Electronic Journal of Statistics
Vol. 7 (2013) 381-411

ISSN: 1935-7524

DOI: 10.1214/13-EJS769

Consistency of minimum description
length model selection for piecewise
stationary time series models

Richard A. Davis*

Department of Statistics
Columbia University
New York, NY 10027

USA

e-mail: rdavis@stat.columbia.edu

and

Chun Yip Yau'

Department of Statistics
Chinese University of Hong Kong
Shatin, N.T.

Hong Kong
e-mail: cyyau@sta.cuhk.edu.hk

Abstract: This paper establishes the consistency of the minimum descrip-
tion length (MDL) model selection procedure by [10, 11] for a class of non-
stationary time series models. We consider a time series model in which
the observations are viewed as coming from stationary segments. In other
words, the data are assumed to come from a general time series model
in which the parameters change at break-points. Each of these segments
is modeled by a pre-specified family of parametric stationary time series
models. [10, 11] formulated the above problem and used the minimum de-
scription length (MDL) principle to estimate the number of break-points,
the location of the break-points, the order of the parametric model and the
parameter values in each of the segments. The procedure performed well
on a variety of examples. In this paper we show consistency of their min-
imal MDL model selection procedure under general regularity conditions
on the likelihood function. Results about the rate of convergence of the
break-point-location estimator are also given. Applications are considered
for detecting changes in independent random variables, and in ARMA and
GARCH processes.
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1. Introduction

There has been considerable development in non-linear time series modeling dur-
ing the past 20 years. One prominent subject in non-linear time series modeling
is the “change-point” or the “structural breaks” model. In this model, a non-
stationary time series can be partitioned into a number of segments of different
stationary processes. At each break-point, the stationary process experiences ei-
ther a change in the mean, variance, correlation structure or other dependence
features. Davis, Lee and Rodriguez-Yam [10, 11] proposed the Automatic Seg-
mentation (Auto-Seg) procedure for modeling such kind of piecewise-stationary
time series. This procedure simultaneously estimates the number of break points,
the location of break points, and the parametric model in each segment.

The main idea of Auto-Seg procedure is to model non-stationary time series
by segmenting the time series into blocks of different stationary time series.
Here, the model for a non-stationary time series is described by the locations
of the change-points and the parametric model in each of the segments. To se-
lect a model, the minimum description length (MDL) model selection criterion
is employed to estimate simultaneously the number of change-points, the loca-
tions of the change-points, the model for each segment and its parameters. The
procedure works as follows. Given the locations of the change-points and the
parametric models in each segments, a MDL can be evaluated. The MDL can be
regarded as the negative of the sum of the log-likelihood for each of the segments
plus a penalty term which penalizes the size of the model. Then the best model
is selected by minimizing the MDL over the change-point locations and the para-
metric models in each segments. While this minimization problem is difficult,
the genetic algorithm can be employed to produce near optimal solutions. For
details about the MDL and the genetic algorithm in this setting, see [10, 11].
Simulation studies gave promising results for the estimation of the number of
break-points and their locations for various families of the time series models.

Theoretical results are available for a special case of the Auto-Seg proce-
dure, Auto-PARM (Automatic Piecewise AutoRegressive Modeling), proposed
by [10], where the parametric family used for modeling the stationary processes
is restricted to pure AR models. When the number of change-points is known,
[10] showed that the estimated change-point locations are strongly consistent.
Davis, Hancock and Yao [9] proved that AutoPARM’s estimate of the number of
change-points and the change-point locations are weakly consistent under con-
ditional maximum likelihood estimation. The issue of consistency for the more
general Auto-Seg procedure, which applies to any stationary time series with
likelihood function being well defined, remains open.

In this paper we consider the strong consistency properties of the Auto-Seg
procedure. We show that, under some regularity conditions on the likelihood
function, the number of change-points, the locations of the change-points, the
parametric models and the parameters in each of the segments can be consis-
tently estimated.

Section 2 begins by reviewing the piecewise stationary models and the Auto-
Seg procedure. Section 3 contains the main results about the strong consistency
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of the Auto-Seg procedure. In Section 4, we consider the application of the main
results to independent data, and in ARMA and GARCH processes.

2. Setting and assumptions

Before embarking on our consistency results, we first review the Automatic
Segmentation (Auto-Seg) modeling procedure developed by [11].

The Auto-Seg procedure applies to the class of piecewise stationary time
series models, which is the class of time series (Y1, Y5,...,Y,) that can be par-
titioned into stationary segments by m unknown distinct break-points 74,79, ...
2 Tm- et 70 = 0, Tyqp1 = n, and let \j = 7;/n,j = 0,...m~+1 be the normalized
break-points. Note that 0 = \g < A1 < ... < A\, < Ay1 = 1. The asymptotic
result is based on increasing n with the /\;s being fixed.

Given the break-points 71, . .., 7, the observed time series can be segmented
into m + 1 pieces of stationary time series. The j-th piece of {Y;} is modeled by
a stationary time series x; = {X; j }1ez such that

Y; :Xt_7j717j for Tj—1 +1 <t<75. (21)

Intuitively, the observation first starts as the stationary process {X;1}. After
the structural break at 71, a new stationary time series {X; 2} is observed, and

so on. In other words, the observed time series (Y1,Y2,...,Y,,) can be written
as (Xl,h NN ,Xn1717X172, [P ,Xn212, AP ;Xnm+1,m+1)7 where n; =75 —Tj—1 for
j=1,....m+1and n =n1 +ns+ ...+ nyy1. Assume also that each of the

m+ 1 segments is associated with a sequence of unobserved “past observations”
{Xt,j,t < 0} such that {X;;,—0o < t < oo} is a stationary process for j =
1,...,m + 1. Similar to [1] and [3], we assume that the series {X;,}, j =
1,...,m+ 1, are independent, although this is not essential (see [11]).

Given the location of the break-points, each segment of stationary time series
is modeled by an element in a pre-specified finite class of models M. Each
element in M is a model associated with an integer-valued vector parameter
¢ of dimension ¢, which represents the order of the model. Let &; be the c;-
dimensional vector specifying a model for the j-th piece. Given &;, the model
depends on a real-valued parameter 6; = 6(¢;) of dimension d; = d;(&;). The
joint probability distribution for the j-th segment, x;, is completely determined
by 0(&;). In other words, we regard &; as a parameter specifying the order
of the model and 6; as the parameters of the specified model. Assume that
0; € ©; = 0,(), where ©; C R% is a compact parameter space. Define
;i = (&;,0;) to be the parameter set of the j-th piece.

Example 1. If the parametric model for the stationary segments is chosen from
the class of Gaussian ARMA models (M), then the ARMA(2,1) model

(1= ¢1B — ¢2B*)(Xy; —p) = (L =9B)Zyj, Zyj~N(0,07),

may be specified by &; = (2,1), ¢; =2, 0; = (u, 02, ¢1,$2,9) and d; = 5. O
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Let fe,(xij|xs, ,8 < 4;0;) be the conditional density function for the i-th
observation of the j-th piece, given all the past observations. Note that the func-
tional form of fe (2 |zs j, 5 < i;60;) is specified by §; and the parameter values
of fe, (i jlxs ;,s <i;0;) is given by 6;. If all the past observations {x; ;,t < 0}
are known, then the conditional log-likelihood function for an observation z; ;
given the past is defined by 1;(¢;; 2 j|ws 5,5 < i) = log fe, (v j]vs 5,5 < i50;).
The conditional log-likelihood of the j-th piece, x5 = {X,;,t = 1,2,...,n,},
given all the past observations, is given by

LY (155 %5) Zl (&,0)); i jlxs j,s <1).

Of course, the past observations {z; j }+<o is unknown in practice. Thus, for any
observation z; j, its “observed past”, is in fact (...,0,0, 21,1, 2,1, ..., Tny 1, T1,2,
Ty o151, Tio1,j), OF equivalently, y; 5 = (...,0,0,91,%2,93 ...,

Yr;_,+i—1). The observed likelihood for the j-th piece is then given by

L(J) (155%5) Zl (&5105); %3 51Yi,5) -

Note that ;((&;,6,); % ;|ys,5) is obtained by replacing the true past observa-
tions {z; ;} by yi,5 in [;((&;,0;); 24 j|zs,5,5 < t), which is not same as the true
conditional distribution given the entire past history of the time series.

Denote the location vector and the parameter vector by A = (Aq,..., \p)
and ¥ = (¢1, ..., ¥my1), respectively. The vector (m, A, 1) specifies completely
a model of a non-stationary time series {Y;};—1,.. n defined in (2.1). According

o [11], the MDL for this model is given by

.....

m—+1 ¢j
MDL(m, A, ¥) = logm+ (m+1)logn+ Z Zlog{kyj
J=1 k=1
m+1 m+1

+ Z 4 logn; — Z LY (1hs3%5)

where & = (£1,5,---,&;,j)- Note that the MDL model selection procedure is
closely connected to penalized maximum likelihood estimation since the MDL
can be regarded as the minus log-likelihood plus a penalty term of order logn.
The best model is selected by minimizing the MDL with respective to (m, X, ¢).
To ensure identifiability of the change-points, when we search for the change-
points, we assume that there exists a ey > 0 such that mini<j<mi1(JA; —
Aj—1]) > €x. That is, we propose a constraint A € A, , where

A ={Ae(0,)™0< M <...< A <L\ = A1 >exni=1,...,m}.
(2.2)
Under this restriction the number of change-points is bounded by M = [1/ex]+1.
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The estimates of the number of change-points, the locations of the change-
points and the parameters in each of the segments are given by the vector
(M, An, ¥p ), where

(111, An, ) = arg 12111\14 MDL(m, A, ), (2.3)
YEM,
AeAl

An = (Ayeen, 5\m) and v, = (1&1, . 71&m+1)- Note that z/AJj = (éj,é,(zj)), where

0 =arg max  LY((§.60):%),
0;€0;(&))
with %; = {y; [nAj_1] < t < [n)\;]} denotes the estimated j-th segment of the
time series.
We first consider the situation where a portion of the data within the j-th
stationary segment is chosen for parameter estimation. Let A\, and A4 be in [0, 1]
with Ay < A, and Ay — Ag > €. To simplify notation, denote

sup = sup . (2.4)
AdsAu A €[0,1],A,, €[0,1]
Au—Ag>€n

Define, for j = 1,...,m + 1, the true and the observed likelihood formed by a
portion of the j-th segment respectively by

[ Au]

LY (5, Aay s %) = S LWl <), (2.5)
i=[n;Aa]+1
[ Au]

LY (5, Aa, Az X5) = > L(giwlyig) - (2.6)
i=[n;Aq]+1

In practice, the observed likelihood LY )(wj,)\d,)\u;xj) is used to approxi-
mate the true likelihood LSf )(wj, Ads Au;Xj). The following assumption is used
to control the quality of this approximation.

ASSUMPTION 1 (k). For any j = 1,2,...,m + 1 and fixed ¢;, the function I;
is two-time continuously differentiable with respective to 6; and the first and

second derivatives L/n(j ), f);fj ) and L;;(j ), i;;(j ), respectively, of the function
defined in (2.5) and (2.6), satisfy

LD 0) M k) = LD ((65,05) 00 M) = 0 (nF 1)
n n

sup sup
AdsAu 9j E@]‘ (5])

sup  sup

1 i Lz *
L (€5265) Ay My xg) = L (65,07), A, M) = 0 (nE 1)
XdsAu 05€0;(€;) "

n

1 s 1~y
ELn(J)((é-jvej)v)‘dv )‘u7x.i) - EL7L(])((€J'70J')7 )‘dv)‘uvxj) = 0(1) l

sup  sup
AdsAu 05,€0;(&5)

almost surely.
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For example, by Assumption 1(2) we mean the above assumption is satisfied
with £ = 2. Next, some regularity conditions for the conditional log-likelihood
function is needed for the standard properties of maximum likelihood estimation.

ASSUMPTION 2 (k). For j =1,...,m+1, and any fixed ¢;, there exists an € > 0
such that
sup  Bll;((&5,0;); w1lm5,0 <D < oo,
0;€0;(&5)
sup E|l;((§j,9j);x1,j|xl7j,l <1 < oo,
0;€0;(&5)
sup E|l;’((§j,Hj);x1,j|:1cl,j,l <1 < oo.
0;€0;(&5)
ASSUMPTION 3. For each j =1,...,m+ 1 and any fixed ¢;,
1 ] a.s.
sup (=L ((&.05):%;) — L;((§,0;))] =3 0,
0;€0;(¢) T
1 ] a.s.
sup =L ((&,05)i%5) — L5((&,0;))] =3 0,
0;€0;(&) 1T
1 y a.s.
sup | =LN9U((&,0;);%,) — L((&,05)] <% 0,
0;€0;(¢) 1T
where
Li((&,05) = E;((&,05);21520,1 <1)),
Li((&,05) = E((&,05); 01 5025,1 < 1)),
L7((&,05) = E7((&,05); 2150w, <1)).

In practice, the likelihood has to be defined in terms of the estimated location
of the break-points. Even if the estimated location of the change-points is very
close to the true ones, the two ends of the j-th estimated segment may contain
observations from the (j — 1)-th or the (j + 1)-th piece of the true piecewise
stationary process. To establish the rate of convergence of the location estima-
tors, one extra assumption is needed to control the effect at the two ends of the
fitted segments.

ASSUMPTION 4 (w). For j = 1,...,m + 1, any fixed ¢ and any sequence
{g(n)}n>1 of integers that satisfies g(n) > cn® for some ¢ > 0 when n is
sufficiently large, then

1 = L as
) S LiWswiglag,l <i) S B ln,1 < 1), (2.7)
i=n—g(n)+1
1 = L as
o0 S Uil l<i) S Bl < 1), (2.8)
i=n—g(n)+1
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It will be shown below in Lemma 1 that (2.7) and (2.8) hold under Assump-
tion 2(2) if the following assumption is satisfied.

ASSUMPTION 4*.  For each j,
{lj(’t/J;,Ti)jkL'lJ,Z <i);i EZ} and {l;(’lﬁ;l‘id‘l,f[)j,l <i);i EZ}
are strongly mixing sequences of random variables with geometric rate.

Lastly we discuss an assumption on the models in M which allows the consis-
tency of model selection within each stationary piece of time series. It involves
the issue of model unidentifiability, which will be investigated based on the re-
cent work of [2]. Let & and & correspond to two models in M. We say that
& is a bigger model than & if for every 0, € ©(&;), there exists a (possibly
non-unique) 67 € O(&) such that for every x = {x;;i € Z'}, the conditional
densities are equal almost everywhere, i.e.,

Je (1% 05) = fe. (1% 05) - (2.9)

ASSUMPTION 5. A) For the j-th stationary piece of the time series, there
exists a model {7 € M with parameter 07 € R% | which satisfies ( 2,02) =
argmaxg g E(1;((§,0); x14]215,0 < 1)). Also, the model £ is uniquely
identifiable. That is, if there exists a 0} such that feo ([x;67) = feo (+[x;67)
almost everywhere for every x, then 67 = 67. Moreover, if there exists
a model ¢, = (&,0,) with & # £, 0, € R% such that fe,(:|x;05) =
feo(+|x; 05) almost everywhere for any x, then d, > d;.

B) Suppose that &, is a bigger model than &, with &, and & associated with
parameter vectors 0, € O(&,) C R%® and 6, C ©(&) C R?% respectively.
Then 6, can be partitioned (possibly after some 1-1 continuous trans-
formation) into three sub-vectors, 8, = (3,(, ), where 8 € O3 C R%,
(€0 C R% 7 € ©, C R, O3, ©¢ and O are compact, dg > 1,
dr >0, and dy = dg + ds + d~. In such partition, the vector 6; = (0, 60,, )
satisfies (2.9) for any 7 € O,.. Moreover, for any given m € O, the vector
0; = (0,05, m) is the unique vector satisfying (2.9) in the neighborhood
Vs(m) ={0, = (B,¢,m) : |B] <9,|¢ — 0] <} for some § > 0.

Assumption 5A) ensures that the true model is of the simplest form in the
family M, in the sense that the model cannot be expressed by another model
s = (&,05) in M where 6, is of smaller dimension. Assumption 5B), which
follows [2], tackles the problem of model unidentification. The problem of model
unidentification arises when there are more than one 6; satisfying (2.9) provided
that (&s,0s) is the true model. For example, every ARMA(1,1) model with
the same AR and MA coefficient is a white noise, or an ARMA(0,0) model.
In this case, there is no unique “true value” in the unidentifiable ARMA(1,1)
model, so a Taylor’s expansion around the true value of parameter cannot be
applied as in the standard theory of likelihood inference. Following [2], after a
rearrangement of the parameter vector, the partition (8, () of 6, is identifiable
and the parameter 7 is unidentified when § = 0. This allows for the application
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of a Taylor’s expansion around the point (0, (), rather than around the true
parameter, which is key to establish the asymptotic properties of the estimators.
In fact, this idea has been used previously in [13]. The example below illustrates
Assumption 5 for the family of ARMA(p, ¢) models.

Remark 1. The model class M is used to specify an objective function for the
estimation procedure and it is not necessary that the data in fact has the joint
distributions as specified by M. For example, in Section 4, the time series is
only assumed to be generated from an ARMA model with some independent
and identically distributed noise sequences, while the model class M assumes
Gaussian noise sequences. In such cases the estimation procedure can be inter-
preted as quasi-likelihood estimation, see [15]. The key point is that Assumption
5 and subsequent conditions hold for the underlying time series. |

The example below illustrates Assumption 5 for the family of ARMA(p, q)
models.

Example 2. Consider the family of ARMA(p, q) models satisfying ®(B)(X; —
p) = O(B)Zy, Z; ~ 1ID(0,0?%), where ®(B) = 1+ >F_ ¢, B* and O(B) =
1+37 93, B* are polynomials in the lag operator B with roots outside the unit
circle, and ¢y, ¥, # 0. Recall from Example 1 that £ = (p, ¢) specifies the order
of the model and 6 = (¢1,...,¢p, V1,...,0q, u,0%) specifies the parameters of
the model.

First we show that &, = (ps, @) is a bigger model than & = (ps, ¢s) if ps < pp
and ¢s < gqp. To see this, suppose that the model & = (ps,¢s) is associated
with the parameter 05 = (¢s1,. .-, Ps.pos Usis---»Us.q.5 11, 02), and the AR and
MA polynomials are denoted by ®4(B) =1+ 1| ¢, xB" and ©4(B) = 1 +
EZS: 1 Vs, x B* respectively. Consider without loss of generality that p, — ps = pa,
@ — qs = qq and pg — q¢ = r for some positive integers pg,qq and r, i.e.,
the difference of order between the AR polynomials from models &, and & is
qq + 7, and the order difference for the MA polynomials is g4. Then, consider
the ARMA (py, ¢») model with

®,(B) = P@s(B)1+mB+...+7,B")(1+0B+...+0B"), (2.10)
Oy(B) = Os(1+mB+...+m,B"),
where (71, ..., mg,) is arbitrary. It can be seen that the common factor (1+m B+

...+ mg, B?) cancels and the ARMA(py, gp) is the same as the model (s, 05).
Thus (2.9) holds and ARMA (py, g») is a bigger model than ARMA (ps, gs).

Next we verify Assumption 5 for ARMA models. First, Assumption 5A) fol-
lows from the theory of quasi-likelihood for ARMA models in [7] and [15] and
the fact that the polynomials ®(B) and ©(B) involve non-zero leading coeffi-
cients and do not have common zeros. For Assumption 5B), we construct the
parameter partition 6, = (8,(, ) which satisfies the required properties. To

begin, let 8 = (B1,...,Bgy+r), ¢ = (C1y--v, Cporgore) and © = (m1,...,7g,).
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Reparameterizes ®,(B) and ©,(B) as

®,(B) = (1+GB+...+¢.B") 1+ (B+m)B+...
+(B¢Id =+ ﬂ-tId)BQd) X (1 + chﬂrlB + ..+ ﬂQdJrTBqd—H) (2'11)
Oy(B) = (14 (p41B+...+1q.BY) A1 +mB+...+m,B).

Note that the reparameterization (2.11) can be obtained from linear transfor-
mation on the usual parameterization ®,(B) =1+ > 1", ¢, B* and 0,(B) =
L+ >0 9, B*. If 8 =0and ¢ = 0, then (2.11) reduces to (2.10). Thus the
vector 05 = (0,0,,7) satisfies (2.9) for any m. Moreover, for any fixed = and
sufficiently small § > 0, the unique factorization of polynomial implies that the
vector 6 = (0,6,,7) is the only element in Vi(m) = {6, = (8,¢(,7) : |8] <
0,]¢ — 05| < 6} such that ®,(B) and ©,(B) in (2.11) can be reduced to (2.10).
Thus 0} = (0,6,,7) is the unique vector satisfying (2.9) in Vs(n), and Assump-
tion 5 holds for ARMA models. 0.

3. Main results

In this section we present the main results of the paper. Theorem 1 shows the
strong consistency of the MDL procedure when the number of change-points
is known. Theorem 2 gives a rate of convergence of the change-point location
estimates. Then Theorem 1 is extended to the case of an unknown number
of change-points in Theorem 3. Finally, Theorems 4 and 5 give the weak con-
sistency analog of Theorems 2 and 3, where weaker moment conditions are
required. To lighten notation, when the model order &; is fixed we suppress
&; in specifying the model parameters, e.g., we use L;(6;) instead of L;(v;)
or L;((&,0;)), ©; instead of ©,(&;), when there is no confusion. We may also
suppress the j in nj, x; ; and x;.

Proposition 1. Under Assumption 1(1), 2(1) and 3, for any fized &;, we have

1~,. a.s
sup sup | =LY (05, Ay M x5) — (A — Aa) L (6;) 0, (3.1
XAy 0,€0; | T
1-~,. a.s,
sup sup | =L (05, Mg, Ausxj) — (A — Aa)L5(0;)] < 0, (3.2)
A A 0,€0; | TV
1 F y a.s.
sup sup —LZ(J)(Hj,)\d,)\u;xj)—()\u—)\d)L;’(Hj) = 0, (3.3)
AdsAu 0]'6@]' n

when the supremum notation is defined in (2.4).

In Proposition 1, Ay and A, are restricted to the interval [0, 1], i.e., we search
for the maximum inside the stationary piece of time series. For our application
to piecewise stationary processes, an extension has to be made so that \; and
A, are allowed to be slightly outside [0, 1], that is, the j-th estimated segment
covers part of the j — 1-th or the j + 1-th piece of stationary time series. For
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any real-valued functions f,,(Ag, \,) on R?, we use the terminology

a.s.

sup fn()‘da)\u) =0 (34)
AdAu

to denote

a.s.

sup fn()‘da)\u) =0,
—hp<Ag<Ay<1l+kp
Au—Ag>exn
for any pre-specified positive-valued sequences h,, and k,, which are converging

to 0 as n — co. The notions such as “% 07, “= 0,(n)” or “= O(n) almost
surely” are defined similarly.

Proposition 2. Proposition 1 holds with supy, , replaced by sup,  x-.

Next we discuss the issue of model selection for each of the stationary pieces of
the time series. Suppose the data follows a model with parameter ° = (£°,6°),
one way to compare a model specified by £ € M to 1° is by the Kullback-Leibler
(KL) distance, defined by

(3.5)

o * fo:E x,l < 1;6°
D(feo;0°|fe;60%) := Eyo (1Og g0 (@1] ) |

fg(.%‘ﬂxl, <1 6‘*)
where

* 3 . Qo . — .
0" = argegg?@l?(fso, 0°1 e 0) = arg max, Eyo(fe(wi]z, 1 < 1;0)),  (3.6)
and Ey. is the expectation under the model in M with parameter ¢°. Thus, in
(3.6) we find a model in & which is closest to ¥° in terms of KL distance.

KL distance is a measure of discrepancy between two probability densities. It
can be shown by Jensen’s inequality that it is non-negative and equal to zero if
and only if the two densities are equal almost everywhere. For ¢ = (£, 0), recall
that

LJ(’lﬁ) = Ew]o (log f5($1|$[,l < 1,9)) .

It follows from (3.5) that the maximum of L;(v) is achieved at L;(y7) =
L;((&,06;)) whenever the true model £ = £° or a bigger model £ = &, is used.
For other models £ # £° not bigger than £°, we have

Li(¥F) > L;((€,607)) (3.7)

by Jensen’s inequality. The following proposition shows the convergence of the
likelihood function to L;((&,0*)) and the consistency of the parameter estimates.

Proposition 3. Let ¢ = (§7,07) be the true model parameter. Suppose that a
model &; is specified for estimation. Define

O = 000 h) =arg max  LD((E.0). 0 i), (38)
1€0;(&;
9; = arg max L;((§,6)).

0€O(&;)
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If Assumptions 1(1) and 2(1) and 3 hold, then

| —

S

sup %0, (3.9)

Aara

LD((&,0n): Aas M X5) = (= M) L5 ((€5,67))

n

where the supremum is defined in (3.4). Moreover, if {; = £ and Assumption
54) holds, then

2%0. (3.10)

0n(Nas M) — 69

S

Ad A
If, instead, the specified model &; is bigger than 50 If Assumption 5B) holds, then
the partition 0,, = 0,,(Ag, Ay) = ( (J)()\d, Au), ek (A, Aw), A(J)(/\d,/\ )) satisfies

a.s

SUE‘BS)(M,AU) 250, (3.11)
)\d7)\u
sup |¢9) (A, Au) — 07| =5 (3.12)
)\d)\

From (3.7) and (3.9), it can be seen that if a wrong model is specified, i.e., the
selected model is not equal to or bigger than the true one, then the likelihood
will be greater than the likelihood of a correctly specified model by an order of
n, when n is sufficiently large. As we have seen from Section 2, MDL can be
regarded as the minus log-likelihood plus a penalty term of order logn. There-
fore, the likelihood function dominates and hence the MDL procedure is able to
select the correct order of model or a bigger model in M. D(feo; 90|fé§ 6*) > 0,

where D is defined in (3.5). On the other hand, we say that & overestimates
goif D(fgo;9°|fé;6‘*) = 0 and the model parameter 0* has a higher dimen-

sion than #°. Note that if é is not underestimating the true model £°, then
D(f50;9°|fé;6‘*) = 0 and the true probability density of the segment can be
identified. Theorem 1 gives a preliminary result about the convergence of the
change-point location estimates and the order parameter estimates when the
number of change-points is known.

Theorem 1. Lety = {y;;t = 1,...,n} be observations from a piecewise sta-
tionary process specified by the vector (my, A°,1°) and satisfying Assumptions
1(1), 2(1) and 3. Suppose the number of change-points m, is known. We esti-
mate the locations and the model parameter by

{An, )} = argw min —MDL(mO,)\ P),

A€ATO N
where A7Ye is defined in (2.2). Then, An S A2 and for each segment the esti-
mated model does not underestimate the true model.

Proof. Let B be the probability one set in which Proposition 2 and 3 holds.
We will show that for each w € B, A, — A° and ¥, — ¥°. To begin, for
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any w € B, suppose on the contrary that An = A°. Because the values of A
are bounded, there exists a subsequence {nk}Asuch that A, = A™ £ A\° along
the subsequence. Note that A* € Afl° since A, € A7} for all n. Recall that

(éj, HA,(ZJ )) is the estimator for the model order and model parameters for the j-th
segment. Since M is a finite set, without lost of generality we can assume that
§; converges to &7, say, along {nk} Similarly, as ©; = 0;(§;) is compact for
every §;, we can assume that 6y converges to 07, say, along {nx}. To lighten
notations we replace ng by n. It follows that for all sufficiently large n,

m—+1
1 .
_MDL(m07 n,'l,bn) =Cp — — Z L(J) 5]790)) -1 )‘ 7}’)7

Jj=1

where ¢, is deterministic with order O(log(n)/n).

For each limiting estimated interval I7 = (A7_;,A%), j=1,...,m + 1, there
are two possible cases. First, I is nested in the true i-th interval (A?_;, A7).
Second, I7 covers (fully or partly) k +2 (k > 0) true intervals (Af_;, A?), ...,
(A4 1> AV py1)- We consider each of these two cases separately.

Case 1. If A7 ; < A7, < A7 < A7, In particular, if A\{_; < Aj_; <
A7 < A7, then for sufficiently large n the estimated j-th segment will be a
part of the stationary processes from the true i-th segment. If A7 = A7 or
Ai_1 = Aj_y, then as j\j_l — A¢_; and j\j — A¢, the estimated segment can
only include a decreasing proportion of observations from the adjacent segments.
Then max(\; — A?,0) and max(\?_; — A;j_1,0) play the role of h,, and k, in
(3.4). So, we have from Proposition 2 that

LLOED A5 1A, y) S5 (= X)L 6)). (3.13)
In particular, if §§ = &7, then 67 is in fact 67, the true parameter value of the
i-th segment. Then the last quantlty on (3. 13) is in fact (A} —Aj_q)Li((£7,07)).
If £ underestimates &7, then D(fgg;@ﬂfg;f;ﬁ;) > 0, Which implies

Li((&7,07)) — Li((&5,65)) > 0. (3.14)

Case 2. If A < AN, <\ <...< )\Z+k < A} < Ay pyq for some
k > 0, then for sufficiently large n the estimated j-th segment contains obser-
vations from at least two pieces of different stationary processes and is thus
non-stationary. We will partition the likelihood by the true configuration of the
series, i.e.,

1 oA A ~
ﬁLglJ)(e'Eg)aAjflaAjay)
1o Lt
= ﬁngJ)(eglj)a/\jfla/\fay)_Fﬁ Z LSIJ)(QSZJ),A?, l0+17Y)
=i

1 .
+= L0, 2200450 y) (3.15)
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Each of the likelihood functions in (3.15) involves observations from one piece of
the stationary time series. From Proposition 1 and the fact that L;((&/,67)) >
L;i((&5,0%)) for all  =4,...,i+k+ 1, we have

lim ~LO @D, 5 1 A0y) < (A — N )Li((€0.69).

n—o00 M J—1 P07
. 1 ) 3 o o o] o 0o o
nlgTolo EL%J)(@J" DAY) <0 (A = AD L (624, 0741))
. 1 i * O N * o o o
nh_{fgo ng)(eja ko Ajs y) < ()‘j - )‘i+k)Li+k+1((§i+k+lv9i+k+1)) .

Note that strict inequalities hold for at least one of the above equations since
(&5,07) cannot correctly specify the model for all different segments. Thus
1 P .
im =L (60 ). )
nhango nLn,g (0, Aj—1, AJ)Y)
itk—1
< A= NLDL(E ) + D0 (A = A)Ll(&7.607)
=i

+()\; = ANpi) Livkr1 (€ kr1, O kg1)) - (3.16)

Now, as the number of estimated segments is equal to the true number of seg-
ments and \* # \°, there is at least one segment in which case 2 applies. Thus
for sufficiently large n,

2 - o
—MDL(m, An, ¥r)
n

m—+1
> % - (N = X)L ((£7,67)) [(3.16) for at least one piece]
i=1
2
= —MDL(m,A°,¢°) [Definition of MDL.]
n
2 s A
> —MDL(m, An,¥n), [Property of the estimator.] (3.17)
n

which is a contradiction. Hence S\n — M@ for all w € B.

On the other hand, if A,, — A° but in some of the segments the estimated
model underestimates the true model, then in Case 1 (3.14) holds for those
segments and the contradiction (3.17) arises. Thus the estimated model does
not underestimates the true model. This completes the proof of Theorem 1. [

Corollary 1. Under the conditions of Theorem 1, if the number of change-
points is unknown and is estimated from the data using (2.3), then

A) The number of change-points cannot be under-estimated. That is, m > m,
for n large almost surely.

B) When 1 > m, A° must be a subset of the limit points of S\n, in the sense
that given any w € B, € > 0 and X] € A°, there exists a Mo € An such that
|/\§-’ — ;\k| < € for sufficiently large n. In other words, the true change-point
locations can be identified.

C) The order of the model in each segment cannot be under-estimated.
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Proof. Notice that in the proof of Theorem 1, the assumption of known number
of change-points is only used to ensure that case 2 applies, i.e., A7 | < AJ_; <
A < on <AL < AT < AD g, for at least one j. In fact, no matter how
many segments A* contains, contradiction (3.17) arises whenever case 2 applies.
From this observation, A) and B) follow. Thus we can assume that only case 1
applies. If any of the model segments is underestimated, then (3.14) still arises
and leads to the contradiction (3.17), proving C). O

The next result is about the convergence rate of the change-point estimates.

Theorem 2. Suppose that Assumption 1(p), 2(q), 8 and 4(w) hold with p > 2,
q>4andw = max(%, %) < % Let A° = (X7,...,A\7,.) be the true change-point
configuration. Then, with (M, p ’l/;n) defined in (2.3), for each j =1,2,...,m,,
there exists a )\ij € An, 1 <4y <1 such that

X9 =N, =o(n""t), (3.18)

almost surely. Alternatively, (3.18) holds if Assumption 1(p), 2(q), 3 and 4* are
satisfied with p > 2 and q > 4.

Proof. From Corollary 1, we can assume that m > m and for each A] there

exists a j\ij such that [\ — 5\”| = o(1) a.s. This theorem gives a bound for
the convergent rate of the change-point location estimators. We prove this by
contradiction. Let B be the probability one set in which Theorem 1 holds. For
each w € B, suppose that for some Aj there does not exist any ;\iz such that
(3.18) holds. Then there exists a subsequence ny, and a constant ¢ such that
either one of .

z) {\? -\, > cn}c”:i or (3.19)
1) A, — A > cny!

holds, where 5\1-1 is the location estimate closest to Af. From Corollary 1 and the

boundedness of Ay, we can further assume that 5\“,1 s A1 A, B A=A
and 5\1-[+1 3 Aj g with A7) < AT ) < A7 < Ay < A7, Without loss of
generality we replace {n} by {n}.

Let Ay, = {1, AT A1 -+, Am b A contradiction arises if we show
that for all sufficiently large n,

MDL(7, A, %) > MDL(1, X, ¥y,) . (3.20)

Note that as the number of estimated change-points and the number of the
models are bounded, 7 and the orders of the models in each segment can be
chosen to be the same along the subsequence.

The difference, M DL(1h, Ap, Pn) — MDL(1n, A, y,), is either

i) Zzl:mf[nw,f;\il)]“ (lil (0 alywa) — lil+1(éil+l§$k,l|}’k,l)> ;or
.. n 5\1 -7 A A
1) Egz(l (A0 (lil+1(9il+1§xk,l|}’k,1) — 1y (9u;l‘k,1|}’k,1)) ;
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according to the two cases in (3.19). By Assumption 1(p), the above can be
expressed as either one of

iy Y (lil Bis raljn, 5 < k) = liyt1Bigrs wralgn, § < k)) +o (”%)

i) Y (liz+1(éiz+1;$k,l|$j,lvj < k) =Ly (0 |20, 5 < k)) +o0 (n%) ,
(3.21)

—MI By Proposition

wherep > 2,55 =350 o5, e 20d 27 = S
3, we have for case (i) in (3.21) that l;,(6;,;-) “3 1;(69;-) and Lijs1(0i, 1) &5
1(67,,; ). Similarly, for case (ii), we have ;, (6;,; ) “3 li41(87; ) and Ly 41 (0,415 )
3 1i41(07,1; ). Moreover, in case (i) where ny — [n(\) — Ai)] < k < ny, the ob-
servations are from the [-th segment and

Eglo (11(9?; xk)l|:13511, s < k) — ll(9f+1; xk)l|xs,l, s < k)) >0 (322)

by Jensen’s inequality. Similarly, in case (i) where n; < k < [n(A\; — A?)], the
observations are from the (I + 1)-th segment and we have

Ego

oo 1 (07 g [ @5 041, 8 < K) = L1 (6073 21 |@s 041, 8 < k) > 0. (3.23)

Using the ergodic theorem and (3.22) for (i) and Assumption 4(w) with g(n) =
n' and (3.23) for (ii), we see that the first quantities in both cases of (3.21)
are positive and of order O(n™) but not smaller. Since w > 1—1) by construction,
the two quantities in (3.21) are positive for sufficiently large n, yielding the
contradiction (3.20). On the other hand, if Assumption 4* holds, then (i) and
(ii) in the Lemma 1 below can be applied respectively to the two cases of (3.21)
with 7 = ¢ and g(n) = n™ and the same conclusion follows. This completes the
proof of Theorem 2. O

Lemma 1. If {X;} is a sequence of stationary, zero-mean strongly mizing pro-
cess with geometric rate, and E(|X1]|""¢) < oo for some 2 < r < oo and € > 0,
then

AN DY A T

) gy Simn—gny 1 Xt = 1

for any sequence {g(n)}n>1 of integers that satisfies g(n) > en?/"

when n is sufficiently large. Moreover,

for somec >0

iii) 35U Xe = O/,
iv) Z?:n—s(n)-l—l Xt = O(n2/r) )

almost surely, for any sequence {s(n)}n>1 satisfying s(n) = O(n?/7).
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Using the convergence rate of the change-point estimator obtained in Theo-
rem 2, the following lemma shows that the convergence rate of the maximum
likelihood estimator is not affected even when the estimated piece may not be
fully inside a stationary piece of a time series but involves part of the adjacent
stationary pieces.

Lemma 2. Suppose that Assumption 1(p), 2(q) and 3 hold with p > 2,q > 4
andw = max( ) < 1 . If the true model for the j-th piece, £, j = 1,...,m+1,
is specified and Assumptwn 5A) holds, then

log]
09) (A, 1,Aj)—9;_o<,/%> as., (3.24)

where 05 is the true parameter vector and 0y ( S 1,)\j) is defined in (3.8) with
§ = 50
Suppose the specified model &; is bigger than the true model 31 and Assump-

tion 5B) holds, then we have the partition 0, = ,(f)()\] LA, el Aj_1, M),
ﬁ;l])(j\jfl,j\j)), with

BP (Nj-1,Xj) = O(V@) as., (3.25)
(DN ) -6 = O(M@) a.s.. (3.26)

Finally we come to the main results of this paper, the consistency of MDL
model selection procedure.

Theorem 3. Lety = {y;;t = 1,...,n} be a piecewise stationary process spec-
ified by the vector {mo, A°,9°} and satisfy Assumptions 1(2), 2(4), 3, 5 and
either Assumptions 4(0.5) or J*. For the estimator {My,,An,¥n} defined in
(2.3), we have

My, RS Mo, An — )\ov Vn L ¢o-

Proof. Again the proof will be by contradiction. Fix any w € B where B is
a probability one set satisfying the conclusions of Theorems 1, 2 and Lemma
2. Suppose that m,, - m on w. As the estimated number of change-points is
bounded, there exists a m* and a subsequence njy such that m, = m* # m,
for sufficiently large k. From Corollary 1, m* > m,. As the relative change-
points take values in a compact interval [0, 1], we can assume that there exists
a limiting partition A* such that A, — A* := (A%, ..., A%+). From Corollary 1
again, A° = {A{,..., Ay, } is a subset of {A],..., A}, }. Thus every segment in
the limiting partition A* is contained in exactly one of the stationary segments
of the true partition A°. As the number of models in the family M is finite, by
taking further subsequences we can assume that éj = ¢; for sufficiently large
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ny. From Corollary 1 again, §; must be no less than the dimension of the true
model. Without loss of generality we replace ny by n.
For sufficiently large n, the MDL for the model {7, An, ¥, } is given by

m*+1
j=1

where C; = O(logn/n). As the limiting partition A* is finer than the true
partition A°, we assume without loss of generality that the k-th true segment
contains d > 1 segments from A*, say from the (i + 1)-th to the (i + d)-th
segments, i.e., A\f_; = A7 and A7 = A7, ;. Consider fitting one model over the d
segments and let

bo = argmax L{HV((E,0), A Aivary),

5\17, — {5\1,...,5\1‘_1,5\1‘,5\1'+d,5\i+d+1,...j\m*_l,j\m*}7

€n = {§T7...,ffflaffafzafﬂdﬂ,...g:‘n*,g;‘n*ﬂ}’

8, = {60, ... 00=V 40 g 4U+drD  GimT) Gim 1)y

and ¥, = (€, n 6 n). Note that for sufficiently large n, the MDL for the model
{m* —d+ 1, n,%n} is given by

C2_ E i/gzj)((é-;aég)%5‘]—175‘]7y)_‘i$:+1)((§gaén)75‘175‘Z+d7y)7 (328)
1<j<m™ +1
JFi+1,.itd

where C; —Cy = O(logn/n) and is positive because C; contains codes for more
segments and no segment is underestimated. The difference between the MDLs
n (3.27) and (3.28) is

i+d
Cr=Cot L0, 00); A, A y) = Y L((6,09): 051, A5, y) - (3.29)
Jj=i+1

A contradiction arises if the quantity in (3.29) is positive for sufficiently large
n. As C; — Cy = O(logn/n) is positive, it suffices to show that the difference
between the last two terms in (3.29) is of order o(logn/n).

We first consider the case that for each j = i+ 1,...,i 4+ d, the model are
correctly specified, i.e., § = &/ if the j—th estimated segment is within the [-th

true segment. From Lemma 2 we have é ) _ 0% %0, where 0; =07 it & =&

By the definition ofég) we have L (J)(( é( ))'j\j_l,j\j,y) =0,j=14,...,i+d.

3 _
A Taylor’s series expansions of Lgf)(( £ 0%); \j_1,\j,y) around 6%

5205 gives

LO((E,00); Mj-1, A\, y) = L<J><<s 9< DIPVISIDYR)

+(én _9*) LI ((]7 J) J— 17 i Y )(G(J) 9;)7 (330)

n
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with |9;r - 05 < |é§lj) — 03]. Similarly, we have

ESH)(@Z,@Z); ;\i75\i+da}’) = iﬁ*”((é;‘é,én); Xivj\’i‘i'day)

+ (O — )LD (80,61 ) Nis Miga, y) (Bn — 67) (3.31)
with [0+ — 69| < |6, — 63]. On the other hand, as the model cannot be under-
estimated for each segment, we have

Jer(507) = oo = fer (5070) = fer (469),
almost everywhere. Thus

i+d
LV 0030 Avary) = 30 EDUE 010 h,y) (3.3
Jj=i+1

[nAi+d]
- Z lk((glgvez)ayj|ylal<])
j=[nXi]+1
Thus, using (3.30) to (3.32), the last two terms in (3.29) reduces to

~ 1~,,. ~ PN ~
(Bn = 0)" ~ LR (68,075 A Aivra, ¥) (0 — 67)

i+d
- > 09 —o)" L”“’((& 0 N1, A y) (09) — 07) . (3.33)
j=i+1

From Proposition 2 and Lemma 2, the quantity in (3.33) is of order O(loglog
n/n) = o(logn/n), and thus the quantity in (3.29) is positive for sufficiently
large n, contradicting (2.3). For the case where §; is a bigger model than &7,
using Assumption 5B) we may apply Taylor’s expansion on the first two com-
ponents of 0% as in the proof of Lemma 2, and the last two terms in (3.29) are
also of order O( logl%) and the same conclusion follows. This completes the

proof of Theorem 3. O

The strong consistency of the MDL model selection procedure requires the
existence of the g-th (¢ > 4) moments of the likelihood and the score functions.
The moment condition is mainly used in Lemma 1(ii) for the almost sure con-
vergence of the average of the observations in the end of a sequence, where the
ergodic theorem does not apply. The weak consistency of MDL model selection
procedure can be shown under weaker conditions as the moment condition can
be avoided.

AssuMPTION 1*. Under the notation of Assumption 1, for j =1,...,m+1
1 . 1-
sup sup —Lgf)(Hj,)\d,)\u,xj)—— (ﬁj,Ad,)\u,xj) = 0, (n_l),
Xd>Au 9je(—)- n n
1-
sup sup L (J)(GJ,)\d,)\u,xJ) - — (93,/\d,/\u,xj) = 0O, (nil) ,
XAy 0,€0; n
1
sup sup L (0, My Ay X5) — =L D (05, Mgy Ay x5)| = 0, (1) .
Ad Ay 0,€0; n
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Theorem 4. Suppose that Assumptions 1(1), 1%, 2(1) and 3 hold. Using the
notation of Theorem 2, for each A7, there exists a Ai;, 1 < i; < m, such that
for any 6 > 0,

X9 —Ai,| = 0p (n°71) .

Proof. From Corollary 1 we can assume that m > m, and for each Aj there
exists a A;; such that |)\3’ — Ay | = o(1) as., where 1 <y <y < ... <ip <.
By construction, for every k = 0,...,7m — 1, we have |[Ar41 — Ag| > €x, 50 Ay is
the estimated location of change-point closest to AJ for sufficiently large n. We
have to prove that, for any 6 > 0, there exists a ¢ > 0 such that

PELIX = X, | > en’™Y) = 0.
By the definition of (1, An, 1,@”), it suffices to show that
P(MDL(1, A, %) < MDL(i, X, 9P ), 3, [N — N, | > en®™ 1) =0,

where X is the same as S\n, except that the ;\iz is replaced by Ay for any [
that satisfies [\? — \;,| > en®~1. As the number of change-points is bounded, it
suffices to prove that, for each fixed [,

P(MDL(11, A, @) < MDL(i, X, ), [N, — Aiy| > en®™ 1) = 0. (3.34)

Given that [A? — A;| > en®~! and Assumption 1* holds, similar to (3.21), we
have that M DL(m, An, @En) — MDL(m, A, @@n) is equal to either one of

iy Y (lil i wra|win, G < k) = Lt Biy1; Tl j < k)) + 0p(1),

i) Y (liz+1(9il+1;xk,l|qulvj < k) = Ui, (0is ziglzyg, < k)) +Op(1),
(3.35)

n(Aq *’\m, By Proposition 3 and

I ol
where > = Zk;nl_[n()\?_j\il)]ﬂ and > =",
the ergodic theorem, the first term of case (ii) in (3.35) is positive and of order no
less than O(n?) almost surely. For case (i) in (3.35), the ergodic theorem cannot
be applied directly as the summation does not begin from 1. To tackle this,

. . . . /[‘Ll
we can apply the ergodic theorem for the sum in (i) with Zk:m_[n(/\?_;\ij 41
n )\0—5\1'. .
replaced by chz(ll 2 and conclude that the sum is of order O,(n?). Then
the stationarity of the [-th piece implies that the original sum is also positive
and of order O, (n?). Therefore the quantities in both cases of (3.35) are positive
with probability going to 1, and (3.34) follows. O

Theorem 5. Lety = {y;;t = 1,...,n} be observations from a piecewise sta-
tionary process specified by the vector (m, A%, 1/:02 and satisfying Assumptions
1(1), 1% 2(2), 3 and 5. The estimator (M, An,¥n) is defined in (2.3). Then
we have

. P i P ~ P
My — My, Ap —> A°, Py, — 2.
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Proof. Following similar lines as in Lemma 2, it can be shown that, under As-
sumption 1*, 2(2) and 3, the analog of Lemma 2 holds with convergence in
probability instead of almost surely, namely that

b-0=0, (n*%) , (3.36)

where {6,6} is either {05 (\a, \u), 09}, {8 (\as Au), 0} or {C7) (Aa, M), 621,
using the notations in Lemma 2. Followmg Corollary 1 and Theorem 4, it suffices
to prove that for any integer d = 1,..., M —m,, any 6 > 0 and any sequence
An = (A1,..., Am,) such that IS — A | =0m ) forj=1,...,m,,

2 2 -
arg  min [—MDL(mO +d, A, 1/;)} — —MDL(me, An,¥°) (3.37)
¢’A€A£To+d) n n

AnCA

is positive with probability approaching 1. Denote Ay, = (/\1, . ;\mo+d+1) to be
the minimizer for the first term in (3.37). Note that Ar. C Ay, by construction.
Similar to the proof in Theorem 3 it suffices to consider only the case where
each él, l=1,...,m,+d is associated with a unique parameter vector #; that
correctly 1dent1ﬁes the model. Otherwise the Taylor s expansion can be apphed
with respect to the first two components of 6‘ Usmg Assumption 5 and the

Taylor’s series expansions on the likelihood functlon, the quantity in (3.37) can
be expressed as

ChL—Cy
1 motl ~ ~ motd+1 . . .
+ = ( Z L€, 09, 251, 25:) = lZ L%)((shar)Alm;y)) (3.38)
= =
motd+l 1. . . . .
= D0 O =o)LV 0) A dy) (07 - 67) (3.39)

=1

where C; — Cy is positive and of order O(logn/n), and |6, — 6} < |9A,(ll) —07].
Using similar arguments as in showing (3.32) in Theorem 3, it follows that the
quantity in (3.38) is exactly 0. Also, from (3.36), the summation in (3.39) is
of order O,(n~1). Therefore C; — Cy, which is of order O(logn/n), dominates
the expression and the quantity in (3.37) is indeed positive with probability
approaching 1. This completes the proof of Theorem 5. O

4. Applications
4.1. Independent and identically distributed (iid) random variables

If the time series {Y;} satisfies (2.1) and each of the stationary pieces {X;},
j=1,...,m+ 1 is a sequence of iid random variables, the break-point corre-
sponds to a change in marginal distribution of the process. In this case, As-
sumption 1(k) is trivial for all k since the conditional likelihood reduces to
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the marginal likelihood. Assumption 4* is also satisfied as iid process must be
mixing. Therefore, given Assumption 5, Theorems 3 and 5 hold if Assumption
2(2) and Assumption 2(4) are satisfied respectively. [14] studied weak consis-
tency of multiple change-point detection for iid observations. They assumed
that the number of change-points is known but there can be a common pa-
rameter throughout the whole series. Therefore, the results of [14] have been
extended to strong consistency with unknown number of change-points in the
special case that there is no common parameter throughout the series.

4.2. ARMA processes

Suppose, for j = 1,...,m + 1, the j-th piece {X, ;} is an ARMA(p,q) process
defined by

O(B)(Xt,j — pj) = O(B)Z 5, (4.1)

where Zt,j ~ IID(0,0’?), @(B) = 1—¢17jB—. . -_d)p,ij and @(B) = (1—|—1911JB+
...+ 34 ;B?) are polynomials with roots bounded outside the unit circle with a
small distance §,. This ensures the compactness of the parameter space for the
AR and MA parameters. For the compactness of the whole parameter space, we
assume that there exists a large constant K > 0 such that —K < p; < K and
1/K < 0% < K for all j. Assume that the distribution of the white noise {Z; ;}
is absolutely continuous with respect to the Lebesgue measure.
It is well known that there exists a causal representation

Zyj = Zq/}k,j(thk,j = 1),

k=0

where the 1)y ;’s are uniquely determined by ¢1,...,0p 5, %1,5,...,Vq,;. Let

1/}j = (5]5 9]) with 5] = (pJ7 qj) and 9] = (lu’Jv 02'5 ¢1.,ja ey (bpj.,ja ﬁl,ja s 719qj=j)'
The exact and the observed Gaussian log-likelihood are given by

I 2
LY ((&,05),%5) = —%Z <10g032‘+% (ZWJ@’”)) ) ’
~ k=0

J

n; ; 2
o 1Y 1 (< 3 - _
LP((&5,05),%;) = —3 <log of + o <Z Grgikg T Y Vit IN; -k ;
i=1 J k=0 k=0
respectively, where 7,1 = n; + ... +n;_1, y—; = p; for i > 0, T4, =

Li—k,j — Hj> and Yrj1—k = YNj—k — Hj-

Proposition 4. Suppose that each segment of the piecewise stationary time
series process follows an ARMA(p,q) model defined in (4.1).

i) If E(Z;{'}"S) < oo for some § > 0, then we have weak consistency of MDL
model selection, i.e., Theorem 5 holds.

ii) If E(Ztgjé) < 0o for some 6 > 0, then we have strong consistency of MDL
model selection, i.e., Theorem 3 holds.
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Proof. i) For Theorem 5 to hold we need to verify Assumption 1(1), 1*, 2(2), 3
and 5 for ARMA models. For Assumption 1, by noting that there exists a C' > 0
and a p € (0,1) such that |y ;| < Cp* (e.g., [6]), we have

51 ((5]5 ) )‘dvAuaXJ) f’ ((5]7 ) AdaAqu,])
nj 00
S Z Zw’k‘rlj y‘rj I ! l,j)) Ci,‘rj,l
< z( DOLTTY]
=1
S CT]N] Zpigi,7j71 I (4‘2)
=1
where
Nrj—1 = Zpl|y7'j71*l - I*lﬁj| ;
=0
Girjor = 227/%4‘531;1@,;'+Z7/Ji+k,j(ﬂrjfl—k+5bk,j) :
k=0 k=0

Note that Assumption 1* holds as Cn,,_, Y207 p'Cir,y = Op(1).
Also, when the 2p-th moment of Z; ; exists, the 2p-th moment of 7., , and
Gi,r;_, exist. It follows from Borel-Cantelli lemma that 7., , = npn-1 =

O(n'/??), since for any K > 0,

ZP(ﬁn > Knl/?) = ZP(nff’ > K?Pn) < ﬁE( P) < 0.
n>1 n>1

Similarly, we have ¢ -,_, = O(n'/?P) and thus Cny,_, >°17 1 p'Gir,y = O(n'/?)
almost surely. As E(Z4;“5) < 0o, we can take p = 2 + §/2 and it follows that
Assumption 1(2) holds. Assumptlon 2(2) follows from the assumed compactness
of the parameter spaces and the moment assumption on Z; ;. Assumption 3 can
be verified by the ergodic theorem and the compactness of the parameter space.
Assumption 5 is verified in Example 2 of Section 3. Thus all the conditions for
Theorem 5 are fulfilled.

ii) For Theorem 3 to hold we verify Assumptions 1(2), 2(4), 3, 4(0.5) and 5
for ARMA models. Similar to the argument in the proof of i), if the (8 4 ¢)-th
moment of Z; ; exists, then Assumptions 1(2),2(4), 3 and 5 hold. Therefore, it
remains to verify Assumption 4(0.5). Here —21;(¢;; 2 |1 5,1 < i) = logo? +
(0 o g ik — 1)’ /0. Tt is well known that (e.g., p.99 of [12]) causal
ARMA processes are strongly mixing with geometric rate if the distribution of
the white noise { Z;} is absolutely continuous with respect to Lebesgue measure.
For an AR(p) process, ¢ ; = 0 for k > p. Thus 1;(¢;; z; j|x1;,1 < i) is also
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strongly mixing with the same geometric rate as it is a function of finite number
of the strongly mixing z; ;s (e.g., Theorem 14.1 of [8]). Thus Assumption 4*
holds. For a general ARMA(p, q) process, we will verify Assumption 4(0.5) by
approximating the likelihood of an ARMA process by that of a high order AR
process. We give the details of the verification for (2.7), while (2.8) follows
similarly. Replacing n; by n and z; ; — p; by x;, it suffices to show that

N 2 - 2
A, = %n) Z <Z Y1, Ti z) 3 E <Z 1/’1,;‘%1) =1 pA .
1=0

i=n—g(n)+1
Since H; p, = leo W.iTi—1,4, % € Z, is a strongly mixing process with geometric
rate for any fixed m, Lemma 1 implies

n

m 2
Bn,m = L Z (Z wuwz l) = ) (Z wl,j:ci_l> =: UB,, -
=0

i=n—g(n)+1

By taking m large enough, up, can be arbitrary close to pa. Therefore As-
sumption 4(0.5) holds if g(n) > cn'/? for some ¢ > 0 and

lim lim |4, — Bnm| =0, as.. (4.3)

m—00 N—00
To check (4.3), note that by Cauchy-Schwartz inequality and Lemma 1, we have
|An - Bn,m|

n - - 2
ﬁ Z <2Hi,m Z 7/)l,jfl7il+< Z ¢L,j$iz> )

i=n—g(n)+1 l=m+1 l=m+1

g(ln) > <2IH¢,m| > Wslledl+ >0 sl Y |¢l,j|$?z>

i=n—g(n)+1 l=m+1 l=m+1 l=m+1

IN

n

< Z e ) Y. (Hln+ai)+

i=n—g(n)+1

<_§j |wu|> 3 Wl(% ) :c?l>

l=m+1 i=n—g(n)+1

IN

4 Z W15 E(H ) + <4+ Z W)ul) (4.4)
l=m+1

l=m+1

g(n) 0o g(n)
(E(‘T%) Z |1/}7n+lvj| (L Z (Z |7/}7n+l+k: J|> Ty — g(n)— ) + 0(1) ’
=1 =1

k=0

almost surely. To ensure that Lemma 1 is applicable in the above calculation
with g(n) > en'/? for some ¢ > 0 when n is sufficiently large, the (4 + §)-th
moment of By, ,,, or the (8 + §)-th moment for the ARMA process is required.
As | ;| < Cp¥, the quantity in (4.4) can be arbitrary small for large m, thus
(4.3) follows. O
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4.3. GARCH processes

A GARCH(p, q) process is defined by the equations
P q
Ty = 046y, af = w+ Z aixf_i + Zﬂjaf_j , (4.5)
i=1 j=1

where
w>0, >0, 1<i<p, B; >0, 1<j<q

are constants, and {e;, —oo < i < oo} is a sequence of iid random variables
with mean 0 and variance 1. To ensure certain mixing conditions we assume
that €, is absolutely continuous with Lebesgue density being strictly positive
in a neighborhood of zero, and E|e;|* < oo for some s > 0 (see [16] and [5]).
In this section we will closely follow [4],which gives a comprehensive treatment
in the estimation theory of GARCH model. Here the model M can be index
by a two-dimensional parameter & = (p, q) for integers p > 0 and ¢ > 0. The
parameter vector is § = (w,a1,...,ap,01,...,5). Following [4], given { =
(p, q), we restrict the parameter space to the compact set

q
¢ = {G:Zﬂigpo and uw < min(w,a1,...,0p,B1,...,0q)
i=1
< max(w,a1,...,0p,01,...,84) < U},

for some 0 < u <, 0 < p, < 1 and qu < p,. It is shown in Lemma 3.1. of [4]
that o7 can be expressed as

oo

of = co(0) + Y ()i,
=1

with some deterministic coefficients ¢;(6), i = 1,2,. .., with supy |c;(0)] < Cap'.
for some Cy > 0 and p € (0,1). Using the notation of Section 2, the true and
the observed log-likelihood function for GARCH model are given respectively
by

. e 1 x?
L%J)(HJ) = Zl(Hj;:vi,j|xl7j,l < Z) = —5 Z <logazj + 02’]> s

i=1 i=1 ,J

~ ) 1 ) .’I]2
LP(0) =D 105 2i5lyis) = —5 ) | log i, + =5 | -

i=1 i=1 ]

where

1 x?
. 2 ©,J
(05w |z 5,1 <i) = —3 (IOgUi,j T2 ) ;

4]
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1 ~2 :vfj
lj(e;:ri’ﬂyi’j) = —5 logam—F&z‘ s
2y
Tj—1+i—1
57, = co(f)+ Z Ci(o)y?vjﬂ—kv
k=1

where 7,1 =ni1 +...+nj_; for j > 1.

Proposition 5. Suppose that each segment of the piecewise stationary time
series process follows a GARCH(p,q) model defined in (4.5).

1) If E(Xé;f‘s) < 0o for some 6 > 0, then we have weak consistency of MDL
model selection, i.e., Theorem 5 holds.

ii) If E(Xi?‘;) < o0 for some & > 0, then we have strong consistency of MDL
model selection, i.e., Theorem 3 holds.

Proof. 1) For Theorem 5. to hold we need to verify Assumptions 1(1),1*, 2(2),
3 and 5 for GARCH models. By a similar argument as in the proof of Lemma
5.8 and 5.9 in [4],

1. 1-~,.
sup sup —Lgf)(Hj,)\d,)\u,xj)——Lgf)(ﬁj,)\d,)\u,xj)
Ads Ay 0;€0; n n
Ky & >
1 k !
< QoMY AWt aty)
k=1 =0
Ky & i
2 k ! Y
+=0 W 2%y > psuwp S|
[ l=r; 1+1  95€95 (%15
Jj—1

for some K1, K2 > 0 and p € (0,1). It follows that the above term is of order
O,(n~1) if E(log" y1) < o0, and of order O(n'/?~1) if E(y?) < co. Thus the
first equation in Assumption 1 and 1* are verified. The second and the third
equations follow similarly. Thus we conclude that Assumption 1(1) and 1(2) are
satisfied when the (44 §)-th and the (8 +§)-th moments of the GARCH process
exist respectively. Similarly, it can be checked that Assumption 1* holds when
the (2 4 0)-th moment exists.

Next, by (5.15) of [4] and Holder’s inequality, it can be checked that As-
sumption 2(2) and 2(4) hold if the (4 + ¢)-th and the (8 + §)-th moments of
the GARCH process exist respectively. Moreover, Assumptions 3 and 5A) are
exactly the content of Lemma 5.4 to 5.6 of [4]. Assumption 5B) can be checked
following similar lines as that of ARMA models. Thus all the conditions for
Theorem 5 are fulfilled.

ii) We verify Assumptions 1(2), 2(4), 3, 4* and 5 for Theorem 3 to hold. It
has been shown in the proof of i) that if the (8 + §)-th moment of the GARCH
process exists, then Assumptions 1(2),2(4),3 and 5 hold. Finally, Assumption
4* holds since 1;(0;; x; j|z1,5,1 < i) is a function of x; ; and UZ—%J- only, and the
sequences (27 ;)iez and (07 ;)iez are strongly mixing with geometric rate ([5],
Theorem 3.4.2). The mixing property of (0;;x; ;21,1 < i) can be shown
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similarly as the arguments in [5] can be extended to show the strongly mixing
of (0'2:573‘)1562- This completes the proof of Proposition 5. O

Appendix A: Proofs of propositions and lemmas

PROOF OF PROPOSITION 1. We only prove (3.1), since (3.2) and (3.3) follow
similarly. From Assumption 1(1), it suffices to show (3.1) for LY instead of LY.
Let Qo,1) be the set of rational numbers in [0,1]. For any pair 71,72 € Qo1
with 71 < ry, we have by Assumption 3 that

1 .

sup —Lg)(ﬁj,m,rg;x) —(rg —71)L;(65)

0j€@j n

1 [nra]

= sup |re | — 1i(0; x|z, 1 < i) — L;(0;

Ojegj 2 rirg ; ]( J | l ) ]( ])

1 [nrq]
-7 n_’l”l ;lj(ej,$1|$l,l<l)—ljj(9])

% 0. (A1)

Let By, , be the probability one set of w’s for which (A.1) holds. Set

B= ﬂ BTl,Tz )

T1,72€Q0,1]

and note that P(B) = 1. Moreover for any w € B and any A € [0, 1], choose
Td,Tu € Qo,1) such that rg <A <r,. Hence

[nA] [n7rd]
1 1
sup |— i (05 x|z, 1 < i) — — 1i(0;; x|z, 1 < i
A NOEEREDET DWOETAED
[nry]
< sup — 1i(05; x|z, 1 <
= Hje(gj " .72 |1;(0;5 zi] )|
i=[nrg]+1

—  (ry —ra) sup E|l;(05; x|z, 1 < 9)].
0;€0;
From Assumption 2(1), we have supy co, E[lj(0;; 22,0 < i)] < oo. So by

making (r, — rq) arbitrarily small, Ly (0;,0,\;x)/n “5 AL;(6;) uniformly in
0; € ©;. By the same argument we have

sup lL§g’>(ej, A A3 X) — (M — M) L(8;)] £5 0. (A.2)
9j€@j n
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for any Ay and A, in [0, 1] with Ay < A,. Now we show that the convergence in
(A.2) is uniform in Ay, A, with A\, —Agq > €. For any fixed positive € < €, choose
a large my with ro,7r1,...,7m, € Q[O,l] such that 0 =rg <m < ... <7Tpm, =1,
and max;=1,_m(r; —ri—1) < e. Then for any Ag, A, € [0,1], we can find j and
k such that j < k, 7j_1 < Ag <7j and rp_1 < A, < 7. Then we have

1 .
ﬁLff)(%,)\d,)\u;Xj) — (Au — Aa)L;(05)

+

IN

1., 1.
gLQ(ﬁj,)\d,)\u;Xj) - ELg)(9j7Tj—17rk;xj)

1 .
ng)(ejarj—w“k;Xj) — (rg —7j-1)L;(0;)

[(re = 1j—1)L;(0;) — (A — Aa) L(05)] -

+

For large n the first and the third term are almost surely bounded by

sup |(rx —r6—1)L;(0;) + (rj —rj—1)L;(0;)| < 2¢ sup E|l;(0;;x1|z,1 < 1)].
9j€@j 9j€@j

By (A.1), the second term is bounded by e for sufficiently large n. It follows
that

1.
sup sup | =L (0, Aa; i x5) = (Au = Aa) L (6)
Xahu 0;€0; | TV
< 2e sup E|l;(0;; 21|21 < 1)+ e+ 2e sup Ell;(05;21|z,1 < 1)],
0;€0; 0;,€0;

for sufficiently large n, almost surely. The proposition follows as € is arbitrary
and independent of Ay and A,,. O

PROOF OF PROPOSITION 2. By setting

Ag = max(0,Ag), Ag = min(0,\g), A, = min(1,\,), A, = max(1,),), (A.3)

we can consider the stationary and the leftover pieces from the adjacent segments
separately. By elementary algebra,

1 .
;Lgfj)(aw Ady Auy X5) = (Au — Aa) Lj (6;) (A4)
J

= ;Lgfj)(ajﬂ\m Auy X5) = (Au = Aa) L (65) — Lj(605)(Au — 1 = Aa)
J

ni_1
1 J
P i (055 @i 1|z ;1,1 <i
+nj Z ) (055 @i 51w 51 i)
i=nj_1+[n;(Aa)l+1
1 [nj(Au—1)]
+n_j Z U055 i)z 41,1 <)

i=1
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Since 0 < >\d < )\u < 1, the sum of the first two terms converges to zero almost
surely by Proposition 1. Moreover, for any § > 0, max(|\g|, |\, — 1]) < § for
sufficiently large n, thus the third term is bounded by 26|L;(6;)|, and the fourth
term is bounded by

Mnj—1
1

- Do @@l <) E3 6Bl (0501 5 alwn 1,1 < 1)
J .
i=nj_1—[n;d]

A similar bound can be established for the last term. Since ¢ is arbitrary, the
term in (A.4) converges to zero uniformly in Ay and A, in the sense of (3.4). O

PROOF OF PROPOSITION 3. Note that by the definition of 6,,, we have Ji%j)((gj,
On)s Ads Aus Xj) > LY ((§J, %), Ads Aui Xj) for every Ag, Ay and n. Together with

the uniform convergence of Lglj)/n to Lglj)/n and Lg)/n to L; from Assumption
1(1) and Assumption 3 respectively, we have

(A = Aa) (L ((&,67)) — Lj((&5,0n))

< swp (Ow= AL (60— 2.0 A i)
)\dk
1 .
4 LI B) M M) - = ML(5,6.))
= sup (O = AL(&.6)) L6 07) M hui)
)\dk
1

+ — L (&0 0n), Ay A Xg) = (A Ad)Lj((gj,én))> +o(1)

< 2 sup sup
ﬂyxeje(")j

0.

LD (050 A0 M) — O~ M) L (&5,6))] + o(1)

a.s.

In the foregoing relations, the first inequality is obtained by definition of the
maximum likelihood estimator, the second equality follows from Assumption
1(1), and the last convergence follows from Proposition 2. Since L;((§;,07)) is
the maximum value over L;((&;,-)) and A\, — Ag > 0, it follows that

IL;((&,6n)) = L (&, 67))] =5 0. (A.5)

Combining (A.5) with Proposition 2 and Assumption 2(1), (3.9) follows. If §; =
§2 and Assumption 5A) holds, then L;((&;,0;)) has a unique maximum at 9. It
follows from (A.5) that (3.10) holds. Similarly, if §; = &, is a bigger model than
£2 and Assumption 5B) holds, then for any 7, (A, Au), L;((&,-)) has a unique
maximum at (0, 07, 7, (Ag, A )) over the set Vs(mp(Ag, A )) for some § > 0, thus
(3.11) and (3.12) follow from (A.5). O
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PROOF OF LEMMA 1. (i) is an immediate consequence of the ergodic theorem.
For (ii), since {X;} is strongly mixing with geometric rate, from [18], we have

E iXt

t=1

T

§Kn§

for some constant K. Therefore, by the stationarity of {X;} and Markov’s in-
equality, for any fixed § > 0,

n g(n)
p o Xi—w|>dgn) | = P> (Xi—p)|>dg(n)
t=n—g(n)+1 t=1
‘ZQ n)X te

S TGy
= O(g(n)—(r-i-e)/?) _ O(n_l_e/T),

Therefore

iP L i (Xi—p)|>e| <0,
n=1

and (ii) follows from the Borel-Cantelli lemma. For (iii) and (iv), define a(n) =
max(n?/", s(n)). Note that

a(n) s(n) a(n)
P ILIED IR DB
t=1 t=1 t=1

Since | X¢| — E(| X3|) is also a strongly mixing sequence with geometric rate, the

terms that sandwich ZS(" X; in (38) are of order O(a(n)) almost surely. So
(iii) follows from (i) and the fact that a(n) = O(n?/"). (iv) follows similarly and
therefore Lemma 1 follows. O

PROOF OF LEMMA 2. We only prove (3.25) and (3.26), while (3.24) can be
shown similarly. For notational simplicity, denote (;\j,l,;\j) by (Ag, ). Let
30 = (Bflj),é,(f )= (B(J)()\d, Au), ek (Ad; M) be the first two components of 6,,.
Define also 0, = (0,07, 7 J)) and 2 = (O 9 ?). For the model ¢; With parameter

vector 6 partitioned as 6 = (8, , 7), let L (9 Ad; A, Xj) and L (6‘ Ads Aus Xj)

be respectively the first and second partial derivatives of LSf)(H,Ad,)\u,xJ)
With respect to (5,¢). From (3.11) and (3.12), a Taylor series expansion on

(9n, Ad, A\, X3) around 2, with 79 keeping fixed, can be applied to give

L9 (01, My My X5) = L1909, Xy Ay x5) LD (075, My Mty X5) (B —72) 5 (AL6)
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where 0 = (77, 7,), 77 € R4+ds and |y,F —~2| < |4, — 72| By the definition
of 0,,, we have L%J)(én, Ad, Aus Xj) = 0. Therefore (A.6) is equivalent to

1., 1.,
LI 0F Aa da %) G —2) = — L0 A k). (AT)

1

;Ea

Combining Assumption 1(p), Theorem 2 and Lemma 1(iii)(iv) with w = max(

1 1
7) < 5, we have

i;(j)(H,‘;, Ay A, Xj) = L;§j>(9;;, Ads Ay Xj5) + O(n%) [Assumption 1(p)]

[nAu]
= Z U((&,05); i jlw;,1 < i) 4+ O(n*) [Theorem 2 and Lemma 1]
i=[nAq]+1
[nX] [n)d]
= > UG 09)smi gl L < i) = > (&, 05) wi g, 1< i)+ O(n®),
i=1 1=1

where Ay and \,, are defined in (A.3). Since, for any fixed 7 and x = {x;;i € Z*},
e, (15 0,69, 7)) = feo (-1x;09)

almost everywhere, it follows that Eye(I5((&;, (0,07, m); @i |z, < i) = 0.

Therefore, the sequence (I%((;, (0,09, m)); i j|z15,1 < i))ien is a stationary

ergodic zero-mean martingale difference sequence with finite second moment.

The law of iterative logarithm for martingales from [17] implies now that both

[nAu] [nXa]
Z 15((&5, (0,09, m)); i j|x1,5,1 < i) and Z 15((&5,(0,07,m)); w4 5|y 4,1 < i)
1=1 =1

are of order O(y/nloglogn). Thus we have
L9((0,09,7), A, Au, x;) = O(y/nloglogn) aus.. (A.8)

By the compactness of ©(&;) and the continuity of I}, it follows that (A.8) holds
uniformly in 7. Thus we have

L9 (6%, Ag, M, %) = O(y/nloglogn) as.. (A.9)

From Assumption 5B) and Jensen’s Inequality, the expectation of the like-
lihood, L;((§j, (7, 7))), obtains its unique maximum at v, = (0,69). Thus
L((&5,(0,02,m))) is positive definite. Also, the positive definiteness holds uni-
formly in m by the compactness of ©(¢;) and the assumed continuity of L.

a.s.

Together with Proposition 2 and the fact that 6,7 — 09| =5 0, we have almost
surely,

1.
— L9 (67, A\gy My X;) s positive definite . (A.10)
n

Combining (A.7), (A.9) and (A.10), the equations (3.25) and (3.26) follow. O
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