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1. Introduction

Presently, long memory processes have become a widely-studied subject area and
find frequent applications (see for instance [9]). The best known long-memory
stationary time series are the fractional Gaussian noises (FGN) with Hurst pa-
rameter H and the FARIMA (p, d, q) processes. For both these time series, the
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spectral density f at 0 follows a power law: f(A\) ~ C'|\|72¢ where H = d+1/2
in the case of the FGN. This behavior of the spectral density is frequently con-
sidered as a definition of a stationary long-memory (or long-range dependent)
process where d is the long memory parameter.

In this paper, we study a general case of linear process with a memory param-
eter d and we propose an adaptive wavelet-based estimator of this parameter.
Hence for d < 1/2 and d’ > 0, we consider the following semiparametric frame-
work:

Assumption A(d,d'): X = (Xi)iez is a zero mean stationary linear process,
such as
X = Za(t —5)&, te€Z, where
SEZL

o (&)sez is a sequence of independent identically distributed random vari-
ables following a symmetric distribution, i.e. Pr(§y > M) = Pr(§y < —M)
for all M € R, and satisfying E&y = 0, Varéy = 1 and jy := EES < oo;

o (a(t))iez is a sequence of real numbers such that there exist cq > 0 and
ca €R satisfymg

la(\)]? = (catcar|A[® (1+£()\))) for any X € [—-m, 0)U(0,7], (1)

|/\|2d
where A(X) = 5= >, oy a(k)e™™* for X € [-m,0) U (0,7] and () — 0
when A — 0.

Consequently, if X satisfies Assumption A(d, d’), the spectral density f of X
is such that for any X € [—7,0) U (0, 7],

2m
|/\|2d

with e(A) — 0 when A — 0. Thus, if d € (0,1/2), the process X is a long-
memory process, and if d < 0, it is a short-memory process (see [9]). Finally,
an estimator of d will be to be adaptive when this estimator has an expression
that is valid for all processes in the semi-parametric class A(d, d’), i.e. when this
estimator does not depend on d and d'.

After preliminary studies devoted to self-similar processes, [1] was the first
to propose the use of a wavelet-based estimator for estimating the parameter d
of a long memory process by computing the log-log regression slope for different
scales of wavelet coefficient sample variances. [6] provided proofs of the consis-
tency of such an estimator in a Gaussian semiparametric frame. [19] improved
these results and established a central limit theorem (CLT in the sequel) for the
estimator of d which they proved rate optimal for the minimax criterion. Finally,
[25] yielded similar results in a semiparametric frame for linear processes.

All of these studies used a wavelet analysis based on a discrete multi-resolution
wavelet transform, which in particular allows to compute the wavelet coeffi-
cients with the fast Mallat’s algorithm. However, these results are inferred from
a semiparametric frame such as to (2) and consider the “optimal” scale used

FO) =2m eV = (ca+caN* (1 +e(N), (2)
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for the wavelet analysis (which depends on the second order expansion d’) to
be known although, in fact it is unknown. T'wo studies present automatic selec-
tion method for this “optimal” scale in the Gaussian semiparametric frame. A
procedure based on a chi-square test was introduced in [28] but despite convinc-
ing numerical results, it lacks proofs of its consistency. Whereas, [4] proved the
consistency of a procedure for choosing optimal scales based on the detection
of the “most linear part” of the log-variogram graph. Moreover, the considered
wavelet function is not necessarily associated with a multi-resolution analysis:
although the computation cost is more important, this offers a larger wavelet
function choice and scales are not limited to powers of 2.

The present paper is an extension of this previous study of [4]. Improvements
concern three following central issues:

1. The semiparametric Gaussian framework of [4] is extended to the semi-
parametric framework Assumption A(d, d’) for linear processes. The same
automatic procedure of the optimal scale selection can also be used and
thus we obtain adaptive estimators.

2. As in [4], the “mother” wavelet is not necessarily associated with a dis-
crete multi-resolution transform. We also slightly modified the definition
of the wavelet coefficient sample variance (“variogram”). The result of
both these changes is a multidimensional central limit theorem satisfied
by the logarithms of variograms with a very simple asymptotic covariance
matrix (see (9) for its definition) depending only on d and the Fourier
transform of the wavelet function. Hence it is easy to compute an adap-
tive pseudo-generalized least square estimator (PGLSE in the sequel) of
d, satisfying a CLT with an asymptotic variance which is smaller than
the adaptive ordinary least square estimator of d. Simulations confirm the
good performance of this PGLSE.

3. Finally, we used this PGLSE to perform an adaptive goodness-of-fit test.
It represents a normalized sum of the squared PGLS-distance between the
PGLS-regression line and the points. We proved that this test statistic
converges in distribution to a chi-square distribution. Since the asymp-
totic covariance matrix is easily approximated, the test is very simple to
compute. When d > 0 this test is a long-memory test. Moreover, simu-
lations show that this test provides good properties of consistency under
Hy: “the process is such that Assumption A(d,d’) holds”, and reasonable
properties of robustness under Hi: “the process is such that Assumption
A(d,d") does not hold”.

In the light of these results, this paper is a conclusion to the study of [4], and
the adaptive PGLS estimator and test are interesting extensions of [25].

The present paper is organized into four sections as follows. Assumptions,
definitions and a first multidimensional central limit theorem are the subject
matter of Section 2. Section 3 is devoted to the construction and consistency
of the adaptive PGLS estimator and goodness-of-fit test. Section 4 features a
Monte Carlo simulations-based demonstration of the convergence of the adaptive
estimator, followed by comparisons with other efficient semiparametric estima-
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tors and investigations into the consistency and robustness properties of the
adaptive goodness-of-fit test. Proofs figure in Section 5.

2. A central limit theorem for the sample variance of wavelet
coefficients

Let ¢ : R — R be a function (called the wavelet function) and k € N* (with the
usual notation N* = N\ {0}). We shall consider the following assumption on :

Assumption U(k): the function ¢ : R — R is such that

1. the support of ¥ is included in (0,1);
1

2. / Y(t)dt = 0;

0
3. 1 € CF(R), the set of k-times continuously differentiable functions on R.
Straightforward implications of Assumption ¥ (k) are:

e ) (0) = U (1) = 0 for any 0 < j < k, where ¢1) is the j-th derivative
of 1.

o If z//)\(u) is the Fourier transform of 1, i.e.
1
D) = [ wle)ye
0

then 1(u) = Cu(l + e(u)) when u — 0 with C' a complex number not
depending on u and £(u) — 0 when u — 0 since ¥(0) = 0 from the
assumption fol P(t)dt = 0.
e Moreover,
sup [uF i (u)] < sup [p*) (). (3)
u€R z€[0,1]
If Y = (Y})ier is a continuous-time process, with a.s. continuous trajectories,
for (a,b) € R% x R, the “classical” wavelet coefficient d(a,b) of the process Y
for the scale a and the shift b is d(a,b) := % Jg ¥(E=2)Y; dt. However, since the

process X satisfying Assumption A(d,d’) is a discrete-time process, we define
the wavelet coefficients of X by

e(ab) =Y (2 ¥(2)) Xow, (4)

j=1

for (a,b) € N* x Z. Note that if a path (X1,...,Xx) is observed, for a € N*

and b = 1,...,N —a we can also write e(a,b) = —= Zf;l ¥(=2) Xy, which is
more directly implied by the definition of d(a,b).

In the sequel, we will use the usual convention y = o(g(z)) (z — o) when

lim, 00 y/g(x) = 0,

Property 1. Under Assumption A(d,d') with d < 1/2 and d' > 0, and if ¢
satisfies Assumption ¥ (k) with k> d —d+1/2, for a € N*, then (e(a,b))pez
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is a zero mean stationary linear process and when a — oo,

E(62 (a,0)) =27 (CdK(w72d)a2d + Cd/K(w)gd_d/)anid,) + O(an—d’),
with Koy = / [ (u))? [u|~%du >0 for alla <1. (5)

Refer to Section 5 for all the proofs of this paper.

Remark 1. The condition k > d’ — d 4+ 1/2 of Property 1 could be surprising
since the larger d’, i.e. the smoother the spectral density, the larger k is re-
quired. Heuristically, the reason of such a condition is the following: the larger
the second order term |)\|d/_2d of the spectral density (i.e. the smoother the
spectral density), the larger k should be (i.e. the smoother the wavelet func-
tion should be) to detect this second order term, which is required for the
adpative procedure (see Section 3). Moreover, from the proof of Property 1,
if k < d —d+1/2 then the second order expansion term a2?~% in (5) is re-
placed by O(anal/ 2_d_k). Then the forthcoming central limit theorem (8) still
holds but under the condition ay N~Y/(2¢+2k) _ o replacing the condition
any N=Y/(+2d) 4 oo this induces a slower convergence rate of this CLT than
under the condition k > d' —d + 1/2.

Let (X1,...,Xn) be an observed path of X satisfying Assumption A(d,d’).
As soon as a consistent estimator of E(e?(a,0)) is provided, Property 1 allows to
make a log-log regression-based estimation of 2d. Hence, for a € {1,..., N — 1},
consider the sample variance of the wavelet coefficients,

1 N—a
Tn(a):= Z e*(a,b). (6)

N —a
b=1

Remark 2. In [6, 4, 19] or [25], the considered sample variance of wavelet
coeflicients is

1 [N/a] ,
Vn(a) = /] ; e“(a,ab) (7)

(with @ = 27 in case of multiresolution analysis). Definition (6) has both a
drawback and two advantages with respect to the usual definition (7). On the
one hand, Tn(a) is not adapted to the fast Mallat’s algorithm and therefore
its use is more time consuming than the one of Vi (a). On the other hand its
advantage is twofold: if v and «’ respectively denote the asymptotic variances
of \/N/aTn(a) and y/N/aVy(a) when a, N — oo, then the expression of « is
clearly simpler than the one of 4/ since

e
v = 47 wa,gd) /_OO‘ |)\|4d‘ ci)\ (2see (9) below)
, 2 = < gh 2
v = & Z (/ | |5|?d’ cos(um) du) (see [4]) ,

(¥,2d) m=—occ -
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and this will have consequences to the computation of PGLS estimators below.
Furthermore, as inferred from numerical approximations not reported here, for
our choice of ¥ (see Section 4), y(d) € [7/(d)/2,~'(d)] (following d). This confers
the same advantage to the variance of the wavelet-based estimators of d com-
puted from (T (ar;)); with respect to the one computed from (Vy(ar;)); (see
below).

The following proposition specifies a multidimensional central limit theorem
for a vector (logTn(rian))i, which provides the first step towards obtaining a
CLT for the estimator of d computed from an ordinary least square regression:

Proposition 1. Define £ € N\ {0,1} and (r1,...,7¢) € (N*)® with 0 < r; <
ro < -+ < rp. Under Assumption A(d,d") withd <1/2 and d > 0, if ¢ satisfies
Assumption (k) with k > d' —d+1/2 and if (an)nen is such as N/ay — oo
and ay N~/ O+2d) _y 50 when N — 00, then

/| N
( iGN (1OgTN(’I‘i0JN) - 2d10g(’l”iCLN) - 10g(27r Cd K(w’2d)>))1<i§6

Néoj\/g(o;l“(ﬁ,-.-,mw,d)% (8)

with T(r1,...,1e,0,d) = (v(ri,7j))1<ij<e the asymptotic covariance matriz
such as

(rirg) /224 /OOW(W\)‘ﬂ‘Z(Ti)‘”

Koy oo MM

2
y(ri,ry) = 4w d. 9)

Remark 3. This result can be compared with the one of [25]. In this paper, two
assumptions are required concerning the process: Assumption 1 concerning the
behavior of the spectral density is a little weaker (and therefore more general)
than condition (2), while Assumption 2 is very close to our conditions on (&5)sez
in Assumption A(d,d") except that we require the symmetry of the distribution
of this process. However, our proof of Proposition 1 could also be obtained under
Assumption 1 of [25]: the second order expansion in (2) is only required for
obtaining the adaptive estimation of the minimal scale (see forthcoming Section
3). The condition on the symmetry of the distribution of (£5)sez provides a
very simple expression (9) of the asymptotic covariance while its expression
(Vij(d,v) in (66)) in [25] is notably more complicated (and therefore almost
impossible to be approximated). Finally, our condition ay N —1/0+2d) _y o
exactly corresponds to the condition (63) of Theorem 4 in [25] since ay = 24(%),
Note that if ay N~/ 0+2d) 5 g0 with 0 < £y < 0o, then

\/g{logE(ez(aN, 0)) — (2d log(ax) +1og (27 caK (y,20)) )]

does not tend to 0 (see (57)) and thus CLT (8) does not hold (if 0 < £y < oo
then the limit distribution in CLT (8) is a non-centered Gaussian distribution).
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Since it is not easy to minimize (following the order relation induced by defi-

nite positive matrices) I'(ry, ..., r¢, 1, d) in terms of (rq,...,ry) and for simplify-
ing the following results, we chose now only to consider the case (r1,72,...,7¢) =
(1,2,...,4). Tt is also possible to consider the case when ¢ — oco.

Proposition 2. Under Assumption A(d,d’) with d < 1/2 and d' > 0, if ¥
satisfies Assumption U (k) with k > d' —d+1/2 and if (an)nen and (£y)nen are
two sequences of positive integer numbers such as when N — oo

an/N — 0, aNN_l/(1+2d/)—>oo, In — 00 and {nyan/N — 0,

then
( N (10gTN(’I‘iCLN) - 2d10g(TiCLN) — 10g(27TCd K(w 2d))))
\/ riaN ’ 1<i<tln
.d.d.
L (Zu)nen- (10)
N—o00
where J(fﬂ' denotes the convergence for finite dimensional distributions and
— 00

(Zn)nen+ is a sequence of centered Gaussian random variables with covariance

Cov(Z;, Z;) = ~(i,7) where 7 is defined in (9).

3. Adaptive estimator of the memory parameter and adaptive
goodness-of-fit test

The CLT of Proposition 1 opens a certain number of perspectives. As we shall
see, the simple expression of the asymptotic covariance matrix reveals to be very
advantageous as compared to the complicated expression of the asymptotic co-
variance obtained in the case of a multiresolution analysis (see [25]). Proposition
1 confirms the consistency of estimator JN of d. Hence, we define

o~

1 _
dn(an) == (0 5) (Ziy Zay) 1Z;N(logTN(riaN))1§ig

. B 1 1 1 '
with ZaN_<10g(GN) log(2an) -+ log(lan) ) 1D

where A" denotes the transpose of a matrix A. Then, it can be clearly inferred
from Proposition 1 that dy (ay) converges to d following a CLT with convergence
rate \/N/ay when ay satisfies the condition ay N~/ 1+24) _ o0 (N — 00).

But d’ is actually unknown. [4] presented an automatic procedure for choosing
an “optimal” scale ay. We shall presently apply this procedure. Here a brief
recall of its principle: for a € (0, 1), define

c ! c
Qnlaned) = (¥(@) = Zne (g )) - (Vo) = Zu= 55 ))

with Yy (a) = (logTN(iNo‘))lgig.
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Qn(a,c,d) corresponds to a squared distance between the line of slope 2d and
intercept ¢ and the ¢ points (log(iN®), log TN(iNO‘))i. It can be minimized in
terms of «, ¢ and d first by defining for o € (0, 1)

Qn(a) = Qn (a, &(NY),2d(N®))

. E(Na) o / -1, .
with ( 23N )_ (ZiaZna) " Zia Y (a);
and then by defining ay by:
A oy .o o 2 3 log[N/¢)
Qn(ay) = QIQ}AHNQN(Q) where Ay := {logN’ oeN ' TogN }

Remark 4. As outlined in [4] in the definition of the set Ay, log N can be
replaced by any sequence negligible with respect to any power law of N. Hence,
in numerical applications we will use 10 log N which significantly increases the
precision of Q.

Under the assumptions of Proposition 1, we obtain (see the proof in [4]),

~ logany P . 1
NT Tog N Nowo 1+2d
‘We then define:
dy = d(NT) and Ty =T(L,....0,dy, ). (12)

It is clear that dy NL d (for a convergence rate see also [4]) and from
—00

the expression of I' in (9) which is a continuous function of the variable d,
Ty i) I'(1,...,¢,d,%). We will prefer to consider:

~ an + 6an loglog N
ay :=a
NN T )1 —ay) logN

rather than ay for technical reasons (i.e. Pr(ay < a*) e 0 which is not
— 00

satisfied by @y, see [4]). Consequently, with the usual expression of PGLSE, the
adaptive estimators of ¢ and d can be defined as follows:

( 266,27\[ ) (Zg\fO‘N 1—‘]7\71 ZN&N) Z;VQN 1—‘;[1 YN(aN). (13)

The following theorem provides the asymptotic behavior of the estimator d, N

Theorem 1. Under the assumptions of Proposition 1,

o (dy — d) —goN(O #3(0)

with o3(£) := (0 )(zl(< bd)2) (0 5) (14

o(14+3d) Nt
=27 Togny <l —dl o (1)

and for all p >
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We can note the following points:

1. From Gauss-Markov Theorem, the asymptotic variance of d, ~ is smaller or

equal to the one of dy. Moreover dy satisfies the CLT (14) which provides
confidence intervals which can be easily computed.
2. In the Gaussian case, the adaptive estimator dy converges to d with a rate

’

of convergence being equal to the minimax rate of convergence N 1+24" up
to a logarithm factor (see [13]). Thus, this estimator is comparable to
adaptive log-periodogram or local Whittle estimators (see [21]).

3. Under additive assumptions on 1 (¢ is supposed to have its first m van-
ishing moments), the estimator élVN can also be applied to a process X
with an additive polynomial trend of degree < m — 1. Then the trend is
being “vanished” by the wavelet function in the expression of the wavelet
coefficient and the value of dy is the same as the result obtained without
this additive trend. No such robustness property can be obtained with
the cited adaptive log-periodogram or local Whittle estimator (however
adaptive versions of the local Whittle and FEXP estimators robust for
polynomial trends were respectively defined in [2] and [16]).

Remark 5. As we studied the case £ — oo in Proposition 2, we have expected
to extend Theorem 1 to the case ¢ — oo. For establishing such a result, it is
sufficient to prove that limy_o (Z1(I'(1,...,¢,d, 1/1))71Z1)71 exists. But unfor-
tunately we did not succeed to theoretically prove that this limit exists or to
prove that the sequence (03(¢)), decreases. However, since I'(1,...,¢,d, ) is de-
fined from the general term (9) which can be easily approximated using classical
approximations of the integrals once ¢ is chosen, we realized numerical exper-
iments for exhibiting the dependence of the asymptotic variance o3(¢) with d
and ¢. For the results of these numerical experiments refer to Figure 1. It can be

0.18

0.17

I=10 7
— =20
0.16 - — =50 q
— =100
1=200

01 . . . .
[¢] 0.1 0.2 0.3 0.4 0.5

Fi1Gc 1. Graph of the approrimated values of Jg(f) defined in (14) for d € [0,0.5] and £ =
10, 20,50, 100 and 200.
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inferred that for any d € [0,0.5), 0%(¢) is almost independent on d and decreases
as ¢ increases. Then it could be interesting to select the “largest” possible value
of ¢ (since we necessarily have ¢ < N/N®") for improving the estimation of
d. This will induce both the choices of ¢ realized in the forthcoming Section 4
devoted to simulations.

Finally an adaptive goodness-of-fit test can be deduced from the previous
PGLS regression. It consists of a sum of the PGLS squared distances between
the PGLS regression line and the points. To be precise, consider the statistic:

~ N 3 UPN c
Wy = W (YN(&N) — ZNaN( 252[\] )) F]_Vl (YN(&N) — ZN&N( 2;2[\[ ))
(16)
This test statistic can be used as a goodness-of-fit test for deciding between
hypothesis Hy: “the process is a linear LRD process” and Hy: “the process is
not a LRD process”. Then, using the previous results, we obtain:

Theorem 2. Under the assumptions of Proposition 1,
Wy -5 X2 -2). (17)
N —oc0

This (adaptive) goodness-of-fit test is therefore very simple to be computed
and used. In the case where d > 0, which can be tested easily using Theorem 1,
this test can also be seen as a test of long memory for linear processes.

4. Simulations

We then examined the numerical consistency and robustness of d, ~. We realized
simulations and we compared the values of dy with those of the more accurate
semiparametric long-memory estimators. To conclude we examined the numer-
ical properties of the test statistic Wiy.

Remark 6. Note that all softwares (in Matlab language) used in this section
are freely available on:
http://samm.univ-parisl.fr/-Jean-Marc-Bardet.

The wavelet-based estimator has been computed using the following param-
eters:
Choice of the function : A wavelet function ¢ associated with a multi-
resolution analysis being not mandatory, as mentioned above, we use function
Y(z) = z*(1—2)* (x— §)L,eo,1] which satisfies Assumption ¥(3) (and therefore
in any cases 3 = k > d’ — d + 1/2 which is required for theoretical limit theo-
rems).
Choice of the parameter ¢: This parameter is important since it deter-
mines the “beginning” of the linear part of the graph drawn by the points
(log(ian),log T (ian))1<i<¢ and hence the data-driven estimator ay, but also
the chosen number of scales used for the regression. Hence, we adopted on this
point a two step procedure:


http://samm.univ-paris1.fr/-Jean-Marc-Bardet
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1. According to numerical studies (not detailed here), the choice of ¢ =[5+

2 xlog(N/100)] (therefore £ = 6, 9 and 12 respectively for N = 250, 1000
and 5000) seems to be an appropriated choice for a first step: the com-
putation of c,. This choice is almost not influenced by the values of d
or the roughness of the spectral density of X. Note also that a choice as
¢ =10 for all N provides only slightly worse results to those obtained with
¢ =[5+ 2x1og(N/100)] but still reasonable. We also use this value of ¢

for computing the goodness—of—ﬁt~ﬁ//N.

. Concerning the computation of dy, we can follow the arguments of Re-

mark 5 based on Figure 1. Then we selected for the second step a large
value of £ close to the largest possible value, i.e. £ = N'~%~ (log N)~! since
necessarily £ < N/N~ by construction and for checking the conditions of
the CLT (10), we should have N x £ = o(N)).

First of all we need to specify the simulation conditions. The results are obtained
from generated independent samples of each process belonging to the following
“benchmark”. The practical generation procedures of these processes are based
on the circulant matrix method in case of Gaussian processes and the truncation
of an infinite sum if the process is non-Gaussian (see [9]). The simulations are
carried out for d = 0, 0.1, 0.2, 0.3 and 0.4, for N = 250, 1000 and 5000 for all
the following processes which satisfy Assumption A(d,d’):

1. the fractional Gaussian noise (FGN) of parameter H = d + 1/2 for d €

4.1.

. the centered Gaussian stationary process X

[0,0.5) and 02 = 1. A FGN(d+1/2) is such that Assumption A(d, 2) holds
(even if a FGN is rarely presented as a Gaussian linear process);

. a FARIMA (p, d, q) process with parameter d such that d € [0,0.5), p,q €

N. A FARIMA((p, d, q) process is such that Assumption A(d,2) holds if (&;);
the innovation process is such that E¢; = 0, E¢! < oo and &; symmetric
random variables.

(d*d/), with spectral density is

Fo(A) = ﬁu FINY) for A € [—m,0) U (0, 7], (18)

with d € [0,0.5) and d’ € (0,00). X(49) being a Gaussian process with
spectral density fs, it is considered a linear process within the Wold de-
composition Theorem, thus confirming Assumption A(d,d") holds.

Comparison of the wavelet-based estimator with other
estimators

We computed d, n following the two steps procedure to a benchmark referred to
below including the following particular processes for d =0, 0.1, 0.2, 0.3, 0.4:

e X; : FGN processes with parameters H = d + 1/2;
e X, : FARIMA(O,d,0) processes with standard Gaussian innovations;
e X3 : FARIMA(0,d,0) processes with innovations following a uniform

U[-1,1] distribution;
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e X, : FARIMA(1,d, 1) processes with standard Gaussian innovations, MA
coefficient ¢ = —0.3 and AR coefficient 8 = 0.7;

e X5 : FARIMA(1,d, 1) processes with innovations following a uniform dis-
tribution U[—1, 1], MA coefficient ¢ = 0.8 and AR coefficient § = —0.6;

o Xg: X(d) Gaussian processes with d’ = 1.

We also compared the results obtained with d, ~ with those obtained with both
the other following semiparametric d-estimators known for their accuracies (see
[7] or 2008):

° C/Z\MS is the adaptive global log-periodogram estimator, also called FEXP
estimator, defined by [17] and based on results obtained in [23] and [20].
The review article [21] is an excellent survey on semiparametric spectral
estimators of the long memory parameter (local log-periodogram, local
Whittle or FEXP estimators). We thank Eric Moulines for having provided
a Matlab sofware of this adaptive estimator (as it was recommended by
E. Moulines, the bias-variance balance parameter x was set to 2, as in [7].

° C/Z\R is the local Whittle estimator introduced by [18] and asymptotically
studied by [24]. We used the typical non-data-based choice of bandwidth
m = [N*/5] (see [15]). Note that this choice is not an adaptive choice
but an optimal choice under a regularity condition of the spectral density
f (corresponding to d’ = 2 which is the case of FARIMA processes; for

d’" > 0 known a choice [N lizd’] can be done).

For simulation results see Table 1.

Conclusions from Table 1: Compared to other estimators, d, ~ numerically shows
a convincing convergence rate. With a bandwidth parameter m = [N*/®] which
is optimal (up to a constant) for FGN and FARIMA processes, the local Whittle
estimator ER provides excellent and best results for the processes X7, X5 and
X3 having very flat spectral densities, but less good results for the processes
X4 — 6 having more rough spectral densities. The adaptive FEXP djsg presents
opposite properties: its results are almost constant whatever is the roughness
of spectral density. Finally the adaptive wavelet based estimator dy provides
intermediary results between those of dg and dyss: good but not excellent for
processes having smooth spectral densities (X1 — 3) and not very good but not
bad results for processes having rough spectral densities (X4 — 6).

Remark 7. A previous comparison [4] of two adaptive wavelet-based estimators
(respectively defined in [28] and in [4]) with dass and dg (as well as with two
further estimators as defined respectively in [14], and [8] neither of which display
good numerical properties of consistency) shows that VMSE of cflvN obtained
in Table 1 is generally smaller to vV MSE of [4]-based estimator (especially for
processes X4 and X6) because we opted for definition (6) instead of (7) and
PGLS regression instead of LS regression.

Robustness of the estimator JN: To study the robustness of the estimator
dyn and also of the goodness-of-fit test Wy, we chose different processes not



TABLE 1
Comparison of long-memory parameter estimators for benchmark processes. vV MSE is
computed from 1000, 500 and 200 independent samples (for N = 250, 1000 and 5000 resp.).

The frequency of the goodness-of-fit test acceptation is pn = + #(WN < qxz([,Q)(O.QE)))

n
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N = 250 ——

N = 1000 —

N = 5000 ——

[ Model VMSE d=0 [ d=0.1 d=02 [ d=03 [ d=0.4 |
X1 VMSE dg 0.176 0.163 0.157 0.173 0.182
VMSE dg 0.063 0.060 0.062 0.067 0.071
VMSE dp 0.098 0.095 0.089 0.086 0.089
Pn 0.95 0.94 0.94 0.91 0.91
Xo VMSE dg 0.165 0.165 0.166 0.169 0.185
VMSE dp 0.061 0.065 0.064 0.064 0.065
VMSE dy 0.098 0.107 0.104 0.105 0.106
Pn 0.95 0.93 0.93 0.94 0.88
X3 VMSE drg 0.167 0.168 0.171 0.168 0.172
VMSE dp 0.063 0.061 0.065 0.066 0.065
VMSE dy 0.099 0.102 0.105 0.099 0.101
Pn 0.95 0.96 0.95 0.92 0.93
X4 VMSE drg 0.179 0.175 0.178 0.175 0.175
VMSE dg 0.333 0.330 0.325 0.324 0.317
VMSE dy 0.219 0.204 0.194 0.190 0.183
Pn 0.85 0.84 0.82 0.79 0.77
X5 VMSE dyrg 0.170 0.171 0.156 0.173
VMSE dp 0.478 0.518 0.532 0.538
VMSE dy 0.359 0.381 0.383 0.381
Pn 0.86 0.85 0.86 0.81
X6 VMSE dg 0.175 0.183 0.177 0.177
VMSE dp 0.173 0.176 0.177 0.172
VMSE dy 0.223 0.225 0.218 0.209
Pn 0.94 0.93 0.92 0.92
Model MSE d=0 d=0.1 d=0.2 d=0.3 d = 0.4
X1 VMSE djg 0.091 0.088 0.089 0.090 0.097
VMSE dp 0.033 0.034 0.035 0.038 0.043
VMSE dy 0.062 0.053 0.050 0.049 0.045
Pn 0.89 0.88 0.90 0.94 0.91
Xo VMSE dg 0.089 0.089 0.089 0.091 0.090
VMSE dg 0.034 0.033 0.036 0.035 0.035
VMSE dy 0.059 0.060 0.061 0.065 0.058
Pn 0.93 0.90 0.90 0.90 0.89
X3 VMSE dyrg 0.086 0.094 0.093 0.096 0.098
VMSE dp 0.034 0.033 0.033 0.035 0.035
VMSE dy 0.065 0.064 0.062 0.062 0.059
Pn 0.89 0.88 0.90 0.88 0.87
Xy VMSE drg 0.091 0.090 0.095 0.094 0.095
VMSE dp 0.204 0.201 0.195 0.194 0.193
VMSE dy 0.119 0.117 0.111 0.114 0.109
Pn 0.83 0.80 0.82 0.79 0.77
X5 VMSE drg 0.092 0.089 0.083 0.094 0.097
VMSE dg 0.355 0.361 0.366 0.365 0.364
VMSE dp 0.193 0.192 0.183 0.173 0.172
Pn 0.85 0.83 0.82 0.78 0.85
X6 VMSE dyg 0.096 0.096 0.099 0.100 0.109
VMSE dp 0.133 0.129 0.131 0.133 0.130
VMSE dy 151 0.154 0.151 152 0.140
Pn 0.86 0.84 0.86 0.82 0.84
Model VMSE d = d=0.1 d=0.2 d=0.3 d = 0.4
X1 VMSE dg 0.043 0.046 0.045 0.041 0.043
VMSE dg 0.017 0.019 0.019 0.020 0.020
VMSE dy 0.025 0.022 0.025 0.028 0.027
Pn 0.92 0.95 0.95 0.96 0.98
Xo VMSE djrg 0.045 0.045 0.040 0.044 0.048
VMSE dp 0.018 0.016 0.016 0.017 0.019
VMSE dy 0.031 0.032 0.030 0.029 0.029
Pn 0.94 0.94 0.93 0.93 0.93
X3 VMSE dg 0.044 0.044 0.046 0.044 0.049
VMSE dg 0.019 0.017 0.017 0.019 0.018
VMSE dy 0.030 0.038 0.026 0.031 0.032
Pn 0.92 0.95 0.92 0.92 0.93
Xy VMSE dyg 0.046 0.043 0.043 0.050 0.045
VMSE dg 0.113 0.110 0.110 0.109 0.108
VMSE dp 0.059 0.054 0.058 0.062 0.049
Pn 0.93 0.87 0.87 0.84 0.88
X5 VMSE djrg 0.042 0.048 0.046 0.043 0.054
VMSE dp 0.242 0.244 0.245 0.246 0.243
VMSE dy 0.087 0.081 0.074 0.076 0.074
Pn 0.78 0.80 0.79 0.80 0.77
X6 VMSE dg 0.049 0.050 0.047 0.051 0.048
VMSE dg 0.100 0.100 0.099 0.099 0.096
VMSE dy 0.090 0.087 0.083 0.084 0.077
Pn 0.82 0.81 0.76 0.82 0.86
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satisfying Assumption A(d,d’) (except sometimes for d = 0) and defined as
follows:

1. a FARIMA(O0, d, 0) processes with innovations satisfying a symmetric Burr
distribution with cumulative distribution function F(z) = 1 — 11

2 TIRPr?
for z > 0 and F(z) = %W for 2 < 0 (and therefore E|X;|* = oo but

E|X;| < o). Note that X, does not satisfy the condition E&} required in
Theorems 1 and 2. However, considering the logarithm of wavelet coeffi-
cient sample variance and not only the wavelet coefficient sample variance,
we think that one should be able to prove the consistency of d under the
condition E& with » > 0.

2. a Gaussian stationary process with a spectral density f(X) = ||A| —7r/2’_25
for all A € [—m, 7]\ {—n/2,7/2} so called a GARMA(0, d,0) process. The
local behavior of f in 0is f(|A]) ~ (7/2)729, therefore d = 0, but it does
not satisfy Assumption A(0,d’) (here d’' should be 2) since f(A) — oo
when A — 7/2, except when ¢ = 0.

3. a Gaussian FARIMA(0, d,0) with an additive linear trend such as X; =
FARIMA;+ (1—2t/N) fort =1,..., N and therefore the mean value of
(X1,...,Xn) ~0. The process (X;) is not a stationary process but dy is
not sensible to polynomial trends.

4. a Gaussian FARIMA(0,d,0) with an additive linear trend and an ad-

ditive sinusoidal seasonal component of period T = 12 such as X; =
FARIMA; + (1 — 2t/N) + sin(wt/6) for t = 1,..., N hence the mean
value of (X1,...,Xn) =~ 0. The process (X;) is not a stationary process.

5. a Gaussian process (X;) denoted by [FGN(0.1), FGN(d + 1/2)] and com-
posed by a FGN with parameter H = 0.1 for 1 < ¢ < N/2 and a FGN
with parameter H = d+1/2 for 14+ N/2 <t < N. This is a non stationary
process since there is a change of the model.

6. a process X denoted MGN(d) defined by the increments of a multifrac-
tional Brownian motion (introduced in [22]). Using the harmonizable rep-
resentation, define Y = (Y;); by

efts — 1

where H(-) as well as C(+) are functions (the case H(-) = H with H € (0,1)
is the case of fBm) and the complex isotropic random measure dW satis-
fies dW = dW1+idW?2 with dW1 and dW2 two independent real-valued
Brownian measures (see more details on this part in section 7.2.2 of [27]).
When g = g1 + 192 and h = hy + i ho where g1, hy and g, hy are respec-
tively even and odd real-valued functions such that fR(gf(:C))d:C < oo and

Je(hF(@))dz < oo (i = 1,2), then E[( [, g(&) dW(€)) ( Jp h(€) dW(€))] =
Jz g(z)h(z) dz. Here we chose H (t) = 0.54d sin(t/10) and C(t) = 1. Then
with Xy = Y41 — Y, for t € Z, the process X is not a stationary process,
it rather behaves “locally” as a FGN with a parameter H(t) (therefore

depending on t).
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7. a process X denoted MFGN(d) and defined by the increments of a mul-
tiscale fractional Brownian motion (introduced in [3]). Let Z = (Z;); be
such that

7 = ol
vi= | o) S W (@)

with dW previously defined, H(-) and o(-) being piecewise constant func-
tions. We chose o(z) = ly.oo1<|z|<0.1 and H(x) = d + 1/2 for 0.001 <
|z] < 0.04 and H(x) = 0.1 for 0.04 < |z| < 3 (such a choice was done for
modeling heartbeat signals in the paper [5]). Define X; := Z; 11 — Z; for
t € Z; then X = (X})ez is a Gaussian stationary process which can be
written as a Gaussian linear process (Wold decomposition Theorem) and
behaving as a FGN of parameter d + 1/2 for low frequencies (large time)
and as a FGN of parameter 0.1 for high frequencies (small time).

For results of these simulations see Table 2.

Conclusions from Table 2: An advantage of dy is its robustness with respect to
smooth trends (or seasonality). Note that there exist versions of dyrs and dr
which are also efficient for processes with smooth trend or with smooth trend
and seasonality (see [2] and [16]), but dy has the advantage to keep the same
expression for such processes or for stationary processes.

4.2. Consistency and robustness of the adaptive goodness-of-fit test

Tables 1 and 2 also provide informations concerning the adaptive goodness-of-fit
test Wiy

Conclusions from Table 1: Considering Table 1, i.e. processes satisfying the
theoretical assumptions required in the article, the consistency properties of
this test are clearly satisfactory and almost not depend on d. However note that
smoother the spectral density better the goodness-of-fit test results. Note also
that results of the goodness-of-fit test do not improve with N because we chose
a parameter £ = [5 4 2 % log(N/100)] increasing with N and therefore the test
is more difficult to be accepted when N increases.

Conclusions from Table 2: Considering Table 2, i.e. processes which do not sat-
isfy the theoretical assumptions required in the article, the adaptive goodness-
of-fit test Wy has good robustness properties when N is large enough. For
processes with heavy tail distributions or smooth trends, or GARMA processes,
the test can be reasonably used when N is larger than N > 1000 (for those
processes, it should be perhaps possible to prove the consistency of the test).
But for the 3 last processes ([FGN(0.1), FGN(d + 1/2)], MGN(d) or MFGN(d))
there is clearly no consistency of the test statistic to a y? distribution (except for
d = 0 for MGNd): we are clearly under the test hypothesis H; and for N > 5000
the results of the test are almost convincing.
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TABLE 2
Robustness of JN: VMSE is computed from 1000, 500, 200 and 100 independent samples
(for N = 250, 1000, 5000 and 20000 resp.). The frequency of the goodness-of-fit test

acceptation is Py = % #(Wn < qX2(@,2)(0.95))

N = 250 ——

Model [ VMSE [doud=0]doué=0.1]dous=02]doud=03]dous =204
FARIMA (0, d, 0) VMSE dp 0.116 0.113 0.113 0.115 0.119
with Burr innovations Pn 0.94 0.93 0.93 0.93 0.90
GARMA (0, 5, 0) VMSE dy 0.102 0.128 0.178 0.241 0.268
Pn 0.94 0.94 0.84 0.86 0.87
Trend + FARIMA(0, d,0) | VMSE dn 0.110 0.114 0.102 0.102 0.107
Pn 0.93 0.90 0.92 0.92 0.90
Trend + Seasonality VMSE dy 0.190 0.202 0.225 0.250 0.290
+ FARIMA(0, d, 0) Pn 0.07 0.12 0.16 0.16 0.17
[FGN(0.1), FGN(d + 1/2)] | VMSE dp - - - - -
Pn 0.87 0.84 0.80 0.79 0.79
MGN(d) VMSE dy - - - - -
Pn 0.93 0.91 0.83 0.78 0.75
MFGN(d) VMSE dp - - - - -
Pn 0.95 0.95 0.91 0.88 0.81

N = 1000 ——

Model [ VMSE [doud=0]doué=0.1]dous=02]doud=03]dous=20.4
FARIMA (0, d, 0) VMSE dp 0.069 0.070 0.074 0.070 0.064
with Burr innovations Pn 0.92 0.95 0.88 0.90 0.88
GARMA (0, 5, 0) VMSE dy 0.058 0.090 0.111 0.112 0.138
Pn 0.91 0.82 0.85 0.88 0.88
Trend + FARIMA(0,d,0) | VMSE dy 0.059 0.058 0.064 0.060 0.067
Pn 0.84 0.86 0.90 0.87 0.84
Trend + Seasonality VMSE dpj 0.245 0.187 0.155 0.147 0.141
+ FARIMA(0, d,0) Pn 0.44 0.64 0.69 0.66 0.69
[FGN(0.1), FGN(d + 1/2)] | VMSE dp - - - - -
Pn 0.62 0.57 0.54 0.53 0.53
MGN (d) VMSE dy - - - - -
Pn 0.92 0.74 0.58 0.46 0.40
MFGN(d) VMSE dp - - - - -
Pn 0.67 0.53 0.38 0.19 0.09

N = 5000 ——

Model [ MSE Jdoud=0]doud=01]doud=02]doud=03]dousd =04
FARIMA (0, d, 0) VMSE dp 0.047 0.040 0.051 0.044 0.027
with Burr innovations Pn 0.90 0.93 0.89 0.85 0.93
GARMA (0, 5, 0) VMSE dy 0.035 0.058 0.053 0.064 0.094
Pn 0.95 0.82 0.90 0.86 0.78
Trend + FARIMA(0, d,0) | VMSE dn 0.037 0.029 0.025 0.027 0.028
Pn 0.79 0.88 0.89 0.94 0.95
Trend + Seasonality VMSE dy 0.079 0.071 0.056 0.056 0.064
+ FARIMA(0, d,0) Pn 0.37 0.65 0.73 0.77 0.78
[FGN(0.1), FGN(d + 1/2)] | VMSE dp - - - - -
Pn 0.40 0.36 0.35 0.34 0.30
MGN(d) VMSE dy - - - - -
Pn 0.91 0.65 0.39 0.20 0.12
MFGN(d) VMSE dp - - - - -
Pn 0.05 0.04 0.02 0.02 0.05

N = 20000 ——

Model [ VMSE Jdoud=0]doudsd=01]dousd=02]doud=03]dousd=0.4
FARIMA (0, d, 0) VMSE dy 0.047 0.040 0.051 0.044 0.027
with Burr innovations Pn 0.90 0.93 0.89 0.85 0.93
GARMA (0, §, 0) VMSE dp 0.013 0.030 0.033 0.039 0.040
Pn 0.98 0.91 0.92 0.90 0.93
Trend + FARIMA(0,d,0) | VMSE dy 0.027 0.016 0.012 0.018 0.015
Pn 0.82 0.84 0.92 0.96 0.94
Trend + Seasonality VMSE dp 0.079 0.041 0.040 0.031 0.048
+ FARIMA(0, d,0) Pn 0.33 0.67 0.83 0.81 0.83
[FGN(0.1), FGN(d + 1/2)] | VMSE dp - - - - -
Pn 0.35 0.33 0.29 0.28 0.27
MGN(d) VMSE dp - - - - -
Pn 0.93 0.51 0.26 0.15 0.06
MFGN (d) VMSE dy - - - - -

Pn 0.05 0.06 0.04 0.07 0.04
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5. Proofs

First, we will use many times the following lemmas:

Lemma 1. If g is a function satisfying Assumption (k) with k > 1, then for
all X € R and a € N*,

a

1 IV L (LA
‘—Zg(%)e >‘a—/ g(t)e Mdt’gC’g(k) mln( aLl ,1)

a
j=1 0

with  Cy(k) = 22 Sl[lopl 1™ (2)]. (19)
EdS

Proof of Lemma 1. 1/ We first prove that if & is a C¥(R) function such as h(z) =
0 for « ¢ [0,1] with k£ > 1, then for all @ > 0:

230 - [ noa| < s p©) (20)
=1

z€[0,1]

This proof is established by induction on k. If £ = 1, the classical approximation
of an integral by a Riemann sum implies

I, Jj ! 1
’— >on(2) —/ h(t)dt} < sup |W(z)| =
a = a 0 z€[0,1] a
Now assume that the relationship (20) is true for any & < n with n € N*. We

are going to prove that (20) is also true for kK = n + 1. Indeed, assume that h
satisfies Assumption ¥(n + 1). Then, with the usual Taylor expansion

(n+1)
—— sup |h x
n+1)! ze[o,l]| (@)

|A(t) — h(u) = > %W(u)y <

a n

5 2 o

ISEN
>
—
Q.
SN—
|
o\>
2
QL
=+
A

1 1
+—— sup |p*tD
(” + 2)! me[opl] | @) antl

IN
[ M
?T
_|_
=
1
=
5
M
s
&

1
+ sup h("+1)
(n+2)! 2epo 1]| @) ntl
Using (20) for h*) and k = 1,...,n, we have
‘lih(k)('/a)dt—/l WO @)dt| < et sup AOD(@)|
a - J 0 - (n —k + 1)' 16[01:,)1] a”*lfk
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since h(*) satisfies Assumption ¥(n+1—k). But fol ) (t)dt = [%]é = 0.
Therefore,

I~ ,j ! " 1 1
SSTa(d) - htdt‘ <
‘a; () /0 (Wt = (;(k+1)!(n—k+1)!+(n+2)!)
1
x sup | (2)] —
16[0,1]| ( )la"H
1
< (e—2) sup |W"HD(z ,
( )me[m]l (@) =5

and thus (20) is true for ¥ = n + 1 and therefore for any k € N*.
2/ Now, we apply (20) for h(t) = g(t)e""** when X\ € [a,a]. Since we have

W )] < TE_ ( ’; )IAIPlg®P) (#)], and for all A € [a, dl,

k
k
sup |h®) ()] < max(1,[A*) D ( » ) sup [g® ()]

z€(0,1] p—0 z€[0,1]

and (19) follows.
Now when |\| > a, it is clear that

1 4 j SN ! —1
‘_Zg(g)e e —/ g(t)e ’\tdt‘ <2 sup |g(z)]

a = 0 z€[0,1]

and (19) follows. Moreover, if g is not the null function, we can not expect a really

smaller bound. Indeed, if we denote N’ such as fol g(t)e=™Ntdt £ 0 (if N does not
exist, g(z) = 0 for all z € R). Then, for a > X and for A = N'42nma with n € Z*,

then 2 29, g(j/a)e=N/* = L3¢ g(j/a)e¥i/e = [ g(t)e=Ntdt+O(aF)

when a — oo from the previous case || < a. But we also have fo g(t)e Mdt =
O(J\|7%) = O(a=*) from k integrations by parts since g satisfies Assumption
U (k). Therefore, for any A = X + 2nmwa with n € Z*,

a , , 1 _ 1 .,
E Zg(%)eﬂ*% —/O g(t)eﬂ)‘tdt‘ = ‘/0 g(t)e ™ tdt‘ +0(a™")

that induces that we cannot expect a better bound than O(1) when A € R. [

Lemma 2. If g is a function satisfying Assumption (k) with k > 0, then for
all a € N* and X\ € [—am,0) U (0,arn],

a

EANEAEEY.
‘a Zg(a)e

Jj=1

< Dy(k) 5 with Dy(k) = 108 sup g™ (z)]. (21)
|/\| z€[0,1]
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Proof of Lemma 2. This proof is also established by induction on k. If k = 0, it

is obvious that:
L~ Jy —ind
22 a(g)e

j=1

()],

T ze[0,1]

and (21) is satisfied. Now assume that property (21) is true for any & < n
with n € N*. We are going to prove that (21) is also true for k = n + 1.
Indeed assume that ¢ satisfies Assumption ¥(n + 1). Then, with S;(a, \) :=

—iNfa _ 1 (iN2a _ —iM2a,-iiAa) for i e (0.1, ..
Ze 2251n()\/2a) (e ¢ € ) or j €{0,1,...,a},

a

Ezg(%)e-ug Ezg(%)(sj(a,x)—sj_l(a,x))\
=1 =
< Ia<x>+§|g<§>| (22)
a—l
with 1,0) = |25 (o(2) — o(220)) 8500 0)].
]:1

But since ¢ satisfies Assumption ¥(n 4+ 1) and a > 1,

1
< (n+1) _ 23
}g( )} S 9" (@) T (1)) (23)
Now, with the usual Taylor expansion
J+ 1 j - ] 1 (n+41)
< - -
lo(— Z::akk,g < gy, )

for j € {0,1,...,a — 1}. Therefore,
n a—1 .

L) < 3 [ 00 ()80 + e sup (o0 (@)

T akk! la = a’ 77 a™H(n+1)! 4o

From the definition of S;(a,\) and with the inequality 2 u < sin(u) < u for
u € [0,7/2], we have for A € [—am,0) U (0,an] and k € {1,...,n}:

a—1 . a—1

S g™ ()s | < mqugwu

j=1 j=1

Ta 1

< o (n+1)
= 9 (a”“*k(n—l—l—k)!wzl[lo?l]lg ()|

1
+Dg(k) (n + 1-— k)W),
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usmg (20) for boundmg ST = 1 g ( ) and the induction hypothesis for bound-
ing & ZJ 1 g () —ixg, Hence, with (23),

I,(\) + l|g(1)| 1 sup |g(n+1)(x)|7§;
¢ a'”a a™t 0] (n+1—k)k!

IN

7a 1ok
e (n+1
A 'Z R AR

(2m)ntt (n+1)
———— sup |g x
(DI Sl @)

10n+1 1

- (n+1) (= k 24
O ) e

IN

107+1 iy

n+1 TNk
|)\|T+1 sup |9( )(x)| Z Kl (g)
z€[0,1] =1

IN

< W G g @) (e - 1) (25)
A aeo ’
since a=% < 7F |\|7F for all A € [—am,0) U (0,an] and k € {0,1,...,n + 1}.
Thus since e™/® —1 < 1 and from (22) and (25), we deduce that (21) is true for
k =mn+ 1 and therefore for any k € N. O

Proof of Property 1. First, since (X¢)iez is a stationary centered linear pro-
cess, e(a,b) = Y5, (\}— ¥(£)) Xpq; for any (a,b) € N* x Z from (4) and
> =1 f’w )| < oo, it is clear that for a € N*, (e(a,b))pez is a stationary
centered l1near process.

Now following similar computations to those performed in [4] [Proof of Prop-
erty 1], we obtain with f the spectral density of X and for a € N*,

E(e(a,0)) = / ] Zw eia

—am

Now, since v satisfies Assumption ¥(k) and therefore (3), from Lemma 1, for
€ [—+/a,+/a] and a large enough,

Jul®

“é Z‘/’(%)Gﬁ%"f 1P| < 204 (k) -

| |2k

[B(u)] + O3 (k) =5

< (200(k) swp W (@) +CHH)) . (26)

z€[0,1]

Moreover, for |u| € [y/a, ar], from Lemma 2 and a € N*, we have,

DO

1
2
< Dw(k)wa

(27)



Adaptive estimator and test for long-memory linear processes 2403

Now, using (26) and (27), since there exists c¢; > 0 satisfying f(A) < cp|A|724
for all X € [—m, 7], we deduce with Fy (k) = 2Cy (k) sup,cpo 1) [0* (2)] + C} (k)
and for all d < 1/2,

Va

F(2) X [w)? dul

Ve u an U
Fw(k)/ f(g)du—f—QDfp(k)/ ﬁf(—)du

B(*(a,0)) - |

<
- ak —\/E \/E a
2 Fy(k) — 2D2(k) 1
< 2d f P . 28
= ¢ ( 1—2d +2k+2d—1)ak+d*1/2 (28)
Now, using again (3), for a large enough,
Ve~ 5 O Uy~
[ G @R de— [ F(2) 1) dul
—Va a — 00 a
< 1
< (2¢7 sup [P (z)] a2d/ —————du
( T et ) va u2d+2k
2¢y sup [ ™) ()| 1
< 42 f 2€[0,1] '
= ( 2% +2d— 1 ) aF =172 (29)

Finally, from Assumption A(d,d’) and using the definition (5) of Ky o), we
obtain the following expansion:

JEOIEORE
. /_oo (Cd‘%|72d+6d, u d'72d+ ‘%|d/72d5(g)) |1z)\(u)|2 du

= 2mca K(poa)a® + 21 car Ky oa—ar) a1 4+ o(a?= ) (30)

a

because limy_,0&(A) = 0 and applying Lebesgue Theorem. Then, using (28),
(29) and (30), we obtain that there exists C' only depending on ¢ and k such
as for a large enough,

E(62 ((I, O)) — 27 Cd K(w,Qd) (Izd — 27 Cqr K(1p72d7d’) a2didl

<a® (Ca™ 2 po(a™?)). (31)

When k > d' —d+ 1/2 implying k+d — 1/2 > d’, then (5) holds. O

Proof of Proposition 1. We decompose this proof in 4 steps. First define the
normalized wavelet coefficients of X by:

e(a,b)

N = e )

for a € N* and b € Z, (32)
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and the normalized sample variance of wavelet coefficients by:

N—a

=5 aZé’Zak (33)
k=1

Tn(a

Step 1 We prove in this part that (\/%GN Cov (Tn(rian), TN(TjaN)))lgi,jgé
converges to the asymptotic covariance matrix I'(r1, ..., r¢, 1, d) defined in (9).
First for A € R, denote

_ 1 - t iXt/a
= E Zw(a)e .
t=1

Then for a € N* and b=1,..., N — q, since ¢ is [0, 1]-supported function and
a € L2([-m, 7)) inducing a(k) = [7_a(N)e* dA,

N
Zat—s t;b) _ Zw / a(\e IA(E=5+D) gy
t=1

_ /7r ( )OZ()\) i(b— s))\d)\

=52 d. (34)

Il
\g
3
(Q
s
,@
| >

But, for a,a’ € N*,

COV(TN() ( )

)
N— —

- Z porct b))
b=

b'=1

Now,

Cov (e*(a,b), e*(d’, V') =

LY (et auh)

a
t1,t2,t3,t4=1 51,52,53,54 €7

2 /
< (TL ot~ s0v(=0)) Cov (€06
=1

= C1+ Oy, (36)

since there are only two nonvanishing cases: s1 = s3 = s3 = s4 (Case 1 => (),
81 = 83 # S = 84 and s1 = 84 # s3 = s3 (Case 2 => (C3).
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* Case 1:in such a case, Cov (&, &y, €sy6s,) = pa — 1 and

t—v

RRIELY i} S HRELII ) S L

seZ t=1 t=1

Cr=(us—1)ad lim [ drdNdudy e+ (=p)]

M— oo [—m,m]4
XZ O+, (aN)@(N) S (aN )& () S (0 1)@ (1) S (@ W)

using the relation (34), with Z denoting the conjugate of z € C. From the usual
asymptotic behavior of Dirichlet kernel (see [10]), for f a 2m-periodic LP-function
with p > 1, A}im T Du(2)f(z+ z)dz = f(z) ae. in & with

— 00

1 &L 1sin((2M +1)2/2)
Dp(z) = o szMe bz — o sin (2/2) . (37)

Thus with g : R* — R a LP-function 27-periodic for each component (p > 1),

lim [ Dar((A=XN)+ (= p)g\ N, 1" )dAdN dudy

M=00 J[—m,m]4

= lim DyN) g+ N —p+ ! Ny i YdNdN dpdy!

M—o0

[~ ]t
= /[ 9(/]\; — A N s ) dN dpdy

Therefore,

C1 =27 (s — 1) ad / AN dpdp e F= IO =0 G (a(N =+ i)

[_7"77"]3
X AN = p+ (') Sa(aN)a(N)Sar(a' ) a(u)Ser (a/ i Ya(u).  (38)
* Case 2:in such a case, with s1 # s9, Cov (551552,551552) =1 and

2 N tl—b N tQ—b/
C=— > D alti—s)b(—) Y alts—s)u(=——)
(s,8")€Z2, s;ﬁs’ t1=1 to=1
t3—b N ty— b
xZ (ts = sN(=——=) D_ alta = ) (=)
ts=1 ta=1
20 - bty — b
1 9 —
S _Z Z (= $)o(=——) D _ alts = s)u(=——)
(s,8")€Z? t1=1 to=1
a (2= N o ta—
x Y alty — ')y ) > alts — sp(=——)

a
ts=1 ta=1
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2 ,
2% 90d tim lim AN dpdyp PO =)=V (N =p')]
pa—1 M—00 M'—00 J[_r )4

y Z Z N =N W= G (aN)A(N) Sy (@ VYA (V)

—M s=—M
X Sa(ap)a(p)Sa (a1 )a(p')

:_uiclll +8n%ad / e A==, (aX) S (aX)

—,m)?
xSa(ap)Sar(@p) x [@N)|* ()| drdp,

using the asymptotic behaviors of two Dirichlet kernels.
Now we are going back to (35). First, from (38),

—a N—a'

N
WZZ@

b=1 v'=1

aa’ N
=2 ) dN dudy' F TRy
W(M‘l )(N—a)(N—a’)/[ Hap N(G,G/,/,L /1’)

—m,7]?
X Sa(a(N = p+ p))a(N — p+ p')Sa(aN)a(N)Sa (' p)a(p) S (@' 1) a(w)
aa* N ’ ’ /
=27 (pa — 1) N_a)(N—a) /[ dX'dudp' Fy (a, a’, 1)

_71-771-]3

x Sa(a(N — u))A(/\’ — 1) Sa(aN)a(N)Sa (@' (1 + p))a(p + ') Sar (a1 )a(p')

x
=2 (g — 1) ——— (N—a — ) / / // dx dydz Fn(a N)

z €T z

< Suly — waga(d — DS A sz + Lrac + N)SMT;)

where we used the 2m-periodicity of functions and we denoted the Fejer-type
kernel:

N—a N—d'
Fy(a,a’ v) =Y 3 etv =)
b=1 b'=1
- / in((N — 2) sin((N —a')v/2
_ ew(afa )/2 Sln(( a)v( g Sln(( a )U/ ) (39)
sin”(v/2)
Consider the function:
Fy(a,ad, %) a

hn(z,y,2) = ]I{\m\ger, ly|<ma, |z|<ma’} m Sa(y — Nx)Sa(y)

/

xSl + TS (el - ) (Wa G + $ac)).

We are going to apply the Lebesgue Theorem to fR3 hn(z,y, z) dr dy dz when
min(a,a’, N) = oo and max(a,a’)/N e 0. Hence, for all (z,y,z) € (R*)3,
—00
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from the usual expansion sinz ~ x (z — 0), from (2) and Lemmas 1 and 2,

sin®(z/2) 2 —2d —2d
mvy.2) — 4 ) 2 5 P ey |2
—00
Now, we are going to bound |hn (2,9, 2)]-
Since #@N) = for all z €]0,7/2] and N > 1, and therefore,
‘ Fy(a,ad, ) 9
(N=a)(N—a)| = (1+|z/2)*>

Moreover, always with (2) and Lemmas 1 (for |A\| < y/a) and 2 (for v/a < |\ <
ma), we can state that there exists a positive real number Fy, > 0 such that for
all A € [-ma, mal,

1
|Sa()\)‘ S Fw W

Therefore, using the behavior of the spectral density of x implying the inequality
|a(\)| < ¢|A|7? for all A € [—,0) U (0, 7] (with ¢ > 0), there exists C > 0 such
as for all (z,y,2) € (R*)3,

1 (lylly — %)~
L+ /22 O+ R+ ly— %)
(CIIERE )

L+ 2P+ |z +

\hn(z,y,2)| < C

BT )]I{\z\<7rN lyl<ra, |z|<ma’}- (40)

Finally, we have |y — %£|=% < |y[=¢ when y € [—ma, %] and |y — £&|~¢ > |y| ¢
when y € [§%,7a]. The same partition can be done with z and thus we can
write:

hN(xayu Z) = hS\}) (:Eu Y, Z) + hs\?) (:Eu Y, Z) + hg\?;)(%ya Z) + h%)(xayu Z)u

(2)(

where the respective integration domains of hg\})(x,y,z), hy' (z,y,z) and

(4) :
hy' (z,y,2) are determined by H{|m|<ﬂN ra<y< g, —ra'<:<- 23}

{\m\<7rN, s <y<ma, —ma’<z<— a N and ]I{\ |<7N, & <y<7ra,—ﬂ<z<7ra’} Then’ us-
ing (40), each function hg\z,), i =1,...,4, can be bounded. For instance,

|—2d |—2d

1 |y |z
(T4 |z/2)? 1+ [yl* 1+ [2]F
1 e
(T4 |z/2D)? 1+ ]y — $%lF 1+ 2]k

N

|h5\}) (z,y,2)] < C for all (z,y,z) € (R*)3

I (2, 2)| < © for all (z,9,2) € (R")°.

The Lebesgue Theorem can be directly applied for hg\l,)(

x,y,z) and after the
change of variable y — y — g% for hg\z,)(x,y,z) (which change nothing from

symmetry property). As a consequence,
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1 N N—a N—d’
C
(aa')?® (N —a)(N — o) & I; '
-2
TR e ) O M B
e3¢} R3 X

Since [, 5”12(72?/2) dr =% and (E(e*(a,0)) ~ 27 caK (4 24) a** (a — 00) from (5),
we deduce with (35) that

(E(e2(a, 0)E(e2(/,0)) " A=\
NN oo —a) X

N (E(e2(a,0)E(e2(’,0))) ! "=\

N (E(¢3(a,0)E(e*(d,0)) " =
" Vad (N —a)(N — a) ( 4_1 >, > G
[

b=1 b'=1

+87% ad’ w(a,a’ ; NSy (a(N~+ 1)) Sar(a’ (N + p))

—7,m]2

% Sulam) S (@ m|an+ )| [ *ardn) (42)
=1 + I,

where [ is the first sum with Cy, I the second sum. Using the asymptotic

expansion (41), it is clear that the term I; written with Cy in (42) tends to

0 when min(a,a’, N) — oo and max(a,a’)/N e 0. It remains to consider
— 00

the limit of second term Io. For this, let a = ray and o’ = r’ay. Then, using

changes of variables,

o (B (ray 0B ay 0)) !
I = 8*v/rr’ (N —rany)(N —r'an)

TanN TN
8 / Fy(ray,r'an, £)STaN (r(y + a_Nx))ST/aN (r'(y + aWNx))

—man J—nN N N
X Sran (1Y) Srray ('Y ‘oz | |A | dxdy
(rr)1/2—2d /°° |1Z(7”y)| |1Z(7"/y)|
— 4 dy.
eyl i K(2¢,2d) . |y|4d Yy
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Therefore, with (41) and from (35), one deduces that:

N ~ ~
\/ﬁ Cov (TN(T GN), TN(T'/ GN))
2
— Ar ’

2
N —o00 K(w,2d) 0

N1/2—2 ool 2\t
(rr'") / d/ ’w(r)\)’ KEICERN) i\ (43)

|)\|4d

Note that if » = 7’ th N_ Var (T —y o2(d) = 6475 Kwrvaa o
ote that if r =7’ then —7— Var (Ty(ran)) e o7, (d) 7 S only

depending on v and d.

Step 2 We prove here that if the distribution of the innovations (&) is such
that there exists 7o > 0 satisfying

E(e™%) < oo (the so-called Cramer condition), (44)

then (T (ri an))i<ice = (v—as N rien ’éQ(riaN,k))lgig satisfies a CLT
for any sequence of positive integer numbers (a,)nen such as min(ay, N/ay) —

oo when N — oo. Such theorem is implied by proving that

N Y4 w N—r;an
1 ~2
V= wan, k
anN im1 N—riaN ¢ (T aN )

k=1

asymptotically follows a Gaussian distribution for any vector (u;)1<;<¢ € R
For establishing this result we are going to adapt a proof of [12] where central
limit theorems for functionals of linear processes are proved using a decomposi-
tion with Appell polynomials. Indeed since X satisfies Assumption A(d,d") and
can be a two-sided linear process, martingale type results as in [29] or [11] can not
be applied. Moreover, since (ay)y is a sequence depending on N it is required
to prove a central limit theorem for triangular arrays. Unfortunately the recent
paper of [26] dealing with central limit theorems for arrays of decimated linear
processes, and which can be applied to establish a multidimensional central limit
for the variogram of wavelet coeflicients associated to a multi-resolution analysis
can not be applied here because in this paper this variogram is defined as in
(7) with coefficients taken every n/n; (~ ay with our notation) and the mean
of nj (N/an with our notation) coefficients is considered (with a convergence
rate ,/n;). Our definition of the wavelet coefficient variogram (6) is an average
of N — ay terms. Then we chose to adapt the method and results of [12].
More precisely, consider first the case £ = 1. We consider Hy(x) = 22 — 1 the
second-order Hermite polynomial and we would like to prove that

N—an N—an

()" A S -~ () Y et

b=1 b=1
L5 N(0,0%(d)). (45)

N —oc0
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We are going to follow the proof of Proposition 6 of [12] which is devoted to
CLT for polynomials in a linear process (note the Appell rank of Hs is 2) but we
have to adapt this proof to the case of triangular arrays (since é(ay, b) depends
on N).

For a« > 0 and & satisfying the Cramer condition (44), the process
(€(a,b))1<b<N—q is a stationary linear process satisfying assumptions of the
paper of Giraitis (called X} in this article) since, from Step 1,

: \/a o ~ NS
= (b —8)Es with  B4(s) = ———— [Sa.(aN)a(N)e'**dN, (46
;ezﬁ (b—s)¢ th Ba(s) T ) _W( Ja(A) (46)

where Y-, 82(s) =1 for any a € N*. Then for u € [—, 7],

~ 1 & )
Ba(u) = o Z Ba(s)e "

S§=—00

= — Y lim / Sa(aX)a(N)e A1 dx
27T\/E€2 (a,b) m—oo J_4 Z

S=—m

= i au)o(u
= s @A),

with the asymptotic behavior of Dirichlet kernel. The behavior of Ba(u) will be
considered in the sequel.

For random variables (n1,...,n;) we denote x(m1,...,n;) the cumulant of
these random variables, defined by:

( 9" log [EGXP(ZJ 1a575)]
XNty -5 Mk) = aalaaQ aak

(0,0,...,0).

We also recall that for any centered random variable Z satisfying the Cramer

condition (44) a sequence of Appel polynomials (A%Z) (x))nen can be defined

following the relation:

n

AP@ =3 Y i [P
=1

k=0 (v)(n—k)

where x4 (k) = x(Z,Z,...,Z) is the k — th cumulant of the random variable

Z, using also the convention Z(v)(O) =1, Z(v)(l) ++»=0 and for j > 2, the

sum Z(U)(j) is taken over all partitions (vi,...,v,), 7 = 1,2,...,j of the set

{1,2,...,7} such that |v;| > 2 (with |v;] = #(v;)). Note that if Z is a standard

Gaussian random variable, A%Z) is the usual Hermite polynomial of degree n.
Following the proof of Proposition 6 [12], define

N*(ZN

SN = D0 AfenD@Ean, b))
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where ASIE(GN ) s the Appell polynomial of degree n of €(ay,-). Since there
exists (C%N))nzg € ?suchas Hy =3 ", ) ALE@ND) for establishing (45), it
is sufficient to prove that the cumulants of order k£ > 3 of Sy (n) are such as

X(s](\?(l)), o S](\?(k))) _ 0((NaN)k/2) (47)
for any n(1),...,n(k) > 2 (the computations of the cumulants of order 2 are

induced by Step 1 of this proof).
From Proposition 5 and Corollary 1 of [12], we have

XYWL s = ST dy I (48)
y€lo(T)
with: e Iy, C/dwll AT ()0 (2v7) - .. O(2,)
[—m,m]™

x H Dn(zj1 + + ()95 (@j1, - Tjni))  (49)
j=1
® gi(xj1, ..., Tingy) = (5a®5a '®B\a)($jla---axjn(j)) (n(j) times),
e Dy(z) =sin(Nz/2)/sin(x/2),

ef(xy)=1 if Z zi; =0 (mod. 27), =0 else,
(i,5)€V

where T'o(T) is the set of possible connected diagrams v (a diagram v = (V4, ...,
V;) is a partition of the array T' = ((4,))1<i<k,1<j<n(;) and such as [V;| > 1).

In the case of Gaussian diagrams, I,(N) = o((Nay)*/?), since this case is
induced by the Gaussian case and the second order moments.

If v is a non-Gaussian diagram, mutatis mutandis, we are going to follow the
notation and proof of Lemma 2 of [12].
a/ Consider the case a/ of Lemma 2 of [12], corresponding to the case where
there exist at least 3 different rows L; such as 3V4, |[Vi N L;| > 1. Without loss
of generality, we chose the diagram V;* = {(1,1),(2,1), (3, 1)} which is such that
the rows Ly, Ly and Lg of the array T satisfy |Vi* N L;| > 1.

We are going to bound (v v, .. v,) (see its formula (49)). First, §(zv;) =
d(x11 + @21 + x31) which yields that the integration domain of I, in (49) is
reduced to [—m, 7|~ since x11 + w21 + x31 = 0 (mod. 27). Then we have:

|I(V1*,V2 _____ < C / dzryy .. d:vkn(k)é(:vvz) . 5(.%‘\4)

[—7,x]n—3

X H DN (zj1+ -+ 4 Tjn()) 95 (Tj15 -+ Tjn ()
j=4
n(2)

/ / da11das | Dy $11+Z 21;) Balz11) Dy $21+Z 2)
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n(3)
X Ba(w21)Dn ( — 211 — 21 + Z 235) Ba(—211 — m21)|.

Jj=2

Consider the second part (double integral) of the previous bound. As in (39) of
[12], we can write:

T i n(1) n(2)
/ dz11dws | Dy (211 + Z 215) Ba(z11) DN (w21 + Z Z2;5) Ba(z21)

-7 J -7 = =
n(3) R
X Dn( = @11 — @21 + Z 35) Ba(—711 — 21)|
j=2

S C 041(11,1)042(’&2)043(’[1,3).

With 15 = iz + -+ + Tingey, 01(0) = [Dn (- + w)Ba()ll1 and a(w) = D (- +
w)Ba(*)||2 for i = 2,3. It remains to bound «;(u). But, with the same approxi-
mations as in the proof of Property 1, for any and N large enough

(5] (u)

/j ’BGN(’LL) Dy(z+ u)‘daj

2

1 anT (g T
\/ﬂ\/ﬁ/aNﬂ|T£|d)}|DN(a+u)}du

2\/Wsup{ |$(:Z)| } /F |Dy(z + u)|dz

<
zeR |I| -7
< 2C'sup { W](?' } van log N,
T€R |*T|

since there exists C > Osuchas [ [Dy(z+u)|dz < Clog N for any u € [—m, ).
Now for i = 2,3, ay and N large enough,

af(u) = |Bax () Dn(u+-)lI3
N[ ()
()2 "
< QOgsclelg{ |xr2d }aN /_F|D?V(3:—|—u)|d:1:
S 9z

c’ { }N .
vep U Japd SN

Then o (u1)os(uz)as(us) = o((Nay)?/?).

For the k — 3 other terms (the first part of the bound of Iy v, . v,)(NV)), a
result corresponding to Lemma 1 of [12] can also be obtained. Indeed, for ay
and N large enough, and with gy ; = Dn (21 4 - 4 2j5(j)) 95 (Zj15 -+, Zjn(s))s
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we have
)
loslp = [ DRkt T Bt
n(j) | >
1 77[’(551”2
< C/ dx D X1+ + T
[—anT, aN,r]n(]) N( N( ! 1;[ |24
[9( n(j) 2
< ‘ { |$|2d }’ aN”DN(')H2
S C/NGN

with C’ > 0 not depending on N and ay. Thus ||gn ]2 < C (Nax)'/? with
C > 0. Using the same reasoning, there also exists C" > 0 such as [|g}y ;[l2 <

C (Nay)'/? for j > 2 while lgn1ll2 = O(\/any log N) = o((Nan)'/?). As a
consequence, for v such as |V N L;| > 1 for at least 3 different rows L;,

L(N) = o((Nan)*?). (50)
b/ For other diagrams ~, and following the part b/ of the proof of Lemma
2 in [12] (p. 32), it remains to bound the function h(ui,u2) = [[Dy(us +
DN (—u2)Ba()]1]|8a()||3 as follows (with z = 11 +212) and with u; +ug # 0:
h(ui,ug) = (/ |ﬂaN ) Dy (u1 + 2) Dy (ug — |da:) (/ ‘BGN(I)|2d:E)

Gl N(/_:|DN(ul+x)DN(u2_x)\dx)
X(27T /:: |1|b;£r22| da:).

sin(z) sin(4 (u1 + uz)

IN

But
/_W}DN(UI"‘?U)DN(“?_"T)’CZ‘T < 2/_%]\,} x sin(3(uy +ug) —

C log N |sin(3(uy —|—u2))‘71 if |ug + ug| > (NlogN)
CN if Jug 4+ uz| < (Nlog N)~!

2mN

‘dw

Therefore,
Ihaun)lp = [ R uz)dude
[—m.7]
T (NlogN)
< Cd¥ (logQN (sinx)_2dx+N2/ d;v)
(Nlog N)—1 0
< Cd¥ (Nlog3N+NlogN),

and hence ||h(u1,uz)l|2 = o(Nay). Then using Corollary 2 of [12], we also
obtain (50).
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Finally, (50) holds for all diagrams « and it implies (47) and therefore (45).
If £ > 1, the same proof can be repeated from the linearity properties of
cumulants. Thus, (T (r; an))1<i<e satisfies the following central limit:

N Fu(rian) — 1) L N(0,T(r1, ... re, 00, d)), (51)

an 1<l Nsoo
with T'(r1,...,7¢, 0, d) = (v(ri,75))1<i,j<¢ given in (9).

Step 3 Now we extend the central limit obtained in Step 2 for linear processes
with an innovation distribution satisfying a Cramer condition (E(emgo) < 0)
to the weaker condition E£5 < oo using a truncation procedure. Thus assume
now that E&; < co. Let M > 0 and define:

o & =& g, <n and & = & g, 50 for t € Z;
o Xi =3 cpalt—s)&7, X" = Yosez ot —s) & for t € Z;
e For (a,b) € N* x Z and S, defined in (46),

_ B 1 ~/ LGN e iy
¢ <a,b>——m;(ﬁwa))xbﬂ—gﬁa(b & (52)

. 1 ~( L
@) = ey & (Jav) Xt = D falb- 98! (69

Clearly é(a,b) =€t (a,b) + ¢ (a,b). We are going to prove that (51) holds. For
this, we begin by writing

~ 1 N—r;an )
TN(T’i CLN) — 1 = m ; (ei(TiaN, b)) — 1)

+ 28" (rian, b)E~ (rian, b) + (& (rian, b))2). (54)

We first prove that

N*’I"iaN
N 1 — 2
(\/ an N —rian (e (TiaN’b)) B 1)>1§z‘5£

b=1

= (V67 1 csyee (55)

N—o00

Indeed X~ is a linear process with innovations (&, ) satisfying the Cramer con-
dition, and X~ has the same (up to a multiplicative constant) spectral density
as X . Therefore, from previous CLT (51),

N 1 NI (@ (ran, b))
(\/%m Z (]E(’é*(ric]bVN,b))Z’_l))lgise

b=1

= (7)) s yee (56)
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Therefore it remains to prove that ,/% (E(e~(rian,b))* — 1) converges to 0

since then Slutsky Theorem will imply that CLT (55) yields. But, we have
E(e(rian,b))? = (Y ,ez B2(s)) E(&)? = 1 and E& = 1. Then, from Cauchy-
Schwarz Inequality and since €~ (r;an,b) = €(r;an,b) — et (r;an, b),

|E(e™ (rian,b))*> — 1| < 2(E(€+(ma1\/,b))2)1/2 + E(e"(rian,b))>.

We have E (€T (rian,b))? = (X ,cz B2(s)) E(¢f)? = E(&)? from previous ar-
guments and since we assume that the distribution of &y is symmetric. But using
Holder’s and Markov’s inequalities:

E(65)% < (BEHY2(Pr(|&o| > M))YV? < (E€d) M2

Hence, there exists C' > 0 not depending on M and N,

1/ ‘E (rian,b —1‘ <— aN — 0
N —o00

when M = N (for 1nstance) Therefore the CLT (55) holds.
From (54), 1t remains to prove that

N—r;an
o B N
\/7N_TZG/N Z 2¢" (rian, b)e” (rian,b) + (¥ (rian, b)) ) Nooo 0.

b=1
Using the previous results, from Markov’s and Holder inequalities, this is im-
plied when ,/% (IE(”eer rian,b))2+2/E(et (rian,b) 2) e 0. Using also the

inequality E(e* (r;an,b))? < (E§4) M~2 obtained above we deduce that this
statement holds when M = N (for instance). As a consequence, from (54),
the CLT (51) holds even if the distribution of &y is symmetric and such that
E& < oo.

Step 4 It remains to apply the Delta-method to (51) by considering the func-
tion (z1,...,x¢) — (logxy,...,logxy):

\/g (log (Tn(rian)) —log (E(QQ(“NvO))))lgg
i> N(O, F(Tl,- .. 7r€7w7d))7

N—o00

With E(e2 (an, O)) provided in Property 1, we obtain

log E(e*(an,0)) = 2d log(ay) + log (27 caK (4 2a))

cao Ky 2a-ay 1
———— — (1 +o(1 o7
K gD T

Therefore, when %ﬁ — 0, i.e. N7 = o(an), the CLT (8) holds. O

N N—oo
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Proof of Proposition 2. This proposition can be deduced from Proposition 1 by
proving that Step 1 of its proof holds for r; = r;(N) and r; = r;(N) increasing
to oo with any max(r;(N),r;(N)) = o(N) (Steps 2-3-4 are immediate because
we consider a finite dimensional distribution convergence).

For Step 1, consider two sequences of integer numbers (ay)nen and (al,)nen
such as rmn(aN, a) N7/ 0+2d) 5 o6 and max(ay,aly)/N — 0 when N —
oo. Then, we would like to study the asymptotic behavior when N — oo of
\/a];:—a;\, Cov (Tn(an),Tn(aly)). The computations done in Proposition 1 can

be used. Concerning the term Cj, we also have the asymptotic result (41).
Concerning C5 the case an/dy N—> 0 implies another expansion of I; + Is.
—00

On the one hand, we still have I N—> 0 from the asymptotic behavior of Cj.
—00
On the other hand, the behavior asymptotic of I can be deduced from (42).
Indeed, for N large enough we have:
N E 2 E 2( 7 -1
. B OB O,y f
Van dy (N —an)(N —ay) [

xSay (an (A + 1)) Say, (ay (A + 1)) Say (an i) Sa;

FN((ZN, CL?V, )\)
—m,m)2

(alyp)|a(X + p) | }a(u)|2d/\d,u

aly

Ca;,l man TN EN( aN,aN, N) an ay aly

= (analy)2d-1/2 7WN/ SGN(W/I*'?J)S%(WQH'E?J)
alN ~ X Y 21~ Y 2
XS&N(y)SGEV(ay)’a(N—FE)} ’a(a)} d(Edy

an\za-12 [TV PP e o ay
<’ / Sy (—2y) Sy (—y)dy,

(GQV) ran |y|4d N(aNy) N(aNy) Y

with C, C' > 0. From inequalities (26) and (27), we have for N large enough,

|Sar, (W)? < 2[0(u)? for 0 < |u] < \/aly

2 Dlzlf(k) 7 /
and [Sar, (u)]* < s for \/aly < |u| < maly.

Thus using also the assumptions on ¢ (notably (3)), we can write:

IQ<Cl(afv)2d 1/2(‘/0\/— WJ( )l WJ( )|2d +/TraN |"/J( )| I)dey>7

AN |y| 4 w |y| 4 (%y
<’ ( aN 2d— 1/2 \/7 1 1 J
o |yl (a2 y)
\/7 A )
<C” (“TN), (58)

an

with C" > 0. Therefore I — 0 when N — oo and we can deduce that
\/a]]\vf—alNCov(TN(aN),TN(an)) — 0 when any/ay — 0 and N — oo. Note
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that same computations also imply that v(r;,r;) — 0 when r;/r; — 0. Thus
the proof of Proposition 2 is completed. O

Proof of Theorem 1. Here we use the results obtained in [4] concerning ay, an
and dy. The CLT (8) satisfied by (log (Tn(rsan))), in Proposition 1 is the same
as the CLT (10) of [4], except that this CLT is devoted to Gaussian processes
(while we consider linear processes here), the definition of Tl is not exactly the
same (see Remark 2) and the asymptotic covariance I' is not exactly the same.
But the asymptotic properties of both these CLTs are the same: if ay = o(N®")
a bias appears in the asymptotic Gaussian distribution, and when N® = o(an),
the larger ay the larger the asymptotic variance of log (TN(maN)). Therefore
the construction of @y and ay proposed in [4] for Gaussian processes can be
exactly reproduced here for linear processes. Hence Proposition 3 of [4] for Gaus-
sian processes also holds here for linear processes and therefore the CLTs (8) and
(10) are still valid when ay is replaced by N~ . Then, since JN = ]T/[/N Yn(an)
with My = (0 1/2)(ZT3' Z1) " Z,T5" we deduce that /N/Na~ (dy — d) is
asymptotically Gaussian with asymptotic variance the limit in probability of
MyT(1,...,4,d,v) M}, that is a%(¢).

The relation (15) is also an obvious consequence of Theorem 1 of [4]. O
cN
2dn )
is an orthogonal projector of Yy (an) on a subspace of dimension 2, therefore

Proof of Theorem 2. The theory of linear models can be applied: Zyay (

Yn(an) — Zyan ( 2%\; ) is an orthogonal projector of Yy (dy) on a subspace

of dimension £ — 2. Moreover, using the CLT (8) where ay is replaced by N~
we deduce that \/N/No~ f;vl Yy (an) asymptotically follows a Gaussian distri-
bution with asymptotic covariance matrix I, (identity matrix). Hence from the
usual Cochran Theorem we deduce (17). (]
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