N.
(2008) Spherical Needlets for CMB Data Analysis, Monthly Notices of the
Royal Astronomical Society, Volume 383, Issue 2, pp. 539-545.

[42] MAYELI, A. (2010) Asymptotic Uncorrelation for Mexican Needlets,
J. Math. Anal. Appl. Vol. 363, Issue 1, pp. 336—344, arXiv:0806.30009.
MR2559069

[43] MHASKAR, H.N., NarcowicH, F.J., PETRUSHEV, P. AND WARD, J.D.
(2000) Spherical Marcinkiewicz - Zygmund Inequalities and Positive
Quadrature, Math. Comp. 70 (2001), no. 235, 1113-1130. MR1710640

[44] MouLINEs, E., ROUEFF, F. AND TAQQU, M.S. (2008) A Wavelet Whittle
Estimator of the memory parameter of a Nonstationary Gaussian Time
Series, The Annals of Statistics, Vol. 36, No. 4, 1925-1956. MR2435460

[45] NarcowicH, F.J., PETRUSHEV, P. AND WARD, J.D. (2006A) Localized
Tight Frames on Spheres, SIAM Journal of Mathematical Analysis Vol. 38,
pp. 574-594. MR2237162

[46] NarcowicH, F.J., PETRUSHEV, P. AND WARD, J.D. (2006B) Decom-
position of Besov and Triebel-Lizorkin Spaces on the Sphere, Journal of
Functional Analysis, Vol. 238, 2, 530-564. MR2253732

[47) NEWEY, W.K. AND MCFADDEN, D. (1986) Large Sample Estimation
and Hypothesis Testing, Ch. 36, Handbook of Econometrics, North-Holland.
MR1315971

[48] NOURDIN, I. AND PECCATI, G. (2009) Stein’s Method on Wiener Chaos,
Probability Theory and Related Fields, 145, no. 1-2, 75-118. MR2520122

[49] PIETROBON, D., BALBI, A. AND MARINUCCI, D. (2006) Integrated Sachs-
Wolfe Effect from the Cross Correlation of WMAP3 Year and the NRAO
VLA Sky Survey Data: New Results and Constraints on Dark Energy, Phys-
ical Review D, id. D:74, 043524.

[50] PIETROBON, D., AMBLARD, A., BALBI, A., CABELLA, P., COORAY, A.
AND MaARrINUccI, D. (2008) Needlet Detection of Features in WMAP
CMB Sky and the Impact on Anisotropies and Hemispherical Asymmetries,
Physical Review D, D78 103504.

[51] PIETROBON, D., CABELLA, P., BALBI, A., DE GASPERIS, G. AND VITTO-
RIO, N. (2009) Constraints on Primordial non-Gaussianity from a Needlet
Analysis of the WMAP-5 Data, arXiv:0812.2478, Monthly Notices of the
Royal Astronomical Society, Volume 396, Issue 3, pp. 1682-1688.

[52] RoBINsON, P.M. (1995) Gaussian Semiparametric Estimation for Long
Range Dependence, The Annals of Statistics, 22, 1630-1661. MR1370301

[53] RubJorD, O., HanseEN, F.K., LaN, X., LiGuori, M. MARINUCCI, D.
AND MATARRESE, S. (2010) Directional Variations of the Non-Gaussianity
Parameter fnp, Astrophysical Journal, Volume 708, Issue 2, pp. 1321-1325,
arXiv:0906.3232.


http://www.ams.org/mathscinet-getitem?mr=2840154
http://arxiv.org/abs/0806.3009
http://www.ams.org/mathscinet-getitem?mr=2559069
http://www.ams.org/mathscinet-getitem?mr=1710640
http://www.ams.org/mathscinet-getitem?mr=2435460
http://www.ams.org/mathscinet-getitem?mr=2237162
http://www.ams.org/mathscinet-getitem?mr=2253732
http://www.ams.org/mathscinet-getitem?mr=1315971
http://www.ams.org/mathscinet-getitem?mr=2520122
http://arxiv.org/abs/0812.2478
http://www.ams.org/mathscinet-getitem?mr=1370301
http://arxiv.org/abs/0906.3232

646 C. Durastanti et al.

[64] SCODELLER, S., RUDJORD, O. HANSEN, F.K., MarINUCCI, D., GELLER,
D. AND MAYELI, A. (2011) Introducing Mexican needlets for CMB analy-
sis: Issues for practical applications and comparison with standard needlets,
Astrophysical Journal, 733, 121.

[55] STEIN, M.L. (1999) Interpolation of spatial data. Some theory for Kriging.
Springer Series in Statistics. Springer-Verlag, New York. MR1697409

[56] STEIN, E.M. AND WEISs, G. (1971) Introduction to Fourier Analysis on
Euclidean Spaces.Princeton University Press. MR0304972

[67] VARSHALOVICH, D.A., MOSKALEV, A.N. AND KHERSONSKII, V.K. (1988)
Quantum Theory of Angular Momentum, World Scientific. MR1022665

[58] WANG, D. AND LoH, W.-L. (2011) On Fixed-Domain Asymptotics and
Covariance Taperong in Gaussian Random Field Models, Electronic Jour-
nal of Statistics, Vol. 5, 238-269. MR2792553


http://www.ams.org/mathscinet-getitem?mr=1697409
http://www.ams.org/mathscinet-getitem?mr=0304972
http://www.ams.org/mathscinet-getitem?mr=1022665
http://www.ams.org/mathscinet-getitem?mr=2792553

	Introduction
	Spherical random fields and angular power spectrum 
	A needlet Whittle-like approximation to the likelihood function 
	Asymptotic properties 
	Narrow-band estimates 
	Numerical results
	Auxiliary results
	References

