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Let X, X1, X>5,... be iid. R4 _valued real random vectors. Assume
that EX =0, covX = C, E||X||2 = 02 and that X is not concentrated
in a proper subspace of R?. Let G be a mean zero Gaussian random
vector with the same covariance operator as that of X. We study the
distributions of nondegenerate quadratic forms Q[Sy] of the normalized
sums Sy = N_I/Z(Xl +---+ X ) and show that, without any additional
conditions,

Ay £ sup[PQISy] < x} ~P(QIG] < x}| =0 T).

provided that d > 5 and the fourth moment of X exists. Furthermore, we pro-
vide explicit bounds of order O(N =1 for A n for the rate of approximation
by short asymptotic expansions and for the concentration functions of the ran-
dom variables Q[Sy +al, a € R9. The order of the bound is optimal. It ex-
tends previous results of Bentkus and Gotze [Probab. Theory Related Fields
109 (1997a) 367-416] (for d > 9) to the case d > 5, which is the smallest
possible dimension for such a bound. Moreover, we show that, in the finite
dimensional case and for isometric Q, the implied constant in O(N _1) has
the form cdad(det C)~12g||Cc~1/2 x|* with some cgq depending on d only.
This answers a long standing question about optimal rates in the central limit
theorem for quadratic forms starting with a seminal paper by Esséen [Acta
Math. 77 (1945) 1-125].

1. Introduction. Let R¢ be the d-dimensional space of real vectors x =
(x1,...,xq4) with scalar product (x,y) = x1y; + --- + x4yq and norm |x| =
(x,x)1/2. We also denote by R> a separable Hilbert space consisting of all real
sequences x = (x1, X2, ...) such that ||x||? = x12 —I—x% + .- < o0o0.

Let X, X1, X», ... be a sequence of i.i.d. R?-valued random vectors. Assume

that EX =0 and o2 défE||X||2 < o0. Let G be a mean zero Gaussian random
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vector such that its covariance operator C = cov G : R? — R is equal to cov X. It
is well known that the distributions £(Sy) of sums

(1.1) Sy ENT2(X 4+ Xy)

converge weakly to L(G).

Let Q:R? — R? be a linear symmetric bounded operator, and let Q[x] =
(Qx, x) be the corresponding quadratic form. We say that QQ is nondegenerate if
ker Q = {0}.

Denote, for g > 0,

def def
B, ZEIX|1Y,  B= B

Introduce the distribution functions

(12) Fe) EP{QIsSyl<x),  H@) EP{QIG] <x).
Write
(1.3) Ay & sup|F(x) — H(x)).

xeR

THEOREM 1.1.  Assume that Q and C are nondegenerate and that d > 5 or
d =o00. Then

AN =c(@Q,C)B/N.
The constant ¢(Q, C) in this bound depends on Q and C only.

THEOREM 1.2.  Let the conditions of Theorem 1.1 be satisfied, and let 5 <
d < 00. Assume that the operator Q is isometric. Then

Ay <cgo?(detC)~PE|C 2 x| /N,

The constant cg in this bound depends on d only.

Theorems 1.1 and 1.2 are simple consequences of the main result of this paper,
Theorem 2.2; see also Theorem 2.1. Theorem 1.1 was proved in Go6tze and Za-
itsev (2008). It confirms a conjecture of Bentkus and Gotze (1997a) [below BG
(1997a)]. It generalizes to the case d > 5 the corresponding result of BG (1997a).
In their Theorem 1.1, it was assumed that d > 9, while our Theorem 1.1 is proved
for d > 5. Theorem 1.2 yields an explicit bound in terms of the distribution £(X).

The distribution function of ||Sy||> (for bounded X with values in R?) may
have jumps of order (’)(N_l), for all 1 <d < oo; see, for example, BG [(1997a),
page 468]. Therefore, the bounds of Theorems 1.1 and 1.2 are optimal with respect
to the order in N.
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Theorems 1.1, 1.2 and the method of their proof are closely related to the lattice
point problem in number theory. Suppose that d < co and that (Qx, x) > 0, for
x # 0. Let volE, be the volume of the ellipsoid

Erz{xeRd:Q[x]grz} for r > 0.

Write volz E, for the number of points in E, N 74, where Z4 c R is the standard
lattice of points with integer coordinates.

The following result due to Gotze (2004) is related to Theorems 1.1 and 1.2; see
also BG (1995a, 1997b).

THEOREM 1.3. For all dimensions d > 5,

volyz(E, + a) — volE, _ (’)(r_z) forr>1,

acRd volE,

where the constant in O(r~2) depends on the dimension d and on the lengths of
axes of the ellipsoid E1 only.

Theorem 1.3 solves the lattice point problem for d > 5. It improves the classical
estimate O (r—24/(@+Dy due to Landau (1915), just as Theorem 1.1 improves the
bound O(N ~4/(d+1)) by Esséen (1945) in the CLT for ellipsoids with axes parallel
to coordinate axes. A related result for indefinite forms may be found in Gotze and
Margulis (2010).

Work on the estimation of the rate of approximation under the conditions of
Theorem 1.1 for Hilbert spaces started in the second half of the last century. See
Zalesskii, Sazonov and Ulyanov (1988) and Nagaev (1989) for optimal bounds of
order O(N~Y?%) (with respect to eigenvalues of C) assuming finiteness of the third
moment. For a more detailed discussion see Yurinskii (1982), Zalesskii, Sazonov
and Ulyanov (1991), Bentkus, Gotze, Paulauskas and Rackauskas (1991), BG
(1995b, 1996, 1997a) and Senatov (1997, 1998).

Under some more restrictive moment and dimension conditions the estimate of
order O(N~'%%), with & | 0 as d 1 oo, was obtained by Gotze (1979). The proof
in Gotze (1979) was based on a new symmetrization inequality for characteristic
functions of quadratic forms. This inequality is related to Weyl’s (1916) inequality
for trigonometric sums. This inequality and its extensions (see Lemma 6.1) play a
crucial role in the proofs of bounds in the CLT for ellipsoids and hyperboloids in
finite and infinite dimensional cases. Under some additional smoothness assump-
tions, error bounds O(N~") (and, moreover, Edgeworth type expansions) were
obtained in Gotze (1979), Bentkus (1984), Bentkus, Go6tze and Zitikis (1993). BG
(1995b, 1996, 1997a) established the bound of order O(N ~!) without smoothness-
type conditions. Similar bounds for the rate of infinitely divisible approximations
were obtained by Bentkus, Gotze and Zaitsev (1997). Among recent publications,
we should mention the papers of Nagaev and Chebotarev (1999, 2005) (d > 13,
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providing a more precise dependence of constants on the eigenvalues of C) and
Bogatyrev, Gotze and Ulyanov (2006) (nonuniform bounds for d > 12); see also
Gotze and Ulyanov (2000). The proofs of bounds of order O(N —1) are based
on discretization (i.e., a reduction to lattice valued random vectors) and the sym-
metrization techniques mentioned above.

Assuming the matrices Q and C to be diagonal, and the independence of the
first five coordinates of X, BG (1996) have already reduced the dimension require-
ment for the bound O(N~!) to d > 5. The independence assumption in BG (1996)
allowed to apply an adaption of the Hardy—Littlewood circle method. For the gen-
eral case considered in Theorem 1.1, one needs to develop new techniques. Some
yet unpublished results of Gotze (1994) provide the rate O(N —1) for sums of two
independent arbitrary quadratic forms (each of rank d > 3). Gotze and Ulyanov
(2003) obtained bounds of order O(N~!) for some ellipsoids in R? withd > 5 in
the case of lattice distributions of X.

The optimal possible dimension condition for this rate is just d > 5, due to the
lower bounds of order O(N~!log N) for dimension d = 4 in the corresponding
lattice point problem. The question about precise convergence rates in dimensions
2 <d < 4 still remains completely open (even in the simplest case where Q is
the identity operator I;, and for random vectors with independent Rademacher
coordinates). It should be mentioned that, in the case d = 2, a precise convergence
rate would imply a solution of the famous circle problem. Known lower bounds
in the circle problem correspond to the bound of order O(N~3/*1og? N), § > 0,
for Ay. Hardy (1916) conjectured that up to logarithmic factors this is the optimal
order.

Now we describe the most important elements of the proof. We have to men-
tion that a big part of the proof repeats the arguments of BG (1997a); see BG
(1997a) for the description and application of symmetrization inequality and dis-
cretization procedure. In our proof we do not use the multiplicative inequalities of
BG (1997a). Here we replace those techniques by arguments from the geometry
of numbers, developed in Gotze (2004), combined with effective equidistribution
results by Gotze and Margulis (2010) for suitable actions of unipotent subgroups
of SL(2, R); see Lemma 8.2. These new techniques (compared to previous results)
are mainly concentrated in Sections 5-8.

Using the Fourier inversion formula [see (4.2) and (4.3)], we have to estimate
some integrals of the absolute values of differences of characteristic functions of
quadratic forms. In Section 6, we reduce the estimation of characteristic func-
tions to the estimation of a theta-series; see Lemma 6.5 and inequality (6.28). To
this end, we write the expectation with respect to Rademacher random variables
as a sum with binomial weights p(m) and p(m). Then we estimate p(m) and
p(m) from above by discrete Gaussian exponential weights cyq(m) and csq (m);
see (6.16), (6.19), (6.21) and (6.22). Together with the nonnegativity of some char-
acteristic functions [see (6.20) and (6.24)], this allows us to apply then the Pois-
son summation formula from Lemma 6.4. This formula reduces the problem to
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an estimation of integrals of theta-series. Section 7 is devoted to some facts from
number theory. We consider the lattices, their o-characteristics [which are defined
in (7.5) and (7.6)] and Minkowski’s successive minima. In Section 8, we reduce
the estimation of integrals of theta-series to some integrals of «-characteristics. An
application of the crucial Lemma 8.2, mentioned above, ends the proof.

2. Results. To formulate the results we need more notation repeating most
part of the notation used in BG (1997a). Let 012 > 022 > ... be the eigenvalues
of C, counting their multiplicities. We have o2 = 012 + 022 + -

We identify the linear operators and corresponding matrices. By I; : R? — R¢
we denote the identity operator and, simultaneously, the diagonal matrix with en-
tries 1 on the diagonal. By Oy we denote the (d x d) matrix with zero entries.

Throughout S = {ey, ..., e;} C R? denotes a finite set of cardinality s. We write
S, instead of S if the system {eq, ..., es} is orthonormal. Let p > 0 and § > 0.
Denote

(2.1) P(5,S,Y) =minP{||Y —e|| <35}
eeS

Similarly to BG (1997a), we use the following nondegeneracy condition for the
distribution of a d-dimensional vector Y:

(2.2) P, 8. Y) Emin{P(5,8,Y), P(5,QS,Y)} > p.
where p > 0 is a parameter involved in the condition. Note that
(2.3) P@©,85,Y)=P,6,8,Y).
Introduce truncated random vectors
24) X°=XI{|X| <ov/N},  X,=XI{||X||>o+/N},
2.5) X?=XI{|C72X| <VdN},  Xo=XI{|C™'2X| > VdN},

and their moments (for g > 0)

1 A N
2.6 AS=——E|X°|", M= ——E| Xs||?,
Q7 A= —E|C2XY, mP=—N _E|c2xy|
. 4 d2N ’ q ( dN)q O .

Here and below I{A} denotes the indicator of an event A. Of course, defini-
tions (2.5) and (2.7) have sense if d < co and the covariance operator C is nonde-
generate.

Clearly, we have

28 X°+X.=X"+Xg=X, IXC |1 Xoll = [ X1 Xl =0.



EXPLICIT RATES OF APPROXIMATION IN THE CLT 359

Generally speaking, X" and X° are different truncated vectors. In BG (1997a) the
i.i.d. copies of the vectors X and X, only were involved. Truncation (2.5) was
there applied to the vector X°. The use of X" is more natural for the estimation of
constants in the case d < oo. It is easy to see that

2.9 (C12x)° = (C2x)” =C~1/2x"
and
(2.10) ((c—l/ZX)<> — (C_I/ZX)D _ (C_I/ZXD.

Equalities (2.9) and (2.10) provide a possibility to apply auxiliary results obtained
in BG (1997a) for truncated vectors X and X, to truncated vectors C~12X0 and
c-12x g. However, one should take into account that o2, AZ, HZ, G, ... have to

be replaced by corresponding objects related to the vector C~/2X (i.e., by d, Ag,
ng,c'2G,...).

By c, c1, c2, ... we denote absolute positive constants. If a constant depends on,
say, s, then we point out the dependence writing c; or c(s). We denote by ¢ univer-
sal constants which might be different in different places of the text. Furthermore,
in the conditions of theorems and lemmas (see, e.g., Theorem 2.1 and the proofs
of Theorems 2.2, 2.4 and 2.5) we write ¢ for an arbitrary positive absolute con-
stant; for example, one may choose co = 1. We write A < B if there exists an
absolute constant ¢ such that A < ¢B. Similarly, A < B if A < c(s)B. We also
write A <; B if A < B < A. By |a| we denote the largest integer not greater
than «.

Throughout we assume that all random vectors and variables are independent
in aggregate if the contrary is not clear from the context. By Xy, X5, ... we shall
denote independent copies of a random vector X. Similarly, G1, G», ... are inde-
pendent copies of G and so on. By £(X) we denote the distribution of X. Define
the symmetrization X of a random vector X as a random vector with distribution
L(X)=L(X]— X>2).

Instead of normalized sums Sy, it is sometimes more convenient to consider the
sums Zy = X;+---+ Xy.Then Sy = N~ 1/2Zy. Similarly, by 21(\7) (resp., Z;VD))
we shall denote sums of N independent copies of X° (resp., X"). For example,
Z0 = X0 4 XD

The expectation Ey with respect to a random vector Y we define as the condi-
tional expectation

Eyf(X,Y,Z,..)=E(f(X,Y,Z..)|X,Z,...)
given all random vectors but Y.

Throughout we write e{x} def exp{ix}. By

(2.11) F(1) =/Oo e{tx}dF(x),
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we denote the Fourier—Stieltjes transform of a function F' of bounded variation or,
in other words, the Fourier transform of the measure which has the distribution
function F.

Introduce the distribution functions

F,(0) ¥ PQISy —al <x}.  H,(x) ¥ P{QIG —a] <x}.

(2.12)
acR? x eR.

Furthermore, define, for d = oo and a € R, the Edgeworth correction

Eq(x) = Eq(x; Q, X)
as a function of bounded variation such that £,(—o0) = 0 and its Fourier—Stieltjes
transform is given by
2(it)?

Bult) =
(t) 3N

Ee{tQIY1}(3(QX, Y)(QX, X) +2i1(QX, V)°),
(2.13)
Y=G—-a.
In finite dimensional spaces (for 1 < d < oo) we define the Edgeworth cor-
rection as follows; see Bhattacharya and Rao (1986). Let ¢ denote the standard

normal density in R?. Then p(y) = ¢(C~1/2y)/s/detC, y € R?, is the density
of G, and, for a € R?, b = +/Na, we have

E,(x) Z 0p(N0) & ——x(4y),

6v'N

(2.14)
Ay = {u eR?:Qlu — a] <xl},

with the signed measure
(2.15) x(A) & / Ep”(y)X3dy  for the Borel sets A C R,
A

and where
(2.16) P = p(»)BIC u, u)C 'y, u)— (C 'y, u))

denotes the third Frechet derivative of p in direction u«.

Notice that E, = 0 if a = 0 or if E(X, y)3 =0, for all y € R?. In particular,
E, =0if X is symmetric [i.e., L(X) = L(—X)].

We can write similar representations for E E x) = @E (Nx) and EJ(x) =
©p (Nx) just replacing X by X" and X° in (2.13) or (2.15) with Y =G —a.

For b € R?, introduce the distribution functions

2.17) W, (x) ¥ P{QIZy — b] < x} = Fu(x/N)
and

(2.18) @, (x) ¥ P{QIVNG — b] < x} = Hy(x/N).
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Define, for a € R, b = +/Na,

(2.19) AR € sup| Fy(x) — Ho(x) — Eq(x)| = sup| Wy (x) — ®p(x) — O (x)];
xeR xeR

see (2.12), (2.14), (2.17) and (2.18) to justify the last equality in (2.19). We write

AE\‘;?D and AE\‘;,)O replacing E, by E7 and E{ in (2.19).

The aim of this paper is to derive for Ag\?) explicit bounds of order O(N~!)
without any additional smoothness type assumptions. Theorem 2.1 [which was
proved in BG (1997a)] solved this problem in the case 13 < d < co.

In Theorems 2.1-2.5 we assume that the symmetric operator QQ is isometric,
that is, that Q? is the identity operator I;. This does not restrict generality; see Re-
mark 1.7 in BG (1997a). Indeed, any symmetric operator Q may be decomposed as
Q =Q1QpQ1, where Qg is symmetric and isometric and Q; is symmetric bounded
and nonnegative, that is, (Qx, x) >0, forall x € R4, Thus, for any symmetric Q,
we can apply all our bounds replacing the random vector X by Q; X, the Gaus-
sian random vector G by Q1 G, the shift a by Q1 a, etc. In the case of concentration
functions (see Theorems 2.4 and 2.5), we have O (X; A; Q) = 0(Q X; X; Qp), and
we may apply the results provided QX (instead of X)) satisfies the conditions.

THEOREM 2.1 [BG (1997a), Theorem 1.3].  Assume that § = 1/300, Q* =14,
s=13and 13 <d < oo. Let Pg(3,S,,coG/o) > p > 0, where cy is an arbitrary
positive absolute constant. Then

(2.20) AW < (TS + A (1 + lla/o||)
and
.21) AW < C(M3 + A1+ lla/o )

with C = cp~0 + ¢(0/68)8, where Gf > 9; > ... are the eigenvalues of (CQ)?.

Unfortunately, we cannot apply Theorem 2.1 ford =5, 6, ..., 12. Moreover, the
quantity C depends on p which is exponentially small with respect to eigenvalues
of C.

The main result of the paper is Theorem 2.2. It is valid for 5 < d < oo in finite-
dimensional spaces R? only. However, the bounds of Theorem 2.2 depend on the
smallest o;’s. This makes them unstable if one or more of coordinates of X degen-
erates. In our finite dimensional results, Theorems 2.2, 2.4, 2.5 and Corollary 2.3,
we always assume that the covariance operator C is nondegenerate.

THEOREM 2.2. Let Q*=1,,5<d < co. Then

(2.22) AW <My +AD) (1 + lla/olP)
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and
(2.23) AYL <c(MS + AP+ lla/o ),
with C = cqo? (detC)~1/2.

In Gotze and Zaitsev (2010) [see also a preprint of Gotze and Zaitsev (2009)
which is available in Internet], an analogue of Theorem 2.2 was proved in the case
s =5 and 5 < d < oo with bounds for constants which are not optimal. It extends
to the case d > 5 Theorem 1.5 of BG (1997a) which contains the corresponding
bounds for d > 9. Unfortunately, in both papers, the quantity C depends on p
which is exponentially small with respect to a9/0% [in BG (1997a)] and to o5/0>
[in Gotze and Zaitsev (2010)]. Under some additional conditions, C may be esti-
mated from above by ¢y exp(c0209_ %) and by caq exp(cozos_ 2), respectively. The
case a = 0 was considered earlier in Gotze and Zaitsev (2008). As a consequence,
we have proved Theorem 1.1.

It is easy to see that, according to (2.5) and (2.7),

(2.24) TI§ + A7 <E|CT'2X|PH/(@aCH2NI+D2Y for0<s <1
and

(2.25) M5+ AT <E|C'2x >/ (@@®D2N2) for0<5<2.
Therefore, Theorem 2.2 implies the following Corollary 2.3.

COROLLARY 2.3. LetQ?*=1,,5<d < 0. Then
2.26) AW <4 C(1+ llafo|PE|CT2x |/ NHI2 fro<s<1
and
227) AV < C(1+lla/o|P)E[CTV2X | N2 for0<s <2,
with C = o4 (detC) /2. In particular,

(2.28) max{AY, A} <4 C(1+ la/oIP)E|CV2X|*/N.

Theorem 2.1 and Corollary 2.3 yield Theorems 1.1 and 1.2, using that Eq(x) =
0, E|C12X||* < B/o}, and TIS + A§ < TI$ + A < B/(0*N).

Comparing Theorem 2.2 and Corollary 2.3 with the main results of BG (1997a)
and Gotze and Zaitsev (2010), we see that the constants in Theorem 2.2 and Corol-
lary 2.3 are written explicitly in terms of moment characteristics of £(X). In the
case of nonpositive definite quadratic forms Q such kind of estimates were un-
known.

If, in the conditions of Theorem 2.2, the distribution of X is symmetric or a = 0,
then the Edgeworth corrections E,(x) and EJ(x) vanish and

229) AY =AY <cMP+AD)(1+la/olP), € =cqo(detC) "2
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The corresponding inequality from Theorem 1.4 of BG (1997a) yields in the case
s =9 and 9 < d < oo under the condition Pg(8,S,, coG/o) > p > 0 with § =
1/300 the bound

(2.30) AW <M+ A+ llajoll?), C=cp™

It is clear that sometimes the bound (2.30) may be sharper than (2.29) but, un-
fortunately, it depends on p which is usually exponentially small with respect to
2
o9/o”.
Several authors have obtained more precise estimates of constants in the case
of d-dimensional balls with d > 12, including the case d = co. For balls, Q = 1.
In the papers mentioned above, the authors have used the aproach of BG (1997a)

and obtained bounds with constants depending on s < d largest eigenvalues 012 >

022 >0 > o*s2 of the covariance operator C; see Nagaev and Chebotarev (1999,

2005), with d > s = 13, and Go6tze and Ulyanov (2000), and Bogatyrev, Gotze
and Ulyanov (2006), with d > s = 12. It should be mentioned, that, in a particular
case, where Q = 1; and d > 12, these results may be sharper than (2.22), for some

covariance operators C. The lower bounds for AE\‘,’) under different conditions on
a and L(X) are given in Gotze and Ulyanov (2000). See the upper bounds for

A;‘;) with s = 12 and d = oo in Ulyanov and Gotze (2011), where the dependence
on the eigenvalues of C is given in the upper bound in an explicit form which
coincides with that in the lower bound. See also the review of recent results for
“almost” quadratic forms in Prokhorov and Ulyanov (2013).

Thus we see that the statement of Theorem 2.2 is especially interesting for
d=S5,...,11. It is new even in the case of d-dimensional balls. It is plausible
that the bounds for constants in Theorem 2.2 could be also improved for balls
with d > 5, especially in the case where d is large. It seems, however, that this
is impossible in the case of general Q even if Q® = I;. For example, consider
the operator QQ such that Qe; = ey 11, where Ce; = o*jzej, j=12,...,d, are
eigenvectors of C. Following the proof of Theorem 2.2, we see that the bounds for
the modulus of the characteristic function |l/13b (#)| = |Ee{tQ[Zxy — b]}| behave as
the bounds for the modulus of the characteristic function |Ee{tI;[Zy — b]}|, but
with eigenvalues of the covariance operator 10y, 02041, 03042, ... which may
be essentially smaller than 012 > 022 > 032 > .... Therefore, it is natural that the
bounds for constants in Theorem 2.2 depends on the smallest eigenvalues of the
covariance operator C.

Note that, in the proof of Theorem 2.1 in BG (1997a), inequalities (2.20)
and (2.21) were derived for the Edgeworth correction E,(x) defined by (2.13).
However, from Theorems 2.1 and 2.2 it follows that, at least for 13 < d < oo, def-
initions (2.13) and (2.14) determine the same function E,(x). Indeed, both func-
tions may be represented as N -2k j(x), where K;(x) are some functions of
bounded variation which are independent of N. Furthermore, inequalities (2.20)
and (2.22) provide both bounds of order O(N —1). This is possible only if the
Edgeworth corrections E,(x) are the same in these inequalities.
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On the other hand, it is proved (for d > 9) that definition (2.13) determines
a function of bounded variation [see BG (1997a, Lemma 5.7)], while defini-
tion (2.14) has no sense for d = oo.

Introduce the concentration function

0X;0)=0(X; 2, Q)
= sup P{x<Q[X—al<x+21} for A > 0.

acR4 xeR
Note that, evidently, Q(X + Y; X)) < Q(X; A), for any Y which is independent
of X.

We say that a random vector Y is concentrated in I. C R‘iif P{YelL}=1.In
BG [(1997a), item (iii) of Theorem 1.6] it was shown that if X is not concentrated
in a proper closed linear subspace of R, 1 <d < oo, then for any § > Q and S,
there exists a natural number m such that the condition Pg(8, S, m~Y 2Zm) >p
holds with some p > 0.

In this paper, we shall prove the following Theorems 2.4 and 2.5.

2.31)

THEOREM 2.4. Let Q2 =, 5<s=d<ocoand0<6<1/(5s). Then:
)
(2.32) Q(Zn; 2) <4 (pN) "max{1; a0 "%} (detC)™"/?  forall >0,
if P(8,S,, C12X) > p for some S, and p > 0.
(ii)
(2.33) Q(Zn; ») <a (pN) "' max{m; xo 2}o?(detC)~?  forall » >0,

if, for some S, and positive integer m, P(8,S,,m~'2C~12Z,) > p > 0.

THEOREM 2.5.  Assume that 5 < d < oo and that Q*> =1,. Then

0(Zy; 1) g max{M5 4+ AP; a0 >N 1o (detC)~1/2
(2.34)
forall x> 0.

In particular, Q(Zy; A) <q N~ max{E||C~12X||*; Ao ~2}o ¢ (det C)~1/2.

Theorems 2.4 and 2.5 yield more explicit versions of Theorems 1.5 and 2.1
from Gotze and Zaitsev (2010) [which extend to the case 5 < d < oo Theo-
rems 1.6 and 2.1 of BG (1997a) which were proved for 9 < d < oo]. We should
mention that the results of Gotze and Zaitsev (2010) do not follow from Theo-
rems 2.2, 2.4 and 2.5. For example, they may be sharper than Theorems 2.2, 2.4
and 2.5, in a particular case, where Q = [; and o5 <4 0. Under some additional
conditions, o?(det C)~!/2 is replaced by exp(cazos_ 2) <4 1. On the other hand,



EXPLICIT RATES OF APPROXIMATION IN THE CLT 365

o?(detC)~1/2 provides a power-type dependence on eigenvalues of C and the re-
sults are valid for ) which might be not positive definite.

In Theorems 2.2 and 2.5, we do not assume conditions P(-) > p > 0 or
Pg(-) = p > 0. In the proofs, we use, however, that, for any fixed absolute pos-
itive constant ¢y and any positive quantity ¢y depending on d only, condition
P(8,S,,coC™2G) > p is fulfilled with s =d, § = ¢4 and p =4 1, for any or-
thonormal system S,,.

Similarly to BG (1997a), in Section 3, we prove bounds for concentration func-
tions. The proof is technically simpler as that of Theorem 2.2, but it shows how
to apply the principal ideas. This proof repeats almost literally the corresponding
proof of BG (1997a). The only difference consists in the use of new Lemma 8.3
which allows us to estimate characteristic functions of quadratic forms for rela-
tively large values of argument ¢. In Sections 4 and 5, Theorem 2.2 is proved. We
replace Lemma 9.4 of BG (1997a) by its improvement, Lemma 5.1. Another dif-
ference is in another choice of £ in (5.31) and (5.32) in comparison with that in
BG (1997a). In Sections 6—8 we prove estimates for characteristic functions which
were discussed in Section 1.

3. Proofs of bounds for concentration functions.

Proof of Theorems 2.4 and 2.5. Below we prove assertions (2.32); (2.32) —
(2.33) and (2.33) = (2.34). The proof repeats almost literally the corresponding
proof of BG (1997a). It is given here for the sake of completeness. The only es-
sential difference is in the use of Lemma 8.3 in the proof of Lemma 3.1. We have
also to replace everywhere 9 by 5 and ¢ by o.

ForO<t) <T and b e R4, define the integrals

dt

T P P
Io =f @y()|dt, Iy =/ ()|
T to<|t|<T |7

where

(3.1 Uy (1) =Ee{tQ[Zy — b]}

denotes the Fourier—Stieltjes transform of the distribution function ¥, of Q[Zy —
b]. Note that |W,(—1)| = |Wp(2)].

LEMMA 3.1. Assume that P(S,SO,C_I/Z}N() > p > 0 with some 0 <§ <
1/(5s) and 5<s=d < 0o. Let 6> = 1 and

(3.2) to=ci1(s)oy 2(pN) 15 ex(s)o P < T <cy(s)a)
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with some positive constants ¢;(s), 1 < j <3. Then

(3.3) Ip < (detO)™V2(pN)™, I < (det©) T2 (pN) L

PROOF. Note that the condition o> = 1 implies that
(3.4) T=,0f=50°=1 and detC<I.

Denote k = pN. Without loss of generality we assume that k > ¢y, for a suffi-
ciently large quantity c¢; depending on s only. Indeed, if k < ¢y, then one can
prove (3.3) using (3.4) and |Up| < 1. Choosing c; to be large enough, we ensure
that k > ¢; implies 1/k <ty <T.

Lemma 8.3 and (3.4) imply now that

/T (det(C) 1/2

(3.5) |0 (1 )\

4 (s)k—1+2/s k

for any c4(s) depending on s only. Inequalities (3.4) and (3.5) imply (3.3) for ;.

Let us prove inequality (3.2) for /y. By (3.4) and by Lemma 8.1, for any y > 0
and any fixed ¢ € R satisfying k'/?|t| < c5(s), where c5(s) is an arbitrary quantity
depending on s only, we have (taking into account that |Up| < 1)

(3.6) |U,(1)| «ys min{1; k77 +k75/2¢|7/2(detC)"V/2}),  k=pN.
Furthermore, choosing an appropriate y and using (3.4)—(3.6), we obtain
© dt 1
3.7 detC)/2 1, Har gL /
proving (3.2) for Iy. U

PROOF OF (2.32). Let 0> = 1. Using a well-known inequality for concentra-
tion functions [see, e.g., Petrov (1975), Lemma 3 of Chapter 3], we have

1
(3.8) O(Zy; A) <4 sup max{A; 1}f AGIE?
beRd 0

To estimate the integral in (3.8) we apply Lemma 3.1 which implies that
(3.9) Q(Zy; ») <a max{i; 1}(pN) ™' (det C)~ /2,

proving (2.32) in the case o> = 1. If 0% # 1, we obtain (2.32) applying (3.9) to
ZN/U. O

PROOF OF (2.32) = (2.33). Without loss of generality we can assume
that N/m > 2. Let Y1, Y», ... be independent copies of m~Y2Z,,. Denote Wy =
Y1+ -+ Y. Then L(Zy) = L(VmW). + y), where k = | N/m] is the largest
integer not greater than N /m and y is independent of Wj. Therefore, Q(Zy; A) <
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O(Wi; A/m). In order to estimate Q(Wy; A/m) we apply (2.32) replacing Zy
by Wi. We have
Q(Wi; A/m) <5 (pk) "' max{1; ho =2 /m}o?(detC)~1/?

(3.10)
< (pN)_lmax{m;ko_z}ad(det(ﬁ)_l/z. O

Recall that truncated random vectors and their moments are defined by (2.4)—
(2.7) and that C =cov X =covG.

LEMMA 3.2. The random vectors X©, X satisfy

(Cx, x) = (cov X"x, x) + E(Xg, x)2 + (EX", x)*.
There exist independent centered Gaussian vectors G4 and W such that
L(G)=L(G+ W)

and

2covGy =2cov X" =cov X", (covWx, x) =E(Xp, x)? 4 (EX", x)z.
Furthermore,

E|CT?G|* =d =E|CT'?G.[* +E[CT W

and E|C~2W|? < 24115,

We omit the simple proof of this lemma; see BG [(1997a), Lemma 2.4] for the
same statement with ¢ instead of o.

Recall that ZI(VD) and ZI(\?) denote sums of N independent copies of X" and X°,
respectively.

LEMMA 3.3. Let ¢ > 0. There exist absolute positive constants ¢ and c| such
that the condition T15 < c1p8%/(de?) implies that
P(5,S,eCT12G)>p = P(45,S,e2m)"V2CTPZO) > p/4
form > ce*d®>NAJ/(psh).
Lemmas 3.2 and 3.3 are in fact the statements of Lemmas 2.4 and 2.5 from

BG (1997a) applied to the vectors C~!/2X instead of the vectors X. We use in this
connection equalities (2.3), (2.9) and (2.10) replacing in the formulation o2, AS,

H;, G, Z,Sf), ...byd, A7, Hg, c-12q, Z,(nD), ..., respectively.

PROOF OF (2.33) = (2.34). By a standard truncation argument, we have

G.11)  [P(Zy € A} —P{Z” € A}| < NP{|C/?X| > VdN} <1
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for any Borel set A, and

(3.12) Q(Zy,») <15 +0(z\, 4).

Recall that we are proving (2.34) assuming that 5 < d < oco. It is easy to see
that, for any absolute positive constant c¢p and for any orthonormal system S, =
{e1, ..., es} C RY, condition

(3.13)  P(5,S,,coC72G) > p withp=41,5<s=d <o0,8=1/(20s)

is in fact fulfilled automatically since the vector C~!/2G has standard Gaussian
distribution in R and, therefore,

P{|coC™"2G —e| <8} =P{|C2G —cj'e| < ¢y '8} = c(d, co)

for any vector e € R4 with |le|| = 1. For any fixed cg, the c(d, cp) may be consid-
ered as a quantity depending on d only. Clearly, 48 = 1/(5s). Write K = £//2
with & = cg. Then, by (3.13) and Lemma 3.3, we have

(3.14) P(8,S,,eC72G)>p = P(45,S,,m 2KC7V2ZD) > p/4,
provided that
(3.15) M5 < ¢1(d), m > cy(d)NAY.

Without loss of generality we may assume that 15 < ¢ (d), since otherwise the
result follows easily from the trivial inequality Q(Zy; 1) < 1.

The nondegeneracy condition (3.14) for K Z(,,D) allows us to apply inequal-
ity (2.33) of Theorem 2.4, and, using (3.13), we obtain

a6 0z, 0 = 0(kz{’, K1)
&g N7} max{m; I(Z)L/I(zrﬂ}ad(detC)_1/2
for any m such that (3.15) is fulfilled. Choosing the minimal m in (3.15), we obtain
(3.17) 024", 1) «q max{A; 2/ (0>N)}o (detC)~1/2,
Combining the estimates (3.12) and (3.17), we complete the proof. [J
4. Auxiliary lemmas. In Sections 4 and 5 we prove Theorem 2.2. Therefore,

we assume that its conditions are satisfied. We consider the case d < co assuming
that the following conditions are satisfied:

1) Q=l;, o’=1, dz5 b=+Na

Notice that the assumption o> = 1 does not restrict generality since from The-
orem 2.2 with 0> = 1, we can derive the general result replacing X, G by X /o,
G /o, etc. Other assumptions in (4.1) are included as conditions in Theorem 2.2.



EXPLICIT RATES OF APPROXIMATION IN THE CLT 369

Section 4 is devoted to some auxiliary lemmas which are similar to corresponding
lemmas of BG (1997a).

In several places, the proof of Theorem 2.2 repeats almost literally the proof
of Theorem 1.5 in BG (1997a). Note, however, that we use truncated vectors X JQ,
while in BG (1997a) the vectors X ;? were involved. We start with an application of

the Fourier transform to the functions ¥, and ®;, where b = V/'Na. We estimate
integrals over the Fourier transforms using results of Sections 3, 6-8 and some
technical lemmas of BG (1997a). We also apply some methods of estimation of
the rate of approximation in the CLT in multidimensional spaces; cf., for example,
Bhattacharya and Rao (1986).

Below we use the following formula for the Fourier inversion; see, for example,
BG (1997a). A smoothing inequality of Prawitz (1972) implies [see BG (1996),
Section 4] that

1 i ~ dt
4.2) F(x)==-+—V.P. e{—xt}F(t)—+R

2 2 lt|<K t
for any K > 0 and any distribution function F with characteristic function F
[see (2.11)], where

1 —
4.3 R| < — f F(t)|dt.
(4.3) | I_K It\sK} @]
Here V.P. [ f(t)dt =lim,_,¢ f|l|> . f(t)dt denotes the principal value of the inte-
gral.
In Sections 4 and 5, we denote
(4.4) X' =X"—-EX"+W,

where W is a centered Gaussian random vector which is independent of all other
random vectors and variables and is chosen so that cov X’ = cov G. Such a vec-
tor W exists by Lemma 3.2. We define E,(x) = ®,(Nx) replacing X by X’
in(2.13) or 2.15) with Y =G —a.

Recall that the random vector X" is defined in (2.5) and ZI(VD) is a sum of its
N independent copies. Similarly, Z, = X| + --- + X/,. Write ¥,/ and W, for the
distribution function of @[Zz(\‘/:l) — b] and Q[Z;V — b], respectively. For 0 <k < N
introduce the distribution function

@5  wPw)=P{Q[GI+ - +Gi+ Xjy + -+ Xy —b] <x}.

Notice that W\" = W/, WV = .
The proof of the following lemma repeats the proof of Lemma 3.1 of BG
(1997a). The difference is that here we use the truncated vectors X JQ instead of X j

LEMMA 4.1. Let cg be a quantity depending on d only. There exist positive
quantities c1(d) and cy(d) depending on d only such that the following statement
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isvalid. Let T15 < ¢1(d) p and let an integer 1 <m < N satisfy m > c2(d)N A7/ p.
Write

K=c}/2m), 1ty =cq(pN/m)~ 1+,

Let F denote any of the functions \IJ,,D, \IJ,/,, \D,Ek) or ®p,. Then we have

; i
L vp. e(—x1K)F (1K) = + R,

1
4.6 F(x)=-+
(4.6) (%) 5T 3, e

with |Ry| <q (pN)~'m(detC)~1/2,

PROOF. We assume that (p N Y~ lm < c3(d) with sufficiently small c3(d) since
otherwise the statement of Lemma 4.1 is trivial; see (3.4), (4.2) and (4.3). Let us
prove (4.6). We combine (4.2) and Lemma 3.1. Changing the variable t = 7K in
formula (4.2), we obtain

1 [ ~ dt
4.7) F)=~+—VP. | e(-xtK)FtK)Z +R,
2 2m HES! t
where
(4.8) IR| 5/ |F(tK)|dt.
<1

Notice that IDE, \Dl’?, \Ilék) and @, are distribution functions of random variables
which may be written in the following form:

QV+Tl,  VEGI ++Gi+ X0+ + XY,

with some &k, 0 < k < N, and some random vector 7 which is independent of X ?
and Gj, for all j. Let us consider separately two possible cases, k > N/2 and
k<N/2.

The case k < N /2. Let Y denote a sum of m independent copies of K'/2X®.
Let Y1, Y», ... be independent copies of Y. Then we have

4.9) LKVPV) =L+ + Y +T1)

with / = [ N/(2m)] and some random 77 independent of Y1, ..., ¥;. By (3.13) and
by Lemma 3.3, we have

4.10)  P(5,S,c0C7'2G)>p = P(45,8,C'2Y)>p/4
provided that
(4.11) M5 « p/d® and m>d°NAJ/p.

The inequalities in (4.11) follow from conditions of Lemma 4.1 if we choose
some sufficiently small (resp., large) c1(d) [resp. c2(d)]. Due to (3.13), (4.1), (4.9)
and (4.10), we can apply Lemma 3.1 in order to estimate the integrals in (4.7)
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and (4.8). Replacing in Lemma 3.1 X by Y and N by [, we obtain (4.6) in the case
k< N/2.

The case k > N /2. We can argue as in the previous case defining now Y as a
sum of m independent copies of K1/2G. Condition P(46,S, (C_l/Z?) > p/4is
satisfied by (3.13), since now E(?) = L(coG).

Following BG (1997a), introduce the upper bound s(¢; N, X) for the charac-
teristic function of quadratic forms; cf. Bentkus (1984) and Bentkus, Go6tze and
Zitikis (1993). We define s(¢; N, X) = »*(t; N, X) + »*(t; N, G), where
(4.12) »*(¢t; N, X) = sup |Ee{tQ[Zj] + (x, Zj)} , Zi=X1+--+Xj,

xeRd
with j = [ (N —2)/14]. Note that [Ee{tQ[Z;] + (x, Z;)}| = |[Ee{tQ[Z; — y]}]
with y = —Qx/(2¢). In the sequel, we use that

(4.13) s(t; N, X') < 5(t; N, X").

For the proof, it suffices to note that X’ = X~ — EX" + W and W is independent
of X".

LEMMA 4.2. Let the conditions of Lemma 4.1 be satisfied. Then
dt
(I1|K)*(tK; N, X")—
lr| <t It
(Np)™@, for0<a <d/2,
(Np)~*(1 + [log(Np/m)]),
Lad (detC)~1? fora=d)2,
(Np)™(1+ (Np/m)@*=D/d),
fora >d/2.

(4.14)

Lemma 4.2 is a generalization of Lemma 3.2 from BG (1997a) which contains
the same bound for 0 < o < d/2. In this paper, we have to estimate the left-hand
side of (4.14) in the case d /2 < « too.

PROOF. We assume again that (p N Y~'m < ¢3(d) with sufficiently small c3(d)
since otherwise (4.14) is an easy consequence of || < 1.

By (3.13) and (4.10), the condition P (48, S,, K'/2C~12Z) > p/4 is ful-
filled. Therefore, collecting independent copies of K'/2X" in groups as in (4.9),
we can apply inequality (8.34) of Lemma 8.1. By (3.4), (3.13) and (8.34), for any
y >0and |t| <1,

7*(tK: N, XO) <yq (pN/m)™ +min{1; (Np/m)~%/?|t|~4/?(detC)~1/2}.

We have used that o> = 1 implies 012 =4 1. A similar upper bound is valid for the
quantity »*(tK; N, G); cf. the proof of (4.6) for k > N /2. Thus we get for any
y >0and |t| <1,

(1K N, X7) Kya (pN/m) ™ +min{1; (detC)~"2(m/ (1t pN)) %}
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Integrating this bound (cf. the estimation of /; in Lemma 3.1), we obtain (4.14).
O

5. Proof of Theorem 2.2. To simplify notation, in Section 5 we write IT =
M5 and A = AY. The assumption 02 = 1 and equalities E|C~1/2X > = d, (2.5)
and (2.7) imply

(5.1) I1+AN>1, M+A<l, o7 <1, detC < 1.

Recall that Ag\‘f) and functions ¥;,, ®, and O, are defined in (2.14) and (2.17)—
(2.19). Note now that ®}'(x) = E;'(x/N) and, according to (2.19),

(5.2) A < A + sup|©p(x) — OF (1),
xeR
where b = +/Na and
(5.3) A%’?D = sup| W, (x) — Pp(x) — OF (x)].
xeR
Let us verify that
(5.4) sup|®; (x) — O (x)| <q 115
xeR

To this end we apply representation (2.14)—(2.15) of the Edgeworth correction as
a signed measure and estimate the variation of that measure. Indeed, using (2.14)—
(2.15), we have

sup|©p (x) — OF(x)| « N~121,
xeR
(5.5)
I ‘Ef/d|Ep’”(x)X3 —Ep" (x)X™| dx.
R

By the explicit formula (2.16), the function u — p”(x)u? is a 3-linear form in
the variable u. Therefore, using X = X" + X and | X"|||| Xg] = 0, we have
pm(x)X3 _ p///<x)XD3 — pm(x)Xé, and

(5.6) N~V2I <343°1§ fRd(n(c—‘/zx |+ [C 2% |?) p(x) dx = cqTTS.

Inequalities (5.5) and (5.6) imply now (5.4).
To prove the statement of Theorem 2.2, we have to derive that

(5.7) A <a (TT+ A)(1+ [la]))’ (det©) /2.
While proving (5.7) we assume that

(5.8) [M<c; and A <cy,
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with a sufficiently small positive constant ¢y depending on d only. These assump-
tions do not restrict generality. Indeed, we have |V (x) — ®p(x)| < 1. If condi-
tions (5.8) do not hold, then the estimate

(5.9) sup|®F (x)| <a N~2E|C12x7) «q A2
xeR

immediately implies (5.7). In order to prove (5.9) we can use (2.7) and represen-
tation (2.14)—(2.15) of the Edgeworth correction. Estimating the variation of that
measure and using

(5.10) E|C™'2X")* <E|CTV2X|* =4,
(5.11) (B[C™/2x°)* <E|C'2X°PE[C x|,

we obtain (5.9).
It is clear that

AV < sup (9 () = Wh0)| + |05 () — O} )
XE

(5.12)
+ | W (x) — Dp(x) — O (x)]).

Similarly to (5.5), we have

sup| @ (x) — @), (x)| « N~V27,
xeR
(5.13)
J déffd Ep” (X% —Ep”(x)X"| dx.
R

Recall that vector X’ is defined in (4.4). By Lemma 3.2, we have E|C 12w |2 <
2dTI (hence, E||C™1/2W |9 «4 T19/2, for 0 < g < 2). Using the well-known equiv-
alence of moments of Gaussian random vectors, we conclude that

(5.14)  E|C'2W|! <, B|CPW|*)1* <, 119, g>0.
Furthermore, according to (2.5), (2.7) and (5.8),
(5.15) E|CT2X,| «s INT1? 4 IV2NT12,
Hence, by (2.7), (4.4), (5.1), (5.14) and (5.15),
(5.16) E|X|*<BYE|C12x'|* <4 NA + 12,
Using (2.16), (5.1), (5.8), (5.10) and (5.13)~(5.15), we get
NV g AN AN [ (2] 4 2 ) pn) d

(5.17)
g M+ A.
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Thus, according to (5.13) and (5.17),

(5.18) sup|®p (x) — @) (x)| K4 T+ A.
xeR

The same approach is applicable for the estimation of |©® |. Using (2.14)—(2.16),
(4.4), (5.1), (5.10), (5.11), (5.14) and (5.15), we get

sup|®), ()| <« N—‘/Z/ IEp” (x)X"| dx
(5.19) xel “

) &y AV2 4 NU232,

Let us prove that

(520)  sup|Wy(x) — W) (x)| < (detC) "2 p~2(TT 4 A)(1 + [la|?).
xeR

Using truncation [see (3.11)], we have |\, — quD| <1II, and

(5.21) sup|Wp(x) — Wy (x)| < T + sup| ¥, (x) — W, (x)|.
xeR xeR

In order to estimate |W,’ — W, |, we apply Lemmas 4.1 and 4.2. The number m
in these Lemmas exists and NA/p >4 1, as it follows from (5.1) and (5.8). Let
us choose the minimal m, that is, m <4 NA/p. Then (pN)"'m <4 A/p?* and
m/N <4 A/p. Therefore, using Lemma 4.1, we have

sup| W, (x) — W (x)]

(5.22) "
- —1)2 =p <, dt
&g p"A(detC) + | |W, (r)—lllb(r)|m, T =1K.
1<t
We shall prove that
(5.23) (W5 (r) = W (0)| <a 2T |N(1+ [T |N)(1 + l|all)

with 3 = »(7; N, X"). Combining (5.21)—~(5.23), using T = tK and integrating
inequality (5.23) with the help of Lemma 4.2, we derive (5.20).
Let us prove (5.23). Writing D = Z,(VD) — EZ;VD) — b, we have

z\) —b=D+EZ\,  L(Zy—-b)=LD+VNW)

and

(5.24) W (x) = W (0)| < | Ai(D)] + | (D)
with

525 fi1(x) =Ee{tQ[D +vNW1} — Ee{zQ[D1},

fo(r) =Ee{rQ[D +EZ\"]} — Ee{rQ[D]}.
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Now we have to prove that both | f1(7)| and | f2(7)| may be estimated by the right-
hand side of (5.23).

Let us consider fi. We can write Q[D + vNW]=Q[D]+ A + B with A =
2/N(QD, W) and B=NQ[W]. Taylor’s expansions of the exponent in (5.25) in
powers of it B and i T A with remainders O(z B) and O(t2A?), respectively, imply
(recall that EW = 0 and Q* = 1)

(5.26) | f1(0)] < |t | NE[|W|?? + > NE|W|]*E[ D>,

where » = s(t; N, X"). The estimation of the remainders of these expansions
is based on the splitting and conditioning techniques described in Section 9 of
BG (1997a); see also Bentkus, Gotze and Zaitsev (1997). Using the relations
E|W|?> < E|CT'2W|? <4 11, 0% = 1 and E| D|I> < N(1 + [|a]|?), we derive
from (5.26) that

(5.27) | f1(0)| <a #I0|t|N(1 + [tIN)(1 + la]?).

Note that EZj(\,D) = NEX"” = —NEX. Expanding the exponent e{tQ[D +
EZ](\,D)]}, using (5.15) and proceeding similarly to the proof of (5.27), we obtain

(5.28) | f2(D)| Ka >IN (1 + [lall).

Inequalities (5.24), (5.27) and (5.28) imply now (5.23).

It remains to estimate |\Ifg — &y — @;7|. Recall that the distribution functions
WD (x), for 0 <1 < N, are defined in (4.5).

Fix an integer k, 1 <k < N. Clearly, we have

(5.29) sup|Wj (x) — ®p(x) — O (x)| < Iy + I + I3,
xeR
where
(5.30) I = sup| WP (x) — Dp(x) — (N — k)O), (x)/N]|,
xeR
(5.31) I = sup| W), (x) — WP (x)]
xeR
and
(5.32) I = supkN 1 ®) (x)|.
xeR

Let estimate /. Define the distributions

N
w(A)=P{Ur+ Y X, e«/ﬁA},
j=k+1
(5.33)
wo(A) =P{Uy € VNA} =P{G € A},
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where U; = G| + - - - + G;. Introduce the measure x’ replacing X by X’ in (2.15).
For the Borel sets A C R? define the Edgeworth correction (to the distribution w)
as

(5.34) u{¥(A) = (N = N3 5/ (A)/6.

Introduce the signed measure

(5.35) v=p— po— i

It is easy to see that a re-normalization of random vectors implies [see rela-
tions (2.14), (2.17)—-(2.19), (4.5) and (5.33)—(5.35)]

0 @) = @y (x) — (N = KO (x)/N| = v({u € R :Q[u — a] < x/N})
(5.36)

<5y sup [v(A)|.
ACRY

LEMMA 5.1. Assume that d < o0 and 1 <k < N. Then there exists a c(d)
depending on d only and such that 8y defined in (5.36) satisfies the inequality
ﬁ Nd/2 .
(5.37) SN <4 N + ©d exp{—c(d)k/B}

with B = E||C~1/2x"||4.

An outline of the proof. We repeat and slightly improve the proof of Lemma 9.4
in BG (1997a); cf. the proof of Lemma 2.5 in BG (1997a). We shall prove (5.37)
assuming that cov X = cov X’ = cov G = I;. Applying it to C~1/2X’ and C~/2G,
we obtain (5.37) in general case.

While proving (5.37) we assume that /N < cq and N > 1/c; with a suf-
ficiently small positive constant c4. Otherwise (5.37) follows from the obvious
bounds B > o* = d? and

S <a 1+ BN [P po) dx < 1+ B/

Set n = N — k. Denoting by Z'; and U} sums of j independent copies of X’
and G', respectively, introduce the multidimensional characteristic functions
(5.38) g()=Ee{(N"'2t,G)},  h@)=Ee{(N"*, X")},

f&) =Ee{(N7'21, Z/)} = h" (1),

(5.39) .
fo(t) =Ee{(NT121, Ul)} = g" (1),

1
(540) A =nm@) fo@)  wherem() = i, X'y,

(5.41) D(@) = (f(0) — fot) — i(D)glpD),  p*=k.
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It is easy to see that

(5.42) V() = fde{(t,x)}v(dx).
R
Using a truncation, we obtain
(5.43) E|Z/VN|' «,a1, y>0,1<I<N.

By an extension of the proof of Lemma 11.6 in Bhattacharya and Rao (1986)
[see also the proof of Lemma 2.5 in BG (1996)], we obtain

(5.44) By <4 max, / 1995(1)| dr.
<
Here |a| = |a1| + -+ + |ogl, @ = (a1, ..., 0q), «j € Z, aj > 0. In order to de-

rive (5.37) from (5.44), it suffices to prove that, for |«| < 2d,
(5.45) |0°D(1)| <a g(c1pt),
(5.46) [0°D(1)] <a BN~H(1+[1t]®) exp{—callt]*}  for [I£]|* < c3(d)N/B.

Indeed, using (5.45) and denoting T = ,/c3(d)N /B, we obtain
f [0°D(1)| dr <q / g(c1pt)dt
leI=T lel=T

NA/2 2 p2T?
y exp{— N }fRdexp{—c%||z||2/8}dr

and it is easy to see that the right-hand side of (5.47) is bounded from above by
the second summand on the right-hand side of (5.37). Similarly, using (5.46), we
can integrate [0%V(¢)| over ||t|| < T, and the integral is bounded from above by
caB/N.

In the proof of (5.45)-(5.47) we applied standard methods of estimation which
are provided in Bhattacharya and Rao (1986). In particular, we used a Bergstrom
type identity

(5.47)

<4

(548) f—fo— fi= Z<h g —m)hlg" I~ ‘+Z Z<h gh'g" 1
j=0 =0
relations (5.38)-(5.43), 1 < k < N, |0% exp{—C4||t||2}| Ly exp{—C5||t||2},
\/N/Bl/z >4 1 and y“exp{—y} <4 1, for y > 0.
Applying (5.30), (5.36) and Lemma 5.1, we get
ﬂ Nd/2 _
(5.49) I <a 5 + g7 expl{=c(k/B}.

For the estimation of I, we shall use Lemma 5.2 which is an easy consequence
of BG [(1997a), Lemma 9.3], (4.13) and (5.16).



378 F. GOTZE AND A. YU. ZAITSEV

LEMMA 5.2. We have
1B (0) = B (1)| < sa®(B+ 1tINB+1(INYNB)(1 + lla|®)  forO<I<N,
where = x(t; N, X©); cf. (4.12).

As in the proof of (5.22), applying Lemma 4.1 [choosing m =<; N(A + I1)/p]
and using (3.13), we obtain

I <4 (A + TT)(detC)~1/2 +/|| W) (t) — B0 )|di/)e],  T=1K.
11<tf

The existence of such an m is ensured by (3.13), (5.1) and (5.8). Applying
Lemma 5.2 and replacing in that lemma ¢ by t, we have

(5.50) |0} () — U P (0)| < 222k (B + |7 INB + |t INy NB)(1 + |lal’).
Integrating with the help of Lemma 4.2 and using (3.13), we obtain
I &g (detC)"V2(TT+ A +kN"2(B +/NB)

x (14 I+ M)V 1+ (|a)?)).
3/4

(5.51)

Let us choose k <4 N'/4B7". Such k < N exists by B >4 0* =1, by (5.16)
and by assumption (5.8). Then (5.49) and (5.51) turn into

(5.52) I <4 % + (%)M/S exp{—Cd<%)l/4} <d %

and

I Kq (detC)~Y 2(“ A <<%)5/4 " (%)m>

(5.53)
x (14 I+ A~V + ||a||3)>-

Using (3.13), (5.8), (5.16) and (5.53), we get

(5.54) L <y (detC)—l/Z(n+A+ %(1 + ||a||3)).
Finally, by (5.8), (5.16), (5.20) and (5.32),
k
(5.55) I <Ky N(A1/2+N_1/2H3/2) <K A+

Inequalities (5.8), (5.12), (5.16), (5.18), (5.20), (5.29), (5.52), (5.54) and (5.55)
imply now (5.7) [and, hence, (2.23)] by an application of IT + A < 1. Note
that, by (2.7), we have Il < 1'I3D. Together with (5.2) and (5.4), inequality (5.7)
yields (2.22). The statement of Theorem 2.2 is proved. [
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6. From probability to number theory. In Section 6 we reduce the estima-
tion of the integrals of the modulus of characteristic functions W (¢) to the estima-
tion the integrals of some theta-series. We shall use the following lemmas.

LEMMA 6.1 [BG (1997a), Lemma 5.1]. Let L,C € R? and let Q:RY — RY
be a symmetric linear operator. Let Z, U,V and W denote independent random
vectors taking values in RY. Denote by

P(x)=(Qx,x)+(L,x)+C,  xeRY
a real-valued polynomial of second order. Then

2Ee(tP(Z+U+V + W)} <Ee{2t(QZ.U)} + Ee{2:(QZ, V).

Let § >0, S={e,...,e5} C RY and let D:RY — RY be a linear operator.
Usually, we take D = C~ 12, Denote

6.1) T(&D,S)=](z1,....25):2; €R?, | Dzj —e;|| <8, forall 1 < j <s).

Recall that S, = {eq, ..., e5} C R4 denotes an orthonormal system.
Let{ejr,j=1,2...,8:k= 1,2...}U{£;k,j: 1,2...,5;k=1,2...} beiid.
symmetric Rademacher random variables.

LEMMA 6.2. Assume that Q* =1z and that the condition P (8, S, DX) > p
holds with some p > 0 and § > 0. Write m = | pN /(5s)]. Then, for any 0 < A <
B,beR? and y > 0, we have

(6.2) /B}‘be(l)!ﬂ§1+Cy(S)(pN)_y10g§,

A |t] A
with
63 T=swsw [ Joabl o0 Eefary + )P,

T peRd /A ||

where Y = Y} Ux denote a sum of independent (non i.i.d.) vectors Uy =
ijl €jkZjk, and supyp is taken over all {(zik,...,zsk) €T(6; D, 8),k=1,...,
m}.

Lemma 6.2 is an analogue of Corollary 6.3 from BG (1997a). Its proof is even
simpler than that in BG (1997a). Therefore it is omitted.

LEMMA 6.3. Assume that Q* = 1; and that the condition P(5,S,DX) > P
holds with some p > 0 and § > 0. Let

(6.4) n® | pN/(16s)] > 1.
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Then, forany 0 < A< B,beR? and y > 0,

(6.5) /|\Ilb(t)|—<cy(s)(pN) Y1og — —}—sup/ \/Ee QW W/)/2}|—t

and for any fixed t € R,

(6.6) 1T,(1)| < ¢y () (pN) Y + S?p\/Ee{t(QW, Ww)2},

where W =Vi +---+ V, and W = V| + ...+ V, are independent sums of in-
dependent copies of random vectors V = Z‘;:l gj1zjand V' = and
supr is taken over all (z1,...,25), (2], ...,2;,) €T (8; D, S).

S / /
j=181%)

Note that this lemma will be proved for general S, but in this paper we need
S =S, only. Moreover, a more careful estimation of binomial probabilities could
allow us to replace ¢y, (s)(pN) ™7 in (6.2), (6.5) and (6.6) by c(s) exp{—cpN}; see,
for example, Nagaev and Chebotarev (2005). However, we do not need to use this
improvement.

PROOF OF LEMMA 6.3. Inequality (6.6) is an analogue of the statement of
Lemma 7.3 from BG (1997a). Its proof is even simpler than that in BG (1997a).
Therefore it is omitted.

Let us show that

(6.7) / |\Il;,(t)|— <c¢, () (pN)7 log + sup/ \/Ee QW W/)/Z}I—t
where W =V; +---+ V, and W = V] + ... + V, are independent sums of in-
dependent (non i.i.d.) vectors V; = Z‘;Zl €jkZjk, and V; = Z‘;:l e;kz’jk, respec-
tively, while supr- is taken over all {(z1x, ..., Zsk), (2} .-, 24) €T (6: D, S), k =
1,...,n}.

Comparing (6.5) and (6.7), we see that inequality (6.7) is related to sums of
non i.i.d. vectors {V;} and {V]f } while inequality (6.5) deals with i.i.d. vectors.
Nevertheless, we derive (6.5) from (6.7).

While proving (6.7) we can assume that pN > ¢, with a sufficiently large con-
stant ¢y, since otherwise (6.7) is obviously valid.

Let ¢(r) be defined in (6.3), where ¥ = > 7", Uy is a sum of independent
(non 1i.i.d.) vectors U, = Z;leijjk, where {(z1k,-.-,25k) CT(;D,S), k=
1,....,m},m=|pN/(5s)].

We shall apply the symmetrization Lemma 6.1. Split Y = T 4+ T7 + T3 into sums
of independent sums of independent summands so that each of the sums 7', 71 and
T contains n = [ pN /(16s)] independent summands U;. Such an n exists since
pN > ¢ with a sufficiently large c¢;. Lemma 6.1 implies that

(6.8) 20p(1) <Ee{2:(QT, T1)} + Ee{2:(QT, T»)).
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Inequality (6.7) follows now from (6.8) and Lemma 6.2.

Letnow W=V, +---+V, and W = V| +--- + V, be independent sums of
independent vectors Vi = 3% €jkzjk, and Vi =375, S}kz’j 1> Tespectively, with
{@iks oo zsk)s @pr -2 2) €T (G D, S), k=1, ..., n).

Using that all random vectors Vi are symmetrized and have nonnegative char-
acteristic functions and applying Holder’s inequality, we obtain, for each ¢,

(6.9) Eet(QW, W)} = EW,(]_[ Ej e{t{QVi, W )})
k=1
n o 1/n
(6.10) < ([[ Eg (Eg, e{t(QVk. W’)D”)
n o 1/n
(6.11) = (k]j[ Eg (Ef e{t(QTx. W/)})>
; 1/n
(6.12) = (]‘[ Ee{t(QT;, W’)}) ,
k=1

where Tk def Y \7kl denotes a sum of i.i.d. copies Vkl of \7k which are indepen-
dent of all other random vectors and variables.
Repeating the steps (6.9)—(6.12) for each factor Ee{z( QTk, "y} instead of the

expectation Eefr i@W, W)} on the right-hand side separately, we get (with Ti/ fef
> /—1 Vi, where V/; arei.i.d. copies of V/ independent of all other random vectors)

l/n2
(6.13) Ee((QW, W)} (]‘[ [[Ee{tQTk. l)}) :

k=1i=1
Thus, using (6.13) and the arithmetic—geometric mean inequality, we have

/ JEe{r{QW, W)/2}

(1 reeen )

(6.14) k=1i=1

1 & 5 dt
< 135 [ wetior T

k=1i=1

<sup/ JEelQT, 7)2 }TZ

where T =U;+---+U, and T’ = U] +- - -+ U,, are independent sums of indepen-
dent copies of random vectors U =} i _; ej1zi and U' =375, 8;-12/1, and supr- is
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taken over all (z1, ..., 2s), (2}, ..., 2;) € T (8; D, S). Inequalities (6.7) and (6.14)
imply now the statement of the lemma. [J

The following Lemma 6.4 provides a Poisson summation formula.

LEMMA 6.4. LetRez > 0,a,b € R® and S:R* — R® be a positive definite
symmetric nondegenerate linear operator. Then

> exp{—zS[m +a] + 27i(m, b))

mezZ®
= (det(S/m)) 222 exp|—2mi(a, b))
2
X Z exp{——S_l[l +b] —2mi{a, l)},
1ezs <

where ST1: RS — R denotes the inverse positive definite operator for S.

PROOF. See, for example, Fricker (1982), page 116, or Mumford (1983),
page 189, formula (5.1); and page 197, formula (5.9). O

Let the conditions of Lemma 6.3 be satisfied. Introduce one-dimensional lattice
probability distributions H,, = L(&,) with integer valued &, setting
P{&, =k} = A,n~ P exp|—k?/2n}  fork e Z.
It is easy to see that A, < 1. Moreover, by Lemma 6.4,
(6.15) H,(t)>0 forallz eR.

Introduce the s-dimensional random vector ¢, having as coordinates independent
copies of &,. Then, for m = (m1, ..., my) € Z°, we have

def

(6.16) q(m) = P{g, = m) = Ayn~* "2 exp{—|ml|*/2n}.

LEMMA 6.5. Let W=Vi+---+ V, and W = V| +--- +V, denote inde-
pendent sums of independent copies of random vectors V and V' such that
V=enzi+--+ézs, Vi=elz) + ez,

with some Zj,Z} € RY. Introduce the matrix B, = bij(t):1 <i,j < s} with
bij(t) =1(Qz;, ;). Then

Ee{t(QW, W')/4) <, Ee{(B,L,, )} +exp{—cn)  forallt €R,

where ¢, are independent copies of {, and c is a positive absolute constant.
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PROOF. Without loss of generality, we assume that n > ¢, with a sufficiently
large absolute constant c¢;. Consider the random vector Y = (€1, ..., &) € R® with
coordinates which are symmetrizations of i.i.d. Rademacher random variables. Let
R =(Ry,..., Ry) and T denote independent sums of n independent copies of Y /2.
Then we can write

(6.17) Ee{/(QW,W')/4} =Ee{(B,R,T)}  forallz eR.

Note that the scalar product (-, ) in Ee{(B;R, T)} means the scalar product of
vectors in R®. In order to estimate this expectation, we write it in the form

Ee{(B,R.T)} =EEge{(B,R, T))

(6.18) = Y p(m) Y p(m)e{(Bm, m)},
meZs mez’
with summing over m = (my, ..., mg) € Z°, m = (my, ..., ms) € Z° and

(6.19) P(m)IP{Rzm}:nP{Rj:mj}znz2”( 2n )

i1 =i mj+n
if maxj<j<s|m;| <nand p(m) =0 otherwise. Clearly, for fixed T = m,
(6.20) Ege{(B,R.T)} = ) p(m)e{(Bym,m)}>0
meZs

is a value of the characteristic function of symmetrized random vector B; R. Using
Stirling’s formula, it is easy to show that there exist positive absolute constants c¢;
and c3 such that

(6.21) P(Rj=m;} < n exp{—m5/2n}  for|mj| <con
and
(6.22) P{|R;| > con} < exp{—c3n}.

Using (6.18)—(6.22), we obtain
Ee{(BR. T)} < Y. q@@) Y. p(m)e|{(Bym,7i)} +exp{—c3n)

meZ* mez’

= Y pim) > q@m)e{(Bm, m)} +exp{—csn)

mezs meZs
= EE;, e{(B,R. &)} +exp{—csn}
= Ec{(B/R, &)} + exp{—can}.

(6.23)

Now we repeat our previous arguments, noting that

(6.24) E; e{(B/R. )} = Z q(m)e{(B;R,m)} >0

mezZ*
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is a value of the nonnegative characteristic function of the random vector ¢;
see (6.15). Using again (6.21) and (6.22), we obtain

(6.25) Ee{(B/R, ()} <5 Ee{(Biln, £,)} + expf—can).
Relations (6.17), (6.23) and (6.25) imply the statement of the lemma. []

Let us estimate the expectation Ee{(B,;¢,, ¢,)} under the conditions of Lem-
mas 6.3 and 6.5, assuming that s =d, D = c12,5 < 1/(5s), n > c4, where c4 is

a sufficiently large absolute constant, and (z1, ..., zs), (z},...,2;) € T(5; D, S),
that is,

6.26) [C™'%z; —ej] <5, |CTV2Z—ej| <8 forl<j<s,

with an orthonormal system S = S, = {ey, ..., e5} involved in the conditions of

Lemma 6.3. We can rewrite Ee{(B,¢,, ¢,)} as

Ee{B:s. )} = > qm) > q(m)e{(B,n, m)}.

mezs mezs

Thus, by (6.16),
Ee{B:n. &) =Arn™ Y > expli(Bm, m) — |m|*/2n — ||m||*/2n}.

meZ* meZ®
Denote
(6.27) r=+v2m2n.
Applying Lemma 6.4 with S =1, z = 1/2n, a =0, b = (27) ' B,m and using

that A, =< 1, we obtain

Ee{(B:sy, ¢,))

629 < Y expl-2nli + o Byl — mi?/2n)
l,meZs
L r s Z exp{—r?|lm — tVm | — |m|*/r?},
m,mezs

where V:R* — R is the operator with matrix
(6.29) V=_2r)"'B.

Note that the right-hand side of (6.28) may be considered as a theta-series.
Denote y; = (C_l/zzk, 1 <k <s. Let Y be the (s x s)-matrix with entries
{ej, yk), where index j is the number of the row, while k is the number of the

column. Then the matrix F % Y*Y has entries (¥j, k). Here Y* is the transposed
matrix for Y. According to (6.26), we have

(6.30) lyj —ejll <6 forl1 <j<s.
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Let us show that [cf. BG (1997a), proof of Lemma 7.4]
(6.31) Y] <3/2 and [IY7'] <2.

Since S, = {e1, e2,...,es} is an orthonormal system, inequalities (6.30) imply
that Y = Iy + A with some matrix A = {a;;} such that |a;;| < 8. Thus, we have
A < |A|l2 < 58, where ||A||» denotes the Hilbert—Schmidt norm of the matrix A.
Therefore, the condition § < 1/(5s) implies ||A]| < 1/2 and inequalities (6.31).

The matrix [ is symmetric and positive definite. Its determinant is the product
of eigenvalues which [by (6.31)] are bounded from above and from below by some
absolute positive constants. Moreover,

(6.32) (det Y)? = (det Y*)* = det F =, 1 < ||F|| < | Y|

Define the matrices Y and F, replacing z j by z’j in the definition of Y and F.
Similarly to (6.32), one can show that

(6.33) (detY)? = (detY*)2 =detF =<, 1 < |F| < |Y].

Let G and G be the (s x s)-matrices with entries (e j»Qzk) and (e}, z;), respec-
tively. Then, clearly, G = QC'/?Y and G = C!/?Y. Therefore,

(6.34) B, = G*G = Y*C!/2QC'/?Y.

Moreover, Q? = I; implies that | det Q| = 1 and ||Q|| = 1. Using relations (6.29)
and (6.32)—(6.34), we obtain

(6.35) |detV| =g |detB| <, detC
and
(6.36) IVl < 1B || < IC]| < of.

7. Some facts from number theory. In Section 7, we consider some facts of
the geometry of numbers; see Davenport (1958) or Cassels (1959). They will help
us to estimate the integrals of the right-hand side of inequality (6.28). See Gétze
and Margulis (2010) or Gotze and Zaitsev (2010) for a more detailed version of
this section.

Let ey, e, ..., e4 be linearly independent vectors in R?. The set
d
(7.1) A={anej:anZ,j=l,2,...,d
j=1
is called the lattice with basis ej, ez, ..., e;. The determinant det(A) of a lat-
tice A is the modulus of the determinant of the matrix formed from the vec-
tors ey, €2, ...,eq. If A = AZ4, where A is a nondegenerate linear operator, then

det(A) = | detA|.
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Let F:RY — [0, o0) denote a norm on R? . The successive minima M} < - -- <
M, of F with respect to a lattice A C R are defined as follows: M j is the infimum
of A > 0 such that the set {m € A: F(m) < A} contains j linearly independent
vectors. The following Lemma 7.1 is proved by Davenport [(1958), Lemma 1] for
A =79; see also Gotze and Margulis (2010).

LEMMA 7.1. Let My < --- < My be the successive minima of a norm F with
respect to a lattice A C RY. Denote Mgy, = 0o. Suppose that 1 < j < d and
M;<b<Mj,for someb>0.Then

(72)  #m=(my,...,mg) €Z: F(m) <b} =4 b/ (My -My---M;)~".

Representing A = AZ¢, we see that the lattice A = Z¢ may be replaced in
Lemma 7.1 by any lattice A C R?.

LEMMA 7.2. Let Fj(m), j = 1,2, be some norms in RY and My <--- < My
and N1 < --- < Ny be the successive minima of F| with respect to a lattice A1 and
of F» with respect to a lattice A, respectively. Let C > 0. Assume that My >4

CFE(ng), k=1,2,...,d, for some linearly independent vectors ni,na,...,nq €
A»>. Then
(7.3) My >4 CNg, k=1,...,d.

LEMMA 7.3. Let A be a lattice in RY and let cj(d), j =1,2,3, be positive

quantities depending on d only. Let F () be a norm in RY such that F(-) =4 | - ||.
Then

3 expl—c1@ v} =a Y exp{—c2(d)(F(v))*}

veEA vEA

=q#{ve A:F(v) <c3(d)}.

(7.4)

For a lattice A C R and 1 <1 < d, we define its o;-characteristics by
(7.5)  a(A) def sup{ |det(A’)|_1 : A’ is a [-dimensional sublattice of A}.
Denote

(7.6) a(A) mlaxd ar(AN).

LEMMA 7.4. Let F(-) be a norm in R? such that F(-) =g || - ||. Let c(d) be
a positive quantity depending on d only. Let My < --- < My be the successive
minima of F with respect to a lattice A C R?. Then

(7.7) ai(A) =g (My - My--- M)~ I=1,....d.
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Moreover,
(7.8) a(A) =g #{veA:|v|| <c@d)},
provided that M1 <g4 1.

Lemma 7.4 is an easy consequence of the following lemma formulated in propo-
sition (page 517) and remark (page 518) in Lenstra, Lenstra and Lovasz (1982).

LEMMA 7.5. Let My < --- < My be the successive minima of the standard
Euclidean norm with respect to a lattice A C R?. Then there exists a basis
e, ez, ...,eq of A such that

(7.9) M; =g el I=1,....,d.
Moreover,

d
(7.10) det(A) =4 [ [ llell-

=1

8. From number theory to probability. In Section 8, we use number-
theoretical results of Section 7 to estimate integrals of the right-hand side of (6.28).
Recall that we have assumed the conditions of Lemmas 6.3 and 6.5, s = d,
D=C"12,8 <1/(5s), n > c4 and (6.15), for an orthonormal system S = S,,.
The notation SL(d, R) is used below for the set of all (d x d)-matrices with real
entries and determinant 1.

Introduce the matrices

def (rly Oy
(8.1 D, = (@s r_l]Is> e SL(2s, R), r>0,
def ( Iy —tl
(8.2) K; = <t]IS I, > teR,
def (I, —tI;
(8.3) U, = e SL(2s, R), teR,
@S HS
and the lattices
def Hs ©s 2s
®H A= (@; Vo) Z

- D, _ (L —Vo Y, .
(8.5) Aj—ID)J[Ule—((O)SS j_lV())Zs, j=1.2...,

where

(8.6) Vo =02V
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and the matrix V is defined in (6.29). Below we use the following simplest prop-
erties of these matrices:

D,Dp =Dgp, U,U0p, =U44p and D,U,=70,,D,
(8.7)
fora,b > 0.
Let [|x|loo = maxj<j<q |x;|, for x = (x1,...,x5) e RY. Let M, j=1,2,...,
2s, be the successive minima of the norm || - ||oc With respect to the lattice

def (rIy  —rtV 725
—\o, rolog :
Moreover, simultaneously, M ; are the successive minima of the norm F*(-) de-
fined for (m,m) € R*, m,m € R, by

(8.8)

[1]

(8.9) F*(m, m)) € max{[Imlloo, 62| V'] ..}
with respect to the lattice

8.100 % (g G__z’;t_YV) 7% =D,U,A  where u & 2.
s 1

Using Lemmas 7.2 and 7.5 and the equality det(Z,) = 1, it is easy to show that

@8.11) My, <y 1.

Let M]’.‘,t be the successive minima of the Euclidean norm with respect to the
lattice €2;. Note that, according to (6.36) and (8.9),

(8.12) |-l <s F*().
Using (8.12) and Lemma 7.2, we obtain
(8.13) M;'-"t L M, j=1,...,2s.

According to Lemma 7.4,
(8.14) o (8r) L5 or(§2).

Let us estimate o (£2,) assuming that » > 1 and (for a moment) r = o 2= In
this case

(8.15) Q= (gj rix(%) /b

By relation (7.8) of Lemma 7.4, we have

(8.16) () < #H{v e Q vl < 1/2} =#K,
where

K ={v=(m,m) eZ® . mmeZ,
(8.17) ,
lrm — Vo ||* + |~ Vom||~ < 1/4}.
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Let us estimate from above the right-hand side of (8.16). If v = (m, m) € K, then
1 r
(8.18) rllmll < lirm — Vot + [ Vo < 5 42 <.

Hence m =0 and ||Vgm|| < 1/2. It remains to estimate the quantity

(8.19) R #{m ez |Vom| < 1) > #K.

Let N; < --- < N be the successive minima of the Euclidean norm with re-
spect to the lattice VoZ*. Let e, e, ..., es be the standard orthonormal basis
of Z*. By (6.36) and (8.6), we have | Vpe;|| <1, j =1,2,...,s. Therefore, us-
ing Lemma 7.2, we see that N; < --- < Ny < 1. By (6.35), (8.6), (8.19) and by
Lemmas 7.1, 7.2 and 7.5,

(8.20) R =<y (N1 - Na---Ng)~! =i (detVp) ™! =, 025 (det C) .
Hence, using (8.16), (8.19) and (8.20), we conclude that
(8.21) a(Q) K5 0 (detC)™" forr>1landr =0, 2 .

Let now ¢ € R be arbitrary. By (8.8), (8.11), (8.14) and by Lemmas 7.1, 7.3
and 7.4,

3 expl—r?|m — v |* — @)/ = 3 exp{—llvl?)
m,mezs VEE;
(8.22) < R E#ves v <1}
L5 a(Br) K5 a(2)).
Now, by (6.28), (8.10) and (8.22), we have
(8.23) Ee{(B,zy, )} <5 rfa () =r Sa(D,U,A)  where u =oft.

Let us estimate the quantity Ry, t € R, defined in (8.22) assuming that r > 1
and |rt| < cjo; 2, where cy > 1 is an arbitrary quantity depending on s only. By
Lemma 7.3, we have

(8.24) R, =, #Ko,

where

Ko {v=(m,m) e mme7’,

(8.25) 5 5
lrm — reVim|? + Hr_lﬁ” < (2¢) 7}

Ifv=(0n,m)e Ko, r >1and |rt]| < c;"al_Q, then, by (6.36) and (8.25),

1
(8.26) rllml| < |lrm —rtVm| + |rt||Vm| < 3 + % <r.
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Hence m =0 and |rt|||Vm|| < (20?)_1 < 1. It remains to estimate the quantity
def

(8.27) S=#{meZ :|rt||Vm| < 1} > #Ko.
Let P} <--- < P be the successive minima of the Euclidean norm with respect
to the lattice |r¢t|VZ*. Let ey, e, ..., e be the standard orthonormal basis of Z°.

By (6.36), we have |||rt|Ve;|| < 1, j =1,2,...,s. Therefore, using Lemma 7.2,
we see that P; <--- < Py & 1. By (6.35), (8.27) and Lemmas 7.1 and 7.5,
(8.28) S, (Pi-Py--- P! (det(lre|V)) ™" = |rt| ¥ (detC) "
Hence, using (8.24), (8.27) and (8.28), we conclude that
(8.29) R: K |rt|_s(detC)_1 forr > 1and |rt]| < c;“al_Z.

Now, by (6.28), (8.22) and (8.29), we have

Ee{(BtCna 5,/,)} Lsr Ry
(8.30)

L T 37 (detC) T forr > 1and |rf| < cfoy 2

It is easy to verify that

-2 -1

o, r d[
(8.31) / ' \/r_zslt|_s (det(C)—l7 &L r 207 (detC)~1/?
C,

-2
sop 2rm 2l

for any c¢; depending on s only. Note that o (det C)~1/2 > 1. Using (8.23), (8.31)
and Lemmas 6.3 and 6.5, we derive the following lemma.

LEMMA 8.1. Let the conditions of Lemma 6.3 be satisfied with s =d, D =
c 12 s < 1/(5s) and with an orthonormal system S = S, = {e1,...,es} C R,
Let ¢; be an arbitrary quantity depending on s only. Then, for any b € R¢ and
r>1,
)

o ~ dt
/c [By0/2)|

sal_zr‘”“/s

(8.32)

: du
s (pN)'of (et ©)~/2 4 r 7072 sup_/ 1(a(ID)rUuA))1/27,
r Jr—

where r, a(-), D, U; and the lattice A are defined in relations (6.4), (6.27), (6.29),
(7.5), (7.6), (8.1), (8.3) and (8.4) and in Lemma 6.5. The supr means here the
supremum over all possible values of z;, z//- e R? (involved in the definition of
matrices B; and V) such that '

(833) |CVzj—ej| <8, |CTV—ej| <8 for1<j<s.

Moreover, for any b € R%, r > 1 and y > 0 and any fixed t € R satisfying |rt| <
cio, 2 where ¢y > 1 is an arbitrary quantity depending on s only, we have

(8.34) [Ty ()] Kys (PN)TY 4175|272 (det )~ /2.
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Letv=(m,m) € R, m,m € R and r € R. Then

(8.35) i+ tm = (1 4 1) + t (m — tim).
Equality (8.35) implies that

(8.36) m +tm| L lm|| + [lm —tm| for 1] L 1.
Hence,

rllm — || 4 r =7 + tm|| < rllm — ta)| 4 r |||
(8.37)
forr > 1, |t] <5 1.

According to (8.1)—(8.3), we have

D, Uyv = (r(m — tm), r_lﬁ) and
(8.38)

D, Kv = (r(m — tm), r VN m + tm)).

It is clear that the operators D, U; and D, K; are invertible. Therefore, using (8.37)
and (8.38) and applying Lemmas 7.2 and 7.4, we derive the inequality

(8.39) a(D,U;Q) L @K 2)  forr>>1, 1] <K 1,

which is valid for any lattice 2 C RS,
Let T be the permutation (2s x 2s)-matrix which permutes the rows of a
(25 x 2s)-matrix A so that the new order (corresponding to the matrix TA) is

1,s+1,2,s+2,...,s,2s.

Note that the operator T is isometric and A — AT~! rearranges the columns of A
in the order mentioned above. It is easy to see that

(8.40) aj(TQ) =a;(£2), j=1,...25 and «(TQ) = «(2)

for any lattice Q C R,
Note now that

(8.41) D, K/Aj = ’]I‘]ID,K,T”']I‘AJ- =W;Aj,
where A; is a lattice defined by

(8.42) Aj=TA;

and where W; is (25 x 2s)-matrix

G. 0, ' O

(8.43) w,=| 02 G O

0, O | G
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constructed of (2 x 2)-matrices O, (with zero entries) and

def r —rt
(8.44) Gry = (r—lt r_1>-
Let |t| <2 and
(8.45) 0 = arcsin(¢ (1 + tz)fl/z) or, equivalently ¢ = tan 6.

Then we have

0] <c* défarcsin(Z/«/g), cosf = (1+ tz)—l/z’

(8.46)
sing = 1(1+12) "2,
It is easy to see that
(8.47) Gy = (142D, Ky
and
(8.48) W, = (1+12)"*D,Ks,
where
D, O : O Ky O @ O
849) D,=|02 Do o 02| 4g Ry=[02 Ko © O
0, 0, : D 0, 0, : Ky

are (2s x 2s)-matrices with

_ 0 _ 6 —sin®
(8.50) D,déf(r _1> and KO‘Ef(COS o )eSL(z,R).
r

0 sinf  cos#
Substituting (8.48) into equality (8.41), we obtain
(8.51) TD, K A; = (1+12)"*D,KoA;.

Below we also use the following crucial lemma of Gétze and Margulis (2010).

LEMMA 8.2. Let]Kg and
H O, : O

(8.52) 0}

=
I

;8
=

=

Oy O
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be (2d x 2d)-matrices such that H € G = SL(2, R) and K@ is deﬁned_ in (8.49)
and (8.50). Let B be a positive number such that Bd > 2. Then, for any H € G and
any lattice A C R*?,

e B B Bd—2
(8.53) [ (@@ 2)" db <p.a () IEIP

Here ||H)|| is the standard norm of the linear operator H:R? — R2.

Consider, under the conditions of Lemma 8.1,

(854) I dﬁf/al_z/z 7z (t)!dt _/0;2 k7 (t/2)|dt
: 0= cooy 2245 )2 b r cso 2r=24s b t
By Lemma 8.1, we have
(8.55) Io <5 (pN)Lof (detC) ™12 4752 sup J,
r
where
1 dt
(8.56) J = /_l(oz(]D,tU,A))”z7 <M1,
r =2
with
(-n7! dt
(8.57) ch‘éff_l (@@ U 0) 2, =23 0 1.
J

Changing variable ¢ = vj >

matrices D, and U;, we have

and v=w + j in /; and using the properties of

/= /jjz(j_l)l(a(D,UszA))l/zd—v
(8.58) - / ”z(a(ﬂ)rwvﬂ 24
J
2 12 dw
:fo (@020, )2
By (8.7),
(8.59) D, U, =D,;21D;U, - =D, 1 Uy,D;.

According to (8.58) and (8.59),

1 2 12
(8.60) I <<;/O (@D, UA ) ' dt,
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where the lattices A; are defined in (8.5); see also (8.1), (8.3) and (8.4). Us-
ing (8.5), (8.15) and (8 21), we see that

(8.61) a(A;) K5 o (detC) !
By (8.39), (8.40) and (8.51), we have

Ol(Drj—]U[Aj) < Ol(]D)rj—lK[Aj) = O{(TDrJ—IKtAJ)
(8.62) ~ ~
L5 a(D,j-1KgAj)

for 1| < 1, r =1, j=2,3,...,p, where A; and 6 are defined in (8.42)
and (8.45), respectively. Using (8.45), (8.46), (8.49), (8.62) and Lemma 8.2 (with
d = 5), we obtain

2 S do
/O(o((]])rj_1U;Aj))1/2dt <<s/ (@@, Kor )"

cos26

2 1/2
(8.63) < [ a® o))

&5 D1 12 2 A ) 2,

if s > 5. It is clear that ||ﬁrj71 | = rj~!. Therefore, according to (8.40), (8.42),
(8.60) and (8.63),

1
(8.64) Iy <s (i D272 (A )2,

By (8.56), (8.61) and (8.64), we obtain, for s > 5,

(8.65) J <0} (detC)” I/ZZ 272 &, 1922678 (det ©)V/2,
j=2

By (6.4), (6.27), (8.55) and (8.65), we have r =<, (Np)'/? and
(8.66) Iy <5 r 20} (detC)"'2 &, (Np)~'of (detC)~1/2.
It is clear that in a similar way we can establish that

c(s)a
(8.67) ‘ |wb<t/2)|— & 120} (detC) V2 &, (Np) o} (detC) =12
1
for any quantity c(s) depending on s only. The proof will be easier due to the fact
that ¢ cannot be small in this integral.
Thus, we have proved the following lemma.

LEMMA 8.3. Let the conditions of Lemma 6.3 be satisfied with s =d > 5,
D =C~Y2,8 <1/(5s) and with an orthonormal system S =S, = {e1, ..., es} C
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RY. Let ¢1(s) and c2(s) be some quantities depending on s only. Then there exists
a cg such that

cz(s)(rf2 N dt
(8.68) / ‘ |x1:b(z)|7 & (Np) i (detC)~1/2,

1(s)01_2r_2+4/s

if Np > cs, where r is defined in (6.4) and (6.27).
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