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Abstract. In this paper we study the almost sure conditional central limit theorem in its functional form for a class of random
variables satisfying a projective criterion. Applications to strongly mixing processes and nonirreducible Markov chains are given.
The proofs are based on the normal approximation of double indexed martingale-like sequences, an approach which has interest in
itself.

Résumé. Dans cet article, nous étudions le théoréme central limite conditionnel presque sir, ainsi que sa forme fonctionnelle,
pour des suites stationnaires de variables aléatoires réelles satisfaisant une condition de type projectif. Nous donnons des applica-
tions de ces résultats aux processus fortement mélangeants ainsi qu’a des chaines de Markov nonirréductibles. Les preuves sont
essentiellement basées sur une approximation normale de suites doublement indexées de variables aléatoires de type martingale.
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1. Introduction

Let (§;);>0 be a Markov chain admitting an invariant probability 7. Let f be a real-valued function such that 7 ( f 2y <
ooand 7(f) =0,andlet S, = f(£1) +---+ f(£,). If the central limit theorem (CLT) holds for n~!/2S,, starting form
the initial distribution , an interesting question is to know whether it remains true for another initial distribution v.
Maxwell and Woodroofe [24] have given a projective criterion under which S,, satisfies the so-called conditional CLT,
which implies that the CLT holds for any initial distribution having a bounded density with respect to 7. Necessary and
sufficient conditions for the conditional CLT are given in Dedecker and Merlevede [10], and Wu and Woodroofe [36].

The question is more delicate if v is a Dirac mass at point x. One says that the CLT is quenched if it holds for almost
every starting point with respect to 7. The quenched CLT implies the central limit theorem for the chain starting from
an invariant probability measure 5, referred as annealed CLT. The same terminologies are used for the functional
central limit theorem (FCLT). For aperiodic Harris recurrent Markov chains, the quenched CLT question is solved by
using Proposition 18.1.2 in Meyn and Tweedie [28]. More precisely, for an aperiodic Harris recurrent Markov chain, if
the CLT holds for the initial distribution 5, then it holds for any initial distribution, and hence for any starting point x
(see Proposition 3.1 in Chen [4] and its proof). In the nonirreducible setting, the situation is not so clear. For instance,
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an example of a Markov chain with normal transition operator satisfying the annealed CLT but not the quenched is
given at the end of Section 3 in Derriennic and Lin [12].

This question of the quenched CLT can be formulated in the more general context of stationary sequences: it means
that, on a set of measure one, the central limit theorem holds when replacing the usual expectation by the conditional
expectation with respect to the past o -algebra. Some examples of stationary processes satisfying the CLT but not the
quenched CLT can be found in Volny and Woodroofe [35].

The first general results on the quenched CLT and FCLT are given in Borodin and Ibragimov [1]: in the Markov
chain setting, it says that the FCLT holds if there is a solution in I.>(7r) to the Poisson equation (see Gordin and
Lifschitz [20]); in a general setting it means that the FCLT is true under Gordin’s condition [18]. This result has
been improved by Derriennic and Lin [12,13], Zhao and Woodroofe [37], Cuny [5], Cuny and Peligrad [7], Cuny
and Volny [8], Volny and Woodroofe [34] and Merlevede et al. [26]. In a recent paper, Cuny and Merlevede [6] have
proved that the FCLT is quenched under the condition of Maxwell and Woodroofe [24].

All the papers cited above use a martingale approximation in 2. Consequently, the projective condition obtained
up to now are always expressed in terms of > norms of conditional expectations. In this paper, we prove the quenched
FCLT under a projective condition involving IL'-norms, in the spirit of Gordin [19]. As a consequence, we obtain that
the FCLT of Doukhan et al. [14] for strongly mixing sequences is quenched. Note that Doukhan et al. [14] have
shown that their condition is optimal in some sense for the usual FCLT, so it is also sharp for the quenched FCLT. In
Section 3.1, we study the example of the nonirreducible Markov chain associated to an intermittent map. Once again,
we shall see through this example that our condition is essentially optimal.

Our main result, Theorem 2.1 below, is a consequence of the more general Proposition 4.1, where the conditions
are expressed in terms of conditional expectations of partial sums. The proof of this proposition is done via a blocking
argument followed by a two step martingale decomposition. We start with a finite number of consecutive blocks of
random variables. The sum in blocks are approximated by martingales. This decomposition introduces the need of
studying the normal approximation for a family of double indexed martingales. This approximation has interest in
itself and is presented in Section 6.

2. Results

Let (£2, A,P) be a probability space, and T :£2 > §2 be a bijective bimeasurable transformation preserving the
probability P. An element A is said to be invariant if 7(A) = A. We denote by Z the o -algebra of all invariant sets.
The probability PP is ergodic if each element of Z has measure O or 1.

Let Fy be a o-algebra of A satisfying Fy € T~!(F) and define the nondecreasing filtration (F;);ez by Fi =
T~/ (Fy). We assume that there exists a regular version Pr|F, of T given Fy, and for any integrable random variable
f from £2 to R we write K (f) = Pr|x,(f). Since P is invariant by T, for any integer k, a regular version Pr|x, of T
given Fy is then obtained via Pr £ (f) = K(f o T~%) o T*. In the sequel, all the conditional expectations with respect
to F are obtained through these conditional probabilities. More precisely, we shall use the following notations:

Eo(X) :=EX|F) =K(XoT™") and Ex(X):=EX|F)=K(XoT*"orTk

With these notations, E(f o T2|Fy) = E(K(f) o T|Fo) = K>(f), and more generally, for any positive integer /£,
E(f o T*|Fo) = K ().

Let X( be an fo—measurable, square integrable and centered random variable. Define the sequence X = (X;);cz
by X; = XooT'. Let S, = X1 + --- + X,,, and define the Donsker process W, by W, (¢) = n_l/z(S[m] + (nt —
(22D Xne1+1)-

Let H* the space of continuous functions ¢ from (C([0, 1]), || - |lco) to R such that x — |(1 + ||x||go)_1¢(X)| is
bounded. Our main result is the following:

Theorem 2.1. Assume that

| XoEo(X) |, < oo, 2.1
2 |
k>0
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then the series

n=E(X3|7) +2) E(XoXi|T) 2.2)
k>0

converges almost surely and in L' . Moreover, on a set of probability one, for any ¢ in H*,
lim Eo(p(W,)) = / @(z/mMW(dz), (2.3)

where W is the distribution of a standard Wiener process. The convergence in (2.3) also holds in L.

Note that the IL!-convergence in (2.3) has been proved in Dedecker and Merlevede [10]. In this paper, we shall prove
the almost sure convergence. Various classes of examples satisfying (2.1) can be found in Dedecker and Rio [11].

This result has an interesting interpretation in the terminology of additive functionals of Markov chains. Let (§,),>0
be a Markov chain with values in a Polish space S, so that there exists a regular transition probability P, s,—.. Let P
be the transition kernel defined by P(f)(x) = Pg,|g,=x (f) for any bounded measurable function f from § to R, and
assume that there exists an invariant probability s for this transition kernel, that is a probability measure on S such that
n(f) =m(P(f)) for any bounded measurable function f from S to R. Let then ]L(z) (7r) be the set of functions from
S to R such that n(fz) <ooand w(f)=0.For f € L% () define X; = f(&;). Notice that any stationary sequence
(Yx)rez can be viewed as a function of a Markov process & = (Y;; i < k), for the function g(&;) = Yk.

In this setting the condition (2.1)is ) ;o7 (| f Pk( f)1) < oo. Also, the random variable 1 defined in Theorem 2.1
is the limit almost surely and in ! of n_l]E(S,% |€0), in such a way that n = 1(§p). By stationarity, it is also the limit in
L! of the sequence nIE(Xy 4+ X,1+1)2|§‘1), so that 17(§p) = 17(§1) almost surely. Consequently 7 is an harmonic
function for P in the sense that r-almost surely P (1) = 7.

In the context of Markov chain the conclusion of Theorem 2.1 is also known under the terminology of FCLT started
at a point. To rephrase it, let P* be the probability associated to the Markov chain started from x and let E* be the
corresponding expectation. Then, for r-almost every x € S, for any ¢ in H*,

Tim E*(p(W,)) = / 0 (2v/700) W (d2).

Moreover,

Jim / ‘Ex(w(w,a)— / (z/1(x)) W (d2) |7 (dx) =0.

We mention that in Theorem 2.1 no assumption of irreducibility nor of aperiodicity is imposed. Under the additional
assumptions that the Markov chain is irreducible, aperiodic and positively recurrent, Chen [4] showed that the CLT
holds for the stationary Markov chain under the condition ) ;7 (f PX(f)) is convergent, and the quenched CLT
holds under the same condition by applying his Proposition 3.1.

Remark 2.2. Let us present an alternative condition to the criterion (2.1) in case where T is ergodic. We do not
require here Xg to be in 1> but only in L'. The so-called Gordin criterion in L' is:

E|Sxl

n

sup”IEo(Sn)”l < oo and liminf < Q. 2.4
nEN n—oo

By Esseen and Janson [171, it is known that (2.4) is equivalent to the following 1" -coboundary decomposition:
Xo=mo+z0—2z2007, (2.5)

where 7o € LY and mg is a Fo-measurable random variable in L2 such that E_1(mg) = 0 almost surely. Therefore,
the criterion (2.4) leads to the annealed CLT. Note that one can easily prove that the condition (3.2) of the next section
also implies (2.4). However, the condition (2.4) is not sufficient to get the annealed FCLT (see Volny and Samek [33]).
In addition, from Corollary 2 in Volny and Woodroofe [35], it follows that (2.4) is not sufficient to get the quenched
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CLT either. In Proposition 5.4 of Section 5.2, we shall provide an example of stationary process for which (2.1) holds
but (2.4) fails.

3. Applications

As a consequence of Theorem 2.1, we obtain the following corollary for a class of weakly dependent sequences. We
first need some definitions.

Definition 3.1. For a sequence Y = (Y;);c7, where Y; =Yg o T' and Yy is an Fo-measurable and real-valued random
variable, let for any k € N,

ay (k) = sup| E(ly, < |Fo) — E(y,<) |-
teR

Definition 3.2. Recall that the strong mixing coefficient of Rosenblatt [31] between two o -algebras F and G is defined
by a(F,G) =supscr peg IP(AN B) —P(A)P(B)|. For a strictly stationary sequence (Y;);ez of real valued random
variables, and the o -algebra Foy = o (Y;,i <0), define then

a0 =1 and ak)= 204(.7-'0, a(Yk)) Sfork > 0. 3.1

Between the two above coefficients, the following relation holds: for any positive k, ay (k) < (k). In addition, the
«-dependent coefficient as defined in Definition 3.1 may be computed for instance for many Markov chains associated
to dynamical systems that fail to be strongly mixing in the sense of Rosenblatt (see Section 3.1).

Definition 3.3. A quantile function Q is a function from 10, 1] to R, which is left-continuous and nonincreasing. For
any nonnegative random variable Z, we define the quantile function Qz of Z by Qz(u) =inf{t > 0: P(|Z| > t) < u}.

Definition 3.4. Let |1 be the probability distribution of a random variable X. If Q is an integrable quantile function,
let Mon(Q, ) be the set of functions g which are monotonic on some open interval of R and null elsewhere and such
that Qgx)) < Q. Let F(Q, ) be the closure in L'(w) of the set of functions which can be written as ZZL=1 ag fe,

where Zé:l lagl <1 and f; belongs to Mon(Q, i).

Corollary 3.5. Let Yy be a real-valued random variable with law Py,, and Y; =Yy o T!. Let Q bea quantile function
such that

ay (k)
> / 0% (u) du < oo. (3.2)

k=00

Let X; = f(Y;) = E(f(Y;)), where f belongs to F(Q, Py,). Then (2.1) is satisfied and consequently, the conclusion
of Theorem 2.1 holds.

To prove that (3.2) implies (2.1), it suffices to apply Proposition A.3 with m = g = 1 of Merlevede and Rio [27].
Notice that if (c(k))x>0 is the usual sequence of strong mixing coefficients of the stationary sequence (X;);cz as
defined in (3.1), then it follows from Corollary 3.5 that if

a(k) 5
Z/ Qx| (w) du < 00, (3.3)

k>0

then the conclusion of Theorem 2.1 holds. Hence the weak invariance principle of Doukhan et al. [14] is also quenched.
We refer to Theorem 2 in Doukhan et al. [14] and to Bradley [2] for a discussion on the optimality of the condi-
tion (3.3).
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3.1. Application to functions of Markov chains associated to intermittent maps

For y in ]0, 1[, we consider the intermittent map 7, from [0, 1] to [0, 1], which is a modification of the Pomeau—
Manneville map [30]:

x(14+27xY) ifxel0,1/2[,

Ty(x)z{zx_l ifx e [1/2,1].

Recall that T, is ergodic (and even mixing in the ergodic theoretic sense) and that there exists a unique 7, -invariant
probability measure v,, on [0, 1], which is absolutely continuous with respect to the Lebesgue measure. We denote
by L, the Perron-Frobenius operator of 7, with respect to v,. Recall that for any bounded measurable functions
fand g, v,(f -goT,)=v,(L,(f)g). Let (Y;);>0 be a Markov chain with transition Kernel L, and invariant
measure vy, .

Definition 3.6. A function H from Ry to [0, 1] is a tail function if it is nonincreasing, right continuous, converges
to zero at infinity, and x — x H (x) is integrable. If 1 is a probability measure on R and H is a tail function, let
Mon*(H, ) denote the set of functions f:R — R which are monotonic on some open interval and null elsewhere
and such that (| f| > t) < H(t). Let F*(H, 1) be the closure in L' (1) of the set of functions which can be written
as ZKL=1 ag fe, where ZKL=1 lag| <1 and fy € Mon*(H, ).

Corollary 3.7. Let y € (0,1/2) and (Y;)i>1 be a stationary Markov chain with transition kernel L, and invariant
measure vy,. Let H be a tail function such that

oo
/ x(H®) ' ™0 4y < o0, (3.4)
0

Let X; = f(Y;) — vy, (f) where f belongs to F*(H,v,). Then (2.1) is satisfied and the conclusion of Theorem 2.1
holds with

n=vy ((f =y (N +23 vy ((F = vy () f o TH). (3.5)

k>0

Proof. To prove this corollary, it suffices to see that (3.4) implies (3.2). For this purpose, we use Proposition 1.17 in
Dedecker et al. [9] stating that there exist two positive constant B, C such that, for any n > 0, Bn—D/v < ay(n) <
CnY=V/7  together with their computations page 817. |

In particular, if f is BV and y < 1/2, we infer from Corollary 3.7 that the conclusion of Theorem 2.1 holds with n
defined by (3.5). Note also that (3.4) is satisfied if H is such that H(x) < Cx~20=/0=2V)(In(x))~? for x large
enough and b > (1 — y)/(1 — 2y). Therefore, since the density h,,y of vy is such that hvy (x) <Cx77 on (0, 1], one
can easily prove that if f is positive and nonincreasing on (0, 1), with

c
x(1=20)72| In(x)|4

fx) =<

near 0 for some d > 1/2,

then (3.4) and the quenched FCLT hold. Notice that when f is exactly of the form f(x) = x~1=20/2 Gouézel [21]
proved that the central limit theorem holds for ) 7_, (f(¥;) — v, (f)) but with the normalization /n In(n). This shows
that the condition (3.4) is essentially optimal for the quenched CLT with the normalization /7.

4. Some general results

In this section we develop sufficient conditions imposed to conditional expectations of partial sums for the validity of
the quenched CLT and FCLT. _
For any positive integers i and p, define S;,” =8pi — Spi-1)-
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4.1. A quenched CLT

Let us introduce the following three conditions under which the quenched central limit theorem holds:

1 m+1 )
C; lim limsup Eo|Ei—2,(S) =0 as.
m—>00" oo \/m_P; | (@ )P( V4 )’
C, there exists a T-invariant r.v. n that is Fy-measurable and such that
m 1 5
lim limsupE —Ei_1,((SYTD)) —n| =0 as.,
Aim, lim sup 0;’"1’ @0 ((Sy 7)) = n
m

lim limsupEg =0 as.

Mm—>00 o0

1 ; i 2
) m—pEu—l)p((S;(f) +S5H0)7) —2n

i=1

1 m 1 -
i i _ — @) ) _
C; foreache>0 lim limsup ZE_I pIEo((Sp ) llef)\/\/ﬁ»?ﬁ) =0 as.

m—o0 psoo0 M~

Proposition 4.1. Assume that C{, C, and C3 hold. Then, on a set of probability one, for any continuous and bounded
function f,

lim Eo(f (n"/25,)) = / Mg dx,

n—00

where g is the density of a standard normal.

This proposition is designed especially for the proof of Theorem 2.1. Notice that in the expression [E; _7) p(Sl(f)) of

condition C; there is a gap of p variables between S;,i) and the variables used for conditioning. This gap is important
for weakening the dependence and is essentially used in the proof of Theorem 2.1.

Proof of Proposition 4.1. The result will follow from Proposition 4.2 below, for double indexed arrays of random
variables:

Proposition 4.2. Assume that (Y, m.i)i>1 is an array of random variables in L2 adapted to an array (Gn m.i)i>1 of
nested sigma fields. Let E,, ,,, ; denote the conditional expectation with respect to Gy ;. Suppose that

m+1
lim 1imsupZE|En,m,i_2(Y,,,m,,~)| =0, 4.1)

m—=0 p—soo *
i=2

and that there exists o> > 0 such that

m

D Enmict (Vi) =0

i=1

lim limsupE =0 “4.2)

m—o0 p—eo

and
m
lim lim supE ZEn,m,i—l((Yn,m,i + Yn,m,i+1)2) - 202 =0. (43)
m—o0 » 500 izl
Assume in addition that for each ¢ > 0
m+1
lim limsup ) E(Y;, 1y, ,,1>¢) = 0. (4.4)

m—00 ;o0 P
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Then for any continuous and bounded function f,

E(f (é Y>) - E(f(oN))‘ ~o

where N is a standard Gaussian random variable.

lim lim sup
m—0o0 n—00

Before proving Proposition 4.2, let us show how it leads to Proposition 4.1. Let m be a fixed positive integer less
than n. Set p = [n/m]. We apply Proposition 4.2 to the sequence Y, ,,; = SS)/W and the filtration Gy, ;. ; = Fip.
We also replace the expectation E by the conditional expectation Eq (recall that all the conditional expectations of
functions of T" with respect to Fg are obtained through the regular conditional probability Pr|z,), and o2 by the
nonnegative JFy-measurable random variable n. With these notations, the conditions C;, C; and C3 imply that (4.1),
(4.2), (4.3) and (4.4) hold almost surely. It follows from Proposition 4.2 that, on a set of probability one, for any
continuous and bounded function f,

mln/m]
Eo<f<n—1/2 3 X)) - [ g as
i=1

where g is the density of a standard normal. Proposition 4.1 will then follow if we can prove that for any ¢ > 0,

lim limsup =0,

m—-o0 5y 500

m[n/m]

i=1 i=1

> 8\/I’_l> =0 as. 4.5)

lim limsup Py (
m—=0 p—0oo0

With this aim, we notice that

y

and therefore (4.5) holds by relation (7.2) in Lemma 7.1 applied to Z; = X 12 It remains to prove Proposition 4.2.

n mln/m]

Sx- Y X

i=1 i=1

>¢ n) §IP’0<m2 max X,2 > 8211)

1<i<n

Proof of Proposition 4.2. For any positive integer i, let

Un,m,i - Yn,m,i + ]En,m,i (Yn,m,i+1) - IEjn,m,i—l (Yn,m,i)- (46)

To ease the notation, we shall drop the first two indexes (the pair n, m) when no confusion is possible. With this
notation,

Yi =Ui — Ei(Yig1) + Ei—1(Y)),
and since we have telescoping sum,

m m

D Y=Y Ui +Eo(Y1) = Ep(Yuup).

i=1 i=1
Notice that for any i € {1, m 4+ 1} and any ¢ > 0,

2

E(|Ei—1(Y)]") < &® + E(Y 1y »e)- (4.7)

Therefore by condition (4.4),

lim limsupE((En,m,m(Yn,m,m+l))2 + (En,m.O(Yn,m,l))z) =0. (4.8)

m—o0 5 50
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The theorem will be proven if we can show that the sequence (U, ,.;)i>1 defined by (4.6) satisfies the conditions of
Theorem 6.1. We first notice that I£; _{ (U;) = E;_1(¥;+1). Hence condition (6.1) is clearly satisfied under (4.1). On
an other hand,

Var(Ui|Gi—1) =By 1 (Y2 4 2YiE; (Yig 1) + Bt (B (Vig)?) — (B (V)
= 2(Ei-1 (YD) (Eim1 (Yig) — (Eifl(YiJrl))z- 4.9

Notice that for any ¢ > 0

m m
> E((Eim1(Yign) <SZE|JE, 1(Y1+1>|+sZE Vi1l Ly ise) + Y BV Ly se)
i=1 i=1 i=1 i=1
m+1
<eZE|El 1Y) +2 ) E(Y Ly se). (4.10)
i=1 i=2

Similarly, for any ¢ > 0,

m m+1
D B[ () (Eic1 (Yig) |<eZJE\El 1Y) +2 ) E(YP Ly se).
= i=1 i=1

In addition since E;_ 1(Y2 +2YiE;(Yiy1)) =Ei—1((Y; + Yl+1)2) —Ei_ 1(Y+1) the conditions (4.2) and (4.3) imply
that

m—+1

Z IEn m,i— l(Ynzm ;i + 2Yn,m,iEn,m,i(Yn,m,i+l)) - ‘72
i=1

lim limsupE
m—=00 p—o00

=0. 4.11)

Starting from (4.9) and considering (4.10), (4.1) and (4.11), it follows that condition (6.2) will be satisfied provided
that (4.1) and (4.4) hold and

m
mli—l>noo hy{r_l)sol;pE Z n,m,i— 1 n,m,i(Yn,m,i+1))2) - (En,m,i—l(Yn,m,i))z) =0. (412)
To prove (4.12), we first write that
= 2 2
Z (B (Yi40)%) = (Eim1 (1)) = En Yns)? — (Eo(Y1))
= 2 2
- Z((Ei(yi+l)) —Ei—1((Ei(YizD)?))-
i=1
By (4.8), it follows that (4.12) will hold if we can show that
- 2 2
lim limsupE Z((En,m,i(yn,m,i+l)) _En,m,i—l((En,m,i(Yn,m,i+1)) )) =0. (4.13)

m—-o0 5 50

This follows from an application of Lemma 6.2 with

dn,m,i = (]En,m,i (Yn,m,i+l))2 - ]En,m,ifl ((]En,m,i (Yn,m,iJrl))z)-
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Indeed

m+1

Z (I m ;| <221E

i=

and by Lemma 6.3, for any ¢ > 0,

m m
> E(dnnillig, , 1862) < 2D E(Enni i) L5, 0, p01025462)

m+1

<2ZE nml+]1|Enmz(Ynml+l)|>28 <4ZE nmtlyn,m,i|>8)'
i=1 i=1

So condition (6.15) holds by using (4.2) and (4.4).
It remains to prove that (6.3) holds. Clearly this can be achieved by using (4.4) combined with Lemma 6.3. ]

4.2. Finite dimensional convergence

For 0 <t < .-+ <t4 <1, define the function m;, _;, from C([0,1]) to R4 by .1 (x) = (x(f1), x(t2) —
x(t1),...,x(t7) —x(t4—1)). For any a in R4 define the function fa from RYtoR by fu(x) ={a,x) = Zle a; x;.

Proposition 4.3. Assume that C{, C, and C3 hold. Then, on a set of probability one, for any continuous and bounded
function h, for any a € Qd and any ty, ta, ..., tg rational numbers such that 0 <t; <--- <tz <1,

nll)noloEO(h o fao Ty, .., ld(Wn)) = / ho fyo Ty, nty (Z\/ﬁ)W(dZ), (4.14)

where W is the distribution of a standard Wiener process.

Proof. Since | J;~, Qd is countable, it suffices to prove that for any a € R? and any t1, f, ..., t; rational numbers
such that 0 < #; < --- <4 <1, on a set of probability one, for any continuous and bounded function %, the conver-
gence (4 14) holds. With this aim, for any € € {1, ..., d}, we set t; = r¢/s; where ry and s, are positive integers. Let
Ccq = H/f:l s¢. Rewrite tp = by /cq. The by’s are then positive integers such that 0 < b) < --- < by <cq. Let m be a
fixed positive integer and let p = [n/(mcy)]. Notice that for any £ € {1, ..., d},

[nte] — mby < mpby <[nte] + 1.

Therefore for any reals ay, ..., ag, with the convention that fo = 0 and by =0,
d [nte] pmby d (p+1)mby
Yo Y x-Ya Y x|l Y i
=1 i=[nty_1]+1 =1 i=pmby_1+1 =1 i=pmby+1

Using (7.2) of Lemma 7.1, we infer that for any £ € {1, ..., d} and every ¢ > 0,

<|a€| (p+1)mby
lim Py — Z | X; | >s> =0 as.
e \/ﬁ i=pmbp+1

In addition,

<22|ae| max |X;].
=1

d
> ae(Wate) = Wte-1)) Zausml Stnte_11)
=1

=1
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implying once again by (7.2) in Lemma 7.1 that

d

d
Zae(Wn(tz) - Wn(te—l)) - Zaz(S[m(] — Stnte_11)
=1

=1

n—oo

lim n_l/z]E()(

) =0 as. (4.15)

From the preceding considerations, it remains to prove that, on a set of probability one, for any continuous and
bounded function f,

lim limsup
m—=0 p—o00

d pmby
IE()(f(n_l/zZag > X,~>> —IEo(f(odN))‘ =0, (4.16)
4

=1 i=pmby_1+1

where 05 =7 ZZ: 1 dg(lg —t¢—1) and N is a standard Gaussian random variable independent of Fy. With this aim,
we write that

d pmby d mby mby
] k
doa Yo Xi=)a Yo S)=) dmakSy,
=1 i=pmby_1+1 =1 i=mby_1+1 k=1

where Ay g1 = Zle aelmp, +1<k<mb,. Hence to prove (4.16), it suffices to apply Proposition 4.2 to the random
variables Y, i = (mpCd)_l/z)\.m,d’iSI()l) and the filtration G, ;,,; = Fip, by replacing the expectation [E by Eq. The
conditions (4.1) and (4.4) are verified by using respectively C; and C3. To verify (4.2) and (4.3) with ol=02=

n 221:1 al%(tg —ty—1), we proceed as follows. For (4.2), we write that

mby 1 d mby ' 5
EO ZEn’m’i_l(Ynz,m,i+l) — 0’5 = EO F— Za% Z E(i*l)p((sg-i_l)) ) _ ‘75
i=1 PCA T immby 41
d 1 mby R
2 i+1
< aml ol 3 Bl -nt- |
= =mby_1+1

Since ty = by /cq, we obtain that

mby ) ) d afbg 1 mby .
Eo ZEn,m,i—l(Yn’nLi_i_l) —oj| < Z o 0 W Z]E(ifl)p((sp ) ) L
i=1 p —
4 42 mby_
aybe—1 1 02
+ E KB S _ ]
; ca lmpbe ; i-np((Sp*)7) —n

Condition (4.2) is then proved by using the first part of C;. Using similar arguments, we prove (4.3) by using the
second part of C,. ]

4.3. A quenched invariance principle

Let us define the maximal version of C3. For k <1, let S‘kJ = max<i</ |Si — Sk|.

p—>00

m
C4 foranye>0 lim limsu lg lIFJ (5’2 1 )=0 as
4 y s P 4 “p O\ G—1)p,ip HISu—1)pipl//P>e/m) = >
i=
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Proposition 4.4. Assume that C{, Cy and Cy4 hold. Then, on a set of probability one, for any continuous and bounded
function f from C([0, 1]) to R,

Jim o (f (W) = / fleymW (dx),
where W is the distribution of a standard Wiener process.

Proof. In this proof, m will always denote a positive integer. Since C4 implies Cs, it follows that Proposition 4.3
holds. In what follows, we shall prove that the process {W, (¢), ¢ € [0, 1]} is almost surely tight, that is, for any ¢ > 0,

sup ]Wn )y —w, (s)| > 8) =0 almost surely. “4.17)

|t—s|<m~!

lim limsup IP’Q(
m—=00 p—oo

By standard arguments, (4.17) together with Proposition 4.3 imply Proposition 4.4.
According to Inequality (25) in Brown [3], to prove (4.17) it suffices to show that, for any ¢ > 0,

m
lim limsupZPo( sup |Wo () = W (G = Dm ™) | > e) =0 as. 4.18)
M=o n—o0 T (i—Dm~l<t<im—!
Since sup, o 17 [ Wa () — n’l/zs[mﬂ =n-1/2 maxi<j<n | X;|, by using (7.2) of Lemma 7.1, it follows that (4.18) is
equivalent to

m
lim timsup > Po(  sup [ S — Spu—m-y| > V) =0 as. (4.19)

M=o0 n—oo T (i—Dm~l<t<im—!
Let p = [n/m], and note that, for any nonnegative integer i, [nim™ 11 —i < pi < [nim~1]. It follows that, for any
integer i in [1, m],

[nGi—1m~'] 1 [nim~']
sup |S[nt] - S[n(,'_l)mfl]| <Si-np,ip+ ﬁ Z | Xk | + ﬁ Z | Xkl
(i=Dm~t<t<im™! k=[nG—D)m—"—m k=[nim—1—m

Using (7.2) of Lemma 7.1, we infer that

1 [ni—Dm™ 1
lim — Z Eo(IXkl) =0 as.

n—o00 /n
k=[n@i—m=11—m

Hence, (4.18) holds as soon as

m
lim limsup » "P(Si_1)p.ip > ev/nlFo) =0 as.,
m—0oQ0 n—00 iz

which holds under Cy. O
5. Proof of Theorem 2.1 and additional comments
5.1. Proof of Theorem 2.1

We first prove that the series n = IE(X%|I) +2 Zk>0 E(XoXk|Z) converges almost surely and in L!. With this aim, it
suffices to prove that

Z||E(X0Xk|I) |, <oo. (5.1)
k>1



A quenched weak invariance principle 883

From Claim 1(b) in Dedecker and Rio [11], E(XoX|Z) = E(E(XoXk|F-00)|Z) almost surely, where F_o, =
(kez Fk- Hence

[EXoXi D), < [E(XoXk|F-o0o)|, < [ XoEo(Xs)|

1’

which proves (5.1) by using (2.1).
We turn now to the rest of the proof.

Proposition 5.1. If (2.1) holds, then Cy, Cy and C4 hold, with n defined in (2.2). In addition the conclusion of
Proposition 4.4 also holds for f in H*.

Proof. We first prove that the following reinforced version of C; holds:
C5 there exists a T-invariant r.v. 1 that is Fo-measurable and such that

for any integeri > 1  lim Ey
n—od

1 )
;E(f—l)n((s,gl))z) - 77‘ =0 as. and

for any integeri > 1  lim Eg
n—o0

1 . _
;E(i—l)n((S,(Ll) e 277‘ =0 as.

More precisely, we shall prove that C3 holds with 1 defined in (2.2). We shall only prove the first part of C3, the
proof of the second part being similar. For any positive integer N,

(S(i))2 1 in ) in—1 (in—j)AN
T I AL ED YD S ey 52
j=@{—Dn+1 j=(G{—-Dn+1 =1
Firstly,

1 in
E0(|E(i—1)n(Ri,N)|) = ; Z EO( Z \XJE,(X])|)

j=G—-Dn+1 I>j+N

LetZ; n = Zl>j+N | X ;I£;(X;)| and note that, by assumption, Z; y = Zo y o T/ belongs to L'. Applying the ergodic
theorem in relation (7.1) of Lemma 7.1 we obtain that

. 1 in
lim = > Eo(Zn) =EZonD as.
n—-oon

Jj=@{—Dn+1

Hence,
limsup Eo(|Ei—1n(Ri,n)|) <E(ZonIT) as.
n—>oo

and consequently

lim limsupE0(|E(,‘_1)n(R,',N)|) =0 a.s. 5.3)

N—o0 n—soco

Next, let

N
v =E(XG1T) +2) E(XoXk|T)
k=1
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and

N
vk =E(X31xp<k|T) +2)  E(XoXilx,x, <k D).
k=1

By the ergodic theorem for stationary sequences,

2 in—1 (in—j)AN

1 in )
k= D Xlwpek—o D L XiXpulixxuisk
j=(i—Dn+1 j=G—Dn+l =1

lim
n—0oo

=0 as. 5.4

and by the ergodic theorem in relation (7.1) of Lemma 7.1 applied with Z; = X?l‘ XK and with Z; =

N
Zl:l |Xij+l|1|Xij+1\>K,

1 in 2 in—1 (in—j)AN

. . 2

Klgnoohmsup]Eo(; Z Xj1|Xj\2>K + p Z Z |Xij+l|1|XjX,-+,>K) =0 a.s. 5.5)
e Jj=({—Dn+1 j=@{—-Dn+1 I=1

Using (5.4), (5.5) and the dominated convergence theorem, it follows that
5 in-l (in—j)AN

in
WN_% Yoox-= > Y XiXjw

n
j=@-Dn+1 j=G—-Dn+1 I=1

lim ]E0< ) =0 as. (5.6)
n—oo

The first part of condition C follows from (5.2), (5.3) and (5.6), and the fact that limy_, o 7y = 1 almost surely.
Next, we prove that C; holds. With this aim, we first notice that it suffices to prove that for any integer i > 2,

55
E(,'_z)n <%> D =0 a.s.

Indeed, on the invariant set where [E(| X¢||Z) = 0 almost surely, the random variables X;’s are equal to zero almost
surely. Now, using the same arguments as in the proof of Lemma 7.1, we can prove that E(| Xo||Z) = E(E(| Xol|Z)|Fo)
almost surely. Hence, for any integer i > 2,

lim ]E(|X0||I)]Eo<
n—oo

E(IXol1Z)Eo(|Ei-2n(S”)]) = Eo(|Ei-2n (E(1X0lIZ)S{")]) as.

Now

L s EeanlE(x0IT)5E)

( 1 (i—Dn S(i)
<Eo E@-_z)n((— > 1Xxl —E(|Xo||1)) —= >|)
n Jn
k=@{—-2)n+1

(i—Dn

5 2 Eo([E-2n(I1XkIS)])- (5.7)
o = —Dn+1

+

Using the fact that Fo € F(;—2), for any i > 2, and applying Cauchy—Schwarz’s inequality conditionally to Fp, the
first term on right hand in (5.7) is smaller than

(i—n

Eéﬂ((% 3 |Xk|—E(|X0||I)>2)Eé/2<(f}2;)2>. (5.8)

k=(—-2)n+1




A quenched weak invariance principle 885

By C3,

Sr(li) 2
nlg&Eg((\/ﬁ) ):n a.s. 5.9

Since X( belongs to L2, proceeding as in the proof of (5.6), we obtain that

(i—Dn 2
, 1
nlgr;()l%((; > Xl —]E(|Xo||I)> ):0 a.s. (5.10)

k=(i—2)n+1

From (5.8), (5.9) and (5.10), we infer that the first term on right hand in (5.7) converges to 0 almost surely as n tends
to infinity.
Now, for any integer k belonging to (i — 2)n, (i — 1)n],

1 . 1 ;
ﬁwn«mxk|s,gz>|f(,._2)n)|) < —Eo(|E(1XxIS17%)])

Jn
1 o
< —]Eo( |XkEk(Xi)|).

Let Z; = Z;’ikH | XxEx (X;)| and note that, by assumption, Zy = Zp o T* belongs to L. It follows that the second
term on the right-hand side of (5.7) is smaller than n=3/2 Z,((l:_(i.)_"Z)n +1Eo(Zy), which converges almost surely to 0
as n tends to infinity, by the ergodic theorem in relation (7.1) of Lemma 7.1. Hence C; is proved.

We turn now to the proof of C4. With this aim, we shall prove the following reinforcement of it:

Sz . Sty
C; lim limsup max E()( =D in <1 A2 D'””)) =0 as.
k=00 psoo l<i<k n nk

To prove C, we shall use the following maximal inequality, which is a conditional version of the inequality given in
Proposition 1(a) of Dedecker and Rio [11].

Proposition 5.2. Forany k <l and > >0 let I ; (1) = {S’k,l > MA}. The following inequality holds

l l

Eo((Ski—2)7) <8 > Eo(X71n,0) +16 Y Eo|Xilp,o)Ei(S — S)])-
i=k+1 i=k+1

Let us continue the proof of Cj. Note first that

S(zi—l)n,in St—1yn.in S(Zi—l)n,izz 4 - 2
Eo( . <1 A Ny )) < 28]E()<T> + ;]E()((S(,'_l)n,m — 8Vnk)+).

From Proposition 5.2 with A = 0, we obtain that

32 8 in 16 in
(i—Dn,in 2
Eol ————— ) < - Eo(X — Eo(Z
0( . )_n E of k)+n E 0(Zk),
k=({—1n+1 k=@{—1n+1
and, by the ergodic theorem in relation (7.1) of Lemma 7.1,

S2 .
lim sup max E()(i) < 8E(X2IT) + 16E(Zo|T) ass. 5.11)
n

n—oo 1<i<k
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Hence Cj will be proved if, for any & > 0,

hm lim sup max —Eo((S(, Dn,in —EVR )+) 0 a.s. (5.12)

k=00 psoo I<i<kn
Applying Proposition 5.2, we infer that, for any positive integer N,

in

Z EO( 1F(z Dn, tn(s\/_))

Jj=@{—1Dn+1

| &

Eo((Si—1yn,in — ev/nk)2) <

S

8 in (in—j)AN
+ n Z Z E0(|XjXjH'lF(ifl)n,m(Eﬂ))
j=G—Dn+1 =1
8 in
+- > Eo(Zjw) (5.13)

n.
j=(G{—-1n+1

where Z; v = Zl>j+N |X;E;(X;)|. Since by (2.1), Zj y = Zo,n © T/ belongs to !, the ergodic theorem in rela-
tion (7.1) of Lemma 7.1 gives: for any positive integer i,

1 in
lim — Y Eo(Zjn)=E(Zon|T) as.

n—oo
j=G—Dn+1

and consequently,
in
lim limsup max — Z Eo(Zjn)=0 as. (5.14)

N—o0 1<i<kn
n—oo 1=t J=(i—n+1

Now, for any positive M and any 0 </ < N,

1 a M 5(21 Dn,in
n Z EO(IXij+l|1F(i71)n,in(€m)) = EEO(T)
j=Gi—Dn+1
1 in
D Bo(IX Xl x g m)- (5.15)
j=G—1)n+1

According to (5.11), we have that

M (Se i
lim limsup max —Ey <w> =0 as. (5.16)
n

k—>00 posoo 1<i<k 82k
Next, by the ergodic theorem in relation (7.1) of Lemma 7.1, for any positive integer i,

in
nli)ﬂgoz (21:) 1]EO(|Xij+l|1\Xij+[|>M):]E(|X0Xl|1|X0X[\>M|I) as.
Jj=(@{-Dn+

and consequently

in

lim limsuplimsup max — Z
M 1<i<k n
T koo oo ASIERI G Tt

E0(|Xij+l|1|X_,~X_,-+1|>M) =0 as. 5.17)
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Gathering (5.13), (5.14), (5.15), (5.16) and (5.17), we infer that (5.12) holds. This ends the proof of Cj}. Then, on
a set of probability one, for any continuous and bounded function ¢ from C ([0, 1]) to R, (2.3) follows by applying
Proposition 4.4. To prove that (2.3) also holds for ¢ in H*, it suffices to notice that since (2.1) implies Cj, it en-
tails in particular that almost surely, the sequence (7~ max, <k<n S,%),,zl is uniformly integrable for the conditional
expectation with respect to Fy. ]

Proof of Proposition 5.2. It is exactly the same as to get (3.12) in the paper by Dedecker and Rio [11], with the only
difference that the expectation is replaced by the conditional expectation with respect to Fy. O

5.2. Some remarks on martingale approximations

The aim of this subsection is to point out that the conditions C, C, and Cs are satisfied if there is an almost sure
conditional martingale approximation in 2. This is another way to see that our conditions Ci, C, and Cj lead to
sharp sufficient conditions for the quenched CLT.

From the proof of Theorem 5.1, we see that, if X is a martingale difference, that is E(X|Fy) =0 a.s., then the
conditions Cy, C3 and Cj are satisfied. The following claim is then easily deduced.

Claim 5.3. Let Xo and dy be two fo-measumble, centered and square integrable random variables with E(dy o
T\|Fo)=0as.,andlet X; = XgoT ' andd; =dyoT'. Let S, =X+ -+ X, and M, =d; + --- + d,.

1. If

1
lim —IEO((S,, - Mn)z) =0 almost surely,

n—oon

then the conditions C1, C, and C3 are satisfied with n = ]E(dgﬂ).
2. If

1
lim —]E()< max (S — Mk)z) =0 almost surely, (5.18)

n—-oon 1<k<n
then the conditions C1, C, and C4 are satisfied with n = E(dgﬂ).

In particular, if the condition of Maxwell and Woodroofe [24] is satisfied

> ”E‘;g%”z <00, (5.19)
n>0

then it follows from Cuny and Merlevede [6] that (5.18) holds, so that the conditions C;, C, and Cy4 are satisfied. We

already know from Peligrad and Utev [29] that the Maxwell and Woodroofe condition is sharp in some sense for the

FCLT, and therefore for the quenched FCLT also. This shows that the conditions C;, C; and C4 are essentially sharp

for the quenched FCLT.

We mention that the Maxwell and Woodroofe condition and our condition (2.1) are of independent interests. For
instance, when applied to strongly mixing sequences the condition (5.19) leads to sub-optimal results as pointed
out in Merlevede et al. [25]. Obviously, the same remark is true when we apply it to o-dependent sequences as
defined in Section 3. More precisely, this gives the condition: ",k + 1)~V/2(Jy Y& 02(4) du)!/? < oo instead
of (3.2). Hence, when applied to nonnecessarily bounded functions of the Markov chain associated to the intermittent
map given in Section 3.1, the criterion (5.19) is satisfied as soon as f belongs to 7*(H,v,) and H is such that
H(x) < Cx20=1/0=2Y)(In(x))~" for x large enough and b > 2(1 — y)/(1 — 2y). Recall that by condition (3.2),
we only need b > (1 — y)/(1 — 2y). In addition, Point (v) of the main theorem in Durieu and Volny [16] shows that
one can find a stationary sequence (X;);cz adapted to an increasing and stationary filtration (F;);cz in such a way
that the condition (5.19) holds but XoEq(S,) does not converge in L! and so the condition (2.1) fails. Analyzing the
examples given in their paper, one can also prove that there are stationary sequences for which (2.1) holds but (5.19)
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does not. We can even say more: there are stationary sequences for which (2.1) holds but not (5.19), neither the
Gordin criterion (2.4), nor the Hannan—Heyde condition are satisfied. Recall that the Hannan—Heyde condition is the
following:

E(X0|F-0)=0 as. and Y [Eo(X,) —E_1(Xy)], < oc. (5.20)

n>0

where F_oo = (yez Fi-

In what follows (£2, A, ) is a probability space and T : 2 — £2 a bijective bimeasurable transformation preserving
the measure . Then (£2, A, u, T) is called a dynamical system. We refer to Sinai [32] for a precise definition of the
entropy of a dynamical system, and for the properties of dynamical systems with positive entropy. The proof of the
next proposition is given in the Appendix.

Proposition 5.4. Let (2, A, u, T) be an ergodic dynamical system with positive entropy. Let F C A be a T -invariant
o-algebra,i.e. F C T_l'(}') and let F; = T 7' (F). There exists a Fo-measurable and centered function f in L2 such
that, setting X; = f o T, the condition (2.1) is satisfied but the conditions (2.4), (5.19) and (5.20) fail.

To be complete, note that a stationary sequence can be constructed in such a way that (2.4) holds but the condi-
tion (2.1) fails (see Section 5.2 in Durieu and Volny [16]). Moreover, a stationary sequence can be constructed in such
a way that the condition (5.20) holds but the condition (2.1) fails (see Theorem 1 in Durieu [15]).

6. Normal approximation for double indexed arrays and auxiliary results

There are many situations when we are dealing with double indexed sequences of random variables. For instance
at each point in the two dimensional space we start a random walk. Our motivation for this section comes from the
fact that in our blocking procedure we introduce a new parameter, the number of blocks, m, that is kept fixed at the
beginning.

The next theorem treats the martingale approximation for double arrays of random variables.

Theorem 6.1. Assume that (Uy ;,i)i>1 is an array of random variables in L2 adapted to an array (Gn m.i)i>1 of
nested sigma fields. Let IE, ,,, ; denote the conditional expectation with respect to G, ;. Suppose that

m

lim limsupE Z]En,m,i—l (Un,m.i)

m—00 ;o0 P

—0, 6.1)

there exists o2 > 0 such that

m
lim limsupE|» " Var(Uy m.i|Gnm,i-1) — 0> =0, (6.2)
m—0o0 n— 00 l:1
and for each € > 0
m
lim limsup Y E(U7,, 1jv,,.1>¢) =0. (6.3)

m—=>0 psoo 7 1
=

Then for any continuous and bounded function f,

E(f (Z Um>> - E(f(oN))‘ =0, (6.4)
i=1

where N is a standard Gaussian variable.

lim limsup
m—=0 p—co0
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Proof. Forany i > 1,letdy m.i = Unm,i — Enm.i—1(Un m.i). By condition (6.1), the theorem will follow if we can
prove that (6.4) holds with Z;-"zl dn m.i replacing Z;”:l Upm,i-If o2 =0 the theorem is trivial. So we can assume
without loss of generality that o> = 1. In the rest of the proof, in order to ease the notations, we shall drop the first

two indexes (n, m), keeping them only when it is necessary to avoid confusion. Let ¢ and M be positive reals fixed
for the moment. For any i > 1, let

i
V,' = ZEl—l(dgz) and Y,' = dilla’l-lfslv,-gM-
Notice first that
m m
P(led,- + X;Yl) < P(lgagnd,- > s) L PV, > M)
i= i=

> Var(Ui|Gi—1) — 1

i=1

1 — 1
_ZZ d1|d|>s (]—i—E

Hence using Lemma 6.3, we get that

).

> Var(UilGi-p) — 1

i=1

m

- - 12 1
IP’(Z di#Y Y,-> =3 > E(U ;s esa) + M (1 +E
i=1 i=1 i

).

m m
1
lim suplimsupP(Z dnmi # Y Yn,m,,-) <o (6.5)

m—00 n—oo . .
i=1 i=1

Therefore using (6.3) and (6.2), it follows that for all ¢ > 0,

We notice now that since E;_(d;) =0 a.s. and V; is G;_j-measurable,

m m
ZEi—l(Yi) = Z 1y, <mEi_1(diljg;)>¢)-

i=1 i=1

Therefore by Lemma 6.3,

ZE, 1Y)

i=1

<— ZE UMy, >e/4),

implying, by using (6.3), that for all positive reals ¢ and M,

ZE, 1(Y)| =

i=1

lim limsupE
m— 00 n— 00

(6.6)

Considering (6.5) and (6.6), the theorem will follow if we can show that for any continuous bounded function f,
( (Z m>> f(N))‘ 6.7)

*
dn mi — Yom,i — Enm,i—1(Ynm,i)-

lim limsup lim sup lim sup
M—o0 o0 m—oo n—00

where
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Let
m
2 2
Spm = ZE(d:m l)
i=1
and notice that for any § > 0, E( |a’;lk |2+25) < o00,i=1,2,.... Hence, by the first theorem stated in Heyde and

Brown [22], it follows that for any § € ]0 1],

(Z i x) —P(s, N <x)

sup
xeR

148y y 1/(3425)
< Ks { —2— 25( (|4 nml|2+25)+]E )} ’ ©.8)

where K is a positive constant depending only on §. Assume now that we can prove that there exists a § in ]0, 1] such
that for any positive reals ¢ and M,

m
ZEmmJ—l ((d:,m,i)z) - Sr%,m

i=1

lim suphmsupZIE ‘ o.m i ’2+23) <u(e) (6.9)
m—00 n— oo
and
m 1+
limsuplimsupE ZEn,m,i—l((d:m l) ) -1 <v(M), (6.10)

m—00 n— o0 i=1
where u(-) and v(-) are positive functions defined on R™ such that v(-) does not depend on &, lim, .o u(x) = 0 and
limy_, 5 v(x) = 0. Then starting from (6.8) and noticing that (6.10) also implies that for any positive reals ¢ and M,
and

|1+5

limsuplimsup|sy ,, — 1| " <v(M), (6.11)

m—0o0 n—>0oo

we infer that (6.7) will hold. Indeed, by standard arguments, we will get (6.7) for every continuous function f with
compact support and then (6.7) for every continuous and bounded function f by using the fact that every probability
measure is tight. Hence, to end the proof of the theorem, it remains to prove that (6.9) and (6.10) hold. With this aim,
we first notice that

m m

STE(jdr ) <420 Y E(d?) < 426)¥ (1 +E
i=1 i=1

Hence, using condition (6.2), (6.9) follows with u(g) = 4(2¢)?% . 1t remains to prove (6.10). With this aim, using the

convexity inequality: (a + b)? < 2P=Yab +bP) (p > 1,a > 0 and b > 0), we first write that

m
Z]E,‘_l(Yiz) -1
i=1

Now, since Vy, i 18 Gp m.i—1-measurable and E,, ,, i —1(dy,m.;) = 0 a.s., we infer that

E(i(m](n))2>l+651@<<i( i1 (dilgy)=¢)) )(Zlvk<MEk l(dk)>6>

i=1 i=1 k=1

> Var(Ui|Gi-1) — 1

i=1

1+6 1+8

+2°E

1+
<2°E

m

> E((@))) -

i=1

m

Z 1Y)

6.12)

m
< M° Y E(d Ngy1e)-
i=1
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Hence by Lemma 6.3,

m 145 m
E(Z(Eil(Yi))2> <12M° Y E(U Ly, 1e/4).- (6.13)

i=1 i=1

On the other hand, using again the fact that V}, , ; is G, m.i—1-measurable and also that V,, », i < Vi m.i+1, we derive

that B

m
1= y<mBii ()
k=1

S B (@) -1

k=1

m

ZE,;](Y?) —1

i=1

m
. 1= 1y emBai (d g, <)

k=1

148 m B
< E((l - Zlv,.<MEl~_1(di2)>

i=1

m
<M+ E(dgse) + (M + 1)°E
i=1

m
<M+ E(dg5e) + (M + 1)°E
i=1

m
1Vm>M ZEk_l (d/?)
k=1

+ M+ 1)E

Therefore,

m 143

ZEi—l(Yiz) -1

i=1

iEk_l(d,f) —1

k=1

m
<M+ E(d g 5e) +2(M + 1’E

i=1

M +1)°
el (1 ‘5
which together with Lemma 6.3 and the fact that £ _ (d,?) = Var(Uy|Gk—1) imply that

E

iﬂzk,l(d,f) -1

k=1

M

m 1+8

DB (r?) -1

i=1

E > Var(Ui|Gr-1) — 1

k=1

). (6.14)

Starting from (6.12) and considering the bounds (6.13) and (6.14) together with the conditions (6.2) and (6.3), we
then infer that (6.10) holds for any § € ]0, 1[ with v(M) = M~Y(M + 1)%. This ends the proof of (6.7) and then of the
theorem. (I

m
<12(M + 1)’ Y "E(UMLy;56/4) +2(M + 1)’E

i=1

(M + 1)
M

> Var(UilGe-1) — 1

k=1

+ 1+E

Lemma 6.2. Assume that (dn m.i)i>1 is an array of random variables in L2 adapted to an array (Gn m.i)i>1 of nested
sigma fields, and such that for any i > 1, Ey . i—1(dn m.i) = 0 almost surely. Suppose that

m

m
lim limsup Y E(|dum.illd, . 1>c) =0 and > Eldymil <K (6.15)

m—=00 psoo 7 .
i=1 i=1

for some positive constant K . Then

lim limsupE
m—=00 p—o0
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Proof. Let ¢ > 0, and let for any i > 1,
/ 1"
dn,m,i = dnvmvil‘dn,m,ilfa and dn,m,i :dn,m,i1|dn_,,,,,-\>8-

With this notation and since E;, i —1(dn m.i) = 0 almost surely,

m m

m
Zdn,m,i = Z(d);mz = Enm.i-1 (dr/l,m,i)) + Z(d;;/,m,i —Enm.i-1 (dr/ll,m,i))'
i=1

i=1 i=1
Since
E’( ,/,/,m,,' - IEn,m,ifl( r/z/,m,i))‘ =< 2E(|dn,m,i |1|d,l.,,,,,-|>g),

by using the first part of (6.15), the lemma will follow if we can prove that

lim limsuplimsup E
e>0 m—oo n—o0

m
Z(dr/t,m,i - E"’m»i—l (d;lml))| =0.
i=1

With this aim, it suffices to notice that

m 2 m m
E(Z( r/l,m,i - En,m,il(d,/,,m,,'))> = ZE(di/l,m,i)z =e ZE|d”am’i|’
i=1 i=1

i=1

showing that (6.16) holds under (6.15).

Lemma 6.3. Let X be a real random variable and F a sigma-field. For any p > 1 and any ¢ > 0,

E(IX 1P gz =2:) < 2E(1X1711x)¢),

and setting Y = X — E(X|F),

E(1XP1y|>3:) < 2E(1X|1P1xj=) and E(|Y[PLy|s4e) <3 x 2PE(1X|P11x)>¢).

Proof. We first write that
IXIPLpx 7y >2e < IXIPLix)>e + P LiR(x|F)|> 28 -
Notice now that {|E(X|F)| > 2e} C {|E(X1,x|>¢)|F)| > &}, implying that

e’ 1ig(x|F)|>2e < |E(X1|X\>s|-7:)|p <E(IXIP1)x)>¢|F),

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

starting from (6.19), using (6.20) and taking the expectation, (6.17) follows. To prove the first part of (6.18), we start

by writing that

X111y |>3¢ < |XIP11x |5 + €PN R(x|F)|> 285

and we use (6.20). To prove the second part of (6.18), we first notice that for any positive reals a, b and ¢, (a +

b)P1yypsae <2PaPly-0. +2PbP1y- .. Therefore
E(IY 1P 1jy|>4¢) < 2PE(IX1P11x)52¢) + 2PE(IX P LE x| 7))>2¢ )-

The second part of (6.18) then follows by using (6.17).



A quenched weak invariance principle 893

7. Ergodic theorem

We gather below the ergodic theorems used in this paper. We keep the notations of Section 2 and we define Fo, =
\/keZ Fk.

Lemma 7.1. Let Z be a Foo-measurable real-valued random variable in L', Define Zy = Z o T* for any k in ZZ. Then

1 n
- ZEO(ZI-) — E(Z|T) almost surely and in L, (7.1)
n
i=1
and
1 1
—IE0< max |Z; |) — 0 almost surely and in L. (7.2)
1<i<n

Proof. By definition of the operator K (see the beginning of Section 2),

ly IEo(zl-)=l S K'(2).
n i=1 n i=1

Applying the Dunford—Schwartz ergodic theorem (see for instance Krengel [23]) we obtain that (K(Z) + --- +
K"(Z))/n converges almost surely and in L.! to some g € L'. We prove now that g = E(Z|Z). Let N € N. De-
fine Zo yn =E(Z|Fn) and Zy y = Zo N © T* for any k in Z. From the stationarity of the sequence (Zi,n)kecz and the
invariance of E(Zp y|Z), we have

—N

1

= |E(ZonIT) — — E Zi,N
n

k=1—(n+N)

1 n
E(ZoNID) =~ ) Zkn

k=1

1 1

Both this equality and the I.!-ergodic theorem imply that E(Zo y|Z) is the limit in L' of a sequence of Fy-measurable
random variables. Hence E(E(Zo y|Z)|F0) = E(Zo n|Z) almost surely. Therefore, noticing that for any i € N,
Eo(Z;) =Eo(Z; n) and using, once again, the L! -ergodic theorem, we derive that

n
Z Zin —E(ZonITD)| =0.

i:]

ZEo(z ) — E(Zo.n1T)
i=1

lim sup
n—od

<limsup
n—oo

1 1

Hence the proof will be complete if we show that limy_, o |E(Zo,n|Z) —E(Z|Z)|l1 = 0. Notice that
|EZon1D) —EZID], < [EZIFN) - Z|,.

Therefore since (E(Z|Fn))n>1 is an uniformly integrable martingale, and Z is F-measurable, the desired conver-
gence follows by the martingale convergence theorem.
We turn now to the proof of (7.2). With this aim, we notice that for any N > 0,

1 N 1
—IE( z)<_ N Eo(1Zi1yz 1o n)-
0 1Tfl<xn| [) < " +n§ 0(1Zil1z;=n)
By using (7.1), n! Z;’:I Eo(1Z;i|1)z,|>n) converges to E(|Z|1,z|> y|Z) almost surely and in L!, as n tends to infinity.
Therefore

hm lim sup — ZEO |Zil11z,1=n) =0 almost surely and in L!,

N—oo psoco N

which ends the proof of (7.2). O
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Appendix

This section is devoted to the proof of Proposition 5.4. We shall see that it follows from a slight modification of the
example given in Section 5.4 in Durieu and Volny [16].

We consider the ergodic dynamical system (§2, A, u, T') with positive entropy, the sequence (¢;); <7, of independent
identically distributed (i.i.d.) Rademacher random variables with parameter 1/2, and the o -algebra F as described at
the beginning of Section 4.1 in Durieu and Volny [16]. Now, for any positive integer k, we define

1 1 1
4_k’ 9k=k7, 8k=—k243k,

and we consider mutually disjoint sets (Ax)kez by using their Lemma 2 with 2N instead of Ny, and the sequences
(pr) and (&x) defined above. In addition to being disjoint, the sets (A)ren+ are such that

Nk:4k’ pk: (Al)

(i) 3o < p(Ap) < py for all k € N*;
(ii) forallk e N*andalli, j €{0,..., 2Ny}, w(T Ay AT 7 Ay) < &x.

The function f is then defined as

2N
F=>"fida, with fi=6 Y e_j. (A2)
k>1 Jj=Ni+1

The function f defined in (A.2) is centered, Fp-measurable and, since Zk>1 0,(2Nkpk < 00, it belongs to L2 (see
Proposition 7 in Durieu and Volny [16]).

Let now X; = f o T! for any i € Z. This sequence is adapted to the stationary and nondecreasing sequence of
o-algebras (F;)icz where F; = T~ (Foy). Let us first prove that the sequence (X;);cz satisfies the condition (2.1).
With this aim, we first emphasize some additional important properties of (e;);cz and of (Ax)kez. First, the sequence
(e;)iez is adapted to (F;);cz and E(e; | Fo) = e;1;<o almost surely. Second, for all k and i, 14, o T is Fy-measurable.
Finally, the ¢;’s and the 14, ’s are independent for all i and k. As in relation (4) in Durieu and Volny [16], we then
write that for any i € N,

2Ny

E(Xi|~7:0)=29k Z ei—jlr—icapli<j

k>1 j:Nk-f—]

2Nk 2Ny
=20 ), eifladicj+) 0 Y e jOr-igaga, — lapr-ian)lis)- (A3)
k>1  j=Ng+l k>1  j=Ng+l

Using item (ii) above, and the fact that the e;’s are bounded by one, we obtain

2

i>0

2Ny

Y6 Y eijlisi Ui, — i)
k=1 j=Np+1

2

2N, 2N
<ZZ@ka (T (A0AA)) 2+ 36 3 S (w(T7 (A0 aA)
k>1i=0 k>1 i=Np+1 j=i
<2) N (N + D er. (A4)

k>1

Since, by (A.1), Zkzl Ok Nkz\/ﬁ < 00, in order to prove that (2.1) holds, it is enough to show that

2

i>0

2Nk

fzek Z €j— ]lAk i<j

k>1  j=Ni+1

< o0. (A.5)
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By disjointness of the Ay’s,

2

2Ny

2N 2N
£y 6 ) eijlalici| =) Zek( > ei—j1i<j>( > 6—e>1Ak

i>0 k>1 Jj=Ni+1 1 i>01lk>1 J=Nr+1 {=Nir+1 1
2Ny 2N
2
-3 [Tt 3 i) X )
i>01lk>1 J=Ni+1 {=Np+1 1
2Ny 2Ny
+ ) 1 Ini<icon 67 (Zel ,)( > ee)lAk (A.6)
i>01lk>1 L=Nr+1 1

Now, by independence between the e;’s and the 14, s,

2

2Nk 2Ny
ZlikaQkZ< Z e,-_j>( Z e_g)lAk

i>01lk>1 Jj=Nir+1 {=N;+1 1
2N 2Ny
2
RN ( 5 )( 3 ) (o)
i>0 k>1 Jj=Ni+1 {=Ni+1 1

Since the ¢;’s are i.i.d., centered and with variance one, we have

2Ny, 2Ny 2Ny 2Nk
(5 )2 e <] 5 ]| 3 e <
J=Ni+1 {=Nr+1 1 Jj=Ni+1 2 1=Np+1 2

The second term in the right-hand side of (A.6) can be handled similarly. So overall, we infer that

2Ny
Z fZQk Z ei—jla,1i<; 5229;(21\’1(2/)1(,
i>0ll k=1 j=Ni+1 1 k>1

which is finite according to (A.1). This ends the proof of (A.5) and then of the fact that the sequence (X;);cz satisfies
the condition (2.1).

Let us prove now that the condition (2.4) fails for the sequence (X;);cz defined above. With this aim, we shall
prove that

sup [Eo(Swy)||, = oo. (A.7)
KeN

Starting from (A.3) and using (A.4), it suffices to prove that

2Ny

ZZGk Z ei—jli<jla,

i=1k>1 j=Ni+1

sup =00. (A.8)

KeN

1

Let K > 3. By disjointness of the A;’s and by independence between the ¢;’s and the 14, s, it follows that

2Ny 2N Nk
Z €i—j l<j1Ak ZZQkM(Ak)E Z Zei—jlifj .
i=1k>1 Jj=Ni+1 1 k>1 j=Ni+1i=1
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Therefore
2N K-1 2Ng—1 Ng
ZZ@« D e jlicjla, 2 > O (ADE > et ) izneri—eli<on—¢
i=1k>1 j=Np+1 = £=(N¢+1—=Ng)VO i=1

Notice now that forany k € {1,..., K — 1}, Ny +1— Nx < Ng_1+1— Nk <0and forany £ >0, 2N, — £ < Ng
(since 2Ny — Ng <2Ng_1 — Nk <0). Hence

2Ng 2Ni—1
Zek Z ei—jli<jla )l = ZGkM(Ak)E Nkze ¢+ Z Q2Ni — e—y|.
i=1k>1 Jj=Ni+1 1 {=Ni+1

Next, by using the Marcinkiewicz—Zygmund’s inequality together with item (i) above, we get that there exists a
positive constant A such that

2Ny

K
Z@k Z ei—jliflek

i=1 k>1  j=Ni+1

>

>A

-1 Ni 2N;—1 1/2
kpkE(NkZe D @Ne— 0 )

1 £=0 £=Ny+1

m\gk

1

=
L

> A 0Ny = Aln(K — 1),
1

»
I

which proves (A.8) and therefore (A.7).
Let us prove now that the condition (5.19) fails for the sequence (X;);cz defined above. Following the computations
page 339 in Durieu and Volny [16], it suffices to prove that

1 172
2 n3/2 (Z 12Nk<n9/3N1§,0k> = 00. A9

n>1 k>1

Since N = 4k, using (A.1), we get that

[(nn—1n2)/2In2)] 4

n
leNkSneklegpk = Z 2 = C(lnn)z’

k>1 k=1

where C is a positive constant. This shows (A.9) and then that (5.19) fails.
Let us prove now that the Hannan—-Heyde condition (5.20) fails for the sequence (X;);cz defined above. With this
aim, we first notice that

2Ny

E(Xi|F) —E(Xi|F-)=e0) 6 Y lyicayli=j.
k>1  j=Nj+1

Proceeding as in (A.3) and since Zkz] Ok Ni /€x < 00, it suffices to prove that

2

i>1

2N

Yoo > 1= lek

k=1 j=Ni+l

= 00. (A.10)

But, by disjointness of the Ag’s,

2.

i>1

2Nk

Do > Lisjla,

k>1 J=Ni+1

:Z<Ze,§( ZXNk: 1,-:,->2M(Ak))l/2.

2 i>1 \k>1 J=Ng+1
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Therefore, since Ny = 22k
2Ny 22(¢+1) 92k+1 2 1/2
2
2200 2 Nma =0 D |\ 8| X o) mAn
i>1 k=1 j=Ni+1 2 £20;=22t41 \k=1 j=22%k41

22041 22k+1 2 1/2

=S D71 B R ') NT)

€>0;=02¢41 \k>1 =02k 41

22(+1 ﬁ
=2 X Ginan) = =3 20/
£20=2041 3 £=0

which does not converge according to (A.1). This ends the proof of (A.10) and then of the fact that the sequence
(X;)iez does not satisfy the Hannan—Heyde condition (5.20).
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