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REFLECTING RANDOM WALK IN FRACTAL DOMAINS'

BY KRZYSZTOF BURDZY AND ZHEN-QING CHEN
University of Washington

In this paper, we show that reflecting Brownian motion in any bounded
domain D can be approximated, as k — oo, by simple random walks on
“maximal connected” subsets of (2_k Zd) N D whose filled-in interiors are
inside of D.

1. Introduction. We proved in a recent article [1] that reflecting Brownian
motion in a domain D can be approximated by a sequence of random walks on
subsets Ay of (2"‘ Zd) N D. We chose Ax’s in a “natural” way, to be described in
a moment. Our main theorem in [1] was limited to only some domains D (‘“‘exten-
sion domains”’). We also provided a counterexample showing that random walks on
Aj’s do not converge to the reflecting Brownian motion in D for some domains D.
In this paper, we will show in Theorems 3.6 and 4.2 that reflecting Brownian mo-
tion on any domain can be approximated by a sequence of discrete-time, as well
as continuous-time, random walks if the state spaces Dy for the random walks are
constructed in a different “natural” way.

The sets A, were constructed in [1] as follows. First, we found the maximal
connected set consisting of line segments contained in D, joining neighboring ver-
tices in (27%Z%) N D. Then we let Ay be the set of vertices in (2~¥Z4) N D at the
ends of these line segments. It turns out that the “correct” way (employed in the
present article) to construct the state space for the random walk is to start with the
maximal connected set consisting of cubes contained in D, with edge length 2%
and vertices in (27%Z%) N D. Then we let Dy be the set of vertices in (2 ¥Z4)N D
which belongs to these cubes. Intuitively speaking, Ay may penetrate very thin
crevices in D. The simple random walk on Ax may spend a nonnegligible amount
of time in such branches of A, but reflecting Brownian motion spends very little
time in sets with very small volume. Replacing edges in the construction of Ay’s
with cubes eliminates the mismatch between the shapes of D and the approximat-
ing discrete set.

The technical essence of the paper is Theorem 2.1 which shows that, in a sense,
the Dirichlet form for reflecting Brownian motion can be approximated from below
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by discrete Dirichlet forms. This theorem and the remaining part of the proof of
the main result are challenging because “naive” discrete approximating schemes
for the Dirichlet form of reflecting Brownian motion do not work; see Example 2.2.

In the rest of the Introduction, we will review some basic facts about reflect-
ing Brownian motion in nonsmooth domains and elaborate on some of the points
mentioned above.

Reflecting Brownian motion in a bounded domain D in RY is a symmetric
Markov process that behaves like Brownian motion inside D and is “pushed” back
along the “inward normal” direction at the boundary d D of D. It is a prototype of
diffusions with boundary condition and can be used to study heat equations with
Neumann and Robin’s boundary condition. It is also widely used in modeling, for
example, in physics, in queuing theory and in financial mathematics. Reflecting
Brownian motion has been studied by various authors using various methods; see
[1, 2] and the references therein. When D is a bounded extension domain (see next
paragraph for its definition), reflecting Brownian motion X can be constructed as
a strong Markov process on D starting from every point in D except a polar set.
Every bounded Lipschitz domain is an extension domain. When D is a general
bounded domain, reflecting Brownian motion can still be constructed on D, but
typically it is no longer a strong Markov process. In a recent paper [1], we de-
veloped three discrete approximation schemes for reflecting Brownian motion in
bounded domains, providing effective ways to simulate the process in practice. The
first two approximation schemes are discrete-time and continuous-time simple ran-
dom walks on grids 27¥Z¢ N D inside D. For these two approximation schemes,
we need to assume that D is a bounded extension domain. A counter example is
given in [1], showing that these approximation schemes do not work for some
bounded domains. However, the third approximation scheme developed in [1],
called myopic conditioning, works for any bounded domain D. Myopic condi-
tioning generates a continuous-time and continuous-space process and, therefore,
it is not suited for computer simulations. The purpose of this paper is to develop
discrete-time and continuous-time simple random walk approximations on grids
inside D that work for every bounded domain D.

We now give a precise description of reflecting Brownian motion on bounded
domains. Let d > 1 and D be a bounded domain in R?. The Sobolev space
WL2(D) of order (1,2) is the space of L?(D)-functions on D whose distribu-
tional derivative V f is also L2(D)-integrable. It is well known that W12(D) is
a Hilbert space under norm | f |12 := (| £ 125, . + IV 125, ,,)'/%. We define on

L2(D) L2(D)
WI’Z(D) a bilinear form
1
=3 [ VW Vewdx  for fge WD),

It is known (see, e.g., [4]) that (£, W'(D)) is a Dirichlet form on L*(D; dx).
When C (D) N W'2(D) is dense in both (C (D), || - |oo) and in (W12(D), || - |11.2),
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(&, WL2(D)) is a regular Dirichlet form on L%(D; m), where m is the Lebesgue
measure on D extended to D by setting 7 (3 D) = 0. In this case, there is a contin-
uous conservative strong Markov process X on D associated with (£, W2(D)),
starting from quasi every point from D. The process is called (normally) reflect-
ing Brownian motion on D. It is known (see, e.g., Theorems 1 and 2 on pages 13
and 14 of [13]) that (£, W'-2(D)) is a regular Dirichlet form on L?(D; m) if D is
star-shaped with respect to a point in D or if D has continuous boundary. Note that
(&, WH2(RY)) is a regular Dirichlet form on L2(RY; dx). Hence (£, W-2(D)) is
a regular Dirichlet form on L?(D; m) if D is an extension domain in the follow-
ing sense: there is a linear continuous operator 7 : wi2(D) - WL2(RY) such
that 7f = f a.e. on D for every f € W2(D). Recall that a domain D is called
a locally uniform domain if there are § € (0, oc] and C > 0 such that for every
x,y € D with |[x — y| < &, there is a rectifiable curve y in D connecting x and y
with length(y) < C|x — y| and moreover,

min{|x — z|, |z — y|} < Cdist(z, D) for every z € y.

A domain is said to be a uniform domain if the above property holds with § = co
The above definition is taken from Vdiséla [15], where various equivalent defini-
tions are discussed. Uniform domain and locally uniform domain are also called
(e, 00)-domain and (e, §)-domain, respectively, in [12]. For example, the classi-
cal van Koch snowflake domain in the conformal mapping theory is a uniform
domain in R?. Note that every bounded Lipschitz domain is uniform, and every
nontangentially accessible domain defined by Jerison and Kenig in [11] is a uni-
form domain (see (3.4) of [11]), while every Lipschitz domain is an (g, §)-domain.
It is proved in [12] that every locally uniform domain is an extension domain.
However, for general domain D, (&, WL2(D), £) does not need to be regular on
L%(D; dx). A unit disk in R? with a slit removed is such an example. See page 14
of [13] for an example of D due to Kolsrud with dD = 9 D such that the Dirichlet
form (£, WE2(D), £) is not regular on L*(D; dx). Nevertheless, for any domain
D C R?, one can always find a compact regularizing space D that contains D
as a dense open subset such that (£, W!2(D)) becomes a regular Dirichlet space
on LZ(B ni), where 7i is the Lebesgue measure on D extended to D by setting
m(D \ D) = 0; see [8] and [2]. Let X be the associated conservative strong Markov
process on D, which can also be called reflecting Brownian motion on D. Let X be
the projection of X onto D. Since for any given time 7 > 0, Py (X,e D\ D)=
under the normalized Lebesgue measure on D, X and X have the same ﬁmte—
dimensional distributions.

A key technical element of this paper is to show that, for any bounded domain
D in RY, there exists a sequence {¢;, j > 1} of bounded smooth functions on D
that is dense in the Sobolev space W!-2(D), separates points in D and satisfies the
property (2.1) described below. We can deduce from its existence that there is a
metric p on D (“refinement of the Euclidean metric””) which induces the same Eu-
clidean topology inside D and has the property that reflecting Brownian motion on
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D can be lifted as a strong Markov process on the p-closure D of D. This enables
us to show that the random walk approximation on grids whose filled-in interiors
are inside D works for reflecting Brownian motions on arbitrary bounded domains.
In this paper, we also provide a proof that any weak limit of random walks on grids
inside D is a stationary symmetric Markov process (see Theorem 3.3). This is a
key step in proving that the weak limit is indeed the stationary reflecting Brown-
ian motion in D, using a Dirichlet form approach. This claim was made in [1] but
regrettably no proof was given there.

The rest of the paper is organized as follows. In Section 2, we establish a result
(Theorem 2.1) regarding the Sobolev space W!-2(D) that will play an important
role in this paper. Though the result is purely analytic, we employ some proba-
bilistic techniques in its proof. The proof that reflecting Brownian motion in any
bounded domain D can be approximated by discrete-time random walk on grids
inside D is given in Section 3. The corresponding result for continuous-time ran-
dom walk approximation is presented in Section 4.

2. Energy form estimates. Let D C RY be a domain (connected open set)
that has finite Lebesgue measure. Fix an arbitrarily small c; € (0, 1) and a point
xo € D. For each integer k, let Ay be the family of all closed d-dimensional cubes
Q C D with edge length 2%, such that:

(i) the vertices of Q belong to Q~*z)d;
(i1) the distance from Q to 9D is greater than c; 2k,
(iii) there exists a sequence of cubes Q1, O2,..., O, = Q, satisfying (i)
and (ii), and such that xo € Q1, and Q; N Q41 is a (d — 1)-dimensional cube,
forall j=1,2,...,m— 1.

Since D has a finite volume, there is some kg € Z such that Ay = @ for every
k < ko. Using scaling if necessary, we may and do assume that Ay = @& for k < 0.
Let Dy = Uge, Q- Let A be the family of all edges, and let A} be the family of
all vertices of all cubes Q € Aj. We will write Xy to denote the line segment with
endpoints x and y. Note that if Xy € A}, then so is yx. Thus in the summation on
the left-hand side of (2.1), each line segment in .A;( is counted twice.

THEOREM 2.1. Suppose that D C RY is domain with finite volume and ¢, €
(0, 1), xo € D and Dy’s are defined as above. There exists a countable sequence

of bounded functions {¢;}j>1 C WL2(D) N C%(D) such that:
(i) {pj}j>1 is dense in W1-2(D);
(i1) {@;}j>1 separates points in D,
(iii) foreach j > 1,

2.1) limsup2¢=D 3™ (9;(x) — ¢; (1) < 2/D|V<pj(x)!2dX-

k—o0 x_yeA,L
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PROOF. Step 1. First note that the Sobolev space (W!2(D), || - [l1,2) is sep-
arable. This can be seen as follows. Let G be the 1-resolvent for the Dirichlet
form (£, Wh2(D)); that is, G is the linear operator from L%*(D;m) to W-2(D)
uniquely defined by

E1(G1f, 8) =fo(x)g(x)dx for every g € WH2(D).

Here & (u, v) := E(u, v) + [pu(x)v(x)dx. It follows that G1L%(D; dx) is dense
in the space (W2(D), | - l1,2) and that

51(G1f,G1f)=/DfG1f(x)dx5/0 f(x)*dx.

Since L2(D; dx) is separable, there is a sequence { fi, k > 1} of bounded functions
that is dense in L%(D; dx). Consequently, {nk := G fr,k = 1} is a sequence of
bounded functions that is dense in (W!2(D), || - 11.2)-

Theorem 2 on page 251 of [7] implies that for every function n*, there exists
a sequence of functions {nlj‘., j=1}C WL2(D) N C*®(D) with the property that

lim; ||771]‘- — nk|| 1,2 = 0. Moreover, the proof given in [7] shows that we can

choose nlj‘- so that sup, . p |nlj‘-(x)| <3sup,.p |7 )]

Step 2. Constants cy, c2, ... may change value from one “step” to another in this
proof.

We will use a regularized version of the distance function defined in [14], The-
orem 2, page 171. That theorem implies that there exist 0 < ¢y, ¢3, €3, ¢4 < 00
such that for every integer j there is a C* function d;: D — (0, 27/] with the
following properties:

(2.2) c1(dist(x, D) A277) < dj(x) < ea(dist(x, dD) A27),
2.3) sup|Vdj (x)| <c3,
xeD

2.4) sup dj()c)ii (X)) <cq4 forl <i,m<d.
xeD dx; dxpm
By dividing d; by an appropriate constant, we may and will assume from now on
that (2.2) and (2.3) hold with ¢ =c3 = 1.
The existence of functions d; follows essentially from [14], Theorem 2, pa-
ge 171. The only difference between our claim and that in [14], Theorem 2, pa-
ge 171, is that [14] is concerned with the condition

c1 dist(x, D) < d;(x) < cp dist(x, I D),

in place of our condition (2.2). The method of proof given in [14] applies to (2.2) if
we subdivide cubes constructed in [14], Section 1.2, page 167, with edges longer
than 27/ into cubes with edge length 27/,
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Step 3. Let ¢ :R? — [0, 00) be a C*® “mollifier” with support in the ball
B(0, 1/2) such that fB(O’l/z) Y(x)dx =1.Forr >0let iy, (x) = r_dw(x/r), and

note that sup, ¥, (x) = cr?.

The function ¥, (y) := 887% (y) is C°. Ttis supported in B(0, r/2) and satisfies
the condition || B(0,r/2) Y/ (y)dy =0.Let | - ||; denote the L' norm with respect to
the Lebesgue measure restricted to D. Note that ||/ |; = cor ! and ||y v 0|} =

¥ AOll1 = |¥/]l1/2. Consider x € D, and let
N ORA AN OFNY
af ()= 7df(x) and a ()= —7df Sl )
||de(x) Ul ||de(x) A Ol

The functions aj (+) and a; (-) are probability density functions. Let Aj{ and AL
be independent R?-valued random variables with densities a;(-) and a; (-), re-

spectively. Let fjf d& denote the integral with respect to the length measure

on the line segment joining A} and A . Clearly, the measure E f?f d& is sup-

ported on B(0,d;(x)/2). We will now show that it has a density bounded above
by c3d; (x)'~. In other words, for every set K C D,

A7
EfA+ 1k (€)dE < c3d; () 4m(K N B(0,d;(x)/2)).

Clearly the functions aj () and a; () are bounded by ay := c4d; (x)~?. Con-
sider any z € B(x, d;j(x)/2) and small § > 0. The probability that at least one of the
random points A;" or A belongs to B(z, 26) is less than c58%a, < c68ddj (x)~4.

For k > 2, the probability of the event Fy = {A} € B(z,82%) \ B(z, 82~1)}
is bounded by c7892%%q .. Let G be the intersection of B(x, dj(x)/2) and the
smallest cone with vertex A containing B(z,§). The conditional probability,
given Fy, of the event {A € G} is bounded by «a, times the volume of G; hence,
it is bounded by cgarxd; (x)(27%d; (x))47! = coapd; (x)42¥1=4) Multiplying the
two estimates and summing over k > 2, such that B(z, §2€~!) does not contain
B(x,dj(x)/2), gives the bound

Yo 7872 apcoand;(x)128 D < 0187 (x) !
82k<2d (x)

Adding to this quantity c¢8%d b (x)~¢ [the estimate representing the case when at
least one of the random points A} or A} belongs to B(z, 28)] gives a similar bound
c118971d b (x)'=?. The last quantity is an upper bound for the probability that the

line segment joining Aj and A intersects B(z, 25). Since f;‘f 1p(;,25)(§)dE <26
with probability 1, we obtain

Ay
E [ Lacon(€)de < cnd®™d;(0)' 20 = epndd; (0.
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This estimate holds for all z € B(x, d;(x)/2) and all small § > 0 so the density of
the measure E[jf dé& is bounded by c13d; (x)1.

We will also need the following version of the above estimate. Let ¢, (y) =
2
L), bEO = WY OV O/1¥ () v Ol and by () = =W () A
0)/I197] () A Oll1. Note that [/l = c1ar =2, .,/ ¥/ (v)dy =0 and so |y’ v

0lly = [[¥/ A Olly = || l1/2. The functions b} (-) and b (-) are probability den-
sity functions. Let B and B, be independent R?-valued random variables with

densities b;L(-) and b (-). The measure E [ ;f d& has a density bounded above by
c15d; (x)1~4. In other words, for every set K C D,

B:
E/B+ 1k (§) d§ < c15d;j(x)' ~/m(K N B(0,d;(x)/2)).

We omit the proof because it is analogous to the one given above.
Step 4. Consider a function n € W12(D) N C*(D) and for integer j > 1 and
x € D, let

25) ni = [ Va0 — y)dy.
B(0.d;(x)/2)
We will show that n; € WH2(D)NC>(D) and n; — nin W2(D) as j — oo.

Since 1 and d; are C functions, so is 7.
We have

2
()2 — —
n; (x) —( fB sy VUG y)dy)

< f Va0 ()2 dy n(x — )2 dy
B(0.d;(x)/2) B(0.d;(x)/2)
(2.6)
—d\2
< e1(d; ()~ () / nGx — y)2dy
B(0,d;(x)/2)
< 2 (x) f n(x — y)2dy.
B(0,d;j(x)/2)

Suppose that z € B(x, d;(x)/2). Then

dist(z, D) > dist(x, D) — [x —z| > d;(x) — |[x —z| = d;(x)/2.
Hence

d;j(z) > c3(dist(z, dD) A277) > c3(d; (x) /2 A277) = c3d (x) /2.

Therefore, c4d;(z) > dj(x)/2 and IB(x,dj(x)/z)(z) < lB(Z,C4dj(Z))(x). Assuming
again that z € B(x, d;j(x)/2), we obtain

dist(z, D) < dist(x, D) + |x — z| < dist(x, D) + d; (x)/2
< dist(x, dD) + dist(x, D) /2 < 2dist(x, D).
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Hence
d;(x) > cs(dist(x, dD) A277) > es5(dist(z, dD) /2 A27Y)
> ¢s5(dj(2)/2 A 277) = e5dj(2) /2
This implies that

2.7) dj () B d; 0,2 (@) < cs(d; (Z)/z)_dlB(z,C4dj(z))(x)-

For later reference we derive an inequality that is slightly more general than what
is needed in this step. Foraset Q C D, let Q = ;¢ B(x, d;(x)/2). We combine
(2.6) and (2.7) to see that

/ n; (0 dx 502/ d,(x)—d/ G — ) dydx
0 0 B(0,d;(x)/2)

=cz/ dj(x)_d/ n(2)? dzdx
o B(x,dj(x)/2)

2.8) P /Q fédj(x)‘dlg(x,dj(x)m(z>n<z>2dzdx
<o /@ /Q e5d;12)/2) N eaay o (¥) dx n(2)? dz

<c6 /A n(z)*dz.
Q
In particular, the inequality appliesto Q = D = 0. Hence

(2.9) /D nj(x)*dx < cg /D n(z)?dz.

Forany x € D, j and 1 <i <d, note that ¥4;(x)(y) =0 for y ¢ B(0,d;(x)/2),
and n(x — y) is differentiable in y € B(0, d;(x)/2). So we have

P 2 9 2
— . = (= . —vd
(o) = (5 [ S BT LIC )
d
= (/ Vd;x)(y) ——n(x —y)dy
B(0,d;(x)/2) 0x;
5 2
+ [ (Gt = dy)
0
= (f Vd;x)(y) 7—n(x —y)dy
B(0,d;(x)/2) 0x;

9 2
(2.10) + /B (O’dj(x)/z)(a—mwd,m(y))n(x - y)dy)
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P 2
§2</ wd,(x)(y)—n(x—y)dy)
B(0,d;(x)/2) - 0x;
2
o ( Vo) e = )dy )
B(0,d;(x)/2) \ 0x;
2 0 2
§2f Vd,;(x)(y) dy/ (—n( —y)> dy
B(0.dj(x)/2) B(0.dj(x)/2) \ 0X;
2
o ( Vo) e = )dy )
B(0.dj(x)/2) \ 0X;
9 2
—d
< ;0 | (onee-») dv
B(0,d;j(x)/2) \ 0X;

2
+2(/B(0,dj(x)/2)<3x Va; (x)(y)>’7(x - Y)dy> :

Recall that ¢/ (y) := 5r Y, (y) is a C* function supported in B(0, 1/2) with
fB(o 1/2) ¥/ (y)dy = 0. It follows from (2.3) that Z 1|8 dj(x)| <d. We have

d

2[5

i=1

|Wd (x)(y)|

Wd (x)(Y)l

(2.11) , .
5d|wd_,.(x)<y>| < cod;j(x)~ L.

Recall the definitions of the random variables A} and A from step 3. It follows

from fB(O,dj(x)/Z) W,’jj(x)(y)dy =0 and fB(o,dj(x)/z) |1//:1j(x)(y)|dy < c10/d;j(x)
that

/ (52 v ) = vy
B(0,dj(x)/2) \ 9X;
<ciod;(@) ' E(n(x — AF) —n(x — A}))]

2.12) 1
<c1odj(x) T 'E[n(x = AT) —n(x — A7)|

A
<ciod;(07'E [ 90 =2l dz,
AY
where the last integral is along a line segment from A} to A;. By step 3, the

measure K f dz has a density that is bounded above by cq1d; (x)!=? and van-
ishes 0uts1de of the ball B(0,d;(x)/2). In other words, for every set K C D,
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Ef:;f_ 1k (2)dz < c11d;(x)!=¥m(K N B(0,d;(x)/2)). It follows that

0
/ (50 ¥a000) ) = )]
B(0,d;j(x)/2) \ 0X;

AT
< clodj(x)_IIE/A+ Vi(x —2)| dz

(2.13)
< Clodj(x)_lf IVn(x — 2)|enid; (0~ dz
B(0.d;(x)/2)
=c12dj(x)_d/ |Vn(x —2)|dz.
B(0.d;(x)/2)

This implies that

9 2
( / (—wd,(x><y))n(x - y)dy)
B(0,d;(x)/2) \ 0x;

2
< (clzdj(x)_d/ |Vn(x — Z){dZ)
B(0,d;j(x)/2)

< er3d; (1)~ d; (x) /B RAZLC ~ [z
,dj(x

_ 2
=c13d,(x) d/ |Vin(x —2)| dz.
B(0,d;(x)/2)

We combine this estimate with (2.10) to obtain

P 2
)

8 2
< erdj 0 | <—n(x —y)) dy

B(0,d;(x)/2) \ 0x;
_ 2
+end;0 ! [ Ve — 2 dz.
B(0,d;(x)/2)
Summing over i yields
2 _ 2
|V (0)|” < e15d; (x) df |Vn(x —2)|" dz.
B(0,d;(x)/2)

Recall that we write Q =U,e o B(x,dj(x)/2) for Q C D. The same argument
that leads from (2.6) to (2.9) gives

(2.14) /Q|vnj(x)|2dx < 016/Q|Vn(x)|2dx.
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This formula and (2.9) show that n; € W12(D). We have pointed out earlier in the
proof that n; € C*°(D).

Let K = {x € D:dist(x, D) > ¢}. We will show that n; — n in Wh2(D) as
Jj — 00. To see this, fix an arbitrarily small § > 0 and find € > 0 so small that

(2.15) fK (n(x)? + | Vn(x)|*) dx < 6.

2e
Note that the integral in the above formula is over the set K3, not K. Since
K. C D and nis C*®, we have

. 2 2 2
(2.16)  lim (nj(x) =) 4+ (|Vnj@)|" = |Vnx)|7))dx =0,
j—>JK,
because the integrand converges to 0 uniformly. It suffices to show that there exists
a constant cj7 < 00, not depending on é or &, such that for large j, we have

(2.17) /K (n; (x)% +|Vn,; (X)) dx < c178.

c
&

By (2.8) applied to Q = K¢,

/ n,-(x)deScé/ n(2)dz < g,
K¢ K

2¢

while (2.14) and (2.15) imply that
/Kv|an(x)|2dx < c160.

The last two estimates yield (2.17) and complete the proof of the claim that n; — n
in WL2(D) as Jj — oo.

Step 5. Recall the constant ¢ € (0, 1) and sets {Di, k > 1} from the beginning of
this section. For each integer k > 1, let I3 be the family of all closed d-dimensional
cubes Q C D with edge length 2%, such that: (i) the vertices of Q belong to
(27%7)4; (ii) the distance from Q to 0 D is greater than ¢ 2~k and (iii) the interiors
of Q and Dy, are disjoint. Let M| = 1 and let M} C By consist of those cubes in
By that are not a subset of any cube in By_; for k > 2.

We recall that for a set Q C D, Q = Uer B(x,d;j(x)/2). We claim that there
exists M < oo, independent of j, such that every point x € D belongs to at most
M distinct sets of the form Q where Q € [J; M. This claim can be proved in a
way that is totally analogous to the proof of [14], Proposition 3, page 169, so we
omit its proof.

Step 6. We have shown in step 1 that we can find a sequence of bounded
functions {Uk}kzl in WH2(D) N C*°(D) that is dense in W!2(D). Let {n’;}jzl
be a sequence constructed from nk as in (2.5). The family {U];}k, j>1 1s dense
in WH2(D) and consists of bounded C* functions. Let us relabel the family
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{nlj}k,‘jzl as {¢;}j>1. We see that the family {¢;} ;> consists of bounded func-

tions in W12(D) N C*®(D) and satisfies part (i) of the theorem.

By adding an appropriate sequence of functions in C° (D), if necessary, we can
assume that condition (ii) is satisfied by {¢;};>1.

We will show that (2.1) holds for ¢; for each fixed j > 1. Some functions ¢;
belong to C;°(D). It is easy to see that (2.1) holds for such functions. Hence, we

will assume that ¢; belongs to the family { nlj‘.}k, j>1. Then there exists a function ¢
in WL2(D) N C°°(D) such that @ was constructed from ¢ as in (2.5).

Fix an arbitrarily small ¢ > 0 and find an integer R so large that

Note that Dg is a compact set and choose an integer S > R so large that Dp is
a subset of the interior of Dg. Recall Ay, Ai and AZ from the beginning of this
section. Let e; denote the unit vector in the positive direction of x;-axis. Since ¢,

is C*°(D), we have by the mean value theorem for some 0i+(x) € x,x +2 ke
and 6, (x) € x, x —27ke; that

. _ 2
lim sup 2= Z (0j(x) —@;(»)
k=00 X,y A} XyCDs

= limsup2¢*~9 3 > (9, () — 0 ()’

k=00 xeAyNDg ye A)NDg : Xy€A;,
d
< limsup 2k (2—d) Z Z(((pj (x)—g@j(x+ 2_k€i))2
k=o0 xeA{NDgi=1
+ () — gy (x —27%¢;))?)

2 ‘3% (67 (x))
+
0x;

d L+
= lim sup 2= Z Z(‘B‘PJ(Q‘ (x))

, 0Xx;
k—o00 XGAZﬂDslzl !

52/ Vo, 2.
D

It suffices to find ¢; < oo independent of ¢, S and R and such that

limsup2tC=D 3 (g;(0) — 9; () < cre.
k=00 Ty A} Ty ¢ Ds

2
)2—2k

We assumed that Dy is a subset of the interior of Dg, so for large k, if X,y € .A;(
and Xy ¢ Dg, then Xy C D%. Hence, it will suffice to find ¢; < oo such that

. _ 2
(2.18) lim sup 2+~ Z (pj(x) —@;(y)” <cie.
k—o0 Xye A, xyC D%
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Recall the notation from step 5. Consider a large integer k, £ < k and Q € M,.
Suppose that

(2.19) 3 (¢;(0) — ;) =a

x,yeQ7KZ)ANQ, |x—y|=2"F

Let N =2%=04d  and let {01, O2,..., On} be the family of all cubes such that
0, € By and Q,, C Q. Let a, be the maximum of (¢;(x) — ¢; (y))? over all pairs
X,y € (2_"Z)d N Qp such that [x — y| = 27k, By the mean value theorem, there is
some z in the line segment joining x and y in O, such that

(2.20) Vo, (2)| > a)/?2".

It is easy to check that
N
(2.21) 2971y a, > a.

Step 7. In this step, we will prove (2.18). We have

9 0 9
o (5e0) = (5 ([ w0 =31y ) )

- §< [RZIF —w(x —y)dy

LGty ot = )

— ( [ a0 =» —w(y)dy

L (G vam ot = ndy)

a
=fRd(a—xiwd,<x>(x y)) —w(y)dy
a
L (e e v et -3 dy

ad
+ L Gevamm) et -y dy

a
> (5 v =) 0 dy
B(x,d;(x)/2) \ 0X;

2y, (x)(y)> (x — y)dy.

(2.22)

+ (
B(0,d;(x)/2) \ 0X; 8xm
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We estimate the first of the last two integrals, using (2.11) as follows:

0
/ (5 v - y))—w(y)dy\
B(x,dj(x)/2) \ 0X;

(2.23) gf c1d;(x) "4 —
B(x,d;(x)/2) 0xm

so(y)]dy

< Czdj(x)_d_lf |Vo(2)| dz.
B(x.d;(x)/2)

To estimate the second integral, we apply the same method as in the derivation of
(2.13). Recall that ¢/ (y) = 5%1//, (y) is a C* function supported in B(0, 1/2) with

Y/ (y)dy = 0. The function v/ (y) = 8—2210, (y) is C*°. It is supported in
B(0.1/2) Vr r or
B(0,1/2) and satisfies the condition fB(o,l/z) ¥/ (y)dy = 0. Note that ||y =

c3r ™ 1Y, v Ol = [l A Ol = 19711 /2, 19 Il = car ™2, 19 v Ol = Il A
Oll1 = I, ll1/2. We have

s 7 000 =30 (G 0o )

a 0 ,
= (B_X, Edj(x))wdj(x)(}’)

+ (E)id (x))( dj(x ))WC/J/ W)

This implies that

9
/ ( Y, (x>(y)><p(x ) dy‘
B(0,d;(x)/2) \ 0X; axm
f <<_a —8d()>w’ ())( )d’
. X —
B(0,d;(x)/2) \\0X; X, djn) ) |¢ y)dy

9 9 ,
+ /B(O,dj(x)/Z) <<@dj m) <8—xidj OC)) w"f'(")(y))(p(x =) dy"

Recall that the random variables Al and A} are defined in step 3. Recall also that
dj(x)| <1 and |8x ax 7—dj(x)] <c/d (x)~! for all i, m and x. We obtain

9
/B<0,dj<x>/2><(8x, P (x))v/d (x’(y))go(x —dy ‘

(C/dj(x)_ll//:zj(x)(}’))(P(x -y) dy‘

224) <

|3x

<

a fB(o,dj(x)/z)
< esdj(0) 7 [E(p(x — AY) — p(x — A7))].
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The same reasoning as in (2.12) and (2.13) yields

d
/B(O,dj(x)/2)<<axz a-xmd ( )>wd (x)(y)>(p(x Bl y) dy‘

< ced(x) 74!

(2.25)

/ |Vo(x —z)|dz.
B(0,dj(x)/2)

We apply the same argument with ¥ in place of ¥'. Let b} (-) = (x/fgi’j(x)(-) %
0)/||1ﬁ(’l/j(x) Vv 0|y and b, (-) = —(ng(x)(-) A 0)/||1ﬂt’1/j(x) A O]l1. The functions
bj{(-) and b (-) are probability density functions that vanish outside the ball

B(0,d;j(x)/2). Let Bj and B be independent R4-valued random variables with
densities b (-) and b (). We have

/B(o,djm/z)((@d (")> <—d (x )) 7 (x)(y)>¢>(x - y)dy‘

< c7dj(x)|E(p(x — BY) — o(x — BY))]
<c7dj(x) Ele(x — B}Y) — o(x — B,

By
< erd;0) 8 [ Vot —2)|dz.

where the last integral is along a line segment from B to B, . By step 3,

the measure E f dz has a density that is bounded above by cgd; (x)1=? and
vanishes outside the ball B(0,d;(x)/2). In other words, for every set K C D,

IECfB+ 1x(z)dz < ngj(x)1 dm(K N B(O, dj(x)/2)). It follows that

o (G s0) G o ot =

By
§C7dj(x)_2]E/B+ |V(p(x —z)|dz

(2.26)
§C7dj(x)_2/ |V(p(x —z)|ngj(x)l_ddz
B(0.d;(x)/2)
ZC9dj(x)—d—1/ |Vo(x —2)|dz.
B(0.d;(x)/2)

We combine (2.22), (2.23), (2.24), (2.25) and (2.26), and then we use Holder’s
inequality to see that

0 0 '
prs (M"f (“)‘

(2.27) <ciod; (x)_d_lf Vo(2)|dz
B(x,dj(x)/2)
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, 12
Sclldj(x)_d_ldj(x)d/2</3 |Vo(2)| dz)

(x,d;()/2)
, \12
— cnid; (042! ( / Vo) dz) .
B(x,d;(x)/2)
Recall that Q = Uxrep B(x,dj(x)/2). We will prove that
(2.28) /A{V(¢)|2(x) dx > cp2k2=Dyg
0

for some constant c12, where a is the constant defined in (2.19). If the inequality
holds with c¢12 = 1, then we are done. So let us suppose that

(2.29) /Q|V(¢)|2(x) dx < 2k@=d) g

We combine this with (2.27) to see that for x € Q,

d (9 —d/2-1 2\
( goj<x>) < end;(x) ( / Vo(2)| dz)
dx; \0x,, B(x,dj(x)/2)

12
<cnd; (x)_d/2_1 (/Q{VW(Z)FdZ)

< C“dj (x)—d/2—1(2k(2—d)a)1/2‘

It follows from this and (2.20) that the set of x € Q, such that [V, (x)| > ay'*2¥ /2
contains a ball with radius greater than

Claa},/ZZk/(dj (x)—d/Z—l (2k(2—d)a)1/2) _ c13a,1/2a_1/22kd/2dj (x)d/2+1
and, therefore, it has a volume greater than
— d _ 2 2
(clgai/za 1/22kd/2dj (x)d/Z—H) _ C14a,f/2a d/2okd /2dj (x)d2/2+d.

Hence

n

fQ Vo ()P dx > (a}/22 /2) c1aadPa= 42242 (x)4* /744

_ ClSa;-kd/Za—d/22k(2+d2/2)dj (x)d2/2+d

and, therefore,

N
2 2
/[ij(x)\ dx=2/ [V, (x0)|"dx
Q a1/ 0n
(2.30) N
=3 C1Sarll+d/2a—d/22k(2+d2/2)dj (x)d* 12+

n=1
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By the Holder inequality and (2.21),

N N 1+d/2
Zarll+d/2 > N—d/Z(Z an) > N—d/Z(ad—lzl—d)H-d/Z
n=1 n=1

— ¢ N~4/2g1 412,

This and (2.30) give

/ |V</’j(x)|2dx > Cl7aN_d/22k(2+d2/2)dj (x)d2/2+d
Q

_ C”a(2(H)d)—d/22k(2+d2/2)dj (x)d2/2+d

d2/2
= c17a2%d; (x) (dj (x)2°)"/
> c13a2%d;(x)? > c19a2" D

_ 2
=192k > (pj(x) — ; ()"
x.yEQZ)INQ, [x—y|=2k

It follows from this and (2.8) that

_ 2 2
2k2=d) » (0;(0) — ;M) < 20 / Ve, ()2 dx
x,yeKZ)dNQ, |x—y|=2—k Q

< /Q|pr(x)|2dx-

In view of (2.28) and (2.29), we conclude that the last inequality is always valid.
Recall the constant M from step 5. Summing over all Q € (Jy<; My, Q C D, we
obtain

_ 2 2
2k2=d) Yo (pix) —9i(y) SM621/C|V<0(X)| dx < Mcye.
TyeA, T DS Dk

This shows that (2.18) holds and completes the proof of the theorem. [

EXAMPLE 2.2. Let C,l(D) be the family of bounded continuous functions
on D with continuous bounded first order derivatives. Using mean value theorem,
it is easy to see that the inequality (2.1) holds for every ¢ € C g (D) [in fact equality
holds for such ¢ since |[Vg| is bounded on D and so limg—, o fD\DR [Vo(x) |2dx =
0]. However, we will sketch an example, without proof, of a domain D such that
Cg(D) is not dense in W1-2(D). The point of this example is to show that The-
orem 2.1 cannot be strengthened by adding an extra property that the functions
{pj}j>1 belong to C}(D).
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Let

(x1,x2) e R*: =1 < x; <0,0<x <1},

(x1, 1) €eR*:0<x; <1,0<xp <1},

(x1,x2) €R*:—1/n < x; < 1/n,xp=1/n+8,},

{
{
{(x1,x2) eR>:—1/n<xi<1/n1/n<x)< 1/n+ 68},
{
{

(x1,x2) €R?:—1/n < xy < 1/n,xy=1/n},

o o
p=p_up,UlJD,\ J@D;UdD;).

n=2 n=2
We choose §;,, > 0 so small that D,,’s are disjoint. Consider a continuous function
@ such that (x) =1 for x € Dy \ U,>2 D, ¢(x) = —1for x € D4 \ U,;>2 Dn
and ¢ is linear in every D,. The widths 8, of “channels” D, can be chosen so
small that ¢ € W!2(D) and, moreover, Ip |V|? can be made arbitrarily small.

We claim that the function ¢ described above cannot be approximated by func-

tions n € C g (D) with arbitrary accuracy. The reason is that for any such 7, the
oscillation of 1 in a set D, is arbitrarily small, for large n. Hence, in a neighbor-
hood of (0, 0), either |¢ — n| is nonnegligible on a nonnegligible set, or [V — V|
is nonnegligible on a nonnegligible set. We leave the details to the reader because
the claim made in this example is not needed for our main theorem.

3. Invariance principle for reflecting random walk. Let C be the algebra
generated by functions {¢;} ;> from Theorem 2.1 over Q. By the same proof as
that for Lemma 2.2 in [2], we have the following.

LEMMA 3.1.  There exists a metric p on D which induces the same Euclidean
topology inside D and such that the p-completion D of D is a regularizing space
for Dirichlet form (€, WY2(D)). Moreover, C is dense in Cp(D, Il lloo)-

Let m be the Lebesgue measure on D extended to D by setting m(D \ D)=
Then (£, W2(D)) is a strongly local regular Dirichlet form on L2(D m). Let X
be the Hunt process on D associated with the regular Dirichlet form (&, wl2(Dy)
on L2(D; m), which is continuous and has infinite lifetime. Denote by j the pro-
Jection map from DtoD.Then X := j (X) is a continuous Markov process taking
values on D. In general X may not be a strong Markov process, as one can see
from the example when D is the unit disk in R? with a slit (—1, 0) x {0} removed.
Both X and X can be called the reflecting Brownian motion on D.

We will now discuss the relationship between reflecting Brownian motion X
on D and a better known construction of reflecting Brownian on an arbitrary
domain D. For an arbitrary bounded domain D in R4, Fukushima [8] used the
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Martin—Kuramochi compactification D* of D to construct a conservative contin-
uous Hunt process taking values in D*. The process X* is associated with the
regular Dirichlet form (£, W'2(D)) on L?>(D*; m*), where m* is Lebesgue mea-
sure on D extended to D* by setting m*(D* \ D) = 0. Since each f;(x) a X;
is a function in W!2(D), it admits a quasi-continuous extension to D*, which
we still denote by f;. These functions induce a quasi-continuous projection map
j*=(f1,..., fa) from D* to D. Then X’ := j*(X*) is a continuous Markov pro-
cess taking values on D, which is called reflecting Brownian motion on D in [2].
Both D and D* are regularizing spaces for the Dirichlet form (£, W'2(D)) and
so X and X’ have the same finite-dimensional distributions under the initial dis-
tribution m. For x € D, both X and X’ starting from x behave like Brownian
motion before they hit the boundary after a positive period of time. Consequently,
X and X’ have the same finite-dimensional distributions starting from any interior
point in D. We can consider processes X and X’ as maps from their underlying
probability spaces into the space of continuous functions C ([0, co); R?). Then the
distributions of X and X’ in C ([0, 00); R?) are identical, either with initial distri-
bution m or with initial starting point in D. In this sense, convergence of reflecting
random walks to X or X’ is an equally strong result.

Without loss of generality, we assume that D contains the origin 0. Recall the
definition of Dy from the previous section. We view (27¥Z)¢ N Dy as a graph
whose vertices are (27¥7Z)? N Dy, and there is an edge between two vertices x and
y if and only |x — y| = 27X and the line segment connecting x and y is contained
in D;. By abuse of notation, in this section we will use Dy to denote the graph
27 *7)4 N Dy.

For x € Dy, we use vi(x) to denote the degree of the vertex x in Dy. Let
{X ];2—2k’ j=0,1,...} be the simple random walk on Dy that jumps every 2~
units of time. By definition, the random walk {X’J‘.Z_Zk, j=0,1,...} jumps to
one of its nearest neighbors in Dy with equal probabilities. This discrete time
Markov chain is symmetric with respect to measure my, where my (x) = ”"2—(6;‘)2"“1
for x € Dy. Clearly my converge weakly to m on D. We now extend the time-
parameter of {X ];'2—2’“ j=0,1,...} to all nonnegative reals using linear interpo-
lation over the intervals ((j — 1)272%, j272K) for j = 1,2,.... We thus obtain a
process XK = {X¥, t > 0}. Its law with X’é = x will be denoted by PX.

Recall A;C from the beginning of Section 2. Let O (x, dy) denote the one-step
transition probability for the discrete time Markov chain {X ’;2_2,(, j=0,1,...}
that is, for f >0 on D and x € Dy,

1
0cf) = [ FMOrdi=—= 3 f.

vk (x) yeDy : Xye A,
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For f € C%(D), define

Lef @)= [ (FO) = F @) Qutx.dy)
1

- v (x)

> (f) - f).,  xeD

ey /
yeDy : Xye A,

Then {f(X’;z_Zk) — Z{:_Ol Ekf(sz_Zk), gfsz’ j=0,1,...}is a martingale for ev-
ery f € C*(D), where Q;‘ = U(Xf, s <t).

To study the weak limit of {X*, k > 1}, we introduce an auxiliary process Y*
defined by Ytk =X szk -2k where [«] denotes the largest integer that is less than

or equal to . Note that Y* is a time-inhomogeneous Markov process. For every
fixed ¢ > 0, its transition probability operator is symmetric with respect to the
measure my on Dy. Let F¥ := o (Y¥, s < t). By abuse of notation, the law of Y*
starting from x € Dy will also be denoted by IP”;.

Note that Y,k = Xf for every ¢ of the form r = j27%, where j is an integer.
Moreover, sup,-q|X* — Y¥| <27, It follows that if the laws of one of the se-
quences (XK k>1or {Y* k> 1) converge to a limit on D([0, T'], 5) for some T,
then the same holds for the other sequence.

THEOREM 3.2. Let D be a bounded domain in R". Then the laws {]P”;,Lk, k> 1}
of {Y*, k > 1} are tight in the space D([0, T, 5)f0r every T > 0.

PROOF. Without loss of generality, we assume that 7 = 1. By [6], Theo-
rem 3.9.1, and Lemma 3.1, it suffices to show that for every g € C, {g(Xk)}kzl
is relatively compact in D([0, 1], R) with the initial distribution Plr‘n .

For each fixed k£ > 1, we may assume, without loss of generality, that €2 is the
canonical space D([0, c0), D), and Ytk is the coordinate map on 2. Given ¢ > 0
and a path w € €2, the time reversal operator r; is defined by

o((t—s)-), if0<s<t,
w(0), if s >¢t.

Here for r > 0, w (r—) :=limgy, @(s) is the left limit at r, and we use the conven-
tion that w (0—) := w(0). We note that

(3.2) lsiigrz(w)(S)=w(t—)=rz(w)(0) and lsiglrt(w)(S)=w(0)=rz(w)(t)-

G.1) F(@)(s) 1= {

Observe that for every integer 7 > 1, }P’f; , restricted to the time interval [0, T) is

invariant under the time-reversal operator rr. Note that
[2%]—1

Mtk’f = f(Ytk) - f(Y(;() - Z Ekf(Y,-szzk)

i=0
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is an {.7-"tk, t > 0}-martingale for every f € C (cf. [3]). We have
k, k, k,
33 fO) - =Mt Syl - MG, Yorr  forrelo,T).

For each M* /| there exists a continuous predictable quadratic variation process
(M*-1y,. Note that (e.g., see page 214 of [9])

), = k) =[5 () = FONP Qe i)

¥ yeDy
<2d| fl12 @t —5).

Thus by Proposition V1.3.26 in [10], {(M*/)};=1 is C-tight in D([0, 1], R). As my
converges weakly to m on D, by [10], Theorem VI1.4.13, the laws of {Mk’f}kzl
are tight in the sense of Skorokhod topology on ([0, 1], R) with the initial distri-

bution IP”,‘nk. Since the laws of {Mk’f,t e [0, 1], ]P’ﬁu(}kzl are the same as the laws
k. f

of {M(lit),t e [0, 1], Pﬁu}kzl’ it follows from (3.3) that {f(Xk)}kzl and, conse-
quently, {g(X k)}kzl is tight (and so relatively compact) in the sense of Skorokhod
topology on ([0, 1], R) with the initial distribution ]P’kmk. O

Let (X, P) be a subsequential limit of {(Y*, PX ): k > 1} on D([0, T, D).

my
THEOREM 3.3. (X,P)isa stationary symmetric Markov process.

PROOF. Let ()N(, IP) be a subsequential limit of {(Yk, IP”,;I(); k> 1}onD([0, T],
5), say, along a subsequencg {ni,k > 1}. It suffices to show that the finite-
dimensional distributions of (X, P) are determined by a semigroup. Clearly, 7 is

an invariant measure for X. For every t € [0, T'], define a linear bounded operator
on L?(D; m) = L*(D; i) by

PfEE[f(X)|1Xo].  feLXDim).

We are going to show that {P;, r > 0} is a strongly continuous symmetric semi-
group on L%(D; m).
(i) We first show that each P; is a bounded symmetric operator on L*(D; m).
N : k Tk
For every f, g € Cp(D, p) and ¢ > 0, it follows from the symmetry of (Y*, P}, )
that

| F@PgCom@n = B[S Ro)g(X)] = lim By, [£(F)e(r")]

(34) = lim By, [2(rg") £ ()] = E[g(X0) f (X))]

- fD g() Py f (0)m(dx).
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In particular, by taking g = 1, we have
(3.5) /D P, f (x)m(dx) = /D fx)m@dx)  for f € Cy(D, p).

Note that C.(D) C C(D, p) C L?(D; m) and C.(D) is dense in L*>(D; m). Hence
(3.5) holds for every f € L3(D; m). Consequently, by the definition of P; and
Jensen’s inequality for conditional expectation,

6o [ (Rr@)man < [ P(Awm@n = [ feima.

Hence (3.4) holds for every f, g € LZ(D, m); in other words, for each t > 0, P; is
a symmetric contraction operator in L?(D; m).

(i) Next we show that {P;,r > 0O} is a semigroup on L?>(D;m). For x =
(X1,...,X4) € Dy, let Up(x) := [T [x; — 2751, x; +27%1) be the half-closed,
half-open cube centered at x. We define an extension operator Ej : L2(Dk, my) —>
L?(D, m) as follows: for g€ L?*(Dy, my),

] gM), for z € Uy (x) with x € Dy,
3-7) Exg(2):= { 0, elsewhere.

For f, g € C(D) and ¢ of the form j272 by the uniform continuity,

Jim /D SO En P g(oym(dx) = lim By [f (Y5)8(Y})] = En[f (X0)g(X)]

- /D £ Prg(0)m(do).
Note that
[ En P g mi@n = [ (P g0)may @)
(3.8) "

2
< fan ()21, (d)

and that limy_, oo fan g(x)zmnk(a’x) = ng(x)zm(dx) for g € C.(D). Since ev-

ery f € L>(D; dx) can be approximated in L?-norm by a sequence { i,k > 1} C
C.(D), we deduce from the last three displays and the Cauchy—Schwarz inequality
that

69 lim [ F@E P gm@n = [ @ Pgomdx)

for every f € L*(D;m) and g e C.(D).
We claim that for every r = j272,

(3.10) klim / |En, P g(x) — Ptg(x)|2m(dx) =0 for every g € C.(D).
—00JD
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For any fixed x € D, there is r > 0 so that B(x, 2r) C D. When £ is large enough,
there is a unique yx € Dy so that x € Ug(yr). We denote this y; by m(x). Let
q¥(t, x, y) denote the transition density with respect to m;, of simple random walk
on Dy killed upon leaving B(x, r). It follows from Donsker’s invariance principle
and the uniform Holder continuity ([S], Proposition 4.1) for the parabolic functions
of the simple random walk on 2774 that qk(t, i (x), T (y)) converge locally
uniformly in y € B(xg, r) to the transition density ¢ (¢, x, y) of Brownian motion
X on R? with variance 1/(2d) killed upon leaving B(x, r). For every & > 0, there
is s > 0 so that fB(x’,) q(s,x,y)dy > 1—(g/2). Hence for k sufficiently large, we
have

Pr, o) (YX € dy) = q(s, x, y)m(dy) + ur(dy),

where uy is a signed measure with |ug|(Dy) < €. It follows from this and (3.9)
that for g € C.(D),

limsup| P, g (mn, (x)) — /Dq(s,x,y)Pz—sg(y)dy‘

k— o0

= limsup| P (P g) (7T, (X)) —/Dq(s,x,y)Pf_sg(y)dy‘

k— o0

slimsup/ q(s,x,y)P,"_"sg(y)mk(dy)—/ q(s,x,y)Pz—sg(y)dy’
k— 00 Dy, D

+ellglloo
= timsup [ g(s.x, ), P g (Imidy) - /Dq@,x,y)p,_sg(y)dy'

k—o00

+ellglloo
= €[ glloo-

Since & > 0 is arbitrary, the above yields that {P,"" g(my, (x)); k > 1} is a Cauchy
sequence, and so it converges to some value u(x). This convergence holds for every
x € D, so we have by (3.9) that u = P, g a.e.; thatis, E,, P"*g(x) = P g (7, (x))
converges to P;g(x) for a.e. x € D. Hence by the bounded convergence theorem,
(3.10) holds for every g € C.(D).

Abusing the notation a little bit, for f € LZ(D; m), we define my f as a function
in L2(Dy, my) by

ka(x) f(y)ym(dy)
m(Ug(x))

Clearly 7y o Ej is an identity map on Lz(Dk, my) and

/ |7 £ )| (dx) < / £ (o) |Pm(dx).
Dy, D

(3.11) e f(x) =

for x € Dy.
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Since C.(D) is dense in L2(D: m), we have from (3.10) that

k— 00

lim / |En P 100, g(x) — P,g(x)|2m(dx) =0
D
(3.12)
for every g € L*(D; m).
It follows then for g € L3(D; m),

Piisg = klggo Ep, Ptnk Py, 8 = kl_i)rgo(Enthnk”nk)(Enk Psnk”nk)g = P Psg.

This establishes the semigroup property of { P;, ¢ > 0}.
We have now established that X is a stationary symmetric Markov process. [

The following result is needed in the proof of Theorem 3.6.

LEMMA 3.4. In the above setting, for every f € C°(D), the process Mtf =
f(Xy) — f(Xo) — ﬁ fot Af(Xs)ds is a P-square integrable martingale. This in
particular implies that {X;,t < tp, P} is a Brownian motion killed upon leav-
ing D, with initial distribution mp and infinitesimal generator ﬁA.

PROOF. The proof is the same as that for [1], Lemma 2.2. [
The following is Lemma 2.3 of [1].

LEMMA 3.5. Let D be a bounded domain in R and fix k > 1. Then for every
j=>1land f € L*(D, my),

(f = O £ D i2pmy < J(F = Q2 £) p2pompy < 20 (f = @it P 12D omy)-

We will say that “Z; is a Brownian motion running at speed 1/n” if Z,; is the
standard Brownian motion, and we will apply the same phrase to other related
process.

By an argument similar to that in [1], Section 2, but with Theorem 3.2 in place
of [1], Lemma 2.2, and using Theorem 2.1 in the energy form argument in the
proof of [1], Theorem 2.4, we can establish the following theorem.

THEOREM 3.6. Let D be a bounded domain in R with m(3 D) = 0. Then for
every T > 0, the laws of {X*, ]P’ﬁzk} converge weakly in C ([0, T], D)toa stationary
reflecting Brownian motion on D running at speed 1/d whose initial distribution is
the Lebesgue measure in D. Consequently, for every T > 0, the laws of {X*, IP’],; N

converge weakly in C([0, T1, D) to a stationary reflecting Brownian motion on D
running at speed 1/d whose initial distribution is the Lebesgue measure in D.
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PROOF. Fix T > 0. We know from Theorem 3.2 that the laws of (X*, ]P”,‘nk)
are tight in the space D0, T, lN)) Let ()~( P) be any of subsequential limits,
say, along (X*i Pmk ). By Theorem 3.3 and its proof, X is a time- -homogeneous

Markov process on D with transition semigroup {P;,t > 0} that is symmetric in
L>(D,m). Let {P¥,t € 27¥7} be defined by P} f(x) := EX[ f(X¥)]. For dyadic
t >0, say, t = jo/2%% and f € C, we have by Theorem 2.1 and Lemma 3.5,

1
;(f - P, f)LZ(ﬁ;m)

L. kj
= ? Jlinolo(f - P f, f)LZ(D;mkj)

22k0

=~ lim (f QJO2 v f f)LZ(D,mkj)

Jjo Jj—ooo

22](
< limsup — jo22ki—2ko(f — Ok, [, N2, mi;)

jooo  JO

= limsup2®~ d)k Z Z (f)? = FOOF(O))

Jj—00 xeDk yeDk xyeAk

1
= limsup2C DS (@) = f)’

j—oo x,yeDy; :WEA}W

< 2d/ V£ ) dx.

Let (£, F) be the Dirichlet form of X , or equivalently, of semigroup {P;,t > 0}.
That is,

={f€L2(5;m):

sup — (f P f, f)LZ(Dm)—hm (f P f, f)LZ(Dm)<°O}

t>0 [

E(f, )= sug ?(f —Pif, Pr2im
>

.1
=lm —(f = P f, ) 2Bumy for f e F.
=01 ’

Then for f €C,

ECF ) =sup (f Pf P2 = 5 f V£ (o) dx.
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This shows that f € F. As C is dense in (W1’2(D), |- 1l1,2) in view of Theorem 2.1,
we have W1-2(D) c F and

1

E(f, f)fg/ |Vf(x)|2dx foreveryfer’z(D).
D

This, Lemma 3.4 and [1], Theorem 1.1 (or [4], Theorem 6.6.9) imply that F =

W12(D) and

1
Ef =5 [ IVF@Pdr  for WD),

We deduce then that X is a stationary reflecting Brownian motion on D running at
speed 1/d. This proves that X* converge weakly on C([0, T, D) to the stationary
reflecting Brownian motion on D running at speed 1/d.

The last assertion comes from the fact that the projection map from (D, p) — D
is continuous. [

REMARK 3.7. Note that for every x € D, X starting from x is a Brownian
motion in D before hitting the boundary of D, and the mass of X spreads immedi-
ately across the whole set D immediately after the clock starts, while X* starting
from x runs like a simple random walk on 27¥Z before hitting the boundary of Dy.
Using these properties, the weak convergence in Theorem 3.6 can be strengthened
to show that (X*, IP’fC) converges weakly to (X, P,) for every interior starting point
x € D. We leave the details to the reader.

4. Continuous-time reflected random walk. In this section, we show that
reflected Brownian motion on D can be approximated by continuous-time random
walks on grids.

Let D be a bounded domain in R? and Dy be defined as in the beginning of
Section 2. But in this section, X* will be the continuous time simple random walk
on Dy, making jumps at the rate 2~ 2%, By definition, X* jumps to one of its near-
est neighbors with equal probabilities. This process is symmetric with respect to
measure my, where my(x) = %2_’“1 for x € Di. Note that my converge weakly
to the Lebesgue measure m on D, and recall A from the beginning of Section 2.
The Dirichlet form of X* on L2(Dk; my) is given by

1 —(d— 2
(4.1) Erh=2 X TP -fo)
x,yeDy 1 Xye A
Let PX, denote the distribution of {X}, # > 0} with the initial distribution ;.
LEMMA 4.1. Assume that D is a bounded domain in R?. For every T > 0,
the laws of stationary random walks {X*,PX  k > 1} are tight in the space

mp’

([0, T1, D) equipped with the Skorokhod topology.
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PROOF. The proof is the same as that for [1], Lemma 3.2, so we omit it. []

THEOREM 4.2. Let D be a bounded domain in R?. Then for every T > 0, the
stationary random walks X K on Dy converge weakly in the space D([0, T1, D), as
k — 00, to the stationary reflected Brownian motion on D running at speed 1/d,
whose initial distribution is the Lebesgue measure in D.

PROOF. Let (Z, P) be any of the subsequential limits of (X*, IP’@ ,) in the space

D0, T1], 5), say, along X ki. A similar argument as that for Theorem 3.3 shows
that (Z, P) is a time-homogeneous Markov process and its transition semigroup
{P;,t > 0} is symmetric with respect to the measure m on D. Furthermore, by a
similar argument as that in the proof of [1], Lemma 2.2, the process Z killed upon
leaving D is a killed Brownian motion in D with speed 1/d. Let (£, F) be the
Dirichlet form associated with Z, and let {Ptk, t > 0} be the transition semigroup
for X¥. As Xki converge weakly to Z in D([0, T], D), we have for every ¢ > 0 and
every f,g € C(D),

. kj
lim (f. P 8) 12Dy = (F+ Pr8) 20:m)-

j—o00

Let Ey: L2(Dk; my) — Lz(D; m) and my : L2(D; m) — L2(Dk, m) be the exten-
sion operator and restriction operator defined by (3.7) and (3.11), respectively.
Then the last display can be restated as

4.2) jli)rr;o(f, Ex, P,kjnkjg)Lz(D;m) =(f. Pi®)2p.my  for f.g € C(D).
Note that
VE F Il 2peomy = W F I 2pgemyy for £ € L2 (D my)
and
I8l 2 pgmy) < 18l L2pamy  for g € L*(D;m).

Since C(D) is dense in L2(D; m) and P,k and P, are contraction operators on
L3(Dy; my) and L2(D; m), respectively, we deduce from (4.2) that

. k;
jll)ngo(f» Ek_,- P, ]nkjg)LZ(D;m) =(f, Ptg)Lz(D;m)
4.3) s
for every f, g € L*(D; m).

Recall from Theorem 2.1 that C is the algebra generated by functions {¢;};>1
over Q. As a special case of (4.3), we obtain for every t > 0 and f €C,

. kj
(fs Pt ) r2pomy = jli)ngo(f, Ex, Py, f)Lz(D;m)

L kj
= j_lgglo(nkj 1 Py f)LZ(Dk;mk)'
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Since C C Cp(D) and D is bounded,
lim / | f () — 7 f )P (dx) =0 for f €C.
k—o00J Dy
Hence we conclude that
. k;
@8 P = Jim (F P )iy Tor f €

Thus we have for every t > 0 and f €C,

1 .1 k;
;(f, =P r2pm = Jlggo ;(ﬁ I =P )2 emy

. 1 kj
< llmlnfsup—(f, f—=Ps f)LZ(Dk;mk)

J70 5508

= liminf &Y (£, f)
J—>0o0

1

=liminf— > 27@k(f() - £(y))
j—oo 4d —_

x,yeDy 1 Xy A

< Zd/ IV £ () Pm(dx),

where in the last inequality we used Theorem 2.1. Thus

E(f, f)=sup— (f Pifs £ r2oim)

>0 I

< 2df ]Vf(x)\ m(dx)  forevery f eC.

Since C is dense in the Sobolev space W!2(D) with respect to norm || - 1.2, it
follows that F > W1-2(D) and

E(f, ) < g/ IV f@x)|*m(dx)  forevery f € Wh2(D).

Define
E%f ) = i/ Vf(x) -Vgx)m(dx)  for f, g e WH2(D).
2d Jp

Note that (£ 0. w!-2(D)) is the Dirichlet form for the reflected Brownian motion on
D running at speed 1/d. On the other hand, as we have observed at the beginning
of this proof, the process Z killed upon leaving D is a killed Brownian motion in D
with speed 1/d. Therefore according to [1], Theorem 1.1 (or [4], Theorem 6.6.9),
(&, F) = (% WL-2(D)). In other words, we have shown that every subsequential
limit of X* is reflected Brownian motion on D with initial distribution being the
Lebesgue measure on D and with speed 1/d. This shows that X* converges weakly
on the space ([0, 00), D) to the stationary reflected Brownian motion X on D
running at speed 1/d. [
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