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QUENCHED ASYMPTOTICS FOR BROWNIAN MOTION IN
GENERALIZED GAUSSIAN POTENTIAL

BY XI1A CHEN!
University of Tennessee

In this paper, we study the long-term asymptotics for the quenched mo-
ment

E, exp{/ot V(Bs)ds}

consisting of a d-dimensional Brownian motion {By; s > 0} and a generalized
Gaussian field V. The major progress made in this paper includes: Solution
to an open problem posted by Carmona and Molchanov [Probab. Theory Re-
lated Fields 102 (1995) 433—-453], the quenched laws for Brownian motions
in Newtonian-type potentials and in the potentials driven by white noise or
by fractional white noise.

1. Introduction. The classic Anderson model can be formulated as the fol-
lowing heat equation:

(a1 lam(r,x) = L Au(t,x) + Vult, x),

u(0,x)=1,

where {V (x); x € R} is often made as a stationary random field called potential.
Under some regularity assumption such as Holder continuity on V (x), the sys-
tem has a unique solution with Feynman—Kac representation

(1.2) u(t,x):Exexp{/tV(Bs)ds},
0

where {B;;t > 0} is a d-dimensional Brownian motion independent of V (x),
and [, is the expectation with respect to B; given By = x.

An important aspect in studying parabolic Anderson models is its long-term
asymptotics. There are two types of asymptotics: one is labeled as quenched law
concerning the limit behavior of the random field u(¢, x) conditioning on the ran-
dom potential V (x); another is known as annealed law with interest in the limit
behavior of Eu(z, x) and other deterministic moments of u(¢, x). In the case when
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{V(x); x € R%} is a mean zero stationary Gaussian field with the covariance func-
tion

(1.3) y(x)=Cov(V(0), V(x)), xeR%

Carmona and Molchanov (Theorem 5.1, [5]) establish the quenched law

1 t
A ogt logE, exp{[) V(Bs)ds} =,/2dy(0), a.s.

1.4) lim

under the condition limy | ¥ (x) = 0. See [14] for the asymptotics of the second
order, and [4, 6, 16, 24] and [25] for a variety of versions in literature.

This paper is concerned with the setting of the generalized Gaussian fields, in
which the potential V is not defined pointwise. A typical example is when V is a
white or fractional white noise. Recall that a generalized function is defined as a
linear functional {(£,¢); ¢ € S(RY)} on a suitable space S(R?) of the functions
known as the test functions. The classic notion of function is generalized in the
sense that

(15) G = [ semdr.  geSE)

whenever £(x) is a “good” function defined pointwise on R, We refer the
book [17] by Gel’fand and Vilenkin for details.

A generalized random field V is a generalized random function. In this paper,
we consider the case when S(R?) is the Schwartz space of rapidly decreasing and
infinitely smooth functions, and {(V, ¢); o € S (R%)} is a mean-zero Gaussian field
satisfying the homogeneity

1.6)  {(V.o( =)0 e SR L ((V,p):p e SRY)),  xeR9.

The covariance functionals Cov({V, ¢), (V, 1)) of the generalized Gaussian
fields considered in this work are continuous on S(R?) x S(R?). Consequently,
{(V,@); ¢ € S(RY)} is continuous in probability and therefore yields a measurable
version.

The classic Bochner representation can be generalized ((1), page 290, [17]) in
the following way: There is a positive measure (dA) on R, known as spectral
measure, such that

1 -
(1.7) Cov((V, ), (V. ¥)) = /Rd F(@)MF W) M) u(dir),

@)
where F(¢)(A) denotes the Fourier transform of the function ¢ € S (R%). Further,
w(dX) is tempered in the sense that (1 + |- |>) ™7 € L(R?, u) for some p > 0.
In the settings considered in this paper, the notion of covariance function y (-)
defined by (1.3) can also be extended to the form

(18) Cov((V.g). (Vo)) = [ y(x=ypmw(dedy. .y e SE)
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with y (x) = §p(x) (Dirac function) or with y (x) being defined pointwise on R4 \
{0} and satisfying y (0) = lim,_,¢ ¥ (x) = co—in both cases @ (dA) is an infinite
measure. As a consequence, it is impossible to make V pointwise defined through
relation (1.5), for otherwise we would have to face the “Gaussian variable” V (x)
with Var(V (x)) = y(0) = oo for every x € R4,

Nevertheless, representation (1.2) can be extended to the generalized setting
under some suitable condition. The generalized Gaussian potentials appearing in
our main theorems satisfy (Lemma A.2)

1
(1.9) 31 a,u(d)») < 00

Lo

for some § > 0. As a consequence (Lemma A.1), the L2-limit
/ V (B, )ds = hm VS(B )ds
0

exists and, the time integral defined in this way yields a continuous version as a
stochastic process, where the pointwise defined Gaussian field V;(x) appears as a
smoothed version of V; see Lemma A.1 for details. In addition, the time integral
defined in this way is exponentially integrable with respect to E,, as pointed out in
Section 3. Consequently, representation (1.2) makes sense in our settings. Accord-
ing to a treatment proposed on page 448 of [5], it solves the Anderson model (1.1)
in some proper sense. The major goal of this work is to study the large-¢ behavior
of the quenched exponential moment in (1.2).

In [5], Carmona and Molchanov ask what happens when the covariance function
y (x) is defined pointwise, continuous in R4 \ {0} but y(0) = oo with the degree
of singularity measured by

(1.10) y@ ~ecx™ (x—0)

for some 0 < o < 2 and c(y) > 0. Here we point out that the restriction “o <
d” has to be added for the covariance functional Cov({V, ¢), (V, 1)) to be well-
defined. Indeed, for a nonnegative ¢ € S(RY) strictly positive in a neighborhood
of 0, there are C > 0 and & > 0 such that

dxdy
e} [x — y[*

Var((V, ¢)) = C~ f|x|<€ "

The right-hand side diverges if o > d.
In their paper, Carmona and Molchanov [5] conjecture that under (1.10),

t
log E, exp{/ V(Bs)ds} ~ t(logt)40/C-) a.s. (f = 00).
0

The following theorem tells a slightly different story.
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THEOREM 1.1. Let the covariance function y (x) be continuous on R¢ \ {0}
and be bounded outside every neighborhood of 0. Assume (1.10) with 0 < o <
2 Ad. Then for any x € RY,

t
Jim 1~ logr) ™ @ 10gE, exp{ / V(Bs)ds}
—00
(1.11) ’

4 \2

where the constant c(y) > 0 is given in (1.10), and k (d, o) > O is the best constant
of the inequality [see (A.18) in the Appendix]

2 2
/A%ded W = C”f“AzFa”VfH%, fewh2(RY)

4 — o/(4—a) B
- “(9) Qde(y)cd, )’ as.,

yl
with W2(RY) being defined as the Sobolev space
(1.12) WLE(RY) = [ f e L2(RY); V£ € L2(RY)).

We now consider a special case. In light of some classical laws of physics,
such as Newton’s gravity law and Coulomb’s electrostatics law, it makes sense to
consider the potential formally given as

1
V(x)=/ W(dy), xeR?
R |x — y|P

in the parabolic Anderson model (1.1). Here {W (x); x € R?} is a standard Brown-
ian sheet. The relevant Gaussian field

(1.13) (V,<p>=%l;d[/R v() dy}W(dx), ¢ € S(RY)

d|y—x|P

is well defined with the covariance function

(1.14) y(x) =C(d, p)|x|~@P~D,

provided d/2 < p < % A d, where

12 T2((d = p)/2)T(2p —d)/2)
I'2(p/2)T(d — p) '

(1.15) Cd,p)=n

Indeed,

Cov((V, ), (V.¥)) = /]1‘%‘1 [/;Rd rjz(i—)jﬁ:’][ R %] d

dx
=A?MW¢@MMDL4Hy_ka_xw}Wdz
oMV (2)

RExRA |y — z|2P—4

=C{, p) dydz,
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where the last step follows from (1.31) in [11] (with o being replaced by 2p — d).
Thus (1.10) holds with o =2p —d <2 A d.

COROLLARY 1.2. In the special case givenin (1.13) withd /2 < p <d A %,

t
tlir&t_l(logt)_z/(“d_zm logE, exp{@/(; V(Bs)ds}

Ad4d—2p/2p—d\@p—d)/@4+d=-2p)
(1.16) _at p( P )

4 2
x (2dC(d, p)0*c(d,2p — d)) I 4,
for any 6 > 0, where C(d, p) > 0 is given in (1.15).

In the next theorem, the potential is a fractional white noise formally written as

adwH
Vi) =———@®), x=(@1,...,x) €R?,
0x1---0xq
where WH (x) (x = (x1, ..., xq) € R?) is a fractional Brownian sheet with Hurst

index H = (Hy, ..., Hy). We assume that
1 , d
(1.17) 5<Hj<1 (j=1,...,d) and ;Hj>d—1.
The generalized Gaussian field relevant to the problem is defined by the stochastic
integral

(1.18) Voo = [ oW @, peSE).

In this setting,

d —1
J/(X)ZCH<1_[ |Xj|2_2Hj> and
(1.19) -

J

d -1
u(dx>=6H<1‘[|xj|2Hf—1) da,

j=1

where Cy > 0 and C g > 0 are two constants with
d
Cy=[]HjQH;—D.
j=1
Under assumption (1.17),
d
(1.20) O<a=2d-2) Hj<2Ad.
j=l
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THEOREM 1.3. Assume (1.17). For any 6 > 0 and x € R,

t ade
lim r~'(logr)~%“ % 1ogE, exp{@/ 7(Bs)ds}
t—00 0 dx1---0xg

(1.21)

4 — a/(d—a) B
- 4“(%) dCyo*kd, H)Y*®, as.,

where k (d, H) is the best constant of the inequality [see (A.30) in the Appendix)
d -1
f PO T =y P2 dxedy <CIFIEIV IS
R4 xR4 =1

f e Wh2(RY).

In the next theorem, we take d = 1. The Gaussian potential is a white noise for-
mally given as V (x) = W(x) where W (x) (x € R) is a two-side Brownian motion.
The relevant generalized Gaussian field is defined as

(1.22) (V,p)= _/_Oogo(x)W(dx), v e S(R).

In this case the covariance function y (-) = §o(-) is the Dirac function and the spec-
tral measure p(dX) = dX is Lebesgue measure on (—oo, 00).

THEOREM 1.4. Forany 6 > 0and x € R,

t .
Jlim t~'(logr) ™ 1ogE, exp{Q f W(Bs)ds}
—00 0

1/3\*?3
:§(§> 94/3, a.s.

We now comment on our main theorems. It is interesting to see that (1.11) is
consistent with (1.4) when the latter is regarded as the case o« = 0, with easy and
neoltural identifications c(y) = y(0), x(d,0) = 1, and the natural convention that
0"=1.

Given an integer valued symmetric simple random walk {X;; ¢ > 0} and an in-
dependent family {£(x); x € Z} of the i.i.d. standard normal random variables, by
Theorem 4.1, [15], or by Theorem 2.2, [16],

(1.23)

t
llirglot_l(logt)_l/zlogEx exp{@/ S(Xs)ds} = \/59, a.s.
- 0

Comparing this to Theorem 1.4, we witness a highly unusual difference between
continuous and discrete settings.

The almost sure limits stated in our theorems are largely determined by the
scaling or asymptotic scaling exponent « of the covariance function y (x) at x = 0.



582 X. CHEN

The restriction o < 2 in our theorems is essential. In connection to Theorem 1.4,
notice that a Dirac function on R? satisfies 8o(cx) = |c|¢8o(x). In particular, « =d
as y(x) = §g(x). To comply with the restriction o < 2, the space dimension d has
to be 1 in Theorem 1.4.

A challenge beyond the scope of this paper is the quenched long-term asymp-
totics for the time dependent potential V (¢, x) in connection to Theorems 1.3
and 1.4. Associated to Theorem 1.3 is the case when

d+1 WH R+ Rd
Vt,x)= 81 dx1 - Oxg (t,x), (t,x) € x R%,
where WH (¢,x) is a time—space fractional Brownian sheet with some restriction
on its Hurst parameter H = (Hy, H1, ..., Hy). An interested reader is referred to
the paper by Hu, Nualart and Song [19] for the Feynman—Kac representation of
the solution in this system; and to the recent work [9] by Chen, Hu, Song and Xing
for the annealed asymptotics in this and other time—space settings.

Theorem 1.4 corresponds to the famous Karda—Parisi—-Zhang (KPZ) model
which starts from a nonlinear stochastic partial differential equation and is trans-
formed into the parabolic Anderson equation with the potential

2
V(t,x):a—W(t,x), (t,x) eRT xR
ot 0x
by some renormalization treatment together with the Hopf—Cole transform. We
cite the references [20] and [21] for the physical background of the problem, and
[1, 2, 18] for the mathematical set-up and recent progress on the KPZ equation.

In addition, it is worth mentioning a recent work [12] by Conus et al. in which

they consider a possibly nonlinear heat equation

oru = %Au + V(t,x)ou).

Here V (¢, x) is a time—space generalized Gaussian field with the covariance func-
tion

do(s — )y (x —y), (s,x),(t,y)eRJr x R4,

When the space covariance function y (x) satisfies (1.10) with 0 <o <2 A d,
a quenched space-asymptotic law (Theorem 2.6, [12]) states that

C <limsup(log |x|)_2/(4_a) logu(t, x) < Cs, a.s.
[x]—>00
for any fixed ¢t > 0. The exponent 2/(4 — &) seems to suggest a deep link to (1.11).
In general, going from the time-independent potential to the time-dependent poten-
tial is a big step. We specially mention the work [25] by Viens and Zhang for their
effort beyond the sub-additivity treatment. It is our hope that some ideas developed
in the current paper may play a role in the future investigation of this direction.



BROWNIAN MOTION IN GENERALIZED GAUSSIAN POTENTIAL 583

We now comment on the approaches adopted in this paper and their relations
to earlier works. As usual, the proof consists of two major steps: a semi-group
method to associate the quenched exponential moment in (1.2) to the principal
eigenvalue of random linear operator 2~ ! A 4+ V with the zero boundary on (—t, )¢
and asymptotic estimation of the principal eigenvalue for which a nice idea devel-
oped in [13] and [14] is adopted; see (2.27) to control the principal eigenvalue over
the large domain (—, )¢ by the extreme among the principal eigenvalues over the
sub-domains. On the other hand, what sets this paper apart is the singularity of our
models. The following are some of the novelties appearing in this paper.

(1) Algorithm development. The algorithms existing in the literature often de-
pend on the asymptotics of the generating function of V (0). Unfortunately, this
strategy does not apply here as V (0) is not even defined in our models. Indeed, the
appearance of ||Vg||2 in the constants of our main theorems is a testimony of the
dynamics different from the classic settings represented by (1.4). Our approach
involves a rescaling strategy that highlights the role of the diffusion part of the
principal eigenvalue. Some of the ideas adopted in this paper have been used in the
recent work [8] in the setting of renormalized Poissonian potential. However, there
are substantial differences between these two settings that demand some new adap-
tations. The renormalized Poissonian potential is defined pointwise and essentially
total variational in the sense that it can be decomposed as the difference of positive
and negative parts under suitable truncation, while it is classic knowledge that the
potentials driven by white noise or fractional white noise are not total variational.

(2) Entropy estimate. The entropy method has become an effective tool in deal-
ing with the tail, continuity, integrability or finiteness for the random quantities
given as supremum. In the case when V (x) is defined pointwise, the concern is
the supremum sup,.p V (x) over a compact D C R, and the problem is to count
the e-balls that cover D. Not surprisingly, the entropy number is bounded by a
polynomial of ¢~ if the distance is Euclidean or nearly Euclidean. On the other
hand, the entropy method in the context of generalized potential is for the supre-
mum sup,eg,py(V, g?) over (a dense set of) the unit sphere of the Sobolev space
over the domain D; see Proposition 2.1. Counting the covering ¢-balls in a func-
tional space is much harder and the result is less predictable due to complexity in
geometric structure.

(3) Lower bound by Slepian lemma. In the classic setting, the lower bound
for (1.4) can be established by decomposing V (x) into two homogeneous Gaussian
fields such that the first field has finite correlation radius and the second is negli-
gible. Under the assumptions of Theorems 1.1 and 1.3, such decomposition is not
available. Our treatment is based on a famous comparison lemma by Slepian [23]
and is formulated in Lemma 4.2 below.

2. Gaussian supremum. Let D C R? be a fixed bounded open domain. We
use the notation S(D) for the space of the infinitely smooth functions on D that
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vanish at the boundary of D. For convenience, we always view S(D) as a subspace
of S(R?) by defining g(x) = 0 outside D for each g € S(D). Given g € S(D), for
example, we may alternate between the notation

/|Vg(x)|2dx and f|Vg(x)|2dx
D R

according to convenience. The notation || Vg||; is used for both spaces S(D) and
S(R?). Set

2.1 Fa(D) = {g € S(D): lglz =1},
(2.2) Ga(D) = {g € S(D): Igll3 + 51 Vg3 = 1}.
Our approach largely relies on the estimate of the supremum
1 2
(2.3) sup {(v, g%) — 3 d|Vg(x)| dx}.
geFa(D) R

Notice that for each g € S(D), g2 € S(D). Consequently, the random variable
(V, gz) is well defined and normal. On the other hand, it is not obvious whether or
not the supremum is finite. When it is finite, the variation in (2.3) is the principal
eigenvalue of the linear operator (1/2)A 4 V with the zero boundary condition
over D. The main goal of this section is to show that the supremum in (2.3) is
finite when D is bounded, and to establish a sharp almost-sure asymptotic bound
as D expands to R? in a suitable way. The treatment is entropy estimation.

2.1. Entropy bounds. Consider a pseudometric space (E, p) with the pseudo-
metric p(-,-). For any ¢ > 0, let N(E, p, ¢) be the minimal number of the open
balls of the diameter no greater than &, which are necessary for covering E. In this
section we take £ = G4(D) and

p(f.9)={E[(V. A= (v.e2 P}, f.geGuD).
We have that

12
p(f.g) = { [, ra=n(Pm - 20 - £0)ds dy} ,
R‘IX]R‘]
2.4)
f. g €Ga(D).

Here we specially mention that y (x) = §p(x) in the context of Theorem 1.4.

PROPOSITION 2.1. Under the assumptions of Theorems 1.1, 1.3 or 1.4,

(2.5) 11%1+ ePlog N(Ga(D), p, &) =0
e—>
whenever
2d
(2.6) B>1V——r.
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Noticing that the right-hand side of (2.6) is less than 2,

1
2.7) /0 Jog N(Ga(D), p. &) de < 0.

PROOF. Let/(x) € S(RY) (mollifier) be a symmetric probability density func-
tion supported on {|x| < 1} and introduce the function /. (x) (¢-mollifier) as

(2.8) Lx)=¢e"(""x), xeRie>0.

In addition, we assume that F(I)(-) > 0. Define the operator S, on S(R?) as
172

(2.9 Seg(x) = {fRd g (x — y)ls(y)dy} ; xeRY.

By Fourier transform,

E[(V, &%) — (V. S: ()] /Rd|1 — FO(EVPF (g3 00 (@),

g €Ga(D).

Notice that |1 — F(/)(er)| < 2. By the mean-value theorem there is Cs > 0 such
that

1
@)

1= FUen)| <2' 1 = FD) )]’ < Cslerl’,  reRye>0,

where 0 < 6 < 1 is chosen by (1.9), in connection to Lemma A.2 in the Appendix.
Thus, there is a constant C > 0 independent of ¢ and g, such that

12
pe. S <ce| [ BPIA@W ran] . gedubre>0.

Notice that
IFAW| < F( O =lgl3<1.  geGaD).
In addition, for any A € R? \ {0},
20y L Ao inx
F(g)0) == fw(mz Ve e dx.
Hence,

1. _ 2 _
FEA0] = bl [ [Vemlax =S [ lew][Vee|dx

<2|A|—1|| l2lIVel <2|)»|—1
=7 gl211VE 2_d .

Consequently,

Aol = (142)(14 #) ¢ €Gu(D).
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By (1.9), this leads to

sup [ 2P| F (g2 M) Pu(dn) < oe.
8€Ga(D) /R

Summarizing our argument, there is a constant C > 0 such that

(2.10) sup pl(g, Seg) < Cé?, £>0.
g€Ga(D)

Write ¢ (¢) = ¢5" We have that
sup p(g,Sp)8) <Ce, e>0.

8€Ga(D)
To prove (2.5), therefore, all we need is to show that for any g satisfying (2.6),
(2.11) lim ¢#log N(Ga(D), ps, €) =0,
e—071

where the pseudometric p, is defined as p.(f, g) = P(Sp(e) f. Spe)8) (f. 8 €
Ga(D)). By (2.4)

12
put1:0) = ([ S0 12 = Speo97 0] dx

(s [ 7= DSp0 200 = Spiene 00} dy

>1 /2
where D’ is the 1-neighborhood of D. Take
Ae(f)(@) = (Spe)N?() and  Be(f)(x) = fR YO =0 Spe N dy,

xeD

in Lemma A.3 of the Appendix. All we need is to exam that there are p > 1
satisfying

2p 2d
(2.12) B> >1vVv
2p—1 d+2
and C > 0, m > 0 independent of ¢ > 0 such that
(2.13) |(Spe) /) (6) = (Spie ()] < Ce ™ |x =y,

<Ce "|x—yl,

(2.14) ‘fRd{y(x — ) =7y = D) (Spe) (@) dz

(2.15) LS D@ dz <
and

2.16) [ v =S 1 P@rdz] <
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forall x, ye D' and f € G4(D).
Indeed, by the mean value theorem

(o0 /720 = Sp PO = [ loierx +2) = Loy 0+ D] @

= Coey V= [ fodz
<Co(e) D Ix —yl.
Thus (2.13) holds with m = (d + 1)6~!. For the same m, (2.14) follows
from (2.13), the relation

v =2 =0 =)0 @z

= /R Y @{Spe) )@ —x) = (Spe) )Pz = »)} dz,
and the fact that
f~ly(z)1dz <00
D

for D = {zi+2z22€ RY; 71,22 € D'}
We now come to (2.15). First, for any p > 1 and by Jensen’s inequality,

/Rd|(5¢(s)f)(Z)|2p dz = /]Rd|f(z)|2p dz.

We claim that there is a p > 1 satisfying (2.12) and p(d — 2) < d. Indeed, this
is obvious when d < 2 as we can make p sufficiently large. When d > 3, our
assertion is secured by the facts that the quantity 2p(2p — 1)~! is strictly de-
creasing in p, and that the supremum of p under the constraint p(d — 2) < d is
b=d(d —2)~! which solves the equation

2b 2
2b—1 d+2
By Gagliardo—Nirenberg inequality (see, e.g., page 303, [7]), for which the restric-
tion p(d — 2) < d is critically needed,

2 d(p-1 2p—d(p—1
L refrax<cirig vt <c.

Thus, we have proved (2.15).
It remains to establish (2.16). In the context of Theorem 1.3, by (A.29),

‘/Rd Y (x = 2)(Sp(e) f)? @) dz| < ClISpie) f I3 *IVSpe) FIIS-
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By Jensen inequality, |Sp ) fll2 < || fll2 < 1. From (2.9)
[VSp(e) f ()]

—1)2
= </Rd l¢>(8)(y)f2(x - )’)dy> ‘/Rd l¢(8)(y)f(x —_ y)Vf(x _ y) dy

12
| [ oomlvra-nla]

where the inequality follows from Cauchy—Schwarz inequality. Hence, by Fubini’s
theorem and translation invariance,

Q1) 19Ss0 f1E = [ o] [ V50 =0 Pdx|dy =19 15

The right-hand side is bounded by 1. Thus (2.16) holds.

In the context of Theorem 1.1, (2.16) follows from the bound |y (z)| < C(1 +
|z|~%) and a similar estimate [with (A.29) being replaced by (A.17)].

In the context of Theorem 1.4,

[ 7t = 2Spe 2@ dz = (Spio f20) = sup £,
R4 yeR
Hence, (2.16) follows from the estimate

ro=z| 1f @ f @) du

52{/_0:0fz(u)du}1/2{/O:O|f’(u)|2du}1/252, yeR.

2.2. Consequences of the entropy bounds. According to the classic theory on
sample path regularity (see, e.g., Appendix D, [7]), under (2.7) the supremum
in (2.3) is finite, integrable and {(V, g2); g € G4(D)} has continuous sample paths
with respect to the pseudometric induced by its covariance. By the linearity of V
and a standard extension argument, such sample continuity is extended to S(R9).

Given a generalized function £ on R, that is, a linear functional on S;(R%), set

1 2
2.18 re(D) = N e v d }
2.18) «or= sup lie.g?) 3 [ Ve fas

For any ¢ > 0, let D, be the e-neighborhood of D. By the obvious monotonicity
of A¢(D) in D, the limit

+ _ .
(2.19) MDY= lim Ag(Dy)

always exists at least as extended number. It is not clear to us whether or when
2 (D) =g (D).
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Let the e-mollifier /. (-) be given in (2.8) and define the pointwise random field
Ve () as
(2.20) Ve(x) =(V,I.(-—x)), xeR%

LEMMA 2.2. Under the assumptions of Theorems 1.1, 1.3 or 1.4
(2.21) lim E  sup (V,g*)=0

e=0" peg,((—e.e)d)
and

(2.22) Agv(D) <liminfagy, (D) <limsuphgy, (D) <Ajy (D), as.
e—>0

e—>0t
for any 6 > 0 and bound domain D C R?.
PROOF. In our view, G;((—¢, £)?) is a subset of G4((—1, 1)?) as ¢ < 1. By

the continuity of the Gaussian field {(V, g2); g € G4((—1, 1)?)} with respect to its
covariance function established by Proposition 2.1,

alirg+Esup{<V, g% g €Ga((=1,1)%) and E(V, g2)2 <é8}=0.
—

To establish (2.21), it suffices to examine that

(2.23) lim  sup E(V,g??=0.

e 0% g, ((—e,0))

Indeed, in the case of Theorem 1.1,
2
BV, = [ 76— g drdy

2 2
<cC g (x)g=(y) dx dy < Cs2—
RS |x —y|* Re |x — y|*

2 2
g (x)g (y) dx dy.

where the constant C > 0 is different in each step but independent of g. The con-
stant o’ is chosen by the principle that @ < «’ < 2 A d. Consequently,

/ g2 ()&% (y)
]Rd

Al L Cullgl;™ IVelll <Cun  g€Ga((—e.0)?),

where C, is given in (A.18) with « being replaced by «’. Hence, we have (2.23).
This argument applies also to the settings of Theorems 1.3 and 1.4. For Theo-
rem 1.3, we use (A.29) instead of (A.17) and pick 2H; — 1 <a; <1(j=1,...,d)
with o) + -+ +ag < 2.
As for Theorem 1.4, we first apply in (A.2), [3] [with p=d =1,0 =1/2 and
f(x) = g*(x)] that gives

o 84(x) 4
/_Oo i drSClelf g eGu®),
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where C > 0 is independent of g. The right-hand side is uniformly bounded
over g € G4(R) according to the Gagliardo—Nirenberg inequality (see, e.g., (C.1),
page 303, [7])

lells <Clg'|3%1el® <C,  geGa®).

We now come to (2.22). Let g € F4(D) be fixed but arbitrary.

1
hov (D) 26 [ Vewgdx =3 [ Vel ax.

By linearity,

(2.24) fRd Ve(x)g2(x)dx = /Rd(v, (- — x))g> () dx =V, (S:8)?).

In addition, by (2.10) and a proper normalization one can see that S;g converges
to g under the covariance pseudomatric p given in (2.4). By the sample path con-
tinuity of the functional (V, g?) resulting from Proposition 2.1,
lim (V, (Seg)?)=(V, g%,  as.
e—>0t

Hence,

liminf Agy, (D) > 6(V, g%) — l/ |Vg(x)|2dx a.s

g0+ ‘ - ’ 2 Jrd ' o

Taking supremum over g on the right-hand side, we establish the lower bound
needed by (2.22).

As for the upper bound, first notice that for any g € F4(D), f = ||Sgg||;188g €
Fa(Dg). By (2.24) and linearity,

1
Xov, (D) < sup {(V,(Sgg)z)—i IV(Sgg)(x)lzdx}
geFa(D) R4

E( sup ||$8g||%) sup {(V, fz)— %A;JVJC(X)de}

geFq(D) feFa(Dy)
< Aov(Dy),

where the last step follows from the fact ||S.gll2 < |lgll2 = 1 [see (2.17)] for any
g € Fa(D).
Letting ¢ — 0% leads to the upper bound needed by (2.22). I

In the rest of the section, we demonstrate how Proposition 2.1 (or Lemma 2.2,
more precisely) is used to bound the principal eigenvalue given in (2.3).

The principal eigenvalue over a large domain can be essentially bounded by the
extreme value among the principal eigenvalues of the sub-domains, according to
a nice strategy developed by Gértner and Konig [13]. Let » > 2. By Proposition 1
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in [13], also by Lemma 4.6 in [14], there is a nonnegative and continuous function
@ (x) on RY whose support is contained in the 1-neighborhood of the grid 2rZ¢,
such that for any R > r and any generalized function &,

(2.25) Ae—ov(QR) < max Ag(z+ Qr41), y €O,
ze2rZ4NQ0g

where &Y (x) = ®(x + y), and we use the notation Qg = (—R, R)? for any R > 0.
In addition, ®(x) is periodic with period 2r,

D (x +2rz) = D(x), xeR? 7 e7¢,

and there is a constant K > 0 independent of r such that

K

It should be pointed out that orlglnally, (2.25) was established for the ordinary
function £. However, it can be extended to the generalized function without any
extra effort, due to the linearity preserved by the form (£, ¢) (¢ € S(RY)).

Write

1 1
— - y d
n(x) = aryd /;r¢(x+y)dy_ aryd /qu> (x)dy, x e R”.

By periodicity, n = n(x) is a constant with a bound given in (2.26). Hence,

/ re—oy(QR)dy

(2.26)

K
re(QR) < —-H»s (O =+ o
(2.27)

K
<—+ max As(z+ Ors1)s
r 7€2rZ4NQgr
where the last inequality follows from (2.25), and the second inequality follows
from the following steps:

1 1
heoy(QR)=  sup {Qr) f <s—<I>y,g2>dy—5/R|Vg(x)|2dx}

8€Fa(Qr)

:ge]s—‘d(pQR){@i) / [(f — @7, g%)dy - _/ (Vg (x)] dx] dy}

<! sup [(S — Y, g%)dy — l/ Wg(x)lde] dy
~ @2r)4 o, geraon ’ 2 Jog

1
= W/Q }»s—@'(QR)d)’-

In the next lemma, we not only show that the principal eigenvalue in (2.3) is
finite for any bounded domain D, but also provide sharp asymptotic bounds for
the almost-sure increasing rate of the principal eigenvalue as D expands to R in
a proper way.
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LEMMA 2.3. Under the assumptions of Theorems 1.1 or 1.3, for any 6 > 0,
(2.28)  limsup(log?) ™ “npv(0;) < 0¥ 9nd, o), a.s.,

—00

where

4 — o/(4—a) B
1 ¢ (%) (2dc(y)k(d, oz))z/(4 @)

in the setting of Theorem 1.1,

4 — o/(4—oa) B
- “ <%) (2dCyi(d, H)Y 4™,

in the setting of Theorem 1.3.

(2.29) h(d,a) =

Under the assumption of Theorem 1.4, for any 6 > 0,

1/3 2/3
(2.30) 1imsup(1ogt)2/3A9V((—z,z))§§(§> 643, as.

t—00

PROOF. Letu > 0 be fixed, and write

Vu(log '/ @),
in the setting of Theorems 1.1 or 1.3,

Vu(logn)'/3,
in the setting of Theorem 1.4.

2.31) a(t) =

For each g € S(R?), write

(2.32) g =a@®)?gla)x), xeR’
By rescaling substitution g — g;,
2 -2 2 1 2
(2.33) ev(Qn) =a()”  sup (0a() TV, &) — > [Ve(x)| dx ¢
2€Fa(Qrary) 2 JQua0)

Let {{(Vi,0);0 €S (R%)} be the generalized Gaussian field defined as (V;, ¢)) =
(V, @), where ¢o(x) = a(r)? @(a(t)x) [notice that this is different from the defini-
tion in (2.32)]. Then we have (V, g2) = (V,, g%). Taking & = fa(t) =2V, in (2.27),
by (2.33) we have that

K
(2.34) rov (0) < a(r)z{— 4 max Xza)}
r ZEZ}’ZdﬁQ,a(,)

for any r > 2, where, by homogeneity of the Gaussian field {(V, ¢); ¢ € S(RY)},

the stochastic processes

-2 2 1 2
X, (t)= sup Oa(t)~*(V,g;)— = |Vg(x)|"dxt,
8€F4(z+0ri1) 2 )i+ 04

e 2VZd N Qta(t)
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are identically distributed. Thus

P! max  X.(t)> 1| <#{2r7¢n Pl Xo(t) > 1.
{ze2erﬂQza(t) () }_ {r Qta(Z)} { o® }

By linearity, for any g € F4(Q,+1),

_ 1
a(t) 2V, g?) — 5 IVg(x)[* dx
2+ 0r+1
_ 1 1
<0a)2(_swp (Vo) (14 519813) - 31VelB
F€Ga(Qr41)

Here we recall that the class G;(D) is defined in (2.2). Taking supremum over g,

_ 1 1
o= swp foaw(sup (vos2) (14 1vel3) - 1velB)
8€Fa(Qr+1) F€Ga(Qr+1)

Consequently,

(Xo=1}c| sup (v, fA)z07'aw?}.
£€Ga(Qrt1)

Summarizing our argument,

IP’{ max  X.(t) > 1]
z€2rZ4N Qm(,)
(2.35)

#2200 IP|  sup (v, g})=07"a)?].
8€Gd(0Qr+1)
Notice that for each g € Ga(Qr11), (I + a®?|Vel3)~2g () €
Gd(Q (r+1)a(n-1)- By linearity,

E sup (V,g2)<(14a@)?)E sup (v, 3
gegd(QrJA) fegd(Q(r+l)a(t)fl)

=o(a(r)?) (t — 00),

where the last step follows from (2.21) in Lemma 2.2.
By the concentration inequality for Gaussian field (see, e.g., (5.152), Theo-
rem 5.4.3, page 219, [22], in connection to Corollary 5.4.5, page 224, [22]),

]P’{ sup (V,gtz)>0_1a(t)2}
8€Gd(Qr+1)

236) =P| sup (V.g}]-E sup (V,g})>(1+0(1)0  a(t)?]
8€Gd(Qr+1) 8€Gd(Qr+1)
a(t)“}

< exp{—(l + 0(1))W ,
i
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where

o= sup Var([V,g?).
8€94(Qr+1)

In the setting of Theorem 1.1, by (1.10) and other assumptions on y (x),

o= sw [ ye-ngmee)didy
8€Ga(Qry1) JRIXR
= swp [ a0 @ - )W dxdy
8€Ga(Qry1) /RIXR

2 2
~c()a®®  sup / WD) gy (1t o0).
2€G4(0,41) JRIXRY |x — y|*

Notice that

2 2
sup f §WEW) 4y < 62(d. )
Rd x R4

2€Ga(0r11) lx — y|*
4—q (4—a)/2 o a2
=( : ) (5) «(d, @),

where o(d,«) is the variation defined in (A.21) and the last step follows
from (A.23) of Lemma A.4 in the Appendix.
In view of (2.31),

}P’i sup (V,gtz)>0_la(t)2]
8€94(Qr+1)

4 \G-02 N2 gpydee
(2.37) SCXP{—(1+0(1))(4—) (;) W}

<exp{—(d + v)logt}

for some v > 0, whenever ¢ is large and the constant u [appearing in (2.31)] satis-
fies u > 044 Ipd, o).

The asymptotic bound (2.37) also holds in the setting of Theorem 1.3 by the
same calculation of 0,2, where (A.23) in Lemma A.4 is replaced by (A.35) in
Lemma A.6.

By (2.35), for large t there is v’ > 0 such that

IP’[ max X, () > 1] <exp{—v'logt}.

2€2rZ9NQ0ta()42r

Consequently,

P max X,(tx) > 1} <00
d Z
X ZE€2rZN Qo a(y)+2r
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for 1, = 2k (k=1,2,...). By Borel-Cantelli lemma,

lim sup max X () <1, a.s.
k—o00 z€2rZN Qo a(y)+2r

In view of (2.31) and (2.34),

limsup(log 1) ™/ “*) a9y (Qy,) < <£ + 1>u, a.s.
k—>00 r
for any u > 0% @=Op(d, o). Thus, (2.28) follows from the facst that Ay (Qy) is
monotonic in #, K > 0 is independent of r, r can be arbitrarily large and u can be
arbitrarily close to 0%/“9h(d, a).
Based on the same argument, to establish (2.30) all we need is to show that

(2.38) P{ sup (V,gf)=07"a(®)?] <exp{—(1+v)logt)
8€G1(Qr+1)

for some v > 0, whenever ¢ is large and and u > %(%)2/394/3.
Indeed,

5 r+1 5 5 © 3 /1\3/2
o= sup / (g7 (x))"dx <a(t) sup g (x)dx:—(—) a(t),
8€G1(Qr 1) /=) g€Gi(R) /—00 4\2

where the last step follows from (A.37) in Lemma A.7. By (2.36), therefore,

P[ sup  (V, th) > G_Ia(t)z}
£2€G1(0r41)

< exp{ —(1 + 0(1)) (%)23/20—%10)3}

2
= exp{—(l +0(1)) (5)23/29—2143/2 logt},
which leads to (2.38). O

REMARK. Clearly, (2.28) and (2.30) still hold when Agy (Q;) is replaced by
)JV(Q,). Further, they can be improved into equalities where the limsup can be
strengthened into limit. The needed lower bounds will be given in Lemma 4.1
below.

3. Upper bounds. In this section we establish the upper bounds needed for
Theorems 1.1, 1.3 and 1.4. Thanks to the homogeneity of the potential, the distribu-
tion of the quenched moment in our theorems does not depends on By. Therefore,
we may take By = 0 in the proof. In other words, we prove that for any 6 > 0,

t
limsup s~ ! (logr) =% “=¥ 1og Ky exp{@ / V(By)ds }
t—00 0

(3.1
<M, ), a.s.
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in the context of Theorems 1.1 or 1.3, where i (d, «) is defined in (2.29) and

t
lim supt_1 (logt)_z/3 logEg exp{@ / V(By) ds}
0

11— 00

2/3
< %(%) 04/3, a.s.

in the context of Theorem 1.4.
First, in all settings,

(3.2)

t
(3.3) E®Eqy exp{@/ V(Bs)ds} < 00, t > 0.
0
Consequently,
t
Eoexp{ef V(Bs)ds} < 00, as.t>0.
0

Here we recall our notation that “IE,” “P” are used for the expectation and proba-

bility with respect to the Gaussian potential, and that “Eqy,” “IPy” are used for the

expectation and probability with respect to the Brownian motion starting at 0.
Indeed, by the (conditional) Gaussian property stated in Lemma A.1,

t g2 rt gt
E@Eoexp{ef V(Bs)ds}onexp{Tf / )/(Bu—Bv)dua’v}.
0 0 JO

Therefore, (3.3) follows from Theorem 4.3, [5] in the setting of Theorem 1.1;
from (A.28) below in the setting of Theorem 1.3; and from Theorem 4.2.1,
page 103, [7] in the setting of Theorem 1.4.

For any open domain D € R?, set the exit time

tp =inf{s > 0; By ¢ D}.

Recall the notation Qg = (—R, R)<.
In light of Lemma 2.3, our strategy for both upper and lower bounds can be
roughly outlined by the following asymptotic relation:

t
G34) Boexplo [ V(B ds| ~ explrray (Qro)).
where the principal eigenvalue is introduced in (2.18), and square radius R(¥) is

nearly linear and carefully chosen according to the context. To implement the up-
per bound, we consider the decomposition

Eq exp{@/: V(Bs)ds}

t
=E0[exp{9/0 V(Bs)ds};tQR1 zt}
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ZEo[exp{ [ vods)ice, <t=r0y,]

k=1

t
§E0|:exp{9/ V(Bs)ds};tQR1 Zt}
00 ¢ 1/2
+>( Poftop, <) {Eo[exp{%?/o V(Bs)ds};rQRkH 2t:|} ,
k=1

where

(Mt(logt)l/(4_“‘))k,
_ in the context of Theorems 1.1 or 1.3, k=12
(Mt(logt)'/3)k, U
in the context of Theorem 1.4,

and the constant M > 0 is fixed (for a while at least), but arbitrary.

The first term in the above decomposition is the dominating term and is esti-
mated in the following. Let p, g > 1 with p~! + ¢~! =1 with p close to 1. By
Lemma 4.3 [(4.5), with 6 = 1 and («, B) being replaced by (p, ¢)] in [8], we have
for any ¢ > 0,

t
Eo[exp{e/ Vg(Bs)ds}; TQp, Zt]
0

1 1/q
< (Eoexp{eq /0 Vg(Bs)ds})

1 t—1 1/p
X{W/Q Ex[exp{pO/O Vg(Bs)ds};tQRl Zt—l}dx} ,
Ry

where the Gaussian field V,(-) is defined in (2.20).

The purpose of taking the above steps is to localize the Brownian range and
to re-shuffle the starting point of the Brownian motion uniformly over Qg,. The
Brownian motion reaches anywhere of a super-linear (in ¢) distance from the origin
with a super-exponentially small probability which is negligible in comparison to
the essentially linear deviation scales shown in our main theorems. The reason
behind re-shuffling is the explicit bounds (see, e.g., Lemmas 4.1 and 4.2 in [8])
between the principal eigenvalues appearing in Lemma 2.3 and the exponential
moment of the Brownian occupation time, in the case when the Brownian motion
has a uniformly distributed starting point. Indeed, according to Lemma 4.1 in [8],

1—1
/ Ex[exp{pQ/ VS(BS)ds}; Tog, =1 — 1:| dx
Or 0 !

<|Qg lexp{(t — DA pov, (Qr))}-
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Hence,

t
Eo[exp{G/ Vg(Bs)ds}; TOg, zt:| dx
0

2 R2N\4/2D) I g
5(—‘) (Eoexp{q9 /0 V€<Bs>ds}) exp{(t — Drapy, (Or).

g

The reason for considering V. instead of V is that Lemmas 4.3 and 4.1 in [8]
were designed only for the pointwise defined functions. To pass the above inequal-
ity from V, to V, we let ¢ — O™ on the both sides. First notice that for any fixed ¢,
by comparing the variance between V, and V, we have that

t
E®Eqy exp{@/ Vg(Bs)ds}
0

t
<EQ®Ey exp{@/ V(Bs)ds}
0

and by (3.3), the right-hand side is finite for arbitrary 8 > 0. Hence, a standard
argument by uniform integrability together with Lemma A.1 leads to

t t
exp{@/ Vg(Bs)ds} — exp{@/ V(Bs)ds}

0 0
Applying Fatou’s lemma and (2.22) in Lemma 2.2 to the inequality,

t
Eo[exp{Q/ V(Bs)ds};ﬂcQR1 Zt} dx
0

< (Z_R%>d/(2p) <]E0 exp{q@/ol V(Bs)ds}>1/q exp{(t — I)AJPV(QRI)},

T

35) lim E®E, —o.
e—071

a.s.

By a similar argument with p =g = 2,

t
Eo[exp{ZQ/(; V(B.S)ds}’ TQR]H_I Z t:|

IR2 N\ d/4 1 1/2
5(%) (Eoexp{49/0 V(Bs)ds}) exp{(t — DALy (Ore, )

a.s.

fork=1,2,....
Summarizing our estimate,

t
Eo exp{@/ V(Bs)ds}
0

P (2_R%>d/(2p) (Eoexp{éq/(;l V(Bs)ds}>1/q exp{(t — g,y (Qr)))

g
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1 1/2
+ (Eoexp{49/ V(Bs)ds})
0

- 2R,%+1 a/4 12 +
X Z — (]P’O{IQRk <t})"“exp{(t — DAJyy (Qr, )} as.
k=1

By the classic fact on the Gaussian tail,
(PO{TQRk < f})l/Z =< eXp{—cR,%/t} = exp{—cMZksz_l(10gt)2/</(4—a)}.

Consequently, (3.1) and (3.2) follow from Lemma 2.3. Indeed, by (2.28) or (2.30)
(depending on the context), the second term (in the form of infinite series)
on the right-hand side of the established bound is almost surely bounded
when M is sufficiently large, and the first term contributes essentially up to
the bound given in (3.1) or (3.2) as p > 1 can be made arbitrarily close
to 1.

4. Lower bounds. In this section we establish the lower bounds needed for
Theorems 1.1, 1.3 and 1.4. In other words, we prove that for any 6 > 0,

t
liminfz~! (log )2 G- logEq exp{@ / V(By)ds }
t— 00 0

4.1)
> 94N pd, ), a.s.

in the context of Theorems 1.1 or 1.3, where i (d, «) is defined in (2.29) and

t
P -2/3
h,fﬂlg.}ff (logt) logEq exp{/o V(Bs)ds}

2/3
>l(§> 94/3, a.s.
—2\2

in the context of Theorem 1.4.

Our treatment consists of two parts: Implementation of (3.4) for its lower
bounds and establishment of the lower bounds for the principal eigenvalues which
correspond to the upper bounds given in Lemma 2.3.

All notation used in Sections 2 and 3 is adopted here. Let p, ¢ > 1 satisfy p~! +
g~ =1 with p being close to 1, and let 0 < b < 1 be close to 1. For each & > 0, let
the pointwise defined potential V,(x) be given as (2.20). Taking « = p and g = §3,
8 = t? in (4.6), Lemma 4.3, [8] we have

4.2)

t
Eo exp{@ / Ve (Bs) ds}
0
tb

q -prlq
> (Eoexp{——é’ VE(Bs)ds}>
P 0
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o rt—tb p
X (thh Db (X)Ey exp{;/o Vg(Bs)dx})

b

q -prlq
> <]E0 exp{——@ Vg(Bs)ds})
p 0

o<t o rt—t* p
X (7(27”1))[1/2 /be E, exp{;/o VS(BS)}dx) ,

where p,»(x) is the probability density of B,».
Taking 8 = ¢” again and replacing 7, « and 8 by r — ¢, p and ¢, respectively,
in Lemma 4.2, [8],

o rt—t°
E, exp{—/ Vg(Bs)}dx
Qb pJo

> (27-[)Pd/2(t _ lb)db/z(t - tb)]’d/(Zq) (t . [b)_2dh
p
x exp{—g(t —~ tb)b)\(p/q)QVg(th)} exp{pthgv,/p(Qw)}.

Noticing that Agv,/»(Q;b), A(p/q)0v. (@) = 0, and replacing e—ct’ by e fora
larger C to absorb all bounded-by-polynomial quantities,

b

t B q -pr/q
Eoexp{Q/ Vg(Bs)ds} > e ¢! (Eoexp{——e VE(Bs)ds}>
0 p 0

2
p
X CXP{—;fbMp/q)evg(th)} exp{trov,/p(Qp)}.

Letting ¢ — 0" and taking the relation V 2 _V into account, by (3.5)
and (2.22) in Lemma 2.2,

t
Eo exp{&/ V(Bs)ds}
0
Zb

-p/q
> ¢ Ct’ (Eo exp{—ze V(Bs)ds})
P 0

2
p
X exp{—?fb)‘z;/q)ev(th)} exp{trov/p(Qp)}, a.s.

Here we try to explain the strategy used in the above steps. The Brownian mo-
tion is allowed to re-shuffle its starting point uniformly over Q,» within the afford-
able price e ¢! ” We take b < 1 to make sure that the energy spent by the Brownian

motion during the “relocation period” [0, 1] is insignificant. Indeed, replacing V
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by —V and ¢ by ¢? in (3.1) or in (3.2),
tb

log Eo exp{—ﬁe V(Bs)ds} —o(1),  as. (t = 00).
P 0
In addition, by Lemma 2.1,

2
p
_tb)‘a—v/q)ev(th) =o(1), a.s.

under b < 1.

On the other hand, we make b close to 1 to give the Brownian motion a decent
chance to reach any location (within the period [0, P 1) up to the distance P ~t
where the energy is rich to the degree requested by the lower bounds in (4.1)
and (4.2).

By the fact that p > 1 and b < 1 can be made arbitrarily close to 1 [In particular,
Aoy p(Qp) =~ Aoy (Qy).], the lower bounds (4.1) and (4.2) follow from the next
lemma which states another side of the story stated in Lemma 2.3.

LEMMA 4.1. Under the assumptions of Theorems 1.1 or 1.3, for any 6 > 0,
(4.3) litminf(logt)_z/(4_°‘))»9v(Qt) >0 Dnd ),  as.,
—00

where h(d, o) is given in (2.29).
Under the assumption of Theorem 1.4, for any 6 > 0

1/3 2/3
. —2/3 4/3
(4.4) liminf(logr) By ((—t, 1)) = 56) o4/3, a.s.

PROOF. Recall that a(¢) and g;(x) are defined in (2.31) and (2.32), respec-
tively. Let the constant r > 0 be fixed but arbitrary, and set N; = 2r74 N O:—r.
By (2.33) and by the monotonicity of Agy (D) in the set D C RY,

_ 1 5
Jov(0) = a(®Pmax  sup {Qa(t) 2y, g?) — = Ve dx}.
2Nt geFy(a(t)z+0y) 2 Jawyz+0,

For any g € G;(0Q,) and z € NV;, notice that g°(-) = g(- — a(t)z) € Fy(a(t)z +
Q,), and by translation invariance,

/ |VgZ(x)|2dx:f Vex)[Pdx,  zeN,.
a()z+Qr O

Consequently,

ZE

1
45)  Aev(0n) = a(;)z{eam—z max(V, (¢°)7) - 5 /Q |Vg<x)|2dx}
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for any g € F4(Q;). In the following argument g € F;(Q,) is fixed but arbitrary.
Set t;, = 2k (k=1,2,...). Our next step is to show that

4.6 liminfa(z) 2 V,(g9)*) > s.
(4.6) iminfa () Zneljavﬂ (&), )=o), as
whenever
u< (2dc(y))2/ (4-0) in the context of Theorem 1.1,
4.7) u < 2dCg)* G-, in the context of Theorem 1.3,
u <223, in the context of Theorem 1.4,
where

2 2 1/2
( / g (x)g=(y) dx dy) ’
RIxRY  |x — y|P

in Theorem 1.1,
1/2

d ~1
2 2 . y.2—2H;
o(g)= (./Rdedg (g (y)(,l;[l lxj =il ) dﬁwl}’) ;

in Theorem 1.3,

00 1/2
(f g4(X)dX) ,

in Theorem 1.4.

The proof of (4.6) in the setting of Theorem 1.4 is easy due to the fact that the
sequence

(V.(e7))  zeN

is an i.i.d. family with the common distribution N (0, a(t)o*z(g)). Consequently,

2 ([ 4 12
S T

B (1 - P{(V’ (&")7) > a(t)2</_o; g4(x)dx>1/2}>#w>.

By the classic tail estimate for normal distribution,

Piv. (6] > a?( | g“(x)dx)]/z}

—o00
a(r)’
2
By the fact that #(\N;) ~ (2r) 't as t — 0o, we have

u3/?logt }

=exp{—(1+0(1)) }=exp{—(1+0(l))T :

ZEN;

(4.8) P{max(V, (¢)7) < a(t)2</_o:0 gt dx) 1/2} <exp{—t#)
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for some 8 > 0, whenever u < 22/3, Consequently,

;P{ggg[iw, ()5 = a(fk)z(/_o; g“(x)dx)l/z} < o0.

Hence, (4.6) follows from Borel-Cantelli lemma.

In the settings of Theorems 1.1 and 1.3, the proof of (4.6) is harder due to
lack of independence. Our approach relies on the control of the covariance. Write
E,(t) =(V,(g%)?). Foreach z,7' € N},

Cov(&;, &)

- ,/RdXRd y(x— y)(gz)f(x)(ng)tz(y) dxdy

= Jrdra y(x—y+(z—7))gl gl (y) dxdy

ol y(a® ' —y) + (z—2)g2@)g2(dxdy,  z.7 €N,

Taking z = 7’ in the setting of Theorem 1.1,

Vargo) = [ v(a)”!(x = )@ dxdy
(4.9) *
~c(y)o?(@a®®  (t— o0),

where the last step follows from (1.10).
Using (1.19) instead of (1.10), we can see that in the setting of Theorem 1.3,

(4.10) Var(&o(1)) = Cro’(g)a(r)® (t > 0).
We now claim that in both settings,

4.11) R, = nggﬁ/ |Cov(&,(1),&,(1))| = o(a(r)?) (t = 00).
7#7

By the assumption that y(x) is bounded on {|x| > 1}, Cov(&;(¢),&,(¢)) is
bounded uniformly over the pairs (z, z’) with z # 7’ and over ¢ in the setting of
Theorem 1.1. In particular, (4.11) holds.

The proof of (4.11) is a little trickier when it comes to Theorem 1.3. That is the
reason why we cannot have a constant bound for Cov(&;(z), &,/(t)) with z # 7/.
More precisely, Cov(&;(t),&,(t)) — oo as t — oo when z; = z;» for some 1 <
Jj <d. Here we use the notation z = (z1, ..., z4). Write

J(z,2)={1<j<dz;=2}}, 2,7 €N,
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By (1.19),

/Rdxw (@™ =y + (2= 2))g* (g () dx dy

—1
~cu( T l=5P7") awee?

J¢J(z,2))
-1
<[, E0Eo( TT by=yP2) dxdy =00
RIxR jeJ(z,7)
where
a(z,z)= ) (@-2H)).
jeJ(z,7)

By the fact that |z; — Z’J-I > 2r for j ¢ J(z,7'), the above asymptotic equivalence
can be developed into the uniform bound

max_|Cov(E(1), &(0)| < Ca)®
,Z#Z/ t

Z

where
o = max a(z,7) <o
7,7/eN;

2#7

So (4.11) holds.
Given a small but fixed v > 0, taking A = o (g)a(t)? and B = vo (g)a(r)? in
Lemma 4.2 below,

Plmaxs. () <o (9)aw)’]

2R, + Var(£(1)) })’Wf

= <]P){§0(f) <1+ U)U(g)a(t)z\/ Var(£(1))
+P{U = vo (9)a()*/v2R,},

where U is a standard normal random variable.
For the second term on the right-hand side,

via(t)*o?(g)
4R;

for large ¢, where the last step follows from (4.11).
As for the first term, by (4.9) and (4.10) the algorithm used in (4.8) shows that it

is bounded by e’ ? for some B > 0 when ¢ is large, v is small and u satisfies (4.7).

P{U > va(g)a(t)z} = exp{—(l +0(1)) } <exp{—2logt}
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Summarizing our computation, we obtain a bound that leads to

> B max (1) < o ()a(n)’} < oo.
& F4S e

So (4.6) follows from Borel-Cantelli lemma.
In view of (4.5), (4.6) implies that for every g € F4(Q;),

liminf(log )~/ =9y (Qy,)
k— 00

2 2 1/2

- ; d a.s.
2 , | g(x) | X il

liminf(log 1) 2“4~y (Q4,)
k— 00
d —1 1/2
z(zch)Z/“—“)!e(/ g2<x>g2(y)(1'[|x,-—yj|2—2”f> dxdy)
R4 xR4

j=1
(4.13)
1
-5 /Rd|Vg(x)|2dx},

a.s.
in the setting of Theorem 1.3, and that
liminf(log ) ~**gv (Qy,)

—> 00

(4.14)

o0 12 | oo )
322/3{9</ g4(x)dx> — = Fes) dx}, a.s.
—00

—00
in the setting of Theorem 1.4.

By the monotonicity of Agy(Q;) in ¢, the liminf along the sub-sequence #
in (4.12), (4.13) and (4.14) can be extended into the liminf along the continuous
time 7.

Recall that W12(R?) is the Sobolev space defined in (1.12). Consistently
with (2.1), we define

Fa(RY) = (g e WH2(RY): |Iglla = 1}.

We now prove that the functions g on the right-hand sides of (4.12), (4.13)
and (4.14) can be extended from F;(Q,) to F;(R?), and complete the proof of
Lemma 4.1.

We start with (4.12). The right-hand side can be extended to all g € fd(]Rd)
for the following two reasons: First, the infinitely smooth, rapidly decreasing and
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locally supported functions are dense in the Sobolev space W!2(R?) under the
Sobolev norm

Igllwizga =/ llgl3 + 51Vel3
and r > 0 in (4.12) is arbitrary. Second, by (A.18) the functional
2(v) 02 1/2
g~ g~ (y) ) 1 2
F =(/ ————dxd ——/ Veg(x)|"dx
@ RIxR - |x — y|* g 2 ]Rd| 8|

is continuous under the Sobolev norm || - [[y1.2(dy-

Taking supremum over g € Fy (R?) on the right-hand side of (4.12) we obtain
the lower bound

liggf(log 401 (0))
> 2de())” " My o (6)

_ a/(d—a)
_4-« (5> (2de()0%(d, )™, as.
4 2
in the setting of Theorem 1.1, where My o (6) is defined in (A.20), and the last step
follows from the variation identity (A.22).

Using (A.34) (with o; =2 — 2H;) instead of (A.22), by the same argument,
from (4.13) we derive that

liminf(log )2/ “~9 4y (0;)
r—00
> 2dCr)* 4 My 4(0)

4 — o/(d—a) w
- “(O_‘) (2dc()0%d, H)Y @, as.

4 \2

in the setting of Theorem 1.3.
In the same way, by (A.36) and (4.14) we have

liminf(log 1)**2gv (Q;)
—> o0
0o 1/2 1 0 5
>22% sup {9</ g4(x>dx> ——f |g'(x)] dX}
geFI(R) —o0 2 )00

1/3\*?
:§(§> «94/3, a.s.

in the setting of Theorem 1.4. [J

We end this section with the following lemma.
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LEMMA 4.2. Let (&1, ...,&,) be amean-zero Gaussian vector with identically
distributed components. Write

R = max|Cov(§;, £)|
i#]
and assume that Var(&1) > 2R. Then for any A, B > 0,

Plpaxi= ) = (Pl = \/%m + B)})n +P(U > B/V2R),

where U is a standard normal random variable.

PROOF. Let ny,...,n, be an i.i.d. sequence independent of U. Assume that

[ Var(§))
= [— 2 2RU).
Ck 2R+Var(§1)(nk+v U)

With the assumption Var(£1) > 2R, it is straightforward to exam that

m 4 &1 and write

Var(§) = Var(5r) and  Cov(§;, §;) < Cov(4;, ¢;), i,j,k=1,...,n.

By Slepian’s lemma ([23], see also Lemma 5.5.1, [22]),

P{maxék < A} < P{l}(lgék < A}.

k<n

Notice that

max ¢ = 2R Var(§1) U+ Var(§1) max
ken X TV 2R + Var(g)) 2R + Var(g)) kem T

By the triangle inequality,

2R + Var(§)
Plr?é‘,i‘ék <4< P{f,?;lj Nk < \/Var:(s])(A + B)} +P{U < —B/V2R).

The conclusion follows from the symmetry of U and the independence of {n}.
O

APPENDIX

A.l. Brownian integral as a limit. In this subsection, (V, ¢) (¢ € S(R?))
is a mean-zero generalized Gaussian field with homogeneity defined in (1.6). Let
u(dx) be the spectral measure of (V, ¢) and let the pointwise defined Gaussian
field V. (x) (x € R?) be given in (2.20). The main goal here is to prove
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LEMMA A.1. Assume that
1
Al dx
(A1) L, o <
Under the product law P Q@ Py, the L>-limit
t t

(A2) / V(B ds Y lim / V.(B,)ds

0 e—0tJo

exists for every t > 0. In addition, there is a modification of the limiting process
in (A.2) that is (% — u)-Holder continuous for any u > 0. Further, conditioned on
the Brownian motion, the process

t
(A.3) /0 V(By)ds, t>0

is mean-zero Gaussian with the (conditional) variance

! 2 1 ! iA-Bg 2
(A.4) IE{/O V(Bs)ds} = Gy fRdfOe ds

PROOF. First notice that conditioned on the Brownian motion, the process

w(dr),  t>0.

t
1.(0) =/ V.(By)ds, 120
0

1s Gaussian with the conditional variance

1 £ 2

2 _ iA-B(u) 2

(A.5) EI;(t) = ) /Rd /0 e du |]-"(l)(8)»)] w(d>X).
We claim that there is a constant C > 0 such that
r 2

(A.6) /dEx‘/ P BW gyl pdryy<Ccevie®),  t=0.

R 0
Indeed,

2
://Ee’“B —Bv) qu dv

_/ / exp{——|u — vl} dudv.
The right-hand side is equal to

4 2 2
Il PR oY /2],
W[ TN

which yields a bound 4¢/|A|? for |A| > 1. As for |A| < 1, we use the trivial bound

t pt 2
|A] 2
// expy———|u —v|jdudv <t-.
0Jo 2

0
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Thus

]
R 0

Hence, (A.6) follows from (A.1).

To prove the £?-convergence described in (A.2), all we need is to establish the
existence of the limit lim, o/, o+ Ex @ E(/y (1) 1:(1)).

Indeed, similar to (A.5),

2
1
w(dh) 54;/ —zu(dk)+t2/
{In=1y [A] {Ir=t

}u(d/\)-

2
FA)(en)F(1)(e'A) u(d).

1 "B
Ex ®E(18,(t)18(t))_WAdEx‘_/(; e du
By (A.6), the fact that
|F()(er)| <1 and 1ir51+ F(er) =1,
e—>

and by the dominant convergence theorem we obtain

1 L.
lim E, @ E(I(r)L:(t =—/ E / e+ BW gy
o Ex QE(Iy (1) I: (1)) @ Jea 2|,
Write Io(r) = lim,_, o+ I;(¢) as the £2(P, ® P)-limit. Recall the classical fact
that the £2-limit of Gaussian process remains Gaussian. Conditioned on the Brow-
nian motion, {/y(¢); t > 0} is Gaussian with zero mean and the conditional variance

(Zl)d/d /’ GMBW gy,
m)d Jra|Jo

Strictly speaking, {Ip(¢); ¢ > 0} exists as a family of equivalent classes. In the
following we try to find a continuous modification of this family. For any s,¢ > 0
with s < ¢, notice that Iy(#) — Ip(s) is conditionally normal with the variance

2
u(dAr).

2
(A7) EI3(r) = w(dh).

1 ‘o 2
E[lo(t)—lo(S)]2=W /R ) / B gyl an)
a 1 =5 B 2
L fRdfo ¢ BW gyl u(dn).

Thus, for any integer m > 1,

E, ® E[Io(t) — Io(s)]™"

t—s . 2 m
:(Zm—l)!!Ex</d/ ¢MBW gy, M(d)\)) .
R 0

To estimate the right-hand side, we consider the nonnegative, continuous pro-

CESS
Z: = {f /t M BW gy
R4 1JO

(A.8)

2 1/2
u(d/\)} , t>0.
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By the triangle inequality,
(A9) ZS+I S ZI+Z;~’ Syt 207

t+s .
= {/ / B gy
' R4 |Jt

is independent of {B,,;; 0 < u <t} and equal in law to Z;. By (1.3.7), page 21 in [7],
forany t,a,b > 0,

where

2 12
u(dm}

P{Z; > a+b} <P{Z; > a}Px{Z, > b}.
Consequently,
P{Z; > Mnvt} < (Pe{Z: > MV/1)", n=1,2,....
By (A.6), one can take M > 0 sufficiently large so
sup P.{Z; > M\/;} < e 2.

0<t<l1
Hence,
(A.10) sup E,exp{M~'Z,/J/1} < cc.
0<tr<l1

Replacing ¢ by t — s and applying it to (A.8), we obtain
EQ®E|lp(r) — I()(s)|2m <Cplt —s|" forall s, >0 with |t —s| < 1.
By the classic result on chaining (see, e.g., Lemma 9, [10]), there is a modification

of {Iy(¢); t = 0} that is (% — u)-Holder continuous for any # > 0. [J

LEMMA A.2. Under the assumptions in Theorems 1.1, 1.3 or 1.4, (1.9) holds
for some & > 0. In particular, the Brownian integral in (A.3) is well-defined as
stated in Lemma A.1.

PROOF. We first consider the setting of Theorem 1.1. By the fact that w is
tempered, all we need to show is

1
f{lklzl} mu(dk) < 00.

Let ¢ be the density of the standard normal distribution on R¢. By Fourier
transform
24 [ ywp@iiax= o [ exf '2_“'2} (@)
X x)dx =—-— | expy—
ea V)P ey Jead P12 H

> e {2 < |a) <28}
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On the other hand, by (1.10)
kd k _ —k
24 [ ywp@tn)di= [y e s

wdx

~c(y)2% M (k — 00).
Hence, there is a constant C > 0O such that
pf2l <=2t <02k, k=12,
Thus
# S —2(1-8)(k—1) ,, [7k—1 k
/{ma} Fpa AN =€) 2 n{2 < 2225 < o0

k=1
for any § < Z_T“

In the setting of Theorem 1.4, where it (dA) = d is the 1-dimensional Lebesgue
measure, the validity of (1.9) can be directly verified with any § < 1.

As for the setting of Theorem 1.3, by (1.19) and spherical substitution,

-1
1 ~ d 1
—————udr)=C At ———dA
fu @ H/R@l' i T+

® e
e [Ty J
0 r (1+r2)1_5 r

o0 ra—l
= C/O 7(1 i dr < oo

a58<2_T°‘. O

A.2. Counting the covering balls. Let D, D’ ¢ R? be two domains in R?
and Q(D) be a class of functions on D. Assume that D’ is bounded. For each
e > 0, let p.(f, g) be a pseudometric on Q(D) such that

1/2

1/2
pe(f.8) < ( [ 14:(H @ = A )) dx) (sup |Be(H)(¥) = Be(e) ()]

where A, and B, are two (possibly nonlinear) maps from Q(D) to the space
Lip(D’) of Lipschitz functions on D’. Assume further that there are constants
C >0, p>1,m>1such that

|Bs(g)(x)| <C and
|Bs(8)(x) — Bo(8)(y)| < Ce™™"|x — yl, x,yeD

/ |A.(8)(x)|"dx <C and
D/

(A.11)

(A.12)
|[As(@)(x) — Ac(@) ()| < Ce™|x—y|, x,yeD
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uniformly for all g € Q(D) and sufficiently small ¢ > 0.
LEMMA A.3. Under the above assumptions,

1
log N(Q(D), p¢, €) = 0(8_2”/(2”_1) log —) (e > 07).
e

PROOF. Notice that
pef0 = [ 14:(H@ = Ac@@]dx and
D/
pr(f. &) = sup|Be(f)(x) — Be(g)(x)|
xeD’
define two pseudometrics on Q(D). We now claim that for any u, v > 0 with
Juv=e,
(A.13) N(Q(D), pe, &) < N(Q(D), p},u)N(Q(D), p¢, v).

Indeed, we first cover Q(D) by N(Q(D), p},u) pr-balls with the diameter
smaller than u. For each such ball, it can be covered by at most N (Q(D), pe, v) of
pe-balls with the diameter smaller than v. In this way, the set Q(D) is covered by
at most N(Q(D), p*, u) N(Q(D), pe, v) of its nonempty subsets. For f, g coming
from same subset, p¢(f, g) < u and p}(f, g) < v. Hence

pe(f.8) <\/Be(f.9)0*(f.g) < Vv =e.

Hence, (A.13) holds.
With (A.13), it is sufficient to establish

N(Q(D), pf, 82p/(2p—1))
(A.14)

1
)
N(Q(D)7 ﬁg, 8(2(p_1))/(2P—1))
(A.15) |
—ewp{o(= 2 o )| (o0,
3

Indeed, applying (A.13) with
(A.16) u(e) = e2P/2P=D  and  p(e) = £@P=1)/@p=1),
and using (A.14) and (A.15) we have

N(Q(D), pe, &) < N(Q(D), p;, u(e))N(Q(D), pe, v(e))

1
:exp{0<8_2p/(2”_l)log —)} (e > 07).
€
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We first prove (A.14). Let u(e) be defined in (A.16). Define the map
B*:Q(D) — ((VdC) 'e"u(e)z? n p)©*N=C.Cl
as B f(x) = u(s)[u(s)_lBg (f)(x0)] whenever
x € (xo — VAC) &M u(e), xo + 2VdC) " u(e)]

for some xg € (v/dC) ™ e"u(e)Z4 N D', where [-] is the integer-part function.
By (A.11)
u(e)
sup |Beg(x) — Big(n)| < ==, g€ QD).

xeD’

Consequently, for any f, g € Q(D) with B} f = B}'g,

pe(f.8) = Sug/lBsf(X) — Bog(x)| <u(e).

Hence,
u(s)Zm[—c,C]}

N(Q(D), p, u(e)) < #{((WdC)™'e"u(e)Z? N D'

1
=exp{0<s‘2p/(2p_1) log —)} (e — 0T).
€

It remains to establish (A.15). Let v(e) be given in (A.16), and write
M, = (8Cu(e)~")™""
Define the map
A Q(D) — ((4|D'|VdC) ™ e v(e)Z¢ N D'
as Afg(x) = {(8|D')~'v(e)[8|D'|v(e) "' Acg(x0)] A Mc} V (—M,), whenever
x € (xo — (8| D'|VdC) '™ v(e), xo + (8] D'|VdC) " v(e)]”

for some xg € (4|D'|v/dC) " v(e)Z N D'.
By (A.12),

S| D))" v(e)ZN[— M, M]

sup [ |4s(9)(x) — AL () ()] dx
geQ(D)

Z (s)+2 sup f |Ac(g)(x)| dx
g€Q(D) Y {|A:(8)|> M}

.[;

1
< —v(e) +2M P~ 1>C< v(s)

4;

Consequently, for f, g € Q(D) with A} f = Agg, 0e(f, g) < v(e) for small ¢.
Hence,

N(Q(D), ps, v(e)) 5#{((4|D/|\/3C) 1 mU(S)deD)(S\Dw)*lv(e)er[fMg,Mg]}

1
:exp{0<8_2p/(2p_l)log—>} (e — 07). 0
&
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A.3. Variations. In this section we establish some Sobolev-type inequalities
and validate the variations used in the paper. Recall that W' 2(R9) is the Sobolev
space defined in (1.12) and

Fa®Y) ={g e W R): gl =1}.
Similar to (2.2), define
Ga(R!) = {g € W (R): l1gll3 + 51183 = 1.
Recall (Lemma 7.2, [8]) that for any 0 < o <2 A d there is Cy > 0 such that
f2x)

A.17
(A.17) i x [

dx <Col FIZIVFIS.  feWhA(RY).

A simple trick by translation invariance, show that (A.17) remains true with the
same constant C,, if the left-hand side is replaced by

/ f()

sup dx.
yegd JR4 X — Y[
Immediately,

/Rdxw %f;iy)dx dy = /Rd fz(y)[fRd lei(ﬁa dx] dy

< CollFISIVFIS

(A.18)

for every f € WL2(RY).
As a consequence, the constant

P20

RIxRd |x — y|¥ dxdy

k(d,a) = inf{C > 0;
(A.19)

<CIfI3 VSIS VS e Wl’Z(Rd)}

1s finite.
Other variations relevant to Theorem 1.1 are

My ,(0)= sup {9(/ M dx dy)l/2
gEF4(RY) R4 xR4 Ix — y|a

(A.20) |
_ E/Rde(x)}zdx}, 6 >0,

20702 1,2
(A21) o(d, @)= sup {/ dedy} .
geGa(Rd) RIXRS X — y[

By (A.17), one can easily show that My ,(0) and o (d, ) are finite under the as-
sumption 0 <o <2 Ad.
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LEMMA A.4. Undero <2 Nd,

4 — o/(d—a)
(A.22) Mg o) = 2 o (%) K(d, a)Z/(4—a)94/(4—<x),
4 — (4—a)/4 a/4
(A.23) o(d,a)= ( ; “) (%) K(d, o) /2.

PROOF. Let f € F(RY) be fixed but arbitrary, and let C £ > 0 satisfy
/ VN RE))
RIxRY  |x — y|¥
Given B > 0 let g(x) = B4/% f(Bx). Then || Vg|l» = B|IV f |2 and therefore

2(x)g? 201 £2

8~ (x)g~(y) w F2(x0) f2(y) ., .,

- = _ — . \V4 .
/];Rded |x — y|¥ dx dy p RixRI  |x — y|* dx dy Cf'B l f||2

dxdy=Cy|Vfl3.

By the fact that g € F4 (R%),
1/2 1/2
g v I3 = Livel3=0C 2V 1S

Notice 8|V f |2 runs over all positive numbers. So we have

4—
Mg (0) > sup{gcl/Z /2 } 4 — a< )oz/( a)Cg/(4—a)94/(4_a).
¢ x>0 2 4 2 f

2 2
Mg.a(8) = 6C} af 9 182V I3,

Take supremum over f on the right-hand side. Noticing that S(R?) is dense in
W12(R?), by space homogeneity we have established the relation “>" for (A.22).
On the other hand, for any g € F4 (RY),

2 2 12
O(AdXRdexdy> - = \Vg(x)\ dx

lx — y|*

1
<0x(d, o) 2| Vg Y — 1 S1Vsl3 <Sup{9/<(d o) /2502 EXZ}

x>0

_ (4-a)
_4-a (ﬁ)a/ Y (. o) e g )
4 \2 ’ ‘

Taking supremum over g € Fy (R?) on the left-hand side, we reach the relation
“<” for (A.22).
For any g € F;(R%) by space homogeneity,

1 2 2 12 4
o(d,a) \/RixRd |x — y|¥ 2 JRrd

< o(d, )1+ [VeIR) - ~[Vgl3=1
“old, ) L) LR
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M"*"‘<a(dl, a)) =1

Combining this with (A.22) we have proved the “>" half for (A.23).
On the other hand, for any f € WL2(RY),

2 2 1/2
< / fex) =) dx dy)
RIxRI  |x — y|*

4—a)/2
<w(d, ) £IS 2 v £118

:K(d’a)l/2<42_—aa)a (F12 )(4 a)/4< |Vf||2)a/4

20 \Y*4—q 1
<c@.'?(72) (1B + 519 18).

Taking supremum over g,

a/2

where the last step follows from the Hélder inequality ab < p~'a? 4+ ¢~ 'b? with
p=44— «)~!and q = 4/a. This leads to the “<” half for (A.23). U

We need an inequality comparable to the one in (A.17) for formulating and
proving Theorem 1.3, but could not find it in literature. We establish it in the fol-
lowing.

Let the real numbers aq, ..., ag satisfy 0 <aj <landa=oa) +---+ag <2.

LEMMA A.5. Forany6 >0,

(A.24) sup { /H;d<1_[ |x 1 a])g (x)dx——/ |Vg(x)| dx}

geFa(RY)

PROOF. Define the function

d
K@ =[],  x=(1,....x0) e R
j=1
The fact that K (x) blows up at every coordinate plane make the problem harder
comparing to setting of the Newtonian kernel |x|~* which blows up only at 0. The

fact that o, .. ., g are allowed to be different posts an extra challenge. The proof
provided here is probabilistic.
Let the linear Brownian motions B (s), ..., Bz(s) be the independent compo-

nents of the d-dimensional Brownian motion B and define the process

' r/d s
(A.25) "’:/o K(Bs)ds:/o <H|Bj(s)| J)ds, t>0.
j=1
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This process is well defined under our assumption on «q, ..., &g. Indeed, it is not
hard to see that for each ¢ > 0, Egn; < oco. Further, we now prove that there is a
b > 0 such that

(A.26) Eo exp{bn%/a} < 00.

We point out that (A.26) is a strengthened version of the exponential integrability
for n; obtained by Hu, Nualart and Song (Lemma A.5, [19]) and the approach
for (A.26) presented here is modified from theirs.

Given the integer m > 1,

d m
Eon;n:/ dsl...dsml_[Eol_[|Bl(sk)|_aj

d m
=t [ o [T TT B0,

j=1 k=l
where the multi-dimensional time set [0, #]” is defined as
[0, 717 ={(s1,...5m) €[0,2]"; 51 <s2-++ < S}
Let (s1,...,5n) € [0, ¢]” be fixed for a while and Ay = o {B;(u); 0 <u <s} be
the filtration generated by the linear Brownian motion Bj(¢). Write

Eo{|B1(s1)| | Ay} = /0 Po{| By (s)| " = alA,,_, ) da

= AwP0{|B1(sk)| < a_]/“flAsk_l}da.
By Anderson’s inequality,
Po{|By | <a™ /%4, }
=Po{|B1(sk—1) + (Bi(s) — Bi(sx—1))| <a V| Ay )
<Po{|Bi(s) — Bi(sk—1)| <a %Ay} =Pof|Bi(sk — sk—1)| " > al.
So we have

m m
Eo [[|Bi1(s0)] ™ < [] EolBisk — se—1)| ™™
k=1 k=1

m
= {Eo|B1 (D[~ }" [ (sx — se—1)™%, j=1,....d.
k=1

Here the convention sg = 0 is adopted.
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Summarizing our computation,
d m m
Eon;n §m!<1_[ E0|Bl(l)}_aj> / ]_[(sk—sk_l)_“/zdsl-..dsm.
i (0,012
j=1 < k=1

Let t be an exponential time with parameter 1 such that 7 is independent of B;.
By Fubini’s theorem

E* ® Eony'

d m
5m2<]"[ EO}BI(1)|_“f>
j=1

00 m
(A27) x f e [f [Tk = see) ™% dsy - -dsm] dt
0 [0,¢]™

< k=1

m 00 m
:m!( EoyBl(l)r“-f) (f t_“/ze_’dt)
i1 0

J:
2—a\ & 2\
=m!|T|—— Eo|B1 ()|~
m(( 2 )l_[ olB1(D)] )
j=1

form=1,2,....

On the other hand, notice that 7, 4 12—/ 1. So we have

2
E® @ Eon™ = (E"¢(G=9/2mEypm = F(l + Tam>Eon’l".
Combining this with (A.27), by Stirling formula we conclude that there is a con-
stant C > 0 such that
Eon' < m))*/2C™,  m=1,2,....

This implies (A.26) with b < C~%/*,
We now claim that

1
(A.28) lim sup " logEgexp{fn;} < oo Vo > 0.

—00

Indeed, by scaling,
Eoexp{fn;} = Eo exp{Gt(z_“)/zm }
<Ey exp{bn%/a} + Eo{exp{et(z_“)/zm b < (Qb_l)z/(z_a)ta/z}
< Eoexp{bni’®} + exp{(0b~")* "1}
Hence, (A.28) follows from (A.26).
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Given N > 0,

t
m= [ (KB AN)ds.

On the other hand, applying Theorem 4.1.6, [7] to the bounded, continuous func-
tion K (x) A N gives

.1 !
tl_l)ngo;logEoexp{/o (K(Bs)/\N)ds}
1
— sup {/I;{d(K(x)AN)gz(x)dx—E/Iz&de(x){zdx}.

gEF4(RY)
Thus,

1
sup {/Rd(l((x) AN)g?(x)dx — E/R(in(x)]zdx}

geFa(RY)

1
<limsup " log Eg exp{6n;}.

t—00

Letting N — oo on the left-hand side, by (A.28) we have (A.24). [

With (A.24), an~0bvious modification of the argument for (A.22) shows that
there is a constant C,, > 0O such that the inequality

d
(A.29) /Rd<]‘[ |xj|—0lj>f2(x)dx < CollFI3*IV IS, fewl2(RY)
j=I1

holds. Recall our discussion based on the inequality (A.17). Replacing (A.17) by
(A.29) and copying the same derivation we obtain a parallel system of inequalities
and relations among variations that are summarized in the following.

First, we have the inequality

d
vy | T 2 2
fRded<j:1 lxj = ¥jl )f () f7(y)dxdy

(A.30) N du w 1.2 frod
<CollFISTNVANS,  feW!(RY).

Consequently, the best consequence

d
kd, a)= inf{C > 0; /Rded (]i[l lx; — yjl"‘-f>f2(x)f2(y>dx dy
(A31) ”
<CIfITUVLISVS € Wl’z(Rd)}
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is finite.
Second, the quantities defined through the variations

My (0)

12
: 2 2

= sup / ( X} — il ,)g (1)g (y)dxdy)

gE]:d(Rd){ (Rded [11 =)

- —1 Vg(x de
2 d} g( )| )

6 >0,
o(d,a)

12
= sup {/RRO‘[ Jxj — yﬂ“"f)f (0 f (y)dxdy}

feGaR?)

(A.33)

are finite
Third, these variations are co-related according to the following lemma.

LEMMA A.6. UnderO<oa;<1(j=1,....,dandoy+---+oy <2,

~ 4 o/(4—a)
(A.34) Myw©) = 4“(%) (. ) g,
4 — o\ @-a)/4 /N o/
(A.35) &(d,oe):( 7 ) (5) 7d, o)\

The next lemma is related to Theorem 1.4.

LEMMA A.7.

sup {9(/ g (x) dx> -5/ \f (x)] dx}
geF1(R) —00

(A.36)
L3V s
:E(Z) 0%/ 6 > 0),
= 3/1\3?
(A.37) sup g4(x)dx:—(—) .
g€ (R) /o0 4\2

PROOF. The identity (A.36) is given in Theorem C.4, page 307, [7]. This the-
orem also claims the Sobolev inequality

Ifls <378 P FewhARY

with 371/8 as the best constant. A natural modification of the proof for (A.23)
leads to (A.37). O
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