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CONVOLUTION EQUIVALENT LEVY PROCESSES AND FIRST
PASSAGE TIMES

BY PHILIP S. GRIFFIN
Syracuse University

We investigate the behavior of Lévy processes with convolution equiva-
lent Lévy measures, up to the time of first passage over a high level u. Such
problems arise naturally in the context of insurance risk where u is the initial
reserve. We obtain a precise asymptotic estimate on the probability of first
passage occurring by time 7'. This result is then used to study the process
conditioned on first passage by time 7. The existence of a limiting process as
u — oo is demonstrated, which leads to precise estimates for the probability
of other events relating to first passage, such as the overshoot. A discussion
of these results, as they relate to insurance risk, is also given.

1. Introduction. Let X = (X;);>0, be a Lévy process with characteris-
tics (y, o2, Tl x). Thus the characteristic function of X is given by the Lévy—
Khintchine representation, £ 09Xt = ot ¥x() where

Wy (0) =ify —a26%/2 +f (%% — 1 —i0x1jy<1))Tx(dx)  ford e R.
R

Historically, a number of different types of Lévy processes have arisen in the
context of stochastic modeling depending on the phenomenon under investigation.
This has motivated the detailed study of several different classes of processes.
In this paper we will investigate one such class, those with convolution equiva-
lent Lévy measure. This class has recently been proposed as a model for insurance
risk, although its study certainly predates that. Convolution equivalent distributions
were first introduced by Chistiakov [8] and later by Chover, Ney and Wainger [9].
Their properties have been investigated by several authors including [10, 14, 21,
25] and [26] where background and further information on this class of distri-
butions can be found. We will restrict ourselves to the nonlattice case, with the
understanding that the alternative can be handled by obvious modifications. A dis-
tribution F on [0, co) with tail F belongs to the class £, « > 0, if F(u) > 0 for
all u > 0 and

=e for x € (—o00, 00).
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F belongs to the class S @) if, in addition,
F2*(u)
U— 00 f(u)

where F2* = F % F. When F € 8@,

exists and is finite,

(1.1)

(1.2) sk :=f ¢** F(dx) < o0,
[0,00)

and the limit in (1.1) is given by 28f . Distributions in S ©) are called subexponen-
tial, and those in S@, & > 0, are called convolution equivalent with index « > 0.
The class S® has several nice properties, including closure under tail equivalence,
that is, if F € S and G is a distribution on [0, co) for which

Gu)

(1.3) lim — c for some ¢ € (0, 00),
Uu—> 00 F(Lt)

then G € S, This particular property also holds, trivially, for the class £,
The right tail of any Lévy measure, which is nonzero on an interval [xg, 00),
xo > 0, may be taken as the tail of a distribution function on [xg, 00), after
renormalization. With this convention, we say that the Lévy measure (or its tail)
is in S@, respectively, £, if this is true of the corresponding renormalized tail.
By closure under tail equivalence, this does not depend on the choice of x¢. A con-
volution equivalent Lévy process is one for which ﬁ; € S@ for some o > 0,

where 1'[; is the restriction of [Ty to (0, c0) and, as above, ﬁ; denotes its tail.
Examples include, for appropriate choices of parameters, the CGMY, generalized
inverse Gaussian (GIG) and generalized hyperbolic (GH) processes.

Let

(1.4) T(u) =inf{t > 0: X; > u}
denote the first passage time over level u. The behavior of

s i 0 <T)
U—> 00 HX(M)

has been investigated under various conditions on ITy, for example, when ﬁ; (u)
is regularly varying (see Berman [3] and Marcus [24]), and more generally when
ﬁ;(u) is subexponential (see Rosiriski and Samordnitsky [27]). In the case of
interest in this paper, when X is convolution equivalent, Braverman and Samord-
nitsky [7] proved that the limit in (1.5) exists but were unable to identify its value.
Later, Braverman [6] obtained a complicated description of the limit, which unfor-
tunately lends little practical insight as to its actual value. Albin and Sundén [1]
gave a much simpler proof of existence, but again their characterization of the limit
is highly inexplicit. When T = oo, Kliippelberg, Kyprianou and Maller [22] were
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able to evaluate the limit in (1.5) under the additional assumption E X1 < 1. As
will become apparent in Section 4 (see Remark 4.3), when this condition fails the
limit in (1.5) is infinite for 7 = oo.

The assumption Ee*X! < 1 was introduced in [22] in the context of modeling
insurance risk. Here u represents the initial reserve and X the excess in claims
over premium. Ruin occurs when X exceeds u. Our first result, which evaluates the
limit in (1.5), may thus be viewed in this context as providing a sharp asymptotic
estimate for the probability of ruin in finite time.

THEOREM 1.1. Assume ﬁ; € S@  then

(1.6) fim 2@ <D _

o / eV @1 poaXrs gy
u=00 TTY(u) 0,7)

where X; = supy,<, X5 and ¥ (o) =In Ee®X1,

The limit in (1.6) is finite, since Ee*X7 < oo for every T < 0o when ﬁ; e S@
(see Lemma 2.1). It yields a simple and transparent formula which allows further
investigation of the limit as a function of T', as will be illustrated in Section 4. For-
mally, setting &« = 0, (1.6) reduces to the subexponential result of [27]. However,
our interest here is in the convolution equivalent case, so throughout this paper, it
will be tacitly assumed, without further mention, that o > 0.

Building on work begun in [16] in the Ee**!1 < 1 and T = oo case, we in-
vestigate not only when, but how first passage occurs in finite time, that is, what
do sample paths look like that result in first passage by time 7°? Our main result
is a functional limit theorem yielding an asymptotic description of the process
conditioned on t(u#) < T as u — oo. Roughly speaking, the conditioned process
behaves like an Esscher transform Z of X up to independent time T when it jumps
from Z,_ to a neighborhood of u. Let its position after the jump be u + Wy. If
Wo > 0 the conditioned process then behaves like X started at u + Wy. If Wy <0,
the conditioned process X — u behaves like X started at Wy and conditioned on
7(0) < T — 7. The precise descriptions of Z, 7 and Wy are contained in (6.4),
(6.5) and (6.8) and the functional limit theorem in Theorem 6.2. This result may
be used to obtain precise asymptotic estimates for the probability of many other
events relating to first passage. As one example, we derive the joint limiting dis-
tribution of the first passage time and the overshoot of X conditional on 7(u) < T
(see Theorems 7.1 and 7.2). It will be clear from this example how other limit-
ing distributions relating to first passage may be found. Previous work in this area
has been restricted to the T = oo and Ee®X! < 1 case. Our results are the first
that we are aware of that considers the finite time horizon problem and removes
the condition that Ee®X1 < 1. The case Ee**! = 1 is of particular interest, being
the classical Cramér—Lundberg condition. This is discussed further in Sections 5
and 7.
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We conclude the Introduction with a brief outline of the paper. Section 2 con-
tains various notation and introduces two measures related to the description of
the limiting process given above. Section 3 adapts a convergence result from [16]
in the 7' = oo case to the T < oo case. Section 4 then contains the proof of (1.6).
A further discussion of the meaning of (1.6) in the context of insurance risk is
given in Section 5. Section 6 contains the functional limit theorem and Section 7
applies it to the overshoot. Finally, the Appendix justifies several formulas used in
the paper relating to the measures introduced in Section 2.

2. Notation. We follow much of the notation laid out in [16]. This is briefly
summarized in the next few paragraphs for the convenience of the reader. Let E =
R U {A} where A is a cemetery state. Define a metric d on E by

lx =yl A, x,yeR,
d(xvy): 13 XGR,y:A,
0, x=y=A.

Thus A is an isolated point and for x,y € R, |x — y| — 0 if and only if
d(x,y) — 0. Let D be the Skorohod space of functions on [0, c0), taking values
in the metric space E, and which are right-continuous with left limits. Let

7, = T,(w) = inf{t > 0: w; > z}, A = Ta(w) =inf{t > 0:w, = A}.

Thus, in the notation of (1.4), t(z) = 7;(X). To avoid any possible confusion we
reserve the notation t(z) exclusively for 7,(X). When considering the passage
time of a process other than X, say W, we will write t,(W).

For a given function w = (w;);>0 € D, and r > 0, let wyo ) = (w0, (t))r>0 €

D denote the killed path
wy, 0<t<r,
A, t>r.

wio,r) (1) = {

Observe that for any t > 0 and w € D
Ta(wio,n) =t if ta(w) > 1.

For x € E let ¢* € D be the constant path ¢ = x for all > 0. If w, w’ € D, then
w — w’ denotes the path in D given by

(w_w,)l:{w,—w;, ift<r'A(w)/\rA(w/),
A, otherwise.

It is convenient to assume that X is given as the coordinate process on D.
The usual right-continuous completion of the filtration generated by the coordi-
nate maps will be denoted by {F;};>0. P, denotes the probability measure induced
on F =\/,~¢F: by the Lévy process starting at z € R. We usually write just P
for Py. The shift operators 6; : D — D, t > 0, are defined by (6;(w))s; = w(t + s).
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Let B denote the Borel sets on R and B([0, o0)) the Borel sets on [0, 00).
Let D=D ®[0,00) ® (—00,0), and for T € (0,0), set Dr =D ®[0,T) ®
(—00, 00). For K € (—o0, 0] and x € [0, oo], define measures pg and v, on
F ® B([0, 50)) ® B by

pi (dw,dt, dp) = I (¢ < K)e*? P(X{o,4y € dw, X,— € d¢)dt
and
ve(dw', dr,dz) = I (z > —x)ae”“*dz P,(X € dw’, 7(0) € dr).

We will write 4 and v for u and v, respectively. The Appendix contains a brief
discussion of these measures, and several formulas involving them, which will be
used in the body of the paper. Their probabilistic meaning will be discussed below
after some preliminary observations have been made.

Without any assumptions on the Lévy process, g and v, may be infinite mea-
sures, but on Dr they are finite if K < 0o and x < oo, respectively. This is because

T

2.1) MK(DT)=f E(e"r; X, < K)dt
0

and

v (D7) =/ ae P (1(0) <T)dz

>—X

(2.2) =1+ ae“*P(t(z) <T)dz

O<z<x
= E(e"‘YT;YT <x)+e**P(X7 > x).

Here, and elsewhere, we make use of the fact that X, = X;_ a.s. for every
t > 0. From (2.1) and (2.2) we also see that i and v are finite on D7 whenever
Ee*XT < 0o, This condition clearly implies E X1 < 00, and, as we show below,
is equivalent to it. This will allow us to conclude that ;& and v are finite on D7
when ﬁ; €S,

Let (L;);>0 be the local time of X at its maximum and H the corresponding
ascending ladder height process (see [4, 11] or [23]). The renewal function of H is

V(2) :/ P(H; <z;t < Ly)dt,
t>0

with associated renewal measure V (dz). When X; — —o0 a.s., Ly, has an ex-
ponential distribution with some parameter ¢ > 0, V is a finite measure of mass
g~ ! and the following version of the Pollacek—Khintchine formula holds (see [4],
Proposition VI.17) for z > 0,

(2.3) P(t(z) <00) =qV(2),
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where
V@) =/ V().
X>Z
Thus
2.4) Ee X =q/e°‘ZV(dz).

LEMMA 2.1. If Ee®X! < 00 then Ee*XT < oo for every T < oo. If, in ad-

diz;zion, Ee®X1 < 1, then Ee?X~ < co. The condition Ee®X! < oo holds when
My e S@.

PROOF. Assume Ee*X! < 1. Then X; — —oo0 a.s. since ¢**! is a nonnegative
supermartingale. Further, by [22], Proposition 5.1,

/e“ZV(dz) < 00

Zz

(their condition 1'[;2 # 0 is not needed for this). Hence, E X < 00 by (2.4).
Now assume | < Ee*X! < co. Then we may choose § > 0 so that
Ee*X178) < | Inthatcase ¥, = X, — 8t is a Lévy process with Ee®Yt < 1. Since

Xr<Yr+ 8T it then follows that Ee®XT < oo.
Finally, if [Ty € @, then [}, ., ¢**Tx(dx) < oo by (1.2), and so Ee**1 < oo
by [28], Theorem 25.17. O

It will be convenient to introduce measures ;% and v! on D defined by

ng()=ug(NDr), vl ()=v(-NDr).
From the above discussion, these are finite measures if K and x are finite, or if
Ee*X1 < 00. Observe that

pk(dw,dr,dp) = I1(t < T)ug (dw, dt, dp)

=I(ta(w) < T)ug (dw, dr, dg),
(2.5
vxT (dw',dr,dz) = I(r < T)vy(dw', dr, dz)

=I(to(w') < T)vy(dw', dr, dz).

The first equalities are trivial and the second follow from Lemma A.1. The
marginal measures will be denoted in the obvious way, for example,

i (dw) = I (ta(w) < T) g (dw)
T
:/ / ¢ P(X(0.) € dw, X,_ € dg) dr,
(2.6) 0 Jop<K
vI(dr) = I(r < T)v,(dr)

=1(r< T)/ ae % dzP,(t(0) edr).
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This minor abuse of notation should not cause any confusion.
The precise probabilistic meaning of 1 and v in the S® case can now be given.
Define processes Z and W by

T
= p (dw) 1 /T X
2.7 P(Z edw) = = E(e**; X dw) dt
@7 PZedw) =" 7ot =70 | Ele [0.1) € dw)
and
- vT (dw’)
P dw') =
(W edw') T(D)
(2.8) 1
= ae P, (X edw’, 7(0) < T)dz.
VT (D) Ji=00.00) 3 O <T)dz

It will be shown that Z is an Esscher transform of X killed at an independent
time v where

pl(dr) 1@t <T)e? @' dr

ut (D) nt(my

while W is the process X conditioned on 7(0) < T, and started with initial distri-
bution

P(redt) =

P(Woedz) = ae P (7(0) < T)dz.

1
vI(D)
Roughly speaking, in terms of the description of the limiting conditioned process
given in the Introduction, u describes the behavior of the conditioned process prior
to the time of the jump into the neighborhood of #, and v describes the behavior
after the jump.

3. Preliminary convergence result. In this section we prove a preliminary
convergence result describing the behavior of the process for large # when it jumps
from a neighborhood of the origin into a neighborhood of u before time 7', and then
passes over level u before a further time 7. With this aim in mind, we begin by
introducing a broad class of functions to which this and other convergence results
apply.

Let H: D ® D — R be measurable with respect to the product o-algebra and
set

G(w,z) = E.[H(w, X); (0) < 00], weD,zeR.
We denote by ‘H the class of such functions H which satisfy
3.1 H(w, w/)eew%‘[(w%‘io) is bounded for some 8 € [0, «);

(3.2) G(w,-) is continuous a.e. on (—oo, 0o) for every w € D.
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For T > 0, let Hr be the class of functions H for which H(w, w’)I (to(w’) <
T) € 'H. Conditions (3.1) and (3.2) hold, for example, if H is bounded and con-
tinuous in the product Skorohod topology on D ® D. More general conditions on
H, which ensure that (3.2) holds, are given below. Taking 6 > 0 in (3.1) allows for
certain unbounded functions H.

The following result is the starting point of our investigation. It is a consequence
of [16], Remark 4.1. Let

Aw,x,T)={tu—x)<T,t(u) —t(u—x)<T}.

THEOREM 3.1. Assume ﬁ; e L@ and fix T >0, x € [0,00) and K €
(—00, 00). Then, for any H € Hr,
m E[H(X[0,c(u—x))> X 0 Oru—x) —"); Xeu—x)— < K, A(u,x,T)]

U—> 00 ﬁ+
(3.3) x ()

= H(w, w)uk dw) @ v! (dw').
D®D

PROOF. Fix T >0, x € [0, 00) and K € (—o0, o0). We first note that the lim-
iting expression is finite, since by (3.1), for some constant C and some 6 € [0, «),

/wep fw/eum (w, w') |k (dw)v] (dw')

s f L et e k] (o)
(3.4)

= C/ / (14 e """ ug dwyv] (dw’)
weD Jw'eD
T
- CVX(DT)/ E(?X=(1 4+ %%-); X,_ < K)dt < o0,
0

where the last equality follows from (A.5).
Forw,w € D,z> —x,¢ < K andt > 0 let
H(w,w') = H(w, w)I(ta(w) < T)I(to(w') < T),
G(w, z) = E.[H(w, X); 7(0) < 0]
(3.5) =1(ta(w) <T)E;[H(w, X); 1(0) < T],

Tt —
Rutndy= [ Gl U9+
>—x Ty ()

&, = /wED /M Ay(w, d)P (X0, € dw, X,— € dgp; T(u — x) > 1).
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Then trivially H e H. Next, note that jig and D, in [16], Remark 4.1, are sim-
ply nx and vy, respectively. Thus by (2.5),

(3.6) H(w, w)jig (dw)dy, (dw') = H(w, w')uk (dw)v! (dw).
In particular, by (3.4),
(3.7) /WED /w/wm(w, w')| ik (dw)y (dw’) < o0.

It then follows from [16], Remark 4.1, that
lim E[H (X[0.2(u—x))> X 0 Oru—x) — €); Xru—x)— < K, T(u) < 00]
u— 00 ﬁ;(u)

(3.8)
= H(w, w')jig (dw) @ by (dw'),
D®D
if ®,, u> ug, are dominated by an integrable function on [0, c0), for some ug <
00. Once this is checked, the proof will be complete since (3.8) is the same as (3.3)
because of (3.6) and the observation that

TA(X[0,r(u—x))) = T(U — X), 70(X 0 Or(u—x) — ") = t(u) — T(u — x)
on {7t (1) < oo}.

To prove the required domination, we modify an argument from the proof
of [16], Theorem 4.1. Fix ¢ > 0 so that 6 + & < «, and write

M (u— ¢ +dz) B I (u —d)—l—dz)ﬁ;(u —¢—x)
e - =F =+ :
Iy (u) Oy(w—¢ —x) Iy (u)
If u > ¢ + x, the first term in the product is a probability measure on (—x, 00),

while for the second, by a version of Potter’s bounds for regularly varying func-
tions (see [5], Theorem 1.5.6(ii)) there exists an A = A, so that

(3.9) M < A[e(a—s)(¢+x) Vv e(a+£)(¢+x)]

Hx(u)
ifu>1and ¢ +x <u — 1. Thus if ug =: (K +x + 1) v 1, then by (3.1), (3.5)
and (3.9), for some constant C depending on H, K, x, « and ¢,

sup Ay (w, @) < CI(ta(w) < T)e@ 89 0wra~1(wey-=0)
>
@310
alweD,¢p <K,

where we have used that ¢2*X ¢(@=)¢ > £(@+8¢ if ¢ < K when applying (3.9). In
particular, for every t > 0,

sup Au(Xj0,0), Xi=) (X~ < K)

U=ugp
<CIt<T)[e %1 (X,_ <0) 4+ D%X-1(0 < X,_ <K)]
<Cil(t<T),
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where C; = C(1 4+ ¢@=9K) since « — & — 0 > 0. Thus for u > ug
Py (1) = E[Au(X(0,0, Xi=); Xi— <K, T(u—x)>t] <C1I(t <T).

Hence, ®,, for u > uq are dominated, and the proof is complete. [

Conditions on H that ensure H € H are discussed in [16]. In particular, by [16],
Proposition 4.2, if H satisfies (3.1), and for all w € D and z € R,

(3.11) liil(}H(w, w' — ) =H(w, w) a.s. P;(dw’) on {ro(w’) < 0o},
&

then H € H. Observe that the function Hj(w,w’) = I(tp(w’) < T) satis-
fies (3.11), because

w =) =1 (w) | ww) asel0

on {tp(w") < oo} by right-continuity. Since the class of functions satisfying (3.11)
is clearly closed under products, it follows that if H satisfies (3.1) and (3.11), then
H € 'Hr forevery T > 0. For example, if H is bounded and H (w, -) is continuous
in any of the usual Skorohod topologies for every w € D, then H satisfies (3.11)
and hence, H € Hr for every T > 0. Thus Hr is a broad class, containing essen-
tially all functions that are likely to be of interest.

In subsequent sections, we will investigate convergence of the first passage time
and the overshoot. Similar methods could be applied to other variables related to
first passage, such as, for example, the undershoot or the time of the maximum
prior to first passage. In applying Theorem 3.1 to the first passage time and the
overshoot, the following class of functions will prove useful. Let f:R* — R be a
bounded Borel function which is jointly continuous in the last two arguments and
set

(3.12) H(w,w') = f(ta(w), Wey—, 0(w'), w})

on {ta(w) < 00, To(w’) < 00}, where w; = supy_, -, ws. Since we only consider
such H on this set, it’s definition elsewhere does not much matter. For complete-
ness though, here and below, we take any H of the form (3.12) to be 0 off this
set. Then by [16], Proposition 5.1, H satisfies (3.11) and hence, H € Hr for every
T > 0.

4. First passage time. To study the first passage time, we begin by applying
Theorem 3.1 with
H(w,w') = h(ta(w), o(w')),

where /:R? — R is a bounded Borel function such that % (¢, -) is continuous for
every t > 0. Then H is of the form (3.12), and so H € Hy. Thus if Ty, € £©),
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then by (3.3)
lim Elh(t(u—x),t(w) —t(u —x)), Xeu—x)— < K, A(u,x,T)]

4.1 = /D ®Dh(rA(w),ro(w’))M§(dw)®vxT (dw’)

o o0
= [ [ ne.nukaol @,
o Jo
where the final equality comes from applying (A.9) to the positive and negative
parts of 4. In particular,
. P(tu—x)edt,t(u) —t(u—x) edr, Xe(y—x)— < K)
im

= i (D) ® vy (dr)

in the sense of weak convergence of measures on [0, 7) ® [0, T').

To obtain the asymptotic behavior of P(t(u) < T) when ﬁ; € 8@ we need a
version of (4.1) in which X;,—x)— < K is replaced by Y,(u_x)_ < K. For this we
introduce a measure EIT{ on [0, c0) by

ngd)=1@1< T)E(e“X’—; X,— <K)dr.
This may be compared with the marginal measure [cf. (2.6)]
pkd)y =1t <T)pg(dt) =1 < T)E(e* —; X,— < K)dt.
PROPOSITION 4.1. Let h:R?> — R be a bounded Borel function such that
h(t,-) is continuous for every t > Q. Ifﬁ; € L@ then

. Elh(tu—x), 7)) — 1 —x)); Xe@u—-x)— < K, Au,x,T)]
lim

4.2) o roo
_ — T
_ /0 fo h(t, Ik (v (dr).

PROOF. Let H(w, w') = h(ta(w), 1o(w))I (we,— < K). Then H is of the
form (3.12), and so by Theorem 3.1, the limit in (4.2) is given by

/ h(ta(w), To(w')) I Wy, — < K)pk (dw) @ v] (dw')
D®D

_ [e.e] o - T
_/0 /0 h(t,r)itg (dt)v; (dr)

by (A.10). O



CONVOLUTION EQUIVALENT LEVY PROCESSES 1517

Recall that ;t = fieo and v = veo. If Ee®X1 < 00 then, as noted following (2.2),
the marginal measures

(4.3) w(dt) = Ee®Xr ds, v(dr) = /aefaz dzP,(t(0) e dr)

are finite on [0, 7). Equivalently, u” (df) = pu(dfr N [0, T)) and v7 (dr) = v(dr N
[0, T)) are finite measures. For notational convenience, we will write v(z) for
V([0, ¢)) and similarly for other measures.

In the next two propositions and elsewhere, we consider limits as K, x — oo.
By this we will always mean that the manner in which K and x approach infinity
is irrelevant. In particular, they can do so in either order. Letting K, x — 00 in
Propositions 4.2 and 4.3 indicates that the most probable paths along which X can
reach level u by time T are those in which the process jumps from a neighborhood
of 0 to a neighborhood of u. This will be elucidated upon further in Theorem 6.2.

PROPOSITION 4.2. Ifﬁ; € L@ and Ee**1 < 00, then

P T, Xeyonr— < K
44)  lim lim (T(”)<_’+’(” 0-<K)_
K,x—oou—>00 HX(M)

/ v(T — t)u(de).
[0,T)

PROOF. Fix & > 0 and let g be continuous with g =1 on [0,T], g =0 on
[T 4+ &,00) and g linear on [T, T + ¢]. Since {t(u) < T} C A(u, x, T), we have
by (4.2) with h(t,r) = g(t +r), for every x and K,

i P(t(u) < T7Yr(u—x)— <K)
im sup —
U— 00 ]'[X(u)

< /0 /0 g(t + 7k (@ (dr)

(4.5) < / vI(T + & —n)mk (dr)
[0.00)

5/ E(e®X=;X,_ < K)dt
[0.7)

X fl(z > —x)ae P (t(0) < T +¢e—1)dz.
Z

Similarly,
.. P(T(u) <T, Y'L'(u—x)— < K)
liminf =
u— 00 HX(M)
(4.6) > / E(e®X—;X,_ < K)dt
[0,T)

X fl(z > —x)ae P (t(0) < T —e—1)dz.
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The result now follows by letting K, x — oo and then ¢ | 0 in (4.5) and (4.6) and
noting that

T - _ -
/[O’T) v([0, 1)) (de) /[‘O’T) ([0, 1) (dr)

since the integrands agree except on an at most countable set, and p has no atoms.
g

REMARK 4.1. If ﬁ; € L@ but Ee*X1 = o0, it follows from (4.6) that Propo-
sition 4.2 remains valid provided we interpret the integral in (4.4) as infinite.

If Ee*X1 < 1 then p and v given by (4.3) are finite measures on [0, 00), since

o o ¢
4.7 w(oo) = / Ee*Xidr = / (Ee*X1) dr < o0
0 0
and
(4.8) v(00) = / ae % dz P,(ty < 00) = Ee“X> < 00
Ve

by (2.2) and Lemma 2.1.
PROPOSITION 4.3. Ifﬁ; € S then

0.

P T, Xc—xr— > K
(4.9 lim Lm (r(”)<_+ -2 K) _
K,x—oouU—>00 Hx(u)

PROOF. By Lemma 2.1, Ee*X1 < 0o. First assume that Ee®X1 < 1. Then,
by (4.4),

P(t(u) < OO,YI(M_X)_ < K)

li li > i T —
K,xlgoo Pt ﬁ;(u) - T1—>moo [0,T) v( Hpdn)
= p(00)v(00).
On the other hand, by Theorem 4.1 and [22], Proposition 5.3,
P
(4.10) fim ZEW <) opw(oo).

from which (4.9) immediately follows (with T even replaced by co).

Now assume Ee®X1 > 1. Choose § > 0 so that Ee*X179 < | and set ¥, =
X, — 8t. Then Iy = IIx and Ee*! < 1. Hence, (4.9) holds with X replaced
by Y. Next, recalling 7, (Y) = inf{t > 0:Y; > u}, it is clear that

4.11) {[tw) <T} C{ru-x)(Y)<T} for x > 8T.
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Hence, if x A K > 8T, then
{t() <T, ?t(u—x)(y)_ <K - 6T}

={t(u) <T, Yrm_x)(Y)— <K —=8T, tu—x)(Y) < T}
4.12) .

Cl{r) <T,Y¢,_x)- +8Tu—x)(¥) <K}

cl{tw) <T,X¢,_,x)- <K}.
On the other hand, we trivially have

Xf(u—x)(Y) > Yf(u—x)(Y) Zu—x.

Thlis, if additionally u — x > K, then 74— (¥Y) = t(u — x) on {t(u) <
T,Y,_ . )- <K —38T}. Consequently, by (4.12),

(413) {tw)<T,Yq,_,v)- <K—=8T}C{tw) <T, Xcu—x)- <K}

Hence, from (4.11) and (4.13) we may conclude thatif x AK > 8T andx+ K < u,
then

{t@) <T. Xc@u-x)- = K} C{ru—sr)(¥Y) < T, Y,_ )~ = K —8T}.

Thus by (4.9), with X replacedby Y, u by u — 6T, x by x — 6T and K by K — 6T,
we have

P(t(u) < T7Yr(u—x)— > K)

lim lim —
K,x—oou—>00 HX(M)
< fim fim DM =Y Tamin)-teoimy () > K —4T)
K,x—oou—>00 HX(M . 5T)
= (),

which completes the proof. [J

REMARK 4.2. As noted in the proof, if ﬁ; € 8@ and Ee**X1 < 1 then

. . P(t(u) < o0, Y‘r(u—)c)— > K)
Iim lim =

lir — 0.
K ,x— 00 U—>00 Ty (1)

Recall that ¢, introduced in (1.6), denotes the exponent of the mgf of X, that
1s,
VB — poBXi

Note that (o) < oo and ¥ (8) = oo for 8 > a when ﬁ; € 8@ Combining the
two previous propositions yields the following result.
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THEOREM 4.1 (Probability of ruin in finite time). Assume that ﬁ; €S@,
then

. Pt <T)
lim —— =
U— 00 HX(M)

f (T — ()
[0,T)

4.14) B
= V@ X1 gy
[0,T)

PROOF. The first equality follows from Propositions 4.2 and 4.3, and the sec-
ond from (4.3) and (2.2). O

REMARK 4.3. IfTI; € 8@ and Ee**1 > 1, then trivially

lim V@O EoXT-1 4p — o0,
T—00J[0,T)

Thus ﬁ;(u) = o(P(7(u) < 00)) in contrast to the case Ee*X! < 1, where (4.10)
holds and the limit is finite by (4.7) and (4.8).

The existence of the limit in (4.14) was first proved by Braverman and Samord-
nitsky [7]. Later, Braverman [6] obtained a complicated description of the limit
(see also Albin and Sundén [1], (6.1) and (6.6) and Hao and Tang [18], (4.8)).
Albin and Sundén’s approach involved showing

P(YT >M) .

im =L(T)
u—oo P(Xp > u)

exists. Their description of L(T) is highly inexplicit, but they were able to show
L(T) > 1forall T > 0 when X is not a subordinator. Since

P(X
(4.15) lim y — TV @T
U— 00 HX(M)

when TT; € S© (see [29]) it follows from (4.14) that

1 —
L(T) = — e V@ X g,
T Jio.m
providing an alternative proof that L(7") > 1 precisely when X is not a subordina-
tor.
We turn now to the limit in (4.14) and investigate its behavior as a function of 7.
When (@) > 0, a change variable gives

(4.16) / eV @ Ee? X1 qp = oV @T / e V@ X gy,
[0,T) [0,T)
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The integral on the RHS diverges as T — oo since E X1 > EeoXi = eV @ To
determine the correct exponential rate of growth, we note that In Ee®X:
ditive, hence, by Fekete’s lemma ([19], Theorem 7.6.1),

. InE X
lim — =
t—00 t
for some C, where clearly C € [ («), 00). It then easily follows that

“4.17) lim l1n< lim W) =C.
T—o00 U—00 HX(M)

is subad-

In general, when ﬁ; € S@, we only know that Ee®X1 < oo, but now assume for
the remainder of this paragraph that, in addition to ¥ () > 0, we have

(4.18) E(X1e%%1) < o0.
This assumption arises in connection with the Cramér-Lundberg large deviation
estimate in the ¥ (o) = 0 case [see (5.3) below]. Then, using Doob’s L'-maximal

inequality (see [13], Exercise 5.4.6), it is easy to check that for some constant
C <o,

(4.19) Ee®Xt <C(1+1)e? @,
Hence,
~In Ee*Xi
lim ——— =y (a).
t—00 t

Thus, in particular, we are able to identify the correct rate of exponential growth
as
. 1 . P(t(u)<T)
(4.20) lim —In{ lim ——
T—oo T u— 00 Ty (1)
When 1/ (o) = 0, more precise information is available from (4.19). In the special

case that X is a subordinator, it follows from (4.14) or (4.15) that (4.20) can be
sharpened to

)=v@.

lim w eV @T
Uu— 00 Hx(u)

When ¢ (@) > 0, (4.16) may be rewritten
4.21) / eV @ EeXTt 4t = (o) eV T E(e2Xe e < T),
[0,T)

where e is exponentially distributed with parameter ¥ (o) and independent of X.
For fixed T this provides a formula which appears well suited to Monte Carlo
simulation. It gives the more precise, than (4.17), asymptotic estimate

P(tw)<T) E(Xe;e<T)
1m ~
u=00 oY @T Ty (1) ¥ ()

as T — oo,
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where note
Ee®Xe > Ee%Xe — 0,
When v (a) < 0, that is, Ee®X1 <1,
/ V@ X1 gt = —w(oz)_lE[e“YT*e; e<T],
[0,7)
where e is exponentially distributed with parameter —y (o) and independent of X.
In this case
P T) Ee*X~
4.22) lim lim (T_(:‘) <D _E™
T—oo=>2 Ty (u) —¥ ()

by Lemma 2.1. By way of comparison, observe that from (4.7) and (4.8), (4.10)
may be written

(0. ¢]

X
(4.23) lim  lim P(T_(lf <D _Eer=
4=o0T—o0 Ty (u) ¥ (@)

The asymptotic behavior as T — 0, irrespective of the value of v («), also fol-
lows easily from (4.14):

P(t(u) <T)
T—0T u—>oo My (1)

5. An application to insurance risk. A popular model in insurance risk is
the Cramér—Lundberg model in which

N
(5.1) Xi=) Ui—pt,
1

where N; is a rate A Poisson process, and U; > 0 form an independent i.i.d. se-
quence. Here p represents the rate of premium inflow and U; the size of the ith
claim. Thus X, called the claim surplus process, represents the excess in claims
over premium. The insurance company starts with a positive reserve u, and ruin
occurs if this level is exceeded by X. It is assumed that EU;| = u is finite and that
p = (1+6)Au where 0 > 0 is called the safety loading. This ensures X; — —o0,
and so the probability of eventual ruin P(t(u) < 0o) — 0 as u — oo.
A common assumption on X is the Cramér—Lundberg condition

(5.2) Ee"X1 =1 for some v > 0.

The v which satisfies (5.2) is often referred to as the Lundberg exponent or adjust-
ment coefficient. This condition results in a well-known large deviation estimate
for the probability of eventual ruin:

—EX,

(5.3) uli)ngoe””P(r(u) <o0)=C=: EX %)’
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where C > 0 if (4.18) holds with « replaced by v.

The problem of a sharp estimate for the probability of ruin in finite time when
an exponential moment exists is much more difficult. In the special case that the
claim size distribution is itself exponential, an exact formula for P(t(u) < T) is
available (see [2], Proposition V.1.3). Other than this, little is known, although
several approximations have been proposed (see [2], Chapter V). One typical
such approximation is the classical Segerdahl approximation; if (5.2) holds and
E(X7e"X1) < oo, then

T —au

(5.4) P(tw)<T)= Ce_‘”‘(D( i ) +o(e™"")

uniformly in 7', where a and b are known constants and ® is the standard normal
distribution function. Considerable care must be taken in using (5.4). The only
time (5.4) is guaranteed to provide a valid estimate is when T > au + O (J/u).
For T of smaller order, the estimate is of smaller order than ¢~"*. For example,
for fixed T', (5.4) gives

Cbh
amu)l/?

and it is quite likely that the error term will exceed the estimate itself. While some
improvements to this estimate are possible, and alternative approximations such as
the (corrected) diffusion approximation have been proposed, none can lay claim to
giving a sharp estimate for the probability of ruin in finite time.

Recently a more general Lévy risk insurance model has been proposed in
which (5.1) is replaced by a spectrally positive Lévy process X, thatis, [Ty = H;,
for which X; — —o0. Theorem 4.1 then solves the problem of a sharp estimate for
the probability of ruin in finite time in this more general model (even without the

(55) P(T(M) < T) — e—(v+a2/(2b2))u+(u/b2)T +0(e—vu)’

spectrally positive assumption) when ﬁ; eS@:

(5.6) P(t(u) < T) =Tlyw)B(T) + o(TI4 (u)).

where

(5.7) B(T) = / eV @O0 poeXi gy,
[0,7)

Since B is continuous and the limit of monotone functions, the estimate is uni-
form on compacts in 7', and when B is bounded, that is, when E X1 < 1, the
estimate is uniform over all 7. There seems little hope of evaluating B explic-
itly and so in practice numerical techniques will be needed. One possibility is to
approximate B using Monte Carlo simulation, for which formulations like (4.21)
appear well suited. An alternative is to approximate B by (numerically) inverting
its Laplace transform. For § > ¥ (@) V 0, this is given by

1 - Ee@Xe)
/ e B(s)ds = 7/ e M Ee X dr = 67,
5>0 §—vY(a) Ji=o 50 — ¥ (@)
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where e(§) is an independent exponential with parameter §. In the spectrally posi-
tive case this may be written equivalently as
/ e_‘SSB(s) ds = @) — ) ,
520 (8 — ¥ (@)?¢(3)

where ¢ is the inverse of the restriction of ¥ to (—o00,0] (see [11], (4.3.7)
and (9.2.9) (which note applies to spectrally negative processes)). It would be in-
teresting to investigate how successfully these, and possibly other approximation
methods, could be implemented in concrete classes of examples, such as those
mentioned in the Introduction or the GTSC class of models introduced by Hubalek
and Kyprianou [20] and further investigated in [17].

As an illustration we compare estimates (5.5) and (5.6) in the context of the

Cramér—Lundberg model (5.1) when ﬁ; € S . This is equivalent to the assump-
tion Uy € S@. One may regard (5.1) as giving a family of models indexed by
the premium rate. Let pgp = A be the premium rate corresponding to zero safety
loading, and write X,(p) =Y, — pt, where Y; = lev, U;. Since Ee®"1 > 1, there

oinpL)

is a unique p = py, such that Ee = 1. Observe that Xt(pL) — —00 a.s. since

(P
X s a nonnegative martingale. Thus p; > po. In comparing (5.5) and (5.6),

we consider three different regimes for p. The first is large premiums; p > pr. In
») ®) —

that case Ee“xlp < 1, and since Eeﬁxlp = oo for every B > o when H; e S@,

the Lundberg exponent does not exist. Thus the classical Segerdahl approxima-

tion has nothing to say in this case. The second regime is when p = pr. Then

the Segerdahl approximation yields (5.5) with v = «. However, not surprisingly,

the estimate is of completely the wrong order, since e A" = o(ﬁ; (u)) for every
B > «. Finally, the third regime is small premiums; pg < p < pr. In this case
the Lundberg exponent v exists and v < o, however, again one can show that the
estimate is of the wrong order. In this third regime an alternative approximation,
the (corrected) diffusion approximation, is often suggested. This is a heavy traffic
limit, that is, an approximation as p | po. Asmussen and Albrecher [2], Chap-
ter V.6, report that numerical evidence indicates it provides quite good estimates
when p is close to pg, but again it cannot expect to match the sharp estimate (5.6)
which is valid for every p.

In concluding this section it should be pointed out that one would not expect the
estimates for the probability of ruin in finite time that have been proposed in the lit-

erature to be as good as (5.6) when ﬁ; e S@_ After all, (5.6) is a sharp estimate

derived from the additional structure resulting from the assumption ﬁ; e S,
Given how little is known about these ruin probabilities in general, (5.6) might be
useful as a benchmark against which to compare these more general approxima-
tions. We should also mention that in the subexponential case the situation is much
better understood. Then Rosifiski and Samordnitsky [27] show

lim P(t(u) <T) _ lim P(Xt >u) _7
u—oco T+ Tuso0 Tt -
Iy (u) Iy (u)
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The first equality is because ruin by time 7 is essentially the result of one ex-
tremely large claim which greatly exceeds u. Consequently, X will not have re-
turned to level u by time T on the event T (1) < T. The second equality is a direct
consequence of subexponentiality.

6. Functional limit theorem. We now address the question of how first pas-
sage occurs by time 7', by proving a functional limit theorem for the process con-
ditioned on 7(u) < T as u — oo. We begin by revisiting Theorem 3.1, in the S
case, with the aid of Proposition 4.3. This allows us to set K = oo and take the
limit as x — oo in (3.3).

THEOREM 6.1.  Assume ﬁ; € S® and H € Hr. Then

) . E[H(X[0,7(u=x))> X 0Or(u—x) —c"); A(u, x, T)]
lim lim —7
X—=>R0U—>00 Hx(u)

(6.1)

= H(w, w)u” (dw) @ v (dw).
D®D

PROOF. The limit is finite since, by the same argument as in (3.4) but with
K = x = 00, we obtain

/ |H (w, w)| " (dw)vT (dw)
weD /w/eD
(6.2)

T
< CU(DT)/ E[e*X= (14 e7%)]dr < oo,
0

where finiteness follows from Lemma 2.1.

Next, by (3.1), if K > 0, then | H| is bounded on {(w, w’) : wr,— > K} by some
constant C say. Since t(u) < 2T on A(u, x, T), it then follows from (4.9) with T
replaced by 27, that

bm lim E[H (X{0,z(u—x))» X 0 9f(u—x)_—+C”); Xeu—x)- > K, A(u,x,T)]
K, x—>oolU—>00 HX(”)

=0.

Thus by (3.3), the limit in (6.1) is given by

lim H(w, w)uk (dw) @ v (dw')
K,x—o00JD®D

= lim H(w, w1 (¢ < K)I(z>—x)u” (dw, dz, dp)
K., x—00 JDRD

® vT(dw/, dr, dz).
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Now the integrand is trivially dominated by |H | and

/ |H (w, w)|u” (dw, dt, dp) ® vT (dw', dr, dz)
DRD

:/ / |H (w, w)| " (dw)v” (dw’) < 0o
weD Jw'eD
by (6.2). Thus by dominated convergence

li H Yl T (dw'’
Jim [ H () @w @ o] (@)

= H(w, w)u” (dw, dr, dp) ® vT (dw’, dr, dz)
DRD

= H(w,w T dw) @ vT (dw).
[ Hw. )" @) @ (w) -

To give a clearer understanding of the limit in (6.1), introduce independent
D-valued random variables Z and W with distributions given by (2.7) and (2.8),
respectively. Clearly W is the process X conditioned on t(0) < T, and started with
initial distribution

(6.3) P(W edz) =

T(D) ae P (t(0) < T)dz.

To give a more transparent description of Z, we first introduce the Esscher trans-
form Z of X, defined as follows. Let B([0, s]) denote the Borel sets in RI%*!. Then
for any s > 0 and any B; € B([0, s]),

(64) P({Z,:0<v<s)eB)=e VO E(* s {X,:0<v<s)€By).
Next, recalling (4.3), let T be independent of Z with distribution
ul(d) 1@ <T)e? @ ds

6.5) Predy="7o=""r
Thus
V() q
(6.6) P(redt):%, 0<t<T, if (@) £0
and
6.7) P(redz)=¥, 0<t<T, if () =0.

PROPOSITION 6.1. Assume Ee*X! < 0o. Then with Z and t as above,

[Z:t <ta(Z)) 4 (Z;:t <1},
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PROOF. For any By € B([0, s])
P({Z,:0<v<s}e By,s <ta(2))
1
~ uT(D) Js<i<r
E(e**s:{X,:0<v <s}€By)
wl (D) s<t<T

E(e*%:{X,:0<v <s} e By)dt

ezlf(oz)(tﬂ) dr

=P({Z,:0<v <s}€By) V@1 g

MT(D) s<t<T
=P({Z,:0<v<s}eB)P(s <71)
=P({Z,:0<v<s}eBys<r1). O

Thus Z is seen to be the Esscher transform of X killed at an independent time t

with distribution given by (6.5).
With the previous analysis at hand, it is a relatively easy matter to study the

process X conditioned on t(#) < T, when ﬁ; € 8@ . To do so, first introduce the
probability measure

PUD Oy =P(|t) <T)

and let E®T) denote expectation with respect to P“T)_ Let Z and t be distributed
as above and let (W, t) be independent of Z with joint distribution

P(Wedw', t edr)
_ '
B(T) J(~c0,00)

W' ®
=5 v TH(dw')P(t € dr),

where recall B(T) is given by (5.7). Observe this is a true probability distribution
since, from (2.2),

/ / / ae ¥ P (X edw,7(0) < T —1)dzP(r €dr)
[0,7) J D J(—00,00)

(6.8)

ae P (X edw’,t(0) < T —t)dzP(r €dr)

1 —
=— Ee®XT=t 11 (dt
uT(D) Jio,1) pdn)
_ 1 @i paXr g — BT
wI (D) Jio.1) nl (D)

Thus W is the process X conditioned on 7(0) < T — 7, and started with initial
distribution

I (D)
B(T)

P(Wpedz) = ae P (t(0) < T —1)dz.
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In particular,

(D)
B(T) '

P(Wy>0)=

LEMMA 6.1. The joint distribution of (Zo,¢), W) is given by

1 o]
6.9  P(Zpr edw, Wedw)= B /0 w! (dw, dyv’ ! (dw').

PROOF. First observe that by (6.4), for0 <t < T,
(6.10) P(Zpo.s € dw) = e VO E(*X1; X104 € dw).
Thus by (6.5), (6.8), (6.10) and independence
P(Zjo.r) € dw, W € dw’)

= /P(Z[o,,) edw,t edt, W € dw)
t

= /P(Z[o,t) edw)P(r edt, W € duw’)
t

WD) [y

E(e“%t; X[0.r) € dw)vT ™' (dw') P(z € dr)

- B(T) )
1
=3 o E(e"X1; X104y € dw)v ' (dw') dr
= 1 /OO w! (dw, doyv ' (dw’)
B(T) Jo ’ ' O

We are now ready to state the main result of this section.
THEOREM 6.2 (Functional limit theorem). Assume that Ty € S and H €
H, for everyt <T. Then

6.11)  lim lim E“D H(X{0.w—x))» X 0 O0ru—x) — ") = EH(Zj0.2), W).

X—=>00 U—> 00

PROOF. Set
H(w,w') = H(w, w)I(ta(w) + to(w') < T),
and fix wg € D. Then

E,[H (wo, X)I(z(0) < T); 7(0) < 00] = E.[H (wo, X); T(0) < T — ta(wo)].
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Now for every w € D, and in particular for w = wy, E;[H(w, X);7(0) < T —
ta(wo)] is trivially continuous in z if ta(wo) > T, while if ta(wo) < T, it is
continuous a.e. in z € (—00, 00) since H € Hr_, (wy)- Thus H € Hr and so

E“T H(X0,r(u—x))» X © Or(u—x) — ¢*)
. EH(X[0.t(u—x))> X 00z(u—x) — %)

P(t(u)<T)
_ E[H(X{0,r@-x))» X ©Oru—x) — €"); A, x, T)]
B P(t(u) <T)
1 ~
H n, T T /
— B Joen (w, w)u' ([dw) @ v' (dw')

as u — 0o, then x — oo by (6.1) and (4.14). This last integral is absolutely con-
vergent by (6.2). Hence, applying (A.12) to the positive and negative parts of H,
this final expression may be rewritten as

ﬁ - H(w, w')I (taw) +0(w') < T)u” (dw) @ v (dw')
- H(w, w’)/ w! (dw, doyv? ' (dw’)
B(T) Jpep [0,00)
=FEH(Zp,), W)
by (6.9). O

Thus, under P® 1), for large u, the process X can be approximated as follows:

e run Z fortimes 0 <t < 1;
e run u + W from time t on, that is, at time 7 + ¢, the value of the process is
u+ Wl"

Thus the process behaves like Z up to an independent time T when it jumps from
a neighborhood of 0 to a neighborhood of u. Its position prior to the jump is Z,_
and its position after is u + Wy. If Wy > 0 the process X — u behaves like X started
at Wy. If Wy <0, the process X — u behaves like X started at Wy and conditioned
ont(0)<T —r.

7. Conditional distribution of the first passage time and overshoot. As an
illustration of Theorem 6.2, we derive the joint limiting distribution of the first
passage time 7(u) and the overshoot O, = X¢(,) — u, conditional on t(u) < T.
We give two descriptions of the limit, the first in terms of the limiting variables in
Theorem 6.2, and the second in terms of fluctuation quantities. This latter descrip-
tion allows us to relate the limiting distribution of the overshoot when T < oo to
the limiting distribution when 7" = oo (as found in [22]) for the E X1 < 1 case.
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THEOREM 7.1. If ﬁ; € S then for any bounded continuous function
g:[0,00)* > R,
Jlim E“Dg(0y, ) = Eg(Weyw), T + (W)
Furthermore, the limiting distribution is given by

P(Wrywy € dy, T + 10(W) € dr)

(7.1 (ae_“” dy u(dr)

~ B(T)

+ / ae™t dz/ p(dt —r)Po(Xc) —zedy,1(2) € dr))
220 0<r<t
fory>=0and0<t<T.

PROOF. Set
H(w, w') = g(wy,, ta(w) + 10(w’)).
Then for every 0 < x < u,
H(X10,2(u—x))» X ©Oru—x) — ") = g(Ou, T(w))

if T(u) < oo. Further, H € 'H; for every ¢t > 0, since H is of the form (3.12). Thus
by (6.11) we obtain

Jlim ECDg(04, 1)) = Eg(Weyw), T+ 0(W).

Now by (6.5) and (6.8),
P(Wm(w) (S d)/, T € dS, ‘L'()(W) € dr)
_ I(r<T —y5)
B(T) z
Hence, letting §(5) denote a point mass concentrated at b, the limiting distribution
of (O, t(u)) is given by

P(W‘L’()(W) edy,t+ (W) e dl‘)

ae " P, (X, €dy, T(0) e dr)dzu” (ds).

1 —Z
= —F)P.(X
B /Zae dz Asrstu(dt r)P (X1 € dy, t(0) edr)

1 s /-
B(T) (/z>0 ve = 05,3“( r)8((.0) (dy, dr)
+ / ae % dZ/ w(dr — I’)Pz(Xf(()) edy,t(0) e dr))
=0 O<r<t
= Y dy p(dr
B(T) (ote y n(de)

+/ ae** dz/ w(dr —r)Po(Xe) —z€dy,t(z) € dr))
z>0 o<r<t
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fory >0and0<t<T. O

The expression for the limiting distribution in (7.1) may also be written in terms
of fluctuation quantities by using the quintuple law of Doney and Kyprianou [12].
In order to do so, we first need to introduce some further notation which is standard
in the area; cf. [4, 11, 23]. Recall from Section 2 that (L;);>¢ is the local time of X

at its maximum. Let (L, 1, H;);>0 be the bivariate ascending ladder process and
[T, -1 g (-, -) its Lévy measure. The bivariate renewal function of (L~', H) is

(7.2) V(s,z) :/ P(L7' <s,H <zt < Lso)dt,
t>0

with associated renewal measure V (ds, dz). The Lévy measure of H will be de-
noted I1x, and its Laplace exponent by ¥ where

K(B) = —In(E(e ;1 < Ly))
(7.3)

=g+ pdy + 0(1 — e Pk dy).
y=

Here dg > 0 is the drift and ¢ > O is the killing rate of H (see, e.g., [23], (6.15)
and (6.16)).

Vv l_[L—I,H
Define measures 7, (ds) and 7 (ds) on [0, c0) by

I, _
N (ds) = / V(s d), et (ds) = / (e** = )1 (ds, d2).

Z Z

1§ G . . .
If Ee*X1 < oo then, as we now show, o~ ? is a finite measure, while nX is
finite on compact sets.

PROPOSITION 7.1. If Ee*X! < oo then Jo>1€¥ T g (dz) < oo.
PROOF. By Vigon’s équation amicale inversée [30], for z > 0
M@ =k [ Py My +do.
y=

where V is the renewal function of the descending ladder height process, and k > 0
is a constant depending on the normalizations of the local times. Thus

/ T (dz) = k / ¢ [ V(dy)Ix(y +dz)
z>1 z>1 y=>0
—k f V(dy) OV Iy (dx)
y=0 x>y+1

<k e—“yx?(dy)f e** Ty (dx).
y=0 x=1
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The first integral is finite since for some ¢ > 0, V ([0, y]) < cy for large y by [4],
Proposition III.1, and the second is finite by [28], Theorem 25.17. [

m,_

Finiteness of o - follows immediately from Proposition 7.1. For nY , Propo-
sition 7.1 and [28], Theorem 25.17, imply that when Ee*X! < oo, we also have
E(e*f1;1 < L) < 0o. Hence, by dominated convergence, for a sufficiently

large, E(e_“Ll_1+°‘H1' 1 < L) < 1. Thus, for such a,

/ —as V(ds) // _“”“Z/ P(L z_leds,H,Edz,t<Loo)dt
>0

:/ (E(e~obr '+t 1 < L))" df < o0,
>0

showing that ¥ is finite on compact sets.
THEOREM 7.2. The limiting distribution in (7.1) may be written alternatively
as

P(Wyywy €dy, T+ 10(W) € dt)

(7.4) u(dr)e™” dy +dp (1 * ny ) (d1)dg0) (dy)

o
B(T)<

+ (i nY)(dr —s) e“yl'[L_gH(ds,y-i-dy)dy)

0<s<t y=0
fory>=0and0<t<T.
PROOF. By [15], Corollary 3.1, for z > 0 and y,r > 0,
Py(Xr;) —zedy;t(z) €dr)

0—
(7.5) = dHa—V(dr, 2)8(0y(dy)

1y >0) / V(ds, z — dy)T; -1 y(dr — s,y +dy),
0<y=<z

0<s<r

where d_/d_z denotes the left derivative. A straightforward calculation involving
changes of variable and orders of integration, shows that

I(y>0)/ oze“zdz/ V(ds,z—dy)I; -1 y(dr —s,y+dy)

z>0 0<y<z ’

(7.6) =1(y > O)a/ eV (ds, d;)/ eI 1 y(dr —s,y+dy)dy
=0 y>0 ’

=anY (ds) - e Tl 1 y(dr — s,y +dy)dy,
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where the I (y > 0) term may be omitted in the final expression since the measure
there assigns no mass to the set {yy = 0}. On the other hand, if X creeps, that is
dy > 0, then from [15], Theorem 3.1(ii),

o 0— 14
7.7 / e dz—V(dr,z) = an, (dr).
z>0 0_z2

Thus substituting (7.5), (7.6) and (7.7) into (7.1) gives
P(W‘L'O(W) edy,t+ (W) e dt)

— % (“(dt)e‘“” dy +dp (1 *ng ) (dN)8(0) (dy)

+ w(dt —r) /0< @)

O<r<t

x/ eo’yl_[LlH(dr—s,y+dy)dy),
y=0 ’
which is the same as (7.4). O

Each of the three terms in (7.4) has a clear meaning. In order to exit by time 7',
the process must take a large jump from a neighborhood of the origin to a neigh-
borhood of the boundary. The first term is a consequence of this jump overshooting
the boundary. If the jump undershoots the boundary, then the process crosses the
boundary either by creeping, which leads to the second term, or by taking a fur-
ther (small) jump which results in the final term. From this description we can
read off, for example, that the limiting (sub-)distribution of the time at which the
conditioned process creeps over the boundary is given by B(T) lady (u * 773:/ ).

The marginal distributions can be obtained from either (7.1) or (7.4). We will
focus on the latter, but mention in passing that the expression for the marginal dis-
tribution in ¢ obtained from (7.1), is actually a simple consequence of Theorem 4.1;
forO<t<T

B(1) 1

78)  Pr+roW)<i)=—r=— [ V@ODELX g5,
78 (4 70W) =) B(T) _ B(T) Jo.

By integrating out y in (7.4), and noting that
m, -
79 a/ f €Tl -1 y(ds, y +dy)dy=ne " (ds),
y=0Jy=0 '

we obtain the alternative characterization

P(t 4 1o(W) € dt)
(7.10)

=B (u(dr) + adpy (1) ) (de) + (1% n) = ngL—l,H)(dt))
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for 0 <t < T. Similarly, the marginal distribution in y obtained from (7.4) is

P(W‘L’()(W) € d}/)

(.11 = o (WD dy a1 1) D30 @)

+ (s ny )(T =) eayHL—l,H(ds,y+dy)dy>,
0<s<T y>0

where, recall, for any measure 1 and any ¢, n(t) = n([0, ¢)).

When Ee?X1 < | the limiting distribution of the overshoot was found in [22]
for the case T = o0, that is, conditional on 7(#) < 0. To relate the result in [22]
to (7.11), we investigate the limit as 7 — oo in (7.11). For this, we recall (2.4),
which may be rewritten

(7.12) Ee*X~ = gnY (c0).

THEOREM 7.3. Ifﬁ; € S and Ee®X1 < 1, thenas T — oo,
P(Wyyw) €dy)

ae dy « o
i dH80<dy>+/ ¢ Ty (y +dy)dy ),
Ee®Xoc q y>0

where convergence is in the total variation norm.

(7.13)

PROOF. Since ¥ («) < 0 when Ee®X! < 1, on letting T — oo we obtain
(7.14) u(T) — p(o0) < o0,

while by Lemma 2.1, (7.12) and monotone convergence

(7.15)  (uxmy )(T) = fo TnX(T—r)u(danX(oo)u(oo)<oo

<t<
and
| )T =) [ e @y +dy)dy
<s< y=
(7.16) tnleo(ee) [ [ e sy dy)dy
5= y=

= Y (c0)pu(00) f My +dy)dy.
y=

where convergence is in total variation by monotonicity. Also, again by monotone
convergence

(7.17) B(T) :/ Ee®X1=t y(df) — Ee®*>11(00) < 00,
0<t<T
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Thus (7.13) follows by letting 7 — oo in (7.11) and using (7.12). [

The limiting distribution in (7.13) agrees with the limiting distribution of the
overshoot conditional on t(1) < oo which was found in [22] (see also [12]
and [16], (7.5)). Since the only possible atoms in the limiting distributions are
at 0, it thus follows that

(7.18) lim lim P“D0, <x)= lim lim P“D (0, <x)
T—o0oU—>0 U—>0T—o00

for every x > 0, when Ee*X1 < 1. B
It is interesting to note that if E X1 =1, then Ee®*X>~ = 0o [see (7.20) below],
and hence, formally the limit in (7.13) becomes

o )
(7.19) P(WTO<W)edy)—>5(dHao<dy)+ / Oe“>nH(y+dy)dy).
y=

Under the (minor) additional Cramér-Lundberg assumption (4.18), this again
agrees with the limiting distribution of the overshoot conditional on t(u#) < oo
(see, e.g., [17]) and so (7.18) continues to hold. However, the argument given
above is not rigorous in this case as all the limiting quantities in (7.14)—(7.17) are
infinite and hence, cannot be canceled. To prove (7.19), more care needs to be taken
with the limiting operations. To this end, we begin by recalling that Ee*X! =1 is
equivalent to ¥ (o) = 0. Consequently, by the Wiener—Hopf factorization,

ki (—a)k (o) = —yr(a) = 0.

Here « is the Laplace exponent of the descending ladder process H>0and k >
0 is some constant depending on the normalization of the local times (see, e.g.,
[23], Theorem 6.16(iv)). Since X; — —o0 a.s. when Ee"iX1 =1, it follows that H
is a proper (not killed) subordinator, and hence, Ee~®H1 = ¢=%(@ < 1. Thus, if
Y (o) =0, then « (—a) =0, and so by (7.2) and (7.12),

— o0 o
(7.20) Ee*X :q/eax/ P(H; € dx, ¢ <Loo)dt:/ e KO 4 = 00,
X =0 0

LEMMA 7.1. Assume Ee®*X! =1 and (4.18), then

B(T —1)

(7.21) im_ BT

PROOF. First observe that from (5.7)

(7.22) 5@ _1

=— Ee®%s ds — oo
T T 0<s<T
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since Ee®X% = 0o. Thus by (4.19), for fixed ¢,

1 + 1
—/ Ee®Xs ds < —/ C(l+s)ds
B(T) JT—t<s<T B(T) JT—t<s<T

CA+T)
< — 7 5
= B

as T — oo. Hence, (7.21) holds. [l
LEMMA 7.2. Assume ﬁ; € S, Ee*X1 =1 and (4.18), then

\%
(7.23) im “D _0 ung fim WFIDO T
T—o0 B(T) T—o0 B(T) q

PROOF. The first limit follows immediately from (7.22) since u(7T) = T. For
the second limit, first observe that by (7.3) and monotone convergence, as 7 1 oo,

(124)  ady 0T hadp + [ (e = )pAy) =g — k(-0 =g

y=0

Now by (7.10)
Br = u(T) +adp (s 0! )(T) + (0l 7™ )(T)
(D) + [ o+ T = 0] ) ()
< () + [ady +na = ()] (5 Y ) (D).
Thus by (7.24)

Y\ T) 1
T—oo  B(T) q

For the upper bound, fix Ty > 0. Then by (7.10)
mn,_
Brom = w(T+T0)+ [ s+ (T + Ty = )]+ 0 @)
t<
n,_
> [adn +ne " (T0)] (%0 )(T).
Dividing by B(T') and using (7.21), gives

V(T 1
limsup Y5 1)) _ LI
T—o00 B(T) ady + Ny L= H (To)

Now let Ty — oo. O
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THEOREM 7.4. Assume ﬁ+ e S EeX1 =1 and (4.18), then as T — o0,

(125 PWan <dy) =2 (dﬂaowy) + [ ea +dy>dy),

y=0
where convergence is in the total variation norm.

PROOF. Let
_1O0=<s<T)(uxn))(T —S)
fr(s)= B(T)
Then by (7.21) and (7.23), for fixed s,
1
(7.26) Jfr(s) = e
while
(xny)(T) 1
7.27 _—
(7.27) Slslpr(S)_ B(T) —>q
Now from (7.9) and (7.11), for any Borel set C C [0, 00),
o ,
‘P(Wfo(W) €eC)— 5(dHIC(O) + 0e""l'IH(y + ) dy)‘
y=

=830 T B(T)

+f O|fT(S)—61_1|/ e Tl s,y + O dy
5> y=

SO BICLL ICON _1‘

SO (wxng)(T)
B(T) B(T)

_ 1 M1
+fs>0|fT<s> g ne ™ (ds).

m,_
Since n¢ - LH (ds) is a finite measure, the result follows by taking the supremum
over all C and using (7.23), (7.26), (7.27) and bounded convergence. [

When Ee®X1 > 1 it is possible that ¢ > 0 or ¢ = 0. In either case it seems more
difficult to obtain an analogue of (7.25), in part because (7.21) no longer holds.
One case in which the limit in (7.25) can be found is when X is a subordinator,
and so ¢ = 0. In this case we may take H = X, and similar calculations to those
above lead to

P(Wryw) €dy) — dudo(dy) + / e Ty (y+dy) dy)

7l

On the other hand, since X; — oo a.s.,

lim P“1 (0, edy)=P(0, edy),

T—o00
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and by standard renewal theory (see, e.g., [23], Theorem 5.7)

. 1
lim P(O, €dy) = —(dHao(dw +f o dy)dy),
u—0oo m yZO

where m = E H) = E X. In particular, this shows that (7.18) no longer holds when
Ee*X1 > 1,

A similar discussion applies to the first passage time; if Ee*X! < I then
by (4.14), (4.22) and (4.23)

(7.28) lim  lim PUD(t) <t)= lim lim P“D(t(u) <r)

T—ool U—>XOT—>0o0
for all # > 0. When Ee®X1 > 1, letting T — oo in (7.8) shows that for all > 0

lim lim P“D(z(u) <1) =0,

T—o0U—>0

while by Theorem 4.1 and Remark 4.3

lim hm PUD(t(u) <1) = hm P(r(u) <t|t(u) <o0)=0.

u—>ooT

Hence, (7.28) is also valid in this case, but in a degenerate sense.

From the calculations presented in this section, it is hopefully clear that the
asymptotic behavior of many other functionals of the path can be investigated in a
similar manner.

APPENDIX

The Appendix gives more details on several formulas involving px and vy
where K, x € (—o0, oo]. They are first defined for product sets (A x B x C) €
F ® B([0, 00)) ® B by

wik (A x B xC) =/ E(eO‘X"; X €A X—€C, X, <K)dt
teB

and

vx(AxBxC)=/ ae **P(X eA,t(0) € B)dz
{z>—x}NC

and then extended to measures on F ® B([0, 00)) ® B.

LEMMA A.1. Foreach T > 0 the following equality of measures holds:
(A.1) I[(t < T)pg(dw,dr,dp) = I(ta(w) < T)pug (dw, dz, do)
and

(A.2) I(r < T)ve(dw', dr,dz) = I(to(w’) < T)vy(dw’, dr, dz).
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PROOF. For (A.1), it suffices to show

/ 1(t < Tk (dw, dt, dp) :/ I(ta(w) < T) g (dw, dt, dp)
AxBxC

AxBxC

for every (A x B x C) € F ® B([0,00)) ® B. Let {w:ta(w) < T} = Ay € F.
Observe that

Xj0,n€AA; iff XjppeAandt <T.

Thus
[ 1w < T)ux@w, drdg)
AxBxC

=/ E(e“*=; Xj0.) € AA1, X,— € C, X,_ < K)dt
te

= | I(@t<T)E(“*;Xj0n€A X,—eC,X,— <K)dt
teB

=pug(Ax (BN[0,T)) x C)

= I(t <T)ug(dw,dt,do).
AxBxC

The proof of (A.2) is analogous. [J

LEMMA A.2. For any nonnegative measurable function H: D — R

(A.3) /DH(w)MK(dw) :/0 E(eO‘Xf‘H(X[OJ)); Xi— <K)dt
and

(A4) / H(w)ve(dw') = / we " E,(H(X); 7(0) < 00) dz.
D 7>—X
PROOF. Let H =14 for A € F. Then
o0
/O E(e"*=H(Xj0.); X;— < K)dt
o
:/ E(e"X; X[ € A;, X,— < K)dr
0

= uk(A) = /D H(w) g (dw).

Formula (A.3) then follows by standard arguments. The proof of (A.4) is similar.
O
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Applying (A.3) to the function H(w) f (ta(w))g(Wry—, Wry—) (ta(w) < T)
where f:R — R and g:R? — R are nonnegative Borel functions, gives

f Hw) f (ta () g (Wey— . Wey ) (dw)
A5 P

=Jor f(t)E( *Xi- H(X[0.0)g(X,—, X;-); X,— < K)dr.

As a special case we obtain
T
| Hw)f (s )k @)

= [O T) f(t)E(eaXT—H(X[()J)); Xl‘— < K) dt

(A.6)
N /[o,T) F /D H(w)E(e*™=; Xjo.n € dw, X;— < K)dt
2/ H(w) f (1) (dw, dr).
D®[0,00)
Similarly,
/ H(w') f (vo(w))v] (dw)
(A7) _,/[o T)f(r)f TYE(H(X); t(0) edr)

= H(w )f(r)v (dw’, dr).

D®[0,00)
LEMMA A.3. If f, g:R?> — R are nonnegative Borel functions then

/D  F(eatw) to(w))gwr, - Wry ik (du) @ v] (dw)
(A8) "%
= ft, ) E(@eX-g(X;—, X,-); X, < K)dtv, (dr).
[0,T) J[0,T)

PROOF. By (A.5) and (A.7), both with H = 1, (A.8) holds if f(¢,r) =
f1(®) fo(r). The general result then follows by standard arguments. [J

Setting g = 1 gives

/D . f(raw), To(w'))puk (dw) ® v] (dw')
(A.9) ®

_ 00 0O T T
_/(; /0 [, rpgd)v, (dr).
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Taking g(y1, ¥2) = l(—o0, k) (y2) yields

/ fza(w), o(w') I (W, — < K),uII;(dw) ® vxT (dw’)
D®D
(A.10) = /Ooo /Ooof(t,r)l(t < TE(e*™ = X,_ < K)dtv] (dr)

_ [ee] o0 . T
- /0 /O £k @ @),
where

Tk (dr) =1(t < T)E(e*X—; X,_ < K)dt.

LEMMA A.4. Let H:D ® D — R be nonnegative and measurable, and
f:R? — R be nonnegative and Borel, then

/ H(w, w') f(ta(w), to(w')) uk (dw) ® v] (dw’)
(A.11) " P®P

= H(w,w') ft, r)ukdw, dr) @ v! (dw’, dr).
(D®[0,00))®(D®[0,00))

PROOF. If H(w,w') = Hi(w)H(w’) and f(t,r) = fi(t) f>(r), then (A.11)
holds by (A.6) and (A.7). The result then follows by standard arguments. [J

As a special case we obtain

/ H(w, w)I(ta(w) + to(w') < T)uk (dw) ® v] (dw’)
(A12) PP

= H(w,w / T (dw, dyvT (dw").
/D@D ( ) [o,oo)MK( e ()
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