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Motivated by considerations from neuroscience (macroscopic behavior
of large ensembles of interacting neurons), we consider a population of mean
field interacting diffusions in R™ in the presence of a random environment
and with spatial extension: each diffusion is attached to one site of the lat-
tice Z4, and the interaction between two diffusions is attenuated by a spatial
weight that depends on their positions. For a general class of singular weights
(including the case already considered in the physical literature when inter-
actions obey to a power-law of parameter 0 < o < d), we address the conver-
gence as N — oo of the empirical measure of the diffusions to the solution of
a deterministic McKean—Vlasov equation and prove well-posedness of this
equation, even in the degenerate case without noise. We provide also pre-
cise estimates of the speed of this convergence, in terms of an appropriate
weighted Wasserstein distance, exhibiting in particular nontrivial fluctuations
in the power-law case when % < a < d. Our framework covers the case of
polynomially bounded monotone dynamics that are especially encountered
in the main models of neural oscillators.

1. Introduction. The purpose of this paper is to provide a general con-
vergence result for the empirical distribution of spatially extended networks of
mean field coupled diffusions in a random environment. The main novelty of
the paper is to consider a family of interacting diffusions indexed by the box
Ay :=[—N,..., N]? of volume |[An] = 2N + 14 in the d-dimensional lat-
tice Z¢ (d > 1) where the interaction between two diffusions in Ay depends on
their relative positions. We are in particular interested in diffusions modeling the
spiking activity of neurons in a noisy environment. To motivate the mathematical
model we want to work with, let us consider, as a particular example, a family
of stochastic FitzHugh—Nagumo neurons (see [2, 15] and references therein for
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further neurophysiological insights on the model)

g 3
dv; (1) = <V,'(t) — V’g) —w;(t) + 1) dt + oy dB) (1),

dw; (1) = (ai(biVi(l‘) — w,(t))) dt + oy dB;U(l‘)

fori € Ay, with exterior input current /. The variable V; (¢) denotes the voltage ac-
tivity of the neuron, and wj; (¢) plays the role of a recovery variable. (Biv (), B (1))
are independent Brownian motions modeling exterior stochastic forces. Depend-
ing on the parameters (a;, b;) € R?, the neurons exhibit an oscillatory, excitable or
inhibitory behavior. Suppose that the precise values of w; = (a;, b;) are unknown,
which will always be the case in real-world applications, but rather are given as
independent and identically distributed random variables. From a point of view
from statistical physics, this additional randomness in (1.1) may be considered as
a disorder. For simplicity we suppose that the w; are independent of the time ¢.
Equation (1.1) can be written as

(1.2) do;(t) = c(6;, w;)dt + o -dB; (1), t>0,ieAy,

(1.1

using the shorthand notation 6 = (V, w), w = (a, b), c(0,w) = (V — %3 —w+

I,a(bV —w)), B=(BY,B")and o = y U(])v). We suppose that the individual
neurons are coupled with the help of a possibly nonlinear and random coupling
term I'(6;, w;, 0, w;) (i, j € Ay) modeling electrical synapses between the neu-
rons. The coupling intensity between neurons i and j will depend additionally on
some weight Wy (i, j) (y may be thought as a function of the distance, but not

necessarily), so that the resulting system gets the following type:

do; (r) = C(@,‘ (1), a),') dr

1
(1.3) + — F(Gi(t),a),-,ej(t),a)j)lIJN(i,j)dt—l—a-dBi(t),
[AN| jeny
t>0,ie€Ay.

The purpose of the paper is to address the behavior of system (1.3) in large pop-
ulations (N — o0), under general assumptions on the dynamics c, the coupling I"
and the spatial constraint Wy .

1.1. Empirical measure and mean-field limit. Al the statistical information of
the neural ensemble is contained in its empirical distribution of the diffusions 6;
(with disorder w; and with renormalized position x; := ﬁ € [—%, %]d )

1

(1.4 1M (8, do, dx) = a2 S600 @ do.d), 120
- |

JEAN

that can be seen as a random probability measure.
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REMARK 1.1. The renormalization of the positions by ﬁ maps Ay =

[—N,...,NJ? to a discrete subset of [—%, %]d . The necessity of this renormal-

ization will become clear in the discussion on the spatial constraints below in this
Introduction.

Since we are interested in the collective behavior of a large numbers of neurons,
as it is the case for neural ensembles in the brain, understanding the asymptotic
behavior of v,(N) as N — oo is important.

Under the assumption that

. .
(1.5) lvNa,J):\If(ﬁ, ﬁ)

for a general class of functions W defined on [—%, %]d X [—%, %]d , We prove, as

part of our main results in this paper (see Theorems 2.13 and 2.18), that v,(N) con-

verges to a deterministic measure v;(df, dw, dx) = ¢;(0, w, x) d9 u(dw) dx where
q; is a weak solution of the McKean—Vlasov equation

1.
0:qr = EleG(UUTVGC]t)
(1.6) — divy <qt{c(6, w)

+ f re,w,0,o)¥(x,x)gO,o,x)d0 du(o) dx}).

For a formal derivation of this equation, we refer to the end of Section 2.4 below.
The measure v; is called the mean field limit of the system (1.3). Through The-
orems 2.13 and 2.18, we not only prove the convergence vt(N) toward v, but we
also provide some explicit estimates on the speed of convergence in terms of an

appropriate weighted Wasserstein distance.
1.2. Existing literature and motivations.

1.2.1. The nonspatial case: ¥y = 1. Of course, since there is no spatial in-
teraction in this case, indexing the diffusions by a subset of Z¢ is not relevant.
Systems of type (1.3) are called mean field models (or weakly interacting diffu-
sions) in statistical physics and have attracted much attention in the past years
(see, e.g., [10, 16, 27, 29, 35]), since they are capable of modeling complex dy-
namical behavior of various types of real-world models from physics to biology,
like, for example, synchronization of large populations of individuals, collective
behavior of social insects, emergence of synchrony in neural networks [2, 12, 37,
38] and providing particle approximations for various nonlinear PDEs appearing
in physics [4-7, 25].
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The most prominent example of such models is the Kuramoto model, which has
been widely considered in the literature as the main prototype for synchronization
phenomena (see, e.g., [1, 3, 19, 24, 34]),

de; (1) dr + —K EN in(@; —6;)dt + o dB;(¢)
. — ) sin(@; — 6; o . ,
1 wj N j:1 J 1 l

(1.7)
t>0,i=1,...,N,
where K > 0 is the intensity of interaction and 6; € S := R/27.
In the context of weighted interactions, a notable attempt to go beyond pure

mean field interactions has been to consider moderately interacting diffusions; see
[22, 28, 30].

1.2.2. The spatial case. The motivation of going beyond pure mean-field in-
teraction comes from the biological observation that neurons do not interact in a
mean-field way (see, e.g., [40] and references therein), and a vast literature exists
in physics about synchronization on general networks. In particular, several papers
have already considered model (1.3) (in dimension d = 1) for different choices
of spatial weight W defined in (1.5). In this paper, we will be more particularly
interested in two classes of spatial weights:

(1) The P-nearest-neighbor model: this model (see [31, 32]) concerns the case
where each diffusion 6; € Ay only interacts with its neighbors within abox Ap C
A N, where P is smaller than N,

1
do;(t) = c(6;, wj)dt + —— Z ', w;, 9]'» a)j)dt + o -dB;(1),

Arl 2R,
J#i
(1.8)

ie AN.

We are concerned in this work with the case where P is proportional to N, that is,
(1.9) P=RN

for a fixed proportion R € (0, 1].

REMARK 1.2. The case of R =1 corresponds to the mean field case. Under-
standing the behavior of system (1.8) in the case of a pure local interaction (i.e.,
when P <« N) does not enter into the scope of this work. In particular, we will
not address the question of P of order smaller than N (e.g., P = RN“ for some
a < 1), whose behavior as N — 0o seems to be quite different.

Under assumption (1.9), the P-nearest-neighbor model (1.8) enters into the
framework of (1.3) for the following choice of W in (1.5):

1

174 1
(1.10) Vx,ye |:—E, E] Y(x,y):=xp(x—y):= W]l[_R,R]d(x—y).
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(2) The power-law model: this model also considered in the physical literature
(see [9, 20, 26, 33]) corresponds to the case where W in (1.5) is given by

(1.11) V. e[ ! IT Y(x,y) !
. X, VE|—=, = X,y)i=———
2°2 llx — ylI¢
for some parameter « > 0, that is,
do; (1) = c(6;, w;) dt
1 i—j|
(1.12) + — F(@i,wi,ej,a)j) —_— dt + o -dB; (1),
[AN] jehy
J#i

ieApn.

Note that the pure mean field case corresponds again to @ = 0. As observed in
the articles mentioned above on the basis of numerical simulations, it appears that
the behavior of the system is strongly dependent on the value of the parameter «.
The situation which is considered in this paper corresponds to the subcritical case
where the parameter is smaller than the dimension

(1.13) a<d.

The case of o > d is much more delicate and will be the object of future work. We
refer to Remark 2.7 below for further explanations on this case.

It is easy to see that in the case of (1.13) the renormalization of the positions
by a factor ﬁ in (1.12) is necessary: by standard arguments, the diverging series

. oy - d— 1 l—j _
Y jeny,j=i li — jlI7* is of order N“~*. Consequently, AN Djenn,ji lza 17

is of order %N d—a — (1), so that we should expect a nontrivial limit in (1.12),
as N — oo.

1.3. Main lines of proof and organization of the paper. The strategy usually
used in the literature on mean-field models (see [16, 22, 24, 29]) for the con-
vergence of the empirical measure (1.4) is the following: first prove tightness of
(v ~>1 1n the set of measure-valued continuous processes and second, prove
uniqueness of any possible limit points, that is, uniqueness in the McKean—Vlasov
equation (1.6).

In our context, a priori uniqueness in (1.6) appears unclear, due the fact that
our model includes singular spatial weights [discontinuous in (1.10) and singu-
lar in (1.11)] and also a class of dynamics with no global-Lipschitz continuity
and polynomial growth; recall the FitzHugh—Nagumo case (1.1). Note that we are
also concerned with the case where o is degenerate (even equally zero) for which
uniqueness in (1.6) is also not clear.

To bypass this difficulty, we adopt a converse strategy: we first prove existence
of a solution to the mean-field limit (1.6) (through an ad-hoc fixed point argument,
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using ideas from Sznitman [36]). Second, via a propagator method (see [13] for re-
lated ideas), we prove the convergence (with respect to a Wasserstein-like distance
adapted to the singularities of the interaction) of the empirical measure to any so-
lution to (1.6). In particular, easy byproducts of this method are uniqueness of any
solution to (1.6) as well as explicit rates of convergence to the McKean—Vlasov
limit. In that sense, one of the main conclusions of the paper is to exhibit a phase
transition in the size of the fluctuations in the power-law case; see Theorem 2.18.
An actual central limit theorem in this case is of course a natural perspective and
is currently under investigation.

The paper is organized as follows: we give in Section 2 the main assumptions
on the model and we state the main results (Theorems 2.13 and 2.18). Section 3
contains the proof of Proposition 2.9 concerning the existence of a solution to the
McKean—Vlasov equation (1.6). Section 4 summarizes the main ideas and results
concerning the propagator method. The proofs of the laws of large numbers are
provided in Section 5 for the P-nearest case and in Section 6 for the power-law
case. An additional assumption of regularity is made from Section 4 to 6, with is
discarded in Section 7.

2. Mathematical set-up and main results.

2.1. The model. Fix N > 1, T > 0, and let Ay be the hypercube [N, ...,
NT9 c Z¢ and |[An| = 2N + 1)4 be its volume. We consider | A | diffusions on
[0, T'] with values in the state space2 X :=R" for a certain m > 1.

Each diffusion 6; is attached to the site i of Ay. The local dynamics of 6; is
governed by the following stochastic differential equation which is perturbed by a
random environment represented by a vector w; € £ :=R”" (n > 1):

2.1 do;(t) =c(6;, w;)dt + o - dB; (1), 0<t<T,ieApn,

where o € R"™*™ is the covariance matrix, c(-, -) is a function from X x £ to X,
and (B;) is a given sequence of independent Brownian motions in X'.

The vectors (w;)ica, are supposed to be i.i.d. realizations of a law x and are
hence seen as a random environment for the diffusions.

When connected to the others, the diffusions interact in a mean field way with
spatial extension,

do; (1) = c(8;, ;) dt

2.2) - > T, w0 )\p(i j)dt+ dB; (1)
. T iy Wi, iy Wj R R— o - j )
IAn]| . DRI 2NT 2N '
JEAN
J#i

0<t<T,ie€Ap,

2Note that it is also possible to choose X as the circle S := R/27Z in the case of the Kuramoto
model, but we will stick to X := R™ for simplicity.
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where T is a function from (X x )% to X, and (x, y) — W(x, y) is a function
from [—%, %]d X [— %, %]d to [0, 00). The required assumptions for the function ¥
will be made precise in Assumption 2.5 below. One should notice at this point that
W (x, y) does not need to depend on the difference x — y.

We suppose that, at time ¢ = 0, the variables (6;(0))<;<n are independent and
identically distributed according to a probability distribution ¢ (df) on X.

REMARK 2.1. Instead of considering diffusions on Ay, we can also suppose
periodic boundary conditions, that is, when Ay is replaced by Ay per := Tjiv,
where Ty is the discrete N-torus, that is, [—N, ..., N]] with —N and N iden-
tified. The only thing that changes in what follows in the continuous model is that
one should replace [—%, %]d by T where T := [—%, %]/(_1/2)~1/2. Since the cor-
responding changes in the proofs of this paper remain marginal, we will restrict to
the non periodic case and let the interested reader make the appropriate modifica-
tions in the periodic case.

2.2. Notation and assumptions. From now on, we will suppose that the fol-
lowing assumptions (Assumptions 2.2, 2.4 and 2.5) are satisfied throughout the
paper. In particular, saying that Assumption 2.5 is true means that we are either
in the P-nearest-neighbor case or in the power-law case; see hypotheses (H1) and
(H2) below.

ASSUMPTION 2.2 (Hypothesis on I" and ¢). We make the following assump-
tions:

e The function (0, w) > c(6, w) is supposed to be locally Lipschitz-continuous
in 0 (for fixed w) and satisfy a one-sided Lipschitz condition w.r.t. the two vari-
ables (0, w),

(23) YO,0),@,0) (0—0,c0,w0)—c@,d)< L6 —0|*+|lo—o|?)

for some constant L (not necessarily positive). We suppose also some polyno-
mial bound about the function c,

2.4) V@, 0)  |CO, )| <1+ 161"+ lel)

for some constant |||c|| > O and where ¥ > 2 and ¢ > 1.
e The interaction term I'" is supposed to be bounded by |I'||c and globally
Lipschitz-continuous on (X x £)2, with a Lipschitz constant ||I" Il Lip-

We also assume that for fixed 0,w,®, the functions 6 — c(6,®) and 6
'@, w, 0, ) are twice differentiable with continuous derivatives.

REMARK 2.3. Assumption 2.2 is in particular satisfied for the FitzZHugh—
Nagumo case. One technical difficulty is the dynamics is not globally Lispchitz
continuous. This will entail some technical complications in the following. Note
also that the constant ||c|| mentioned in (2.3) does not take part in the estimates of
Sections 4 to 6. It only enters into account in Section 3.
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ASSUMPTION 2.4 (Assumptions on w and ¢). We suppose that the initial dis-
tribution ¢ of 0 satisfies the following moment condition:

2.5) /X 1012 (d6) < oo,

and that the law of the disorder u satisfies the moment condition
2.6) [ ol u(de) < oo,

where the constants « and ¢ are given by (2.4) in Assumption 2.2.

ASSUMPTION 2.5 (Assumptions on the weight W). In order to cover the case
of both the P-nearest model and the power-law interaction introduced in Sec-
tion 1.2.2, we suppose that either hypotheses (H1) or (H2) is true:

(H1) P-nearest-neighbor:

2.7) Ve, ye[-4310 Win,y) = xr(x, y),

where yg is defined in (1.10).
(H2) Power-law: the function W is supposed to be a nonnegative function on
1

[—%, %]d X [—3, %]d such that the following properties are satisfied:

(2.8) Ti(¥) = sup lx —al|*W¥(x,a) < oo,
a,xe[—1/2,1/214
[P (x,X) —W¥(y,X)|dx

29 DW= sup = y@or =%

x,y€[—1/2,1/2}4

lllx —allW(x,a) = lly —al? ¥(y, a)|

L) = sup |x — y||@y—erl

a,x,ye[—1/2,1/2]‘1

(2.10)
< 0

for some parameters « € [0, d) and y chosen to be

d d
ye[a,—), ifae[O,—),
2.11) . 2 2
y = > otherwise.

REMARK 2.6. Note that we could have chosen simply y = % in any case. But
this would have led to worse convergence rates than the ones that we obtain below
in Theorem 2.18.

Of course, the main prototype for hypothesis (H2) is when W(x,y) = ||x —
yII7%, for @ < d [recall (1.11)]. But, the assumptions made in (H2) cover a
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larger class of examples: the reader may think of the general case of W (x, y) :=
¥(x, y)|lx — y|| =%, for a bounded Lipschitz-continuous function . Note also that
the case of bounded Lispchitz interactions is also captured (take o = 0).

REMARK 2.7 (About the supercritical case). The case of a power-law inter-
action with a > d is more delicate and requires more attention. Note that, to our
knowledge, no proposition for any continuous limit has been made in the literature
in this case. We are only aware of [9], where system (2.12) below is considered for
finite V.

One trivial observation is that the series > ;ca, j li — jlII7% is in this
case already convergent. Consequently, an interaction term of the form IAIT X
Y jenn,j=i L0, 0i,0;, @;)|li — jlI~* simply vanishes to 0 as N — oco. Hence,

1

the correct model in this case is where the factor AT is absent,

do; (t) = c(0;, w;) dt

(2.12) + ) T.w.0j,0pli—jI~*dt +0-dB;(1),
JEAN
JF#i
iEAN.

The main difficulty for the derivation of the correct continuous limit in the case
of (2.12) lies in the fact that the interaction term ZJ-GAN’J-# L0, w0, w))li —
JII7¥ is not sufficiently mixing: if it exists, the McKean—Vlasov limit in this case
should be random. We believe that the correct continuous limit should be governed
by a stochastic partial differential equation instead of a deterministic PDE. This
case is currently under investigation and will be the object of a future work.

2.3. The empirical measure. Let us consider for fixed horizon T and time ¢ €

[0, T'], the empirical measure vt(N) [introduced in (1.4)],
1
(2.13) 1" (46, do, dx) := A D 860,027 (d6, dw, dx)
NI '
J

as a probability measure on X’ x £ x [—%, %]d. Here

(2.14) J € [ ! 1]d je A
. xXii=——el—,=|, .
TN S22 JEAN
2.4. The McKean—Vlasov equation. The convergence of the empirical mea-
sure at ¢t = 0 is clear: since (6;(0), w;)1<i<n are i.i.d. random variables sampled

according to { ® u, the initial empirical measure v(()N)

(2.15) vo(df, dw, dx) := ¢ (d0)u(dw) dx.

converges, as N — 00, to
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An application of It6’s formula to (2.2) [for any (0, w, x) — (6, w, x) bounded
function of class C? w.r.t.  with bounded derivatives] leads to the following mar-
tingale representation for v™):

W, =" 1)+ [ t<v§N* %divaTVef) + Vo f el ‘)>ds
0
(2.16) +/t<vs(N)’V9f./F(.,.,é,cD)\D(.,X)us(N)(de_,dd), d£)>ds
0

+M"V (),

where Mt(N)(f) = IAIT > fé Vo f(0j(s),wj, xj)-0dBj(s) is a martingale. Note
that we use here the usual duality notation (v, f) = [ f dv for the integral of a test
function f against a measure v.

Taking formally N — oo in (2.16) shows that any limit point of v™) should
satisfy the following nonlinear McKean—Vlasov equation:

1
0 (v, f) = <vt, Ediv(g(aoTng) +Vof -c(, .)>
(2.17)

+<vt,ng-/F(-,-,é,cb)lv(-,i)v,(dé,dcb, di)>,

where W (-,-) is the weight function introduced either in hypotheses (H1) or
in (H2).

REMARK 2.8. An important remark about a priori properties of (2.17) is
the following: taking a test function f in (2.17) that does not depend on 6 im-
plies

(o, fy=(v, f)  Vrel0,T].

In particular, the marginal distribution of (w, x) w.r.t. the measure v; is inde-
pendent of 7 and equal to du ® dx. This implies that, for the class of singu-
lar weight we consider here, W is always integrable against v;, for all ¢, since
the function y — ||x — y||™% is integrable w.r.t. to the Lebesgue measure on

1 14d
—3. 3.

22

Moreover, since the function ¢ is supposed to have a polynomial growth
[recall (2.4)], one has to justify in particular the term (v;, Vg f - c(:,)) in
(2.17) (the others are easily integrable). Thus, one should look for solutions
t — v; having finite moment: for all € [0, T'], [y, ¢ 101“llw]'v/(df, dw, dx) <
00.

In particular, well-posedness in (2.17) will be addressed within the class of all

measure-valued processes satisfying the properties mentioned above.
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Formally integrating by parts in equation (2.17) and assuming the existence of
a density v;(df, dw, dx) = ¢;(0, w, x) dO u(dw) dx, g; satisfies

1. T :
diqr = 5dive (00" Vogr) —dive(q: (0, 0, x)c (0, w))

(2.18) —diV9<qt(9,a),x)/F(@,a),é,J))\If(x,i)qt(@_,cb,i)dé,u(dd))di),

t > 0.

In the case where o is nondegenerate, one can make this integration by parts rigor-
ous: using the same arguments as in [18], Appendix A, one can show that for any
measure-valued initial condition in (2.17), by the regularizing properties of the
heat kernel, the solution of (2.17) has a regular density g, for all positive time that
solves (2.18). We refer to [18], Proposition A.1, for further details. But of course,
if o is degenerate, the strong formulation (2.18) does not necessarily make sense,
and one has to restrict to the weak formulation (2.17) in that case.

2.5. Results. The first result of this paper, whose proof is given in Section 3,
concerns the existence of a weak solution to the McKean—Vlasov equation (2.17):

PROPOSITION 2.9. Under Assumptions 2.2, 2.4 and 2.5, for any initial con-
dition vy(d0, dw, dx) = ¢(dO) u(dw) dx, there exists a solution t — v; to (2.17).

Having proven the existence of at least one such solution in the general case,
we turn to the issue of the convergence of the empirical measure to any of such
solution. From now on, we specify the problem to the case of hypothesis (H1)
(Section 2.5.1) and of hypothesis (H2) (Section 2.5.2). For each case, in order to
state the convergence result, one needs to define an appropriate distance between
two random measures that is basically the supremum over evaluations against a
set of test functions. Such a space of test functions must incorporate the kind of
singularities that are present either in hypotheses (H1) or (H2).

2.5.1. The P-nearest-neighbor case. Suppose that the weight function W sat-
isfies hypothesis (H1) of Assumption 2.5.

DEFINITION 2.10 (Test functions for P-nearest-neighbor). For fixed R €
(0,1]and a € [—%, %]d, let Cg 4 be the set of functions f on X x £ x [—%, %]d of
the form

f:(e’w7x) = g(evw) . XR(x _a)7
where xg is given in (1.10) and g is globally Lipschitz-continuous w.r.t. (6, @)
3C > 0,Y(0, »,0, d)

(2.19) _ _
g, w) =g, )| <C(II6 — 0] + llw— ).
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Let

g, ») —g@, )|
0.0.0.0 10 =0+ llo—al

I flRa =

be the corresponding seminorm.

REMARK 2.11. Note that for any f € Cg, that is C! in the variable 0, the
following estimate holds:

(2.20) VO, 0,x  |VofO, 0, x)| <|fllraxr(x —a).
We now turn to the appropriate distance between two random measures:

DEFINITION 2.12 (Distance for P-nearest-neighbor). For random probability
measures A and von X x £ x [—%, %]d, let

dr(L,v) = sl}l(p(EH(f, Ay = A1, V>||2)1/2’

where the supremum is taken over all functions f € (J,¢[(—1.1¢ CR.a> such that
[fllRa =1 I fllc =1.

Our convergence result is given in the following:

THEOREM 2.13 (Law of large numbers). Under Assumptions 2.2, 2.4 and
hypothesis (H1) of Assumption 2.5, for all R € (0, 1], for any arbitrary solution v
to the mean-field equation (2.17), we have
) C

N
(221) sup dR(Ut( , Vt) < W’

0<t<T

where the constant C > 0 only depends on T, T", R and c.

2.5.2. The case of the power-law interaction. Assume that the weight function
W satisfies hypothesis (H2). In view of the form of W in this case (recall Assump-
tion 2.5), the main idea is to consider test functions (8, w, x) — f (6, w, x) that
become regular when renormalized by ||x — a||%. The seminorm || - ||, introduced
in (2.25) below should therefore be thought of as a weighted Holder seminorm.

DEFINITION 2.14 (Test functions for power-law interaction). For fixed o and
y as in Assumption 2.5 and for fixed a € [—%, %]d, let C, be the set of functions

@,0,x)~ fO,w,x)on X x & x [—%, %]d satisfying:
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e regularity w.rt. (0, w): (0,w) — ||lx — a|*f(0, w, x) is globally Lipschitz-
continuous on X x &, uniformly in x, that is,

3C > 0,V(0, w, 0, ®)
(2.22) o _ i
lx —al®|f@,w,x) = f(O,o,x)| <C(I60 — 0|l + |0 — ®l|);

e regularity w.r.t. x: x —~ ||lx —a|“ f (8, w, x) is uniformly bounded
(2.23) AC >0 lx —al®| f@,w, x)| <C,

and x — |x —al? f(0, w, x) is globally (2y — a) A 1-Hélder, uniformly in
0, w)

AC >0
(2.24) 5 5 5 |
[llx = al® f®.0.x) = Iy —al? 0.0, )| < Cllx =y ="
Denote by
, lx — all* f(0, @, x) — f(0,d,x)|
I flla = : .
0.6.0.00.x 16 =81l + llw— &
(2.25) + sup [lx —all*| £(0, w,x)|
0,w,x
N x —al® @, w,x)—lly —al® f©6, o,y
0,w,x,y ”x - y||(2”_°‘)/\1

the corresponding seminorm.

REMARK 2.15. Note that for any f € C, that is C! in the variable 6, the
following holds:
I lla

(2.26) VO, w, x Vo f 0, w,x)| < )
lx —all®

The corresponding definition of the distance between two random measures is
similar to Definition 2.12 given in the P-nearest-neighbor case. The main differ-
ence here is that one needs to take care of test functions with singularities. Since
those singularities happen at points of the form 5% (for some i and N) that are

regularly distributed on [— %, %]d, we first need to introduce some further notation:
for all integers K > 1, we denote by Dk the regular discretization of [—%, %]d
with mesh of length %

J1 Jd ) )
Dk =3(=—,...,.—~ ;- K<jj<K,...,.— K<j; <K
K {(21{ 2K> o Jd }
(2.27)
c[ 1 1T
221"

The appropriate distance between two random measures is then:
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DEFINITION 2.16 (Distance for power-law interaction). Leta <d and p > 2
be defined by

d
2, if 05_ s
itae 0.5)

p=
d d
[ —‘, ifae[—,d),
d—a 2

where [x7] stands for the smallest integer strictly larger than x. On the set of ran-
dom probability measures on X x £ X [—%, %]d, let us define a sequence of dis-

(2.28)

tances (dép) (-,-))k>1 indexed by K > 1, between two elements A and v by
1
a0 = sup(E](£.4) = (L)1),

where the supremum is taken over all the functions f € UaeDK/,l< kx'<k Ca, such

that || /||l < 1. Let us then define the distance dég)(-, -) by
—_CK¢drla

W(d}f)(k, V) AT)

1
(p) — —
(2.29) dP vy =) oF
K>1
for a sufficiently large constant C (that depends on the parameters of our model)
and where g is the conjugate of p: % + é = 1. For a precise estimate on C, we

refer to Proposition 6.5 below.

e—CKdl’/q

K2
timate that we find in Proposition 6.5 below), the definition of dég) (-, -) exactly
follows the usual Fréchet construction; see, for example, [17].

Apart from the weight

(which is precisely here to compensate the es-

REMARK 2.17. The choice of the integer p in (2.28) is made for integrability
reasons that will become clear in the proof of Theorem 2.18. One only has to
notice here that p has been precisely defined so that its conjugate g always satisfies
qo <d.

The main result of this work is the following:
THEOREM 2.18 (Law of large numbers in the power-law case).  Under As-

sumptions 2.2, 2.4 and hypothesis (H2) of Assumption 2.5, for any arbitrary solu-
tion v to the mean-field equation (2.17), we have

1 _ d
NYAT” rael0.5)
(p) (,,(N) InN . _d
(2.30) OZ‘SET% (v ) <C VAT lfot—a,
InN ) d
Na—aon  Tee(pd)
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where the constant C > 0 only depends on T, ", ¥, o and c.

Note that the speed of convergence found in Theorem 2.18 is never smaller than
N~4/2 which is the optimal speed for the case without spatial extension; recall
the CLT results in the mean field case in [24]. Note also that, in the case where

O<a< %, we have obtained a speed of convergence which is arbitrarily close

to N~@/2/D (since in that case y is arbitrarily close to %). We believe that the
optimal speed in this case should be exactly N~@/2/D but the proof we propose
in this work does not seem to reach this optimal result.

Nevertheless, in the case where we only consider a bounded Lispchitz-
continuous weight function W (i.e., with no singularity at all), the proof of Theo-
rem 2.18 can be considerably simplified and one obtains a speed that is N ~4/2.

Note also that the fluctuations when « € [£, d) appear to be nontrivial. A natural
perspective of this work would be to prove a precise central limit theorem in this
case and to study the limiting fluctuation process in details.

2.6. Well-posedness of the McKean—Viasov equation. A straightforward
corollary of Theorems 2.13 and 2.18 is that uniqueness holds for the McKean—
Vlasov equation (2.17):

PROPOSITION 2.19 (Well-posedness of the McKean—Vlasov equation). Un-
der Assumptions 2.2, 2.4 and 2.5, for every initial condition vo(df, dw,dx) =
£(d9)u(dw) dx, there exists a unique solution t — v, € M(C([0,T], X) x £ x
[—%, %]d ) to the McKean—Vlasov equation (2.17).

3. The nonlinear process and the existence of a continuous-limit. The pur-
pose of this paragraph is to prove Proposition 2.9 concerning the existence of a so-
lution to the McKean—Vlasov equation (2.17). This part is reminiscent of the tech-
niques used by Sznitman [36] in order to prove propagation of chaos for nondisor-
dered models.

3.1. Distance on probability measures. Let us first consider the set My of
probability measures on C([0, T'], X') with finite moments of order « [where k > 2
is given in (2.4)] and endow this set with the Wasserstein metric

) 1/k
(3.1) 87 (p1, p2) = inf{E(sup 9" — 0@ [) T},
s<T

where the infimum in (3.1) is considered over all couplings (3", 9®) with re-
spective marginals p; and p,. Here, the ) are understood as random variables
on a certain probability space (€2, P). Note, however, that the definition of (3.1)
does not depend on its particular choice. Equation (3.1) defines a complete metric
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on My encoding the topology of convergence in law with convergence of mo-
ments up to order «; see [39], Theorem 6.9, page 96. We endow My with the
corresponding Borel o -field.

Fix some probability measure m on C([0, T'], X) x £ x [—%, %]d (endowed with
its Borel o-field) such that its marginal on £ x [—%, %]d is absolutely continuous
w.r.t. u(dw) ® dx. Thanks to a usual disintegration result (see, e.g., [14], Theo-

rem 10.2.2) one can write m as

m(df, dw, dx) = m“*(d9) u(dw) dx,

where (w, x) — m®*(df) is a measurable map from &£ x [—%, %]d (endowed with
its Borel o -field) into M y. We consider the set M of such measures m such that

for all (w, x), m®* belongs to My, endowed with the following metric:

DEFINITION 3.1. Fix p to be equal to 2 in the case of hypothesis (H1) or as
in (2.28) in the case of hypothesis (H2). Then define

VYmi,my e M
(3.2)

I/p
Sr(my, my) = / 8 (m®* . m®*)) w(dw dx] )
z (e, m2) [ 5x[—1/2,1/2]d( x ) 2")) o)
The space M endowed with §7 is a complete metric space; see [36], page 173.

Note that, by construction [see (2.15)], the initial condition dvy(8, w, x) =
¢ (d0)u(dw) dx belongs to M.

3.2. The nonlinear process. The proof of Proposition 2.9 is based on a Picard
iteration in the space M endowed with the metric introduced in Definition 3.1. For
fixed w € £ and Brownian motion B in X, independent of the sequence (Bi)i>1,
and for a fixed m € M, consider the following stochastic differential equation
in X:

do(r) =c(0(1), w) dr
3.3)
+ f rO@),w,0,o)¥(x, x)m(df,dw,dx)dt + o - dB(z),

with initial condition 6(0) ~ ¢. Note here that for all ¢+ > 0, m,;(df, dw, dx), prob-
ability measure on X x £ x [— %, %]d, stands for the projection of m at time ¢. The
integral term in (3.3) is well defined since

/||F(9(r),w,9‘,a)) W (x, X)m,(d9, do, dx)

< ITlso f W(x, X) f m?P* (d0) u(dd) dX < [T [l S(W),
[—1/2,1/2)4 XxE

=1
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where the quantity

X

(3.4) S(W¥) = supf W(x,x)dx
[(-1/2.1/21¢

is smaller than 1 in case of hypothesis (H1) and smaller that Z; (W) [using (2.8)]
in the case of hypothesis (H2). Moreover, thanks to the regularity properties of I"
and c, equation (3.3) has a unique (strong) solution.

Let us denote by ®: M — M the functional which maps any measure
m(df, dw, dx) € M to the law ®(m) of (6, w, x) where (6;)o</<r is the unique
solution to (3.3). Note that the functional ® effectively preserves the set M. Propo-
sition 2.9 is a direct consequence of the following lemma:

LEMMA 3.2. The functional ® admits a fixed point v in M.

PROOF. As in [36], we prove the following:

Vmi,mye MVt <T
3.5

t
5/ (©(my), ©(m2))* sCT/O Su(mi, ma)* du.

If (3.5) is proved, the proof of Proposition 2.9 will be finished since in that case,
one can iterate this inequality and find
Tk
V=1 or(0 (), 05 (v)) = €T 87 (O (), )",

which gives that (@k (v0))k>1 is a Cauchy sequence, and thus converges to some
fixed-point v of ®. Let us now prove (3.5). The key calculation is the following:
there exists a constant C > 0 such that forall 61,0, e X, w €&, x € [—%, %]d, for
all my, mp e M,

5T = Hfr<01,w, LW (x, ) dmy —fr(ez,w, LW (x, ) dma

(3.6)
< C(I1O2 = 011l A1+ 8;(m1, m2)).

Indeed,

ST < H/F(Ql,a),-,-)\I-’(x,-)dml,t—/F(Gz,a),',‘)\ll(x,-)dml,t

3.7 + H/ I'é,w,-, )¥x,-)dm;, — / o, w,-, )¥(x, )dmy;

=61 4+ 817.
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The first term 61"y in (3.7) is easily bounded by [|T"||Lip S (W) (|62 — 01 ||, where S(W)
is defined by (3.4). The second term 81> in (3.7) can be successively bounded
by

5T = H/ w5 ( [ 16 0.0.0mi; @)
[=1/2,1/2]1¢xE '
- / r(@z,w,é,@)mg’f(dé)> dm(d@)H
l/q
< </ W (x, ©) di)
[~1/2,1/2)

« ( i
[—1/2,1/2]x&

[ r@20.0.5m7 @)

_ __ P 1/p
—/F(@z,w,e,@)mﬁ’;‘(de) diMch)) .

Note that the first term in the last inequality is always bounded: it is straightfor-
ward in the P-nearest-neighbor case and comes from Remark 2.17 in the power-
law case. Indeed, ¢ has been precisely chosen so that ga < d, so that W (x, )7 is
integrable.

Using the Lipschitz-continuity of I', we see that, for any coupling m®-*(d?d,,
dd) of m{"" and m3"",

I/p
2= Cllp([ ) (B2 = 2200 a0 )
SR

1/p
1 _ _
= ClIrlu( [ (Enes 916 = 0200 ]") diutean )
[—1/2,1/2)9x&
By Definition 3.1, this gives 8I'> < C||I"||Lipd; (m1, m2), which proves (3.6). We
are now in position to prove (3.5). Let us consider (61, w, x) and (62, w, x) so-
lutions to (3.3) for two different measures m; and m, in M driven by the
same Brownian motion, with the same initial condition. We have for all 0 <t <
T7
2
161(2) — 62() |

t
:2/0 (91(5) —QZ(S%C(QI(S),CO) — 6(92(5),w))ds
+2/0 <91(s)—02(s),/1"(01(s),w,.,.)\p(x,,)dml

— / ['(620s), w, -, )W (x,-) dm2>ds.
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Using the one-sided Lipschitz condition (2.3) and (3.6), we obtain
2
161(2) — 62(r) |

t t
SC/O ||91(s)—t92(s)||2ds+C/(; [61(s) — 62(s5) |85 (m1, m2) ds

t t
< C/O 161(s) — 62(s)] > ds + C/O 8s(m1, my)? ds.
Consequently, using Gronwall’s lemma,
t
supl91(5) = 62(5) | = CeT [ b mr.ma)?ds,
S<t

Elevating this inequality to the power 5 > 1 gives
2 t K/2
supl1(5) = 0209)| = (CeTYP*( [ by mr.ma?as )
s<t 0

t
< (€Y P [y mo) s,

which gives

t 1/
5 (@), 0 = (CeT) PR [ 5,y mayds)

Elevating this inequality to the power p and integrating over w and x leads to the
desired result (3.5). Lemma 3.2 is proved. [l

We are now in position to prove Proposition 2.9.

PROOF OF PROPOSITION 2.9. It remains to prove that if v is a fixed point
of ®, then v is a solution to the weak formulation of the continuous limit (2.17).
Indeed if v = ®(V), one can write v(df, dw, dx) = v**(df)u(dw) dx where, for
fixed w, x, v“*(df) is the law of the process solution to (3.3). Applying Itd’s
formula, one obtains for all (0, w, x), C? w.r.t. 0 with bounded derivatives,

F(O@),w,x)= f(6y, w,x)+ % fot diV@(aaTVQf)(Q(s), w, x)ds
t
+/0 Vo f -c(6(s), w)ds
(3.8) ; N
+/O V@f-/F(@(t),a),0_,cb)lp(x,i)ﬁf”’x(dé)u(dcb)d)?ds

t
b [V 6.0.0)- @ aB).
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Taking the expectation in (3.8) leads to (2.17). But in order to do so, we need
to know that the term Vy f (0, w, x) - ¢(8, w) is integrable w.r.t. the measure
¥ (df)u(dw) dx (the other terms are integrable, by assumptions on f). This is
ensured by (2.5), the fact that (by construction) v*>*(d#) has finite moments up to
order k, and the fact that u has finite moment of order ¢; recall (2.6). [

The rest of the document is devoted to provide a proof for Theorems 2.13
and 2.18.

4. Definition and properties of the propagator. For reasons that will be
made clear in Remark 4.2 below, we make in this section, as well as in Sections 5
and 6, some supplementary assumption on the regularity on the dynamics c:

ASSUMPTION 4.1 (Additional regularity on ¢). We assume that for all w, the
function 6 — ¢(6, w) is globally Lispchitz continuous.

Of course, the FitzHugh—Nagumo case does not enter into the framework of
Assumption 4.1. Assumption 4.1 is made in order to ensure the existence of a
backward Kolmogorov equation; see Remark 4.2. The purpose of Section 7 will
be to discard this assumption.

In this section, the function W is either defined as in hypotheses (H1) or as
in (H2). We know from Proposition 2.9 that there exists at least one measure-
valued solution 7 — v; to the continuous equation (2.17). We fix once and for all
one such solution. We can then consider the stochastic differential equation

do(r) = c(6(1), w)dr
4.1) -|—/F(@(t),w,é,&))\lf(x,i)vt(dé,dcT), dx)dt + o -dB(1)
=:¢c(0(t), w)dt +v(r,0(t), w, x)dt + o - dB(2),

where 6(0) ~ ¢. Thanks to the regularity properties of I' and ¢ and to the inte-
grability of W, (4.1) has a unique solution. Define the propagator corresponding
to (4.1)

(42)  Vs,te€[0,T] P, f(0, 0 x):=Epf(®.(0; 0, %), 0, x),

where Ep is the expectation w.r.t. the Brownian motion B, f is a bounded measur-
able function on X x &£ x [—%, %]d, O<s<tandtr— <I>§(9; w, x) is the unique
solution to (4.1) such that ®3(6; w, x) =6.

REMARK 4.2. If f is C? w.r.t. the variable 6, under Assumptions 2.2 and 4.1
made about ¢ and TI', it is standard to see that the function Py f is of class C?
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in 6 and C! in s and satisfies the backward Kolmogorov equation (see, e.g., [11],
Remark 2.3)

VO, 0,x,5,1) P, f(0,0,x)+ 3divg(c0” Vo Py )6, 0, x)
(43) +([C(0aa))+v(t597w9-x)]'VG)PS,lf(G’a)7x)
=0.

The main problem which motivates the work of Section 7 at the end of this paper is
that proving similar Kolmogorov when Assumption 4.1 is discarded appears to be
difficult; see, in particular, the recent work in this direction [21]. Nevertheless, we
work in this section under this additional hypothesis, and we provide in Section 7
a way to bypass this technical difficulty.

The key calculation of this work is the object of Lemma 4.3:

LEMMA 4.3. Let f: X x&E x[— % %]d — R be C* w.rt. the variable 6. Then
N

(f’v(r)—VT)=(P0Tf v = vo)

e / Vo(Prr ) (0k(t), wx, x¢) - 0 dBi (1)

4.4) |
A—Nl; [ v D o0 )

x [T Bk ox, - YW (g, ) v = )] .

PROOF. An application of [t6’s formula gives the following: for all k£ and 0 <
t<T,

t
Prr £ (0c(0), wrs x¢) = Po.1 f (0(0), o, x¢) + /0 8 Po.1 (61 (5), wp, x¢) ds
t
+ /0 Vo Py 1 f (O(s), wx, x) - A6k (s)

1t T
+ 3 /0 divg(oo” Vg Py, 1 [)(6k(s), w, xi) ds.
Using the definition of 6 [recall (2.2)] and (4.3) we obtain

Py1 f(Ok(1), ok, xk)
= Po,7 f(6k(0), wx, xk)

t
—fo v(s, Ok (s), Wk, xx) - Vo Ps.1 f (O (s), wi, xi) ds
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t
+/O Vo Ps.1 f(0k(s), i, xk) - (T Ok, i, -, I (xg, ), viV)ds

t
+ /0 Vo Pys f (6(5). g, x¢) - (o dBi(s)).

Then, using the definition of v(-) [recall (4.1)] and summing over k lead to

1 t
(P fv™) = (o7 £ o) + A ; /0 Vo Pyt f(61(5), k. k) - (0 dBi(s))

1 t
—_— Vg P 0 , Wk,
+ ] ;/0 o Py, f Ok (s), ok, xk)

x (DO, @, - IV (xx, ), v — ) ds.

N

A straightforward calculation using (4.3) shows that o;(P; 7 f, v;) = 0. Using this
and the previous equality, one obtains the desired result (choose t = T and recall
that Pr 7 f = f). Lemma 4.3 is proved. [

The purpose of the following lemma is to establish regularity properties of the
propagator P; 7:

LEMMA 4.4 (Estimates on the propagator P, 7). Fix T >0,0<t < T and
ael-3, 31

(1) Assume WV satisfies hypothesis (H1). For any R € (0, 1] and any f in Cg 4,
Py 1 f is also in Cr 4, and one has the following estimate:

(4.5) 1P 7 fllRa < V2eMPNT=0) £k

for some constant || P|| [that can be chosen equal to L + 3/2||T"||Lip; recall (2.3)].
(2) Assume V satisfies hypothesis (H2). For every a € [—%, %]d, for any f in
Ca, Pi.1 f is also in C,, and one has the following estimate:

(4.6) 1P.7 flla < IIPNMPNT=0) £,

for some constant ||| P|| (that only depends on I, ¥ and c).

PROOF. Note that, by a usual density argument, one only needs to prove (4.5)

and (4.6) for test functions f that are CZwrt. 0.FixT>0,0<t<T,ac
— %, %]d and consider two different flows for (4.1) @g (0;; wi, x), fori =1,2, with

different initial condition and parameter but at the same site x, with the same Brow-
nian motion. For simplicity, we write ®’ (i) instead of ®’(6;; w;, x). Then, using
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the one-sided Lipschitz condition (2.3) on ¢, we obtain

|@i @) — LD

t
=16 — 64 ||2 + 2/ (@?(2) — CID?(I), c(d>§‘(2), a)z) — c(CD?(l), a)1)>du
+ 2/I<CI>?(2) — ®U(1), v(u, P4(2), w2, x) — v(u, P4(1), w1, x))du
t
<16, — 6 ||2+2Lf (|42 — 2“0 + |z — w1 ]1%) du

t
+ 2/ [@42) — D4 ()| ||v(u, P¥(2), w2, x) — v(u, DL(1), w1, x)| du,

=8v(u)

where the definition of v(-) is given in (4.1). The Lipschitz-continuity of I" implies
Sv(u) < /Hr(q>;‘(2),w2,é,cb) —T(®“(1), w1, 0, @) | (x, X)v2>T (df) pu(dd) dx

< ITlLipS ) (|05 (2) — @5 (D[ + llwz — w1 ]l),

where S(W) has already been defined in (3.4). Putting things together we see that,
for C =2L + 3||T"||LipS(¥),

| @ (2) — ()] < 162 — 1]
“4.7)

+ C/Sl(||<1>;‘<2> — YD + llwz — @1]1%) du.
An application of Gronwall’s lemma leads to
“38) | @5 (62, w2, x) — q’i(Ql,wl,X)Hz + lwz — w1 ]|?
< U162 = 011 + llz — w1 ).

Then, in the case where W satisfies hypothesis (H1), we have P; 7 f (0, w, x) =
xr(x —a)g(®l (0; w,x), w), when f(0,w,x) = xg(x —a)g(0, w). But then,

|&(®T 02 w2, x), @2) — g(®F O1; w1, %), 1)
<11 o (|9F @) — ®F )] + a2 — o1 ])?
<2 I (197 @) = of D[ + lloz — @1]%)
<20 f 1. T 162 — 611 + llwz — n1I).
so that
|8 (@] 02; w2, x), w2) — g(@F 61; w1, %), 1)
< V2| fllr.ae“PT0(1102 — 01| + w2 — w1 ),
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which is the desired estimate (2.19) and gives (4.5). The same kind of calculation
in the case of hypothesis (H2) leads to the estimate (2.22) for P; 1 f.

Thus, it remains to prove estimates (2.23) and (2.24) for P; 7 f in the case of hy-
pothesis (H2). The case of (2.23) is straightforward. As far as (2.24) is concerned,
the same kind of calculation with two different flows ®%(x) := ®!(6; w, x) and
@’ (y) := PL(6; w, y), with the same 6 and w but at different sites x and y leads
to

| @l (x) — @t

t
< 2L/ | (x) — D ()| du

t
#2 [/ 1940 010 | o 9100, 0.2) — ol ), 0,)]
S
=8v(u,x,y)
with
Sv(u, x,y)
5/||1“(<D§’(x),w,é,d))\p(x,2)
— T (D (y), @, 0, &)W (y, )| v®* (d0) u(dd) dx

§f||r(c1>g(x),w,é,cb) —T(®“(y), ®, 0, ®)| ¥ (x, $)v>* (dF) u(dd) dx

+/||F(d>§‘(y),a),é,d))”}\ll(x,i) — W (y, %) [v2¥ () (dd) dx
< ITLipS(W) (| @ () — 2{ (M ]))

+ ”F”oo/ W (x, %) —‘I/(y,i)|/ V& (df) p(dd) di
(111 XxE
=1
< I llLipS (W) |0 (1) = @YD) | + T2 (V)T o flx — y[[ 7,

where S(W) is defined in (3.4) and where we used assumption (2.9). This gives,
for C =2L + 2| T||LipS (V) + Zo (V)| [| oo,

| (x) — Ly

t
2 _
<C / | @4 (x) — D4 |* du + Zo (W) T [loo ( — 5)[lx — y[|2@7AD,
S
Consequently, by Gronwall’s lemma,
2
[®L(0; w, x) — DL(O; 0, y)||

(4.9)
< DT oot — )¢ |x — y[ 270N,
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Then, for any 0 <t < T, we have
2
18P f1I>:= |Ilx —all® Pz f(0,w,x) = ly —al|® P.rf(0,0,y))|
= |lIx —all®? (@ 6; 0, %), , x)

—ly —al® f(@] ©: 0, ), 0.)|
< (lx = al [ £(®] 0; 0. 2), @, x) = f(@] 0: 0, y). . %)
+[llx = all®” £ (@] 6; 0, y), , x)
—lly —al? £ (] @: . y). 0. y)])
(4.10) < 11217 () — @ (3)| + [lx — y[|Br—0r1)?
<20 FIR(|®F (x) — T () |* + llx — y[|XCr=eADy
< 21 FIR (L) ITfloo(T — 1) v 1)eC T

4.11
( ) 2((2}/—06)/\1))’

x ([lx = yP@OD 4 x — y|
where we used assumptions (2.23) and (2.24) in (4.10) and estimation (4.9)
in (4.11). Using the definition of y [recall (2.11)], it is always true that d — o >

2y — a. Consequently,
llx = al® Per £ O, 0, %) — |y —all® Prrf6, 0, )|

1 - J—
< 2TV oo v 1) 2 2T £l — y| B,
which leads to (2.24). Lemma 4.4 is proved. [

REMARK 4.5. One could wonder why we have not simply used in the cal-
culation above the global Lipschitz assumption about ¢ (recall Assumption 4.1),
instead of the more involved one-sided Lipschitz inequality used here. The crucial
reason for this is that in order to be able to discard Assumption 4.1 in Section 7
below, we need to ensure that the estimates of Lemma 4.4 do not depend on the
modulus of continuity of ¢, but only on its one-sided Lipschitz constant L.

Using (4.5) [resp., (4.6)] in (4.4), we easily see that for every a € —%, %]d, for
any given f € Cr 4 With || f|lr.a <1 (resp., f € C, with || f]lo < 1), we have

{757 = (fovn)]

@) <|(Po.r £, v5) = (Po.1 £, v0) |

1 T
+Hm2k:</0 VO(PI,Tf)(ek(t)’a)k’xk)'(GdBk(t))"

1 T
+ —Zf 19 P FIL{T Bk, @k, - )% (e, ), o™ — vy i
[AnT o
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Using (2.20) and (4.5) [resp., (2.26) and (4.6)], the term || Vg P; 7 f 1| (6k (¢), wk, Xk)
in the third summand of (4.12) can be bounded by V2ePIT =0 % ploo in case of
hypothesis (H1) and by ||x; —a| ™ 1P le"?IT =1 in case of hypothesis (H2). In
both cases, the bound that we find can be written in the form

(4.13) Vo Pr.7 £ 1164 (), o, xi) < lPIT=D 5 (xp)

(p is a constant in the first case and proportional to ||x; — a| ™ in the second). In
particular, it is uniform in f and (6x, wg). Let us now fix the integer p equal to 2 in
the case of hypothesis (H1) or defined as in (2.28) in the case of hypothesis (H2).
Elevating inequality (4.12) to the power p and taking the expectation lead to

1 N
FE”(ﬁ v —vr)|?
<E|(Po.r f,v5" = vo)|?

(4.14) )

1 T
+ EH v ; /0 Vo(Po1 ) (6k(0), x, i) - (0 dBi (1)

1 T oPia—n (™) ’
+E‘m2/o e P ()| (T By wx, -, )W (x, -), vy —vt>Hdt) :
k

Let us concentrate on the third term of the last inequality that we denote by Dy .
By successive use of Holder’s inequality (recall that % + é = 1), one has

T p/q
Dy < (/ NPT 1) dt)
0

<8 [ S ol o w0 il a
o AN o o t

4.15)
(eq|||P|||T_1>P/f1< LS Pl
(o) (e T
qll Pl [ANTZ
x /T LSBT @, ok, W v = )],
0 |An| k

At this point, here are the main steps of proof that we will follow in the re-
mainder of this paper: we have built the spaces of test functions (recall Defi-
nitions 2.10 and 2.14) in such a way that they precisely include the functions
©@,w,x) = 'O, wr, 0, w)V(xg,x) for all k£ (in this case, a is equal to xi).
Since the distances between two random measures introduced in Definitions 2.12
and 2.16 are exactly the suprema of evaluations over all such test functions, we are
thus able to bound the term within the integral in (4.15) in terms of the distance
between v™) and v.
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The second point of the proof is to obtain an estimate (uniform in f) of the
speed of convergence to 0 of the two first terms in (4.14). Taking the supremum
over all test functions f and applying Gronwall’s lemma lead to the conclusion.

Those steps are somehow easy to follow in the P-nearest-neighbor case (see
Section 5) but are more technically demanding in the power-law case; see Sec-
tion 6.

5. Law of large numbers in the P-nearest-neighbor case. The purpose of
this section is to prove Theorem 2.13. Thus throughout this section, we suppose
that W satisfies hypothesis (H1) for some R € (0, 1]. In this case, the integer p
introduced in (4.14) is equal to 2, and the function p in (4.13) is bounded (equal

to \/Ell XR|loo)- In particular, the two terms in front of the integral in (4.15) are
trivially bounded by a constant, equal to % xR ||go.
The following proposition proves the convergence to 0 of the first term in (4.14)

together with explicit rates:

PROPOSITION 5.1 (Convergence of the initial condition). There exists a nu-
merical constant C; > 0 (independent of R) such that for all f €
Uaer=1/2,1/21¢ CR.a With | fllr.a <1 and || fllo < 1,

Cq
N2

(5.1) E|(Po.r £, v$") = (Po.r f,v0)|* <

PROOF. Recall that the couples (6; (0), w;)1<i<n are supposed to be i.i.d. sam-
ples of the law ¢(d0) ® u(dw) on X x €. Let f € Cg 4: by definition, f(0, w, x) =
g0, w)xr(x —a)sothat Py 7 f = x(x —a)Pyrg. We write ¢ := Py rg for sim-
plicity. Then

Sw(f) =E|(Por f.v5") — (Por f.vo) |

1
= EH— > 00, w))xr(x; —a)
AN

2

- / (6. ) xr(x — )¢ (d6) 1 (dw) dx

1 2
X~ ) > (66,0 —/w(e,w);(dem(dw))H

< ZE‘
J

1
2 0, do d - .
4 H/(p( )2 (d9) w)(IANI;xm, a)

2

(5.2) —/XR(x - a)dx>
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2 1 )
< WEHm;(WM;)— / w(e,w);(de)umw)) H

5 2
+2]lell5

1
—> F—a)— —a)d
vl 2 XrR(xj —a) /XR(X a)dx

‘= AN + By.
Since the (¢;, w;) are i.i.d. random variables (with law ¢ ® ), a standard calcula-
tion shows
2

2 _SIfI%
[AN2Q2R)*

= 2iNa

ZEH«)(@j,w» - / (6, )2 (d0) (o)

Ay =

since |9lloc = 1 Po,78lloc = QR)! || flloo and |An| = 2N + D¢ = 2N).

Let us now turn to the case of the term By in (5.2). We place ourselves in the
case of nonperiodic boundary condition; recall Remark 2.1. The periodic case is
simpler and left to the reader. Let a = (ay, ..., az). One has

d /1

1/2 d
5.3 / —a)dx = <—/ Lix—ai<rd ):: A .
(5.3) [71/2’1/2]dXR(x a)dx 11:[1 28 |y p Hir-al=r 111 (ar)

In the same way,

d 1 d
ZXR(XJ a) H(m Z ]1|xj—a,|<R) []Zn(an.
=1

Then, from the obvious equality,

d d
[ Zw (@) - [ Z(a)
=1 =1

In(ar) - In(ax—1)(In(ax) — Z(ar))I(ak+1) - - - L(aq)

||M=~

and a recursion argument one only needs to consider the case d = 1 1n order to
prove (5.1). An easy calculation shows the following: for all a € [— 2 2] for all
R € (0, 1],

1 1/2
A =—f 1i— d
(a) 2R )1, |x—a|<R 4X
1(R+1+) if 1< < 1+R
2R 2 Hmp=a=—57h
1 1
=11, if ——+R<a<-—R,
1 2+ <a >

1(R+1 ) if
2R >~ 4) !

| =

—R<ac<

| =
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Thus, in the one-dimensional case, we need to distinguish three cases, dependmg
on the position of a € [—%, %] w.r.t. R; we only treat the case —% <a<-—5 + R,
the two others being similar and left to the reader. In this case, one has successwely

|I()I()|—1 ! iﬂ- (R+1+)
Na a 4R2 2N+1 |j—2aN|<2RN 5 a
_ 1 ' (I2N(R +a)| + N) <R+l+ )2
TAR2|2N +1 “ 2 ¢

(R +a)? QR—-1/2% 1
< < < .
T 4R2(14+2N)2 — 16RZNZ ~ 4N?
Proposition 5.1 is proved. [

We are now in position to prove Theorem 2.13:

PROOF OF THEOREM 2.13. Fix some a € [—— —]d and some f € Cg, such
that || fllr.e <1 and || f|loc < 1. Let us first give an estimate of the second term
in (4.12). Recall that By is a Brownian motion in X = R™ so that By may be
written as m i.i.d. Brownian motions (B(l) ey B,Em)). Then, using (2.20) (recall
Remark 2.11) in (5.4) and using (4.5) (recall Lemma 4.4) in (5.5)

1 T
E%Eﬂ%%;wgmeMmmww‘

= Ay |222Ef dpw (P f)* dt

k =1

mllXR||

(5:4) < oo/uPtTfuRadz
(5.5) < %2/ A2NIPIT—1) g

AN

2MPIT _

(5.6) _meT " - _ G

(2R)*|An| N4

@Iy _

where €3 = = —77— and where ||| P|| is defined by (4.5).

Let us now give an estimate of the term Dy in (4.15): by Definition 2.10,
due to the assumptions made on I, it is easy to see that for fixed k the func-
tion fy := (6, wg, -, )W (X, -) belongs to Cg x, with norm || fxllg,x, = IIT [ILip-
Consequently, by construction of the distance dg (recall Definition 2.12), one has
the following:

Vi>0  E|{T 6k ok, )% 0 ), v —u)|P < ITIpdr (o, ).
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Putting together (4.14), (5.1) and (5.6), we obtain finally

2NPNT _ T
(N) 2 Ci C e 1 ) ) \2
E[foor —vrll” = 3555 +353 H3armypy TRy ) (s, v ar
Taking the supremum over all functions f in ;e[ 1j¢ Cr.« and applying Gron-

wall’s lemma leads to the result. Theorem 2.13 is proved. [l

6. Law of large numbers in the power-law case. We suppose in this section
that the weight W satisfies hypothesis (H2).

Let us begin with a technical lemma that will be of constant use throughout this
part:

LEMMA 6.1. There exists a constant Cy > 0 (that only depends on B), such
that forall N, K > 1, forall a € Dg:

(1) forall0 < B <d, one has

(6.1) >

Jij/N#a

(2) for B =d, one has

(6.2) >

Jij/N#a

3) forall B > d, one has

(6.3) >

Jij/N#a

; - dpd :
L_aH <Cp NdK , lfaﬁéDN,
2N N4, ifa € Dy;

i —d dard .
L_aH <G KdN InN, ?‘a¢DN,
2N N¢InN, ifa € Dy;

; —B BB ;
2N N#, ifa € Dy.

REMARK 6.2. The estimates given in Lemma 6.1 in the case a € Dy are
standard and optimal. The main technical problem of Lemma 6.1 lies in the case
of a ¢ Dy: in this case, the point a of the discretization Dg can be arbitrarily
close to one point ﬁ in the above sum. Those points belong to the discretization
Dy . The minimal distance between a and the discretization Dy depends on K
(actually it depends on the greatest common divisor of K and N; see the proof of
Lemma 6.1). This explains the dependence in K of the estimations of Lemma 6.1.

The proof of Lemma 6.1 is postponed to the Appendix. Lemma 6.1 will be at
the basis of most of the estimations in this section.

Theorem 2.18 is a consequence of the two following propositions:



1976 E. LUCON AND W. STANNAT

PROPOSITION 6.3. Let fix a € [0,d), y and p defined in (2.11) and (2.28),
respectively. There exists a constant C1 > 0 (that only depends on p and C defined
in Lemma 6.1) such that forall K > 1, N > 1,a € Dx and f € Cq with || f|la < 1,

E|(Po.r £, v{") = (Por f.v0)|”

(6.4)
K \P _ d
(1) yac|o.5)
KiInN\? d
<C; (W) ifoezz,
K3421n N\P , d
(WO{W) , lfae<§,d).

Moreover, in the case where a € Dy, the previous estimates are true for K = 1.

PROPOSITION 6.4. Let fix @ € [0,d), y and p defined in (2.11) and (2.28),
respectively. There exists a constant Co > O such that for all K > 1, forall a € Dk,
forall f €C, suchthat || flla <1

p

1 T
EH T ;fo Vo (P11 [)(0k (1), wk, xk) - dBy(t)

(6.5)
KN\ P/2 ' d
(W) 9 l.fael:os E)a
K9In N\ P/? d
<G (7) . ifa=2
Nd 2
K9 \P ) d
(_Nd_a) , ,fae(i,d).

Moreover, in the particular case where a € Dy, the previous estimates are true for
K=1.

Let us admit for a moment Propositions 6.3 and 6.4. Then the result of Theo-
rem 2.18 is a straightforward consequence of the following proposition:

PROPOSITION 6.5. Under the assumptions made above, there exist constants
C3 and C4 such that for all K, N > 1, one has

1 d
WKd€C4Kd’ ifoz€|:0, 5),
(N) In N d C K2 . . d
(6.6) oiltlETdK(Uz V) < C3 N ak= ifa= >
o InN 3d/2 CaKP/a . d
Naoa Kt ffae (§,d>,



DIFFUSIONS WITH SINGULAR INTERACTIONS 1977

where q in (6.6) is the conjugate of p and where C3 and C4 are large enough
constants that depend only on p, T, I', WV, ¢ and on the constants C| and C»
defined in Propositions 6.3 and 6.4.

PROOF. Letus fix K > 1,a € Dk and f € C, with || f|lo < 1. Let us recall
the estimate obtained in (4.14) and (4.15),

N
E|(fvi" —vr)l”

<3P E|(Por £ v§" — vo)|”

1 T p
6.7 3P—1EH— Vo (P, 0k (1), wi, xi) - (0 dB
6.7) v |AN|;/0 o (Prr ) (6(0), wp. x1) - (o B (D)
allPNT _q\Pla s 1 1 r/q
#3 (Sm) ( )
qllPl IANIXk:IXk—alq“

5 /TLZE||<F(9k,wk,',')‘I/(xk,-),VI(N) — )P de.
o [ANIT

We understand here the necessity of choosing p (and its conjugate ¢) different
from 2. Indeed, the integer g (recall Remark 2.17) has been precisely chosen such
that gor < d which ensures that the term (ﬁ Dk W)W 4 is finite: more pre-
cisely, an application of Lemma 6.1, (6.1) shows that this quantity is smaller than
K4r/4 whenever a € Dk and smaller than 1 in the particular case where a € Dy.

Let us now prove (6.6) in the case where K > N. Notice first that, thanks to the
assumptions made on W and I" in Section 2.2, for all k the function f; : (6, w, x) >
' (6k, wi, 0, w)W(xx, x) belongs to the space C,, where x; € Dy. Indeed [recall
the definition of Z; (W) (2.8)], for all k and (0, w, 0, @, x),

o — x| W (x, x) | T 6k, 0k, 0, @) — T (O, i, 0, @)
<Ti(W)|ITLip(l6 — 61l + @ — o]}
and
llx — x| %W Gk, )| T O, 0k, 0, @) | < Ty (V)T o
As far as condition (2.24) is concerned, we have [using (2.10)]
[lx = %12 fie(0, @, x) — |y = x| fi (0, @, )|
< T oo |l = Xk [ W (e, x) = 1y — 27 W (e, )
< T3 (W) T [loolx — y| YN,

Therefore, since K > N, by definition of the distance dép)(-, -) (recall Defini-
tion 2.16), for all &, the following holds:

E|(TC Ok, ok, - )W (g, ), v = v)|? < id P (0, v,)?
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for the constant 1 := max(Z; (W)||T'[|Lip, Z1 (¥), Z3(W) IT'[|oc)?. Using this esti-
mate in (6.7) and taking the supremum over all functions f in U,ep, 1<r<k Cas
one obtains

d}{p) (V;N)’ VT)P
=37 s (Por ")~ (Por )

p

1 T
+3P_ISI}PEHka:/O Vo (P 1 [)(Ok(1), wi, xi) - (0 dBi (1))

T
+3P—1n21<dp/‘1/0 df (o™ v)P dr

for np = m(eq%'g”,‘ 1)1’/‘1 . The results of Propositions 6.3 and 6.4 together

with an application of Gronwall’s lemma leads to the estimate (6.6) in the
case where K > N. Note that one can choose in this case the constants C3 :=
3(r=D/P(2max(Cy, C2))'/P (where C; and C, come from Propositions 6.3
and 6.4) and C4 := ?Tﬂz.

Let us now turn to the case where K < N. In this situation, we cannot use
Gronwall’s inequality in order to obtain an analogous estimate on a’ﬁ(p )(V(N ) ),
since the function f; (k € Ay) defined at the beginning of this proof has not
the sufficient regularity (fx belongs to C,, where x; € Dy and hence may not
belong to Uuep,, 1<k'<k Ca for K < N). Nonetheless, one can bound the term
LEI( O, wx, - )W (i) v = v |17 by sup BI (£ v ) = (£, v) |17, where
the supremum is taken over functions f in (J,ep, Ca With || fl < 1. Using this
estimate in (6.7) and a calculation similar to the previous one gives the following
estimate:

sup sup (E|(f,v") = (£
0=1=T feUep) Ca

6.8
(6.8) L N\P | 4
—NV/\I) s ifoae 0,5 .
InN \? d
Cq\P ; —
=< (C36’ 4) (W) ) ifoa= 5

1 P ) d
(W) , lfO{E(E,d).

But then, for instance in the case o € [0, %) (we let the two other cases to the
reader), forall K < N, for all f € UaeDK/ C, for K’ < K, inserting directly (6.8)
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into (6.7) and using again Propositions 6.3 and 6.4 leads to
Kd p Ka'/Z P
(N) -1 -1
E|(f,v™") = (fivr)|P <3P CI(NVM) +37 C2<Nd/z‘)

gllPNT _ 1\ P/q Kala\pP
+3 () T (C3e )P .
qll 2l N7

Up to a change in the constant C3, this term is anyway smaller than ( NC% K9 x

d . .
eC4K)P Taking the supremum over all f in UQGDK“ k'<k Ca, One obtains the
result. [

The rest of this part is devoted to the proofs of Propositions 6.3 and 6.4:

PROOF OF PROPOSITION 6.3. Recall that the couples (6;(0), w;)1<i<n are
supposed to be chosen i.i.d. according to the law ¢(df) ® u(dw) on X x &. Fix
a= % € Dk, f €Cq with || flla <1 as well as « € (0, d) and the integer p > 2
defined in (2.28). Write again ¢ := Py r f for simplicity. Then

S () :=E|({Por fiv5") = (Por f.v0)]”
! p
N EHW?‘”@’”ND - /sf’(@,w,x)c(d@m(dw) dx

1 1
52"_1EH— 90, @), xj) = —— /w
|AN|; e |AN|;

+2r7!

1
—_— 0,w,x;)c(do d
|AN|;/¢< w, )¢ (d6) (dw)

For simplicity, let us write X := ¢(0;, w;, x;) — [ ¢(0, w, x;)¢(d0)u(dw); note
that EX; = O forall j. Since the (6;, @;) are i.i.d. random variables with law ¢ ® u,
the first term Ay becomes

Lp/2]

Z Z Z E 2k1 . 2k1)

= AN + By.

Ay =

'AN 713 b2 o
(6.9)
221p/2] Lp/2] 1 1
<
~ |ANIP 2 2 lxj, —al?*&  |xj, — a2k’

I=1 (ky+-+ki=Lp/2]) jis-si
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where we used || ||, < 1 and assumption (2.23) in (6.9). Let us concentrate on the

contribution of [ =1 t_o the sum in (6.9), that we call Ay (where p=2\p/2])

P 2P 5 1
N = =—.
[ANIP 5 llx; — all>P«

Here, one has to distinguish two cases, depending on the value of « € [0, d):

(1) f0<a< %, then by definition p =2 and pa < d so that an application of
Lemma 6.1, (6.1) leads to

2) If a > %1, then p is chosen such that p > ﬁ so that pa > d. Then
Lemma 6.1, (6.3) leads to

Kre

~ 1
(611) AN§WC0'KPO‘NPO’=CQW.

It is also easy to see that the other terms in (6.9) are negligible w.r.t. Ay as N —
0.

Let us now turn to the second term By : (By)!/? is the difference between the Rie-
mann sum of the function ® :=x — [¢(0, ®, x)¢(df)u(dw) and its integral, so
that it should be small with N. But one has to be careful since ¢ as a discontinuity
(¢ belongs to some C, for some a) and since we want to have a result uniformly
in the function ¢,

= [ e - [owad
— =|— Xj)— X
20=17N = AN - J
(6.12) )
5‘2/ [@ () — o] dx| |
j Aj
where Aj:={z €[—3,31%Vk=1,....d, jx < 2 < jk + 55} is the infinitesi-

mal subdomain of Ay of size ﬁ of corner j. Let us begin with the following
straightforward inequality:

|@(x) — @)
6.13)  <|lx—all™ =y —al7”||llx —al” ®x) + Iy —al” ®(y)|

|@)llx —all® — ey —al?].

lx —all”lly —all”

Using the assumptions made on f, we deduce in particular from (2.23) and || f ||, <
1 that ||lx — a]|¥ ®(x) is bounded by |x — a||¥~*. Using also (2.24), it is then
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immediate to see that

lx —yII”
—al”lly —al”

[®x) -2y < P (Ilx —all” = + |y —all” %)

lx =yl @7 =t

lx —al”lly —al”

(6.14)
=yl lx =yl
Ix —al*lly —all” ~ llx —all”lly —al®
[lx — y||Gr—eAl

lx —al”lly —al”

Using (6.14) in (6.12), one obtains that

By < 2”‘1(2/ L
joUA

i lx —all*|lx; —allY

x —x;||”
+Z/ I jll
j Aj

lx —all”llx; —all*

(6.15)

o — 3| 27— )P

+ / dx
; Aj llx —all¥llxj — all”

=201 (s + S5+ SY))
The first of the three sums in (6.15) can be bounded by the following quantity:

1

1)
st <E / lx —x;||¥ dx
N = - j
F min(flx;j—1 —all*, x; —al*)llx; —all” Ja,

1 1

= Nd+y Z
J

Let us once again distinguish three cases, depending on the value of «:

min(||x;—1 —all®, |lx; —al®)llx; —al”"

(1) if a € [0, %), then o 4+ y < d [recall (2.11)], so that an application of
Lemma 6.1, (6.1) leads to

d

K
<Co—;

(D
(6.16) Sy’ < Coyyy

) ifa= %, then o + y = d [recall (2.11)], so that Lemma 6.1, (6.2) gives

K9 N

(1 .
(6.17) Sy SCOW’
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3) ifae (%, d), then o 4+ y > d, so that Lemma 6.1, (6.3) gives
Koty K3d/2
Nd—« =Co Nd—a

(6.18) s$) <co

The same calculation leads to the same estimates for the second term Sz(\%) in (6.15).
A very similar calculation also leads to the following estimate for the last term Sy, ®).

K¢ , d
3) W’ ifae [0, 5),
(6.19) s <cof MY
KInN ) d
W, ifoae I:E,d)

Combining estimations (6.19) and (6.10) [resp., (6.11)] and (6.16) [resp., (6.17)
or (6.18)] leads to the desired estimation (6.4). The proof of the case where a € Dy
is analogous and uses the estimates for a € Dy in Lemma 6.1. Proposition 6.3 is
proved. [

It remains to prove Proposition 6.4, whose purpose is to control the martingale
term in (4.12):

PROOF OF PROPOSITION 6.4. Fix some K > 1,a € Dk and f € C, such that
I £lla < 1. The martingale MN = 2 X Jo Vo(Prr £)(O(0), ox, i) - dBi(2)

may be written as MY = 5 YL, [ 090 (P £) k(1) 0k, x0) dB (1),

where for all k, By = (B(l) e, B,Em) ). Consequently, its quadratic variation pro-
cess is given by

(M

)| dr.

k =1
Applying Remark 2.15 and Lemma 4.4, we have almost surely that

2
(V) < _ml2ll f G2NPIT—=1) 44
ERVSE |xk—a|2°‘

An argument repeatedly used in this work shows that one can bound the quadratic
K4 lnN

variation by C X7 ~a (esp., C and C N2<d a)) when « < (resp., o= % and
o > 2), for some constant C > 0. Then the Burkholder—Dav1s—Gundy inequality

E(||MtN 17) < CPE((MN)f/z) gives the result. Proposition 6.4 is proved. [

7. The case of a locally Lipschitz dynamics c(-). One of the key arguments
of the proofs of Theorems 2.13 and 2.18 is the fact that one can derive a Kol-
mogorov equation [recall (4.3)] for the propagator P;; f defined in (4.2). Under
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Assumption 2.2 on the dynamics c(-) (one-sided Lipschitz condition and absence
of global Lispchitz continuity), deriving such a Kolmogorov equation appears to
be problematic; see, in particular, [21, 23]. Even if such a result existed, we could
not find a proper reference in the literature.

One can bypass this technical difficulty and prove nevertheless Theorems 2.13
and 2.18 by an approximation argument. We will suppose throughout this section
that c satisfies only Assumption 2.2.

7.1. Yosida approximation. Let us denote for all (0, w), ¢(0, w) :=c(0, w) —
L6, where we recall that L is the constant appearing in the one-sided Lipschitz
continuity assumption (2.3). In terms of ¢, (2.3) reads

(7.1) V0, w), (0, d) 0 —6,800,0)—c0,w) <0,
and, for example, the mean field evolution (4.1) reads
(7.2) do(r) =¢(0(1), w)dr + (¢, 0(1), w, x)dt + o - dB(1),

where v(¢,0(t), w, x) :=v(t,0(t), w, x) + LO(1).
For all A > 0, consider ¢, the Yosida approximation of ¢ (see [8], Appendix A,
for a review of the basic properties of Yosida approximations),

(1.3) VO.0) &0, 0) :=E(Ry(16), 0)
for
(7.4) VO.0) RO, 0):=(h—EC,w) 6).

Consider now the solution 6, of the following SDE [with the same initial condition
and driven by the same Brownian motion B as in (7.2)]:

(1.5) d6;.(1) = &.(62.(1), w) dt + 3(1, 65 (1), @, x) dt + o - dB(1),

that is, the analog of (7.2) where ¢ has been replaced by its Yosida approximation.
Note that one can proceed exactly in the same way for microscopic system (2.2).
From now on, whatever X may be, the subscript notation X, will refer to the
analog of X when the dynamics has been replaced by its Yosida approximation.
Note that we will, most of the time, drop the dependencies of the functions in w,
for simplicity of notation.

It is easy to see that ¢ and ¢, have the same regularity in 6; see, for example, [8],
page 304. Moreover, ¢, has the supplementary property to be uniformly Lipschitz
continuous. In other words, ¢, satisfies Assumption 2.2 as well as Assumption 4.1,
so that everything that has been done before is applicable: Theorems 2.13 and 2.18
are true in the case of an interaction ruled by ¢,

(7.6) sup d(vt(])\:), Vi) < CN~F
t€[0,T] ’
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for d either equal to dg(-,-) or dég) (-,-) and B one of the appropriate exponent
appearing in the formulation of Theorems 2.13 and 2.18. Note that the constant
C in (7.6) does not depend on A. Indeed, the assumption made in Section 4 about
the global Lipschitz continuity of ¢ was made only to ensure the existence of the
Kolmogorov equation. In particular, the modulus of continuity of ¢ did not enter
into the calculation made in Section 4: the only dependence in the dynamics ¢
was in its one-sided Lipschitz constant L (recall Lemma 4.4), which is conserved
by the Yosida approximation. In other words, every constant estimates made upon
evolution (7.5) is independent on A.

Now, Theorems 2.13 and 2.18 in our general framework are an easy conse-
quence of the triangular inequality and the following proposition:

PROPOSITION 7.1. Forall N > 1,

(1.7) sup d(v) vM) =0,
tel0,T] ’

(7.8) sup d(vy, ) =5°0.
t€l0,T]

The rest of this section is devoted to prove Proposition 7.1. Let us begin with
some a priori estimates:

LEMMA 7.2. We have the following a priori estimates:

(7.9) supE( sup [6,(0)]*) < oo
A>0  tel0,T]
and
T
(7.10) P(sup/ 125.(62.()) | * ds < oo) =1
2>070

PROOF. Let us first prove the first estimate (7.9): applying 1t6’s formula,
16:.0)|* = |6,0)|* + 2/()t(ek(s), ¢ (01(5)) 4+ 0(s, 6,.(s), w, x))ds
+ 2/0[(0;L(s), dB(s)) +tr(oo’)t
< 6,0 > +2(JEO)] + L + T [|0oS(¥)) /0, 16:.(5) [ ds

—|—2/0[(0)L(s), dB(s)) +tr(ca)T.
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Taking expectations and using the Burkholder-Davis—Gundy inequality, we obtain
that for some constant C > 0 (independent of 1),

E(supl,0) ) <E(l0@ ) +x(o0 )T +2€ / sup|[6; () ) ds

U=<s

E(
+6tr(oo”)’E ((/ |65 ) || du)1/2>

<E(|6(0)]?) +tr(ca” T+2C/ (sup||9x(u)|| )ds
)

1
+18tr(o0 ") T + E(sup||t9k(u)||2

which implies
2 2 T ! 2
E(sup|6:5)|*) < 2(E(J0)]) + 19tr(00)T) +4C | E(sup|6;a0)|*) ds
s<t 0 u<s
and Gronwall’s lemma leads to the result.

Let us now turn to the second estimate (7.10): define Y, (t) :=0,(t) — o - B(t).
Then Y, satisfies

(7.11)  dYa(®) = (Ex(Yo(2) + B(1), w) + (¢, Y3 (t) + B(1), w, x)) dr.
Clearly,

[v.@)]°
t

= |V, + 2/0 (Y5.(5), &.(Ya(s) + o - B(s)))ds

—|—2[01(Yx(s), U(s, Ya(s) + o0 - B(s)), w, x)ds

2 - ! 2
<%0 +2(Hc(0)||+L+||F||OOS(\IJ))/O 1¥,.(9)|>ds
2 (1), (o - Bs))d
+ /0( 5(s), &.(0 - B(s)))ds

< |n©O]?

t t
+ 2(”5(0) |+ L+ T [0 S(W) +f0 EXCR B(s))||2ds> fo | V() |* ds.
taking the supremum in A and using Y (0) = 6, (0) = 6(0), we have

t t
sgpnm)n% ||9(0)|}2+2(C+/0 ||5;L(G-B(s))|}2ds>/0 sgp“Yx(s)szs

2 r. 2 ! 2
<160 +z(c+ /O 1o - B®))| ds) /O supl Y3 ()| ds.
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where we used the pointwise estimate ||¢; (0)]| < ||¢(8)]|. Gronwall’s lemma gives

2 2 r ~ 2
sup| 1300 < 00| exp<2(C+ fo 1o - Bs))| ds)T)

that is almost surely finite, since ¢ is locally bounded, and the trajectories of B are
almost surely bounded. Consequently,

sup sup||9;t(t)||2 <supsup| Y, () ||2 + sup||B(t)||2 <00 a.s.
A t<T A t<T t<T
Since ¢ is polynomially bounded, this implies now that

T
supf ¢ (01 ()) ||2dt <00 a.s.,
A J0O
which is the result. [J
The key estimate of this section is the following:

PROPOSITION 7.3.  Almost surely, the following holds:

(7.12) limsup sup [6(r) —6,(r)| =0.
r—o00 t€[0,T]

PROOF. Let us fix A < . Since the Brownian motion is the same, one has
successively [for a constant C = L + ||T'[|Lip S (W) ]

d
¢ oo -a.0f

= —2Ce™2C0,(t) — 6, (1)

+2672C10,,(1) — 63.(1), €0 (0, (1)) — E.(6:.(1)))

+2e720,(1) = 03(1), B(t. 0,(0), . ) = (1, 6,(1), . x))
< —2Ce7X6,(1) — 60|

+2¢72616,(1) — 6,0, £ (B (1)) — &6, (1))

12672 (L + | TlLipS () |6, (1) — 62.0) |
<2e7210,,(t) — 6,(2), €, (0, (1)) — &.(65.(D)))

- 2e_2C’<(RM (16, (1)) — iE(RM (Meﬂ(t)))>

— (RA()»QA(Z)) — %5(RA()\9}»(I‘)))>’
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E(Ru(146,0) ~ E(R, (:0,,1))

_ 1. 1. - ~
<—2¢ 2C’<;cu (0x () = £E.(02(1)), Eu(6(1) = & (ex(z))>.
Integrating this inequality gives (since the initial condition is the same)

1
i (R

T —2Ct 1 1
<= [ e 0u0) = 5 6:0).84(60) 5 G0 ar
This gives in particular that
fTe—ZC’<15 0,.(1) — e (65.(1)), €, (6, (1)) — (6 (t))>dt<0
0 P nw\Yu X A\Va > bu\Vu A =Y.

Let us denote as || - ||z the Hilbert norm in H := L2([0, T], e~2¢* ds; X). Then,
from the identity

1
<cu<9 )= &.00), c,L<9 )— —cx(em}
1 » -
- (; + x) 12,60 — &6

11y, i
+ (5= 3 Ee s - 166013,
one obtains that
713 (2 + D) 1en00 - a001% < (2 = D) (160013 - |66
(7.13) (;-Fx)”cu( PETACY] = (X - ;)(”CM( ] Pl XC/] v

which gives in particular that A +— ||6A(9A)||%] is increasing and by (7.10)
is bounded and thus convergent. The same inequality (7.13) shows also that
lc,.(Bn) — EA(G;\)H% —a,u—o0 0, so that (¢, (6,)(t)) converges in H to some
Coo(1).

Going back to the first inequality of the proof, one has

1
5 sup e ~2Ct0, (1) — 6,(1) |*
tel0,T]

T
< /0 e 2C10,(1) — 0:(1), 4 (6, (1)) — E.(6:.(1))) dt

< L/Te—wne (t)—@x(t)||2dt
— 4T Jo ®
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r —2Ct | ~ 2
T [ 2 a, (0,0) = G (6n0) P

1
<— sup e 2|6, ®) — 6,0
4 tef0,1]

o1 [ a0,0) )P ar

Hence

T
sup e 2C7|0,.(1) — 0,(0)|* <4T f e 7202, (0,(0)) — E(0,(0)) | dt,
te[0,T] 0

which goes to 0 as A, u — oco. This implies that there exists an adapted pro-
cess 6 with continuous trajectories such that limy_, 6 = 0, unlformly and al-
most surely. Clearly, for all ¢, the strong continuity lim)_, » R}, (A0(t)) =6(1) of
the resolvent and the uniform Lipschitz continuity ||R;(165(t)) — Ry Ao <
|16,(¢) — 6(¢)|| implies that limy, R) (A6, (1)) = 0(1). Finally, continuity of ¢ gives
limy,_, 00 €1 (01 (1)) = E(R;.(A05.(1))) = ¢(A(¢)). Consequently, we have that, almost
surely E(6,) = coo (1), so that 6 solves equation (7.2), so that by uniqueness 0=06
almost surely. [

We are now in position to prove Proposition 7.1:

PROOF OF PROPOSITION 7.1.  'We only prove (7.8), the proof of (7.7) follows
from analogous estimates with the microscopic equation (2.2). We only treat the
(more complicated) case of the power-law interaction. Fix any f in C, for some a
with || f]lz < 1. Then, by Lispchitz continuity of f in the variable 6

[(fovea) = (fov)]| < S(OEg[6:.(r) — 0 (1) ]
Taking the supremum in f and in ¢ leads to

sup d(vej,vp) < S(\I')EB sup |}9A(t) —0@)|-
1€[0,T]

By (7.12) we have the almost sure convergence to 0 of sup, o 77 110:.(1) — 0 (2|

and (7.9) gives the boundedness in L? implying uniform integrability. The result
follows. [J

APPENDIX: PROOF OF A TECHNICAL LEMMA

PROOF OF LEMMA 6.1. Let us proceed by induction on the dimension d. Let
us fixd = 1:
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e Let us begin with the case where a ¢ Dy: let J be the integer such that ﬁ <

a< % Then an easy comparison with integrals shows the following:

B
2

J

J
— —a
2N

J
gzﬂNﬂ</ 12aN —t|7Pdr + |2aN — J|7#
0
N
+|2aN—(J+1)¢‘ﬂ+/ |z—2aN|ﬁdt)
J+1
J N
=25Nﬂ/ |2aN—z|—ﬂdz+2ﬂNﬂ/ It —aN|Pds
0 J+1

_l’_

a— — e —

2N 2N

It is straightforward to see that the two first integral terms are smaller than
% whereas each of the two remaining terms is smaller than p(N, K Y7 B,

3 j l cd(K,N 1
where p(N, K) := inflji<n i< vk |3y = 35| = 555 = 2w~ Con-

sequently, since K > 1 and 8 < 1,

- 2N
<
=J_p

J 7P ’ J+1|7#

2KPNP < CyNK.

e The case where a € Dy is easier: in this case, a = % for some k. Then, once
again by comparison with integrals,

p
J . -
2 |y e =N LK
Jij/IN#a j#k
NB
sq((N+k)1*ﬂ+(N—k)1*ﬂ)
22PN
=< .
<15

The other cases (8 =1 and § > 1) are similar and left to the reader. Lemma 6.1 is
proved in the particular case of d = 1.
The case of higher dimension is nothing but a technical complication of the

previous case d = 1. Letus fixd > 1, a = (ay, ..., aq) € Dk and denote by j =
(J1, .., ja) any element of 7.
Let us begin with the case where a ¢ Dg. Let (J1,..., Jg) the d integers be-

tween —N and N such that forall/=1,...,d, J; <2qN < J; + 1, with at least
one inequality that is strict. The coordinates J; and J; + 1 are by construction the
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closest integers to 2a; N in —N, ..., N. For the rest of this proof, we will refer to
them as critical coordinates. Then one can decompose the sum > j I ﬁ —al™#
according to the number p of critical coordinates among (ji, ..., jq) = j, Where
j is a typical index,

(A1) ZH——a

B3> > H——a

P=0Gi1,ernip) j€Tay ..

where the second sum is taken over all the vectors (11, ..., ip) with strictly increas-
ing indices taken among 1, ..., d and where J (i1, ..., i) is a notation for the set
of vectors j = (ji, ..., ja) such that j;, is critical forevery [ =1, ..., p.

In the sum (A.1), let us treat the cases p =0 and p > 0 separately. Let us first
focus on the case p = 0: it corresponds to vectors j without critical coordinates,
which means that we restrict ourselves to j such that for every k =1, ..., d, either
Jx < Ji (in such case |ji — 2axN| = 2ax N — ji) or either ji > Ji + 1 (in such
case | jx —2axN| = jx — 2a; N). In particular, this sum can be divided into 24 sums
ZjeD | ﬁ — a||=# where D is a connected subdomain of [—1/2, 1/2]d, which is
defined by this binary choice for each ji. For simplicity, we only treat the case
of Do :={j=(1,...,Ja); Yk=1,...,d, jr < Jr}. The case of the other 24 — 1
subdomains can be treated in a similar way.

We have successively,

-8 d -B/2
a2 ¥ |kl =N T S can - i
je€Dy Je<Jx—1ll=1

Ji Jg d —B/2

(A.3) < 2ﬁNﬁ/ / —1)? dt; - -dty
—N —N =1
N+2a|N N+2ayN| 4 —B/2

(A4) = 2P NP ] w?|  duyp---dug
2a1N—Jj 2a4N—J4 =1
2N

(A.5) <CNP —ﬁrd_l dr,

wy T

where wy > 0 is the distance to 0 of the point of coordinates (2aiN —
J1,...,2a4 — Jg). The estimates found in Lemma 6.1 are then straightfor-
ward: for example, in the case 8 < d, an upper bound for the last quantity is
CNPN=B = CN?. The other cases are treated in the same manner and lead to
the same desired estimate.

As far as the case 0 < p < d is concerned, the particular case p =d is a bit
special: it corresponds to vectors j Wlth only crltlcal coordinates. Since in this
case, each | akl is either equal to | —ay| or | — a| and is anyway larger

than py k > 3% N % (where the quantity py g has been defined in the beginning of
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this proof), the contribution of this case to the whole sum can be bounded by

d 1 2dop
2 G < G NPKP = CNPKP.

Let us now concentrate on the case 0 < p < d: Then for a fixed choice of indices
(i1, ...,ip), we have

Dl
N
JET(i1 enip)
2 2,-8)2
Ji ) Ji
- T | Gya)r T Gyo)
JET iy, ip) I=il,emniip 2 i#i1,.0ip 2N

X E Gl

JET i oip) 1Fi1ssip

But this last sum is nothing else than ) H I ﬁ — a||~P, where a (resp., j) is the

vector in [—1, 11977, built upon the vector a (resp., j) with all its coordinates of
index in {iy, ..., i,} removed. Since p > 0, we see that, by induction hypothesis,
that the previous sum can be bounded by

CN4—PKI=PInN, ifg<d—p,
CN?, if 8 >d—p.

In particular, if 8 > d, then the contribution to (A.1) of the sum over 0 < p <d
can be bounded by CN4—PKI=PInN < min(CKde InN,CNPB). If B <d,itis
also straightforward to see that this contribution is also smaller than CN¢K?. The
proof of Lemma 6.1 follows, by induction. [
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