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We consider the boundary case (in the sense of Biggins and Kypri-
anou [Electron. J. Probab. 10 (2005) 609-631] in a one-dimensional super-
critical branching random walk, and study the additive martingale (W,,). We
prove that, upon the system’s survival, ni2w, converges in probability, but
not almost surely, to a positive limit. The limit is identified as a constant mul-
tiple of the almost sure limit, discovered by Biggins and Kyprianou [Adv. in
Appl. Probab. 36 (2004) 544-581], of the derivative martingale.

1. Introduction. We consider a discrete-time one-dimensional branching ran-
dom walk, whose distribution is governed by a point process ® on the line. The
system starts with an initial particle at the origin. At time 1, the particle dies, giving
birth to a certain number of new particles. These new particles form the particles
at generation 1. They are positioned according to the distribution of the point pro-
cess O; it is possible that several particles share a same position. At time 2, each
of these particles dies, while giving birth to new particles that are positioned (with
respect to the birth place) according to the distribution of ®. And the system goes
on according to the same mechanism. At each generation, we assume that parti-
cles produce new particles independently of each other and of everything up to that
generation.

We denote by (V (x), |x| = n) the positions of the particles at the nth genera-
tion; so (V (x), |x| = 1) is distributed as the point process ®. The family of random
variables (V (x)) is usually referred to as a branching random walk (Biggins [9]).
Clearly, the number of particles in each generation forms a Galton—Watson pro-
cess. We always assume that this Galton—Watson process is super-critical, so the
system survives with positive probability.

Throughout the paper, we assume the following condition:

(1.1) E( > e—V<x)) =1, E( > V(x)e_v(x)> =0.

[x[=1 lx|=1

The branching random walk is then said to be in the boundary case (Biggins
and Kyprianou [13]). Loosely speaking, under some mild integrability conditions,
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an arbitrary branching random walk can always be made to satisfy (1.1) after a
suitable linear transformation, as long as either the point process ® is not bounded
from below, or if it is, E[ZM:] 1y (x)=m)] < 1, where m denotes the essential
infimum of ®. More detailed discussions on the nature of assumption (1.1) can be
found in (the ArXiv version of) Jaffuel [20].

It is immediately seen that under assumption E[Z| x|=1 e V=1,

W, = Z e V), n>0,

|x|=n

is a martingale (with respect to its natural filtration). In the literature, (W,) is re-
ferred to as the additive martingale associated with the branching random walk.
Since (W,,) is nonnegative, it converges almost surely to a (finite) limit, which,
under assumption E[Z|x|=1 V(x)e=V®] =0, turns out to be 0; see Biggins [7],
Lyons [27]. In particular, minjx|—, V (x) — oo almost surely on the set of nonex-
tinction'.

Many of the discussions in this paper are trivial if the system dies out. So let us

introduce the conditional probability
P* (o) := P(e|nonextinction).

Under (1.1), since W,, — 0, P*-almost surely (and P-almost surely), the mar-
tingale is not uniformly integrable. It is natural to ask at which rate W,, goes to 0;
in the literature, this concerns the Seneta—Heyde norming for W,,, referring to the
pioneer work on Galton—Watson processes by Seneta [34] and Heyde [18]. The
study of the Seneta—Heyde norming for the branching random walk in a general
context [i.e., without assuming (1.1)] goes back at least to Biggins and Kypri-
anou [10] and [11]. It was an open problem of Biggins and Kyprianou [13] to
study the Seneta—Heyde norming under assumption (1.1). This problem was re-
cently investigated in [19], under suitable integrability conditions.

THEOREM A ([19]). Assume (1.1). If there exists § > 0 such that
E[(Z|x\:1 1)1+8] < o0 and that E[Z\x|:1 e_(H"S)V(X)] + E[Z|x|:1 e‘W(x)] < 0o,
then there exists a deterministic sequence (\,) of positive numbers with 0 <
liminf,,_ 5 nkﬁ <limsup,_, o nkﬁ < 00, such that under P*,

(1.2) W, = " in distribution,

where #* > 0 is a positive random variable.

Let us make a brief description of the law of #*. Consider the distributional
equation for the nonnegative random variable Z (excluding the trivial solution

'In fact, according to Biggins [8], this holds as long as E[Zm:l efv(x)] =1.
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Z=0),

27 (1) =E*{ I fz(te‘v("))} vt >0,

Ix|=1

where 27 (1) := E*(e~'%) denotes the Laplace transform of Z. Under assump-
tion (1.1), it is known (Liu [26], Biggins and Kyprianou [13]) that the equation has
a unique positive solution (up to multiplication by a constant), denoted by #*.
The Laplace transform .Z7 can be considered as a traveling wave solution to a
discrete F-KPP equation.

One may wonder whether A, can be taken to be (a constant multiple of) nl/2
in (1.2). Our main result, Theorem 1.1 below, will tell us that the answer is yes.

The study of the additive martingale W, relies on analyzing another fundamen-
tal martingale. Let us define

(1.3) Dy:= ) V(x)e "W, n=>0.

|x|=n

Since E[ZM:] V(x)e*V(x)] =0, one can easily check that (D)) is also a mar-
tingale, with E(D,) = 0; it is referred to in the literature as the derivative martin-
gale associated with the branching random walk. Convergence of this new martin-
gale was studied by Biggins and Kyprianou [12]. In order to state their result, we
introduce the following integrability conditions:

(1.4) E[ > V(x)ze_v(x):| < 00,
lx|=1
(1.5) E[Xlogl X] <00,  E[Xlog, X] < o0,
where log, y :=max{0, log y} and log%r y = (log, y)? for any y > 0, and
X = Z e V), X = Z Vix)te V),
lx|=1 lx|=1
with V(x)T := max{V (x),0}. Throughout the paper, we assume (1.1), (1.4)
and (1.5). We believe that these assumptions are optimal for our results.
THEOREM B (Biggins and Kyprianou [12]). Assuming (1.1), (1.4) and (1.5),
we have
(1.6) D, — Dso, P*-a.s.,
the limit Do > 0 having the distribution of #* in (1.2).
(The positiveness of Dy, was proved in [12] under slightly stronger assump-

tions. To see why it is valid under current assumptions, we refer to Proposition A.3
of [2].)
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It is worth mentioning that although D, is a signed martingale, its limit D is
P*-almost surely positive.
Our main result is as follows.

THEOREM 1.1. Assume (1.1), (1.4) and (1.5). Under P*, we have

. 2 \!/2 : ..
(1.7) nll)ngonl/ng = <m> Do in probability,

where Dy > 0 is the random variable in Theorem B, and

0% = E[ > V(x)ze_v(x)] € (0, 00).

lxI=1

The convergence in probability in Theorem 1.1 is optimal: it cannot be strength-
ened into almost sure convergence, as is shown in the following theorem.

THEOREM 1.2. Assume (1.1), (1.4) and (1.5). We have

limsupn'/?W, = oo, P*-a.s.
n—o0

Let us say a few words about the proof of the theorems.

The first step in the proof of Theorem 1.1 consists of introducing a truncated
version of the martingales W,, and D,,, denoted by W' and D@, respectively,
where o > 0 is a positive parameter. The truncation argument can be traced back
to Harris [17]; we use it in the context of conditional spines, following the for-
malism of Kyprianou [23]. Roughly speaking (for a rigorous treatment of such
approximations, see Section 5), when n — oo,

W, ~ Wy, DY~ oDy,

where cp € (0, 00) is a constant depending only on the law of ®. Moreover, D,(,a)
is a nonnegative martingale, which allows us to define a new probability, Q®. The
distribution of the branching random walk under Q' is characterized by Biggins
and Kyprianou [12] in the form of a spinal decomposition (recalled as Fact 3.2). By
means of a second moment argument, we prove in Proposition 4.1 that under Q(®,
12 Wy

n _
DY

— 0 in probability,
where 6 € (0, c0) is a constant. Finally, in Section 5, by taking o to be a large
(but fixed) constant, we come back to the probability P*, and prove that under P*,

nl/ ”g—;‘ — cpf = ( (272)1/ 2 in probability. Together with Theorem B, this yields
Theorem 1.1.

g
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Theorem 1.2 is proved in Section 6 by studying the minimal position in the
branching random walk. The main ingredient is a well-known spinal decompo-
sition for the branching random walk (Lyons [27]). As a by-product, we give
a new proof, but under assumptions we believe to be optimal, of the fact that
liminf,_, o @ minjy—, V(x) = %, P*-a.s.

The rest of the paper is as follows.

e In Section 2, we introduce a one-dimensional random walk (S,,) associated with
the branching random walk, and collect a few elementary properties of (S;,).
e Section 3: formalism of the truncation argument.
(o)
e Section 4: proof of convergence in probability of n!/ 2% under Q@

n

e Section 5: proof of Theorem 1.1.
e Section 6: proof of Theorem 1.2.
e In Section 7, a few questions are raised for further investigations.

Let us mention that our method allows us to prove the analogues of Theo-
rems 1.1 and 1.2 for the branching Brownian motion. In fact, the main ingredi-
ents in our proof, namely the truncation argument and spinal decompositions, are
known in the case of the branching Brownian motion. We prefer not to give any
details on how to make necessary modifications to obtain the analogues of Theo-
rems 1.1 and 1.2 for the branching Brownian motion. These modifications are more
or less painless; moreover, the situation for the branching Brownian motion is often
neater than for the branching random walk—for example, the analogue of the /-
process whose transition probabilities are given by (3.2), is the three-dimensional
Bessel process, which is a well-studied stochastic process in the literature. In-
stead, we close this paragraph with an anecdotal remark: the pioneering work of
McKean [30] gives an important motivation of the study of the branching Brow-
nian motion by connecting it to the Fisher—Kolmogorov—Petrovsky—Piscounov
(F-KPP) differential equation. Taking the almost sure limit of a positive martin-
gale (which is the analogue of the additive martingale W,,), McKean claims that its
Laplace transform, after a simple scale change, gives a traveling wave solution to
the F-KPP equation. There turns out to be a flaw in the argument, pointed out by
McKean [31]. Later on, Lalley and Sellke show in [25] that the almost sure limit
studied in [30] actually is O; instead, they use another martingale (the analogue of
the derivative martingale D)), and prove that its almost sure limit, which is pos-
itive, has the Laplace transform as being a traveling wave solution. Now that we
know the two martingales (with the additive martingale suitably normalized) have
similar asymptotic behaviors in probability, it becomes clear that the martingale
limits studied by McKean [30] and by Lalley and Sellke [25] are a.s. identical—if
the additive martingale in McKean [30] is suitably normalized.

Throughout the paper, we use a, ~ b, (n — ©0) to denote lim;,_, s Z—Z = 1; the
letter ¢ with subscript denotes a finite and positive constant. We also adopt the
notation ming =00, ) , :=0and [[ := 1. For x € RU {oco} U {—00}, we write
x7T for max{x, 0}.
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2. One-dimensional random walks. This section collects some well-known
material. We first introduce a one-dimensional random walk associated with our
branching random walk, and then recall a few ingredients of fluctuation theory for
one-dimensional random walks.

2.1. An associated one-dimensional random walk. Let (V (x)) be a branching
random walk satisfying (1.1) and (1.4). For any vertex x, we denote by [[&, x]] the
unique shortest path relating x to the root @, and x; (for 0 <i < |x|) the vertex on
[<, x| such that |x;| =i. Thus, xo = & and x|y| = x. In words, x; (for i < |x]) is
the ancestor of x at generation i. We also write [|&, x] :=[[&, x]] \ {Z}.

The assumption E[Z|x|:1 e V®1=1 guarantees the existence of an i.i.d. se-
quence of real-valued random variables S1, S» — S1, §3 — 52, ..., such that for any
n > 1 and any measurable function g:R" — [0, c0),

2.1) E{ > g (V... V(x,,))} =EfeSg(S1,...,Sn)).

|x|=n

The law of S is, according to (2.1), given by

E[f(S1)] =E{ ) e‘V(")f(V(X))},

|x[=1

for any measurable function f:R — [0, 00). Since E[Y ;|- Vix)e V™1 =0,
we have E(S1) =0. Let

(2.2) o2 :=E[S7] =E{ > V(x)ze_v(x)}.

lx[=1

Under (1.1) and (1.4), we have 0 < 02 < o0.

It is easy to prove (2.1) by induction on r; see, for example, Biggins and Kypri-
anou [11]. The presence of the new random walk (S;) is explained via a change-of-
probabilities technique as in Lyons, Pemantle and Peres [29], and Lyons [27]; see
Fact 6.2 for more details. In the literature, the change-of-probabilities technique is
used by many authors in various forms (see [29] for a detailed account), the idea
going back at least to Kahane and Peyriere [21].

2.2. Elementary properties of one-dimensional random walks. Let Si,S> —
S1,83 — 5>, ... beani.i.d. sequence of real-valued random variables with E(S1) =
0 and o2 := E[S7] € (0, 00). Let t* :=inf{k > 1: ¢ > 0}, which is well defined
almost surely (because E(S1) =0). Let

-1
(2.3) R(u) ::E{ > l{s,->_u}}, u>0,
j=0
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which, according to the duality lemma, is the renewal function associated with
the entrance of (—oo, 0) by the walk (S,,). More precisely, the function R can be
expressed as

(2.4) R(u) =) P{|Hi| <u}, u>0,
k=0

where Hyp < H; < Hp < - -- are the strict descending ladder heights of (S,); that
is, Hy := Sf/:’ with 7y :=0and 7, :=inf{i > 7,_,:S; < minosjgk’_l Sitk>1.
Throughout the paper, we regularly use the following identity:

(2.5) Ru) =E{R(S + w)ls,;>_}  Yu>0.

Conditions E[Slz] < oo and E(S1) = 0 ensure that E(| H1|) < oo; see, for exam-
ple, [16], Theorem XVIIL.5.1. The renewal theorem states that the limit

(2.6) coi= lim T

u—oQ u

exists and lies in (0, 00). As a consequence, there exist constants ¢ > ¢1 > 0 such
that

(2.7) ci(l+u) < R(u) <c2(1+4u), u=>0.
The function R(-) describes the persistency of (S;). In fact, if we write
S, = min §;, n>1,
1<i<n

then there exists a constant 0 < 6 < oo such that

(2.8) P{S, >0} ~ YR n— 0o
More generally, for any u > 0,
OR(u)
2.9) P(S, = —u)~ . n—

See Kozlov [22], formula (12).

We will need a uniform version of (2.9) for u depending on n. Let (b,) be a
sequence of positive numbers such that lim,,_, nl% = 0. Then (see [3]) for any
bounded continuous function f:[0, co) — R, we have, as n — oo,

Sntu _OR@) ([ 22 )
(2.10) E{f(( )I{Sniu}}— Py (/0 f@re™ /=dr +o(1) ),

no2)1/2
uniformly in u € [0, b, ]. In particular,
OR
@2.11) P(s, > —u)~ R 7 —> 00,

nl/2

uniformly in u € [0, b, ].
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LEMMA 2.1. Let co and 6 be the constants in (2.6) and (2.8), respectively.
Then

2 \1/2
(2.12) Gcoz(—) .

wo?

PROOF. We recall from (2.4) that R(u) is the mean number of strict descend-
ing ladder heights within [—u, 0]. By the renewal theorem (see Feller [16], Sec-
tion XI.1), we have ¢g = m On the other hand (Feller [16], Theorem XI1.7.4),

n
S s"P{S, = 0} = exp(z ~p(s, > 0}).
n>1 n>1 n
Since E(S;) =0 and E(Sf) < 00, it follows from Theorem XVIIL.5.1 of Feller [16]
that ¢ := ¥, | x[P{S, = 0} — 5] is well defined, satisfying E(|H}|) = 577¢. Ac-
cordingly,

Cc

€
n ~ —_—

n>1
By a Tauberian theorem (Feller [16], Theorem XIII.5.5), this yields that

C

e
P{S, >0} ~ 7(7_”1)1/2, n— oo.

s 1.

Comparing with (2.8), we get 0 = 5, = (-2,)!/?E(|H, |) = (=22, prov-
ing Lemma 2.1. [

LEMMA 2.2. There exists c3 > 0 such that foru >0,a>0,b>0andn > 1,

u+D@+Db+u+1)
3 13/2 :

P{(S,>—a,b—a<S,<b—a+u}=<c

PROOF. The inequality is proved in [4] for a certain value of u, say 1; hence,
the inequality holds for u < 1. The case u > 1 boils down to the case u < 1 by
splitting the interval [b — a, b — a + u] into intervals of lengths < 1, the number of
these intervals being less than (1 +1). [

LEMMA 2.3. There exists c4 > O such that for a > 0,

supE[[S,|1(s,>—a)] < cala +1).

n>1

PROOF. We need to check that for some ¢s5 > 0, E[Sy1{s >—q}] < cs5(a + 1),
Ya>0,Vn>1.

Let 7, = inf{i > 1:5; < —a}. Then (S, > —a} = {r, > n}; thus
E[Su1ls,>-a}] = —E[Snl{fa—fn}], which, by the optional sampling theorem, equals
E[(_Snj)l{ujsn}]' Therefore, sup, - E[Sy1is >—a}] = E[(—STJ)].
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It remains to check that E[(—Sr‘;) —a] <cgla + 1) for some cg > 0 and all

a > 0, under the assumption E(Sl2) < 00.2 By a known trick (Lai [24]) using the
sequence of strict descending ladder heights 0 =: Hy < H; < H> < ---, it boils
down to proving that E[(—H¢ (—q)) — a] < c7(a + 1) for some ¢7 > 0 and all
a >0, where Hy, Hy — H|, H3 — H, ..., are i.i.d. negative random variables with
E(|H|) < o0, and tg(—a) :=inf{i > 1: H; < —a}. This, however, is a special
case of (2.6) of Borovkov and Foss [14]. [

LEMMA 2.4. Let 0 < A < 1. There exists cg > 0 such that for a,b > 0, 0 <
u<vandn=>1,

P[gwuz—a, min Sizb—a,SnE[b—a+u,b—a+v]}
i€[An,n]NZ

w+DHw—u+N@+1)
n3/2 '

(2.13)

=

PROOF. We treat An as an integer. Let P(; 13y denote the probability ex-
pression on the left-hand side of (2.13). Applying the Markov property at time
An, we see that P 13y = E[l(s, >—4.5,,>b—a} f (Sin)], where f(r) :=P{S,_,, >
b—a—r,Sy—mmelb—a—r+u,b—a—r+v]} (forr >b—a). By Lemma 2.2,
fr) < o3 D=t J@tr=bD) (for r > b — a). Therefore,
a+Dw—u+1)

n3/2

The expectation E[---] on the right-hand side being bounded by E[|S;,| X
lis,,>—a}] +a + 1, it suffices to apply Lemma 2.3. [

Ppi3) = E[(Sin+a—b+DIs, >—a.5,2b—a})-

LEMMA 2.5. There exists a constant C > 0 such that for any sequence (by)
of nonnegative numbers with limsup,,_, ., nl% < 00,and any 0 < A < 1, we have

liminf _inf ;13/211{§Mzo,L min_S;>b,b <8, <b+C}|>0.

n—00 be[0,b,] An|<j<n

PROOF. The lemma is proved in [4] in the special cases A = % and b = b,;; the
same proof is valid for the general case 0 < A < 1 and uniformly in b € [0, b, ].
O

LEMMA 2.6. There exists a constant cg > 0 such that for any y > 0 and 7 > 0,

ZP{Sk <y—12,8>—-z} <co(1+y)(1 +minf{y, z}).
k>0

PROOF. See Lemma B.2(1) of [2]. [

2Assuming E(S$; |3) < 00, even more is true (Mogulskii [32]): we have sup, ¢ E[(—ST(;) —al <
0.
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3. Truncated processes, change of probabilities. In the study of the mar-
tingales W,, and D,,, it turns out to be more convenient to work with a truncated
version of the branching random walk. The truncating argument, originating from
Harris [17], was formalized for the branching Brownian motion in the context of
the spine conditioned to stay positive by Kyprianou [23], and was later put into the
branching random walk setting by Biggins and Kyprianou [12]. It can be adapted
in other situations, for example, in the study of fragmentation processes (Bertoin
and Rouault [6], Berestycki, Harris and Kyprianou [5]).

Let (V(x)) be a branching random walk. For any vertex x, we define

V(x):= min V(y).
yela.x]

Let o >0, and let R(-) be as in (2.3). Let

Ry(u) :=R(u + o), u>—ao.

Having in mind the additive martingale (W,) and the derivative martingale
(Dy), let us introduce a new pair of processes

Wrga) = Z e_V(X)l{Z(x)Z—a},

|x|=n
D= Y Ra(V@)e™ My yz—a).
|x|=n

Recall from (2.6) that lim,,_, o X%

. = co. Under (1.1), we have infjy|=, V (x) —

0o, P*-a.s. So, it is intuively clear that if « is “sufficently large,” then W,E“) should
behave like W,,, and D,(f[) like coD,,. This can easily be made rigorous, and will be
done in Section 5.

. . @
In Section 4, we are going to prove that for any o > 0, as n — 00, nl2Wa - g
DY

in probability [0 being the constant in (2.8)], under a new probability called Q®.
To define this new probability Q®), we first need a simple property of D,(f‘). For
any n, let .%#, denote the sigma-algebra generated by the branching random walk
in the first n generations.

The following result is known, and its analogue for the branching Brownian
motion is in [23].

FAacT 3.1 (Biggins and Kyprianou [12]). Assume (1.1). For any o > 0,
(D,(,a) ,n > 0) is a nonnegative martingale with respect to (.%,), such that
E(D;")) = Ry(0), Vn.

Since (D,(la)) is a nonnegative martingale with E(D,(,O’)) = R4 (0), there exists a
probability measure Q®) such that for any 7,
(C))

D
(@) = = P .
7= 2.0 Yz,
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We observe that Q@ (nonextinction) = 1, and that Q("‘)(D,(f’) > 0) =1 for
any n.

(Strictly speaking, to make our presentation mathematically rigorous, we need
to work on the canonical space of branching random walks (= space of marked
trees) and use the rigorous language of Neveu [33] to describe the probabilities P
and Q(“), as well as the forthcoming spine (w,(f), n > 0). We continue using the
informal language, and referring the interested reader to Lyons [27] or Lyons and
Peres [28], for a rigorous treatment. We mention that in the next paragraph, while
introducing the spine (w,(f‘)), we should, strictly speaking, enlarge the probability
space and work on a product space.)

Recall that the positions of the particles in the first generation, (V (x), |x| = 1),
are distributed under P as the point process ®. Fix « > 0. For any real number
u> —ao, let (:)f,a) denote a point process whose distribution is the law of (u +
V(x), |x| = 1) under QW+,

We now consider the distribution of the branching random walk under Q®).
The system starts with one particle, denoted by w(()a), at position V(w(()a) ) =0. At
each step n (for n > 0), particles of generation n die, while giving birth to point
processes independently of each other: the particle w,(,a) generates a point process
distributed as éijl()w(“))’ whereas any particle x, with |[x| =n and x # w,(la) , gener-
' @
n+1
the children y of w,(,a) with probability proportional to Ry (V (y))e™" ) Liy()>—a)-

The line of descent w® := (w,(f‘), n > 0) is referred to as the spine. We denote by

B® the family of the positions of this system.?

ates a point process distributed as V (x) + ©. The particle w,_’; is chosen among

FACT 3.2 (Biggins and Kyprianou [12]). Assume (1.1). Let o > 0.
(i) The branching random walk under Q(®, has the distribution of B®).

(i1) For any n and any vertex x with |x| = n, we have
_ Re(V(x)e Oy 1> a)

(3.1) QW |w@ =x|.%,
{ } e

(iii)) The spine process (V(w,(la)), n > 0) under Q. is distributed as the cen-
tered random walk (S,, n > 0) under P conditioned to stay in [—a, 00).

Since D,(,“) > 0, Q@-as., identity (3.1) makes sense Q®-almost surely. In
Fact 3.2(iii), the centered random walk (S,) (under P) conditioned to stay in

3The spine process w@ s, of course, part of the new system. Since working in a product space
and dealing with projections and marginal laws would make the notation complicated, we feel free,
by a slight abuse of notation, to identify B with (B@®), w(®)).
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[—a, o0) is in the sense of Doob’s A-transform: it is a Markov chain with tran-
sition probabilities given by

(3.2) P, dv) == 1> o,}R“( ) pu,dv),  u>-—a,

w”
where p(u, dv) :=P(S] +u € dv) is the transition probability of (S,,). Fact 3.2(iii)
tells that for any n > 1 and any measurable function g : R" — [0, c0),
Equ[e(V(w®).0<i <n)]

]

(3.3)

= E[g(S;,0<i <n)R,(S)lis >_ao1|.
20 [g( i <n)Ro(Sp)1s,>—a1]

The spine decomposition will allow us, in the next section, to handle the first
()
Wn (a)
under .
Dr(za) Q

4. Convergence in probability of W'('a) under Q®. The aim of this section is

(a)
to prove that W+a) converges in probability (under Q). We do this by estimating
EQ(&)( (a)) and EQ(a) ( DD ) ], using Fact 3.2 and its consequence (3.3). Recall

that a,, ~ b, (n — 00) means lim,_; oo 2 =1

PROPOSITION 4.1. Assume (1.1), (1.4) and (1.5). Let « > 0. We have

N 6
1) Eq (—) ~2
D@ n1/2
n(a) 2 92
42 Enel| (22— |~ 2, ,
4.2) Q()[<Dr(la))] - n— 00

where 6 € (0, 00) is the constant in (2.8). As a consequence, under Q@

W(a)
lim n'?—2_=¢ in probability.

n—oo Dr(za)

The last part (convergence in probability) of the proposition is obviously a con-
sequence of (4.1)—(4.2) and Chebyshev’s inequality.

The rest of the section is devoted to the proof of (4.1) and (4.2). The first step is
(a)

(a)
generated by the first n generations of the branching random walk.

tor epresent

as a conditional expectation. Recall that .7, is the sigma-algebra
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LEMMA 4.2. Assume (1.1). Let o > 0. We have, for any n,

rga) 1 ‘
g ——— |7
Q(Ul)( }’l>7
D Ry (V(w™))

(@ is, as before, the element of the spine in the nth generation.

where wy,

= Q9w =x|.7,)
X n

PROOF.  We have Eqg@ ( Ry (VOO

—(m , which, ac-
Ry (V( )

V(x) W
cording to (3.1), equals Zm = @ Lyop)y>—a) = S@

We are now able to prove the first part of Proposition 4.1, concerning
(@)
En (Y.
Q¢ )(D’(la))

PROOF OF PROPOSITION 4.1: EQUATION (4.1). By Lemma 4.2, EQ(a) X

(D(“)) Q(a)(m) which, by applying (3.3) to g(ug, ui1,...,u,) :=
P{S, >
m, equals 7;7@) By (2.9), P{S, > —a} ~ 95‘,"/(20) (as n — 00), from

which (4.1) follows immediately. [J

It remains to prove (4.2), which is done in several steps. The first step gives the

(@)
correct order of magnitude of EQ(O,) [(%)2]:

LEMMA 4.3. Assume (1.1) and (1.4). Let a > 0. We have
(@) 2
W, 1
EQ(a) [(%) i| = 0(—), n— 00.
Dy n
PROOF. By Lemma 4.2 and Jensen’s inequality,
rga) 2
o (557) |
Q D’(la)
<E < ! >
=Eoo|\——% )
[Ra(V (wy)))2
The expression on the right-hand side is, by (3.3),

_ 1 E(l{gnz—a})
Ry(0) '\ Ru(Sn)

1 E( 1{S,1z—a})
Ry(0) \R(S,+a)/)
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Recall from (2.7) that R(u) > ¢1(1 + u), Yu > 0. Therefore,

rga) 2
Ry (0)c; X E (a)[<_> :|
o Q Dr(;a)

s >
TSy ta+1
n'2)-1 1 oti<S,<—atitl,s,>—a) Lis,>—a+1n12).5,2—a)
e )
: Suta+l Snto+l

which, by Lemma 2.2, is
n!/2]—1 .
1 (a+1DGE+1) P{S,>—a}

<
= g ir1c 372 1n172]

'@+ 1) | P(S, = —a}
- n3/2 Lnl/ZJ

By (2.9), P{S, = —a} = O (), n — 0. The lemma follows. [

()
Lemma 4.3 tells us that VarQ<a> (%) = 0(%), whereas our goal is to replace

0(%) by 0(%). We need to do some more work.
Let E,, be an event such that Q¥ (E,) — 1, n — oo. Let

15
&nE¢ = Eqw (7@) 9’,1)
Ry (V(wy "))

(@)
e =Equ( | Fn)

Since n) =&n,E¢ + Equ ( |.%,), we have

Ro (V< () Ry (V< “’”))

rga) 2 era) (a) 1g
ror (25 ][] o 2t ]
Q D’sa) Q Dr(la) n,Ly Q D((x) R, (V(w(“)))

By the Cauchy—Schwarz inequality, we have

(@) (@) 29)1/2 N
EQ@:)[D o &n. EL] {EQ(Q)[<W> “ {Eq@ (6n.£0)}
n

|
- 0< 1/2>{EQ<“> A

the last identity being a consequence of Lemma 4.3. So (4.2) will be a straightfor-
ward consequence of the following lemmas.
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LEMMA 4.4. Assume (1.1) and (1.4). Let a > 0. For any sequence of events
(E,) such that Q¥ (E,) — 1, we have
1
EQ(O‘)(SI’%,E;;) =0(—), n— oQ.

n

LEMMA 4.5. Assume (1.1), (1.4) and (1.5). Let o > 0. There exists a sequence
of events (Ey,) such that Q@Y(E,) — 1, and that

i 1g, 62 1
EQ(a)[ @ @ ] <—+ 0<—>, n— o0.
Dy Ry (V(wy 7)) n n

PROOF OF LEMMA 4.4. By Jensen’s inequality,
1k
Eow (62 ) <E >(—)
Q@ (&5 £c) = Eq
" [Ra (V (wi )P

Consequently, for any ¢ > 0,

EQ<"‘) (53 Eg)

1
<Eqw (

V) <en/?) )
[Re (V (w12

1ge

—r 1 (@) 12 ) + EQ(“)(
[Re (V (wyy 2 V)=o)

1z; (S, <enl/2}
B — g, +E(n7 ) )
Q()([Ra(v(wr(za>))]2 (v ))28”1/2}) Ro (S Ry (0) Snz—a)

the last identity being a consequence of (3.3). Recall from (2.7) that Ry(u) =
Ru+a)>c1(l14+u+a), Yu > —a. Hence

Q@ (EY) 1 E<1{Sn<8n1/2,§nz—oe}>
ci(1+en'/2+a)2  c1Rx(0) Sp+o+1

Co(L) (s

n c1R«(0) Sp+a+1

the last line following from the assumption that Q) (E¢) — 0. For the expectation
term on the right-hand side, we observe that, by Lemma 2.2,

Equ (£ £c) <

[8n1/2+a'|—1

E<1{S,,<en1/2,S”>—a}) < Z E(1{—ot+i<Sn<—oz+i+1,§n>—ot})
Sy +a—+1 v Sp+a+1

172 _
[en'/“+a]—1 1 (Ol+1)(i+1)
= Z ; 3 372
= i+l n3/

_ [en'? +ales(@+ 1)
- n3/2 :
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We have therefore proved that

[en'/? + alez(@ + 1)
n3/2¢1 Ry (0) ’

n — oQ.

1
EQ(a) (53};5) =< 0(;) +

Since ¢ can be arbitrarily small (whereas the constants ¢ and c¢3 do not depend
on &), this yields Lemma 4.4. [J

The proof of Lemma 4.5 needs some preparation. We start by the following
elementary fact. Recall that log, y := max{0, log y} for any y > 0.

LEMMA 4.6 ([2], Lemma B.1). Let X > 0 and X > 0 be random variables
such that E[ X log'_z,r X]+E[Xlog, X] < o00. Then

(4.3) E[X log? X]+E[X log, X] < o0,
1 ) - _

4.4) Jim, zE[X logZ (X + X) min{log, (X + X), z}] =0,
N B o -

4.5) Z1_1)1r1010 ZE[XlogJF(X—i—X) min{log (X + X), z}] =0.

We continue our preparation for the proof of Lemma 4.5. Let k, < n be an inte-
ger such that k, — oo (n — 00). Recall that we defined W,ga) =2 ix|=n e V) x

1{y (x)>—q}. For each vertex x with [x| =n and x # w®, there is a unique i with

(@) (@)

0 <i <nsuchthat w; <x and that w; | £ x. Forany i > 1, let

[In words, £ (w'®) stands for the set of “brothers” of w*’.] Accordingly,

n—1
VW -V
W, =V )l{z(wg‘)‘))z—a} +) 2 > e Ny (1)2-a)-

i=0 yeg(wi(j—>1) |x|=n,x>y

We write

kn—1
w0k - 53 Y eIy z—al

=0 yeQ(wfi)]) |x|=n,x>y

n—1
Tknon] o o=V (Wi -V
W@ lknnl . — o=V )l{g(w;‘”)z—a}fz > > Ny,

i=ky yeg(wi(j_)l) |x|=n,x>y
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so that W,§“) = W,i"‘)’[o*"") + Wé“)’[k"’”]. We define D,(,O‘)’[O’k”) and D,ﬁ‘”*“‘”’”] sim
ilarly. Let
n
E,:= {k1/3 < V(w; (a) N m (Ot) >k1/6}

i=k,

—1
- nﬂ Y. [+ - V(wl.(“)))+]e*[V(y)fV(wi(“>)] < eV(wi(a))ﬂ}’

i=kn yGQ(w'(ﬁ)

1
_ | pertn o
Fa = |2

‘We choose
(4.6) E,=E,1NE,pNE,;3.

LEMMA 4.7. Assume (1.1), (1.4) and (1.5). Let @ > 0. Let k,, be such that
(101;—””)6 — 00 and that ’ﬁ% — 0,n — o0. Let E,, be as in (4.6). Then

lim Q@ (E,) =1, lim inf Q@ (E,|V(w)=u)=1.
n—oo

n=00, el k)

PROOF. Write, fori >0,
. _ _ (@) ()
BV =] X (14 (o) - V() e Vo < vl
yeQ )
(Thus E, 2 =2} ES)
For z > —a, let Q;‘X) be the law of B, (in Fact 3.2) when the ancestor particle
is located at position z. (So Q(()“) = Q@) We claim that

(4.7) SQ@UES) <00 Vzz-—a,
i>0

(4.8) Z&%ZQE“)[(E?))C] =0.
i>0

To check (4.7) and (4.8), we observe that by Fact 3.2, for any integer i > 0 and
real number u > —«,

Q(a)[(E(l)) |V( (06)) u]
_ ng){ Z [1+(V(x)— u)+]e—[V(x)—u] - eu/Z}

xeQw!)

=< Q‘ga){ Z [1 + (V(x) _ u)+]e—[V(x)—u] - e”/z},

|x]=1
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So, if E, denotes expectation with respect to the law of the branching random
walk with the ancestor particle located at u, then

Q[(EY) IV () = u]

iyi=t Re (Ve Oy ) —q)
Ry (u)e 4

sEu[

X 1{Z|x|_1[1+(V(x)—u)+]e[V(X)”]>e"/2}]

_ E[Zb’l:l Ra(V(y) +u)e VOt )0y
Ry (u)e™¥
X 1{2|X_1[1+V(x)+]eV(x)>eu/2}:|.
By (2.7), there exists a constant cjp > 0 such that

Re(VO)+uw) _ V(}’)++u+a+1:q [1+ V(iyT ]

’

Ry (u) =10 u+oa+1 u+o+1
thus

QU L(EY) 1V (w”) = u]

—v
= C”)E[ > n v e v s e
lyl=1

+.-V
Z V(y)Te (y)1{2|x_1[1+V(X)+]eV<X)>e“/2}i|

L
e y=n

XI{X+)}>eu/2}:|
uta+1 1
where X =3, e VO and X := 2lyl=1 V(y)Te VO, Consequently,

Xl{X+)?>eSi/2}i|
Si+a—+1 ’

= C]()E|:X1{X+5f>eu/2} +

an)[(Eg))c] =< ClO(E & Ega)) |:X1{X+)?>e5i/2} +

where, on the right-hand side, we assume that (X, X ) and S; are independent,
the expectation E being for (X, X), while the expectation E§“> for S;. Here, Eg“)
stands for the expectation with respect to P;a), the law of the A-process of (S;)
starting from z and conditioned to stay in [—«, 00); the transition probabilities of
this s-process being given in (3.2).

Let us consider the expression on the right-hand side. We first take the expec-
tation for S; with respect to EE“). The event {X + X > eSi/ 2} can be written as



THE SENETA-HEYDE SCALING FOR THE BRANCHING RANDOM WALK 977

S; <2log(X + X). Therefore, by the definition of E§°‘), forany x >0 and X > 0,

zl{x+f>esi/2}i|

B [”{x+f>esi/2} TS e

1
= E| R, (S; lig~_,_
Ry (2) |: o(Si +2) {S;>—z—a}

X154z <2log(x +5)) >]

X i T2
(x I{SIJ’- <210g(x X)} Sl + Z—i—(x 1

2
Ry (2)

=

E[(Si +zta+ Dls> o

;Cll{S;+z<210g(x+)7)} ):|

x | x1yg, o+
( {Si+z<2log(x+X)} Sl'—f-Z—f—Ol—i-l

- crilx(1 +log, (x + X)) + X]
o Ry (2)

Applying Lemma 2.6 yields that

P{S; > —z—a, S +z<2log(x +X)}.

X1, . ~_ s
(@) {x4+X>e”i/7}

i>0
- cia[x(1 +log, (x + X)) + X][1 +log, (x + X)][1 + min{log, (x + X), z}]
o Ry (2) ‘

Taking expectation for (X, X ), using (4.3)—(4.5) in Lemma 4.6 [which we are
entitled to apply, in view of assumption (1.5)], and recalling from (2.6) that R, (2)
grows linearly when z — oo, we obtain (4.7) and (4.8).

We now prove that Q@Y(E, — 1, n - oo. Since E, = E,1NE; 2N
E, 3, let us check that lim,_ Q(“)(En,g) =1, for £ =1 and 2, and that
limy, o Q(a)(E;’3 NE,1NE,2)=0.

For E, 1: Fact 3.2 says that (V(w,(f‘)), n > 0) under Q@ is the centered random
walk (S;,) conditioned to stay in [—c, 00); so it is clear that Q("‘)(Engl) —>1,n—>
0.

For E, »: this follows from (4.7) (by taking z = 0 there).

For E,3: Let Goo := o {V(w™), V(2),z € Q(w)), k > 0} be the sigma-
algebra generated by the positions of the spine and its brothers. We know that
the branching random walk rooted at z € Q2 (wl-(a)) has the same law under P and

4The constant c11, as well as the forthcoming ¢, and c13, may depend on «. This, however, makes
no trouble as o will ultimately be a large (but fixed) constant.
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under Q("‘). Therefore,

V@) | e _
EQ(a)[Dfla)’[knvn]lgOO]:R(X(V(w,ga)))e V(wy )+ Z Z RQ(V(Z))C V(Z)

i:kn Zeg(w(i)l)

For z € Q(w\?)), we have Ry(V(2)) < ci3[l + a + V(W) + (V(2) -
V(wi(a)))ﬂ. Therefore,

. 1/6
4.9 1g,,0E,,Equ [ D MG ] = O (ne™ /), n— 0o,

1/6 . . ..
where the O(ne %" /3) term on the right-hand side represents a determinis-
tic expression. Since — 00, it follows from the Markov inequality that

(10g n)°
Q(“)(EC NEp1NE,2) — 0,n— oo.

It remains to check that Q) (E,, |V(w(a)) =u) — 1 uniformly inu € [kl/3 kn].
By (4.8), Q*(E; |V(w(a)) = u) — 0 uniformly in u € [kn/ , k], whereas

according to (4.9), 1 En,mE,lyzQ(“)(E;73|goo) is bounded by a deterministic ex-
pression which goes to 0 when n — oco. Therefore, we only have to check that
Q) (En1|V(w™) =) — 1, uniformly in u € [k,"°, ky]. By Fact 3.2 and (3.2),

Q(O’)(En,1|v(w1(<j)) u) = E[Ro(Sp—i, + u)l{ﬁnfknzk;/é_”}]'

Ry (u)

Let, as before, c¢ := lim;_ oo R"‘I(t), and let n € (0,cp). Let f,(1) := (co —

n) min{z, %}. Then R, () > bfn(i) for all sufficiently large ¢ and uniformly in
b>0.Wetake b := (n — k,) /%0 (with 0% := E[Sf] as before), to see that for all
sufficiently large n and uniformly in u > k,l,/ 6,

Q) (Epa |V (w) =u)

(1 = k)20 sy
) [f”<<n_ k)20 )1{ k>kv6_u}]

. (n_kn)l/z E|f, Sn— —ky, +u—kn/6 1
= Ry " Y

Since n’% — 0, we can apply (2.10) to see that, as n — oo,

n—ky +M—k1/6 QR(M— 1/6) ~
E[f”( (n— k)20 )1{5 e }]Nm/ Py dr,

uniformly in u € [k,ll/ 6, k,]. Consequently,

o0
liminf inf  Q)(En1|V(w) = )390/0 te 12 £, (1) dt.

n—o0 e[1(1/3 kn]
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Note that [ te_tz/zf77 (t)dt > (co—n) fol/" 2e=" 12 dt. Letting n — 0 gives

172
liminf —inf Q) (En1|V(w®) = u)>coeg(2) =1,

n=00 | k13 ]

the last identity following from (2.12). Consequently, Q@W(E, |V(w(°’)) =u)—1
uniformly in u € [k,,/ 3, kn]. Lemma 4.7 is proved. [

We now proceed to prove Lemma 4.5.

PROOF OF LEMMA 4.5.  Let k, be such that k, — oo and that %4> — 0,n —
oo. Let E, be the event in (4.6). By Lemma 4.7, Q@W(E,) — 1,n — oo.

On E,, we have D(“)’[k”’"] < %; in particular, since W,*tnnl < p(@).lkn.n]
we have W,S“)’“‘"’ "] < — on E,. On the other hand, Ry (V(w(a))) >1,s0

n(a),[kn,n] 1z :|

E (oz)|: n
Q D(Ol) R (V(w(a)))

< EQ(")[Z(’Z:) ] E[;i?oz)} - OG)

W(Oé) [0 kn) lEn
DY Ry(V(w(™)’

(4.10)

It remains to treat Since D\*) > D@10k (e haye’

Wrga)s[owkn) 1E W(a)q[oskn) lE,,

Eqa (@) (@) Q@ | "~ (@).[0,ky) @, |
Dy Ro (V(wy 7)) Dy Ro(V(wy 7))

Therefore, by Fact 3.2,

(),[0,ky) 1
n E, :|
D\ Ry (V(w\))

Wrga),[O,kn)

1
<E (@) (71 (@) 1/3 ) sup E(a) <7)
Q D,(,a)’[o’kn {V (w, Vel en ]} uelkl k1 . Ry (Sn—k,)

EQ(O!)
4.11)

For any u > —« and j > 1, we have E'(ta)(#%)) =
which yields, by (2.11),

1 0 0
sup E,(f‘)( >~ 5~ 17 n — 0o.
ue[kl/z k ] RO[(S}’Z—kn) (n - k}’l) / n /

Ra(u)P{S > —a — u},

(), [0,kn )
SNotation: 8 := 0 for the ratio % noting that if D(a) (0k) — 0, then W,ﬁ"‘)*[o’k") =0.
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Going back to (4.11), we obtain

W,E"‘)’[O’k") 1g :|

l: n
Q( ) D o R ‘y ()l

6 +o(1) (W,,E"‘)’[O”‘")l

=2 Feo | p@nk {V(w("))e[kl/3k]})'
n

We claim that

12 rga) [0,k,)
4.12 limsupn /" “Eg@ (71 « ) <é.
( ) n_)OOP Q@ D,(,“)’[O’k”) {V(w( ))e[km ko)

Then we will have

Wn(a),[oakn) lEn 92 1
EQ(‘”[ @ @y =7 )
Dy, Ry (V(wy ")) n n

which, together with (4.10) and remembering W, * = Ww,*-10:k) 4 yy(@).[kn.n]

will complete the proof of Lemma 4.5.
It remains to check (4.12). By Fact 3.2,

rga),[O,kn)
o (1)

B

(),[0,kn)

W @ @
ZEow(Wl{vw,ﬁ:be[kw,knn) e (EnlV (wy,,") = ).

By Lemma 4.7, inf
0,

Kk ]Q(“)(EHIV(w,((f)) = u) — 1. Therefore, as n —

Wrga)s[owkn) W,,Ea)»[oskn)
EQ“”( (a>,[o,kn>1{v<w<“>>e[k‘”k]}) (“Lo(l))EQ(‘”( <a),[o,/<n)1’5n>
D, Dy

Since D@10k 5 @10k g0 have
(@),(0.k)
Eqgw (WIE,,>
(@), [0.) !
<Equ (WlEnl{Déa)>;}> + Q(Ot)<DI(1(¥) < ;).

Let 0 < n1 < l By the Markov inequality, we see that Q(“)(D(O‘) 1) <
EEQ(Q)(W) - R R0y On the other hand, we already noticed that D) lkn: "]1
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is bounded by a deterministic 0(%). Therefore, for all sufficiently large n,
p@thnl - D@ o EoA (DY > %}. Accordingly, for all sufficiently large 7,

E (Wyga)’[o’k") 1 ) - 1 E (Wrga)q[oskn) 1 ) N 1
O\ ——m 7 1E, | = @\ ——— @_1
Q D’ga),[o,k,,) 1—m Q D’(loz) E,N{D; > 1} nRy(0)
(o)
1 W, 1
S EQ(a)( 'z ) ) + .
L—m D nRy(0)

(e)
On the right-hand side, EQ(a) (%) ~ n,%; see (4.1). It follows that

(a),[O,kn)
limsupn'/?E Ll = —
n—>oop Q@ D,(,a),[ovkn) {V(wl(cz))e[k'y3’k"]} T l-m .

Sending n; — 0 gives (4.12), and completes the proof of Lemma 4.5. [

PROOF OF PROPOSITION 4.1. Equation (4.2) follows from Lemmas 4.4
and 4.5. O

5. Proof of Theorem 1.1. Assume (1.1), (1.4) and (1.5). Let « > 0. By Propo-

(o)
sition 4.1, under Q(O‘), n!/2Wa y converges, as n — 00, in probability to 6. There-

(o
n

fore, forany 0 < ¢ < 1,

(@)
Q(“){nl/z%—0‘>98}—>0, n— 00,

Dy

that is,

E[D,(f‘)l — 0, n— 00.

{ |n‘/2(W,$“)/D£‘”>—9|>98}]

Recall that P*(e) := P(e|nonextinction). By Biggins [8], condition
E( =1e”’™) =1 in (1.1) implies that infixj—, V(x) = oo, P*-a.s.; thus
inf|x;>0 V(x) > —o0, P*-a.s.

Let Qi := {inf|y>0 V(x) > —k} N {nonextinction}. Then (2, k > 1) is a se-
quence of nondecreasing events such that P* (|~ 2x) = P*(nonextinction) = 1.
Let n > 0. There exists kg = ko(n) such that P* (kao) >1—n.

Since IQkO <1, we have

E[D"1 ]—o0, n— oo.

(In1 200 D) o166} 1o
Because D,(l“) > (0, this is equivalent to say that, under P,

()
Dy 12w D) 106 19 = 0
(5.1)

in L' (P), a fortiori in probability.
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On €, we have W,§“) = W, for all n and all « > k. For the behavior of D,(,a) s
we observe that according to (2.6), there exists a constant M = M (e) > 0 suffi-
ciently large such that

co(l —e)u < R(u) <co(l+e&)u Yu > M.

We fix our choice of o from now on: « := kg + M. Since R, (1) = R(u + o),
we have, on Q,, 0 < co(l —&)(V(x) +a) < Ry (V(x)) < co(l +&)(V(x) +a)
(for all vertices x), so that on 2,

0<co(l —&)(Dy +aW,) < DY <co(1 4+ &) (D, +aW,)  Vn.

(We insist on the fact that on Q,, D, +aW, > 0 for all n.)
Recall that D, — #* > 0, P*-a.s., and that W,, — 0, P*-a.s. Therefore, on the

one hand, liminf,_, D,(f‘) > co(1 —e)#* > 0, P*-a.s. on €4,; on the other hand,

on g,
(@)
W,
Ay cin'?—L_ —0|>0e Vn,
(@)
D,
where
Ay i=ntP " 1 2 Q}U{ YR — 1 —¢)? 9}.
n {n Dn+ocW,,>( +¢&)“co n D,,+aW,1<( &)“co

In view of (5.1), we obtain that, under P*,
1 AnIQkO -0 in probability,
that is, P*(A, N Q,) — 0, n — oo. Since P*(£24,) > 1 — 7, this implies
limsupP*(A,) <n.

n—oo
In other words, n'/ 2% converges in probability (under P*) to cof, which is

(#)1/ 2 according to (2.12). Theorem 1.1 now follows by an application of The-
orem B in the Introduction.

6. Proof of Theorem 1.2. We first study the minimal displacement in a
branching random walk. Recall that P*(e) := P(e|nonextinction).

THEOREM 6.1. Assume (1.1), (1.4) and (1.5). We have

hmmf( min V(x) — llog n) —00, P*-a.s.
|x|=n 2

REMARK. Although we are not going to use it, we mention that min|y—, V (x)
behaves typically like 3 logn if conditions (1.1), (1.4) and (1.5) hold, then under
P*, logn min|y|—, V(x) — 5 in probability; see [19], [1] or [4] for proofs under
some additional assumptions. A proof assuming only (1.1), (1.4) and (1.5) can be
found in [2]. In particular, we cannot replace “liminf” in Theorem 6.1 by “lim.”
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By admitting Theorem 6.1 for the time being, we are ready to prove Theo-
rem 1.2.

PROOF OF THEOREM 12. By definition, W, = Y o, V@ >
exp[—min|y=, V (x)], so Theorem 1.2 is a consequence of Theorem 6.1. []

The rest of the section is devoted to the proof of Theorem 6.1. We use once
again a change-of-probabilities technique. This time, however, we only need the
well-known change-of-probabilities setting in Lyons [27]: Under (1.1), (W,) is a
nonnegative martingale, so we can define a probability Q such that for any 7,

6.1) Qlz, =W,eP|z .

Recall that the positions of the particles in the first generation, (V (x), |x| = 1),
are distributed under P as the point process ©; let © denote a point process whose
distribution is the law of (V (x), |x| = 1) under Q.

Lyons’s spinal decomposition describes the distribution of the branching ran-
dom walk under Q; it involves a spine process denoted by (wy, n > 0): We take
wo = &, and the system starts at the initial position V(wp) = 0. At time 1,
wo gives birth to the point process ©. We choose w) at step 1 among the off-
spring x with probability proportional to e~V *). The particle w; gives birth to
particles distributed as ® [with respect to their birth position, V (w;)], while all
other particles in the first generation, {x:|x| = 1, x # wj} generate independent
copies of ® (with respect to their birth positions). The process goes on. The new
system is denoted by B.

FACT 6.2 (Lyons [27]). Assume (1.1). The branching random walk under Q,
has the distribution of B. For any |x| = n, we have

—V(x)

Wa

(6.2) Q(w, = x|.F) = ©

The spine process (V (wy,))x>0 under Q has the distribution of (S,),>0 introduced
in Section 2.

We mention that the analogue of Fact 6.2 for the branching Brownian motion
was known to Chauvin and Rouault [15].
Fact 6.2 is useful in the proof of the following probabilistic estimate.

LEMMA 6.3. Assume (1.1), (1.4) and (1.5). Let C > Q be the constant in
Lemma 2.5. There exists a constant c14 > 0 such that for all sufficiently large n,

P{3x:n < |x| <2n, Jlogn < V(x) < $logn + C} > cy4.
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PROOF OF LEMMA 6.3. The proof of the lemma borrows an idea from [2];
see (6.5) below. We fix n and let

0, ifOfng,
a; =a;(n) = 1 n
—logn, if —<i<2n
2 2
and forn < k <2n,
) ) 2, ifo<i<™
b® =b® (n) := .
(k —i)1/12, ifE <i<k.

For any vertex y, let, as before, y; denote the ancestor of y at generation i (for
0 <i <|y|, with y|y :=y), and (y) the set of brothers of y. We consider

2n
VAQEES > Z,ﬁ”),
k=n+1
7" = #(E N F),
where

Ev:={y:Iy|=k, V() >a;,YO<i <k, V(y) < 3logn+ C},

, 0
Fy = {y; vl=k Y [1+ (V) —a)"]em VO < ¢i5e7h
vEQ(Yit1)

’

VO<i<k-—1;.

[So if x € E}, then %logn <Vkx) < %logn + C. The set E} here has nothing
to do with the event E,, in (4.6).] The constant c;5 in the definition of Fj is positive

and will be set later on. We make use of the new probability measure Q introduced
in (6.1): forn < k < 2n,

(n)

V4 1xeEnFy
Ez(n) —F |: k i|:E |: {xeENFy iI’
[2"]=Eq| 7~ | =Fa %::k BT

which, by (6.2), is

= EQ[ > l{erkﬂFk}eV(X)l{wkZX}} =Eq[e" "1y crnm)-
|x|=k

Thus,

(6.3) E[Z"] = n'?Q(uwyi € Ex N Fy).
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We need to estimate Q(wy € Ex N F). By Fact 6.2, the process (V(wy))n=0
has the law of (Sy,),>0. Therefore, for k € (n, 2n] N Z,

1
Q(wx € Ey) :P{Si >a;,VO<i<k,S < Elogn—l—C}
Cl6 C17
€ [on o
by Lemmas 2.4 and 2.5. We now use Lemma C.1 of [2], stating that for any ¢ > 0, it

is possible to choose the constant c5 (appearing in the definition of Fj) sufficiently
large such that for all large n,

6.4)

€
(6.5) k:nril%éan(wk € Ex, wi ¢ Fr) < T

(The uniformity in k € (n, 2rn] N Z is not stated in [2], but the same proof holds.)
In particular, choosing ¢ := % [c16 being in (6.4)] leads to the existence of cis
such that for all large n,

C16
Q(wk € Ex, wi € Fy) > 232

It follows from (6.3) that for all sufficiently large n,

2n
1/2 €16
(6.6) E[z"] > kz K P am z s
=n+

We now estimate the second moment of Z". By definition,

2n 2n 2n k
2
E[(z")]= Y. Y E[z"z"]=2 Y Y E[z"z"].
k=n+1{=n+1 k=n+1{=n+1

Using again the probability Q, we have forn < £ <k < 2n,

(n)
Z 1
(n) ~(n) (n) “k (n) {xeExNFy}
E|Z 7 =Eg|Z, — |=E¢g|Z —_
[ k “e ] Q[ ¢ Wk} Q[ L p;::k W }

=Eq[Z{"e" "1 erinm]
by (6.2), and thus is bounded by ecnI/QEQ[ZE”)I{wkeEkka}]. Therefore,
) 2n k
E[(Z(n)) ] = 2eCn!/? Z Z EQ[Zén)l{wkeEkﬂFk}]'
k=n+1{¢=n+1

We now estimate EQ[Zén) 1{w.eE,nFy] on the right-hand side. It will be more
convenient to work with Y, e(”) = _x|=¢ l{xeE,} Which is greater than Z,E"). De-
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composing the sum Y g(n) (forn < £ <2n) along the spine yields that

v = weeEe}+Z S "),

i=1yeQ(w;)

where Q2 (w;) is, as before, the set of the brothers of w;, and YZ(”)(y) =#{x x| =
£, x > y,x € Eg} the number of descendants x of y at generation £ such that
x € Ey. By Fact 6.2, the branching random walk emanating from y € Q(w;)
has the same law under Q and under P. Therefore, conditioning on ¥, :=
ofV(wj),wj, Qw;), (V(y))yeg(wj),j > 0}, we have, for y € Q(w;),

EQ[Y" %] = 0ie(V(y)).

where, for r € R,

¢i,e(F)I=E[ Z 1{r+V(Xj)zaj+;,VOSjSZ—i,r+V(x)§(1/2)10gn+C}:|-
|x|=C—i
Consequently,

k

2n
E[(Z(n))z] < 2eCn!/? Z Z Q{wy € Ex N F, wy € Ey}
k=n+14¢=n+1

2n k 0
+2e5n12 Yy ZEQ[I{wkeEkﬂFk} > sﬂi,z(V(Y))]-

k=n+1{=n+1i=1 yeQ(w;)

In the first double sum on the right-hand side, if £ = k, we simply ar-
gue that Q{wy € Ex N Fr,wy € E¢} < Q{wy € Ex} < % [by (6.4)], so that
Zk L1 Qlwr € Ex N F, wi € Ex} < Zk —ntl C#] = 617 . This leads to

2n k—1

E[(Z(”))Z] < 2ecc17 + 2eCn!/? Z Z Ql{wr € Ex N F, wy € Ey}
k=n+2{=n+1

2n k 4
+2CC 1/2 Z Z ZEQ[I{wkeEkﬂFk} Z (pi,é(v(y))il'

k=n+1{=n+1i=1 yeQ(w;)
Recall from (6.6) that E[Z™] > ¢|g. Since P(Z™ > 0) > %, the proof
of Lemma 6.3 is reduced to showing the following estimates: for some constants
c19 > 0 and ¢y > 0 and all sufficiently large n,

2n k—1
C
6.7) > Y Qlwie B wee By <~
k=n+2t=n+1 n

65 3 Y ZEQ[l{wkeEm Y e V(y)]f—/

k=n+1{=n+1i=1 yeQ(w;)
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Let us first prove (6.7). By Fact 6.2, forn < £ < k <2n,
Q{wk € Ex, we € E¢}
=P{Si >a;,YO<i <k, S¢ < 1logn+C,S < $logn+C}
= E{l{s,- >a; VO<i<(,Sp <} logn—i—C}pk’Z(Se)}’

where® Pre(r) =P{r +5§; > %logn,‘v’l <j<k—4Lr+ Sx_¢< %logn + C}
(for r > %log n). Applying Lemma 2.2 toa :=r — %logn and b := 0, we obtain,
forr > %logn,

r—(1/2)logn + 1
(k—)32

Pr,e(r) < c21

which leads to

Qfwy € Ex, we € Ey}
< $E{1{s->w VO<i<€,Sp<(1/2)lo n+C}<Se — llogn + 1)}
_(k—€)3/2 i Zai, VUSI=€,5¢= g 2
- (C + Doy
= k=032
(C + Do 2
- (k _ 5)3/2 n3/2’

1
P{Si >a;, V0 <i SE,ngilogn+C}

the last inequality following from Lemma 2.4. This readily yields (6.7).
It remains to check (6.8). By (2.1),

@ie(r)
(6.9 =E[e’ L8 2a;4:.Y0<j<t—i.r+Se_i<(1/2) logn+C}]
<n'?e“TP[r+8;>a;1;,VO< j <€ —i,r+Se_; < Slogn+C].
From here, we bound ¢; ¢(r) differently depending on whether i < % ori > %

First case: i < 5. By considering the j = 0 term, we get ¢; ((r) = 0 for r <0.
For r > 0, we have, by (6.9) and Lemma 2.4,

_ r+1
@i.o(r) <n'/?e ey T

(6.10)

eCCZ3

e "(r+1),

6Since £ > n, we have, by definition, a; = 1 logn fori > ¢.
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so that writing 24 := e“c23 and Eqlk, i, £] := EQ[Ljw e £} Xyeqw it (V ()]
for brevity,

. C24 _
EQ[k’l’E]S7EQ|:1{wk€EkﬂFk} Y. lwozoe V(”(V(y)+l)]
yeQ(w;)

C24 _
S—Eo[l{wkeEka} D e V(y)(V(y)++1)]
n yeQ(w;)

By definition, we have Zyeg(wi) r::_v(y)(\/(y)Jr +1) < c15e_("_1)l/]2 when wy €
Fy. It yields that

CUCISCNT (112

Q(wi € Ep) = 57

Eqlk,i, t] < —— 2415 e (i~ ni/e
n

by (6.4). As a consequence,

2n k
ey > Y ¥ EQ[I{wkeEk D vid V(Y))] 612/52

k=n+1{=n+11<i<n/2 yeQ(w;)

n

Second (and last) case: 5 < i < . This time, we bound ¢; ¢(r) slightly dif-
ferently. Let us go back to (6.9). Since i > 5, we have a;4; = %logn for all
0<j<f€—i,thus g ¢(r)=0forr < %logn, whereas for r > %logn, we have,

by Lemma 2.2,
: 10-r___ €% (1
Qal,ﬁ(r)fl’l € (Z—l+1)3/2<r 210gn+1>

This is the analogue of (6.10); noting that the factor % becomes ﬁ

now. From here, we can proceed as in the first case: writing again Eql[k, i, {] :=
EQ[ljuieEr) 2o yeq ) ¢i.e(V ()] for brevity, we have

Eolk, i, ¢] < caen /?
l e —
Q (C—i+1)32
1 +
XEQ|:1 {wee ENFL) Z e V(”[(V(y) —logn) —I—lﬂ
yEQ(w;)
C 1/2 o—(k—i+1)1/12
Cc26€ C15Nn €
= (8—1—1—1)3/2 n1/2 Q(wy € Ex)
27 _(k_i+1)l/12

<
= (U —i+ 133

where the last inequality comes from (6.4). Consequently,

Z Z > EQ[I{wkeEk > o V(y):|§—/

k=n-+1=n+11%<i<¢ yeQ(w;)
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Together with (6.11), this yields (6.8), and completes the proof of Lemma 6.3.
O

We have now all the ingredients for the proof of Theorem 6.1.

PROOF OF THEOREM 6.1. Assume (1.1), (1.4) and (1.5). Let K > 0.
The system being super-critical, assumption (1.1) ensures P{min, =1 V(x) <
0} > 0. Therefore, there exists an integer L = L(K) > 1 such that

c29 = P{lﬁ;ri Vix) < —K] > 0.
Letng .= (L + 2)", k> 1, so that ng41 > 2ny + L, Vk. For any k, let
1
Ty :=inf{i >nyg: ‘min Vx) < zlognk + C},
X|[=1

where C > 0 is the constant in Lemma 6.3. If T} < oo, let x; be such that |x;| = T}
and that V(x) < %log ng + C. (If there are several such xi, any one of them will
do the job, e.g., the one with the smallest Harris—Ulam index.) Let

Gy = {Tx < 2} N [lxyﬁinL[V(xky) — V(] < -k},

where x;y is the concatenation of the words x; and y. For any pair of positive
integers j < ¢,

¢ -1 -1
(6.12) P{UGk}zp{UGk}JFP{ﬂG;mGg}.
k=j k=j k=j
On {T; < o0}, we have

P{G/|.71,} = l{ngznl}P{lgli:Ii Vix) < —K} = c30l{1,<2n,)-

Since ¢~} G¢ is .#7, -measurable, we obtain
k=j “k 14

—1 -1
P{ (N Gin Gg} = C3()P{ () Gin{T < 2ng}}

k=j k=j

-1
> c3oP{Ty < 2n¢} — C30P{ U Gk}-
k=j
Recall that P{T; <2n,} > c14 (Lemma 6.3; for large ¢, say £ > jj). Combining
this with (6.12) yields that
£—1

¢
P{UGk}2(1—030)P{UGk}+C14C3o, Jo=j<¢t

k=j k=j
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Iterating the inequality leads to

—j—1
[U Gk} > (1 =30 /P{G} +cuacz0 Yy (1—c30)
k=j i=0
—j—1 4
>ciycz0 Y, (1—c30)'.
i=0
This yields P{UpZ; Gk} > cia, ¥j > jo. As a consequence,
P(limsupy_, o, Gk) > c14.
On the event limsup,_, ., G, there are infinitely many vertices x such that
Vx) < %log |x| + C — K. Therefore,

1
P{hmmf(mm Vx)— 510gn> <C - K} > Cl4.

lx|=n
The constant K > 0 being arbitrary, we obtain

1
P{hmmf(mm Vix)— —logn) = —oo} > C14.
|x|=n 2

Let 0 <e¢ < 1. Let J; > 1 be an integer such that (1 — 6‘14)11 < ¢. Under P*,
the system survives almost surely; so there exists a positive integer J» sufficiently
large such that P*{3",,_,, 1 > J1} > 1 —&. By applying what we have just proved
to the sub-trees of the vertices at generation J,, we obtain

1

P* {hmmf(lnlnn Vix)— Elogn) = —oo} >1—-(1-— c14)J1 —&e>1-—2e.
X|=n

Sending ¢ to 0 completes the proof of Theorem 6.1. [

Theorem 6.1 leads to the following result for the lower limits of minjy—, V (x),
which was proved in [19] under stronger assumptions (namely, E[(3_ = 1) I+ 4

E[Zm:l e~ IOV 4 E[Z|x|:1 e8V )] < 0o for some § > 0, and (1.1)). Recall
that P*(e) := P(e|nonextinction).

THEOREM 6.4. Assume (1.1), (1.4) and (1.5). We have

1
liminf min V(x) == P*-a.s.
n—>o0 logn |x|=n 2’

PROOF. In view of Theorem 6.1, we only need to check that
lim inf— 0o gz Mifjx=n V (x) = 3, P*-a.s.
Letk>0anda < % By formula (2.1) and in its notation,
E( > 1{z(x)>—k}1{V(x)5alogn}) =E(e% 15, > iy 1{s, <alogn))
|x|=n

<n’P(S, > —k, S, <alogn),
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2
which, according to Lemma 2.2, is bounded by a constant multiple of n“(lz%—/’?,

and which is summable in n if a < % Therefore, as long as a < %, we have

Y > Wwws—klvw=alogn <00,  P-as.

n>1|x|=n

By Biggins [8], condition E(Y—je”"™) =1 in (1.1) implies that
infjy =, V(x) — oo, P*-as.; thus infjy>o V(x) > —oo, P*-a.s. Consequently,
liminf,_, @ min|y|=, V(x) > a, P*-as., for any a < % O

7. Some questions. Let (V(x)) be a branching random walk satisfying (1.1),
(1.4) and (1.5). Let, as before, P*(e) := P(e|nonextinction). Theorem 6.1 tells us
that liminf,, _, oo [minjy =, V (x) — %logn] = —o0, P*-a.s., but it does not give us
any quantitative information about how this “lim inf” expression goes to —oo. This
leads to our first open question.

QUESTION 7.1. Is there a deterministic sequence (a,) with lim,,_, 5o a, = 00
such that

1 1
—00 < 1iminf—<min Vix)— 5 logn) <0, P*-a.s.?

n—oo q, |x|=n

Our second question concerns the additive martingale W,,. In Theorem 1.2,
we have proved that limsup,_, o, n'/>?W,, = oo, P*-a.s., but the rate at which this
“limsup” goes to infinity remains unknown.

QUESTION 7.2.  Study the rate at which the upper limits of n'/>W,, go to in-
finity P*-almost surely.

Questions 7.1 and 7.2 are obviously related via the inequality W, >
exp[— min|y=, V (x)]. Itis, however, not clear whether answering one of the ques-
tions will necessarily lead to answering the other.

About the lower limits of W,,, we have a conjecture.

CONJECTURE 7.3.  We would have
2 \1/2
liminfn'/?w, = (—2) Do, P*-a.s.,
n— oo TO

where 62 == E[Z|x|:1 V(x)2e VM.
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on spinal decompositions.



992

(1]

(2]

(4]
(5]
[6]
(7]
(8]

(9]

(10]

(11]
[12]
[13]
(14]

[15]

[16]
(7]
(18]

[19]

[20]
(21]

(22]

E. AIDEKON AND Z. SHI

REFERENCES

ADDARIO-BERRY, L. and REED, B. (2009). Minima in branching random walks. Ann. Probab.
37 1044-1079. MR2537549

AIDEKON, E. (2013). Convergence in law of the minimum of a branching random walk. Ann.
Probab. 41 1362-1426. MR3098680

AIDEKON, E. and JAFFUEL, B. (2011). Survival of branching random walks with absorption.
Stochastic Process. Appl. 121 1901-1937. MR2819234

ATDEKON, E. and SHI, Z. (2010). Weak convergence for the minimal position in a branching
random walk: A simple proof. Period. Math. Hungar. 61 43-54. MR2728431

BERESTYCKI, J., HARRIS, S. C. and KYPRIANOU, A. E. (2011). Traveling waves and homo-
geneous fragmentation. Ann. Appl. Probab. 21 1749-1794. MR2884050

BERTOIN, J. and ROUAULT, A. (2005). Discretization methods for homogeneous fragmenta-
tions. J. Lond. Math. Soc. (2) 72 91-109. MR2145730

BIGGINS, J. D. (1977). Martingale convergence in the branching random walk. J. Appl.
Probab. 14 25-37. MR0433619

BIGGINS, J. D. (1998). Lindley-type equations in the branching random walk. Stochastic Pro-
cess. Appl. 75 105-133. MR1629030

BIGGINS, J. D. (2010). Branching out. In Probability and Mathematical Genetics (N. H. Bing-
ham and C. M. Goldie, eds.). London Mathematical Society Lecture Note Series 378 113—
134. Cambridge Univ. Press, Cambridge. MR2744237

BIGGINS, J. D. and KYPRIANOU, A. E. (1996). Branching random walk: Seneta—Heyde norm-
ing. In Trees (Versailles, 1995) (B. Chauvin et al., eds.). Progress in Probability 40 31-49.
Birkhiuser, Basel. MR1439971

BIGGINS, J. D. and KYPRIANOU, A. E. (1997). Seneta—Heyde norming in the branching
random walk. Ann. Probab. 25 337-360. MR1428512

BIGGINS, J. D. and KYPRIANOU, A. E. (2004). Measure change in multitype branching. Adv.
in Appl. Probab. 36 544-581. MR2058149

BIGGINS, J. D. and KYPRIANOU, A. E. (2005). Fixed points of the smoothing transform: The
boundary case. Electron. J. Probab. 10 609-631. MR2147319

BOROVKOV, A. A. and Foss, S. G. (2000). Estimates for the excess of a random walk over
an arbitrary boundary and their applications. Theory Probab. Appl. 44 231-253.

CHAUVIN, B. and ROUAULT, A. (1988). KPP equation and supercritical branching Brownian
motion in the subcritical speed area. Application to spatial trees. Probab. Theory Related
Fields 80 299-314. MR0968823

FELLER, W. (1971). An Introduction to Probability Theory and Its Applications, 2nd ed. Wiley,
New York.

HARRIS, S. C. (1999). Travelling-waves for the FKPP equation via probabilistic arguments.
Proc. Roy. Soc. Edinburgh Sect. A 129 503-517. MR1693633

HEYDE, C. C. (1970). Extension of a result of Seneta for the super-critical Galton—Watson
process. Ann. Math. Statist. 41 739-742. MR0254929

Hu, Y. and SHI, Z. (2009). Minimal position and critical martingale convergence in branch-
ing random walks, and directed polymers on disordered trees. Ann. Probab. 37 742-789.
MR2510023

JAFFUEL, B. (2012). The critical barrier for the survival of the branching random walk with
absorption. Ann. Inst. H. Poincaré Probab. Statist. 48 989—1009. MR3052402

KAHANE, J. P. and PEYRIERE, J. (1976). Sur certaines martingales de Benoit Mandelbrot.
Adv. Math. 22 131-145. MR0431355

KozLov, M. V. (1976). The asymptotic behavior of the probability of non-extinction of critical
branching processes in a random environment. Theory Probab. Appl. 21 791-804.


http://www.ams.org/mathscinet-getitem?mr=2537549
http://www.ams.org/mathscinet-getitem?mr=3098680
http://www.ams.org/mathscinet-getitem?mr=2819234
http://www.ams.org/mathscinet-getitem?mr=2728431
http://www.ams.org/mathscinet-getitem?mr=2884050
http://www.ams.org/mathscinet-getitem?mr=2145730
http://www.ams.org/mathscinet-getitem?mr=0433619
http://www.ams.org/mathscinet-getitem?mr=1629030
http://www.ams.org/mathscinet-getitem?mr=2744237
http://www.ams.org/mathscinet-getitem?mr=1439971
http://www.ams.org/mathscinet-getitem?mr=1428512
http://www.ams.org/mathscinet-getitem?mr=2058149
http://www.ams.org/mathscinet-getitem?mr=2147319
http://www.ams.org/mathscinet-getitem?mr=0968823
http://www.ams.org/mathscinet-getitem?mr=1693633
http://www.ams.org/mathscinet-getitem?mr=0254929
http://www.ams.org/mathscinet-getitem?mr=2510023
http://www.ams.org/mathscinet-getitem?mr=3052402
http://www.ams.org/mathscinet-getitem?mr=0431355

(23]

[24]
[25]
[26]

[27]

(28]
[29]
(30]

(31]

(32]
(33]

(34]

THE SENETA-HEYDE SCALING FOR THE BRANCHING RANDOM WALK 993

KYPRIANOU, A. E. (2004). Travelling wave solutions to the K—P—P equation: Alternatives to
Simon Harris’ probabilistic analysis. Ann. Inst. Henri Poincaré Probab. Stat. 40 53-72.
MR2037473

LA1, T. L. (1976). Asymptotic moments of random walks with applications to ladder variables
and renewal theory. Ann. Probab. 4 51-66. MR0391265

LALLEY, S. P. and SELLKE, T. (1987). A conditional limit theorem for the frontier of a branch-
ing Brownian motion. Ann. Probab. 15 1052-1061. MR0893913

L1u, Q. (1998). Fixed points of a generalized smoothing transformation and applications to the
branching random walk. Adv. in Appl. Probab. 30 85-112. MR1618888

Lyons, R. (1997). A simple path to Biggins’ martingale convergence for branching ran-
dom walk. In Classical and Modern Branching Processes (Minneapolis, MN, 1994)
(K. B. Athreya and P. Jagers, eds.). IMA Vol. Math. Appl. 84 217-221. Springer, New
York. MR1601749

LYoNs, R. and PERES, Y. (2010). Probability on Trees and Networks. Cambridge Univ. Press.
Preprint. Available at http://mypage.iu.edu/~rdlyons/.

Lyons, R., PEMANTLE, R. and PERES, Y. (1995). Conceptual proofs of Llog L criteria for
mean behavior of branching processes. Ann. Probab. 23 1125-1138. MR1349164

MCKEAN, H. P. (1975). Application of Brownian motion to the equation of Kolmogorov—
Petrovskii—Piskunov. Comm. Pure Appl. Math. 28 323-331. MR0400428

MCcKEAN, H. P. (1976). A correction to: “Application of Brownian motion to the equation
of Kolmogorov—Petrovskii—Piskonov” (Comm. Pure Appl. Math. 28 (1975) 323-331).
Comm. Pure Appl. Math. 29 553-554. MR0423558

MoOGUL’sKII, A. A. (1973). Absolute estimates for moments of certain boundary functionals.
Theory Probab. Appl. 18 340-347.

NEVEU, J. (1986). Arbres et processus de Galton—Watson. Ann. Inst. Henri Poincaré Probab.
Stat. 22 199-207. MR0850756

SENETA, E. (1968). On recent theorems concerning the supercritical Galton—Watson process.
Ann. Math. Statist. 39 2098-2102. MR0234530

LABORATOIRE DE PROBABILITES UMR 7599

UNIVERSITE PARIS VI

4 PLACE JUSSIEU

F-75252 PARIs CEDEX 05

FRANCE

E-MAIL: elie.aidekon@upmc.fr
zhan.shi@upmec.fr


http://www.ams.org/mathscinet-getitem?mr=2037473
http://www.ams.org/mathscinet-getitem?mr=0391265
http://www.ams.org/mathscinet-getitem?mr=0893913
http://www.ams.org/mathscinet-getitem?mr=1618888
http://www.ams.org/mathscinet-getitem?mr=1601749
http://mypage.iu.edu/~rdlyons/
http://www.ams.org/mathscinet-getitem?mr=1349164
http://www.ams.org/mathscinet-getitem?mr=0400428
http://www.ams.org/mathscinet-getitem?mr=0423558
http://www.ams.org/mathscinet-getitem?mr=0850756
http://www.ams.org/mathscinet-getitem?mr=0234530
mailto:elie.aidekon@upmc.fr
mailto:zhan.shi@upmc.fr

	Introduction
	One-dimensional random walks
	An associated one-dimensional random walk
	Elementary properties of one-dimensional random walks

	Truncated processes, change of probabilities
	Convergence in probability of Wn(alpha)/Dn(alpha) under Q(alpha)
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Some questions
	Acknowledgment
	References
	Author's Addresses

