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Let X1, ..., X, be a random sample from a p-dimensional population
distribution, where p = p, — oo and logp = o(nP) for some 0 < B <1,
and let L, be the coherence of the sample correlation matrix. In this paper it
is proved that /n/Tog pL, — 2 in probability if and only if Ee0l111* < 0o
for some 7 > 0, where « satisfies f = /(4 — ). Asymptotic distributions of
L, are also proved under the same sufficient condition. Similar results remain
valid for m-coherence when the variables of the population are m dependent.
The proofs are based on self-normalized moderate deviations, the Stein—Chen
method and a newly developed randomized concentration inequality.

1. Introduction. This paper is motivated by the recent results of Cai and Jiang
(2011, 2012) on asymptotic behaviors of the largest magnitude of off-diagonal
entries of the sample correlation matrix. Consider a p-variable population repre-
sented by a random vector X = (xq, ..., X p)T with the covariance matrix X, and let
X, = (x;j) be an n x p random matrix where the n rows consist a random sample
of size n from the population. The Pearson correlation coefficient p;; between the
ith and jth columns of X, is given by

B Yo (ki — X)) (xxj — X))
plj - n _ n — l
\/Zkzl(xki —x)?- \/Zkzl(xkj —xj)?

where X; = (1/n) }_}_, xxi. Then the sample correlation matrix I', is defined by

Ly = (pij)-
The main object of interest in this paper is the largest magnitude of off-diagonal
entries of the sample correlation matrix, that is,

(1.1

1<i,j<p,

(1.2) L,= max |p;l.

I<i<j=<p

As in Cai and Jiang (2011), L, is called the coherence of the random matrix X,.
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In the case where p and n are of the same order, that is, n/p — A € (0, c0),
asymptotic properties of coherence L, have been extensively studied recently.
Jiang (2004) was the first to establish the strong laws and limiting distributions
of L,. The moment assumption in Jiang (2004) has been substantially improved
by Li and Rosalsky (2006), Zhou (2007), Liu, Lin and Shao (2008), Li, Liu and
Rosalsky (2010) and Li, Qi and Rosalsky (2012). Liu, Lin and Shao (2008) proved
that similar results hold for p = O (n®) where « is a constant. We refer to Cai
and Jiang (2011) and references therein for recent developments on this topic. In
particular, Cai and Jiang (2011) considered the ultra-high dimensional case where

p can be as large as " for some B € (0, 1). Specifically, assuming all the entries
of X, {xij,i > 1, j > 1} are i.i.d. real-valued random variables with mean p and
variance 0 < 0> < 0o, they proved the following results.

Suppose Ee 11 < 0o for some ty > 0 and a > 0. Assume that p = p, — 00

and log p = o(n?) as n — oo, where g = Toq- Then

(1.3) Jn/(logp)L, — 2 in probability.

If0 <a <2, then

(1.4) nL? —4logp +log, p 5 v,

where d. denotes convergence in distribution, log, p = loglog p and the random
variable Y has an extreme distribution of type I with distribution function

(1.5) Fy(y) = e~ WVBD2 o R

The main purpose of this paper is to find necessary and sufficient conditions for
(1.3) and (1.4). Our result shows that the optimal choice of g is that 8 = «/(4 — @),
0 < o <2 for (1.3), and the same B for (1.4) when 0 < o < 1. It is also shown that,
when 1 <o <4/3 and E(x1; — ,u)3 # 0, (1.4) does not hold, but a recentered L,
will do.

The rest of the paper is organized as follows. The main results, Theorems 2.1,
2.2 and 2.3 will be stated in Section 2. A closely related problem of testing for
m-dependence of the population is considered and an application to compressed
sensing is revisited in this section. The proofs of Theorems 2.1 and 2.2 are given
in Sections 3 and 4, respectively, by using the Stein—Chen method, moderate de-
viations for both standardized and self-normalized sums of independent random
variables. The proof of Theorem 2.3 is postponed to Section 5.

2. Main results. In this section, we consider the law of large numbers and
asymptotic distributions of the coherence L. In Section 2.1, we provide necessary
and sufficient conditions for the two aforementioned limiting properties and the
optimal choice of § in terms of «. In Section 2.2, we consider the m-coherence,
L, m, of arandom matrix with m-dependent structure in each row.
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NOTATION. Throughout this paper, a, < b, will denote that there exist two
positive constants ¢y, ¢z such that ¢y < a, /b, < c2, for all n > 1; a, ~ b, will
denote lim;,—, »c a, /b, = 1.

2.1. The i.i.d. case. In this subsection, we assume that the entries x;; of X,
are i.i.d. with mean p and variance o2 > 0. Let

2.1 B=PBs=a/(4—a), O0<a<2.

We first state the law of large numbers for L,,.

THEOREM 2.1. (i) Suppose Eexp{tlx11|*} < oo for some 0 < o < 2 and
to > 0. Assume p = p, — oo and log p = o(nP*) as n — 0o. Then

(2.2) Jn/(og p)L, — 2

in probability as n — oo.

(ii) Let 0 < B < 1. If (2.2) holds for any p — oo satisfying log p = o(n®), then
Eexp{tolx111*} < oo for some to > 0, where a = ag =4p/(1 + B); that is, o and
B satisfy (2.1).

REMARK 2.1. Clearly, when o =2, 8 equals to 1, so the range for dimension
p reduces to log p = o(n). On the other hand, as proved by Cai and Jiang (2012),
if x11 ~N(0,1) and (log p)/n — y € (0, 00), then

L,—+1—e% >0  inprobability as n — oo.

Hence, result (2.2) no longer holds for log p =< n. We believe that the limit of L,
will also depend on the distribution of x1; in this case, which still remains an open
question.

The next theorem gives the asymptotic distribution of L, after proper normal-
ization. Let «k =E(x1; — ,u)3/cf3 and

nL%—4logp—Hog2p, O<a=<l,
(23) Wau=1{nL2—4logp — (8¢2/3)n~1/2(log p)>/2
+1log, p, l<a<4/3.

THEOREM 2.2. Suppose Eexp{ro|x11|*} < oo for some 0 < o < 4/3 and
1o > 0. Assume p = p(n) — 00, log p = o(nP*) as n — cc. Then

(2.4) w, 5y,

where Y has the distribution function given in (1.5).
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Clearly, when o = 4/3, B, = 1/2, (2.4) converges weakly to the distribution
function (1.5) provided that log p = o(n'/?). However, (2.4) is not valid when
logp < n'/2 as shown in Cai and Jiang (2012); that is, if x1; ~ N(0,1) and
(logp)/ nl/? - y € [0, 00), the limiting distribution of (1.4) is shifted to the left
by 832, that is, exp{—(1/+/8m)e~0+879/2) y € R. For 4/3 < « < 2, derivation
of the limiting distribution of L, needs more delicate arguments.

Theorems 2.1 and 2.2 together fully exhibit the dependence between ranges of
dimension p and the optimal moment conditions for asymptotic properties (1.3)
and (1.4) of the coherence L,,.

REMARK 2.2. It is known that the convergence rate to type I extreme distri-
bution is typically slow. When p =< n, Liu, Lin and Shao (2008) proved that the
rate of convergence can be improved to O ((log n)>2n =12y if an “intermediate”
approximation is used, that is,

P(nL; <) —eXp{—wP(xf > y)”

2
1 5/2
_ 0(( Ogln) >
nl/2
where X12 has a chi-square distribution with one degree of freedom. In the ultra-

high dimensional case, Theorem 2.2 implies

plp=1
2

sup

2.5) yek

sup
yeR

P(any)—exp{— P(Xlz24logp—loglogp+y)”

(2.6)

— 0.

It is possible to prove that the rate of convergence of (2.6) is of order on=1?.
To test the independence of the p-variate population, it may be better to choose
the critical value based on the “intermediate” approximation. That is, reject the
null hypothesis if L,% > zo/n, Where z, satisfies P(X12 > z4) = —2log(l — )/
{p(p— D}

REMARK 2.3. Both Theorems 2.1 and 2.2 are still valid if L,, is replaced by
2.7) Ly=_ max |pl,

I<i<j=<p
where
Dt (ki — 1) (xgj — W)
\/ZZ=1 (ki — )% 2foy (anj — w2

The quantity L, arises from compress sensing literature. See, for example,
Donoho, Elad and Temlyakov (2006).

(2.8) pij =
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2.2. m-dependent case. As discussed in Cai and Jiang (2011), a variant of
coherence L, can be used to construct a test for bandedness of the covariance
matrix in the Gaussian case. In this paper, we drop the normality assumption and
consider a more general problem of testing whether the population is m-dependent,
where m can depend on n. More specifically, let X, = (x;j)nx p, where the n rows
are i.i.d. random vectors drawn from a p-variate population represented by x =
(x1, ...,xp)T with the covariance matrix X. Assume all p components of x are
identically distributed with mean y and variance o> > 0. Then, we wish to test the
hypothesis

2.9) Hy: x; and x; are independent for all [i — j| > m.

Analogous to the definition of L,,, we introduce the m-coherence of the matrix
X, as follows:
(2.10) Ln,m = max |/0ij|-
li—=jlzm
In addition, let (r;;)»xp be the correlation matrix of x. For any given 0 < § < 1,
set

(211) T,s={1<i<p:lrjl>1—-8forsomel < j<pwith j #i}.

The following theorem establishes the limiting distribution of L, ,, under the null
hypothesis.

THEOREM 2.3. Let k = E(x1; — )3 /o and define

W= ”L%,m—410gp+10g219, O<a<l,
" nLl,, —4logp — (8k2/3)n" 2 Qog p)Y? +logy p, 1 <a <4/3.

Suppose Kexp{tolx11|%} < oo for some 0 < o <4/3 and ty > 0. Moreover, assume
that, as n — o0:

(1) p= pn,— 00, log p =o(nPv), where By is given in (2.1);
(ii) there exists some § € (0, 1) such that |T", 5| = o(p) and m = o(p*®), where
g5 = (28 — 82)/(4 — 28 + 8%).

Then, under Hy, W, converges weakly to the extreme distribution (1.5).

Theorem 2.3 was proved in Cai and Jiang (2011) when x is multivariate normal,
logp =o(n'/3), m =o(p') for any ¢ > 0 and |T'), 5| = o(p) for some § € (0, 1).
It was also pointed out therein that the assumption [I",, s| = o(p) is essential in
the sense that there exists a covariance matrix X such that the1 ﬁonclusion of
Theorem 2.3 for Gaussian entries no longer holds when p ~ne"" , m =n and
IT'p,s] = p for any § > 0. In Theorem 2.3 here, the assumption on m is weak-
ened, and condition (i) provides the optimal choice of § in terms of «, and more
importantly, Gaussian entries are not required.
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REMARK 2.4. Similar to Remark 2.2, an “intermediate” approximation can
also be applied here based on

Sup|P(Wn,m <y

yeR
(2.12)

—exp{—(p*/2) P(x{ = 4log p — loglog p + y)}| > 0

as n — OQ.

REMARK 2.5. In compressed sensing, the quantity Ly, defined in (2.7), is
useful because it is closely related to the so-called mutual incoherence property
(MIP), which requires the pairwise correlations among column vectors of X =
X, x p to be small. More specifically, under certain assumptions on X, the condition

(2.13) k—1L, <1

guarantees the exact recovery of § € R? from linear measurements y = X, when
B has at most k nonzero entries. This condition is also sharp in the sense that there
exists matrices X¢ such that recovering some k-sparse signals  based on y = Xof
when 2k — l)I:n =1 is impossible. See, Donoho and Huo (2001), Fuchs (2004)
and Cai, Wang and Xu (2010).

It was shown in Cai and Jiang (2011) that the limiting properties of L, can be
directly applied to compute the probability that random measurement matrices sat-
1sfy the MIP conditions (2.13). In particular, Theorem 2.1 with L, replaced with

L, provides necessary and sufficient conditions for L,, ~ 2./(log p)/n. This sug-
gests that the sparsity k should satisfy k < 4/n/(log p)/4 approximately in order
for the MIP condition (2.13) to hold.

3. Proof of Theorem 2.1. We start with collecting some technical lemmas
that will be used to prove our main results. Without loss of generality, assume
{xij;1<i<n,1<j < p}areii.d. random variables with mean zero and variance
one. Both letters C and ¢ denote constants that do not depend on » or p, but may
depend on the distribution of x;; and vary from line to line.

3.1. Technical lemmas. As in many previous works on the extreme distribu-
tion approximation, the following lemma is a special case of Theorem 1 of Arratia,
Goldstein and Gordon (1989), based on the Stein—Chen method.

LEMMA 3.1. Let {ny,a € I} be random variables on an index set I. For
each o € I, let By be a subset of I with o € By. For any given t € R, set
A=) ye1 P(o >1). Then

(3.1) |P(maxng <r) — e < min(L,A~") (b1 + b2+ by).
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where
bi=) Y PWa>0DPp>1), ba=) Y Pa>tng>10),
acl BEBy ael BeBy
Ba
by =) E|P(ny > tlo(ng, B ¢ By)) — P(ne > 1))
ael

and o (ng, B & By) is the o-algebra generated by {ng, B ¢ By}. In particular, if ny
is independent of {ng, B & By}, for each a € 1, then b3 vanishes.

For a sequence of random variables X1, X5, ..., we use S, and Vn2 to denote
the partial sum and the partial quadratic sum, respectively, that is,

n n
Se=>Xi,  Vi=)Y X7
i=1 i=1

The following lemma is due to Linnik (1961) on the moderate deviation under i.i.d.
assumption.

LEMMA 3.2. Suppose X1, Xo, ... are i.i.d. random variables with EX| =0
and IEX% =1:
1) IfIEet‘”Xl'a < 00 for some 0 <o <1 and ty > 0, then
. 1
(3.2) nlgngox—%logP(Sn/\/ﬁzxn)z—lﬂ
for any x, — 00, x,, = 0(n®/>C=)))
(i) IfEellX11* < 00 for some 0 < o < 1/2 and to > 0, then

P(Sn/\/ﬁ = x)
—_—
1— ()
holds uniformly for 0 < x < o(n®/ 2=y,
(iii) Assume Ee"*1 < oo for some to > 0. If x > 0, x = o(n'/*), then

P(S,//n > x) EX; 1+x
- o) :“{6MH}P+O<MH>]

(3.3) 1

3.4

We also need the following self-normalized moderate deviations:

LEMMA 3.3 [Shao (1997)]. Assume that X1, X», ... are i.i.d. random vari-
ables with EX1 =0 and 0 < 02 = IEX% < 00. Then, for any sequence of real
numbers x, satisfying x, — oo and x,, = o(/n),

(3.5) log P(Sp/ Vi = x,) ~ —x2/2.
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3.2. Proof of Theorem 2.1.

PROOF OF (i). The main idea of the proof is to show that L, can be reduced
to Ly,0 =maxi<;<j<p |pijol, where

1 n
(3.6) Pij0=—5 > (ki — w)(xXij — 1), 1<i,j<p.
no k=1
Let

n
Sni =Y Xki, Vnz,i = legi’
k=1

k=1
(3.7)
A= S, , l<i<p,n>1.
v SIERE
Decompose the sample correlation coefficient as
(3.8) Pij = Pij,1 — Pij,2s 1<i,j<p
and accordingly, define
Lypx=_max |pijkl, k=1,2,
I<i<j=<p
where
P Dokt Xkixkj / (Vi Vin, )
17,1 — 9
P = AL A - A7 )12
(3.9)
An,iAn,j
Pij2 =

((A=A7 )= A7 Y2

Intuitively, Lemma 3.3 suggests that A, ; can be negligible and Lemma 3.2 indi-
cates that Vn%i /niscloseto 1. Let

(3.10) en1 =c1(log p)/2/nP/? and ey = ca(log p)V/?/n'/?,

where ¢ and ¢; are positive constants only depending on the distribution of x1j
and will be specified later in different cases. Since IEexp{tolxlz1 —11%?} < 00, it
follows from (3.2) and (3.5) that

(3.11) P(!VHZJ —n|/n'? > g,1nP1?) < 2exp|{—ce2 nP)
and
(3.12) P(|An1| > £n2) < 2exp{—ce2on]

for all sufficiently large n. Now define the subset

(3.13) 5,,={max V2 /n—1] <eun® D2 max |A,,] fan].
1<i<p ™ 1<i<p
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Then, for properly chosen ¢ and ¢; in (3.10), we have

(3.14) P(&) < 2p(exp{—ce51nﬁ} + exp{—csgzn}) = o(p_4).
Recall L, o defined through (3.6). Clearly, on &,
Ln,O Ln,l < Ln,O

—_— <
1+ gpnB=0/2 ~ (1 —&2,)(1 — gy n#=D/2)

and
Lnp < e/ (1 = £12).

Noting that gqnB-D/2 = cl(logp)l/z/nl/2 = o(1) and n/logpz?%2 =
c%(logp)l/z/nl/z=0(1),wehave on &,

(3.15) Ln,l/Ln,0_> 1, \/n/logpan_Ln,H_)O»

which together with (3.14) shows that conclusion (2.2) will be a direct conse-
quence of the next proposition. The proof is postponed to the end of this section.
O

PROPOSITION 3.1. Under the conditions of (i) in Theorem 2.1, we have
v/n/(og p)L, o — 2 in probability as n — oo.

PROOF OF (ii). We shall prove the necessity of moment conditions under a
weaker assumption than (2.2). Assume that there exists a constant Co > 4, such
that

(3.16) P(y/n/(og p) max|pij| > Co) = 0.

Note that max<;<j<p |0ij| = maxi<i<p/2 | pi,[p/21+il, then (3.16) implies

(3.17) P(,max1oiippsil > Coy/(log p)/n) 0.

Observe that {p;[p/21+i» 1 <i < [p/2]} are iid. random variables and that
YU (ki — )2 < Y0_; x2, (3.17) thus yields

| Y5y Xk1Xk2 — nX1%2]
(3.18) p-P( — >Co,/(1ogp)/n)—>0.
(Che ) V(i x) 2

For n > 16, define the subset

n 2 n
X oy Xk
Dnz{zk_z ki g | 2k Xkil _ 1/

n
< <nll4, .Mfl},
n N

i =1,2;
i NG
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By the central limit theorem and the strong law of large numbers, P(D,) —
20(1) — 1, so that P(D,) > 1/2 for sufficiently large n. Furthermore, since
log p = o(n), we have on D,

| > ke Xk1Xk2] c log p
n 22y 212 0
(Zk:1xk1) (Zk:lxkz) n

5 { [x11x12] — 23/n — |x11] — |x12] - Co 10gl9]
(X3, +2m)V2(x2, + 2m)1/2 n

2 {(Ix11] = ¢y/log p)(|x12| — ¢y/log p) > 3Co,/nlog p}
for some ¢ > 0, which along with the independence of D,, and {x11, x12} yields
| > k=1 Xk1Xk2 — nX1%2]
P( = > Co,/(logp)/n)
(k=1 XEI)W(ZZ:l xlgz)l/2

(3.19) > P(Dy) - P((Ix11] — ¢y/log p)(Ix12| — ¢y/1og p) > 3Cp/nlog p)

> (1/2) - [ P(Ix11] > 2Cy* (nlog p)/*4)}*.
If follows from (3.18) and (3.19) that
(3.20) p'?P(|x11| > Co(nlog p)'/*) = o(1)

for any p satisfying log p = o(nf). By a contradiction argument, it is easy to see
that (3.20) implies that Eexp{to|x1|*#/(1*P)} < oo, for some #o > 0. This proves
part (ii)). O

We end this section with the proof of Proposition 3.1.

3.3. Proof of Proposition 3.1. It suffices to show, for any 0 < & < 1/8, as
n— oo,

(3.21) P(\/n/(og p)Lpo <2 —&)— 0

and

(3.22) P(,/n/(log p)Lno>2+€) — 0.

We apply Lemma 3.1 to prove (3.21) by using (3.1) to deal with the maximum.
The proof of (3.22) is similar, and so the details are omitted here.

Puty, = (2 —¢)s/(log p)/n, n > 1. Define
I={G,j)y;l1<i<j<p} Aij ={lpijol >y} l<i<j=<p,
and

Bi j={(k,1) e I\{(, j)}; eitherk € {i, j} orl € {i, j}}.
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Since {x;j; (i, j) € I} are identically distributed, by Lemma 3.1,

(323) |P( max |pijol < @ —e)y/(ogp)/n) —e ™| < byt + o,
I<i<j<p
where
(p—1
=22 p2 P(A12).,  bny<p>PX(Ap),
(3.24)

bna < pP(A12A13).

Because 0 < /2 <1 and Eexp{t0|x11x12|°’/2} < 00, it follows from (3.2) that, for
all sufficiently large n,

|Zn_ Xr1Xk2 |
P(Ap) = P("‘,jl—/z g ﬁyn)
(3.25) 2
< 2exp{—(1 —&)ny2/2) =2p~ (1-C=07/2,
which, in turn implies

(3.26) Ap—>o00 and b, 1=o0() asn — oo.

As for b, 2, we have

P(ARA13) =P

n»

| > %1 Xk1xk2] | D k=1 Xk1Xk3]
A

n

n
(3.27) < P<|2k21Xk1(sz + xi3)| - 2yn>

n

n J—
n P(l Y k1 XK1 (X2 — Xi3)| - 2yn).
n

Since E[xg1 (xx2 + xx3)] = 0 and E[xg1 (xr2 + xkg)]2 =2, applying (3.2) again, we
get

p (I dro1 Xkt (X2 + xx3) |
n

> 2yn> S 2eXp{—(1 — S)I’ly,%} = 2p_(1_8)(2_5)2‘
Similarly, the same result holds for P (] 22:1 Xi1 (X2 — xk3)| > 2y,n). Therefore,

(3.28) bu2 < PP P(AnAp) = 0(p>~179C=27) = (1),
This completes the proof of (3.21) by (3.23), (3.24), (3.26) and (3.28).

4. Proof of Theorem 2.2. The main idea is to use Lemma 3.1 again. The
proof of part (i) is standard while that of part (i1) requires a more delicate estimate
of A, given in (3.24). In particular, we need a randomized concentration inequality
in Lemma 4.2.
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We formulate the proof into two cases.
Casel.0<a<1.

For arbitrary fixed y € R, let

4.1) Vn :\/(y +4log p —log, p)/n, log, p =loglog p
for large n so that y 4 4log p — log, p > 0. We need to prove that
4.2) P( max |p;j| < y,,) — exp(—(1/+/ 87r)efz/2).
I<i<j<p
Similar to (3.23), we have
43) |P( max Ipijl < ya) —e™| <but+bao,
I<i<j<p

where Ay, by 1, by2 and A;; are defined as in (3.24) with p;; o replaced by p;;. It
suffices to show

e_y/z

4.4 P(App) ~2(1—® n N~ p2
(4.4) (A1) ~2( (Vnyn)) +o(p™) mp
and

(4.5) P(ApA) =o(p~?).

Analogously to (3.13), let
2 -1)/2
(46 &3={ max [V2i/n— 1 <emn® V2, max |An il <),

where V,, ; and A, ; are given in (3.7). In view of (3.14), we can choose ¢ and ¢;
in (3.10) properly such that

4.7) P(Er3) =0(p7).
On &,,.3, we have

2
|o1i,0] )

+ ,
(1 —ep)(1 —enn#=D72) 1 —¢,

(4.8) lp1il < i=2,3,

and [recall y, ~ 2n~1/2(log p)'/?]

(4.9) lp12] = {1+ o(/ (og p)/n)} - |p12,0l + O((log p)/n).

We are now ready to prove (4.4) and (4.5).

PROOF OF (4.4). By (4.9), it follows that, on &,.3,

{lp12] > yu} = {lo12.0l > 3n}  with $, = yu (1 +o(n~*(log p)/?)).
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Recalling the definition of p12,0 in (3.6) and

‘a/Z

Exi1xp =0, E(xgxrn) =1, Eelolxnxal™” o with0 <a/2 <1,

it follows directly from (3.3) that, as n — oo,

P(p12,0 > Yn) 1

1 — ®(/nJn) '

Noticing that log p = o(n'/3), it is easy to check that
1 - CI)(\/ﬁyn)
1 — @(/n¥n)

which, together with (4.10) yields (4.4). O

(4.10)

—

’

PROOF OF (4.5). By (4.8), following the same argument as in (3.27) and
(3.28), we have for any 0 < ¢ < 1/8,

P(A12A13)
< P(lp12.0l = {1 = oM}y, lp13.0l = {1 = o(1)}ya) + P(Ey3)
< Cexp{—(1 =&y} +o(p~?)
< Clogp)p™*'" +o(p~Y) =o(p7).
This gives (4.5).
Case2. 1 <a <4/3.

Similar to y, in (4.1), for y € R we now define

(4.11) yn=/(y +4log p+cn.p —log, p)/n.

where ¢, , = (8«2/3)n"1/2(log p)*/?. Following the same argument as in the
proof of case 1, (4.5) remains valid. It thus remains to show that

4.12) P(A1) ~ 2Ly +0(p7?),
where
Lny=(1—®K/ny)) exp(k2ny? /6).
Letx; = (xi1, ..., %) ,i=1,..., p be the p columns of X,,, and || - || denotes
the Euclidean norm in R”. Rewrite pi, as
N 1/2
pr2=pr/{(1— A2 ) (1= AZ )}

(4.13)

T —1
X1 X2 —n" Sy 18,2

lIx1 %2

with /312 =
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Define the subset
(414) gn-Z = {max(lAn,ll, |An,2|) =< 8n2}7

where ¢,5 = cp(log p)!/?/n'/? is given in (3.10) with ¢, > 0 chosen appropriately

such that P(&; ,) = o »~%). Hence, with probability at least 1 — o(p™*),
(4.15) lp12l/ |12l =1+ 0(n™'7?).
For p12, using the elementary inequalities
2ab<a’+b* and (142 >14s5/2—5%/2 forany s > —1
to give lower and upper bounds as follows:
@.16)  {p12> yu} 2 {xi x2 — yu(Ix1 1> + I%2[%) /2 > 07" S, 182}
and

{P12 > yn}
(4.17) c xI'x — yu(Ix1117 + Ix211%) /2

> 17" S0 802 =y [(Ixi7/n = 1) + (Ixel?/n = 1)°]}.
Therefore, in order to prove (4.12), we need to show the following two claims:
(4.18) P(x{x2 = yu(Ix11* + [1x21|?)/2 > 0) ~ Ly, + 0(p~?)
and
4.19)  P(An <x{x2 = ya(lxt|* + [%2/1%)/2 < 0) = o(D{Lny + p 7},
where A, = A(Sy.1, 50,2, V,il, V,%Q) is given by
420) Ay =n""818,2 = nyp[(Ix117/n = 1)+ (Ix2ll?/n = 1)°]. O
PROOF OF (4.18). Given two random vectors Xi, X, € R”, truncate one of
which as follows:
(4.21)  xpy = xk2dfxn <1} k=1,...,n, with t =1, :to_l/anﬂ/“
and write
(422) & =&uk = yaxaixfs — 2 (5t +x55)/2, k=1,...,n.

By the union bound and Markov inequality,

tolxi ¥y ., ,—nP
(4.23) P(lrél/flgnlxk2|>r>§IE[e ]-ne
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and it is easy to see that xIxo — y,(Ix1lI> + [x2)?)/2 = y, ! 3F_ & on
{maxy |xx2| < }. We thus aim to estimate the probability P(3_}_; & > 0). Since
o > 1 and y,727% = O((log p)'/?/nP/?) = 0(1), it follows that

S < T P lloe2l* ™! < v (e [+ xial®)
= o(D)(Ixi1 1™ + xx2l”),
which, in turn, implies sup; -y <, ,>1 Ee < oo. Moreover, it is easy to verify that
Eée = i + Ve By L 501 /2 = =y {1+ O (y)},

E(& — E&)3
\Z;TZ(;:) = (Ex%l)z + O(yl’l).

Let ty = Yof_; E& and o = Y71_ Var(§), then — i, /0y = /nya{l + O ().
Moreover, noting that \/ny, = o(n'/*) and k = ]Exf1 (with # =0 and 02 = 1), it
follows from (3.4) and the above facts that

$ o Xim G —E&)
P(lgskw)—P( s un/on)

Var(§e) = y; {1+ 0(y;)} and

B 3

~ (1= =g fon)) exp( ELZE (2 + 0 () )
2.3

N(I—Q(ﬁyn))exp{%}zﬁn,y asn — o0o.

This, along with (4.23), implies (4.18) immediately. [J

PROOF OF (4.19). This requires a more delicate analysis. The main idea is
to apply a combination of the multivariate conjugate method and a randomized
concentration inequality to the truncated variables as defined in (4.22) and (4.21).
Further to the notation used in the proof of (4.18), let {yx = (xx1, x,fz); 1<k<

n} be a sequence of independent R2-valued random variables and let measurable
function g:R? — R3 be given by

(4.24) Vu,v) eR*  g(u,v) = (uv,u?, v?).
Put
n n n T
Sn=D) Vi= (Zxkl, Zx;fz)
k=1 k=1 k=1

and

n n n n T
2 2
Vo 3 o) = (zxklxgz, S, zxgz) |
k=1 k=1 k=1 k=l
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Let Ay = (yu, —y2/2, —y2/2)T € R3. Observe that & = £, 4 given in (4.22) can
be rewritten as A,{ g(yr) that satisfy

(4.25) max My < 00,
1<k<n,n>1

where
Mg = Feft — E[ekzg()’k)]‘

Now, let §1, ¥2, ..., ¥, be a sequence of independent R?-valued random variables
such that y; has the following distribution:

(4.26) VBeB> PHreB)=

T
E[e* Y9 Ity e 3]
mpy k

Accordingly, put S, = > k=1 Vis V, = Y -1 &(¥i). The multivariate conjugate
method says that, for any C € B>,

T n
(4.27) P{(Sn. Vi) € C} =B hig, 3, )] [Tk
k=1

In particular, define subsets

Cp={ueR: Aduy, uz, ug, us) <uz — y,(ug +us)/2 <0y N E,,

= 1‘ <equnV2 j =4, 5},
n

E, = {u€R3 X Ri: \/u—:t_4 < snznl/z,
where in accordance with (4.20),
4.28) A1, v2,v3,v) =0 v —nyg[(v3/n = D + (va/n = 1)7]
and {e,1, €42; n > 1} are given as in (3.10), such that

(4.29) P{(Sn. Va) € EL} =0(p™?).
By (4.27), we have

n
ATy
P{(S,,Vn) €Cy} = (l_[ mn,k> x Ele A"V"I{(ﬁn,f’,,)ecn}]
(4.30)

Let ék = A,{ g(¥x) be the conjugate version of &. Then, by (4.26),

Eé, = E[£ee™ | /E[e%],  Var(§y) = E[£2e5]/E[e®] — (E&)>.
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Put i, =>7}_, Eé&; and 6} = D il Var(£;). Routine calculations show (recall
K= Ex%l)

E[e*]=1=y2/2+K>y,/6+ O(yy),
E[ge®] =y, /2+ O (v),
E[g7e™] = y; + 12y, + O (vy)-
Consequently,

(4.31) fin = K*ny3 /24 O (ny?), 62 =ny> +i’ny> + 0 (ny?)

and
n
(4.32) []mnx =exp(—ny;/2 + k*ny; /6 + O(ny})).
k=1
As for K, in (4.30), we shall show that
(4.33) Vyn Ky = o(1).

Now combining (4.30), (4.32), (4.33) and the well-known result 1 — ®(s) ~
Q)" 125716752 a5 5 — 00, it follows

P{(Sn» Vu) € Cn} = O(Ln,y)-
This, together with (4.23), (4.29) and the definition of C,,, gives (4.19).

PROOF OF (4.33). Observe that on the event {(S,,, Vy,) € Cy},

n
4.34) WV =3 = /)81 8n2 — 2P el
k=1

where S, 1 =Y} Xk1, Sn2 = )_j—; X5, Using Holder’s inequality gives

221V, . 1/2
K, < (Ee Lg, ¥mec)
n 1/2
(4.35) X (P((yn/msn,lsn,z —mPylen <3 & < 0))
k=1
. 1/2 1/2
= Kn’1 X Kn,2'

We first estimate K, 1. By (4.26),
Elfc1] = m,, (E[xc1e%] = —ky; /2 + O(v)),
E[$31] = m, Blxg %] =1—y3/2 = yn /24 O(y;)
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and same expansions hold for E[X/,] and E[)?,fzz] as well. Thus, for all sufficiently
large n, Y7 _; Eﬁ,ﬁzz <nand on {(S,, V) € Cp},

n
1S, 1] < 2en0n, 12 < 2n.
, k2
k=1

In view of (3.10) and (4.34),
w36 241V, < =200 /m) 81 (Sp2 — B8y 2) — 29, E[£],]80,1 +4nfylel,
< Cn™2(log p)Zy + O (n~*(log p)°/?).

where

|2 k1 (B — EXp)|
450y VarGily) + o G, — BRf)?
Now we can use the following sub-Gaussian property of self-normalized sums [see
Lemma 6.4 in Jing, Shao and Wang (2003)]:

Zn

LEMMA 4.1. Let {X;, 1 <i < n} be a sequence of independent random vari-
ables with EX; = 0 and EX? < oo. Then, for a > 0,

n\12
P( > a<4Dn + (Z Xl?) )) <812,
j i=1

n
> Xi
i=1
where D2 =3Y"_| EX?.
Indeed, Lemma 4.1 implies P(Z, > a) < 8e‘a2/2, Va > 0. Hence,
V>0 Ee'%n <14+ 8« 2m‘et2/2,
which together with (4.36) yields
(4.37) K,1=0().

Next, we estimate K, ». The key technical tool is the randomized concentration
inequality below developed in Shao and Zhou (2012):

LEMMA 4.2. Letny,...,n, be independent random variables,
n
W, = Z Nk
k=1

and let Ay = A1(n1,...,nn) and Ao = Ay(n1, ..., ) be two measurable func-
tions of n1, ..., Ny. Assume that

n
En,=0 fork=1,2,....,n and ZEn,%:l.
k=1
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Foreach 1 <k <n, let Agk) and Aék) be any random variables such that ny and
(Agk) , Agk) , W, — ni) are independent. Then

P(A =W, <Ay

n
521<ZE|nk|3+E|A2—A1|
k=1

S (Elm(Ar = AP)| 4 Elme (A — Aé’”m)-

We now let W, be the standardized )} _, §k given by

(4.38) (Z & — un),

k=1

where [1,, andAcAr,, areAdeﬁned in (4.31). As a direct consequence of Lemma 4.2 by
letting wy = (& — E&r)/n,

Av=—[n/6n+ yuSp1 80,2/ (n8) = 2nP yien G, Ao =—[n/y
and

59 8, —d, 89 =828 I=k=n
we have

n
P{(y,,/n)sn,ls,,,z —aPylen <N & <0

<21< 3ZE|$/€| +yn(n0n)_ E|Sn ISn 2|
k=1

n
_ 1 A— 2 A~ Ak 2 oA k)
+(ogp)*n 2 +yn62d :Elékxle,(l,%Jrékxsz( !
k=1

n
+yun~ 16,72 ZE|skaem;2|)

k=1

fC(“‘”2+n-3/2<m,%,1>“2-ae:sm

02 Z IES(k)z 12 -2 i{E@(Jzz}l/z)
k=1

<cn 12,
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This, together with expressions (4.35) and (4.37), verify our claim (4.33) and thus
complete the proof of case 2. [J

5. Proof of Theorem 2.3. The main idea of the proof is similar to that of
Theorem 2.2. We start with the following three technical lemmas, and their proofs
are postponed to the end of this section.

Let {(zk1, zk2, 23, ) ik > 1} be a sequence of i.i.d. random vectors with
mean zero and common covariance matrix X4, which will be specified under dif-
ferent settings. Set

n
D=z, ie{l,2,3,4}
k=1

Suppose p = p, — 00, log p = o0(nf) as n — oco. For y € R, let
J(y +4log p —log, p)/n, O<a<l,
"T|Jo+4logpten, —logp)/n, 1< <43,

(.1 y

for large n, where ¢, , = (8k2/3)n~" 12 (log p)3/2.

LEMMA 5.1. Assume

E4= ) |r|§1

SN O =
SO = O
S = O
- o O O

Then, forany 0 <& < 1,

sup P(

Iri<1

| >k zk1zk2l - | > %y 2k32k4l ~y )_ 0 (p=41-9)
Dy, 1Dy 2 " Dy 3Dy 4 "

LEMMA 5.2. Assume

1 0 r O
o 1 mn o0

Sa=|, . 1o st s
0 0 0 1

Then, forany 0 <e < 1,

| > =1 Zk1zk2l | > ke 2k32k4l a1
sup P( k=1 > n»#>yn>=0(p 4(1 s))‘
Dn,an,Z Dn,3Dn,4

[r1l, 12l <1

LEMMA 5.3. Assume

1 0 r O
10 1 0 n
0O rn 0 1
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Then, for any é € (0, 1),

sup
Iril,lr2]<1-8

n n

—1<k1Z —1<k3%Z

P<|Zk_1 Kzl . | > k=1 2k32k4l >yn) = o(p21He),
Dn,an,Z Dn,3Dn,4

where
g5 = (286 — 8%)/(4 — 28 + 8%).
Back to the proof of Theorem 2.3, w.l.o.g., we assume u = 0 and 0% = 1. Fol-

lowing the arguments for Theorem 2.2, we sketch the proof as follows:
Step 1: We have

P( max lpijl = J’n> s e VR asn — oo.
I<i<j<p,j—izm
Set
(5.2) Ap={G,j):l<i<j<p,j—i=mi, j¢Tps}
and
53 L' = max
(5.3) n (i,j)eA |lolj|
Clearly,
/ P

P(Ly > yn) = P(lgkj?,?,XHEm 10ij1 > ¥ )

(5.4)

<P(L,>ya)+ Y P(lpijl > yn).

where the last summation is carried out over all pairs (7, j) suchthat 1 <i < j <
p,j—1i>mandeitheri or j is in I'j, 5. The total number of such pairs is no more
than 2p|I") 5| = o(pz).
Under Hp, x| and x,,4+| are independent and identically distributed. Then, by
(4.4) and (4.12), we have for all 0 < o <4/3,
e V2 5

\/an ’

which, in turn, implies that the last summation in (5.4) is o(1).
Step 2: In view of (5.4) and (5.5), it suffices to prove

(5-5) P(|:01,m+1| > yn) ~

(5.6) P(L, < yy) — e "2IVBT,

We follow the lines of proof of Proposition 6.4 in Cai and Jiang (2011) with the
help of Lemma 3.1 and Lemmas 5.1-5.3. For (i, j) € A, set

Bij={(k.1) e Ap\{G. j)}:imin{lk —i|, |l — j|. |k — j|. |l —i]} <m)
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and A;; = {|pij| > ya} with y, given in (5.1). Note that |B; ;| <4 x 2m x p) =
8mp and (x;, X;) are independent of {(xx,x;); (k,]) € A, \ B; ;}. By Lemma 3.1,
(5.7) |P(Ly, < yn) — €| < bu1+bn2,

where

)\n == |Ap|P(A1,m+l)v

(5.8)
bui= Y. P(AimsD)* <4mp>P(Af i)’
W, )DEN)
(k,l)EBi,j
and
(5.9) bup= Y. > P(AjjAw.

(i,))er, (k)EB; ;
Clearly, {(Z, j):j =i+ m}|=(p —m)(p —m + 1)/2 and by definition (5.2),
18p1 =[G 1)z j =i+ m}|[ <2pI0p sl = 0(p?).
This implies |A | ~ p?/2 by assumption on nz, which, together with (5.5) gives
(5.10) An~e2//8r and b,i=o(l)  asn— oco.

It remains to estimate b, . Fix (i, j) € A, and (k,l) € B; j with i < j and
k < [. Without loss of generality, assume i < k (the case k < i can be identically
proved), then by definition of B; ;

(5.11) min{k —i, [k — j|, |l — jl} <m.

Consider three different cases for the locations of (i, j) and (k, /) from the above
restrictions:

D i<j<k<l,k—j<m;
Q) i<k<l<j,min{k—1i,j—1} <m;
B)i<k<j<l,min{k—1i,j—k,I—j}<m.

Let 2, be the subset of index (i, j, k, [) with restriction (v) for v =1, 2,3 and
formulate the estimation of P(A;; Ay;) into three different cases accordingly.

Case (1). Itis easy to see that |21 | < mp> = o(p>*%). For fixed (i, j, k, 1) € Q1,
the covariance matrix of (x1;, x1;, X1x, X1;) is equal to

1 0 r O
0100
r 01 0
0 0 0 1

for some |r| < 1. Now we apply Lemma 5.1 to bound P (A;; Ag;). Put

n
A —1 XksXkt
pstzzlc_#’ 155<t§p’
VI’l,SVI’l,[
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and analogously to (3.13), let

(5.12) Ena = {seg}?,)/(c,l} |Ans| < 8n2}»

where &,, are chosen of the same type as in (3.10) such that P(&y ,) = o( p_4).
On &, .4, we have

el < (16sel +63) /(1 —€7,)  with g5, < (log p)/n,

which, together with Lemma 5.1 and the fact that y, ~ 2n~'/2(log p)'/?, implies
that, for any 0 < ¢ < (1 — ¢5)/4 and all sufficiently large n,

P(AijAx)
(5.13) < P(Ipij1 > (14 0()yu. 1ol > (1 +0(1)yn) +o0(p™)
< Cp—4(l—s)
and hence
(5.14) Y P(AijAw) =o(l).

Q)
We remark that the o(1)’s appeared in (5.13) are of order n_l/z(log p)l/z.
Case (2). Decompose €2 as
Q ={G, j.kD)eQuk—i<m, j—1<m}
+{G, j, kD) €Qosk—i<m,j—1>m}
+{G, j, kD) eQopk—i>m,j—1<m}
=24+ Q2p + Q22

Observe that |2 4| < mzp2 = 0(p2(1+85)). For (i, j, k,1) € Q2 4, the covariance
matrix of (xi;, x1;, X1, X17) is equal to

1 0 rn O
0O 1 0 m
rr 0 1 0
0O rn 0 1

for some |rq|, |r2] <1 — 4. Using Lemma 5.3, along the lines of the argument in
case (1), we get

P(AijAu) < Cp~ 21+
and therefore

(5.15) > P(AijAr) =o(1).
Q2,(4
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Clearly, |2 5| < mp3 and Q27 .| < mp3. For (i, j, k, 1) in either 2 ; or Q2 , the
corresponding covariance matrix of (xy;, X1, X1k, X17) 18

1 0 r O 1 0 0O
. 1 0 0 01 0 r
either 01 0 or 0o 1 ol r] < 1.
0 0 0 1 0 r 0 1
By the same argument as that in the proof of (5.14), we have
(5.16) > P(AjjAn)=o(l)  asn— oo.
§2,5U0,
Case (3). We aim to show that
(5.17) Y P(AijAw) =o(l).

Q3
Essentially, this can be done by following similar arguments as in case (2). How-
ever, for (i, j, k, [) € Q23 which satisfies the restriction
minfk — i, j —k,[ — j} <m,

we need to decompose €23 into seven disjoint subsets and estimate all the seven
possibilities with the help of Lemmas 5.1-5.3 as before. The details are omitted
here.

Finally, combining expressions (5.14), (5.15), (5.16) and (5.17) with (5.9), we
get b, » — 0 as n — oo. This completes the proof of (5.6). [

PROOF OF LEMMAS 5.1-5.3.  We start with a general consideration for esti-
mating joint probabilities, and the results in Lemmas 5.1-5.3 will follow naturally
under various dependence structures. Let

en1 = c1(log p)'/?/nP/?

for some constant c; > 0 such that, by (3.2),

P(D,zl,]/n <1- 8,117’1('871)/2) = 0(p74).
Put y, = y, (1 — ennB=D/2) ~ 2./(log p)/n. Using a similar argument as in the
proof of Proposition 3.1 for estimating P(A12A13), we have

(I > h—1 Zk1zk2l | > k=1 Zk32k4l >
Pl >y, —————— >y,
Dn,an,Z Dn,3Dn,4

D h— 2zl o 12 k= 2k3zkal N
§P< kln = 5. kln =5, ) +o(pY)

(5.18)

" + -
- P(|Zk_1(2k121k/22 32kl 2n1/2yn)
n

I >0 (zk12k2 — Zk32k4) | s _
+P< k=1 Y >2n1/2yn)+0(p .
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Note that {zz1zx2 + z2x32k4, 1 <k < n}is a sequence of i.i.d. random variables with
mean zero. [

PROOF OF LEMMAS 5.1 AND 5.2.  Under both assumptions on X4, z14 is in-
dependent of (z11, 212, 213), SO that
E(zi1z12 + z13214)% = E(z11z12)* + E(z13214)* + 2E[z11212213214]
=2+ 2E[z11z12213] - Ez14 = 2.
It follows from (3.2) that, forany 0 < ¢ < 1,

n
P(I Zk:l(ZklZIkZ + zk32k4) | -
nl/2

for all sufficiently large n. The second probability in (5.18) can be estimated in
exactly the same way, and hence the results of Lemmas 5.1 and 5.2 follow imme-
diately. [

201125, ) < 2exp(~(1 - ¢/2n3}) <2170

PROOF OF LEMMA 5.3. Inthis case, (z11, z13) and (212, 214) are independent.
Then, for all |r{], |r2] <1 -6,

E(z11212 + z13214)% = 2 + 2E[z11213] - Elz12214] <2+ 2(1 — 8)%.
Set g5 = (26 — 8%) /(4 — 28 + 82). Applying (3.2) again, we have

n
P<| > k=1 (ZklZlk2 + 2k32k4) | - 2n1/2)7n>
nl/2

52
< Zexp{_M} < 2p—4(1—85)/(1+(1_5)2)
T+ (1—0)2
— 2p—2(1+85)

for all sufficiently large n. This completes the proof. [J
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