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Abstract. We consider random walks in strong-mixing random Gibbsian environments in 74, d > 2. Based on regeneration argu-
ments, we will first provide an alternative proof of Rassoul-Agha’s conditional law of large numbers (CLLN) for mixing environ-
ment (Electron. Commun. Probab. 10 (2005) 36—44). Then, using coupling techniques, we show that there is at most one nonzero
limiting velocity in high dimensions (d > 5).

Résumé. Nous considérons des marches aléatoires dans un environnement Gibbsien fortement mélangeant dans 74.d > 2.
A T’aide d’arguments de renouvellement, nous donnons d’abord une preuve alternative de la loi conditionnelle des grands nombres
de Rassoul-Agha (Electron. Commun. Probab. 10 (2005) 36—44) pour des environnements mélangeants. Ensuite, par des méthodes
de couplage, nous montrons qu’il existe au plus une vitesse limite non nulle en grande dimension (d > 5).
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1. Introduction

. . d . .
An environment is an element o = {w(x, €)} 74 o= Of 2 = MZ", where M is the space of probability measures

on {eeZ%:|e| =1} and | - | denotes the Euclidean norm. The random walk in the environment w € £2 started at x is
the canonical Markov chain (X,,) on (Z4)N, with state space Z4 and law P} specified by

PX{Xo=x}=1,
P HXup1=y+elXp=yl=w(y,e), ecZ |e|=1.

Let P be a stationary (with respect to the shifts in Z¢) probability measure on §2. The joint law of the environment
and the walks is denoted by P* = P @ P}. We also write P’ as P, where o denotes the origin. We say that the random
environment is i.i.d. if P is a product measure. We say that P is uniformly elliptic if there is a constant « € (0, 1/2d)
such that P-almost surely,

w(o,e) >k forall e e Z4 with |e| = 1.
For any vector £ € S, we let

Ay = | 1im Xn~£=oo}.

n—oo
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In recent years, much progress has been made in the study of the limiting velocity lim,,_, oc X,,/n of random walks
in random i.i.d. environment, see [12] for a survey. For one-dimensional RWRE, the law of large numbers (LLN)
is well known (see [10]). For d > 2, a conditional law of large numbers (CLLN) is proved in [11,13] (see [12],
Theorem 3.2.2, for the full version), which states that P-almost surely, for any direction ¢,

. Xn L
lim

n—oo n

=vela, —v_¢la_, (CLLN)

for some deterministic constants vy and v_, (we set vy = 0 if P(A¢) = 0). Moreover, for d = 2, the LLN follows from
combining the CLLN and Zerner and Merkl’s 0—1 law [14] for two-dimensional RWRE: for any direction ¢,

P(A,) € {0, 11.

When d > 3, the 0—1 law and the LLN are among the main open questions in the study of RWRE. Nevertheless, in
high dimension (d > 5), Berger [1] showed that the limiting velocity can take at most one non-zero value, i.e.,

VeVU_y =0. (1)

The purpose of this paper is to extend the CLLN and Berger’s result (1) to the case when the environments on dif-
ferent sites are allowed to be dependent. Of special interest is the environment that is produced by a Gibbsian particle
system (which we call the Gibbsian environment) and satisfies Dobrushin-Shlosman’s strong-mixing condition IIlc in
[4], p. 378, see [2,3,6-8] for related works. For the definition of the Gibbsian environment and the strong-mixing con-
dition [6], (6.1), see [6], pp. 1454—1455. An important feature of this model is that the influence of the environments
in remote locations decays exponentially as the distance grows.

In [6], assuming a ballisticity condition (Kalikow’s condition) which implies that the event of escape in a direction
has probability 1, Rassoul-Agha proved the LLN for the strong-mixing Gibbsian environment, using the invariant
measure of the “environment viewed from the point of view of the particle” process. In [8], Rassoul-Agha also ob-
tained a CLLN for the strong-mixing Gibbsian environment, under an analyticity condition (see Hypothesis (M) in
[8]). Comets and Zeitouni proved the LLN for environments with a weaker cone-mixing assumption (.41) in [2], but
under some conditions about ballisticity and the uniform integrability of the regeneration times (see (A5) in [2]).

Our first purpose is to prove the CLLN for random walks in the strong-mixing Gibbsian environment. Display (2)
in Theorem 2 is a minor extension of Rassoul-Agha’s CLLN in [8], in which he assumes slightly more than strong-
mixing. Yet, our proof is very different from the proof in [8], which is based on a large deviation principle in [7].
The main contribution of our proof of (2) is a new definition of the regeneration structure, which enables us to divide
a random path in the mixing environment into “almost i.i.d.” parts. With this regeneration structure, we will use the
“e-coins” introduced in [2] and coupling arguments to prove the CLLN. This regeneration structure will also be used
in the proof of (3).

Our second main result (3) is an extension of Berger’s result (1) from the i.i.d. case to the strong-mixing case.
In [1], assuming that P(A¢) > O for a direction £, Berger coupled the i.i.d. environment w with a transient (in the
direction £) environment @ and a “backward path”, such that @ and w coincide in the locations off the path. Using heat
kernel estimates for random walks with i.i.d. increments, he showed that if vyv_, > 0 and d > 5, then with positive
probability, the random walks in @ is transient to the —¢ direction without intersecting the backward path, which
contradicts @ being transient in the direction £. The difficulties in applying this argument to mixing environments are
that the regeneration slabs are not i.i.d., and that unlike the i.i.d. case, the environments visited by two disjoint paths
are not independent. To overcome these difficulties, we will construct an environment (along with a path) that is “very
transient” in £, and show that the ballistic walks in the opposite direction (—£) will move further and further away
from the given path (see Fig. 2 in Section 5). The key ingredient here is a heat kernel estimate, which we will obtain
in Section 4 using coupling arguments.

We now describe our main results. Recall first the definition of an r-Markov environment (see [3]).

Definition 1. Forr > 1,let 9,V ={x € 74 \V:d(x,V) <r} be the r-boundary of V C 7. A random environment
(P, 2) on Z% is called r-Markov if for any finite V.C 7.9,

P((wx)xev € | Fye) = P((@x)xev €| F,v), P-as.,

where d(-, -) denotes the I'-distance and F 5 := o (wy : x € A).
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We say that an r-Markov environment P satisfies condition (x) if there exist constants y, C < oo such that for all
finite subsets A C V C Z4 with d(A, V) > r,and A C V°,

dP((wx)xen € 0) _yd(x,y>>
AP (@x)reac ) ~ P (C 2 "

x€A,yeA
for P-almost all pairs of configurations 7, ' € M"* which agree on V¢ \ A. Here

P((@x)xea € 1) == P((@x)xea € 1Fve) () epe=n-

We remark that » and y are used as parameters of the environment throughout the article.

By Lemma 9 in [6], the strong-mixing Gibbsian environment satisfies (). Obviously, every finite-range dependent
environment also satisfies (x).

Our main theorem is:

Theorem 2. Assume that P is uniformly elliptic and satisfies (x). Then there exist two deterministic constants
v+, v— > 0 and a vector £ such that

X
lim " =v €14, —v_Lls_,, 2
n—-oo n

and vy =v_=0ifP(A¢ UA_y) < 1. Moreover, if d > 5, then there is at most one non-zero velocity. That is,
viv_ =0. 3)

We remark here that for the finite-range dependent case, the CLLN is proved in [12].

The structure of this paper is as follows. In Section 2, we prove a refined version of [13], Lemma 3. With this
combinatorial result, we will prove the CLLN in Section 3, using coupling arguments. In Section 4, using coupling,
we obtain heat kernel estimates, which is later used in Section 5 to show the uniqueness of the non-zero limiting
velocity.

Throughout the paper, we assume that the environment is uniformly elliptic and satisfies (). We use ¢, C to denote
finite positive constants that depend only on the dimension d and the environment measure P (and implicitly, on

the parameters «,r and y of the environment). They may differ from line to line. We denote by ¢y, c2, ... positive
constants which are fixed throughout, and which depend only on d and the measure P. Let {e1, ..., ¢4} be the natural
basis of Z4.

2. A combinatorial lemma and its consequences

In this section we consider the case that P(lim,_ oo X, - e;/n > 0) > 0. We will adapt the arguments in [13] and
prove that with positive probability, the number of visits to the ith level H; = H; (Xo) :={x :x -e; = X¢ - €1 + i}
grows slower than Ci?. An important ingredient of the proof is a refinement of a combinatorial lemma of Zerner [13],
Lemma 3, about deterministic paths.

We say that a sequence {x,'}f:é € (Zd)k, 2<k<oo,isapathif |x; —x;j_j|=1fori=1,...,k—1.Fori >0 and
an infinite path X. = {X,}72, such that sup, X,, - e; = 00, let

T, =inf{n > 0: X, € H;}.
ForO<i<jandk>1,let Tl.lj := T; and define recursively

Ti’jjl =inf{n > T}, : X, e Hi and n < Tj} e NU {oo}.
That is, le ; is the time of the kth visit to ‘H; before hitting 7 ;. Let

Ni.j =sup{k: T}; < oo}

be the total number of visits to H; before hitting #;.
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Asin [13],fori >0, > 1, let

~_ pNiiw ]
hig=T, 5 =T

denote the time spent between the first and the last visits to H; before hitting H; ;. Form, M,a >0 and [ > 1, set

-1

Hp1 =Y Nptims1/G+1)°
i=0

and

#HO<m <M :hy, <aand H,  <a)}
M+1 ’

Ep(a) =

Note that £y ;(a) decreases in / and increases in a.
The following lemma is a minor adaptation of [13], Lemma 3.

Lemma 3. For any path X. with limy 00 X, - e1/n>0,

supinf lim Ep (a) > 0. “4)

azOlle—)OO

Proof. Since lim,—o0n/T, = lim,_.cc X, - €1/n > 0, there exist an increasing sequence (n;){2,, and § < oo such
that

T,, <doni forall k.
Thus for any m such that ng /2 <m < ng,
T <28m. 5)

Set My = [ng/2]. Then forall k and 1 <! < |ng/2],

My -1 / M
Z Hm,l = Z(Z Nm+i,m+l>/(i + 1)2
m=0

i=0 \m=0
-1 . L6

<D Tt/ G+ 1) < 48(My +1). (6)
i=0

By the same argument as in pp. 193-194 of [13], we will show that there exist constants c1, ¢ > 0 such that

 MO<m <My hy <
inf m TOSmEMiihmisel %)
[>1k—>00 M+ 1

Indeed, if (7) fails, then for any u > 0,

— #O0<m < My, hyp; <u}
lim
k—o0 M +1

as [ — oo (note that the right side is decreasing in /). Hence, one can find a sequence (/;);>o with [;11 > [;,lp =0,
such that for all i > 0,

— #HO<m < My, hy ;. <631}
lim <

1
—. 8
k—o00 M +1 3 ®)
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On the other hand, fori >0

— #O0 <m < My, hyy, > 681;}
lim
k— 00 M +1

My

<fm—— S Tpuy — T
= 0% (M + 6o, mX::O( mett; = Tm)

— LTy <5>1

< 9
koo 631 (Mg + 1) — ©)

By (8) and (9), for any i > 0,

— #HO0<m < My, hp
lim
k—o00 M+ 1

t+l>hml}

(10)

L»JI»—k

Therefore, for any j > 1, noting that

Z 1hm.1i+1 >hm,li = Nm,m‘l'lj = Hm,ljs

] (10) - Z#{O<m <M, hinti g > hint; )
M+ 1

k—>oo

which is a contradiction if j is large. This proves (7).
It follows from (7) that, for any / > 1, there is a subsequence (M ,Q) of (M}) such that

#HO<m <Mj :hy <ci1}
M, +1

>

for all k. Letting c3 = 95/c2, we have that when k is large enough,

U i Qa
M/“r‘l Zlh JI=C1, Hml>03— (M/+1 Z

Hence for any / > 1 and large &,

M;

1
EM,:,Z(CI Vv C3) = M]/{ + 1 ZO lhm,lfclva.ISC?)
m=

M

1
= (lhm,lfcl - lhm,l<cl Hm1>c3) =
M; +1 mX:%)

a
2"

This shows the lemma, and what is more, with explicit constants. |

Fori >0, let N; =lim; _, o N; j denote the total number of visits to #;. With Lemma 3, one can deduce that with
positive probability, N; < C(i + 1)2 foralli > 0:
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Theorem 4. If Pim,— 0 Xn - €1 /n > 0) > 0, then there exists a constant cs such that
P(R=00) >0,

where R is the stopping time defined by
R =R, (X, c5)

n
= inf ”ZO¢ZIX,-GH,- >C5(j+1)2f0rs0mej20 A D,
i=0

and D :=inf{ln > 1: X, -e; < Xg-e1}.

Note that for any L > 0 and a path (X;)?°, with Xo = o,

o0
Z e rd0Xi) < Z(#visits to H; before time R)e™ 7V +E)

yiy-e1=—L j=0
0<i<R
Oo .
<CY es(j+ 127Ut < cerE, a1
j=0

Hence on the event {R = oo}, by (11) and (x), the trajectory (X i)?io is “almost independent” with the environments
{wy :x-e1 < —L} when L is large. See Fig. 1. This fact will be used in our definition of the regeneration times in the
Section 3.

To prove Theorem 4, we need the following lemma. Recall that r, y are parameters of the environment measure P.
Let S be a countable set of finite paths. With abuse of notation, we also use S as the synonym for the event

| Xi=xiforo<i=<n}. 12)

()N €S

Ny =3<4es Ny=5<9cs N; < (i+1)%cs

Fig. 1. On {R = 00}, the path visits the ith level no more than c5(i + 1)? times, and never visits the left-half space.
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Lemma 5. Lera > 0and A C A C Z%. Suppose S # & is a countable set of finite paths x. = (x,-)lN:O, N < o0 that
satisfy d(x., A) > r and

Z e~ va(.xi) <a.
yeA,0<i<N
Then, P-almost surely,

Ep[Py(S)|wy : x € A]
exp(—Ca) < EplPo(S)wy 2 € A\ Al <exp(Ca). (13)

Proof. We shall first show that for any (x;) lN: o € S, P-almost surely,
Ep[Pu(Xi=x;,0<i <N)|wy:y€ A]
<exp(Ca)Ep[Pu(Xi =xi,0<i < N)o,:y€ A\ A]. (14)
Note that when A€ is a finite subset of Z4, (14) is an easy consequence of (). For general A, we let
AnzAU{x:|x|zn}.
When n is sufficiently big, () implies that

Ep[Py(Xi=x;,0<i < N)|wy:y € A,]
; <exp(Ca).
Ep[Py(X; =x;,0<i EN)|(Uy (y €A\ A

Since A, | A asn — oo, (14) follows by taking n — oo in the above inequality.
Summing over all (x;) lN: o € S on both sides of (14), we conclude that P-almost surely,

Ep[Pu(S)lwy:y € Al <exp(Ca)Ep[Pu(S)|wy 1y € A\ A

The upper bound of (13) is proved. The lower bound follows likewise. (]
Now we can prove the theorem. Our proof is a modification of the proof of Theorem 1 in [13]:
Proof of Theorem 4. It follows by Lemma 3 that there exists a constant ¢4 > 0 such that

P(inf Tm Ep(cs) > 0) > 0. (15)

I>1 M—o00
Forl > r, k> 0and z € Z? with z - e; =r, let B, (2, k, ¢) denote the event

{Nmtr,m+1 =k, XTk = X1, + 2, Hntri—r < c}.
m+r,m+1

Note that on the event {h,, ; < c4 and H,, ; < c4}, we have

’
Nintrm+1
Tm_r:r"mril —Tn < hm,l + ZNm+i,m+l
i=0

,
<sa+y (+D’a =<+,
i=0
and
[—r—1
Huirir < Y ¢+ D*Norimt /(r 41+ 1)
i=0

< (r+ 1)%cs =: cs.
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Hence {hy; < cq and Hy,; < c4} C Ulz"ki(ﬂrl)sm Bu.i1(z,k, cs5), and

lim lim Enmi(ca) < Z lim lim —— Z Boi(z.k.cs)-

|—00 M— 00 l-ocoM—oo M +1
|zl k<(r+1)3cq4

Thus by (15), for some ko and zo with zg-e; =7,

I—ocoM—oo M + 1

M
1
P(lim im ———— > " 15, Goko.cs) >0) > 0. (16)
=0

In what follows, we write By, ;(zo, ko, ¢5) simply as B, ;.
For any / > r and any fixedi </ —1,letm; =m;(l,i) =i+ jl,ie. (m) ;>0 is the class of residues of i (mod /).
Now take any j € N. Observe that for any event E = {lej,l,l =-....1p, ,=-}andx € Hp,,

Po({X1, =x}NEN By,;)
< Pw({Xij =x}NE)PY"0(D > Ti—y, Hy - < c5). (17)
Moreover, for any x € H,, there exists a countable set S of finite paths (x; )N
and #{k < N : x; € Hi(x0)} < ¢5( + 1)? for 0 <i < N, such that

L thatsatisfym; +r <x;-e; <m; +1

{Xo=x42z20,D>T—, Hy—r < c5}
| Xi=xiforo<i=<nN}
)N €S

Noting that (by the same argument as in (11)) for any (xl) “0€S,

Z e VA < ComVr
yiy-ey=mj
i<N

by Lemma 5 we have
Ep[PyT(D > Tj—y, Hoy—r < cs)lwy 1y -er <mj]
<exp(Ce " )P(D > Ti—y, Hoj—r < c5).
Thus for j >0and ! > r,

P(Eﬂij,l)

an
< Z EP[Pw({Xij =x}NE)Py"(D > Tj—, Hyj—r < c5)]
ermj

<exp(Ce™) Y P({X7,, =x)NE)P(D > Tj—y, Ho,—r <c5)
XEHmj .

=CP(E)P(D > Tj—, Hy 1—r < Cs5).
Hence, forany j >0and! > r,

P(lej‘, = 1|1ij,1,/’ 1B, ) <CP(D > T, Hoj—r < c5),
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which implies that P-almost surely,
lim -~ Z 18,,, < CP(D > Ti—y, Hoy—r <cs). (18)
n—-oon

Therefore, P-almost surely,

l 1
— l
lim i < hm - lim —— 1
l—1>ooMl—>oo M+1 Z Bt = l—00 M1—>oo M+1 Z B
=0 0<m<M
m mod /=i

)
< lim CP(D > Tj—,, Ho;—r < ¢5)

[—o00
o0
— CP(D =00, Y Ni/(i+1)? < 65).
i=0
This and (16) yield P(D = oo, Z?io N;/(i +1)? < ¢5) > 0. The theorem follows. ([l

3. The conditional law of large numbers

In this section we will prove the conditional law of large numbers (2), using regeneration times and coupling. Given
the dependence structure of the environment, we want to define regeneration times in such a way that what happens
after a regeneration time has little dependence on the past. To this end, we will use the “e-coins” trick introduced in
[2] and the stopping time R to define the regeneration times. Intuitively, at a regeneration time, the past and the future
movements have nice properties. That is, the walker has walked straight for a while without paying attention to the
environment, and his future movements have little dependence on his past movements.

We define the £-coins (&;,x);eN, xezd =: € to be i.i.d. random variables with distribution Q such that

Q(six=1)=dr and Q(g ,=0)=1—dx.

For fixed w, &, Py . is the law of the Markov chain (X,) such that X = x and that for any e € 74 such that |e| = 1,

Px (X _ +e|X _ )_lé‘n.zzl + lgn,z:() a)( —i—e)—f
R VR ) 2]

Note that the law of X. under 133 =0Q® P;i . coincides with its law under P,5. Sometimes we also refer to P;f, () as
a measure on the sets of paths, without indicating the specific random path. Denote by P=P ® Q ® Py . the law of

the triple (w, €, X.).
Now we define the regeneration times in the direction ej. Let L be a fixed number which is sufficiently large. Set
Ro = 0. Define inductively for k > 0:
Sk+1 =inf{n >Ry Xp—r-er >max{X,,-e;:m<n—L},
En—i Xy =1, Xn—it1 — Xn—i = e forall 1 <i < L},

Rit1=Robg , + Sk+1,

where 6, denotes the time shift of the path, i.e., 6, X = (X;14:)2,,.
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Let
K =inf{k > 1: S§; < oo, Ry = o0}
and 71 = 11(ey, &, X.) := Sk. For k > 1, the (L-)regeneration times are defined inductively by
Tkl =T1 00 + Tx.
By similar argument as in [2], Lemma 2.2, we can show:
Lemma 6. IfP(lim, 00 X, - €1/n=0) < 1, then
P(A,, UA_,)=1. (19)
Moreover, on A,,, T;’s are P-almost surely finite.
Proof. If P(lim,_, o X, - e;/n =0) < 1, then
P(E X5 -e]/n>0> >0 or P(E Xn'(—e])/n>0) > 0.
n—00 n—00
Without loss of generality, assume that

P(ﬂ Xn-el/n>0>>0.

n—0o0

It then follows from Theorem 4 that P(R = 0o) > 0. We want to show that R; = oo for all but finitely many &’s.
For k >0,

P(Rit1 < o0)

=P(Sk41 <00, Rob,,, <o)

=) P(Sir1=n. X, =x,Rob <o)

n,x

= Epgo[Po.s(Stat =n. Xy =) PE gu (R < 00)],

n,x

where 6"¢ denotes the time shift of the coins ¢, i.e. (0"¢); x = €y4i . Note that P, (Sx+1 = n, X, = x) and
Pa’ﬁ gng (R < 00) are independent under the measure Q, since the former is a function of &’s before time 7, and the
latter involves ¢&’s after time n. It then follows by induction that

P(Ri11 < 00)

=D Ep[Pu(Sir1 =n. Xy =) Pj(R < 00)]

n,x
=ZEp[f’w(Sk+1 =n, X, =x)Ep[I5£(R <o)|wy:y-ey <x-e — L]]
n,x

n Lémma ’ P(Ry < 00)exp (e “F)P(R < 00)
< [exp (e_CL)l_’(R < oo)]k+l,

where we used in the second equality the fact that f_’w(S;H_l =n, X, =x) iso(wy:y-e; <x-e — L)-measurable.
Hence, by taking L sufficiently large and by the Borel-Cantelli lemma, P-almost surely, R, = oo except for finitely
many values of k.
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Let O, denote the event that the signs of X, - e; change infinitely many often. It is easily seen that (by the ellipticity
of the environment)

PO, UA, UA_,) =1
and

O, C {suan cep = oo}.

n

However, on {sup, X, - e; = 0o}, given that Ry is finite, Sx1 is also finite. Hence 77 is P-almost surely finite on
{sup,, X, - e; = 00}, and so are the regeneration times 12, 73, . ... Therefore,

P(O,,) =P(O,, N {11 < 00}).
Since O,, N {11 < oo} = @, we get P(O,,) = 0. This gives (19). O

When P(R = 00) > 0, we let

P(-) :=P(-|R = c0).

The following proposition is a consequence of Lemma 5.

Proposition 7. Assume P(R=00) >0.Letl >rand A C{x:x-e; < —r}. Thenforany AC AN{x:x-e; < —l}
and k € N,

- Ep[Py((X{)[ y€ -, R=00)|wy:y€ A\ A]

exp —ce " < — <exp Ce 7). (20)
( ) Ep[Py((X)[E €, R=00)|wy:y€ Al ( )
Furthermore, for any k € N and n > 0, P-almost surely,
f) X X 'Fn+k_T)1 e-1X
exp(—e_CL) < (( Tp+i fn)lzo | ‘[n) < eXp(e_CL), (21)

P(X) )

Proof. First, we shall prove (20). By the definition of the regeneration times, for any finite path x. = (x;) lN: gr N <00,
there exists an event G, € o (g; x,, X; :i < N) such that G, C {R > N} and

{(X)E ) = ()N R=00} =G, N{R 0y = oo}

(For example, when k = 1, we let
(.¢]
Gr = U{(Xi)zN:o = ()Mo S;=N,R> N}.
j=1
Then {(X))7Ly = ()} R =00} = G. N [R 0By = 00}.)
Forn e N, we let
E,:=G; N{Ro6Oy >n}.

Note that E,, € o (&;,x;, X; : i < N +n) can be interpreted (in the sense of (12)) as a set of paths with lengths < N 4-n.
Also note that £, C {R > N + n}. Then by Lemma 5 and (11), we have

Ep[P,(Ep)|wy:y € A\ Al
Ep[Py(En)|wy :y € Al

exp(—Ce"’l) < < exp(Ce_Vl).

(20) follows by letting n — oo.
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Next, we shall prove (21). Let x € Z¢ be any point that satisfies
P(X,, =x)>0.

By the definition of the regeneration times, for any m € N, there exists an event G}, € o'{¢; x,, X; : i <m} such that
P,(G;) iso(wy:y-ey <x-e; — L)-measurable, and

{tn=m, Xy =x, R=00} =G}, N{R 06, = 00}.
Thus
P((Xg,4i — X)) ™ €+, Xy, =x, R=00)

—ZP (Xeyti = Xo)[5 " €ty =m, Xpy = x, R =00)

=D Er[Pu(Gy) PI((Xi =)y € . R=00)]
(20

< exp(Ce7L) ZP(G;)P((X,»)?:O €, R=00). (22)

m

On the other hand,

P(X, =x,R=00) = ZEP (G3) PA(R = 00)]

(220) exp(—Ce™7F) ZP(G;)P(R = 00). (23)

By (22) and (23), we have (note that L is sufficiently big)
P((Xo, 41 = Xo )75 ™ € 1Xg, =x) <exp(e”E)P((XDL € ).

The right side of (21) is proved. The left side of (21) follows likewise. O

The next lemma describes the dependency of a regeneration on its remote past. It is a version of Lemma 2.2 in [3].
(The denominator is omitted in the last equality in [3], p. 101, which is corrected here, see the equality in (25).)
Set tgp = 0. Denote the truncated path between 7,,_; and t, — L by

— (P! e (X .
Pn - (Pn)OSiftn—rnfl—L T (Xl+tn71 - anfl)oflffnffn—lfl"
Set

Wi = (@x1x,,_ Ixep, = OX,  +P,;
Fp= XI,, - Xrn,ly
Jn = (Pp, Wy, Fy, T7p — Ty 1)

Fori >0, let hit1(-lji, ..., j1) == P(Jis1 € Ais o D=
wheni =0, hir1Clji, ..., j1) =hi(-|@) =P €).

J1=j, denote the transition kernel of (J,,). Note that

.....

Lemma 8. Assume P(R=00) > 0,0<k <n.Then P-almost surely,

—et+DLY o hu1 Gl J1) < exp (kD). 24)

X —e = =
P Tt Lo s 1)
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Proof. For j,, = (pm, Wm, fm,tm),m=1,...n,let
im :=f1+"'+fm»
;m =0+ +tn,
Bp,...py ={R=00,P;=p;foralli=1,...,m}, and
P _ m
Opy,eeopm = (O%_ 4 pi )i=1 -

First, we will show that for any 1 <k <n,

Ep[Pyf(J1 €, R=00)|wp,. ... pi]

hict1 Gl + 0 J1) = = . (25)
EP[Pa) (RZOO)|CI)[,] ,,,,, [Jk] wpl,...,pk:(wi){'czl
By the definition of the regeneration times, there exists an event
Gprpp €0(Xiq1,6x,0<i <1 —1)
such that
Bp,...pt =Gpy,...pr N{R 06 =00}. (26)
On the one hand, for any o (Jg, ..., J1)-measurable function g(Jg, ..., J1),
Eplhie1Clks - JDEWks - I, ]
= EP[ngpl YYYY i 1Jk+1€']
= EP[ngpl AAAAA Pi ﬁa)(Jk-H €., Bp],...,pk)]
(26) - -
= EP[ngm ..... kaw(Gm,---,Pk)P;k(Jl € R:OO)]' @7
On the other hand, we also have
Ep[his1 Gl .., T8 ks ~J)lp, pk]
= Ep[his1 (1 Uk, S J0gls, kaw(Bpl,.‘.,pk)]
O Eplher Gl ..., J)gl Po(G PH(R = 28
= Ep[hit1C1 ks ..., g Bpy.opp P (Gpy . pi) P =o00)]. (28)

Comparing (27) and (28) and observing thaton B, .. p,, Pa)(Gpl,.‘.,pk) and all functions of Jy, ..., Jy are o(wy : y €
Xj—1+ pi,i <k)-measurable, we obtain thaton B, . p,, P-almost surely,

,,,,,

Ep[Py*(J1 €. R=00)|ws,_,1p.i k]
et Gl 1) = ———— e :
EP[Pw (R:OO)|(,())E[_1+I,’.,I Sk]

Noting that

By Mopy e = Y =i = ji, 1 <i <k},

(25) is proved.
Next, we will prove the lower bound in (24).
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When n > k > 1, by formula (25) and (20), we have

hn+]('|jn,---»jl)

,,,,,

EP[PO))("(RZOOprl,...,pn] wp,

,,,,, pnz(wi),";()
exp(Ce™? MDY Ep[ P (J) € -, R = 00)|ws,_1p, 0 —k+ 1 <i<n]

exp(—Ce~ Y k+DLYEp[ P3" (R = 00)|ws,_, +pn —k+1<i <n]

— A\
Opy.ecpn =(Wi)i g

Ep[Py" " (J1 €, R=00)wp, 410 pn]

Ep[Py " (R =00)|wp, 111, pn]

= exp(ZCeﬂ’(Hl)L)

Dpy _ft15-Pn :(wi);'l=,,,k+1
B exp(2Ce " C LY iyl Jnke ) 29)

where we used the translation invariance of the measure P in the last but one equality.
When k =0 and n > 1, by formula (25) and (20),

exp(Ce VLYEp[Py (J) € -, R = 00)]
exp(—Ce VL)Ep[ P (R = 00)]

P 1 Clins -0 J1) <
= exp(2Ce_yL)lA)(J1 €)
=exp(2Ce ")h (|2). (30)

When k =n =0, (24) is trivial. Hence combining (29) and (30), the lower bound in (24) follows as we take L
sufficiently big. The upper bound follows likewise. (]

Lemma 9. Suppose that a sequence of non-negative random variables (X,) satisfies

a

< dP(Xyp1 €-1X1, ..., Xp) <b

du
foralln > 1, where a <1 < b are constants and  is a probability measure. Let m;, < oo be the mean of jv. Then
almost surely,

1 & S
am, < lim —» " X; < Tim =" X; <bm,,. (1)
i=1 i=1

n—>oon n—-oon -
i=

Before giving the proof, let us recall the “splitting representation” of random variables:

Proposition 10 ([9], p. 94). Let v and i be probability measures. Let X be a random variable with law v. If for some
ac(0,1),

then, enlarging the probability space if necessary, we can find independent random variables A, w, Z such that
(1) A is Bernoulli with parameter 1 —a,ie., P(A=1)=1—a, P(A=0)=a;

(i) misof law w, and Z is of law (v —ap) /(1 — a);

(iii)) X=(1— A + AZ.

Proof of Lemma 9. By Proposition 10, enlarging the probability space if necessary, there are random variables
Aj,mi, Zi,i > 1, such that for any i € N,
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A; is Bernoulli with parameter (1 — a), and 7; is of law u;
A;, m; and Z; are mutually independent;

(4A;, m;) is independent of o (A, mk, Zy : k <i);
Xi=0-A4Apmi+ AiZ;.

Note that since X;’s are supported on [0, 00), w; > 0 and Z; > 0 for all i € N. Thus by the law of large numbers,
almost surely,
1 & 1 o
lim — ZX,' > nli)rgo o 21:(1 — Ap)mi =amy,.
1=

n—oo N %
i=1

This proves the first inequality of (31). B
If m;, = oo, the last inequality of (31) is trivial. Assume that m,, < 0. Let (4;);>1 be an i.i.d. Bernoulli sequence

with parameter 1 — ="' such that every A; is independent of all the X,,’s. By a similar splitting procedure, we can

construct non-negative random variables 77;, Z;, i > 1, such that (77;);>1 are i.i.d. with law u, and
Fi=(1—ADX; + A Z;.

LetY;=(1—b"1— A~,-)Xl~ 1x,<i, we will first show that

-
lim ;XI:Y,- =0. (32)
1=

By Kronecker’s lemma, it suffices to show that

o]

Z Y;
- Converges.
l

i=1
Observe that () _/_, Yi/i)sen is a martingale sequence. Moreover, for all n € N,

n 2 n o0
Z Y; Z 2,2 Z 2 )
E( l—> :i_l EY[ /l Ei_l EXl lxifi/l

i=1

o
<bY Efflz/i*

i=1

b/ooo)ﬂ(ZilQ)du

i>x

o0
§C/ xdu =Cmy < oo.
0

By the L?-martingale convergence theorem, > Y;/i converges a.s. and in L?. This proves (32).
Since

ZP(Yi #(1-b71=4))X;) < ZP(X,- >i)< bZP(m > i) <bm, < 0o,

L L

by the Borel-Cantelli lemma, it follows from (32) that

n

1 _
nl_i)rr;o;Z(l—b_l —A)X; =0, as.

i=1
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Hence almost surely,

D B - — I,
=i 13w TS0 Aoni= i LS
i=1 i=1 i=1
The last inequality of (31) is proved. ]

Theorem 11. There exist two deterministic numbers v,,, v_., > 0 such that P-almost surely,

. X, - e
lim

n— 00 n

=V la,, — Ve la,- (33)
Moreover, if ve, > 0, then E3ti < 00 and P(A,) UA_,)) = 1.

Proof. We only consider the nontrivial case that P(lim X, - ¢;/n = 0) < 1, which by Lemma 6 implies P(A,, U
A_,,) = 1. Without loss of generality, assume P(lim,_, o X,, - 1 /n > 0) > 0. We will show thaton A, ,

lim X, -ei/n=v, >0, P-as.
n— o0

By (21) and Lemma 9, we obtain that P(-|A.,)-almost surely,

e . X, ce
exp(—e CL)EAX,I cep < lim ——
P n— 00 n

— X, -
< fim 22 <exp (e L) EpXy, -en, (34)
n

T n—>o0

exp (—e_CL)Elgrl < lim W < lim n <exp (e_CL)Elgrl. (35)

nooo N n—oo n

Note that (34), (35) hold even if Ep Xy, -eg =00 or EpT) = 00. But it will be shown later that under our assumption,
both of them are finite.
We claim that

E]SXrl cep < 00. (36)

To see this, let ® :={i : X, - ey =i for some k € N}. Since 7;’s are finite on A, there exist (recall that 7o =0) a

sequence (k;)neN such that Xy, re1<n<Xg . -el for all » € N and lim,,_, o k;, = 00. Hence forn > 1,

Y lico - kn+1 ~

< , P-as.
n kan -eq
Then, P-a.s.,
n
e | — 1ie(~) Fros n
lim 2izi < lim
n—o00 n n—oo Xr,, - e

Let By = {ex,x, =0, Xk1 — Xk = e, €kti, X3y = L, Xpyiv1 — Xy = ey forall 1 <i < L}. Then

L L+2
Bo(Bo) = (do)-(1 - dx)(%) (%) 1220 (g) ,

Observe that by the definition of the regeneration times, forn > L + 1,

{Tn—L—l =k, Xy =x—(L+1)81,R>k}ﬂBkﬂ{R09k+L+1 = o0}
C{RZOO,HGQ,TnZk—l-L*Fl,XTn:x}
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Hence forn > L + 1,

P(nec o)

> > PBN{Tir1=k Xp=x—(L+1e1, Robir11=00})
keN,xeH,

L+2
> Z Ep [PQ)(T,,_L_1 =k, Xy =x—(L+1e,R> k)(%)
keN,xeH,

x PX(R = oo)}/P(R = 00).
Since by (20) and the translation invariance of P,
Ep[Pj(R=00)|wy:y-e1<x-e;—L—1]> exp(—e “F)P(R = 00),

we have forn > L + 1,

P(nc®)
P L+2
- (5) exp(—e L) Y P(Ty-p-1=k Xp=x — (L + De1. R > k)
keN,xeH,
P L+2
> (5> e 'P(R = 00). (37
Hence
C 34 — — Y7 lieo
———— = Ep lim > Ep lim M
El,\)X'L'l .el n—00 XTn ! el =00 n
> lim EA*Z?Z] lico
~ n—>oco P n

L+2
(37
> <g> ¢ 'P(R=00) > 0.

This gives (36).
Now we can prove the theorem. By (34) and (35),
EsX. -e X. .
exp (_Zech) Pl 1 < ll_m 7, " €1
Epi n—>00 Tn+l
¢ .e Es X -e
< lim b o B <exp (2e_CL)L1, (38)
n—00 T, ElA)fl

P(-|A.,)-almost surely. Further, by the fact that |X;| < i and the obvious inequalities

X e Xy e

X; -e — X -e
ﬁ_mfﬂilflim < Tim Ll’

n—oo Tn+l n— 00 n n—oo n n—0oo Tn
we have that

- Xn'€1 Ef’Xfl €]
lim - =
n— 00 n EsTy
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Therefore, P(:| A, )-almost surely,

e ' E13XTI(L) - e
= lim —L
n— 00 n L—o0 Elsrl( )

= Ve,

where 1] is written as ‘L'l( ) to indicate that it is an L-regeneration time. Moreover, our assumption P(lim,_, o X, -

e1/n > 0) > 0 implies that v,; > 0 and (by (38))
Elg‘fl < 0.
Our proof is complete. ]
If ve, > 0, then it follows by (35) that
Epthn < CnEpt) < 00. 39)
Observe that although Theorem 11 is stated for ej, the previous arguments, if properly modified, still work if one

replaces e; with any z € R? \ {0}. So Theorem 11 is true for the general case. That is, for any z # o, there exist two
deterministic constants v,, v_, > 0 such that

. Xn +Z
lim

=v.la, —v_la_,
n—o00 n © <

and that P(A; U A_;) =1 if v; > 0. Then, by the same argument as in [5], p. 1112, one concludes that the limiting
velocity lim,_, oc X,,/n can take at most two antipodal values. This proves display (2) of Theorem 2.

4. Heat kernel estimate

The following heat kernel estimates are crucial for the proof of the uniqueness of the non-zero velocity in the next
section. Although in the mixing case we do not have i.i.d. regeneration slabs, we know that (by Lemma 8) a regen-
eration slab has little dependence on its remote past. This allows us to use coupling techniques to get the same heat
kernel estimates as in [1]:

Theorem 12 (Heat kernel estimate). Assume v, > 0. For x € 72 and n € N, we let

O, x):= f’(x is visited in [1,_1, tn)).

Then, for any x € Z¢ and n € N,

P(X,, =x) <Cn~%?, (40)
> 00, x)? < C(Epr)*n/2. (41)
xezZd

By Lemma 8, we have forn >2and 1l <k <n —1, P-almost surely,

1 ClIn—1, - In—k) et ClIn—1, - Jn—k) MGl Jp—1, ..., J1)
hk('|Jn—lv--~an—k+l) hn('|-ln—1v--~vjl) hk('|JI1—17"'7Jn—k+l)
—elk+DL _ gmekL)

> exp(—e

S (42)
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for large L. Hence for n > 2 and 1 <k <n — 1, we can define a (random) probability measure {nj’}c’l""‘J"_k that
satisfies

her1 Cln=15 -+ o5 Jn—k)
—c Jn—1,eeesIn— —c
= Mg O (1= e YV (Lt Tukr)- 43)

To prove Theorem 12, we will construct in Section 4.1 a sequence of random variables (ji, i € N) (in a larger
probability space) such that for any n € N,

(jlv"'vjn)wf)(']]6'5"'5Jﬂ€')’ (44)

and J;’s can be decomposed into random variables that have good independence properties (see Remark 13). Here
“X ~ w” means “X is of law pu”.

4.1. Construction of the Ji’s

Our construction consists of three steps:
Step 1. We let J1, J2,1, A2,1 be independent random variables such that

Ji~h¢2), T ~hi(|9)

and A~2,1 is Bernoulli with parameter e~L Let 22,1 be independent of a(fzyl, A~2, 1) such that

P(Zyy €-1J) =55 ().
Setting Jo := (1 — Ay 1)Ja.1 + A2.1Z2,1, by (43) we have
(Ji, ) ~P(i e, J €.

Step 2. For n > 3, assume we have constructed fl and (f,-yl, A~,-,j, Z,-,j, 1 <j<i<n-—1)suchthat

Jlseesdpo) ~PU1 € Juy €9),
wherefor2 <j<i<n-—1,
Tij=0=Aj0dij+ A a1Zij
and
Ji=Jii.

Then,~we d~eﬁne~J~,,,1 and (A~n,k, Zn,k, 1 <k < n) to be random variables such that, conditioning on the values of fl
and (J;1, 4 j, Zij, 1 < j <i<n),

° (fn,l, A~n,k, Zn,k, 1<k<n- 1)~are conditionally independent;
e The conditional distribution of J, 1 is h1(-|9);

e For 1 <k <n — 1, the conditional distribution of Zn,k is ;‘nj"k’l""’J””‘(-), and A~n,k is Bernoulli with parameter

efckL.
Step 3. For 2 <k <n, set

Jnk == Ay g In k=1 + A ko1 Zn k-1,

Joni=Jan.
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Then (by (43)) almost surely,
Pk € 1nts s 1) = hicCln=1s s duir). 45)
It follows immediately that
(Jisees ) ~PUL € dy €0).
Therefore, by induction, we have constructed (J;,i € N) such that (44) holds for all n € N.

In what follows, with abuse of notation, we will identify J~, with J; and simply write J~, js ANi, s Zi‘ jas Jij, A
and Z; j, 1 < j <i. We still use P to denote the law of the random variables in the enlarged probability space.

Remark 13. To summarize, we have introduced random variables J; ;, A; ;, Z; j, 1 < j <i such that for any n > 2,

Jn,2 = (1 - An,l)Jn,l + An,lzn,la
Jn,n—l = (1 - An,n—Z)Jn,n—Z + An,n—ZZn,n—Za
Jn = (1 - An,n—l)-’n,n—l + An,n—lzn,n—l-

Intuitively, we flip a sequence of “coins” App—1, ..., An1 to determine whether Ji, ..., J,_1 are in the “memory”
of J,,. For instance, if

Apn—1=-=Ann—i =0,

then J, = Jy n—i does not “remember” J1, ..., J; (in the sense that
P(Jun—i € 1 netseo s J1) = hnei ClIut,s .y Jig1),

see (45)).

4.2. Proof of Theorem 12

For1 <i <m,letI,(i) betheeventthat A; ;1 =---=A; 1 =0and Ay, jy—1 = = Apm—i =0foralli <m <n.
Let I,,(1) be the event that A, ;,—1 =0forallm =2,...,n.Set Ji,1 = Ji. Then on I, (i),

Ji=Jix and Jy=Jum—; foralli <m<n. 46)
Lemma 14. Forn > 2, let H be a nonempty subset of {1, ...,n}, and set
M, = {1 <i<n:theevent I,(i) happens}.
Conditioning on the event {M,, = H}, the sequence (J;)icy isi.i.d. ~ IA)(Jl € -) and independent of (J;)ie(1,...n}\H-
Proof of Lemma 14. It follows from our construction that for any i > 1, J; 1 is independent of
o(Arj,1<j<k)vol,1=<l<i)Vo(pumim>Ii).
Since M,, is measurable with respect to 0 (A j, 1 < j < k), we get that J; ; is independent of

M)V o, 1<l <i)Vo(Upmeim>i).
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Hence, by (46), for any i € H and any appropriate measurable sets (V;)1<j<n,
P(J; €V, 1<j<n|M,=H)
=P € VIR €V 1 <j <n, j#ilMy = H).
Noting that IA’(J,-,l evV)= f’(Jl € V;) and by induction, we get
P(J; eV, 1<j<n|M,=H)

=[[PUi1 e V)P €V 1<j<n, j¢HM,=H).
ieH

The lemma is proved. U
Proof of Theorem 12. By Lemma 14, fori € H C {1, ..., n},
P(Xy — Xy, =(L+1Der£ej|My=H)=P(Xy, = (L + ey £e;) >0

for all j € {1,...,d}, where the last inequality is due to ellipticity. Hence arguing as in [1], pp. 736, 737, using
Lemma 14 and the heat kernel estimate for bounded i.i.d. random walks in Z¢, we get that for any x € Z¢,

IA)(Z Xy —Xgo, =x ) M, = H) =< C|H|_d/2,
ieH

where | H| is the cardinality of H. Hence, for any subset H C {1, ...,n} such that |H| > n/2,

P(X,, =x|M, =H)

= Z?(ZXTI — X =x—Y, Z X — Xy, =y‘M,1 = H)
y NH

ieH ief{l,..., n
ZXTI' —Xg, =x _y)Mn =H)

zz[ﬁ(
y ieH
xf’( 3 Xy —Xq, :y‘Mn=H>:|

ie(l,...n\H

<cn =, @7)

where we used Lemma 14 in the second equality.

On the other hand,
n n n
|Mn| zn— (Z lAtﬁi—l""“"'Ai,l>0 + Z Z 1Am,m—]+“'+Am,m—[>0>
i=2 i=1 m=i+1
n n m—1
=n- Z LAt ai1>0 — Z Z LAy it B i >0
i=2 m=2 i=1

zn—2iKm,
m=2
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where K, :==sup{l < j <m: A, j =1}. Here we follow the convention that sup & = 0. Since K,;,’s are independent,
and for m > 2,

<> ePA, =1 +1
j=1
o0

SZe-/e_CjL+1—>1 as L — oo,
j=1

we take L to be large enough such that Ege®n < e!/8 for all m > 2 and so
P(IMy| <n/2) <P(Ky+ -+ Ky > n/4)
< e MAEpeft K < /8, (48)

By (47) and (48), inequality (40) follows immediately.
Furthermore, since

Q(n,x)
= Zf’(XfH = y)l3(x is visited in [ty—1, T0)| Xz, =)
y
Lemma 8 N N . )
< C ZP(XTH_l = y)P((x — ) is visited during [0, 1,'1)),
y

by Holder’s inequality we have

0, x)?

<C [Z P((x — y) is visited during [0, 7 ))}

X [Z IA’(Xrn_I = y)zlA’((x — ) is visited during [0, rl))i|
¥

<CEpm Y P(Xy,_, =y)*P((x — y) is visited during [0, 71)).
y

Hence

Y00, %)’

<CEp7 Z[f)(x,nl = y)2 Zﬁ((x — y) is visited during [0, 7:1))1|
y X

<C(Epn)* ) P(Xy,_ =y)
y

(40) .
< C(Epn)’n Y " P(Xy, , =y) = C(Epn)*n~ /%
y

Theorem 12 is proved. U
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5. The uniqueness of the non-zero velocity

In this section we will show that in high dimension (d > 5), there exists at most one non-zero velocity. The idea is the
following. Consider two random walk paths: one starts at the origin, the other starts near the nth regeneration position
of the first path. By Levy’s martingale convergence theorem, the second path is “more and more transient” as n grows
(Lemma 16). On the other hand, by heat kernel estimates, when d > 5, two ballistic walks in opposite directions will
grow further and further apart from each other (see Lemma 15), thus they are almost independent. This contradicts
the previous fact that starting at the nth regeneration point of the first path will prevent the second path from being
transient in the opposite direction.
Set § =8(d) := 8( = ]) (the reason of choosing this notation will become clear in (56)). For any finite path y. =

(y,)l.:O, M < o0, define A(y., z) to be the set of paths (x,-)l.:O, N < oo that satisfy

(1) xo=y0+2z;
(2) dxi,y) > @GV )Pifivj>|zl/3.

The motivation for the definition of A(y., z) is as follows. Note that for two paths x. = (x;) oand y. = (yi)?i 0
with xo = yo + z, if i vV j <|z|/3, then

d(x;, y;) = d(xo, yo) — d(xo, x;) —d(yo, y;) = |zl —i — j = |z|/3.

Hence, for (xi)lNzo €AW, 2),

A E I S R S eSS

i<N,j<M 0<i,j<l|z|/3 ivj>lz|/3
121\ = on)
- (%) oIl <Ze—w‘ /2) -cC (49)
i=0

This gives us (by (x)) an estimate of the interdependence between o (wy : x € (x,)N

In what follows, we use

Vo) and o (wy 1 x € (3)M,).

! =1(—e1,¢, X))

to denote the regeneration times in the —e direction. Assume that there are two opposite nonzero limiting velocities
in directions ¢ and —ey, i.e.,

Vey - V—g; > 0.

We let P(-) :=P(-|R_,, = 00).

XQ:X;n+Z

Yy = X,

> €1

Fig.2. X. € A(Y",z). When i v j > |z|/3, the distance between Y}“ of the “backward path” and X; is at least (i v j)‘sA
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Lemma 15. Assume that there are two nonzero limiting velocities in direction ei. We sample (g, X.) according to P
and let T. = t.(e1, €, X.) denote its regeneration times. For n > 1, we let

Yh = (Yin)fn:o = (Xfri)ifio
be the reversed path of ()?,-)if”zo. If |z| is large enough, d > 5 and n > 1, then

EgP¥ati(X. e A(Y",2)) > C >0, (50)
Proof. Let

m; = ||z ].
Then

EgPXati(X. ¢ A(Y", 2))

< EpPXuti(¢), = 121/3) + P(Ey — Frm, = [21/3) 51)
+ Ef,f’ifn t2(d(X;, Y") < i® for some i > ) (52)
+ EgPXnte(d(X;,_j, X)) < j° for some j > F, — Fyom.). (53)

We will first estimate (51). By the translation invariance of the environment measure,

13"(1,’”2 > |z1/3) =l3(r’ .= |z|/3) forany x € Z“.

m
Hence

3EpT,. (39

EgPXati(z) > 12/3) =B(1),. > [21/3) < o = ClEm)l (54)
Similarly,

A » 21 _ ~ _

P(E, — Toom, = 121/3) < exp(e™")P(ti, = |21/3) < C(EpT)lz| ™"/ (55)

To estimate (52) and (53), fori > 1,n> j > 1, we let
Q'(i,x) =P(x is visited in [1/_,, 7))

Q(j, x) = f’(XTn + x is visited in [7,, j, Tn—j+1))~

Note that by arguments that are similar to the proof of Theorem 12, one can also obtain the heat kernel estimate (40)
for Q'(i,x) and Q(j, x). For [ > 0, let B(o,l) = {x € Z% : d(0, x) < [}. Recall the definition of the r-boundary in
Definition 1. By the translation invariance of the environment measure,

f’y(Xi=y+z)=f’(Xi =z) foranyy,zeZandieN.
Hence
Ei,lv’;(fn“(d(X,', X)) < i for some i > ‘L',/nz)

< Z Z Z Ef,[f’fffﬁz (Xz, +z +x is visited in [</, Ti/+1))1’~(fn+1+x+yey.”]

i>m; yed B(o,i%) X
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= Z Z ZP(X is visited in [/, ti/+1))13()~(f,l +z+x+yeY”)

i>m; yed; B(o,i%) X

= Z Z ZZQ/(i’x)Q(j,x—i-any).

i>m; yed; B(o,i%) j<n *

By the heat kernel estimates and Holder’s inequality,

DY 000G x+2+y) < /ZQ’(i,x)ZZ D06, x+y)?
jsn x x j<n\ x
< C(Epr))i™*> (Epr)j~*
jsn
d>5

< Ci_d/4El3‘({ Ef,‘(l .
Thus

Ef,f’xfn+z(d(Xi, X)) < i’ for somei > t,’nz)
<C Z Z i_d/4El3‘L'l,El*,‘L'1
i>m; yed; B(o,i%)

<C Y iR B By < Clo| TR Egt{ Epr, (56)

i>m;

d—4
8(d=D

where we used d > 5 and § = in the last inequality. Similarly, we have

EpPXa*2(d(X;,_;, X.) < j° for some j > % — Ty, )
< Clz| B E T Eyry. (57)
Combining (54), (55), (56) and (57), we conclude that
EgPXati(X. e A(Y",2)) > C >0,
if |z| is large enough and d > 5. (I
Let
T°=inf{i >0:X; -e; <O0}.
For every fixed € §2 and P,  -almost every X,

pXn

e (T =00) 10y = Py (T =00[X1, ..., Xp),
and so by Levy’s martingale convergence theorem,

lim PX

o __ J— o
Jim w,ong(T = oo)lTo>n =170—00, Pwyg-almost surely.

Hence, for (w, ¢, X .) sampled according to 13,

nll)ngo Pﬁg}ns (T" = oo) =1, P-almost surely.
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It then follows by the dominated convergence theorem that

lim Ef,P’?f" (T° < 00) =0. (58)

n—00 w,0tne

Lemma 16. For any 7 € 74,

. ;(f,,-%z
nllpgo EPPw,ef"S

(7° < 00) = 0. (59)
Proof. For n > |z|, obviously
(Xz, +2)-e1 > 0.

This together with ellipticity yields

lzl 5
PX (10 < 00) > <5> PXntE (10 < ).

0,0 2 w,0tle

Hence using (58),

. 5(;,,+z
nlgrolo EpP, ginticte

(T” < oo) =0.
On the other hand, noting that {R > 71} = {R = o0},
Epp ot

P" o,0tntlzle

(T” < oo)

= Z EP®Q[PX;;HZ|8(T0 <00)PS (R> 11,7y =m, X,y = x)]/P(R = 00)

w
m,x
=Y Epgo[ Pl (T <00)PS (R > 11,7y =m, Xy =x)]/P(R = 00)
m,x

X 2

=EpP ., (T° < ),
where we used the independence (under Q) of Paf:gfng(To < o0) and PS’E(R > 11, T, = m, X, = x) in the second to
last equality. The conclusion follows. (]

Proof of the uniqueness of the non-zero velocity when d > 5, as stated in Theorem 2. If the two antipodal veloc-
ities are both non-zero, we assume that

Ve; - V—g, > 0.

Sample (w, €., X .) according to P. Henceforth, we take z = zg such that (50) holds and
zo-e1 <—L.

We will prove Theorem 2 by showing that

??f,l +20
ElA’Pw,Ofns

(T" < oo) >C (60)

for all n > |zg|, which contradicts with (59).
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First, let G denote the set of finite paths y. = (y;

)M, that satisfy yy =0, M < co. Then

5(;”4-2() 0
EpP o (17 < o0)

> Eﬁpjg’fjj"((xi)fz"o € A(Y", 20), T° < )
= > Ef,[Pj?;Afg((Xi)iT:‘)o € A(y.,20), T® < 00)lynzy |
y=()MeG
1 ot o
= PRcos 2 2 Ereo[PUuii((XDlo=x)Pu. (" =y)] (61)
v.€G N<oo

@)Ly €A (. 20)
By the definition of the regeneration times, for any finite path y. = (y,')l.Ai o- there exists an event Gy, such that

Py (Gy) is a(ai‘yi,wyj :0<i<M,0<j <M — L)-measurable and

{rr =y} ={&Xly = m-)io} =G, N{Roby = oo}.
Hence, for and any y. = (yi)f‘io e€eGandx. = (xi)zN=0 € A(y.,20), N < o0,
Epgo[ Pt (XDZg =% Rey > N) Po e (Y = y)]

= Ep[ P ((X)[Zg =%, R_¢; > N) Py(Gy ) PO (R = 00)]

(20) _ o _ _
> CEp[PYH0((X0[Zy =x., Re; > N)Py(G,) [P(R = 00), (62)

where we used in the equality that (&; x);5¢ ez« are i.i.d. and in the inequality the fact that
PO (X)) =x., Reey > N)Py(Gy)
iso(wy:v-e; <yp-e; — L)-measurable (note that zg - ey < —L). Further, by Lemma 5 and (49), we have

Ep[PYM0((X)/Zy=x., R, > N) P,(G,)]

> CPo (X)) =x., Rey > N)P(Gy). (63)
Note that
_ _ (20) _ _ _ o
P(Gy)P(R=00) > CEp[P,(Gy)P)(R=00)]=CP(Y"=y)=CP(Y"=y). (64)

Therefore, by (61), (62) and (63),

f(f,, +20
Ef’Pw’ang
>cy 3 P!y =x, Ree, > N)P(G,)P(R = 00)
v.€G N<oo
()N €Ay, 20)

e Yoo > Pr(xply=x,R . > N)P(Y" =)

v.€G N <oo
()N €A, 20)

(T” < oo)

Lemma 15

> CEf)i’)f(fn +20 (X c A(Y.n’ Zo)) >

Inequality (60) is proved. U
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