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RUNGE-KUTTA SCHEMES FOR BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS

BY JEAN-FRANCOIS CHASSAGNEUX! AND DAN CRISAN?
Imperial College London

We study the convergence of a class of Runge—Kutta type schemes for
backward stochastic differential equations (BSDEs) in a Markovian frame-
work. The schemes belonging to the class under consideration benefit from
a certain stability property. As a consequence, the overall rate of the con-
vergence of these schemes is controlled by their local truncation error. The
schemes are categorized by the number of intermediate stages implemented
between consecutive partition time instances. We show that the order of the
schemes matches the number p of intermediate stages for p < 3. Moreover,
we show that the so-called order barrier occurs at p = 3, that is, that it is
not possible to construct schemes of order p with p stages, when p > 3. The
analysis is done under sufficient regularity on the final condition and on the
coefficients of the BSDE.

1. Introduction. Let (2, F, (F1)i>0,P) be a filtered probability space en-
dowed with an (F;);>0-adapted Brownian motion (W;);>0. On (2, F, (F1)i>0, P)
we consider the triplet (X, Y, Z) = {(X;, Y;, Z;),t € [0, T]} of (F;)s>0-adapted
stochastic processes satisfying the following equations:

t t
(1.1 X; :Xo—i—/ b(XS)ds—l—f o (Xy)dWs,
0 0

T T
(12) Y, = g(X7) +ft FY. Zydr ‘/, Z, dw,.

System (1.1)—(1.2) is called a (decoupled) forward-backward stochastic differen-
tial equation (FBSDE).

The process X, called the forward component of the FBSDE, is a d-dimensional
diffusion satisfying a stochastic differential equation (SDE) with Lipschitz-
continuous coefficients : RY — R? and 0 : R? — R? x R4,

The pair of processes (Y, Z) satisfy the backward stochastic differential equa-
tion (BSDE) (1.2). The process Y is a one-dimensional stochastic process with
final condition Y7 = g(X7), where g:R? — R is a differentiable function with
continuous and bounded first derivative [i.e., g € C g (R%)]. The process Z =
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z', ..., zd ) is a d-dimensional process, written, by convention, as a row vec-
tor. The function f:R x R? — R referred to as “the driver,” is assumed to be
Lipschitz continuous.>*

The existence and uniqueness of solutions of system (1.1)—(1.2) was first ad-
dressed by Pardoux and Peng in [16]. Since then, a large number of papers have
been dedicated to the study of FBSDEs. In particular, it is well known that un-
der the Lipschitz-continuity assumption of the coefficients, the following estimate
holds true:

T
(1.3) E[ sup |X,|p]+E[ sup |Y,|2+/ |Zs|2ds}<oo Vp > 0.
1€[0,T] t€[0,T] 0

Moreover, Pardoux and Peng showed in [15] that
Yi=u(t,X,), Zi=Vu' (t,X)o(X,), te€l0,T],
where u € C12([0, T] x R?) is the solution of the final value Cauchy problem
(1.4)  LOu@t,x)=—f(u@t, x),Vu'(t,x)0(x)), 1€[0,T), xR,
(1.5) u(T, x) = g(x), x eR?

with L© defined to be the second order differential operator

d d
1
(1.6) L(0)=8,+§:b,-8xi+§§ a0y, Oy,
i=1 i=1

and a = (q;;) = oo .

There is a vast literature dedicated to the approximation of solutions to stochas-
tic differential equations. In particular, obtaining approximations of the distribu-
tion of the forward component X has been largely resolved in the last thirty years.
One can refer to [9] and the references therein for a systematic study of numerical
methods for approximating X. Such methods are classical by now. More recently,
Kusuoka, Lyons, Ninomiya and Victoir [10-14] developed several numerical al-
gorithms for approximating X based on Chen’s iterated integrals expansion. These
new algorithms generate an approximation of the solution of the SDE in the form
of the empirical distribution of a cloud of particles with deterministic trajectories.

By comparison, there are very few numerical methods for approximating the
backward component. In this paper, we introduce a large class of numerical
schemes for approximating solutions of BSDEs. These schemes are based on the
well-known Runge—Kutta methods for ODEs and include new high order schemes
as well as existing low order schemes such as the classical extension of the Euler
scheme to BSDE:s; see, for example, [1, 2, 4, 6].

3These assumptions will be strengthened in the following section.
4For the reader’s convenience, we only consider drivers depending on Y and Z; however, the
results and the analysis provided here apply to drivers depending also on X.
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The approximations presented below are associated to an arbitrary, but fixed,
partition 7 of the interval [0, T], m ={tp=0<--- <t <tjy1 <---<t,=T}.
We denote h; =tj+1 —t;,i =0,...,n — 1 and |7| = max; h;. Let (Y;, Z;) be the
approximation of (¥, Z;,) fori =1, ..., n. The construction of the approximating
process is done in a recursive manner, backwards in time. We describe in the fol-
lowing the salient features of the class of approximations considered in this paper.

DEFINITION 1.1.

(i) The terminal condition is given by the pair (Y,, Z,) = (g(X71), VgT(XT) X
o (X1)).

(i) Fori <n —1, the transition from (Y; 1, Z;+1) to (¥;, Z;) involves ¢q stages,
with g > 1. Given g + 1 positive coefficients 0 =:¢; <c; <--- <c¢j <---¢4 <

cg+1 := 1, we introduce the intermediate “instances” of computation f; ; :=
tiy1 — cjh;, and define (Y; j,Z; j), j=1,...,q + 1 as follows: by convention,
Yi1, Zi1) = Yig1, Ziy) and (Y g41, Zig+1) = (Y;, Z;). Then, for 1 < j <gq,
J
(1.7) Yij=E,, [Y,-H +cjhi Y ajifYix, z,-,k>},
k=1
(1.8) Zij=Ey, |:H;Yi+1 +h; Z okl f Yik, Zi,k):|~
k=1
Finally, the approximation at step (i) is given by
q+1
(1.9) Y; =E, |:Yi+1 +hi) bifYij, Zi j)],
j=1
. q .
(1.10) Z; =E, |:H(;+1Yi+l + h; Z,Bj g+1,f Xij, Zi,j):|-
j=1

The coefficients (a;i)1<jk<q> (@jk)1<jk<q> (Dj)1<j<q+1 and (B})1<j<4 take
their values in R with a;;, a1, 1 < j <qand aj, ajr, 1 < j <k < g setto 0.
Moreover, the following holds:

J j—1
(L.11) Zajk=zotjk1{ck<cj}=0j, J=<q.
k=1 k=1
The random variables H J’:, H J’ k< jare ]-",L j-measurable, forall j <g+1,i <n
and have the property that, forall 1 <k < j<qg+1,i <n,
i i 12 )
(1.12)  E, [H;]=E, [Hj;]=0 and E[h;]|H;|"]+E[k;|H],;|"] <A,

where A is a positive constant which does not depends on .
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Observe that Y,, Z, belong to LZ(J-",n), where for ¢t € [0, T], L3(F;) is the
space of F;-measurable random variables U such that E[|U|?] < oco. This is an
immediate consequence of estimates (1.3) and the fact that g € C g. Moreover, an
easy (backward) induction proves that the schemes are well defined for || small
enough and that Y;, Z; belong to Lz(]-"ti) forall i <n.

In the sequel, we will refer to the schemes defined above by specifying the
H -coefficients and using the following tableau for the other coefficients:

c1=0 |an -+ ay 0 ay e g
cj jajp oajg 0 o g

Cq g1 -+ dgq 0 Jogr - oy
cgr1=1| b1 -+ by bgr1| 1 - By

This notation is a natural extension of the classical notation used in the ODEs
framework; see, for example, [3].

If the scheme is explicit for the last stage, that is, by;41 = 0, we will omit this
column in the coefficients tableau. We will also generally omit the “0” coefficients
in the tableau and use “*” to denote a coefficient whose value is arbitrary.

Finally, let us also introduce for later use

(1.13) djk =ajilig<c;) and Bj=Bili;<1).

1.1. General formulation of one-step schemes. It is convenient to rewrite the
approximations defined above in a more general setting as follows.

DEFINITION 1.2 (One-step scheme).

(i) The terminal condition is given by a pair (Y,, Z,) € L2(Fr).
(i) Fori <n — 1, the transition from (Y;41, Z;+1) to (¥;, Z;) is given by

Y; =, [Yig1 + i ®) (tig1, Yigr, Zigr, hi)],

(1.14) ,- .
Zi =B, [H Yt +hi®F (i, Yigr, Ziga, b)),

where dDiy, QDiZ are functions from R x LZ(]-',i+l) X L2(J:ti+1) x R% to LZ(]-}i+1),
0<i<n-—1.

REMARK 1.1. In the case of the scheme given in Definition 1.1, the func-
tions CDIY, ch.Z depend implicitly of the coefficients (ajx)i1<jr<q> (%jr)1<jk<q»
(bj)1<j<qg+1 and (Bj)1<j<4 and the random variables (H;)1§j§q+1, (Hjl-’k)lij’kiq.
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1.1.1. Order of convergence. The global error we investigate here is given by
the pair (€y (i), £z (w)), where

Ey () := max E[|Y, — Yi|2],
0<i<n

n—1

Ez(m) =Y hE[Z, - Z:]*].
i=0

To control these errors we will use the local truncation error for the pair (Y, Z)
defined as

1 ~ n
(1.15) ni=nf +0f, (. nf):= (ﬁE[m—Yti|2],E[|zf,.—zf,.|2])

1

with
(1.16) ?’i =E, [Yti+1 + h,’CDlY(tH_], Yiiers Ziys hi)]’
‘ Zt,‘ = El‘,‘ [Hqi+1 Yti+1 + hiq)iz(fi+1 s Yti+| s Zl‘,'+| s hl)]

The global truncation error for a given grid 7 is given by

T(r) =Ty (w) +Tz(m),

n—1 n—1
(Ty (), Tz(m)) = (Z hini . ZhiniZ),
i=0 i=0

where Ty is the global truncation error for Y, and 77 is the global truncation error
for Z defined as above.

The main results of the paper refer to the rate of convergence of the various
approximations belonging to the class described in Definition 1.1.

1.17)

DEFINITION 1.3. An approximation is said to have a global truncation error
of order m if we have

T () < Clm|™

for all sufficiently smooth® solutions to (1.4)—(1.5) and all partitions 7= with suffi-
ciently small mesh size.

REMARK 1.2. Observe that we consider the sum of the global truncation error
for the Y component and the Z component to define the order of an approximation.
It is clear that if one considers BSDEs where the driver f depends only on Y and
is only interested in the error on the Y part, it would be more judicious to use only
Ty in the definition of the order of the method. But our goal here is to deal with
the most general case, where f depends on both Y and Z.

SThe required regularity assumptions will be stated in the theorems below.
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1.1.2. Stability. To connect the truncation error with the global approxima-
tion error, we introduce the notion of L2-stability for the schemes given in Def-
inition 1.2. By stability we mean—roughly speaking—that the outcome of the
scheme is “reasonably” modified if we “reasonably” perturb the scheme.

We thus introduce a perturbed scheme,

Yi =By, [Yig1 + hi @Y (4, hi, Vi1, Zig1) + &),

(1.18) ) e R
Zi =Ey[H) Yie1 +hi®% (1, hi, Yir, Zigr, hi) + &7,

where g“l.y s g“l.Z belongs to L2(]-'ti +1), for all i < n and with terminal values
17,, and Zn belonging to LQ(}"T).

For 0 <i <n, we denote 8Y; :=Y; — 17,- and 6Z; :=Z7Z; — Z; and consider the
following definition of stability.

DEFINITION 1.4 (L?-Stability). The scheme given in Definition 1.2 is said to
be L2-stable if

n—1
maxE[|8Y;*] + 3 mE[18Z: %]
! i=0

n—1
1 2 2
< C(ﬂ-ﬂ[lfw2 +ha18ZaP]+ 3 hiE[p|Ez,- (67117 + B[] D
i=0 i
for all sequences g“iY, ;l.Z of Lz(]-}l. +1)-random variables and terminal values

(Yn, Zy), (Yn, Z,) belonging to L2(Fr).

Under a reasonable assumption on the functions CIJI.Y and CIJiZ, i <n — 1, intro-
duced in (1.14), we are able to prove the stability of the schemes given in Defini-
tion 1.2.

THEOREM 1.1 (Sufficient condition for L2-stability). Assume that, for some
given grid w and fori <n — 1, we have

Et,-“q)iy(ti—f—l, U,V,h;)— CI)I-Y(tH_l, 0, ‘7, h,‘)|2]
(1.19) 1
= (5 (B 1UP) ~ (B, 18UI) + B, [13UF + 15V ] )

E, [|07 (11, U, V. hi) = ®F (141, U, V., hy)|*]
(1.20)
C /1 2 2 2 2
= Z-(E’f[lwl | = [E,[8U1]7) + E,[I8U)” + 8V]7] ).
i 1
where U, V, (7, 1% belong to Lz(]-}iﬂ), SU:=U—Uand§V :=V — \7, then the
scheme in Definition 1.2 is L?-stable.
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The following proposition connects the truncation error with the approximation
error.

PROPOSITION 1.1. Assume that the functions <I>lY and CI>iZ satisfy (1.19)-
(1.20) and (Y, Z,) = (g(X71), VgT(XT)a(XT)). Then there exists a constant
C independent of the partition 7w such that

(1.21) Ey(m)+Ez(m) <CT (m).
The proofs of Theorem 1.1 and Proposition 1.1 are postponed to the Appendix.

1.1.3. Convergence results. As an application of Definitions 1.3 and 1.4, and
Proposition 1.1, we state the following general convergence results (the proofs are
postponed to the Appendix):

PROPOSITION 1.2. If the method is of order m and CIDiY and CIDiZ satisfy
(1.19)-(1.20) and (Y, Z,) = (g(X71), VgT(XT)a(XT)), then there exists a con-
stant C independent of the partition 7 such that

(1.22) Ey(m) + E () < Clm ™.

Let us conclude this section with the main case of interest for us here, namely
the Runge—Kutta schemes given in Definition 1.1.

THEOREM 1.2. (i) For the schemes given in Definition 1.1, if f is Lipschitz-
continuous, we have that the functions CIJiY and dDiZ satisfy (1.19)—(1.20) provided
|t | is small enough. As a result, the schemes are L?-stable.

(ii) Moreover, if the method is of order m, then we have

(1.23) Ey () +Ez(w) < C|w[*™,

provided |rt| is small enough.

REMARK 1.3. In this paper, we are only interested in obtaining an upper
bound for the global approximation error £y (;r) + £z(), in terms of |7|. An
asymptotic expansion of this error in term of || would also be of interest as it
may lead to the use of Romberg—Richardson’s extrapolation method. This work is
left for future research.

1.2. Order of convergence of Runge—Kutta methods. It is a nontrivial task to
classify the approximations belonging to the class described by Definition 1.1
through their order of convergence. The order of convergence of a particular
scheme depends on several factors. First, it will depend on the number of inter-
mediate steps it uses. Moreover, up to a certain level, the higher the smoothness
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of the pair (u, f), the better the order is. However, there is a level of smooth-
ness beyond which the order of approximation cannot typically be improved. This
level is identified below through the condition (Hr),, where p =1,2,... is the
number of intermediate steps required by the approximation. We show below that,
provided the underlying framework satisfies a certain nondegeneracy condition
called (Ho), the order of the approximation cannot be improved through addi-
tional smoothness. This is achieved by identifying the leading order term in the
expansion of the error of the approximation. However, should this leading order
term be equal to zero, the order of the approximation will be higher. The analy-
sis of the leading error term tells us that, for example, if the driver satisfies the
additional constraint f* = 0 (i.e., it is independent of Z, f* denoting the partial
derivative of f with respect to z), then there are two-stage schemes of order three.
However, if f* 3 0, then two-stage schemes will typically have order two.

1.2.1. Smoothness and nondegeneracy assumptions. We study the order of the
methods given in Definition 1.1 using It6—Taylor expansions [9]. This requires the
smoothness of the value function u. In order to state precisely these assumptions,
we recall some notations of Chapter 5 (see Section 5.4) in [9].

Let
o0
M:={e}u [ J{0,....d}"
m=1
be the set of multi-indices with entries in {0, ..., d} endowed with the measure ¢

of the length of a multi-index [£(©@) = 0 by convention].

We introduce the concatenation operator * on M for multi-indices with finite
length o = (a1, ...,ap), B=(B1,...,By) thena * B = (a1,...,ap, B1,..., By).

For a multi-index « with positive finite length, we write —« (resp., «—) the
multi-index obtained by deleting the first (resp., last) component of «. On the
set M, let n(«) be the number of zero in a multi-index « with finite length.

Given a multi-index «, we denote by o the multi-index obtained from o by
deleting all its zero components.

For j € {0,1,...,d}, we denote by (j),, the multi-index with length m and
whose entries are all equal to j.

A nonempty subset .4 C M is called a hierarchical set if

supl(x) <oo and —aed Yo € A\ {0}

For any hierarchical A set, we consider the remainder set B(.4) given by
BA) ={a e M\ Al —a € A}.
We will use in the sequel the following sets of multi-indices, for n > 0:

Ay = {all(a) <n}
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and observe that B(A,) = A,11 \ An.
For j e {1,...,d}, we consider the operators

d
L =Y ol
k=1
For a multi-index o = (a1, ..., ap), the iteration of these operators has to be
understood in the following sense:
LY =L@ o...o L@

By convention, L is the identity operator; recall also the definition of the operator
LO given in (1.6). One can observe that LB =120 LB,

Let C Ilf be the set of all k-times continuously differentiable functions with all
partial derivatives bounded. For a multi-index with finite length «, we consider
the set G of all functions v : [0, 7] x RY — R for which L%v is well defined and
continuous. We also introduce Gj' the subset of all functions v € G such that the
function L%v is bounded. For v € G*, we denote L%v by v*.

Finally, for n > 1, we define the set G; of function v such that v € Gy for all
ae A, \ {2}

We are now ready to state the smoothness assumption on the value function u
we shall use:

(Hr); The value function u belongs to Qg and f €C g.
(Hr)> The value function u belongs to g,f and f € Cg.
(Hr)3 The value function u belongs to g;j and f € Cg’.
(Hr)4 The value function u# belongs to gg and f e C g.

Instead of making assumptions on the coefficient b and o, we shall use in the se-
quel the following “nondegeneracy” assumption when stating the necessary order
conditions:

(Ho); There exists some function g € gg such that

P(g@(X71) #0) #0.
(Ho); There exists some function g € gg such that

P(g%(X1) #0) #0

for @ = (0), (0, 0) and (j, 0) for some j € {1, ..., d}. (Note that g may be different
for each «.)
(Ho)3 There exists some function g € g;j such that

P(g%(X7) #0) #0

for @ = (0), (0,0) and (j1, 0), (j2, 0, 0) for some (ji, jo) €{1,..., d}z. (Note that
g may be different for each «.)
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Moreover, for any triplet (v, vz, v3) # (0,0, 0) we have

d
€
P(<v]g<°*°~°> + g0 05 3 £ g“’o*‘”) (X7) # 0) #0.

=1
(Ho)s4 There exists some function g € Qg such that
P(g%(X7) #0) #0
for o = (0), (0,0), (j1,0), (j2,0,0) for some (ji, j2) € {1,...,d}2. (Note that

g may be different for each «.)
Moreover, we have for pairs (v, v3) # (0, 0), (v2, v4) # (0, 0),

d
P((vlg“)’o’o) +3 ) vg><xr) # 0) #0,

j=1

d
P((uzg“’o"“” SAUTADY g<f~°’°>> (Xr) # 0) #0

j=1
for 1 < ¢ <d and for any (v1, v2, v3, v4) # (0, 0, 0, 0) we have

d d d d
P<<V1g(0’0’0’0) +1 )y Jvéo) +3> Jwg vy N fzzfvé‘z’)(XT) # 0) #0,
=1 =1 =1j=1

where we defined jvg = fzjg(j’o’o) and ng = fzjg(j’o’o’o), 1<j=<d.

REMARK 1.4. If the Hormander condition holds true, then all conditions
(Ho), are satisfied as the distribution of X7 has a smooth positive density with
respect to the Lebesgue measure.

1.2.2. Description of the H-coefficients. We now specify the class of random
variables H used in the Definition 1.1 of the numerical schemes.

DEFINITION 1.5. (i) For m > 0, we denote by B%,I] the set of bounded mea-
surable functions ¥ : [0, 1] — R satisfying

1 1
/w(u)duzl and ifm>1, /w(u)ukdu:O, l<k<m.
0 0

(i1) Let ('(pg)lsggd € B?(l),l]’ fort€[0,T]and h >0 suchthatt + h < T, we

define
1 t+h —t
G ),
’ hJ: h 1<t<d

which is a row vector.
By convention, we set H,", = 0.

For a discussion on the choice of the above coefficients, we refer to Remark 2.1
and Section 2.2.
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1.2.3. One-stage schemes. We study here the order of the following family of
schemes:

Yi =E,[Yig1 + hibi f(Yig1, Zig) + hiba f (Y3, Z))],
Zi =B, [H Yo + hiBLHYY, f(Yigr, Zisn)],
where ¥, ¢1 € 8?071].
THEOREM 1.3. (i) Assume that (Hr) holds and that ¥, ¢ € 3?0,1]- For ||
small enough, the above scheme is at least of order 1 if
1=>b1+ bs.

Moreover, under (Ho)1, this condition is also necessary.
(ii) Assume that (Hr)| holds and that | € B[lo,l], ¢1 € BPO,l]' For || small
enough, the above scheme is at least of order 2 if

b1=b2=% and B =1.

Moreover, under (Ho)», this condition is also necessary.

COROLLARY 1.1. The above conditions lead to the following tableaux:

0l0]0 0/0 0]0
1]« “" 170 1%

for the explicit Euler scheme and, respectively, the implicit version and to the
tableau

0/]0 010
1 1
L5 5|1

for the Crank—Nicholson scheme.

REMARK 1.5. (i) The case of the Euler scheme has been widely studied in the
literature. Generally speaking, as soon as f is Lipschitz-continuous, the method
has been shown to be convergent. Under weak regularity assumption on the coeffi-
cient g, the order % can be retrieved; see, for example, [2, 5, 7, 8, 17]. The order 1
convergence has been first proved in [6] for the general case when f depends on Z;
see the references therein for the other cases.

(i1) The Crank—Nicholson scheme of step (ii) has been studied in the general
case in [4]. It is proved there to be of order 2.

(iii) To the best of our knowledge, the necessary parts contained in Theorem 1.3
are new.
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1.2.4. Two-stage schemes. We analyze here the order of the following family
of schemes:

DEFINITION 1.6.
Yio =E,[Yig1 +a2ihi f(Yig1, Zig1)| 4+ axnhi f(Yi2, Zi2),
Zia=Ey,[H2 ) Yigr +2hi HY  f(Yigr, Zis)]
and
Yi =K, [Yi + hib1 f(Yig1, Zis1) + hiba f (Yin, Zip)| + hibs f (Yi, Zi),
Zi =B, [H3, Yisr + BLHD, hi f(Yigr, Zist) + BoHD i f Vi, Zio)],

where d)z, ¢3, lﬁz, lﬁ3 S BO.

The following results concern implicit schemes (for the Y part).

THEOREM 1.4. (i) Assume that (Hr)3 holds, V2, V3 € B 1}, $2, ¢3 € By 13>
f*=0and cy < 1. For || small enough, the following conditions are sufficient to
obtain at least an order 3 scheme

1 1 1 1 1

by=-——, by= ——7——, by=-————,
2 6cp 6¢2(1 — ) 2 6(1—cp)
) 8 | 1 8 1

a = -, = -, = —.

S ! 2¢5 >7 26

(i1) If, moreover, (Ho)3 holds, these conditions are also necessary.
(iii) (Implicit order barrier) If f* # 0 and (Ho)z holds, there is no order 3
methods in the class of the schemes given in Definition 1.1 with only two stages.

COROLLARY 1.2. (i) For 0 < c; < 1, the above conditions lead to the follow-
ing tableau:

0 *

¢ 3 3 0 2 *

1L L 1 2-3¢2 |1 L
2 6cn 6cr(1—cp) 6(1—cp) 2¢o 2¢o

(ii) Observe that if co = %, then by = 0 and the tableau has the following explicit
form:

— Wi O
ENTEE N )
Blw W= O

Bl—= [WIN ¥
B | ¥ O
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Part (iii) of the last theorem tells us that it is generally not possible to get an
order 3 scheme with a two-stage scheme, even if it is implicit, as soon as we have
f* # 0. This result differs from the ODE case. This fact is not surprising since
the schemes we consider are always explicit for the Z part. The explicit feature of
the scheme and the related error, somehow propagates through f*. This will also
be the case for schemes with a higher number of stages. Since we are particularly
interested in BSDEs with general drivers, we see then that there is no advantage
in using implicit scheme instead of explicit ones. As a result, we concentrate from
now on in studying explicit schemes only.

The next result concerns then explicit schemes and exhibits the similarity with
the ODEs framework.

THEOREM 1.5. (i) Assume that (Hr); holds and +, Y3 € B[lo,l]’ b2,

The scheme given in Definition 1.1 is at least of order 2 if

1 1
by=1—— and by=—,
2C2 2C2
B1+ Balie, <1y =1.

(ii) Moreover, if (Ho), holds, then the above conditions are necessary.
It is easily checked that the above conditions leads to the following tableau: For
0<cp<l,

0
2

0
2

0 0
2 *

Hi-ag |8 18

S O

with g1 =1ifcr =1.

1.2.5. Three-stage schemes. We analyze next the order of the following family
of schemes:

DEFINITION 1.7.
(124)  Yio=Eg,[Yis1 +hicaf Yig1, Zig1)],

(1.25)  Zip=Ey,[H,] . Yie1 + hiCZH;ficzhif(Yi—H, ZivD]

[
[H,!

(1.26)  Yi3=E;,[Yiy1 +hias1 f(Yig1, Zig) + hiaza f (Y2, Zi2)],
[H,!

Ziz =B, [H)? . Yier +hios i HY 0 f(Yig1, Zig)

(127 .
+ hi&32Hti,:3’)a(C3_C2)hi f(Yl,29 2152)]
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The approximation at step (i) is given by
Yi =Ky [Yig1 + hi(b1 f Yig1, Zig1)
+byf(Yin, Zin) + b3 f(Yi3, Zin))],
Zi =E,[H) Yin

(1.28)

(1.29) +hi(BLHYY, fYigt. Zig) + BaHY o f (Yi2. Zi2)
+ BSHI??(l_Q)hif(Yi,Ss Zi,S))]
Wlth 1//25 1//35 1//4 € B[z()’l]’ ¢27 ¢3’ ¢4 € B[l()’l]

THEOREM 1.6. (i) Assume that (Hr)s holds. The scheme given in Defini-
tion 1.1 is at least of order 3 if ¢y #£ 1, ¢y # c3, and the following conditions hold
true:

bi+by+b3=1, bycy + bzes = 5,
bacs +b3cy =15, bzancy=byancy =
and
B1+ B2+ B3liz<y =1,
Baca + B3czlicy <1y = %
(i1) Moreover, if (Ho)3 holds, then the above conditions are necessary.
REMARK 1.6. (i) If ¢y =1, then ¢c3 =1 and ,8~2 = ,53 = 0. Thus the approxi-
mation for Z reads
Zi=E, [th./f‘}” Yig1+ hiﬂlﬂff‘hif(YiH, Ziy1)].

As shown in last section, this approximation leads generally to an order 2 scheme
only setting 81 = 1.
(i) If ¢3 = ¢, we obtain an order 2 scheme only as well.

Using [3] we get that

COROLLARY 1.3. (i) Assume that c» # %, c3 ¢ {ca, % 1}. Then the above con-
ditions lead to the following tableau:

0 0 0 0

6] €2 0 0

c 63(36‘2—36%—63) c3(c3—c2) 0 ,
3 ©2(2=3c2) :(2—3¢2)

1 —3¢34+6¢2c3+2—30) 3c3—2 2—3c

6cac3 6ca(c3—c2)  6c3(c3—ca)
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0 0 0 0
&) c) * 0
c3(3c2—3c2—c3) e3(c3—c2)
) ©(2-3¢2) *
2c3—1 )
1 IBI 2(6633_02) - 636_362,31 e c2) + - /31

2c3(c3—c2) ' c3—e

(i) Ifcz =1and cy # %, then the above conditions lead to the following tableau:

0 0 0 0 0 0 0
(653 c 0 0 2 * 0
| | Ge2=3d-D 1—c) 0 (Bea—3¢3-1) = .
c2(2—3c2) c2(2—3c2) ¢2(2—3c2) ¢2(2—3c2)
1 6c0—3cr—1 1 2—3c) 1 1 %
6co 6¢p(1—cp) 6(1—cp) 2¢y 2¢y

1.2.6. Order barriers. As shown in the last sections, it is possible to derive
explicit methods of order p =1, 2, 3 using, respectively, s = 1, 2, 3 stages. These
methods are optimal in the sense that s < p is generally not possible and s > p
would lead to more computational effort.

In the ODESs framework, such a result is well known; see [3]. In fact, it is also
known that it is possible to build explicit order 4 method using 4-stage schemes.
A very interesting feature of explicit methods is that to retrieve an order p scheme
with p strictly greater than 4, one needs to use s > p stages. This last result is
known as “explicit order barriers”; see, for example, Theorem 370B in [3]. Be-
cause ODE:s are a special case of BSDEs, the same explicit barriers will be en-
countered for BSDE:s.

This leaves open the case s = p =4 for BSDEs. Theorem 1.7 below shows that
generally s > p already for p =4 in the BSDEs framework. This means that the
explicit barrier is encountered earlier for BSDEs than for ODE:s.

Before stating the main result of this section, let us also recall part (iii) of The-
orem 1.4, which reveals an implicit order barrier in the BSDEs framework.

PROPOSITION 1.3 (Implicit barrier). Assume (Hr)3 holds and f* # 0, then
there is no implicit order 3 two-stage scheme, under the nondegeneracy assump-
tion (Ho)s.

THEOREM 1.7 (Explicit barrier). We assume that f¥ =0and f* # 0. There is
no explicit four stage methods in the class of methods given in Definition 1.1 which
is of order 4, provided that (Hr)4, (Ho)4 hold and that the H-coefficients are

. Vi : 9 :
given by H} := Ht,-,_',{,c_,-hi and Hj  := Hz,;';-,(cj—ck)h,- with ;€ 8[30’]], ¢j € B[zo’l],
2<j=5S.

REMARK 1.7. Theorem 1.7 can be extended to the case of f¥ £ 0and f* £ 0.

Indeed, the fact that /¥ % 0 will add more constraints to the problem. Note, how-
ever, that (Ho)4 would need to be reformulated in this case.
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1.3. Outline. The rest of the paper is organized as follows. In Section 2, we
present some preliminary results used to study the order of convergence. We also
interpret the approximation of Z as the approximation of a proxy for Z in dimen-
sion d = 1. Sections 3-5 deal then with the proof of the order for scheme with 1,
2 and 3 stages. Section 6 is dedicated to the case of the four-stage methods and the
proof of Theorem 1.7. Finally, the Appendix contains the proofs of the results in
Section 1.1 and the proofs of the preliminary results.

1.4. Notation. In the sequel C is a positive constant whose value may change
from line to line depending on 7', d, A, X but which does not depend on the
choice of the partition 7. We write C), if it depends on some extra positive param-
eters p.

For ¢t € m, R a random variable and » a real number, the notation R = O, (r)
means that |R| < AJr where A is a positive random variable satisfying

E[|A7P]<Cp

for all p > 0, t € = and all partitions 7.
The continuous and adapted process U belongs to S%([0, T]) if

E[sgs[l(l)’pﬂ |Us|2] < 0Q.

Multiple Ité Integrals. For any process U in S2([0, T']), we consider the fol-
lowing iterated Lebesgue—Itd integrals for a multi-index o with length /:

if 1 =0,
127U dr, if/>1and o =0,

U,
N

I7[U] = /t

N .

flfff[U]dW/, ifl>landey=j,1=j=d.

t

One can recursively check that these integrals are well defined and that
I*[IP[-]] = 1P*[-]. We will denote by I,“fr the multiple Itd Integrals of the con-
stant process equal to one.

Abbreviation. Fort € [0, T], we denote v*(¢, X;) by vf* and f”(Y;, Z;) by f,y,
where f” is the partial derivatives of f with respect to the variable y. Similarly
7= f*(Yy, Z;) where f* is the partial derivative of f with respect to z.

2. Preliminaries.

2.1. Ité6-Taylor expansions. The following proposition is Theorem 5.5.1 in [9]
adapted to our context.
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PROPOSITION 2.1. Let A be a hierarchical set and B(A) the associated re-
mainder set, for a function v belonging to Qf forall B e B(A). Then

v(t + h, Xt—l—h)—zv z+h+ Z tt+h
acA BeB(A)

This leads to the following weak expansion formula:

PROPOSITION 2.2. Let m > 0. Then for a function v € g’"“,
h? h™
Ee[o(r + hy Xen)] = v+ ho® + = SV w00 + O 4 0, (R ).

We now state another key expansion for the results below based on Proposi-
tion 2.1 and Definition 1.5.

PROPOSITION 2.3. (i) Let m > 0, for ¥ = (Y 1<e<a with ¥* € B ,,, as-
suming that v € G/ 2 then

™
E/((H)) v +h. X)) = vf o o =0 0y ().
(ii) For ¢r = (lﬂe)lfgfd with Yt € B?o,l]’ assuming that v € g,}, we have

E[(H) v +h, Xei)] = 0, (D).

(i) IF LO o LO =LO o LO for ¢ € {1,...,d)}, then the expansion of (i)
holds true for v = (1, ..., 1).

The proof of this proposition is postponed to the Appendix.

REMARK 2.1. (i) The expansion of Proposition 2.3(i) motivates the definition
of the H-coefficient. Indeed, we will apply it to the functions u and ¥’ and are
able to cancel the low order term for a good choice of coefficients (a;), (B;); see
the computations of the next sections.

(ii) It is worth noticing that in the (very special) case where L® o L®) = L(®) o
LO for ¢ e {1,...,d}, one only needs to use in the definition of the scheme,
H -coefficients built with the function ¥ = (1, ..., 1).

We conclude this paragraph by giving some examples of function v (d = 1).

EXAMPLE 2.1. (i) The function ¥ = 1|9 1] belongs to 8?0,1]-

(ii.a) The polynomial function x — 1 (x) = 4 — 6x belongs to B[lo’l].

(ii.b) For ¢ € (0,1), the function ¥ = Lrs1pi ey + SFljo.1) belongs
to B[lo,l].
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(iii) For ¢, ¢’ € (0, 1), c # ¢/,
_ 1—=¢ 1 N c—1
T -0 —o) T va T — o

1 1
+ (1 taota —c/>>1[°*”

belongs to 8[2071].

Y 11

2.2. A class of proxy for Z. The solution of the BSDE (1.2) consists in the
pair process (Y, Z). Unlike Y, the second component is not “directly available”
in (1.2) since it is defined as the integrand in the martingale part. However, we can
use (1.2) to construct first a proxy for Z. As we shall see, the sequence of processes
(Z;)i<n are discrete-time approximation of this proxy. The results below are based
on the expansion given in Proposition 2.3. The discussion in this section assumes
d=1.

DEFINITION 2.1. Form >0, let ¢ € B |

t+h

2.1) z}, =E [H,ﬁ”h / Z qu]
!

For later use, we denote H;{fh(u) = EM[H;{'h], t<u<t+h.

PROPOSITION 2.4. Letm > 0, and assume that u € QZZH. For i € B’[}’) 1 the
following holds:

z, =2z, + o).
PROOF. One observes that

1 t+h s —1 1 t+h s—t
2l =m| [ () 2] =m0 )|

Applying the expansion given in Proposition 2.2 to (! up to order m and using
the assumption on ¥, we obtain

“ 1 opt+h s —t\ (s — )
k=0

h k!

OO A
= uO >—/ Y (ryrkdr + 0, (k")
= k! Jo

=7, + O,(|n|™),

recalling that Z; = ugl). ]
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REMARK 2.2. Of course one can build other types of proxies for Z based
on (2.1), for example, at t =0,

h
E[H(;fh/o Zy AWy + A1 Z + 2 Zpja - ]

In this case, ¥ will be required to satisfy different constraints in order to obtain the
desired order of convergence.

It remains to derive the discrete-time approximation (Z;).
Observe that, using (1.2),

z!, =E, [H;{’h f " qu}
2.2) ! o
— F, [H;{’h<Y,+h +] S0 Z0 du>].
In [2, 6], the approximation of the Z process is given by
Z} =By [HY, Y]

In order to obtain high-order approximation of the process Z, we discretize the
integral term in the right-hand side in (2.2), with t = ¢;. For ¢ € Bfg,l]’ m>1, we
will approximate this term by the following:

q
o
(23) h Z :BjEl‘,' [Htivj(l_cj)hi f(Yt,‘,jw Z[’-J«)],
j=1

where the coefficients 8; € R and the function ¢; belongs to Bfgj } ,forl1 < j<gq.

REMARK 2.3. Alternatively, one can approximate directly

lit+1 fit1
el m, [ 0 zoa] =5 [ B, w05 (0 22 a]

by
! v
h Z BiEs [Ht,-,h,- (ti,j)f(Yti.j’ Zfi,j)]'
j=1

However, since generally H;i// n i j) # Htl,«//(l— ¢jhi» ON€ would then require
stronger assumptions on the function i and the H -coefficient which, in turn, will
lead to higher computational complexity.

The approximation given in (2.3) is still theoretical since it uses the true value
Y, ; and Z; ;. We need to introduce several stages to obtain approximations of
these intermediate values.
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3. One-stage schemes.

3.1. Proof of Theorem 1.3(1). (1) We first compute the error expansion for the
Z part of the scheme. By (1.16), we have, for 1 < £ <d,
5 ¢ ¢
2L =B, [(H) Y, + hiBr(HD) f Yy Ziy)]
¢ 2 O
= Eti[(th//,lh,») Uty — hiﬁl(Ht?,lhi) ut(i+)1]v

recalling (1.4).
Using Proposition 2.3, we get

(3.1) zt =zf + 0,(rl),

since u € g,f, recalling (Hr); and wf, ¢f € 8?0,1]-
This basically means that as soon as wf € B?O,l]’ 1 < <d, the choice of 8 is

arbitrary. Indeed, by definition of the truncation error for the Z component [see
(1.15)-(1.17)], we have

Tz ()= O(Ir]),

which is the order we aim to obtain.
(2a) We now compute the error expansion for the Y -part. First observe that

ﬁl,' = Eli [Yli+1 + hibl f(YtH_]a Zti+1) + hib2f(?l[v 2[,’)]
= By [Yi,, +hib1 f (Viy s Zig,)) + hiba f (Yey, Zi)] 4 hibadfy,,
where 8f,, = f (Y., Zi.) — f (Y, Zy,). This leads to

¥y =By un,, —hibiul), — hibyu’] + hibysf,.
Using Proposition 2.2, we compute

5 0

Y. = Uy, =+ ht(l — by — bZ)“E,- ) + hib28fti + Ol‘,' (lﬂlz)

i

Since f is Lipschitz-continuous and u® bounded, we obtain for || small enough
that Y;, =Y, + Oy, (||) which implies that §f;, = Oy, (|7r|) and thus

(3.2) V=Y, +hi(1—by —b)u® + 0, (17 ).

The condition b; + by =1 is thus sufficient to retrieve at least an order-1 scheme.
(2b) Under (Ho)1, this condition is also necessary.
Indeed, combining definition (1.15)—(1.17) and (3.2), we compute

n—1
Ty ) = hill = by — b PE[Ju’|*] + O (17 ).
i=0
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Interpreting the sum in the last equation as a Riemann sum and taking the limit as
|| — 0, we obtain

T
lim Ty (7) =1 — by — b2|2/ E[|u® (¢, X,)[*]d
40 0
If (1 — by — by)? # 0, since the scheme must be of order 1, we must have

T
/0 E[|u® (. X)[*]dr =0

for solutions u of (1.4) such that u gg, recalling Definition 1.3. In particular, at
t =T, since t — E[|u®(z, X,)|?] is continuous, we get

E[|gQX7)[*]=0  forall g € Gp.
Under (Ho)1, this yields a contradiction.

3.2. Proof of Theorem 1.3(i1). (la) We first compute the expansion for the
Z part. By definition [see (1.16)], we have, for 1 < ¢ <d,

[ = Ky, [(Httﬁ,lizi)eyli+1 + hipi (Ht?,lh)ef(yli—»—l’ Zli+l)]
¢ £
= Eti[(Ht:”,Ihi) Uty — hiﬂl(Ht?,lh ) ”51:1]
Using Proposition 2.3, we have
(3.3) Zt =7t +hi( = pouy ¥ + 0y, (I )

since u € G} and ¥{ € Bl 1), ¢f € BYYy ), 1 <€ <d.
Using a first-order Taylor expansion, this leads to

d
G4 fW Z)=—ul + k(=B Y fFul” + 0, (1),

recalling that f € Cl% under (Hr),.

From (3.3) we deduce that the condition 1 — 8; = 0 is sufficient to obtain
Tz(m) = O0(|7|?), recalling (1.15)—(1.17).

(1b) If we assume that (Ho)» holds, this condition is also necessary. Indeed, one
computes that

Tz(r) " (£
2 Zh(l—ﬁ)zZE\uz P+ o(7?)
for grids with constant mesh size.

Then by interpreting the sum in the last equation as a Riemann sum, we obtain

T; rd
LD — =g [ RO X0 P
0 =1

m ———
70 ||?
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where the limit is taken over the grids with constant mesh size. If (1 — ,31)2 #0,
since we are looking at a scheme of order 2, we must have

T d
/ SOE[u @O, X,)]dr =0
0 =

for the solution u of (1.4) such that u € gg, recalling Definition 1.3. In particular,
att =T, since t — Zle E[u“9 (¢, X,)|?] is continuous, we get

d
ZE[\g(Z’O)(XT)\Z] =0 for all g € gi.
=1

Under (Ho)3, this yields a contradiction.
We assume now that the condition §; = 1 holds.
(2a) For the Y -part, we have

?l,' = Eli[YlH_l + hiblf(YtH_]a Zti+1) + hinf(?liv zli)]
= Eti[Yt,'+1 + hiblf(YtH_] ’ ZZ‘H_]) + hinf(Yt[v Z[[)] + hibz(sft,-,

where 8f;, = f (Y., Z1) — f (s, Zs)).
Combining the last equality with (3.4) and recalling that 8; = 1, we get

Vi =By u,, — hibiul), — hibyul' ] + hibasf,, + Oy (17 P).
Since u € gg, we use Proposition 2.2 to compute
Vo =Yy 4+ hi(1 = by —b)u + k2 (L = by)ul?
+ hib2sfi, + Oy (I ).
We observe that I?,i =Y, + O(|m|) which leads to

‘sfti = Ol‘i(|7[|)

(3.5)

since f is Lipschitz-continuous.
Combining (3.5) with the last estimate, we obtain

Py =Y, +hi(1— by —bouf” + O, (17?).
The condition
(I—=by—b2)=0

is sufficient to obtain a method at least of order 1.

(2b) Using the same arguments as in step (2b) of the proof of part (i) of Theo-
rem 1.3, we obtain that this condition is necessary if (Ho), holds.

(2c) We thus assume from now on that this condition holds, and we get

(3.6) Y, =Y, + 0, (I7)?),



RUNGE-KUTTA SCHEMES FOR BSDES 701

which leads, since f is Lipschitz-continuous, to 8f; = Oti(|rr|2). Inserting this
estimate back into (3.5), we obtain

(37) Vi =Yy + 07 (5 = br)ug ™ + 0y (17 1P),

recalling that by + by = 1.

The condition % — b1 =0 is therefore sufficient to obtain a method at least of
order 2.

(2d) If we assume that (Ho)> holds, this condition is also necessary. Indeed, one

computes that

v Zl <——b> E[u” ]+ oI P)

||

for grids m with constant mesh size.
Then, as the limit of a Riemann sum, we obtain that

2
T o) Lo

1
EAN A 2

where the limit is taken over the grids with constant mesh size. If % — b1 # 0, since
the scheme must be of order 2, we must have

T 2
/ E[[u®0 (¢, X,)[]dr =0
0

for solution u of (1.4) such that u € Qg , recalling Definition 1.3. In particular, at
t=T,since t — E[|u(o’o)(t, Xt)|2] is continuous, we get

E[|¢®O(X7)[*]=0  forall geGj.
Under (Ho)», this yields a contradiction and completes the proof of the theorem.

4. Two-stage schemes.

4.1. Proof of Theorem 1.4. (la) We first compute the error expansion at the
intermediary step (step j = 2), recalling that (Hr)3 is in force.
For 1 < ¢ <d, we have that

= Etl 2[( tllllz chi ) Ytt+1 + h CZ(H;I)Z cohi ) f(YtH—l’ Zfi-H)]
14 ()
= ]Efz 2[( ;//2 coh; ) Uty — hicz(Hz¢§ coh; ) "‘231]’

Since u € g,;‘, we apply Proposition 2.3 and get, for 1 < ¢ <d,

@.1) 7t = 2h2 o0 Lo, (7).

tio [ tlz
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Using a first order Taylor expansion, we obtain
5 0 C% 2 d ¢ (£,0,0) 3
f(Yt,‘,zv Zl‘,"z) == _ut,“z - 7}11 Z ftiZI'tl‘,‘,é T+ 0ti,2(|n| )’
=1
recalling that f € Cg.
(Ib) For the Y -part, we have, denoting §f, , = f(f,ivz, Zt,-_z) — f (Y5, 2,1.,2),

f]li,z = Eli,z[Yfi+1 + hiaZlf(Yti+1 > Zt,-+1)] + azzhif(Yz,-,z, Zz,-,z) + azzhifsft,;g
= Efi,z [”ti+1 — hi (a21”§i031 + a22u§8)] + a22hi‘sfti,z + 0li,2(|77|3)~

Using Proposition 2.2, we compute

2
5 c 0,0
42) Y, =Y, + (;2 - a21c2>h%u§,,2 ) Fanhidfy, + On, (1),

recalling that u € gg.
Since f is Lipschitz continuous, we get that §f;, , = Oy, , (|7 1%).
Inserting this estimate back into (4.2), we obtain

2

> c 0,0
Yy, =Yy, + <?2 - a2102>hi2”§,;£ ) + Oti,2(|77|3)'

Combining a first-order Taylor expansion with the last equality and (4.1)
leads to

2
5 5 0 c 0,0
f Xy, Zyy) = _”t(,',g + <32 - a21cz>hi2fliy2u§i,2 )
4.3)

2 d

2.2 ¢ (£,0,0) 3

- 7hi Do fhuny )+ Oy (Iml).
=1

(2a) We now study the error at the final step for the Z-part.
We compute the following expansion, for 1 < ¢ <d:

2t =By [(H)5,) Y+ Bihi ()" f Vo Zis)
+ Bohi(H ) f Bz 24,
=, [(H,3,) iy — Brhi(H ) ul), — Bahi(HP ) i)
+ 0, (I7P),

where we used (4.3), Proposition 2.3 and (Hr)j3, observing that f” u©0 and
leu“’o*o), 1 <¢ <d,belong to g;.
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Using Proposition 2.3 again, we obtain, for 1 < ¢ <d,
2;; - Zf; ={1-p— Bz)hiug’o)
4.4) 3 €0.0)
+(3 =B — (I —c)Bo)hjuy 7 + 0y (17 P).

(2b) For the local truncation error on the Z-part to be of order 2, recalling (1.17),
it is clear, according to (4.4), that the following condition is sufficient:

4.5) 1—p;— B =0.

Similarly, to retrieve local truncation error on the Z-part to be of order 3, the
following conditions are sufficient:

(4.6) 1 —B1—p=0,
a1
4.7 c2pr—5=0.
(2c) We now prove that condition (4.5) is necessary to obtain an order 2 scheme

under (Ho)», recalling that (Ho)3 implies (Ho),>. We compute, for grids with con-
stant mesh size,

d
% = (1= 1 — B Y E[Jul“Y 2]+ 0, (17 )

] =

and then (Riemann sum)

. Tz ()
1m
0 ||?

y rd
— A== p2? [ SB[V X0 ]ar
=1
If (1 — B1 — B2)? #0, since the scheme must be of order 2, we must have

T d
f S E[u O, x| dr =0.
0 =

In particular, at = T, since ¢ Z?Zl E[u“9 (¢, X,)|?] is continuous, we get

d
ZE[}g(Z’O)(XT){z] =0 forall g € QS.
=1

Under (Ho)>, this yields a contradiction.

(2d) Under (Ho)s, it is thus necessary that (1 — 81 — ,52)2 = 0 to retrieve an
order 2 and a fortiori an order 3 schemes. The expansion error for the Z part reads
then

50 2. 3 17,2, (¢,0,0) 3
(4.8) Z, —Z, = (c2B2 — 3)hiuy, + Oy (|7 1), 1<¢<d.

Using the same techniques as in step (2c¢), one will get that condition (4.7) is

necessary to obtain an order 3 scheme under (Ho)s.
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(3) We study the error expansion on the Y part at the final step. We aim to
obtain an order 3 scheme. From the definition of the truncation error, it is obviously
necessary that the local truncation error for the Z part is of order 3. We work then
under this condition [see step (2d)] and then we have

(4.9) fh. Ze) = —ug) + 0, (I ).
For the Y -part, using (4.3) and (4.9), we have
Vi =By [V, +hib1 f Yipsys Ziy ) +hibo f (Vs Z4y )]
+hibs f (Y, Zy) + 8,

Lit1 li2

= E, |:u,i+1 — hibiu® — hibju'”)

2 2 d
c 0,0 c ¢ (¢,0,0
(3 el = 2 3 )]
=1

0
— hibsuY + hisf, + Oy (I 1Y).
Using Proposition 2.2 and (Hr)3,
Vi =By [un,, — hibiul) — hibiue) — hibsu]

Lt li,2

2 2 d

C C 4

+ (—22 - azlcz)hffyug)’o) = 3wy hidfy + 0y (1),
=1

Using Proposition 2.2, we get

A

1
Yy — Yy = (1= by — by — by)hiu + (5 — by —by(1 — cz)>h,~2u,(l,0’0)

1 bi+by(1—c)?
+< 1+ba(1 =) )hgu(o,o,O)

el [ 71

(4.10) 6 2

2
c 0,0
+ (32 —azlcz)h?fyug,« )

2 d
c ¢ (,0,0
— kY S w0 L nisf, + 0y, (1wl
=1
Using the last equation, we obtain that § f;; = Oy, (|7r]), which leads to
— Y, = (1= by — by — b3)huy)’ + O, (17 1?).

Under (Ho)s, it appears then that the following condition is necessary to retrieve
an order > 1 scheme:

(4.11) b1+ by+b3=1.

?p

L
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We then assume that this condition holds and obtain
Y, — Y, = hidf, + O (17 ).
We thus compute

8f = hi f78f, + Oy (Im)?).
And for || small enough, 6f;, = O, (|7 |2). Inserting this into (4.10) and recalling
that (4.11) is in force, we get that
Vi =Yy = (1 = b1 = b1 —e))h2ul"? + 0, (I P).

1

Under (Ho)3, the condition % = b1 + by (1 — ¢y) is then necessary to obtain an
order 2 scheme, and we thus assume it holds. Arguing as before we now obtain
8f;; = O (|7 |?) and then

. by(1—c)er 1 0,0,0 3 0,0
Y, —Y, = ( 2 - 12) u 4 (?2 - aﬂcz)h?fy”é )
4.12)

2 d
(& € (2,00
- ?2/1,3 S ul " + 0, (1Y),
=1

(3b) If = =0forall £ € {1,...,d}, one obtains that

2

b d ==
2 and ap >

~6(1 — )
are sufficient conditions for the methods to be of order 3.

Under (Ho)3, these are also necessary conditions.

This completes the proof of (i) and (ii).

(4) To prove (iii), we use (4.12) again. We observe that under (Ho)s, if f 2 #0
for some £ € {1, ...,d}, since cp > 0, the methods is at most of order 2.

4.2. Proof of Theorem 1.5.

PROOF. The computation for the explicit case is almost the same—easier, in
fact. The main difference comes from the fact that we are only interested in order
2 schemes. We thus need a bit less regularity. Following the step of the last proof,

one then gets the following error expansion:
Yy =Y, = (1— by — byhuy
(4.13) ©.0)
+ (5 = b1 — bo(1 — ) hfug,” + Oy, (1)

and, for ¢ € {1,...,d},
(4.14) 2t — 7t =(1 - g1 — Bhiu"” + 0, (17 1?).
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Under (Hr);, the conditions
1—bi—by=0,  bycr=3, 1—B1—Br=0

are obviously sufficient. Under (Ho),, using the same techniques as in steps
(2¢)—(2d) of the proof of Theorem 1.4, one proves that these conditions are neces-
sary, which completes the proof of the theorem. [J

5. Three-stage schemes.
5.1. Proof of Theorem 1.6. (1a) We compute the error expansion at the inter-
mediary step j = 2.
?ti.z = Eti 2[Yti+1 + hiCZf(Yl‘H_] s ZZ‘H_] )] = Eti,z [MtH_] - hiczu(»O) ],

tit1
Zti,z Etz 2[ t 2 o h; Ytz+1 +hicoH 1.2, czh-f<Yti+l’ Zti+1)]

. 1) ©0)
- EIIZ[ 2, Czh ull+1 hchHt 2,00 ut1+l]

Under (Hr)s, applying Propos1t10ns 2.2 and 2.3, we have

, 0,0
Yti,z = Yl‘i,z h2 ( )+ 0ti,2(|77|3)’

112

ZE

tin T

=Z;,~ th CO0 Lo, (), ee(l,....d)

t12

f Wy Zyy) = —uy) = jh% (fyu,(f’;” + f f,iiuffgo’o)) + 04, (1 ).
=1
(1b) Error expansion at step 3.
Vi =By [Yoy, + hiasi f (Vi ys Zi) +hiasa f (Y, Zi,)],
Ziy =By ;fg e Yy + hisi H, 3,C3hif(Y,i+l, Zii)

+ hi&32Hl,‘§,(C3—6‘2)h[ f(Yt,'_z 5 Zl‘,'yz)] .
With this definition and using step (1a), we Compute

i}ti,.% =K, [“li+1 - hia3lu@ —h; a32u ] + 0y, 3(|7T| )

iyl
which leads to, recalling az; + azp = c3,

2
% ¢ 0,0
Yiy =Yy — (ES - C2032)h,'21/l§i‘3 ) + 0[,»,3(|7T|3).

Equivalently, we get, for £ € {1, ...,d},

2
¢ ~ 2,0,0
Zf 3T Z£’3 a (33 B (:20[32)}1%E 3 - 0ti,3(|”|3)-
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And we obtain

2
> 5 0 c 0,0
f Y5, 2ty 5) o= 512 (33 - 62a32>hi2ftz %”l(z 3 )
C% 2 d ¢ (£,0,0)
- (5 - C2a32)hi Z fllzzutm ’
=1
+ 045 (1w P).

(1c) Error expansion at the final step for Z.
?f‘ = IEti [Yfi+1 + h'blf(Yfi+1 > Zli+1) + hinf(?t,;z, Zti,z) + hib3f(?t,v,3, Zz,-,3)],
- Ell [Hth;l Yfz+1 +hip1 H, h f(YTz+1 ’ Zl,+1)

+hip2 A, z U—eayh f iy Ziy) +hiPsH z ey f Wi Ziy)].
Using the results of step (1), we then compute, for £ € {1, ..., £},

A ¢ ¢ ©
Z; = Eti[(Hzmi) Uty — hiﬁl(Hf4h ) u§,+)1

¢ N0
_hiﬂZ(Hr‘?j‘a—cz)h) ”t(,; hi'B3(Ht('b4(1—C3)h) “Em)]

2
c5 3 o 0,0) (_/00)
_IB2EhiEIi |:(Ht,4(1 cz)h) (ftzz Uy o +Z 12 Usio ):|
- (c2 3 ¢4 0.0
—ﬁs(? _Cza”)hiEzf[(Hz eon) Tty ]

2
5 (€3 ~ 3 ® 0,0)
- ﬂS(j - 02“32)}%‘1@&[ Hz 4(1 —c3)h; Z f, 3 ttj3 }

+ 0, (I P).

Under (Hr)s, since fyu(o’o), fzju(jvo’o) € gg, j €f{l,...,d}, we obtain using
Proposition 2.3(ii), forall £ € {1, ..., d},

0,0 0,0
Eti[(Hfm(l —c)h; ) (fllzugzz )+ Z lz t(zjz )>:| = OIi(l)’

0,0
Etl[( i (—cs)hi) ﬁ13u§,3 )] 0, (1)

and

(] 0,0)
]Et |: ti, (1 c3)h; Z 43 tl'i :| = Ott(l)
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And then
) 0)
i Ett[ t; h MlH—l hiﬂlHt‘4h ut1+l
4 4 0)
_hi'BZHt J(1=c2)h; ”t,z hi 133Ht J(1=c3)h; “m]

+ Oti(|7T| )

Using the expansion of Proposition 2.3, this leads to the following truncation
error for the Z part:

Tz() =3 (1= pi+ fa+ B3)’h; ZE €02

i =1
5.1 ! 1 35(1 3 3 E[|u'%0 2
(5.1) +2.(5 A - Bl —e) =B =) | by 3 Efju, 7]
i (=1
+0(|71%).
(1d) Error expansion at the final step for Y.
?ti = Eti [Yti+1 + hiblf(Yti+1’ Zti+1) + hibzf(?z,;z, 21‘,"2) + hib3f(?li.3’ 2ti,3)]'
We compute that
Yy =By [y, — hibuf,) — hibyuly) — hibsuy )]

lit1

2
c 0.0 £,0,0
— bZEzh?Eli |:(ftl z“§ 2 "+ Z fh 2 ’(l2 )>i|
2 (0,0)
_ b3<—3 — C2a32)hl‘3Eti[ﬁ‘i3uti,; ]

2
_ b3(— — 620532)h E, |:Z ft ; §l€30 0)i|

+ 0[[ (|7T| )7
which leads to

5 0 0
Vi =By [ug,,, —hi b]u,+l — hibyuf) — hibsuj;)]

(bz— + b3— — b302a32)h3fy14z(,0 0
b +b3——b3C2a32)h3th £,0,0)

l

+ 0t,(|7T| )
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Using then Proposition 2.2, we obtain the following global truncation error
for Y:

Ty () = ZhiEHa — by — by —b3)u)

1
+ (5 b —ba(l—e2) = by(1 — C3))h § 00

1 1 1 1 0.0.0
+ (6 — 5b1 = 5ba(l =)’ = Sba(l — c3)2>h,~2u§,. )
(5.2)

C% c% 2 ¢y (0,0)
- bz; +b33—b362a32 h; f; uy,

]

C% C% ~ 2 d . (£,0,0)
— bzz +b33‘ — b3cra3z ) h; thi i
=1

+0(|71%).
(2a) If ¢3 # ¢, According to steps (1c) and (1d), the conditions
bi+by+by=1,  bycr+bscz =1,
bzcg + bgc% = %, biazycr = bazpcr = %
and
Bi+B+Bs=1, Bacr+ B3c3 =13

allow us to obtain an order 3 method, recalling that ¢ # 1.

Observe that the condition on 8 are weaker than on b and that a3» = «33. This
equality, combined with the other condition on the coefficients, leads to ajx = a i,
1<j,k<3.

(2b) Under (Ho)3, using the same techniques, as, for example, in the proof of
Theorem 1.3, one proves that the above conditions are necessary.

6. Four-stage schemes. This section is dedicated to the proof of Theorem 1.7.
We now study the local truncation error for the family of scheme given by

6.1)  Yio=E,[Yit1 +hica f(Zig1)],

62)  Zin=Ei,[H)2 ) Yiv1 +hicaHY? . f(Ziin)],

(6.3)  Yiz=E;,[Yig1 +hiaz1 f(Zig1) + hiasa f (Zi2)],

Y,
[,
Y,
[ z3c;h Yit1

(6.4)
+hilest HY o f(Zig) +a@nHP (o F(Zi)],
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6.5)  Yia=E; [Yig1 +hias f(Zig1) + hiaa f(Zi2) + hiag f(Z;3)],
Zia=E;,[ ;//: can; it

(6.6) + hi(aa1 H, 4,c4hif(Zi+1) +&42H,fi,(c4_02)hif(zi,z)

+agH oo f(Zi3)]
The approximation at step (i) is given by
6.7 Yi=E,[Yig1 +hi(b1 f(Zis1) + b2f (Zin) + b3 f(Zi3) + baf(Zis))].
Zi =E,[H), Yini
(6.8) +hi(BLH] i f(Zz+1) + BaH, 5(1 —enyn; S (Zi2)

+ B3H (1 eom S (Zi3) + BaH, 5(1 —eon: f(Zin)].
We assume that
a3 +azxp=c3 and a4+ ag + a3 = cq,
a3z +azp=c3 and a41 + o4 + @43 = c4.

Moreover, ¥2, Y3, ¥4, ¥s € By 1 and ¢o, ¢3, ¢a, ¢5 € Bfy ;.
We first prove that the following set of condition is necessary to retrieve an
order 4 method:

LEMMA 6.1. Assume that co # 1 and c3 # 1.

(1) The order 4 conditions for the Y -part are

by +by+ b3+ by =1, b3azaco + badsrcr + badgzcs = %,
bycy + b3cz + bacy = % b3azpcac3 + badgrcacs + badiazcics = %,
bycs + b3cs + byci = % b3&30¢5 + badsncs + badszcs = ﬁ
b262 + b3c3 + b4c4 = % b4g303200 = ﬁ

(i1) The order 4 conditions for the Z-part are
Br+pr+p3=1, Bacs + Baci = 1.
1
6

Baca + B3cz =1, Byazacs =

REMARK 6.1. (i) If co =1, then ¢3 =c4 = 1 and B; = 1, the approximation
for Z reads

Z; Et, [Ht Jhy YI-H +hiH, h f(Zl+l)]
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which leads generally to an order 2 truncation error for Z.
(i) Ifcp#1and c3 =1 (thencs = 1),

Z; Et, [Ht Jhi Yiq +hiBiH, h f(Zl-H) +hiB2H, 5(1 —co)h; f(Zz 2)]

which leads generally to an order 3 truncation error for Z.

PROOF OF LEMMA 6.1. (1) We first compute the error expansion at the inter-
mediary steps. Observe that since we assume that f does not depends on Y, we
only need to consider the approximation of Z for the intermediary stages.

(1a) Error expansion at step 2.
Under (Hr)4, using Proposition 2.3(i), we have for 1 < ¢ <d,

5 14
(Zti,z) Etz 2[( th cohi ) Yip1 + hicz( 2 crh ) f(ZlH—l)]

2 3
[/ 2 (£,0,0 €3 .3 (£,0,0,0 4
= ”t(z; h gz 2 ) 3 <h; t(z 2 ) + Ofi,z(lﬂl )»

which leads to

2 d 3 d
C . C .
69)  f(Zyy) =~y = S hi 3 vy = Fh7 Y- Twi, + O, (I1Y),
i=1 j=1

where we set /v = fzju(j'o’o) and /w = fzju(f’o’o’o), 1<j<d.
(1b) Error expansion at step 3.
Observe that, using (6.9), we have for 1 < /¢ <d,

12 12 (0)
(th ’i) - ]Elt 3[( t; 3 L‘;]’l ) uti+1 - /’li(X31(H¢3 c3h; ) ulgi«k)l
~ I2(0)
- hia32(Ht?§,(C3—Cz)h ) utl ;]
~ C% 3?3 ¢ N 4
B Etm |:a323hi (Hli,3v(63*62)hi) Z jvti,2:| + 0ti.3(|”| )
j=1

We also used that Ey, , [(Hf;@_cz)hi)g Z?:] Jwy, ,]1= 0y, (1), recalling Proposi-

tion 2.3 and that under (Hr)4, 'w € G}, 1 < j <d.
Applying Proposition 2.3, we compute, recalling that a3; + @32 = c3,

7 3 —,® C% ~ 2. (¢,0,0) _ Cg C% ~ 3..(£,0,0,0)
(Zy4;5) =gy — ?—O(3202 hiu, ?—}— 3—0203 32 | hjugy

2
—0132311 Etl3|:( i3, (c3—c)hi Z vli,z] + 0ti.3(|”|4)-
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Under (Hr)4, /v € gg, 1 < j <d, applying Proposition 2.3(i), we have that
¢ ¢ (©)
Etl3[( ti 3, (L'; cz)h ) JUIIZ] jvfl3 + Oti,Z(lel)'

We straightforwardly deduce that

2 d
A 0 C ~ P
S (Zy3) = uﬁ, 3) (-3 - 063202)%2 > v

2 e
C% c5 3 LN
(6.10) — (? + <? — CzC3)Ol32)hl. jgl]w%
02 d d ®
— a2 hi Y 30 5 vl + Oy ().
=1 j=1
(1c) Error expansion at step 4.
Using (6.9)—(6.10), we obtain for 1 < ¢ <d,
5 Hv 4 4
(Zti,4) Etm[( t jmh ) uti+1] + 0ti4(|jT| )
b4 L0 | ~ ® £ (0
- hiEti,4[a4l(H 4,¢4h; ) utz+1 +a42(Hl‘ 1 (ca—cp)h; ) ti2

- ) £ (0)
ta43 (Hti,:(at—c,%)hi) u’iﬁ]

2 d
3 J
- K, 4|: ) aah; ( 4. 4 (ca—c2)h; Z Vtin
j=1

2
4
+ (5 —0632C2>0543h ( 114 (ca—c3)h; Z Utz3:|'

Using Proposition 2.3, recalling that a41 + &40 + @43 = ¢4, We compute

2
5\ 05) €y - ~ 2 (£,0,0)
(Z1,) = = Uy, <E — Q402 — Ot43C3>h U,
3 2 2
C C C
P .03 3 (£,0,0,0)
- (; + Gap 5 — 042C2C4 + aa3 - — 0643C3C4>h U,

+0642?h Ell4|:( t,4(C4 e)h; Z ”fi,z}

2 d
~ (3 _ ~ 3 ¢ '
~an(3 ‘“3262)%%4[(1%1 o) X

+ Oy (I |4)
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Applying Proposition 2.3, this leads to, recalling that (Hr)4 is in force,
A () g 2 Ny
f(Zy ) =—uy, (54 —a42C) — 5!43C3>h,~ > vy,
j=1
3 2 2 d
c e - . C - ;
- (;4 + ot4232 — d4pcac4 + a4373 - 06430304)h,3 Z Twy,

6.11) =

2 2
. (g
—(Ot42—2+0!43<—3—0632€2>) E E fZ’ v
2 2 =1j=1

+ Oti,4(|7[ |4)

(2a) We now study the error for the Y -part at the final step.
Using (6.9)—(6.11), we obtain

Vi =By [un,, — hi(bruf), + baufy) + bausy) + baus)]

lit1 ti4

2 .4 3
— byl [52 Z Vrip T - h? Z sz,-,z}
=1 =1

2

C2 C3 C 4 d
~ 2 i
— b3E, (7 0632€2> E Jvl‘,3 ( +0t323—0132€2€3) P wg,
e

2
randnt 33 i

=1 j=1

S

d
C .
4 3 § :
— b4]Ezi |:<E — a42C2 - a43C3> : -/'U[l-4

G . 6 3 AN
+ ( 3 +a425 — a4cacy +Ot433 - 06430304> i Z]wfm

2 2
. C - C
—b4Ez,~|:(064272+0t43(3—Ot3zcz>>h > E tf4J ;(2:|
=1 =1

+ 0y (17 P).
Under (Hr)4, using Proposition 2.3, we then compute

¥y =g, + hi(1 = by — by — by — by)u”

1
+h%<5 —by(1 — ) — b3(1 — e3) — ba(1 — c4>)u§,° L
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2 2
C2 C
~n( 20 - +b3(5 - a3262>(1 — o)

(1 by(1 — ¢2)? + b3(1 — ¢3)* + ba(1 — c4)? ) (0,0,0)
+h3(=
6 2 fi
e (i br(1 — ¢2) + b3(1 — ¢3)® + ba(1 — c4)’ ) (0,0,0,0)
24 6 “i
C2 d .
— h; (bz +bz<— - 0!3262) + b4(34 — Q4c) — 5!4363)) > v,
j=1

5 d
2 N 0
+ b4<34 — Q4202 — 064303)(1 - C4)) Z Jvf(z :
j=1
4 A &
— h; b -|- b3 —I— 0{32? — a320203
3 2 2 d .
+ b4<?4 + &4232 — Q420204 + 043 33 - &43036’4)) > wy
j=1

2 2 2
C C
—h; (b30632? +b4(a425 +0643<33 —063262>>) E \ E : . ]v[(le)

t=1j=1

+ 0, (17 P).

Under (Ho)4, using the same techniques as in the proof of Theorem 1.4, one
proves inductively on the order that each factor has to be equal to 0, which leads to
the set (i) of conditions of the lemma. It appears that these conditions are the same
as in the ODE case. From, for example, Section 322, page 175 in [3], we know

that c4 = 1 necessarily.

(3) We now study the error for the Z-part at the final step, taking into account

c4=1and ¢y < c3 < 1. We thus have
i —Etl[ t h Yo +hi (:31 h f(Zy)+ B2H 5(1 —c)h; f(Ztlz)

+/33 (1 c3)h; f( tlS))]

We are thus considering a 3-stage scheme for the Z part. Using the results of step 1,

we obtain the following expansion, for 1 < /¢ <d:

(f 0)

Zi=Z; +(1—p1—pr— Ba)u
1
+ (5 —B1— Bl —cp) — B3(1 — 03))hl~u§f’0’0)



RUNGE-KUTTA SCHEMES FOR BSDES 715

+ (1 R S S )h? i

(ﬁz—+ﬁs——ﬂ3c2a32)h2f, Z G99 4 0, (1x]?).

It is then obvious that set (ii) of the condition is sufficient to obtain an order 4
truncation error on Z. Moreover, arguing as, for example, in steps (2b)—(2c) of the
proof of Theorem 1.4, by induction on the order required, one proves that these
condition are also necessary, provided that (Ho)4 is in force. U

PROOF OF THEOREM 1.7. The set of condition (ii) leads, using case I of The-
orem 1.3, with (b;) = (B;) and (ax;) = (ax;), to the only possible value for a3; is
given by
c3(c3 —c2)

22 —=3c)’
In our context equations (322b) and (322c¢) in [3] read

o3y =

bidias(cs — eaes = = — &
saqz(c3 —ea)es =15 —

1
baay3azpcr = 5.
Dividing these two equations, we obtain
(3 —c2)c3
3202
It follows from the expression of «3; that ¢, = 0, which is not possible. [J

=2 —4cs.

APPENDIX
A.1. Schemes stability.

A.1.1. Proof of Theorem 1.1. Using (1.19)—(1.20), we compute, for 1 > n > 0
to be fixed later on that

h.
8%i* < (1 + ;)HE (3¥ii ]+ € [B [¢ ]
1
1
(A1) + Ch,.2<1 + hi> (EBi +E,[18Yit11* +16Zig1 |2]>,

18Z; |2 <C<h Bi + WE[18Yi11* 4+ 16Zi11] ]+|Ez,»[¢l~z]|2),

1

where Bj :=E; [|8Y;11]* — [E;[8Yi4111%].
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Defining for 1 > & > 0 to be fixed later on I := 18Y; 12+ ¢ehi|8Z;|?, we compute

g/2

1% 4 Shils zi

2
< (1+ 2B 1851+ CCe 4 B+ €L L6 1P+ OBy (67

n
+ (Ch,-z(l + ;) + Ceh%)En[in,Hﬂ +18Zi +117].
1

Setting e =n = % and observing that |E;, [(SY,~+1]|2 =E,[16Yi11 |2] — B;, we com-
pute that, for #* small enough

e/2 8/2

(A2 P4 ShISZ < (4 Ch L + OB [ + Ol [

Using the discrete version of Gronwall’s lemma, we obtain

max E[[8Y;]*] < max If/z
0<i<n-—1 0<i<n-—1

n—1
1
= (I'f/z + Z hiE[T}EU [Q‘Y”z + HEU [giz] |2:|)
i=0 h;
The control of Z h /E[|8Z;|?] is then obtained summing inequality (A.2) over i.

A.1.2. Proof of Proposition 1.1. We simply observe that the solution (Y, Z) of
the BSDE is also the solution of a perturbed scheme with ¢ := ?,l. —Y, and 7 :=
2t,« — Z;;, and with terminal conditions 17,, :=g(X7) and Zn = VgT(XT)or(XT).
The proof then follows directly from Theorem 1.1.

A.1.3. Proof of Theorem 1.2. Claim (ii) is a direct application of (i) and Propo-
sition 1.2.
We now prove (i).

(1) We define U; ; (resp., Ui,j) and V; ; (resp., ‘7131') as Y; j and Z; ; in Defi-
nition 1.1(ii) using U (resp., (7) instead of Y; 1 and V (resp., \7) instead of Z; ;.

Let us also denote

Fij = fUij, Vij)s Fij:=fi;,Vij) and 8F j:=F ;j—F ;.
With this notation, we have that

q+1 q+1
®/ (U, V):=Y bjf(Ui;,Vij) and @/ (U.V)=Y b;fU;. Vi)
j=1 j=1
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Since f is Lipschitz-continuous, we compute

q+1
E,[|®f U, V) — &l (0, V)|*] < CE,[18Ui 11> + 18Vit 2]+ Y By [I8Fi 1],
j=2
We also have that

q
E,[®Z (U, V)] = Z,BjHL;+]’jf(Ui,j’ Vij)

and
E,[®7(U, V)] = Zﬂj a1, i F Wiy Vi)

Combining the Cauchy—Schwarz 1nequahty with property (1.12) and the Lipschitz
continuity of f, we compute

E,[|®Z (U, V) — %, V)|*]

C
<h—Et,[|5U11| +18Vil] +to- ZEz, 8Fi;I].
Lj=2

Moreover, we observe, using the Lipschitz-continuity property of f,
E,[I8F; ;*] < CE,[18U: ;1> + 18Vi ;1%].
(2a) For j =2, we compute that
Ey, (18U 2] < C (B, [18Ui1 1P + 17 18Vi 1 IP] + h{Ey 18U 21 + 18 Vi 2l?)),
B, [19%i2P] = €5 Eul15U31P = [E,18U5 1T+ i, 15031 +16Vi,1P] ).
For || small enough, we then obtain
Ey 18Ul +18Vi2l]
< C( BalI8Ui P = [, 18030+ By [1805.1 P + ilsViaP] ),
which, since f is Lipschitz, straightforwardly leads to
E,[I8Fi2l] < C(%iE,,.[in,nz — |B,, [8U;111"] + B, [18Ui1 P + hiwv,-,llz]).
(2b) For 2 < j < g + 1, we have that

j—1
E,[16U; ;1°] < CE, [|5Ul~,1|2 +h?Yy |8F,-,J-|2} + ChIE,[|18U; ;1> + 18Vi 1],
k=1

E,[18Vi il <C (h Ey [18U;11% = [Eq [8Ui17] + hy ZEt, 16 Fi ])
k=1
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and for || small enough,

E,[16F; ;%]

j—1
sc(h E, (18U 11 — [Ey [8U 7]+ B, [18Ui 1 2] + i Y B, [I8F | ])
k=1

An easy mathematical induction completes the proof.
A.2. Ito-Taylor expansions.

A.2.1. Proof of Proposition 2.2. Using Proposition 2.1 (Theorem 5.5.1 in [9]),
we compute

v(t+h, Xipp) = Z v;xlza,!erh + Z Ift-;—h[vﬂ]’
acAy, BeAmn+1\Am

recalling that B(A,;,) = Apa1 \ A
Taking the conditional expectation on both sides and using Lemma 5.7.1 in [9],
we obtain

E,[v(t +h, Xz+h) Z U(O)k [It(%r_nﬂ[ ‘(O)m+l]:”_

Om
gé) +1

Since v € g;f for all 8 € Ay+1, in particular v € , we obtain

(O m —
(B (£t [0 O 1] = 0 (W),

which completes the proof.

A.2.2. Proof of Proposition 2.3. (i) (1) Using Proposition 2.1 (Theorem 5.5.1
in [9]), we compute

0
(Htwt—i-h) v(t+h, Xin) — Z v;x(Htl,pt—kh) Ito,lt+h

O(GAm+1

= Z (Htwt—i-h) Itﬁt+h[ ﬂ]
ﬁevAm+2\~Am+l

recalling that B(Ay+1) = Am+2 \ Am+1
(2) We now compute E,[(H t+h)€ t+h] for o € A;;4+1, recalling that
(H, ,+h)£ 11(,+h[w, 515 see Definition 1.5(ii).

If o™ # (¢), we observe that E,[(H
Lemma 5.7.2 in [9].

t—i—h)e ”+h] = 0; see, for example,
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Now, let a be such that £(a) =g, 1 <g <m+ 1 and o™ = (£). Then there exits
1 <1 <gq, such that o = (0);—1 * (£) * (0),—;, and we have

B[ (H)) 1]

1 1O =t 0),_
- o o oo (5 ]

_ b o <0>[ z(l) o 1_1]]
a3 =t 1 () e
1 t+h u—t
_ NG A At SR Y e
_h(z—l)!(q—l)!ft tth—w) -1 w( . )du
!

1
o L oNg—l -1, ¢
== Dl _l)!/(; A=r)I"r' Y @r)dr.

Since ¥t € Bio.1)s
pa~1
B/[(H) I ] = ml{m:a-

(3) Using Lemma 5.7.2 in [9], for 8 € Ajy42 \ Amy1 and 1 < j < d, we have

1 ; . .
Et[( t H—h) Itﬂt+h[ ﬁ]] = hE [It(iluh[wil,h]lfwh[vﬁ]] =0 if B* # ().

We are now considering 8 € A, 12 \ Ap+1 such that 81 = (j), that is, B with at
most one nonzero component. According to the notation of Lemma 5.7.2 in [9]
(see the beginning of Section 5.7 in [9]), we then compute that

ko(B) +ki(B)=m~+1 and ko((j)) =ki((j)) =

Since £((j)*) = 1, we obtain w((j), B) = m + 2 and using again Lemma 5.7.2,
we obtain

E| > (H,‘ﬁ+h)flft+h[uﬂ]]':0,(h’"+‘),
ﬁe-Am+2

recalling that v € g;f , for B € Ay,

(i1) This is a straightforward consequence of 1t6’s formula applied to v and the
fact that v@ and v® are bounded under g,;.

(iii) We follow the arguments of (i). In particular, since ¥ = (1, ..., 1) in (A.3),
using the basic properties of the Beta function, one obtains
. ha—1
BLH) I ] ==

for £(a) =¢q and a* = (j), 1 <g <m+1, 1< j <d. The proof is completed
observing that v@ = v(*©¢-1 for such « under the assumption L o L) =
L) o 1O
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