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ON REGULARITY PROPERTIES AND APPROXIMATIONS
OF VALUE FUNCTIONS FOR STOCHASTIC
DIFFERENTIAL GAMES IN DOMAINS
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We prove that for any constant K > 1, the value functions for time homo-
geneous stochastic differential games in the whole space can be approximated
up to a constant over K by value functions whose second-order derivatives
are bounded by a constant times K.

On the way of proving this result we prove that the value functions for
stochastic differential games in domains and in the whole space admit esti-
mates of their Lipschitz constants in a variety of settings.

1. Introduction. In this paper we prove that for any constant K > 1, the value
functions for time homogeneous stochastic differential games in the whole space
can be approximated up to a constant over K by the value functions whose second-
order derivatives are bounded by a constant times K (see Theorem 2.4 and Re-
mark 2.4). To prove Theorem 2.4 we needed a few auxiliary facts organized in [12]
and [10], so that the goal to prove this theorem was the major driving force of the
series of three articles. Along the way some fruitful ideas were developed, lead-
ing, in particular, first to understanding from probabilistic point of view and then
to proving in purely PDE terms the fact that one can find in C'*¢ viscosity solu-
tions of the uniformly nondegenerate Isaacs parabolic equations with coefficients
measurable in time and VMO in x; see [11]. It would be extremely interesting to
find a proof of this fact based on the theory of viscosity solutions in the situation
of discontinuous coefficients, although in the case of continuous ones such a proof
was given by Swiech [15].

In terms of the corresponding Isaacs equations the approximation in Theo-
rem 2.4 is done in such a way that the equations are modified only for large values
of the derivatives of the value functions. Such approximation of stochastic games
can be useful while evaluating the value functions numerically because one can
expect that approximations might be more accurate if the approximating function
is more regular.
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Two main tools are used. One is the stochastic dynamic principle with random-
ized stopping times, and another is based on estimates of the Lipschitz constants
of the value functions.

The dynamic programming principle we use is proved in [10] and originated in
the work by Fleming and Souganidis [3]; see also Kovats [5] and Swigch [14].

Here we concentrate on proving the Lipschitz continuity of the value functions
for time homogeneous stochastic differential games in domains and in the whole
space and on proving the above mentioned approximation result, which is a par-
ticular case of a conjecture from [9].

There is an enormous literature treating smoothness properties for controlled
diffusion processes or, from analytical point of view, for fully nonlinear equations
under convexity assumptions. We are going to focus only on stochastic differential
games for which there is not much known concerning the regularity of the value
function in more or less general case.

Ishii and Lions in [4] prove the Lipschitz continuity for viscosity solutions
of fully nonlinear uniformly nondegenerate equations. Earlier Trudinger in [16]
proved that the first derivatives are, actually, Holder continuous. The same result
under somewhat more restrictive assumptions can be found in the book [2] by
Caffarelli and Cabré. Further results on Lipschitz continuity, still for uniformly
nondegenerate case, are contained and referred to in Swigch [15], Vitolo [17] and
Krylov [11].

We deal with global and local estimates only for the Isaacs equations in contrast
with the more general equations in the above mentioned references, which reduce
to the Isaacs equations only if the equation is determined by the so-called bound-
edly inhomogeneous functions. Our methods are also different from the methods of
the above cited articles where the authors rely on the theory of viscosity solutions.
Our solutions are given as value functions of stochastic differential games, and we
use probabilistic methods, with the main tool being based on different probabilistic
representations for the value functions at different points. This is very close to us-
ing the so-called quasiderivatives of solutions of stochastic equations in the theory
of controlled diffusion processes, which can be traced down starting from [7]. We
could also use quasiderivatives in this article, but this would require more work,
and what we are actually using can be called the method of quasidifferences. In the
author’s opinion the methods of this article can be also applied to proving interior
first derivatives estimates for degenerate equations similar to those in [18] when
the boundary data are only Lipschitz continuous and processes are not uniformly
nondegenerate. Just in case, observe that there are no global gradient estimates
even for the equation Au = 0 in a ball if the boundary data are only Lipschitz
continuous.

Even though our stochastic differential games are assumed to be uniformly non-
degenerate, one of our main results, Theorem 2.3, is about estimates of the Lip-
schitz constant independent of the constant of nondegeneracy. The author is not
aware of any analytical proof of it. The only results similar to the one mentioned
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above that the author is aware of are contained in Barles [1]. We discuss them in
detail in Remark 3.5.

We also prove two estimates which do depend on the constant of nondegen-
eracy: one is global, Theorem 2.1, and another is local, Theorem 2.2. These re-
sults are much weaker than the ones in [16]. The emphasis here is to show that
probabilistic methods can use nondegeneracy in an efficient way. Of course, The-
orem 2.3 contains Theorem 2.1, the proof of the latter is given just because it is
short, instructive and requires less machinery.

The main results of the paper are stated in Section 2. Section 3 contains their
discussion continued in Section 4 where we describe some ideas behind our argu-
ments. In Section 5 we show that the value function admits many representations.
In Section 6 we prove auxiliary results aimed at estimating the difference of value
function at close points when different probabilistic representations are taken for
those points. The result of Section 5, in a very rough form, is used in Section 7 to
prove Theorem 2.1. In Section 8 we prove Theorem 2.2 about interior estimates.
A very short Section 9 contains the proof of Theorem 2.3 about estimates inde-
pendent of the constant of nondegeneracy. It is short because the main ideas have
already been given in Section 5. In the final, and again short, Section 10 we prove
Theorem 2.4.

The author is very grateful to the referees for their comments which helped
improve the presentation of this paper.

2. Main results. Let R = {x = (xi, ..., x4)} be a d-dimensional Euclidean
space, and let d; > d be an integer. Denote by O the set of d; x d; orthogonal
matrices, fix an integer kK > 1 and assume that we are given separable metric spaces
A and B and let, for each @ € A, B € B and p € R¥, the following functions on
R* x R? be given:

(i) d x dy matrix-valued o®? (p, x) = (ai‘;ﬂ (p,x));
(ii) O-valued function P%f(x,y), Rf-valued function p®#(x,y) and real-
valued function 8 (x, ¥);

(i) Ré-valued b (p, x) = (b (p, x));

(iv) real-valued functions ¢*#( p,x)>0, f @f( p,x)and g(x).

Define
a®f (p,x) = 1/ (p, x)(c*P (p. x))".
Also set
(o,a,b,c, {)*(x) = (0,a,b,c, £)*P(0,x),

and note that for our first main result, Theorem 2.1, only these values of
o,a,b,c, f are relevant, and the parameters r, p, P are not present. These param-
eters are important in Theorem 2.3. The role of these parameters is discussed in
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Remark 3.1 and Example 4.1 concerning P, in Remarks 3.4, 3.6 and Example 4.2
concerning r and in Remark 3.6 concerning p.
Fix some constants K, K| € [0, 00), and §p € (0, 1].

ASSUMPTION 2.1. (i) The functions (o, a, b, ¢, f)*?(p, x) and p®# (x, y) are
continuous with respect to 8 € B for each («, p, x, y) and continuous with respect
to o € A uniformly with respect to 8 € B for each (p, x, y). Furthermore, they
are Borel measurable functions of (p, x, y) for each (o, 8) and they are bounded
by Kp.

(ii) The functions r*? (x, y) and PB (x, y) are bounded by constant Ky, they
are Borel measurable with respect to all variables, and along with p®# (x, y) they
are Lipschitz continuous with respect to x with Lipschitz constant K, and

rf(x,x) =1, p“ﬁ(x,x)EO, PP(x,x)=1,

where [ is the d; x di-identity matrix. The function p‘)‘/3 (x, y) is uniformly con-
tinuous with respect to y uniformly with respect to («, 8, x).

(iii) The functions o*?(p,x), b*f(p, x), ¢®P(p,x) and f*f(p,x) are Lip-
schitz continuous with respect to (p,x) with Lipschitz constant K;. We have
gllc2ray < K1.

(iv) Forany o € A, B € B, x, » € R? and p € R¥, we have

alf (p, x)hidj = 8ol A%

The reader understands, of course, that the summation convention is adopted
throughout the article.

Let (2, F, P) be a complete probability space, let {F;, t > 0} be an increasing
filtration of o-fields F; C F such that each F; is complete with respect to F, P
and let w;, t > 0, be a standard d-dimensional Wiener process given on 2 such
that w; is a Wiener process relative to the filtration {F;, t > 0}.

The set of progressively measurable A-valued processes oy = o (w) is denoted
by 2. Similarly we define B as the set of B-valued progressively measurable func-
tions. By B we denote the set of B-valued functions B(«.) on 2 such that, for any
T € (0, 00) and any al,a?e satisfying

2.1 P(oz,1 = oz,Z for almostall 7 < T) =1,
we have
P(ﬁ,(oz,l) = ,B,(oz,z) for almostall 7 < T) = 1.

B.

For a. € 2, B. € B and x € R? introduce x;""* as a unique solution of the Ito

equation

t t
2.2) X=X —i—/ o%Ps (x5) dwy —i—/ p%sPs (x5)ds,
0 0
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/3 !
a.p.x / Casﬂs (xfxﬂx) ds

Next, fix a domain D C R, define t%#* as the first exit time of x;x A from D
(t%P* = o0 if D = R?) and introduce

T

(2.3) v(x) = infsup E*A@) [ / fxe ®dr + g(x,)e—‘i’r},
BeBa.eA 0

where the indices «., 8, and x at the expectation sign are written to mean that they

should be placed inside the expectation sign wherever and as appropriate, that is,

ESP [/r fxe ?dt + g(xz)e_‘b’]
0

otﬂx

= E|:g( aﬂﬁx j"‘ﬂﬁx" +f O"ﬁ’ aﬂ'x)e_ r dti|.
-[0( }C
Observe that v(x) = g(x) in R4 \ D. Next, introduce

Lu(p, x) = (p. x)Diju(x) + b (p. ) Diu(x) — P (p, x)u(x),

where D; = 9/(dx;), D;j = D;D; and note for orientation that v is a viscosity
solution of the corresponding Isaacs equation

supinf [L*%u(0, x) + f*P(x)] =0,  xeD.
acApBeB

This fact which will not play any role here is proved in [5] for bounded domains.
Our first main result is the following.

THEOREM 2.1. Under the above assumptions also suppose that either D is
bounded and satisfies the uniform exterior ball condition, or D = R% and there is
a constant 81 > 0 such that ¢*f(x) > §;.

Then v is Lipschitz continuous in R¢ with Lipschitz constant depending only
on D, Ky, K1, 8o and 8.

The above setting and notation follow [10] and, as there, we convince ourselves
that the definition of v makes sense, and v is bounded.
Here is a result about interior smoothness of v.

THEOREM 2.2. Let D be bounded and in Assumption 2.1(iii) replace the re-
quirement | g||c2ray < K1 with the requirement that g is continuous. Then v is
Lipschitz continuous on any compact set I' C D.
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As we have pointed out in the Introduction, Theorems 2.1 and 2.2 are known
and even in much stronger forms for quite some time and we give them with proofs
just to show that there is a probabilistic technique to derive them and also to pre-
pare some necessary tools for proving our next result, which is about Lipschitz
continuity of v with constant independent of 8y. As usual, in this case we need the
following:

ASSUMPTION 2.2. There exists a 1 € (0, 1] such that for any « € A, B € B,
x € R? and p € R¥ we have

P (p,x)=61.

REMARK 2.1. Assume that D lies in the ball of radius R centered at the ori-
gin. For p > 0 define W (x) = cosh(uuR) — cosh(u|x|) + 2. It is easy to check that
for u large enough depending only on 8¢, K¢ and d, the function W is infinitely
differentiable on R?, W > 2 on D and (L% + ¢®#)¥ < —1 on D for all «, B. This
is a so-called global barrier for D.

We modify it for |x| > R in such a way that it will be still infinitely differentiable
on Rd, have bounded derivatives and be such that ¥ > 1 on R, We keep the same
notation for the modified function. By Remark 2.3 of [10] if we construct v from

5 (x) = w2 (x)o% (x), B (x) = W (x)b*F (x) + 24P (x) DW (x),
CPxy=—LPW(x),  fPa=rPr), g0 =9 w)gw),

where DV is the gradient of W (a column vector), in the same way as v was
constructed from the original o, b, ¢, f and g, then v = w1y, By no means the
above transformation is something new; see, for instance, Sections 1.2 and 2.5
in [13]. Just in case, observe that now ¢*# influences v through ¢®#, which is bigger
than one (remember that ¢®# > 0). This shows that without restricting generality
we could have supposed that Assumption 2.2 is satisfied even in Theorems 2.1
and 2.2.

Introduce
6% (x,y) = r* (x, »)o®? (p*P (x, y), x) P (x, y),
@b, e, )P, y) =[r"*(x, )@ b, c, )P (p* (x, ), x),

and for unit &£ € R¥ introduce a convex function ||o ||§ on the set of d x d| matrices
by

24)  lol2:=llol?~ "> = |(I - £6")o

2 2 2
iJ

where [ is the unit d x d matrix.
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ASSUMPTION 2.3. Foralla € A, B € B and x, y € R?
57t =rP(x,y) > 1.

ASSUMPTION 2.4. There exist constants § > 281, €9 > 0 and w > 1 such that

foralla € A,Be Bandx,ye€ R4, for which |x — y| < &g, we have
N 2 ~
s [69° (. y) =P (g +20x = 3. 5P (e, y) = b7 (1)
<2(c®P(y) = 8)I1x — yI* +4ulx — y, a®? (x)(x — y)),

where £ = (x — y)/|x — y|.

REMARK 2.2. If d =1, then for any d x di-matrix o and unit & € RY we
have ||o|| = |§*0|, so that in that case the term involving o in (2.5) disappears.
Also notice that if o and b are independent of p, and r =1, p =0, and P =1,
then (4, 6, b, ) (x, y) = (a, 0, b, c)*#(x), and condition (2.5) becomes

06 o () = o ()7 + 20 = 3, 6™ (x) = b (v)
. <2(c*P(y) — 8)Ix — yI* +4ufx — y, a*’ (x)(x — y)),

which is satisfied with any § on the account of choosing a sufficiently large u
(depending on §p and K1) since o and b are Lipschitz continuous. Therefore, The-
orem 2.1 is a particular case of Theorem 2.3. It is also worth noting that if d =1,
condition (2.6) is satisfied with ;2 = 0 when b%# (x) are decreasing functions of x
and ¢*f > §.

In Section 3 we give more examples when one can check Assumption 2.3.

Introduce

H(p,x,u, (u;), (u;j))

= supinf [ (p. x)uij + b7 (p. x)u; — P (p. yu + [ (p. x)].
acABeB

ASSUMPTION 2.5. The set of (x, u, (u;), (u;;)) such that
(2.7) H(p,x,u, u;), ;) <0

is independent of p and the same is true if we reverse the sign of the inequality.

Note that the next result does not cover Theorem 2.2 and by “the above assump-
tions” we mean all assumptions which are stated above in this section.
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THEOREM 2.3.  Under the above assumptions also suppose that either D =
R?, or D is bounded and there exists a nonnegative function G € C%1(D) N
CZ.(D) such that G =0 on dD and

L*G(p,x) < —1

in D for any p.
Then v is Lipschitz continuous in RY with Lipschitz constant independent of 8.

REMARK 2.3. If D is bounded and satisfies the uniform exterior ball con-
dition, the function G always exists since the operators L*? are uniformly non-
degenerate, have bounded coefficients and ¢*P > 0. However, the proof of this
well-known fact relies on the uniform nondegeneracy and gives a function G de-
pending on &g. The reader should understand that there are plenty of cases when
this assumption is satisfied, even for degenerate operators; see, for instance, Ex-
ample 3.1 with §p = 0.

Finally, we state one more result, which was actually the main motivation of
writing the whole series consisting of [10, 12] and the present article, as we have
pointed out in the Introduction. We take D = R? and suppose that all above as-
sumptions are satisfied and o, b, ¢, f are independent of p.

Set

A=A,

and let A, be a separable metric space having no common points with Aj.

ASSUMPTION 2.6.  The functions o®? (x), b*# (x), ¢®# (x) and f*#(x) are also
defined on A x B x R¥ in such a way that they are independent of B and satisfy
Assumptions 2.1(i), (iii), (iv) with the same constants Ky, K| and, of course, with
Aj in place of A.

Define
A= AU As.

Then we introduce 2 as the set of progressively measurable A-valued processes
and B as the set of B-valued functions B(«.) on 2l such that, for any T € [0, 00)
and any !, o? € A satisfying

P(a) =a? foralmostallr <T) =1,
we have

P(B,(a') = B,(a?) for almost all r < T) = 1.
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For a constant K > 0, set

vg (x) = infsup v‘,x('ﬂ(a')(x),

ﬁe]ﬁ%a.eﬂ

where

00 14
i (x) = E2F /0 fx(xp)e ? dr = v*P(x) — K E*F /0 Iy en,e " dt,

@) = fP) = Klgea,.
The above formula extends v®# (x), initially defined for «. € 2 and B. € B, on the
set 2 x B. Of course, (2.3) is preserved with T = 00, and no g is involved.

THEOREM 2.4. There is a constant N, depending only on the constants in all
above assumptions (but not on K), such that |vg (x) —v(x)| < N/K forall x € R4
and K > 1.

REMARK 2.4. 1In one of the main cases of interest vg turns out to have
second-order derivatives bounded by a constant times K if K > 1; see Section 7
in [10]. From the point of view of finite-difference approximations it should be
easier to approximate “smooth” functions vk than v. However, the author has no
idea how to prove a fact similar to Theorem 2.4 for finite-difference equations.

In this connection it would be very interesting to find any proof of Theorem 2.4
not using probability theory, of course, defining vk and v as viscosity solutions of
the corresponding Isaacs equations.

3. Comments and examples.

REMARK 3.1. Let o and b be independent of « and 8, and consider a partic-
ular case where d| = d, and equation (2.2) is

t
3.1 x,=x+/ o (xg) dwy,
0

where o is an O-valued Lipschitz continuous function. Then the left-hand side
of (2.5) vanishes for r = 1 and P(x, y) = o™ (x)o (y). Of course, this is not a big
surprise since x; is just a Brownian motion starting at x. Still one can see that
the parameters P take care of rotations of the increments of the original Wiener
process and basically show that (2.5) is a condition on a rather than o.

REMARK 3.2. The function v will not change if we change o, b, ¢, f out-
side D. In connection with this it is worth noting that in Assumption 2.4 we may
restrict x and y to Dg, which is the g9 neighborhood of D. Indeed, if only thus
restricted Assumption 2.4 is satisfied we could just change ¢ outside D so that it
will be bigger than the original one and become any large constant outside Dy,.
Then Assumption 2.4 will be satisfied in the form it is stated.
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REMARK 3.3. For later discussion we show that Assumption 2.4 can be re-
placed with a slightly more transparent one. We will be only concerned with As-
sumption 2.4 leaving other assumptions aside.

Denote by Sk the set of d; x di skew-symmetric matrices and assume that for
eachae A, feBandé € R9, the following functions on R4 are also given: Sk-
valued function ®*# (x, &), k x d matrix-valued function p"‘ﬁ (x), and R?-valued
function r*f (x).

For a differentiable function u(p, x) and & € R¢, introduce

0gu’ (x) = Ei1a; (0, x) + (PP (0)§) ;1 ; (0, ).

Also denote Conv (D) the open convex hull of D.

ASSUMPTION 3.1. (i) For |&| < 1 the above functions are bounded by K¢ and
L (x, y) is a linear function of y [in particular e (x,0)=0].

(ii) Forany « € A and B € B the functions 0*# (p, x) and b*# (p, x) are contin-
uously differentiable with respect to (p, x) € RF x R, and their first-order deriva-
tives are bounded by K. Furthermore, their derivatives are uniformly continuous
with respect to (p, x) uniformly with respect to (¢, 8) € A x B.

(iii) There are constants i > 1 and § > 2§; such that for any unit & € R? and
(o, B,x) € A x B x Conv(D), we have

|00 (x) + (r*# (x), £)0*F (x) + 0P ()0 (x, £) |}
(3.2) +2(8, 3™ (x) 4 2(r*P (x), €)% (x))
<2(c*(x) — 81 — 8) + 4ulg. a®f (x)).

Introduce
a3 rPo, ) =14+ (), x—y),  pP,y)=p?P ) —y),
T P(x,y) =exp@P(y, x — y).

We claim that there exists an g9 > 0, depending only on Ko, K1, 81, d, and the
moduli of continuity in (p, x) of the derivatives of c®#(p, x) and b*# (p, x) with
respect to (p, x), such that Assumption 2.4 is satisfied with x, y restricted to D.

To prove the claim, fix y € D and a unit £ € R?, and for ¢ > 0 introduce x (1) =
y 4+ t&, so that (2.5) becomes

60 (x(1). y) = W + 21(g. 5 (x(1). y) = b ()
< 2(c (y) — 8)1> + 4pfg, a®f (x (1))&)e2,

which we want to prove for ¢ € (0, g9]. For simplicity of notation we will drop the
superscripts «, 8 in a few lines below.

(3.4)
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Observe that
t
6((0).) =0 () = [ &6 (x().y)ds,
where
£iGy; (x(s), y)

=(r(y),£)o(sp(»)&, x()) P(x(s), y)
+7(x(5), y)[Eiox, (sP(ME, x(9)) + (P(NE) j0p, (sP(1E, x(5))]
x P(x(s),y)
+r(x(9). ¥)o (sp(ME. x()O(y, ) P (x(s). ¥)

=:(r(»),§)o(y) + 30 (y) +o (MO, &) + R(s),

and R(s) is introduced by the above equality.
Owing to the convexity of function (2.4) and Assumption 3.1, there exists an
&0 > 0 such that for all € (0, g9] and all values of other arguments, we have

|64 (x (1), y) — P W) | — 4pule. a*f (x(1))£)e
<200 () + (r*P (), £)0 P () + 0P (O (v, )]

— e, a® (V)EN* + 1751

It is even easier to prove that, by reducing gq if necessary, we have that for
t € (0, &g9] and all values of other arguments

g, 6% (x(0), y) = b ()
< 1%(5, 9 0P () +2(r* (), )b (1)) + 1781
Hence, by assumption, the left-hand side of (3.4) is less than
2[2(c*P (y) — 81 — 8) + 4ulg, a*P (y)E)] + 2751,
which is the right-hand side of (3.4).

REMARK 3.4. Consider the case that o and b are independent of o and .
Letd=1,c>0and D = (—1, 1). Assume that a = ay + §g, where ag > 0. In that
case, as it follows from the arguments in Remarks 2.2 and 3.3, we do not need to
assume that o’ is continuous. We still assume that a, b’ and ¢ are continuous. Then
by Remark 2.2 Assumption 2.4 is satisfied with i depending on &g, among other
things.

However, assume additionally that at every point x € [—2, 2] where

ap(x) =b(x)=0
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we have
(3.5) b (x) < c(x).

We claim that then Assumption 2.4 is satisfied with x, y restricted to [—2, 2]
with some §, 81, €9, and p independent of §y and hence, by Remark 3.2, it will be
satisfied in the original form, making the assertion of Theorem 2.3 valid in case
D=(-1,1).

To prove the claim, we use Remark 3.3 and observe that forr = —nb /2,51 +6 =
1/n, u =n and || = 1 condition (3.2) is satisfied if

1
(3.6) () = c(x) = 4 nlao() + b)),

Suppose that for any n =1, 2, ... we can find a point x,, € [—2, 2] at which the
inequality converse to (3.6) holds. Then we can extract from the sequence x, a
subsequence that converges to an xg € [—2, 2]. Clearly, for large n,

ao(en) + |b(xa)|* < Nn ™",
where N = supd’ + 1. Therefore, ag(xo) + |b(x0) |2=0and
b'(xp) = c(xy) —1/n,  b'(x0) = c(xo).

We have obtained a contradiction to (3.5), so inequality (3.6) holds in [—2, 2] for
some n independent of §g thus proving our claim.

EXAMPLE 3.1. Consider the one-dimensional equation
(3.7) Sov" +bxv' —v=0

on [—1, 1] with data 1 at =1, where constant b > 0. This is, of course, a simple
example of the Isaacs equation in a differential “game” with the value function v.
Here the assumption stated in Theorem 2.3 concerning G is satisfied with G (x) =
(1 — x?)max(1, 1/(2b)).

If we assume that the solution v = vs, admits an estimate of its Lipschitz con-
stant independent of Jo, then, as is easy to understand, say from the probabilistic
representation of vs, the function

vo(x) = Ee™ ™

would be Lipschitz continuous, where 7, is the first exit time of the solution of

t
Xr=x—+ /0 bxgds
from (—1, 1). Since x; = xe”, 7, = —b~'In|x| for |x| < 1 and vo(x) = |x|!/?,
which is Lipschitz continuous only if b < 1.

This example shows that in the situation of Remark 3.4, if one has b’ (x) > c¢(x)
at least at one point at which ag(x) = b(x) = 0, the assertion of Theorem 2.3 may
be no longer true. In this respect, requiring condition (3.5) at those points is close to
being optimal and it is, actually, necessary for v to be continuously differentiable.
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REMARK 3.5. Barles in [1] derived first-order derivatives estimates for vis-
cosity solutions of nonlinear equations

H(x,u, Du, D*u) =0

in domains, where Du = (D;u) is the gradient of u, and D*u= (Dizju) is its Hes-
sian. Our value functions are viscosity solutions of the corresponding Isaacs equa-
tions. This fact is proved in [5] for bounded domains. The Isaacs equations in this
paper are included in the framework of [1] and many of the equations in [1] do not
fit into our scheme. Yet it is worth comparing our conditions with the ones from [1]
in the simplest example of linear equations with

H (x,uo, u',u") = ajj )uj; + bi (x)u; — c(x)uo + f(x)

for which solutions have probabilistic representations (with no « and § involved).
One of the assumptions in [1] reads as follows: For any R > 0 and all large
enough L,

d
c2:|u;|2 +gtru”au”
i=1
(3.8) — [uy Draijuf; + uy Dyb; (x)u; — uj Dyc(x)uo + uy Dy f (x)]
> h,

where g, h > 0 are some constants > 0, provided that

d
(3.9) |ug| <R, Z|u;|22L, H(x,ug,u’,u") =0, u;/ju/j=0\7’i.
i=1

If c=0,b =0, and both f and Df vanish at a point xq, so that H (xg, 0) = 0, then
for u” = 0 inequality (3.8) at xo becomes 0 > h, which cannot hold even in the
one-dimensional case. Therefore, the one-dimensional equation
D*u+x*=0
in (—1, 1) with zero boundary condition does not fit in the scheme of [1].
Equation

50D2u + (b1x + bg)Du — cu + x2=0

in (—1, 1) with zero boundary condition and constant ¢ > 0, by, b1 does not fit in
either if ¢ < by.

Indeed, if we take x =0, u” =0, up = 0, and u’ bigger by magnitude than L,
(3.8) becomes

(c—b)|u'|* > h,
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which for large |u’| can only hold if b; < c. Remark 3.4 shows that one always has
an estimate of the Lipschitz constant of v. This estimate is even independent of &,
provided that either b1x + bg # 0 for x € [—1, 1] or b; < c.

It looks like the methods of [1] are not adapted to use uniform nondegeneracy
and even in the above examples lead to the requirement that ¢ be sufficiently large.

REMARK 3.6. Above we saw that the parameters u, r and P can play a role
while checking Assumption 2.4. We now show how the external parameters p can
be used. Here we consider the situation in which o, b, ¢ and f depend only on
x and « so that we are dealing with controlled diffusion processes rather than
differential games. Our interest is in obtaining estimates independent of &g, and
therefore, from the start in this remark we focus on degenerate processes.

Let A =R and consider a one-dimensional process defined by the equation

t t
(3.10) X=X +f o (xg) dws +/ tanh(x; + 2 cosay) ds,
0 0

where w; is a one-dimensional Wiener process, o (x) is a smooth nonnegative even
function satisfying o (x) > O for x € (1, 3) and vanishing outside (1, 3) (and o is
a progressively measurable A-valued process). We also take a sufficiently regular
function c(x) > 8, (independent of @ and g), where §> > 0, and take D = R.

If we want to satisfy (3.2) for |x| ¢ [1, 3] with r(x) = 0 (and ® = 0 for having
no other options) and some §’s we obviously need to have

(3.11) c(x)>1 for |x| <1, ¢(x) > cosh™2(|x| — 2) for |x| > 3.

The inequalities in (3.11) extend for |x| ¢ (1 + ¢, 3 — &) with some ¢ > 0, and one

can find p > 1 such that (3.2) is satisfied (with some §’s) for |x| € (1 4+¢,3 —¢)

with 7 (x) = 0. Therefore, if we do not use parameter r, then (3.2) reduces to (3.11).
However, if we take

(3.12) r®(x) = =21 x42cosa|>¢ sinh ™' (2x + 4 cos ),
then the left-hand side of (3.2) becomes

2jx+2c0s|<e COsh™2(x +2cos &) < 2/ jx42cosal<e
and for |x| ¢ (1 + &,3 — &) this is strictly less than 2¢(x) if
(3.13) c(x)>1 for |x| <1+e.

Hence, with the so specified r* condition, (3.2) reduces to (3.13), which is a sig-
nificant improvement over (3.11).
Next we take f independent of «, say f =1, and instead of

b*(x) = tanh(x + 2 cos )
consider

b*(p, x) = tanh(x + 2 cos(a + p)),
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where p € R. Obviously, Assumption 2.5 is satisfied.
Take r%(x) from (3.12) and

(3.14) pa (x) = (1/2)I|x+2005a|551| sina|>e¢ sin”! a.
Then the left-hand side of (3.2) becomes

2l jx42cosa|<e COSh™2(x + 208 &) — 21|51 2cosa|<e [ sina|>e COSh™%(x + 2 cos )

-2
= 21|X+ZCOS(X|§£]| sina|<s cosh™ (x +2cosa) < 21|x+2005a|§sll sino|<e>»

and the latter is zero if |x| < 1 + ¢ and ¢ is sufficiently small. Thus adding p*(x)
into the picture eliminates condition (3.13) entirely, and there is nothing more than
c(x) > &, required of ¢(x) in order for (3.2) to be satisfied with r*(x) from (3.12)
and p%(x) from (3.14).

By the way, the Isaacs (Bellman) equation in this case is

a(x)D?*v(x) 4+ (Dv(x)) tanh[x 4 2sign(Dv(x))] — c(x)v(x) + f(x) =0,

where a = (1/2)02. This equation suggests a different representation of the value
function with A = {1} when using parameters p becomes unnecessary (and im-
possible) but using » will suffice. In this connection it is worth mentioning that
much more sophisticated use of the external parameters p can be found in [7],
where in an example of (degenerate) complex Monge—Ampere equation they are
shown to be indispensable in proving the global C!! regularity of solutions.

4. Some underlying ideas. This article is written for probabilists and the
translation of the proof of the central Theorem 2.4 in PDE terms or in terms of
the theory of viscosity solutions is unknown to the author. On the other hand, such
a translation may exist for Theorem 2.3 and the interested, more PDE oriented,
reader can find in Section 8.5 of [6] analytical tools allowing one to prove an ana-
log of Theorem 2.3 for Bellman’s equations.

However, for probabilists the following explanation of ideas behind the proof
of Theorem 2.3 might be helpful. The main idea is that while differentiating v(x)
with respect to x we can take different representation for v at different points. We
explain how various terms in (3.2) appear naturally on two examples of stochastic
equations without games.

EXAMPLE 4.1. In Remark 3.1, take a smooth bounded f (x) and define

4.1 v(x) = E/(;OO e f(x))dt,

where we use the same stipulation about indices as before and do not write « and 8
because nothing is depending on these parameters. One can formally differentiate
v(x) and obtain that for any & € R4,

(4.2) V) (x) = Efo e fie)(x))dt,
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where &; is defined as the solution of

dé = o) (x7)dw, &0 =§.
Actually, it is not hard to see that (4.1) is indeed true, provided that
(4.3) E|&| < Ne'',

where N is a constant and a constant ¥ < 1. In that case the right-hand side of (4.2)
is well defined. This may not happen if the derivatives of ¢ are big.

However, observe that for any d x d-valued skew-symmetric progressively mea-
surable process ®; and any & we also have

o0
(4.4) vt e =E [ e fae) dr,
0
where x} (¢) is defined as a unique solution of
dx; = o (x,)ef® dwy, X0 =x.
Formula (4.4) is indeed true because
¢*®" dw; = db,,

where b, is a Wiener process and the distributions of solutions of (3.1) are indepen-
dent of which Wiener process is involved. Now let us formally differentiate (4.4)
through with respect to ¢ at ¢ = 0. We again obtain (4.2), but this time &; satisfies

(4.5) d& = [o@)(x)) + o (x})O]dwy, & =§.

Here the coefficient of dw; vanishes if we take ®; = —o*(x;")o(g,)(x}), so that
& = & and nothing like (4.3) is an issue any longer. The reader may object
that one cannot take ©; = —o*(x;")o(,)(x;) before solving (4.5). Then take
O = —0*(x}")o) (x;) and use that & = & satisfies (4.5).

For any ®; we have from (4.5) that

2
d|&* = o) () + o ()0 " dr +dmy,
where m; is a local martingale. This shows the origin of o (x)®% (x, &) in (3.2).
The subscript & appears there after we compute d|&;|.
EXAMPLE 4.2. Consider the one-dimensional Itd equation
dx; = o (x;)dw; + b(x;) dt, X0 =X

with one-dimensional w;, and introduce v(x) as in (4.1), so that ¢ = 1. Then we
again have (4.2) provided that (4.3) holds with a y < 1 and &; defined as a unique
solution of

(4.6) d§&; :G(g,)(xf) dw; +b(g[)(x,x) dt, Eo=¢&.
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The solution of (4.6) is known to be

t
£ =§m,exp/ b'(x7)ds,
0

where
m; = exp(/ot o' (xy) dws — (1/2) /Ot}cr/(xfﬂzds)
is at least a supermartingale. Hence (4.3) becomes
Em, exp/ot b'(x)ds < Ne'!

and a sufficient condition for that to happen is b’ < y¢ (since Em; < 1).

However, one can use a random time change and get a different representation
for v. Namely, take any progressively measurable real-valued bounded process r;
and for ¢ such that 1 + 2er; > 1/2 introduce x; (¢) as a unique solution of

4.7 dx; =1+ 2er0(x;)dw; + (1 + 2¢er)b(x;) dt, X0 =x.
Then it is well known that

(4.8) v(x) = E/OOO fxf )1+ 28r,)exp(— /Ot(l + 28rs)ds) dt.

We substitute x 4+ €& in place of x in (4.8) and differentiate with respect to ¢ at
& = 0. Then instead of (4.2) we obtain

e¢)
4.9) v () = E/O [f(&)(xtx) +2rf () =2/ (%) /0
where &; is defined by the equation
(4.10) dsl = [U(S:) —+ r,cr](x,x) dw; + [b(gt) —+ 2r,b](xtx)dt, %‘0 = {:'

After formula (4.9) is obtained for bounded processes r;, it can be extended
for a wider class and we plug r; = & a(x;"), where a(x) will be specified later,
into (4.10) solve it and use the solution in (4.9). Similarly to what was said before,
these manipulations can be easily justified if

t

rs a’s}e_t dt,

b +2ab<yec.

This is what (3.2) becomes in our case with y = 0.

We described the way how the parameters ® and r appear. One can also use a
change of probability measure based on Girsanov’s theorem and then one includes
in (3.2) an additional helping term (a&, &) with as big factor as one likes.

More details in a more difficult case of controlled diffusion processes can be
found in [18]. Note that in the above explanation in both cases in (4.5) and (4.10)
we first found ® and r in the form we like, then solved these equations and used
thus specified ® and r in (4.4) and (4.9). The same procedure works for controlled
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diffusion processes because it is known that one can use any progressively measur-
able ® and r without affecting the value function. This property is unknown, how-
ever, for stochastic differential games. We can only use ® = @ (x;) and r =r(x;),
which would not lead to any good result even in the above examples where ® and r
depend linearly on &. Therefore, what we actually do is that we consider the couple
consisting of our processes issued from two different points and define ® and r as
functions of this couple. When the starting points are close we can almost recover
the derivative of the initial process with respect to the initial data. Of course, the
couple is a degenerate process and that is why in [12] and [10] we paid a special
attention not to impose the nondegeneracy condition whenever it is not necessary.

In contrast with controlled diffusion processes, no version of random time
change rule, change of Wiener process and Girsanov’s theorem is known, and
instead we can only rely on what the results of [10] allow one to extract from
inspecting the corresponding Isaacs equations.

5. On equivalent representations of value functions. Here we suppose that
Assumptions 2.1, 2.2, 2.3 and 2.5 are satisfied.

ASSUMPTION 5.1. There exists a nonnegative G € C(D) N Clzoc(D) such that
G =0o0n 3D (if D #R?) and

LG (p,x) < -1
in D forall peR¥, o € Aand B € B.

Suppose that we are also given an R%!-valued function 7% (x, y) defined for
X,y € R, o € A and B € B, which is bounded by Kj, Borel measurable, and
Lipschitz continuous with respect to x with Lipschitz constant K.

Then for . € 2, B. € B, x, y € R? introduce y;x'ﬁ'y = yfl‘ﬁ‘x’y
tion of the Itd equation

as a unique solu-

t t
5.1) yi=y+ [ 0P du,+ [[5 (r) ds
and introduce x;’ FXY asa unique solution of the It6 equation (recall that &, b,é, f
are introduced before Assumption 2.3)

t t .
(5.2) Xy =X +/ &%Ps (x4, ys) dwg +/ (b — 6m)%Ps (x4, vs) ds,
0 0

where, of course, y; = yg'ﬁ *Y We emphasize that (5.1) has a unique solution
since the coefficients are Lipschitz continuous in y and are bounded, and for
given y., equation (5.2) has a unique solution since its coefficients are Lipschitz
continuous in x and are bounded. It follows that, in the terminology of [12], sys-
tem (5.1)—(5.2) satisfies the usual hypothesis [although the coefficients in (5.2)
may not be Lipschitz continuous with respect to the y variable].
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a.B.x,y

With the above y; and x; = x5 also define
a.f.x r,
(tbt‘ Xy =\/(.) caxﬁx (-xS7 ys)ds,
B.x.y

and for z € R introduce z5 """ as a unique solution of
t
(5.3) w=z+ /O 2[5 (x| duws.

Next, for X = (x, y,z), x, y € R?, z € R denote

x;xﬂ.X :x;x.ﬂ.x,y’ y;xﬁ.X _ y;xﬂ.y’ ¢;JL,3.X =¢;¥./34x,y
BX
X;xﬁ :(xz,yt,Zz)aﬂ‘X,

a.B.X

fix a number M € (1, o0), for X = (x, y, z) define as the first exit time of

(x, Z)?'ﬁ‘x from D x (M, M) and set
t ~
VB (X) = E%P [ [ Fxoeoar+ z,v(x,)e%}

where f“’g (x,y,2)= zf"‘ﬂ (x,y), and v is taken as in Theorem 2.1 and is at least
bounded and continuous according to the results of [10] and owing to Assump-
tion 5.1. Finally, introduce

v(X) = infsup v*B@ (x).
BeBa.eU

The fact that v®# (X) and v(X) are well defined and bounded will be seen from the
proof of the following.

THEOREM 5.1. Under the above notation for X = (x, y, z) we have
(5.4) v(X) =zv(x).

Furthermore, if we are given stopping times y*FX < %X then

YV A
65 = infsup E;ﬁ“")[/o f<x,>e—¢rdt+zyv<xy>e—¢y]
eBa.e

PROOF. Introduce
(5.6) (a,0,b,¢, D’ (x,y) = (a,0,b,c, )P (p*P(x,y), x)

(specifying the value of p transforms the letters to their boldface options). Also
denote by P the set of triples p = (r, , P), where r € [3], 81_1], 7 € R with
|| < Kg and P € O. For p = (r, , P) € P define

6“’3(15, x,y)= ro®f(x, y)P, I;“’g(ﬁ, x,y)= rzb“ﬁ(x, y) — ra“’g(x, y)Pm,
EPpoxy. =Py, fPBoxy ) =rdP(x,y)
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and also write

r=r(p), m =7m(p), P =P(p).
We thus freed the coefficients of (5.2) of the particular values of r, 7, P.

For each p € P there is a natural operator LeP acting on smooth functions
u(x,y, z) and mapping them to

LPu(p, x,y,2)
associated with the matrix of second-order coefficients
| PP, x, ¥\ (PP x9N
5( o (y) )( o (y) ) :

2 (p) ¥ (p)
b (p.x, y)
( b (y) )

0

and the zeroth-order (killing) coefficient —&*#(p, x, y, z). Introduce p = (1,0, I)
and

the drift term

LPu(x,y, 0 =L%u(p,x, 3,2, [P y,2=7"Fx 2.
We also need the operator L acting on functions u(x, y) by the formula
L*u(x. y) = a (x, y) Diju(x, y) + b (x. y) Diu(x. y) — <P (x, y)u(x. y)

(no differentiation with respect to y is involved). Notice that, if u = u(x) is a
smooth function on R and u(x, v, z) := zu(x), then as is easy to check

6.7 Lap,x,y,2) =22 (P)(LPu)(x, v, 2) = 2r* (P)LPu(x, y).

One of consequences of Assumption 5.1 and (5.7) is thatin D x R? x (M ™!, M)
we have

Z‘aﬁé(pvaxayaz) S _1

for all p, where é(x, v, 2) =M 81_2zG(x). In particular, this implies that P (X)
and v(X) are well defined and are bounded.
Next, fix xo € D, yo € R4, and set

p"?‘/g — (I", T, P)Oltﬁt (x’ y)(llﬂxo,)’().

As is easy to see, ﬁf‘ﬂ " is a control adapted process in terminology of [12]; see
Remark 2.3 there. For «. € A and 8. € B, consider the following system of Itd’s
equations:

d%, = &P (BEP %, 5) dw, + BP (pEP %0, ) dt,
(5.8) dy; = o%P (3) dw; + b* P (3,) dt,
d% =5 (prP) dw,.
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Its solution with initial condition X = (x, y, z) will be denoted by

Observe that by uniqueness,

(59) }??ﬂ-x(),m,z — X;)c‘ﬁ‘xo,y(),z
for any z. Also define

jrh X = [ e &P X ds,
0

T, . v .
U(X) = infsup E;ﬁ(“‘)[/o f(Pr. Xp)e™® dt +2;v(if)e—¢%}
BeBa.eU

where 7%AX is the first exit time of )V(f"ﬂ‘x from D"=D x R? x (M~!, M).

It turns out that, in the terminology of [12], for any CIZOC(D) function u = u(x),
the function zu(x) is p-insensitive in D" relative to (zr( D), LoP ). This follows
from the fact that, if X € D", then by It6’s formula and (5.7), for t < t%AX,

Ya.f.X

(i PR PR e
S e A VAL TO T A S VI

where m; is a local martingale starting at zero, and zrz(ﬁ) € [M‘18%, M81_2].
Furthermore, it turns out that equation (5.7) and Assumption 2.5 also imply that
for smooth u = u(x), if at a particular point x it holds that

J(x) = supinf [af (1) Diju(x) + b (x) Diu(x) — P (0)u(x) + f ()] <0,
acApBeB

then with the same x, any y and z > 0, we also have

I(x,y,z):= supinf [I:“/Sﬁ(x, v,2) + f(x, y, 2)] <0,
acApBeB

where u(x, y, z7) := zu(x). Indeed, since

J(x) = supinf [ (. x) Diju(x) + b (¢, x) Diue(x) — ¢ (x, )u(x)
acApBeB

+1 (x, x)],
the inequality J(x) < 0 implies by Assumption 2.5 that

supinf [a?f(x, ) Djju(x) + b?ﬂ(x, y)Dju(x) — P (x, y)u(x)
acApeB

+1%(x, y)] <0,
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and it only remains to notice that the left-hand side is just z~'7 (x, v, z). Similarly,
J(x) > 0 implies that I (x, y,z) > 0.

These facts combined imply by Theorems 2.3 and 3.1 of [10] that for all x € D,
y e R? and z € [M~!, M] we have

v(x,y,z)=zv(x)

and, for any stopping times y %A% < 7*AX

y v « v v
(5.10) zwv(x) = infsup E;ﬂ(a')[/(; f(pr, X)e™? dt + Eyv()?y)e‘z’y]
BeBa.eU

By (5.9) for Xo = (x0, y0, 20), 20 € [M !, M1, we have
)V(tx.,B.XO — Xo:.ﬂ‘Xo’ J{a,ﬂr (ﬁ;x.ﬂ.’ }?SL,B.XO) _ f(X;xl,B.XO)’
(l\gwﬂAXO — ¢(x.ﬂAX0,

so that v(xg, yo, z0) = V(x0, Yo, z0). It follows that (5.4) holds at (xg, yo, z0) €
D". Outside D" the equality is obvious. Finally, (5.5) follows from (5.10), and the
theorem is proved. [

REMARK 5.1. One of assumptions in Theorems 2.3 and 3.1 of [10] is that the
coefficients satisfy Assumption 2.1(i) without p®?(x, y) there. Since p is involved
in (5.6) we needed to include it in Assumption 2.1(i) in contrast with the param-
eters r®f (x, y) and PP (x, y). The same reasons caused the last requirement in
Assumption 2.1(ii). Recall that in Theorems 2.3 and 3.1 of [10] the coefficients of
1td equations are not supposed to be Lipschitz, but rather uniformly continuous.

6. Estimating the difference of solutions of stochastic equations whose co-
efficients are close. Suppose that on Q x (0, 00) x R? x R? we are given the
following functions: d x d; matrix-valued o (x, y), R9-valued b, (x, y) and real-
valued functions ¢, (x, y) > 81, fi(x,y), where §; > 0 is a fixed constant.

Introduce

(01, b1, ¢ty f1)(x) = (07, by, ¢4, f1) (X, X), a;(x) = (1/2)0,0, (x).

ASSUMPTION 6.1. (i) All the above functions are measurable with respect
to the product of F and Borel o-algebras on (0, 00), R? and RY, and they are
progressively measurable as functions of (w, t) for each (x, y).

(i) All the above functions are bounded by a constant K.

(iii) Forany r >0, x",x”,y € R? and

& = (01, b)(x,y), N = (01, b)(x),

we have

& () y) = & (" Y|+ e (&) = e (x")] < Ky |x = x”

9
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where K is a fixed constant. Also there exists a constant &y > 0 such that for any
t>0and x,ye€ R4 with |x — y| < &g, we have

lei(x, y) — e )|+ | filx, ) — fi()] < Kilx — yl.

Observe that Assumption 6.1(iii) implies, in particular, that |b;(x, y) — b (y)| <
Kilx —yl.

ASSUMPTION 6.2. There exist constants i« > 1 and § > 2§; such that for all
x,y € RY satisfying |x — y| < g9 we have

Ri(x,y) 1= [loy (e, y) = oy )7 +2{x = ¥, b (x, y) = b (1)
(6.1) —dpx — y.a (D) (x - y)
< 2(ci(y) = 8)lx — yI%,
where § = (x — y)/|x — y|.

Fix aunit £ € R4, and for ¢ € [0, g] introduce xf as a unique solution of

t t
Xt = €6 + /0 05 (xss vs) dwg + /0 [bs (s vs) — 2tats (xs) (x5 — v5)] s,

where y; is a unique solution of

t t
ye = fo 05 (vs) dwy + /O by (vs) ds.

Observe that owing to uniqueness,

0
x, = Yt-

For ¢ > 0 define
t

1
= 6= o= [ eld)as
and for A > 0 let
Kke(X) =inf{r > 0: |x} —xzo| > A}

Notice that x.(A) =0 if A < ¢, and start with the following:

LEMMA 6.1. Forany A € (0, go]

K (A)
(6.2) e 1= E/ &5 e P12 qr <2/,
0
(6.3) I.:=E sup |gf|e”®T1/2 <N,
t<kg (M)

where N is a constant depending only on K and 4.
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PROOF. We have
dgf = [or (xf, 7)) — o1 (x]) ] dw
+e [be(xf, ) = b(x)) = 2pa; () (xf — x7)]dt,

where the magnitudes of the coefficients of dw; and dt are dominated by constants
times |£7]. This allows us to use Itd’s formula (cf. the proof of Theorem 5.8.7
of [8]) and obtain that (0/0 := 0)

d‘gstg‘e_¢t+8l’/2
_ 1
20xf — x; |

+ S (xE, x0)e P12 gy,

(6.4)

or[Ri (xf . xf) = 2(cr(x) = 8/2) xf —xf[Pe o2 di

where

(58 50) = o (xf 50) — 01 (x9)]

157

By assumption, for ¢ < k(1) we have
Ri(x%, x0) = 2(ci (x%) — 8/2) |xf — x°* < —8]xf — x0J%.

It follows that for t < (1),

(6.5) d|gf|e 2 < —(8/2)|EF|e= T 2 dr 4 £, (xf, x0)e P12 quy,.

In particular, (6.2) holds. Furthermore,

(6.6) et (xf x0)| < Kl

and by Davis’s inequality,
ke (L) 12
I, §3K1E<f |§f|262¢t+8tdl‘>
0

1/2

<3K|E elomtetis/2) ([P e a2 g\ g

= 1 suf())h)|§s}e 0 |‘é>:t |€ t = & &
S <Kg

which, due to (6.2), proves (6.3) and the lemma. [J

COROLLARY 6.2. For A > 0 we have

Ee_mg(k)—’—’(s(A)(S/zllcg()»)<oo <Ng/A.

Indeed, if A < &, the estimate is obvious since x,(A) = 0 and for A > ¢

)\‘Ee_(bl(g(l)—’—l(&‘()")8/211(8()\4)<OO — 8E|$/fg(x) |e_¢K8(A)+K8()\')8/211(5()\.)<OO < Ne.
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REMARK 6.1. If§ > Klz, then it follows from (6.5) and (6.6) that for ¢ < «.())
we have

d|EF[fe 24 < am,,
where m; is a local martingale. Hence, for any stopping time y < k. (1),
E|$;’2672¢y+37/ < 1.
Psychologically, the condition § > K 12 may look artificial. However, in the proof

of Theorem 2.2 the parameter § will be, basically, sent to infinity.
Next introduce

s (x, y) = po (x) (x — y)
and introduce p; as a unique solution of
t t
pr=1+ [ pom (x5 ) dus+ [ pufe (o) = e (a5 1)) s
Take a constant M > 1 and define

Ye (M)

as the first exit time of p; from (M -1 M).
Recall that ¢ > §;.

LEMMA 6.3. There exists L1 € (0, &9l, depending only on g, Ko, K| and 81,
and there exists a constant N, depending only on K| and §1, such that for . =
A/ and > 1 we have

6.7 I:=E sup |pf_1|e—¢,+an/2§N(MMzH)l/zS—l/z&
1<¥e (M) Ake (1)

PROOF. Denote C;(xf, x?) = ¢, (x?) — ¢;(xf, x?) and n, = (of — 1)2. Then
dn =2(pf — V) (xf x0) duwy +2(pf — 1)pf C (xf, x7) dr
+ |of Pl x9) P dr.
dipe” 200 = 72000 [, €y (xf, 7)) + 2(pf — )G (7, x7)
el (ef x0) [P+ 2(0f — 1) (o, )
[ (xf s 1) 2 = e 201 (x7) — 81) ) dt + dm,

where m; is a local martingale starting at zero, and for ¢ < y. (M), the expression
in the square brackets is less than

0 [2C (xF, x0) + 81/2 + [ (xE, x0) ) = (26, (x0) — 61)]
+(2/8)C2(x?, x0) + @M — 1| (x5, x0) .
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We have that |G,| < K1|x¢ — x?|, |m| < uKo|x? — x°|, ¢ > 8 and > 1 and,
therefore, one can find A1 € (0, g9] such that, for A = A/ and ¢ < k. (1),

2C: (xf o x7) +81/2 4 e (xf 2 F = (260 (x7) = 81) <0
and then
dne 2Pt < Ny (Mu? + 1)82|§f|2e_2¢’+51t dt +dmy.
Hence, for any bounded stopping time t it holds that

EUrAy (M) Ak (A)e*2¢myg(M)/\Kg ) F1(TAYe (M) Akce (X))

TAYe (M) Ak (M)
< Ny (Mu*+ 1)32E/0 £8P 2040 gy

which owing to well-known properties of such inequalities (see, e.g., Theo-
rem 3.6.8 in [8]) implies that

E sup nll/ze—¢1+31t/2

1<ye(M)Nke (D)
ke (L) 172
§3N1(Mu2+1)1/2£E(/ 1sf|2e2¢f+51fdt) :
0

Owing to (6.3) and the assumption that § > 2§, the last expectation is dominated
by

0o 1/2
N([Teooran) T < w2
0

The lemma is proved. [J

COROLLARY 6.4. There is a constant N, depending only on K| and 81, such
that forany M >2 and . = A1/ 14

(6.8) Ee $retnmet) < N[+ (Mu? +1)/28712]e.

To prove (6.8), it suffices to notice that
E e~ %ve ) rce () Ly (My<ie ) < M(M — 1)_1E|p;8/8(M) _ 1‘8_¢V5(M) Ly (M) <k

<MM-1D)T'E sup  [pf —1le™®
t<ye (M) Ake(A)

and then to use Corollary 6.2 and to recall that ¢ > §;.
Now for A =A1/u, € € (0, g0l, and M > 2 take a stopping time

T < ye(M) Ak (D).
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Also take a function g;(x), which is measurable in (w, ¢, x) and such that |g| < Ko
and introduce

v® = E[Afsz(xt,xt) 9 dr + 28 g (x%)e ¢T:|
where
b5 = [ et
and z; is defined as a unique solution of
=1+ f 25T 0y dw.

Finally, define
T
W= E|:/0 F(xQ)e P dr + g, (x?)e_¢f:|.

THEOREM 6.5. Suppose that there is a constant Ng such that

(6.9) Elg:(xf) — ge(x))|e % Ir <y, aynee ) < Noe-

Then there exists a constant N, depending only on Ko, K| and 81, such that for
A= A1/ we have

[v¥ — 1% < Noe + N[ + (Mu* + 1)1/23_1/2 + 8 1e.

PrROOF. First notice that

zfe_¢f =pfe?,

so that
‘/()T[fo(xf,x?)e_‘z’fg — f(xe ?]ar| < I + Je,
where
o= [ lof = 1l G ade .
Je = /Or{f(xf,x?) — f(x0)|e?" az.
By Lemma 6.3,

00
El. <NE Sup|p;: — 1|e—¢’s+51s/2/ 6_51,/2 dt

s<T 0

< N(Mp2+1)"2571/2.
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By Lemma 6.1,
T
EJ. < NeE/ |£8|e™? dt < Ne /8.
0

Next
E|zfgr (xf)e ™ — g (x0)e 97| = E|pfgr (x£) — o (x2)[e 7%
< KoE|pf — 1]e% + E|g¢ (xf) — gr (x7)]e~?",

where the first term is estimated as above and, owing to (6.9), the second term is
dominated by

Noe + E|gr (x7) — g (x7) e~ Lmy 4y e )
< Noe + 2KgEe~®%00mwet) < Nog + N[ + (Mp? + 1267121,
with the second inequality following from Corollary 6.4. The theorem is proved.

g

7. Proof of Theorem 2.1. According to Remark 2.1, in the proof of Theo-
rem 2.1 we may assume that B (x) > 8.
First, we estimate the Lipschitz constant of v on the boundary when D # R?.

LEMMA 7.1. Let D be bounded and satisfy the uniform exterior ball condi-
tion. Let x e R? and y ¢ D. Then there is a constant N depending only on D, Kg
and || gl c2(ray, such that

lv(x) —v(y)| < Nlx —yl.

PROOF. If x ¢ D, then |[v(x) —v(y)| = |g(x) — g(¥)| < N|x — y|. Therefore
in the rest of the proof we assume that x € D. Then observe that by 1t6’s formula
we have

(7.1) v(x) = g(x) + infsup EXF@) /I[Lg(x,) + fxp)]e® dr.
BeBa.e 0

It is well known that, in light of the boundedness of L*#g 4+ f*f and D and the
uniform exterior ball condition, the expectations in (7.1) by magnitude are dom-
inated by a constant times dist(x, dD) < |x — y|. This proves the lemma since
v(y) =g and [g(x) —gM| = Nlx —y[. O
PROOF OF THEOREM 2.1. In Section 5 take
r=1, p=0, P=I, 70 y»=uo’®] x-y),

where the constant u > 1 is chosen to be such that (6.1) with § = 1 and

(01, be)(x, y) = (0, b)*P (x)
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holds for all . € 2, B. € B, x and y. This is possible since o and b are Lipschitz
continuous, and a is uniformly nondegenerate. In Section 5 we required 7% (x, y)
to be bounded and Lipschitz continuous with respect to x. Since we will be only
concerned with its values for |x — y| < 1, we can appropriately modify the above
7% (x,y) for |x — y| > 1 keeping the same notation.

Then for aunit £ € R?, ¢ > 0, . € A and B. € B introduce x?ﬂ'o(s) as a unique
solution of

t t
Xy = €& +/0 o Ps (xg) dw +/0 [6%B5 (x5) — %P (x5) 0P (x5, y5)] ds,
where
ys = xa B. 0

Next introduce
0(,30(8)_/ “‘ﬂs(x?“ﬂ‘o(s))ds
and let z?ﬂ ‘0(8) be a unique solution of

a=1 +/ %P5 (x2B0(g) x%BO(0))]* dws.

Keeping in mind that p is already fixed, set §; := ¢; = 1, take A from
Lemma 6.3, fix ¢ € (0, 1] and introduce

%P0 ¢ D),

a.B.0 «.B.0
B0 —inflr > 0: 7P 0(e)e® O @) ¢ (172,21,

2P0 = inflr > 0:x

k2P0 = inf{r > 0: [x* 70 (e) — x* P00 = ),

ytx.,B.O — ‘Cea"B'O A TO»/S-O A Kéx.,BO yoz /30

By Theorem 5.1,

v(e€) = infsup EgP [ / "2 @) fu@)e O dr
(1.2) BeBa.eA 0

+zy (&)v(x, (8))6_‘/’?(5)]
Next we fix a. € 2 and . € B, and in Section 6 use the functions

(01, bry cry f)(x,y) = (0, b, ¢, £)*Pr(x).

Observe that in the expectation

Eg” [ /0 "2 Fr (@)™ di + 2, (e)u(x, <e>)e“"y<€>}
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one can replace x?'ﬂ '0(8) with x; since both satisfy the same equation on
[0, y“‘ﬁ'o], and by Theorem 6.5 we get that

Eg” [ | "2 e £ (@) O dt + 2, vl <e>)e“”y“’}

(7.3) - Eg'ﬁ‘ [/Oy f(x,)e_¢’ dt + v(xy)e_%}

< Ne+ Eg " [u(x, () = v(x, )] Iy <y e,

If t = y@BO < y&PO £ k%P0 then (D # RY and) at least one of x*#%(¢) and

x;x P '0(0) is outside D, and by Lemma 7.1 we obtain

Egﬂ' |U(X)’ (8)) - U(xy (0))|3_¢y Iy <y, nke
< NE§P|xy(e) — %, ()€™ Iy <y e,

= NeESP |6, (@) |e ™ I <yone. < NeES sup |Ei(e)|e™?,

t<ke

where eéta'ﬂ'o(s) = x;x"g'o(e) — x,a'ﬁ'o(O). By using Lemma 6.1, equation (7.3), and

the fact that «. and B. in the above argument are arbitrary, we see that |v(e§) —
v(0)| < Ne. Similarly one proves that |v(x + ¢£) — v(x)| < Ne for any x, which
is what we need. The theorem is proved. [

8. Proof of Theorem 2.2. In contrast with Section 7, where we used § =1,
here § will be chosen large. We begin with the following.

LEMMA 8.1. Let D be a bounded domain satisfying the uniform exterior ball
condition, and let ||g|| c2(ray < 00. For R € (0, 1] let Bg = {x:|x| < R}. Assume
that for an R we have Bgr C D and denote by L g the Lipschitz constant of v in Bg
(finite by Theorem 2.1). Finally assume that |v| < K¢ in Bg.

Then for any § > K12 + 4K§ + 2 we have
8.1) m lv(x) —v(0)]

<NSR™' 4+ Ne"VoLp,
x—0 |x|

where N and v > 0 depend only on d, Ko, K| and d¢.

PROOF. First suppose that R = 1. Observe that by the dynamic programming
principle

4l
®2) @)= infsup EQP@ [ /0 FO)e™ di + v(xy (6)e ]
eboa.c

B.

where 77 is the first exit time of x®* from Bj.
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Remark 2.1 allows us to rewrite (8.2) by using a global barrier for By for a
slightly modified v. Obviously, if we can prove (8.1) with R = 1 for such mod-
ification, then we will have it also for the original function. Hence, concentrat-

ing on (8.2) and the case R = 1, without losing generality we may assume that
P> 1.

Set u = 80_]8 + No, where Ny depending only on K, &g, and d is chosen in
such a way that (6.1) is satisfied with

(01, b (x, ) = (0, b)* P (x)

foralla. €2, B. €*B, x, yand § > 0.
We use the notation from the proof of Theorem 2.1 in Section 7 and write (7.2)
with

y PO =1 P0e) AT PO0) A k@O A PO,

where rf"ﬂ'o(e) is the first exit time of x,a'ﬂ'o(s) from Bj.
As in the proof of Theorem 2.1, by Theorem 6.5 (with 7 = y*#9 there), we get
that (recall that M =2 and p is of order § if § > 1)

(8.3) |v(e§) —v(0)| < Nde + S,
where N depends only on Kg, K1 and §q (recall that §; = 1) and

Se 1= op E¢Po(xy () — v(xy (0)) e ™ I, ey rey 0 <y ke
a.,pB.
=ch su}s) E¢ ™ 60 6)am ) (&) e 1O O L (0001 0) <k
a.,pB.

Observe that for any 7 > 0 by Lemma 6.1 and Remark 6.1 (§ > K 12),

E§ Ery ey ()] P10 I o)<,
= E?ﬂ‘ }%_7:1(8) (8)|e_¢r' © I‘[l (&)<ke AT
+ Egﬂ' ‘&1 (8)(8)]e_¢f1 @ Iy (e)<e Iy (e)>T

< (Egﬁln(g)d) 24, 5T/2E8eﬁ sup & (e)]e~#01/2

1<kKg
_ B. 1/2
< Ne ‘ST/Z—I—(EgﬁIn(g)d) 2,
Similarly,
B. — — B. 1/2
E¢P 60 0)(0) e 10 Iy 0y <, < Ne T2 4 (EGP Iy 0y <)

One knows that if the starting point of a diffusion process with coefficients
bounded by Kj is in the ball of radius ¢ < 1/2, then the probability that the process
will exit from B before time T is less than N exp(—v/T) if KoT < 1/2, where N
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and v depend only on K¢ and d. This result is easily obtained by using the McKeen
estimate (see, e.g., Corollary IV.2.9 of [8]) for each coordinate of the process from
which one subtracts the drift term. Hence (with another v)

Se <eLi(Ne?T/2 4 Ne7V/T),
For T = 81/2 (so that KoT < 1/2 since § > 4K§) we get that (yet with another v)

S, < eLlNe_”‘/g,

and the result follows in case R = 1.

Once (8.1) is proved for R =1, for R € (0, 1) it follows by using dilations (see
Remark 2.5 of [10]), which allow us to keep the constants §g, Ko and K| (actually,
after dilations the constant K; can be taken even smaller then the original one).
The lemma is proved. [J

PROOF OF THEOREM 2.2. First suppose that ||g||C2(]Rd) < oo and that for an
Ro > 0 we have Bog, C D. Estimate (8.1) can be applied to any point rather than
only 0, and it shows that for any R’ < R” <2R and § > K]2 + 4K§ + 2 we have

Lrp <N8/(R"—R)+ Nie "V Lg.

We apply this inequality to R" = R,, and R” = R, |, where R,, n > 1, are defined
by

n
X
Ry=Ro+Ro) 5
i=1
and x is such that R,, — 2Ry as n — oco. We also take and fix § > K12 +4Kg +2so
large that N 1e“"/‘5_ < 1/2. Then for a constant Ny depending only on g, Ko, K
and d and all n > 0, we get that

Lg, < NoRy'(n+1)*+27'Lg

n+17

27"Lg, <27"NoRy '(n+ 1)> 427" D g

n+1°

o.¢] o e.¢]

> 27"Lg, < NoRy' 27"+ )2+ Y 270Dy
n=0 n=0 n=0

and Lg, < NoI Ry ', where

oo
1=2%2"n%
n=1

One can do the same estimate for any ball inside D not necessarily centered at the
origin, and this yields the desired result in case || g ||C2(Rd) < 00. In the general case
where g is only continuous, it suffices to use appropriate approximations of it by
smooth functions. The theorem is proved. [J
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9. Proof of Theorem 2.3. First of all we point out that the assertion of
Lemma 7.1 continues to hold true with only one difference that N depends only on
Ko, G, d and gl c2(ray- The proof remains the same with 1t6’s formula showing
that the expectations in (7.1) are bounded by NG (x). The remaining arguments
follow the ones from Section 7 almost word for word.

In Section 5 for [x — y| <1 take

7% (x, y) = M[Gaﬁ(y)]*(x -y)

and extend it appropriately for |[x — y| > 1.

Then for aunit & € R, e >0, €A, and B. € 9B introduce x;y‘ﬁ‘o(s) as aunique
solution of equation (5.2) with initial condition ££ and

Vs = x;x.ﬁ.O‘

Observe that x;x"g‘o(O) = x;x"g‘o. Then define z?ﬂ‘o(s), rg'ﬂ‘o, yga'ﬂ‘o, Kf'ﬂ‘o and

y*#9 in the same way as in Section 7, and use Theorem 5.1 to get that
v(e§) = infsup Eg‘ﬁ(a‘)[zy ()v(x, (e))e = ®
BeBa.eU
’ f —¢1(e)
+/0 2:(8) f (x:(8), x,(0))e™ " dt}
where

t
8.0 o
@Oy = /0 &b (x%BO(g), x@B(0)) d.
Fix «. € 2l and B. € B, and in Section 6 use the functions

(01, brs e, f)(x,y) = (6,b, ¢, ) Pr(x, y).

Observe that Assumption 6.2 is satisfied owing to Assumption 2.4.
Furthermore, for ¢ < y*# the processes x; and y; coincide with x; P '0(8) and

x; P ‘O(O), respectively, since they satisfy the same equations, respectively. It fol-
lows that in the expectation

Y
Eq" [ /0 z(8) f (x (), % (0))e ™" dt + 2 (£)v(xy (£))e ™ ﬂ,
one can replace x?‘ﬂ '0(8) with x;, and by Theorem 6.5 we get that

‘Eé“ﬂ ' [ fo " ©) F (1 (). 11 0)e " di + 2, ()v(x, (6))e P (8)]

(9.1) — ESF [/Oy e ? dt + v(xy)e—¢v]

< Ne+ Eg"g' [v(xy, (&) — v(xy (O))|ef¢’7’ Ly <y nie-
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If t = p*B0 < 7 ﬂOAKS‘/’O then at least one ofx, (8) and x

outside D, and by Lemma 7.1 we obtain

Egﬁ | (xy (8)) - v(x},(O))|e Ly <y, nk,
< NE§P|xy(e) — %, ()€™ Iy <y e,

*£90) is

=eEg" |8, (@)e™ Iy<yne, < eEg " sup|&(e)]e™®,

t<ke

where 8";‘;)”3'0(8) = x?'ﬁ‘o(s) — xfl‘ﬁ'o(O). By using Lemma 6.1, (9.1) and the fact

that . and 8. in the above argument are arbitrary, we see that |v(e£) —v(0)| < Ne.
Similarly one proves that |v(x + €£) — v(x)| < Ne for any x, which is what we
need. The theorem is proved.

10. Proof of Theorem 2.4. Obviously v < vg. To estimate vg — v from
above, define

dg =sup(vg —v), A= sup c® (x).
R4 o,B,x

By the dynamic programming principle (see Theorem 3.1 in [10]),

vk (x) = infsup E“ﬂ(“)[vK(xl)e —}—/ {fk + (A —c)vk}(x)e™ “dt}

BeBa.dl
Observe that
‘*+/ (P )e M dr < e +/(/\—81)e Mdt =ik < 1.
Hence,

vg(x) < 1nfsup EY ﬂ(“)[v(xl)e +/ fK+(A—c)v}(xt)e “dt:| + kdg.
ﬁeBa e

Now take a sequence x” maximizing vg — v, and take 8" € B such that

n 1

v(x") > sup Ei‘,’,ﬂ (@) |:/ (f+n- c)v)(x,)e_M dt + e_kv(xl)]
a.eA 0

(10.1)

—1/n.

Also define ra = ifo € Ay and ma = o* if o € Ay, where o™ is a fixed element
of Ay, and find " € 2l such that

n@gn n 1
v (x") < 5 )[U(xl)e_k +/0 {fk + = v}x)e ™ dt}

(10.2) +xdg +1/n
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ngn n 1
= E%F (M‘)[v(xl)e_k—l— /O { f—l—()»—c)v}(x;)e_“dt}
— KRy +xdg + 1/n,

where

1
R, = E/O e Mgnea, dt.

By Lemma 5.3 of [10] for any a. € A, B. € B and x € R, we have

12
E sup|x[* P — ‘““|<N<E“ﬂ/0 e ’IageAzdt) :

t<1

where the constant N depends only on Ko, K1 and d. We use this, and since c, f, v
are Lipschitz continuous, we get from (10.2) and (10.1),

vk (x") + (K — No) Ry,
n 1
<EL" JB (e )[v()n)e_A +f0 {f4+ O —v)x)e™ dt}

+«dg +1/n+ NR)/?
<v(x") +«xdg +2/n+ NR}/?,
where the constant Ny depends only on the supremums of ¢, v and f. Hence
(10.3) vk (x") — v(x") —kdg + (K — No)R, <2/n+ NR}/?.

When n is large enough, vg (x") — v(x") — kdg > 0 because of the way we chose
x" and the fact that « < 1. It follows that for n large enough,

(K = No)R, <2/n+ NR,/>,
which for K > 2N0 + 1 implies that KR, <4/n+ NRy'*, so that, if KR, > 8/n,
then K R, < NRY* and R, < N/K2. Thus
R, <8/(nK)+ N/K?,
which after coming back to (10.3) finally yields
vk (x") —v(x") —kdk <2/n+ N//n+ N/K,
(1 —K)dg =nlgrgo[v1<(x ) —v(x")] —xdx < N/K,

and the theorem is proved.
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