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Abstract: A Dirichlet mixture of exponential power distributions, as a
prior on densities supported on the real line in the problem of Bayesian
density estimation, is a natural generalization of a Dirichlet mixture of
normals, which has been shown to possess good frequentist asymptotic
properties in terms of posterior consistency and rates of convergence. In
this article, we establish upper bounds on the rates of convergence for the
posterior distribution of a Dirichlet mixture of exponential power densities,
assuming that the true density has the same form as the model. When the
kernel is analytic and the mixing distribution has either compact support or
sub-exponential tails, a nearly parametric rate, up to a logarithmic factor
whose exponent depends on the tail behaviour of the base measure of the
Dirichlet process and the exponential decay rate at zero of the prior for
the scale parameter, is obtained. The result covers the important special
case where the true density is a location mixture of normals and shows that
a nearly parametric rate arises also when the prior on the scale contains
zero in its support, provided it has a sufficiently fast decay rate at zero.
This improves on some recent results on density estimation with Dirichlet
mixtures of normals by allowing the inverse-gamma distribution, which is
a commonly used prior on the square of the bandwidth. When the kernel
is not infinitely differentiable at zero, as the case may be depending on the
shape parameter, the posterior distribution is shown to concentrate around
the sampling density at a slower rate.
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1. Introduction

Mixtures of probability distributions naturally arise in some contexts as models
for observations of phenomena with multiple underlying factors. In a Bayesian
framework, mixture models provide convenient constructs for density estimation
because a prior can be induced on a space of densities by putting a prior on
the mixing distribution of a given collection of kernels. This approach, which
has the virtue of combining conceptual simplicity of the scheme with flexibility
of the model due to the wide range of possible kernel choices depending on the
sample space, was initiated by Ferguson [5] and Lo [17], who used a Dirichlet
process prior on the mixing distribution and derived the expressions for the
posterior and the Bayes’ density estimator (or predictive distribution). The dif-
ficulty in defining a prior on a set of densities using directly a Dirichlet process
lies in the fact that this process selects discrete distributions. A typical choice
for the kernel when the sample space is the real line is the normal density, but
an exponential power density can be more generally used. The motivation for
considering mixtures of other distributions than the normal lies in the fact that
the empirical distributions of many phenomena fail to conform to a normal. Ex-
ponential power distributions may represent a reasonable alternative when the
discrepancy is in the tails. For example, the normal-Laplace distribution, which
results from the convolution of independent normal and Laplace components,
behaves like the normal in the middle of its range and like the Laplace in the
tails. The interest in this distribution is due to its role in describing the stopped
rate of a Brownian motion, when the starting value is generated by a normal
and the hazard stopping rate is constant. Its use in the study of high frequency
price data is pointed out in Reed [19]. The normal-Laplace distribution makes
an interesting case for considering mixtures of exponential power distributions
because, as it will be shown, available results on normal mixtures do not cover
the case where the mixing distribution has fatter tails than those of the kernel.
An Ezponential Power (EP) distribution has probability density function

1

-0 —
f(il?, , O, p) 20p1/PF(1 ¥ 1/p)

exp{—(lz —0|/0)"/p}, xeR, (L1)

with 8 € R and o, p > 0. In the sequel, we shall use the symbol ¢, to denote the
normalizing constant, i.e., ¢, := 2p'/PT'(1 + 1/p), and let 1, ,(-) stand for the
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density function of an EP distribution with 8 = 0,

Vo, p(x) = f(; 0, 0, p), r €R.

An EP distribution is characterized by three parameters: the location param-
eter = E[X], the scale parameter 0 = 0, = {E[|X — 0|?]}'/? and the shape
parameter (or ezponent) p that determines the thickness of the tails. Note that
Var(X) = o%p?/PT(3/p)/T'(1/p). For p = 2, the expression in (1.1) reduces to
the density of a normal,

1/1072(:10—9)=¢g(x—9)2071¢((x—6‘)/0), r eR,

where ¢(-) stands for the standard normal density. As the shape parameter
varies, the EP density describes platikurtic distributions for p > 2, namely, dis-
tributions with lighter tails than those of a normal, and leptokurtic distributions
for 0 < p < 2. In particular, for p = 1, the Laplace or double-exponential density

Yo 1(x—0) = (20)_167@79'/0, r € R,

is obtained. EP distributions with 0 < p < 1 are called fractional distributions.
They have super-Laplace tails, i.e., tails that are beyond those of the Laplace
density. For p — 0T, the limiting distribution is degenerate at 6. For p — oo,
the limiting distribution is uniform over the interval (§ — o, 6 4 o],

Tim (e = 0) = (20) (@ = 0)/0),  zER

The derivation of EP distributions in the above form can be attributed to, among
others, Lunetta [18] and Vianelli [26], but EP distributions were first obtained
with a different parametrization by Subbotin [24] as a generalization of the
Gaussian distribution to model the distribution of random errors. For a review
of the main properties of Subbotin’s EP distributions see, e.g., Johnson, Kotz
and Balakrishnan [12], Chap. 24. EP distributions have been considered as an
alternative to the normal distribution in statistical modelling and used to study
Bayesian robustness, see, e.g., Choy and Smith [3]. West [30] showed that EP
distributions with p € [1, 2] allow for a scale mixture of normals representation,
the normal (p = 2) being a degenerate mixture, while Walker and Gutiérrez-
Pena [28] proved that EP distributions with p > 1 allow for a scale mixture of
uniforms representation:

Vol — 0) = / (el fo)dy,  zeR,

where

1/p 1/p
X|(U = u) ~ Uniform (9—&u1/p, g+ 70 ul/p>
V2 V2

and
U ~ Gamma (1 +1/p, 277/2),
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In this article, we consider location mixtures of EP distributions. The scale
parameter is assumed to be distributed independently of the mixing measure.
Thus, a prior on a set of densities is induced by the product measure of the
prior for the mixing distribution and the prior for the scale. In what follows, we
shall mainly focus on the case where the standard choice of a Dirichlet process
prior for the mixing distribution is considered. We are interested in establish-
ing whether and, if so, how fast the posterior distribution concentrates its mass
around the true density, as the amount of data increases. Weak and strong pos-
terior consistency, as well as rates of convergence, for Dirichlet location and
location-scale mixtures of normals have been studied in the recent literature.
Ghosal, Ghosh and Ramamoorthi [7] showed that, under general conditions, a
Dirichlet location mixture prior with Gaussian kernel gives rise to a consistent
posterior in the total variation distance. Lijoi, Priinster and Walker [16] weak-
ened the condition on the tails of the base measure of the Dirichlet process from
an exponential to a power decay law. Tokdar [25] proved strong consistency
for Dirichlet location-scale mixtures of normals and weakened a moment condi-
tion on the true density (Theorem 3.3, page 96). Ghosal and van der Vaart [8]
obtained (upper bounds on the) rates of convergence of the posteriors for Dirich-
let location and location-scale normal mixture priors in the case where the true
density is itself a location or a location-scale mixture of normals, the mixing
distribution having either compact support or sub-Gaussian tails, the scale be-
ing restricted to a known bounded interval. They showed that, under regularity
conditions on the prior, the posterior converges at a nearly parametric rate, up
to a logarithmic term whose exponent depends on the tail behaviour of the base
measure. For Dirichlet location mixtures of normals, assuming the same set-up,
Walker, Lijoi and Priinster [29] slightly improved the power of the logarithmic
term. This fast rate seems to be due to a combination of factors: the form of the
true density, which is exactly of the type selected by the prior, together with the
infinite degree of smoothness of the Gaussian kernel and the fact that a mixture
of normals, with mixing distribution having exponentially decaying tails, can be
approximated by a finite mixture of normals with a restricted number of compo-
nents. This yields a high prior concentration rate and, when the scale is forced
to stay bounded away from zero and infinity, a small entropy number, leading to
a nearly parametric rate. It may be argued whether the assumption on the scale
parameter plays a crucial role in determining the posterior rate or may be re-
moved without affecting the rate, except possibly for a logarithmic factor. If the
prior on the scale has full support on (0, co), one has to consider a richer approx-
imating class of densities, a sieve, with scale bounded below and above by se-
quences respectively decreasing to zero and increasing to infinity at proper rates.
Employing a fully supported prior for the scale amounts for regularity conditions
on the tails, the requirement on the decay rate at zero being expectedly more
restrictive than that at infinity, because the most important values are those in-
cluded in a neighborhood of zero. In fact, as the bandwidth tends to zero, normal
mixtures approximate any density and the complexity of the sieve increases.

The focus of the article is on rates of convergence for posterior distributions
of Dirichlet EP mixtures. We begin to show that a finite EP mixture can be
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estimated at a nearly parametric rate, whatever the value of the kernel shape
parameter, using a finite EP mixture prior. Then we consider true densities that
may be infinite EP mixtures. First the case where the kernel is analytic and the
mixing distribution has either compact support or sub-exponential tails is con-
sidered. No constraint is assumed on the scale. We show that a nearly parametric
rate arises also when the prior on the scale has full support on (0, 00). The main
result states that, under regularity conditions on the tails of the base measure
of the Dirichlet process and the prior for the scale, the posterior of a Dirichlet
mixture of EP distributions converges at the target rate. The conditions we im-
pose on the tails of the prior for the scale are satisfied by the common choice of
an inverse-gamma prior on o2, This result covers the important special case of
Dirichlet normal mixtures, complementing the findings of Ghosal and van der
Vaart [8], extending those of Walker, Lijoi and Priinster [29] and improving on
those of Scricciolo [21], where a slower rate, heavily depending on the tail decay
rate at zero of the prior for the bandwidth, was obtained. We also consider the
case where the kernel is not infinitely differentiable at zero. A slower rate is
obtained even assuming the scale to lie in a compact interval.

The article is organized as follows. Section 2 describes the set-up and intro-
duces some notation. Section 3 analyzes the case of finite mixtures. Section 4
presents the main results on infinite mixtures. It is split into two subsections:
Subsection 4.1 deals with the case where the kernel is analytic, Subsection 4.2
investigates the case of kernels that are not infinitely differentiable at zero. Sec-
tion 5 is devoted to final remarks and discussion. Auxiliary results invoked in
the proofs of the theorems are reported in the Appendix.

2. Preliminaries

Suppose we have observations X1, ..., X,, from an unknown density fr , on R
which is a location mixture of EP distributions,

fro(x) = /wgﬁp(:zr —0)dF(0), r € R,

where F' denotes the mixing distribution. In what follows, F' will be also used
to indicate the corresponding probability measure. Note that fr , is just the
convolution of 1, , and F,

fF,cr:F*wcr,p-

The scale parameter ¢ is assumed to be distributed independently of F' according
to some distribution G on (0, o). Let 7 denote the overall prior on MM(R) x
(0, 00), where M(R) is the set of all probability measures on R. The prior 7
induces a prior on the class of densities . := {fp , : (F, 0) € M(R) x (0, o00)}
via the mapping (F, o) — fr ,. We shall use the same symbol 7 to denote
either measure, the correct interpretation being clear from the context. We
assume that .Z is equipped with a metric d, which may be either the Hellinger



Posterior rates for Dirichlet exponential power mixture priors 275

du(f, 9) == ([(fY/? = g'/?)2d\)¥/2, where ) is the Lebesgue measure on R, or
the one induced by the Lyi-norm, ||f —g|l1 := [ |f — g| d\.

We are interested in assessing the rate of convergence for the posterior dis-
tribution corresponding to a prior 7, under the non-Bayesian assumption that
Xi, ..., X, are i.i.d. observations from a density fo. In the following, it will be
explicitly stated whether fj is itself a location mixture of EP distributions, i.e.,
fo = fr,, 00, Where Fy and o( denote the true values of F' and o, respectively.
A sequence ¢, — 0, as n — 00, is said to be an upper bound on the posterior
rate of convergence relative to a metric d on .% if, for some constant M > 0,
the posterior probability

7({fr.o: d(fF o, fo) > Mex Y| X1, ..., Xp) — 0,

Pfe-almost surely or in FPj'-probability, where Py stands for the probability
measure corresponding to fo. In order to derive the rates of convergence for
Dirichlet mixtures of EP distributions, we shall appeal to a theorem of Ghosal
and van der Vaart [8], page 1239, reported as Theorem A.l in the Appendix.
Condition (A.1) involves the packing number of a class of densities, say %/,
equipped with a (semi-)metric d, denoted by D(e, %', d), which is defined as
the maximum number of points in .#’ such that the distance between each pair
is at least e. This number is related to the e-covering number N (e, #’, d), the
minimum number of balls of radius € needed to cover .%’, by the inequalities

N(e, #',d) < D(, 7', d) < N(e/2, F', d). (2.1)

The logarithm of the packing or covering number is referred to as the (met-
ric) entropy. The symbols “<” and “>” will be used throughout to indicate
inequalities valid up to constants that may be universal or depend on Fy. Fixed
constants within the present set-up will be inessential to our purposes.

3. Finite mixtures

The analysis of data generated by mixture models may reasonably begin from
the case where we have observations of phenomena with multiple underlying
factors whose cardinality is finite. If the responsible factors are known to be
finitely many, then a discrete EP mixture prior can be conveniently used to
estimate the sampling density. We begin to consider the case where all the
components of the mixture have the same value of the shape parameter. The
generic density takes the form

k
fro() =Y withe, (- — 6)),
j=1

with F' a discrete distribution having a finite number of atoms which can be
represented as Z?:l w;dg;, where dg, denotes a point mass at ;. The number of
mixture components is a random variable (r.v.) K with probability mass func-
tion p(+) on the positive integers. Given K = k, the vector wy, := (w1, ..., wg)
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of mixing weights has conditional distribution 7, on the (k — 1)-dimensional

simplex Ay, == {w, e RF : 0 <w; < 1,5 =1,...,k, Z?:le = 1} and
the locations 61, ..., 8y are independent r.v.’s with common distribution II. We
shall also write 0y, for (01, ..., 0) to ease the notation. The hierarchical model

can be thus described:

e K ~ pand o ~ G independently;
e given (k, o), ther.v.’s 01, ..., O "R IT and wy ~ 7 independently;
e given (k,o, 0y, wi), the r.v.’s X5, ..., X,, are conditionally independent

and identically distributed with density fr ..

We shall show that, if the true density is itself a finite mixture of EP densities
with the same shape, under regularity conditions on the prior, the posterior
converges at nearly parametric rate n~'/?(logn). This rate agrees with those
found for other discrete kernel mixture priors, when the true density is of the
same form as the assumed model, see, for instance, Ghosal [6] for Bernstein
polynomials, Kruijer and van der Vaart [15] for beta mixtures, Scricciolo [22]
for histograms and polygons. The proof exploits the approximation properties
of the mixtures under consideration to find a good fitting distribution of a given
density in a proper subclass. In fact, any finite EP mixture can be approximated
arbitrarily closely (in the distance induced by the Li-norm) by mixtures having
exactly the same number of components, with locations and mixing weights
taking values in suitable neighborhoods of the corresponding true elements.
This technique is used to provide an estimate of the prior concentration rate
as well as an upper bound on the metric entropy of a sieve set. In the first
case, the number of mixture components is constant, this leading to a high
prior concentration rate; in the second case, it can be chosen to increase quite
slowly, at a logarithmic rate, as the approximation error goes to zero. In the
metric entropy estimate, we shall also need the bandwidth to approach zero at
a logarithmic rate, thus a suitable condition on the decay rate of the prior G
for o at zero is required. We shall use the following assumption.

(A) G has a continuous and positive Lebesgue density g on an interval con-
taining o and, for constants d > 0, v, @ € (0, oo], satisfies

Gs)<e ™ ass—0 and 1-G(s)Ss ™ ass— oo (3.1)

The common choice of an inverse-gamma prior on 02 when the kernel is Gaussian
meets requirement (A). Let 02 ~ IG(a, (), with parameters a, 8 > 0. The
condition on the tail behaviour at zero is satisfied with v = 2. In fact, for some
constant d > 0,

G(s) = Pr(o < s) = Pr(o? < 5?) < 67515727 s> 0.

The condition on the tail behaviour at infinity is satisfied with w = 2«

1 —G(s) = Pr(c > s) = Pr(c® > s%) < b 572 s> 0.

~ al(a)

The next theorem states the first result of the section.
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Theorem 3.1. Let p > 0 be fized. Suppose that fo = Fy * g, is a finite EP
mizture. Assume that

(i) the prior G for o satisfies condition (A);
(1) the prior p for the number of components is such that, for constants b, B >
0, 0 < p(k) < Be™% for all k € N;
(#i1) for each k € N, the prior m for the mixing weights is a Dirichlet distribu-
tion Dir(ayq, ..., ai), with parameters aq, ..., oy such that, for constants
a, A>0,D >1 and for 0 <e <1/(DFk),

A <o < D, j=1,..., k;

(1v) the common priorI1 for the locations has a continuous and positive density
on an interval containing the support of Fy and, for constants ¢, 9 > 0,
satisfies

e : |0 >t}) < eido, for large t > 0.

Then, the posterior rate of convergence relative to dy is €, = n~"/*(logn).

Proof. We appeal to Theorem A.1 and show that conditions (A.1)-(A.3) are
satisfied with sequences &, = n~'/?(logn) and &, = n~/?(logn)/?, so that
(an upper bound on) the rate is given by e, := (&, V &,) = &,. For sequences
k, of positive integers, a,, s, and t, of positive real numbers specified below,
let %, = Uz’;l 3{5’2) sn.t,,» Where 3{5’2) sn.t,, 18 the class of EP mixtures with at

most k components defined as

k
‘gZ(k) = fF,a’: F:ijaeja |9J|Sa’n7 jzlv"'akv Sp <o <ty

QAn ;s Snytn
j=1

Along the lines of Lemma 3 of Ghosal and van der Vaart [10], pages 705-707,
it can be shown that

(k) th, — S 2a 5 k
N 20 10 S (222 va) (2« (25)]
Thus,

kn
D(énv jﬂv dH) < ZD(énv jzgf),sn (] dH)
k=1
kn
< SINE/AZP L)
k=1

t a kn
<k X ——— % " )
~ sn€2 /4 (snéﬁ/w)

For ¢, such that (logt,) = O(logn),

log D(&,, Fn, du) < ki log ( af ) .

Sné€n
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For constants Dy > Dy > 0 and E, ', L > 0 to be chosen as below indicated,
let Dy(logn) < k, < Dy(logn), a, = L(log&, ))'/?, s, = E(logé;')~'/7 and
t, = &,F. Then, log D(8,,, %, du) < ng2 and condition (A.1) is verified.

We check that condition (A.2) is satisfied with &, = n~'/?(logn)'/?. For
a constant co > 0 that will arise from condition (A.3), let D1 > (c2 + 4)/b,
E < [d/4(ca+4)|Y7, F > [4(ca+4)/w] and L > [4(ca+4)/c]*/?. By assumptions
(i), (#4) and (iv), we have

m(F) < Y plk) + EK([—an, an]) + [G(sn) + 1 — G(tn)]
k=kn+1
S e—bkn _’_e—ca:’; _i_e—ds;'Y +t;w

)

< 67(62 +4)né?
~J

where E[K] < oo by (ii).

Now, we consider condition (A.3). Recall that, by assumption, fy is a finite
EP mixture, i.e., for some kg € N, w) = (wf, ..., w] ) € A, and 020 =

(69, ..., 6y) € R,
ko
fol) = wtbey p(- = 69).
j=1

For any o0 > 0 and any discrete distribution F' on R with k¢ support points
Ok, == (01, ..., Ok,) € R*¥ and mixing weights wg, := (w1, ..., wk,) € Ag,, by
inequalities (A.6) and (A.7),

1fro = foli < fro = froollt + IfF00 — follx

ko
|o— oo|
S TR LWt =0 b~ )
ko
+ > fwj = wll[ ey, p(- — 0;)II1
j=1
|o— o9
5 —_— + ||0k0 —920”& + Hwko _WgoHél’

o N\ og

where, for any pair x, yx € R¥, ||xz —yz|le, denotes the ¢;-distance Z?:l |z; —
y;. Let 0 < e < [(00/2) A (1 — e 1)/V/2] be fixed. For any density fr , with
o > 0 such that |0 —o¢| < e and F = Zf‘;l w;dg,, where [[wy, —wj lle, < e
and [|0y, — 0}, |l < €, we have d4(fr, o, fo) < ||fr,0 — folli S e. Thus, by
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Lemma A.10, for a suitable constant ¢; > 0,

ko
fFMT B = ij59j7 Hwko _Wg()”fl <g, ||0k0 _02()"@1 <g, |0_00| <e

=
1 2
C Bkr, (fo; cie (log g) ) .

Defined the set N(wj ;e) := {wg, € Ay, : [[wg, — W} [l < €}, for small
enough € > 0, using Lemma A.1 of Ghosal [6], pages 1278-1279, and assumption
(iii), we have 7, (N(w} ; €)) 2 exp{—cokolog(1/e)}, where ¢ is a positive
constant depending only on a, A, D and 250:1 a;. Denoted by B(Ogo; e) the
Ogo—centered £1-ball of radius e,

B(Ogo; 5) = {eko € Rko : HOkO - 020”41 < E}a

by condition (iv), the prior probability of B (020; ) under the ko-fold product
measure [I%%0 can be bounded below as follows:

ko
®k 0. o & 0, E 1
11 O(B(Oko,s))zl_[lﬂ<[9j—k—0,0j+k—0}) Zexp{—dlkologg},
J:

where d; is a positive constant. Therefore, for ¢1, dy > 0,

(B lfus cction=) 2 ([ ngx)

0—¢&

x p(ko) Try (N (Wi 5 €)) TR (B(6] 5 €))
1
> exp {—dgk‘o log g} )

Set & := (c16)Y/?1og(1/e), since log(1/e) < log(1/€), we have 7(Bky (fo; £€2)) =
exp {—calog(1/£)}, where ¢z is a positive constant (possibly depending on fj).
Replacing & with &,, we have 7(Bkr(fo; £2)) 2 exp{—cané?} for sufficiently
large n, and the proof is complete. [l

Remark 3.1. The condition on the parameters of the Dirichlet distribution
contained in assumption (i:7) is satisfied if, for example, a noninformative spec-
ification is considered, as when all the a;’s are taken to be equal to some constant
D >1.

Now, we consider the case where the shape parameter is allowed to mix both
in the prior and in the true density. The generic density has the form

k k
fvak;U(.) ::ijwo,pj('_ej)a F:ij60j7
J=1 j=1
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where py := (p1, ..., px) is the vector of shape parameters that are assumed to
be independent r.v.’s with common distribution H. The hierarchical model can
be described as follows:

e K ~ pand o ~ G independently;

e given (k, o), wg ~ 7, 01, ..., Ok T and D1, ey Pk g indepen-
dently;
e given (k,o, wg, Ok, pi), the r.v.’s X5, ..., X,, are conditionally indepen-

dent and identically distributed with density fr p,,o-
Theorem 3.2. Suppose that fo is a finite mizture of EP densities of the type

ko
fO() = ngo'wa(),p?(' - 6‘?)7 (3'2)
j=1
with p > 0 for all j = 1, ..., ko. Assume that conditions (i)~(iv) of Theo-

rem 3.1 are satisfied and

v) the common prior H for the shape parameters has a continuous and posi-
th jor H the sh ters h ti d posi
tive Lebesgue density h on (0, 00) and, for constantsl >0, 8 € [1, oo], v €

(0, 00|, satisfies

H(p) < e " s p—=0 and 1—H(p)<p™® asp— 0. (3.3)

Then, the posterior rate of convergence relative to dy is €, = n~"/?(logn).

Proof. The main steps in the proof of Theorem 3.1 go through in this case.
Conditions (A.1)—(A.3) are satisfied with the same sequences &, = n~'/2(logn)
and &, = n~'/?(logn)/2. We begin to consider condition (A.1). For sequences
kn, an, Sn, t, specified as in Theorem 3.1, and p,,, g, of positive real numbers
to be chosen below, let .%,, = U:’;l ﬁ,(lk), where ﬂ')(lk) is the class of mixtures
with at most k components defined as

k
eg;(lk) = {fp)pk)gi F=ij59j, |9j|§an, jzl,...,k,
j=1

PnSPjS<qn, J=1,0 k, SnSUStn}.

Similarly to Theorem 3.1 and using Lemma A.4, it can be proved that for large
enough n,

t'n,_ n 2 n 1/pn
NEw O, 1) < ( : \/1> y <L+1)

Snén

B k 5 k
x (& _p" v1] x (= )
Pnén en N1

k




Posterior rates for Dirichlet exponential power mixture priors 281

Consequently,

log D(En, Fn, dn) S ki [bg (%> - —} .
For constants 0 < Cy < [I/4(co +4)]"/? and Cy > [4(co + 4)/v], where ¢a > 0
is the constant arising from condition (A.3), let p,, = C;(logé;*)~'/# and ¢, =
£.92. Since B > 1, log D(&,,, Fn, du) < nZ> and condition (A.1) is satisfied.
Using assumptions (4), (i7), (iv) and (v), condition (A.2) is seen to be satisfied
with &, = n~2(logn)'/2. In fact,
n(Zg) < Y plk) + E[K]([~an, an])

k=kn+1
+E[K][H(pn) + 1= H(qn)] + [G(sn) + 1 = G(tn)]

_ —ca? _Ip—B _ —ds— " _
S e bkn_|_e can_|_e ip,, _|_an+€ ds,, _|_tnw

< e—(02+4)n5i
where E[K] < co by assumption (i7).

To check that condition (A.3) is satisfied with &,, recall that, by assumption,
fo is a finite EP mixture of the type fpoypzoﬁgo, with pf. == (0}, ..., p},)
having all components pg > 0. For any o > 0, any pg, := (p1, .-, Pk,) With
positive p;’s, and any discrete distribution F' on R with kg support points 6y, :=
(01, ..., Ok,) € R¥ and weights wy, = (w1, ..., wy,) € Ak,, by inequalities
(A.6), (A.7) and Lemma A.4,

1fEpry. e = folli < 1fRprg.0 = fR iy o0llt + [ fRprg 00 = FRpY, a0l

+ ||fF,p20,a'o - fO”l

lo —
S 2N = ZMJH%U% = 05) = Yoo, 0 (- = 05)In
0
Wy (- = 03) = iy o (- = O]
Jj=1
ko
D g = gy, (- = 051
Jj=1
< 9 |o — og|
o o N\ oy
|p]
+ o
ming <<, pg) le H ( /Uo( J)”l
2

— 6k, — 6" |ls, + - w)
00 MiN| <<k, Cpo 9% ko e k0 = Wi e
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o lo—ool =i .
S T Y o, )

o N\ oy = j
+ ||0k0 - 020”1’1 + Hwko - Wg()”fl?

where minj <<, pg > 0 by assumption and minj<;j<, o > 0 because, for
any p > 0, ¢, is positive with lim, o+ ¢, = 0 and lim;, ;. ¢, = 2. For each
j=1,..., ko, 2} is a point lying in between 1/(p; V p}) and 1/(p; A p). Since
the value of ||ggl)9 ) /oo (27)|l1 does not depend on 6, the symbol §; may be
suppressed. For ease of notation, we shall write ||g(1/)g )(z]*)||1 If, for 0 < e <
min; <<, p}/2, we have ||[py, — py, [l¢; < ¢, then

|pJ *
||fF;pk07G'0 _fF,pgo,crO”l < mlnl<]<k0p9 ; H (/UO)( j)”l
2 1) 0
< —
< Gz 190 Gl ok, — Pl
S Pk — PR lle S e

where the second inequality descends from the fact that, since || gg.l/)go)(z)ﬂl
is continuous in z on (0, 00), there exists a point zy (depending on fy) such
that ||g (/o) (Z;)Hl < |\gé}/)ao)(zo)|\1 <ooforall j =1,...,k. Fix0<e <

min{(00/2), (mini<;j<g, p}/2), (1 - e~1)/v/2}. For any density fr. prg.o i the
set

ko 2
0 e
{fF,ka,U PP = wide,, Wiy — Whlle, <& wy > 5 /=1 ko,
=1

||0k0 Hél S g, Hpko - pgoHél S €, 0< Pj S p97 .7 = 17 ey kOa

o —og| < a},

we have df;(fF,py,.or fo) < | fF pr,.0c — folli < € and, for a suitable § € (0, 1],
the quantity M? defined in (A.16) is such that M? = O(1/e?). Thus, by The-
orem 5 of Wong and Shen [31], pages 357-358, for a suitable constant ¢; > 0,
the above set is contained in Bxkr,(fo; c1e(loge™1)?). Using arguments similar to
those of Theorem 3.1 and the fact that, for small enough £ > 0, by condition (v),

Pr({pr, : IPry — PP lley <&, 0<p; <pf, j=1,..., ko})
ko ko ¥
€ J 1
> HPr([p?——, p?D =] / hip)dp | 2 eXP{—dgkolog—}
j=1 ko j=1 \/pj~e/ko c
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we have 7(Bxw(fo; cie(loge™1)?)) = exp{—dskolog(1/¢)}, for some dz > 0.

Therefore, for a suitable constant co > 0 (possibly depending on fy), we have
7(Bxw(fo; 2)) 2 exp{—coné2} for sufficiently large n. O

Remark 3.2. An example of distribution with density of the form (3.2) is given
by the Laplace-normal (or Gauss-Laplace) mizture

fo(-) = wotboy, 1(- = 0o) + (1 — wo) Py (- — bo)

with equal locations, which was used by Kanji [14], Jones and McLachlan [13]
to fit wind shear data. Haas, Mittnik and Paolella [11] used the Gauss-Laplace
mixture for modelling and predicting financial risk.

Remark 3.3. Suppose the investigator wants to assign positive prior probabil-
ity to EP densities having tails equal to or lighter than those of a Laplace. A
prior distribution for p on [1, o) can be specified by considering a beta distri-
bution for 1/p as in Box and Tiao [2], page 167,

1/p ~ Beta(a, a), a>1.

Thus, 1/p has a symmetric distribution around the normal theory value 1/2.
Deviations from the normality can be taken into account by “adjusting” the
value of the parameter a. When a = 1, the prior distribution is uniform over
(0, 1]. When a > 1, the prior distribution is symmetric, with mode a 1/2, and
assigns high probability to EP distributions in a neighborhood of the normal. As
a — 00, the prior density becomes more and more peaked at 1/2 and converges
to a delta function, representing an assumption of exact normality. Since the
prior distribution for p corresponding to a beta for 1/p is left-truncated, the
lower tail condition in (3.3) is trivially satisfied with 8 = oo, while the upper
tail condition is satisfied with v = a because

- H(p) < —2

Sar@e? > P2t

Remark 3.4. As a consequence of Theorem 3.1 or Theorem 3.2, the Bayes’
estimator,

ful) = / FOm@fIX, . Xy,

converges to fp in the Hellinger distance, in Pj'-probability, at a rate at least as
fast as n~/2(logn),

dH(fnu fO) = OP(n_l/2(10gn))7

see, e.g., Theorem 5 of Shen and Wasserman [23], page 694.

4. Infinite mixtures

In this section, we analyze the case where the underlying factors may be in-
finitely many. We consider densities of the form fp o = F * 1), ,, where F' can
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be any distribution on R. As a prior for F'; we adopt a Dirichlet process ®,, with
base measure . We recall that a Dirichlet process on a measurable space (X, A),
with a finite and positive base measure « on (X, A), is a random probability
measure F' on (X, A) such that, for every finite partition (A4;, ..., Ag) of X,
the vector of probabilities (F'(Ay), ..., F(Ax)) has a Dirichlet distribution with
parameters («(A1), ..., a(Ag)). Observations from a Dirichlet process mixture
of EP distributions can be structurally described as follows:

o '~ %, and o ~ G independently;

e given (F, o), ther.v.’s 0y, ..., 0, Lt F
e given (F, 0,01, ...,0,), therv’ser, ..., e, Bl Yo, p;
e the observations are defined as X; :=0; +e¢;, fori =1, ..., n.

Let 1 = ®, x G denote the prior distribution for (F, o), with the proviso
that the symbol 7 will also be used for the prior induced on .% by the mapping
(F, 0) = fF -, the ambiguity being resolved by the context. We recall that 7 is
said to be strongly consistent at fy if, for every € > 0, 7(B(fo; €)| X1, ..., Xpn) —
1 a.s. [P§], with B(fo; €) :=={fr,o : d(fF, o, fo) < €}, where d can be either the
Hellinger or the Li-metric. Ascertainment of posterior consistency for Dirichlet
EP mixture priors can proceed as for Dirichlet normal mixture priors, for which
sufficient conditions were derived by Ghosal, Ghosh and Ramamoorthi [7] in
Theorem 7, page 152, using the sieve approach. Lijoi, Priinster and Walker [16],
Theorem 1, page 1293, weakened their conditions adopting an alternative ap-
proach due to Walker [27]. In both approaches, the main idea behind the proof
of consistency is to show that the prior satisfies Schwartz’s [20] condition on the
positivity of the probability of Kullback-Leibler neighborhoods of fj, known as
the Kullback-Leibler property and indicated by the notation fo € KL(w). The
following proposition provides sufficient conditions for fy to be in the Kullback-
Leibler support of 7.

Proposition 4.1. Assume that 7 = D, x G, with the base measure a supported
on R and the prior G supported on (0, 00). Let fo be a continuous density on R
satisfying the following conditions:

(a) for some constant 0 < My < 0o, 0 < fo(z) < My for all x € R;

(b) | [ fo(z)log fo(x) dz| < oo;

(¢) for some &y > 0, [ fo(x)log[fo(z)/ps,(x)]dz < oo, where ps,(x) =
nfjr <5, fo(t);

(d) given p > 0, there exists m9 > 0 such that [ |z|P(F70) fo(z) dw < oo.

Then, fo € KL().

Proof. First, note that 7 = ®, X G is a Type II mixture prior or a Prior 2, in
the terminology of Wu and Ghosal [32], page 299. Thus, we can appeal to their
Theorem 3, page 310. Once observed that the weak support of D, is M (R), the
proof parallels that of Theorem 6, page 312, which deals with the case where
p = 1, namely, the kernel is a Laplace density. Note that conditions (a)—(c)
coincide with conditions B4-B6 of Theorem 2, pages 305-309. See also Wu and
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Ghosal [33]. Tt is, therefore, sufficient to check that conditions B3 and B7 are
satisfied. We begin with condition B3. Since, for = # 0,

(1) p—1
T —xP~, x>0,
sl o tsgn(e) =
Y1, p(2) (—x)P~1, 2 <0,
we have @
xwl’p(x):—:zrp<—1 for |z| > 1
T 2P < -1, |z > 1,
1,p\&

and the condition is satisfied. As for condition B7, we need to check that, for
any a € R and b > 0,

/fo(w)| log 1, ,((x — a)/b)|dz < oo,

and, for some 79 > 0,

‘/fo(f) log 1, p(2z|x|™) dz| < oo.

The linearity of log 11, ,(x) as a function of |z|P, together with assumption (d),
imply that the above integrals are finite. O

4.1. Analytic kernels

In this subsection, we consider the case where the true density fo = Fp * Vg, p
is a location mixture of EP densities with shape parameter p that is an even
integer. If p = 2m, m € N, then, for any value oq of the scale, the kernel 14, , is
an analytic function. It is infinitely differentiable on R, and, in particular, at the
origin. We establish that, if the true mixing distribution Fy has either compact
support or sub-exponential tails, then the sequence of posterior distributions
(weakly) converges to a point mass at the true probability measure Py with a
nearly parametric rate, up to a logarithmic factor. The key idea of the proof is
the following. A density fo of the stated form can be uniformly approximated by
a finite mixture of EP distributions with a number of components that increases
at a logarithmic rate, as the approximation error goes to zero. Because of the
analyticity of the kernel, such a finitely supported mixing distribution can be
found by matching a relatively small number of moments of Fy or of its (re-
normalized) restriction to a compact set, see Lemma A.5 (cf. Lemma 3.1 of
Ghosal and van der Vaart [8], pages 1240-1241). This result is used to provide
an exponential lower bound on the prior probability of Kullback-Leibler type
neighborhoods of fy as well as an exponential upper bound on the covering
number of a sieve set.

Theorem 4.1. Let p be a fized even integer. Suppose that fo = Fo* s, p, with
the true mizing distribution Fy having compact support. If the base measure
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has a continuous and positive density on an interval containing the support of
Fy and, for constants b, § > 0, satisfies the tail condition

a{0:10] >t}) < e bt for large t > 0, (4.1)

the prior G for o satisfies condition (A), then the posterior rate of convergence
relative to dy is €, = n~'/?(logn)*, where

e[ ()] 0

Proof. We show that conditions (A.1) through (A.3) of Theorem A.1 are sat-
isfied by &, = n~/?(logn)", with x as in (4.2), and &, = n~'/?(logn). Given
n € (0, 1/5), for positive constants E, F and L to be suitably chosen later on,
let s = E(logn™1)72/7,0 < t < exp{F(logn~')?} and 0 < a < L(logn~1)?/°.
Define

Fan st ={fre: F([-a,a]) >1—n, s<o<t}
and

Fa st ={fro: F(l—a,a]) =1, s<o <t}

An estimate of the n-metric entropy of .#, ;2 16, s+ is provided. Using the second
inequality in (2.1) and d(f, g) < ||f — gl|,, we have

10gD(77a ya,nz/lﬁ,s,tu dH) < 10gN(77/27 fg.a,nz/lﬁ,s,tu dH)
1OgN(772/47 3511,772/16,5,t5 H”l)
10gN(172/8, Fa sty I111)

1 2K
(log —) ,
n

where the third inequality descends from Lemma A.3 of Ghosal and van der
Vaart [8], page 1261, and the last one from Lemma A.9. The choice n, =
&, = n~2(logn)*, s, = E(ogn; )"/, t, = exp{F(logn;')?} and a, =
L(logn;1)?/? leads to conclude that, for 7, = .7, 12 /16, 5, > cOndition (A.1)
is verified because

IN

IN

A

log D(&,,, Fn, du) < (logn)?™ = né?

Now we show that condition (A.2) is also satisfied. By the independence of
F and o,

T(F e se) = T{(F.0): Fl-a,a]) 21-9°/16, o € [s, t]°})
+TI({F : F([~a, a]) < 1—n?/16})

< [G(s) +1=-G)] + T({F : F([-a, a]) >1/16})
a([=a, af)
S et 4T 4 e

n?
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where in (4.3) we have used Markov’s inequality and the fact that F([—a, a]°)
has a beta distribution with parameters a([—a, a]®) and «([—a, a]). The last
line follows from (3.1) of assumption (A) and from condition (4.1). Take 7,
Sny tn, an and F, as before. For a positive constant ¢o which, as shown below,
arises from condition (A.3), let 0 < E < [d/16(cy + 4)]Y/7, F > [16(c2 + 4)/w]
and L > [(16(cz + 4) + 1)/b]/. Then,

5
—bay,

m(F0) < et 4w 4 C 5
n

< exp {—(02 +4)(log n)2}

+ exp { (10g %) [16(cs + 4) + 1] (10g nin) 2}

< exp{—(co +4)né;}.

It remains to be checked that condition (A.3) is satisfied. We show that, for
small enough ¢ > 0, there exist constants c1, co > 0 so that

w(Bxw(fo; €)) = e1 exp {—62 (1og 1) } (1.4)

The proof is in the same spirit as that of Theorem 5.1 by Ghosal and van der
Vaart [8], pages 1251-1253. Let 0 < ¢ < [(09/2) A (1 — e~ 1)/v/2] be fixed.
Let [—ag, ag] be the support of Fy. By Lemma A.5, there exists a discrete
distribution F{ (depending on ¢), supported on (at most) N < log(1/e) points
01, ..., On in [—ag, ag] that are at least 2e-separated, such that

||fF5,ao — follo e

By Lemma A8, ||fr; 5, — fol1 < e(loge™)/P. Represent [ as Zjvzl w;d;
where |0; — 0;| > 2¢ for all j # k. For any probability measure F' on R such

that
N

S OIF([6; —¢, 05 +¢e]) —w;| <

j=1

and any o > 0 such that |0 — 0| < &, we have

e
Ifro = frpaolt S ¥op =Yoo plls + o=
N
+2 > |F([0; <, 0, +£]) — w,]
j=1
< lo=adl +2 < e (4.5)

o N\ og o N\ og
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where in (4.5) we have used inequality (A.6). It follows that

1 1/p
Byl 1) < Ufrc = Feg ol + g~ fols S (1052)

Since [0 —¢, 8 +¢] C [—ap—1, ap+ 1] forall j =1, ..., N, we have F([—ao —
1, ap + 1]) > 1/2. By Lemma A.10,

N
fro: Y IF([05—¢, 05 +¢e]) —w;| <e, |o—og| <
j=1

1 2+1/p
g BKL <f0; g (10g g) ) . (46)

Using the independence of F' and o, together with the assumptions on the base
measure « and the prior G for o, we obtain the bound in (4.4). Thus, condition
(A.3) is satisfied with &, = n~/2(logn) and the proof is complete. O

Remark 4.1. Given p = 2m, m € N, the best rate is obtained when x = 1. This
implies having 6 > 2p, namely, the base measure « should have quite rapidly
decaying tails. Note that the rate depends on the tail behaviour of the prior G
for o only through its exponential decay rate v at zero.

Remark 4.2. If p = 2, i.e., the kernel is Gaussian, and v = oo, i.e., the scale
parameter o is bounded below away from zero, o € [g, o) for some known
g > 0, then (an upper bound on) the rate is

1
en =n"Y%(logn)", K= §+ (—\/—> ,

which is the same found by Ghosal and van der Vaart [8] in Theorem 5.1,
page 1250, wherein, except for assumption (A), the same conditions as in The-
orem 4.1 are postulated.

The assumption of Theorem 4.1 that the true mixing distribution Fy has com-
pact support can be relaxed to allow for an unbounded set of locations, without
affecting the nearly parametric rate, by requiring Fy to have sub-exponential
tails and the base measure a to have an EP density with suitably constrained
shape parameter.

Theorem 4.2. Let p be a fized even integer. Suppose that fo = Foy* s, p, with
the true mizing distribution Fy satisfying the tail condition

Fo({0: 16] > t}) S et for large t >0, (4.7)

for some constant co > 0. If the base measure « has a density o/ such that, for
constants b > 0 and 0 < § < p, satisfies

o (0) o e01oF, 6 € R, (4.8)
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the prior distribution G for o satisfies assumption (A), then the posterior rate
of convergence relative to dy is €, = n_1/2(log n)", where

1 1 1

Proof. First, note that a density o/, as assumed in (4.8), is continuous and
positive on R and that, for § > 1, the corresponding base measure « satisfies
the tail condition (4.1) in virtue of inequality (A.14). For § € (0, 1), inequality
(A.15) incurs an additional factor of a'~? in the upper bound for a([—a, a]¢)
in (4.3), which can be absorbed into e~ for large enough b. Thus, condition
(A.2) is satisfied. Furthermore, since (p/d) > 1, the value of x in (4.2) reduces
to that in (4.9).

The proof differs from that of Theorem 4.1 only in the derivation of the
bound 7(Bxkw(fo; €2)) 2 exp{—c2(loge™1)?}, as ¢ — 0. For given 0 < & <
[(00/2) A (1 —e 1) /2], let ae == (c; ' loge™)'/P. Let F§ be the re-normalized
restriction of Fy to [—ae, ac]. Using Lemma A.3 of Ghosal and van der Vaart 8],
page 1261, and assumption (4.7), we have || frs 5, — foll1 < €. By Lemma A.5,
there exists a discrete distribution Fjj, which matches the (finite) moments of
E{ up to the order N < log(1/e) and has at most N support points in [—a., ag]
that are (at least) 2e-separated, such that ||fr; o, — fFy o0lloc S €. By Lemma
A8, 1fry 00 — fRz o0llt S e(loge=")'/P. Represented I}, as Zjvzl w;dg,, with
|6; — 6x| > 2¢ for all j # k, for any distribution F' on R such that

DOIF(8; —e, 0 +¢)) —wj| <e (4.10)

Jj=1

and any o > 0 such that |0 — og| < g, using the same chain of inequalities as in
(4.5), we have ||fr,o — fr;,00ll1 S €. Thus,

Gi(fror fo) < fro = Frp ool + 1 f5g 00 = Frz o0l + I fFs, 00 = foll

< 1>1/10
e | log - .
€

Now we can invoke Lemma A.10, taking into account Remark A.3. To this end,
note that, if F' satisfies relationship (4.10), then F([—a.—1, a-+1]) > 1/2. Thus,
inclusion (4.6) holds true. To apply Lemma A.2 of Ghosal and van der Vaart [8],
pages 1260-1261, observe that, for each |6,| < a., we have a([0; — ¢, 0; +¢]) 2
ce=ba2 > &V for some constant b’ > 0, because, by assumption, (0/p) < 1.
Then, the proof can be completed by laying out the same arguments as in

Theorem 4.1. O

A

Remark 4.3. Given p = 2m, m € N, the best rate is obtained for § = p, namely,
when the tail decay rate of the base measure « equals the shape parameter of
the kernel. In such a case,
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If, in addition, v = oo, i.e., the scale parameter ¢ is bounded below away from
zero, o € [g, 0o) for some known o > 0, then &, = n~'/2(logn)?/2. Note that
this rate does not depend on p. Also, it agrees with the one obtained by Ghosal
and van der Vaart [8] in Theorem 5.2, pages 1254-1255, for mixtures of normal
densities with standard deviation o lying in a bounded interval [o, 7] C (0, co).

Remark 4.4. Given p > 0, if the true density fo = Fy * 1s,, p, then

1/1(7071)(211) 5 fO(‘T) < wao,;ﬂ(x/2)
1

goCp

+ Fo({0: 18] > |=|/2}), for large |z|.  (4.11)
If the true mixing distribution F{, has sub-exponential tails, i.e., for constants
Co, q > 07
Fo({0: 16| > t}) < et for large ¢ > 0,
then it is the term with the slower decay rate that dominates in the upper bound
in (4.11),
Voo,p(20) S folx) S e ™ for large Ja].

Therefore, under assumption (4.7) of Theorem 4.2,
fo(«%') ~ 6—00\1\p7

this meaning that fo(x)/e~“0l*I" — ¢, as|2z| — oo, where ¢ is a positive constant.
Theorem 4.2 contemplates only the case where Fy has tail decay rate at least
as fast as that of the kernel, as when, for example, fj is the convolution of two
normals,

fO = ¢T() * ¢00 - ¢(T§+US)1/2'

If, instead, fo is the convolution of a Gaussian kernel and a Laplace distribution,
fo=1r,1 % ¢s,, then Theorem 4.2 does not apply.

The result of Theorem 4.2 for the important special case of a Gaussian kernel
with an inverse-gamma prior on o2 is separately stated in the following corollary.

Corollary 4.1. Suppose that fy is a mizture of normals, fo = Fo * ¢o,, with
the true mizing distribution Fy having sub-Gaussian tails,

Fo({0: 10| >t}) < emeot’ for large t > 0,

for some constant ¢y > 0. If the base measure o is normal and the prior on

o? is an inverse-gamma, then the posterior rate of convergence relative to dy is

e, =n"2(logn)®/2.

In the next corollary, we state a result on the posterior expected density fn,
for which an explicit expression can be found in Lo [17], Theorem 2, pages 353~
354. The “in probability” statement is understood to be with respect to Fj'.
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Corollary 4.2. Under the conditions of Theorem 4.1 or Theorem 4.2,
du(fn, fo) = Op(n=*(logn)"),

where K is as in (4.2) or (4.9), respectively.

In Theorem 4.1 and Theorem 4.2, verification of the remaining mass condition
(A.2) for Z¢ has led us to ask for the base measure « to have either sub-
exponential tails or a density o’ of a prescribed form. In the next theorem, the
use of Lemma A.11, which provides an upper bound on the posterior probability
of Z¢ by exploiting the properties of the Dirichlet process, allows us to impose a
less restrictive condition on a. In fact, condition (4.12) requires o to have tails
only bounded below by those of an EP density. On the other hand, however, we
consider a stronger condition on the upper tail of the prior G for o, a request
that might be due to the method of proof. The requirement on G is formalized
hereafter as condition (A’) for easy reference.

(A’) G has a continuous and positive Lebesgue density g on an interval con-
taining o and, for constants dy, d2 > 0, 71, 72 € (0, oo, satisfies

Gs)<e ™™ ass—0 and 1-G(s) <e 27 as s — .

Assumption (A’) differs from assumption (A) because it requires G to have
an exponentially decaying tail also at infinity. This rules out the possibility of
using an inverse-gamma prior on o2, unless o is known to lie in some interval
(0, @], with 0 < @ < oo: in such a case, in fact, a right-truncated inverse-gamma
distribution trivially satisfies the tail condition at infinity. For example, a prior
distribution for o verifying condition (A’) may have density of the form

- Veﬁ
14w

9(0) (B2 /7T, y(0) + fo" L P I ) (0)], 0 >0,

with parameters 3, v > 0. Note that g is a continuous and positive density

proportional to an inverse-gamma IG(1; ) on (0, 1] and to a Weibull W(v; j)
n (1, oo). Condition (A’) is satisfied with v; = 1 and 2 = v, i.e.,

B
ve -1
G = Bs 0 <1
(s) 1 Ve s < s ,
and
B
e v
1-G = Bs 1.
(s) 1 Ve s s >

The conditions on G appearing in (A’) were also postulated by Ghosal and van
der Vaart [10], page 699, to assess posterior rates of convergence for Dirichlet
normal mixtures at smooth densities. However, these authors consider a sample-
size-dependent prior on o: in their set-up, in fact, G is the distribution of o /0,
with o, a sequence of positive real numbers such that n=% < g, < n=%, for
some 0 < as < a; < 1.
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Theorem 4.3. Let p be a fized even integer. Suppose that fo = Foy* s, p, with
the true mizing distribution Fy having either compact support or sub-exponential
tails as in (4.7). If the base measure a has a continuous and positive density o/
such that, for constants b >0 and 0 < § < p, satisfies

a'(0) 2 e_blelé, for large 10, (4.12)

the prior distribution G for o satisfies condition (A’), then the posterior rate of
convergence relative to dy is €, = n~'/?(logn)"*, where

1 1 1 1 pé )
k=z+p|l—+— )+ (zV——7r]. 4.13
2 p(’h ’72) (2 Ya(p — 6) (4.13)
Proof. For sequences a,, N, S, and t, to be suitably chosen later on, let .%,
be defined as in Theorem 4.1. The proof differs from that of Theorem 4.1 for
the arguments laid out to show that the convergence 7(.#5| X1, ..., X,)—0, in
Pj-probability, as n — oo, holds true. Note that

m(F5 Xy, .., X)) < Pr(o<s,|Xi, ..., X,) +Pr(o>t,|X1, ..., X»)
+Pr({F : F([—an, an]°) > n2/16}| X1, ..., X,)
= JY 4+ TP+,

Let ¢ > 0 be the constant arising from condition (A.3). For constants F <
[d1/16(ca + 4)]*/7 and F > [16(co + 4)/d2])'/ 72, let s, = E(logn;')~2/" and

t, = F(logn;')?/72. For k = 1, 2, the sequence I 50, because Eg [Jflk)] -0
in virtue of Lemma 1 in Ghosal and van der Vaart [9], page 195, (see also
Lemma 5 of Barron, Schervish and Wasserman [1], pages 543-544). To deal

with J,({O’), note that

< ES[PY({F : F([—an, an]c) > 77721/16}|X1, R Xn) I{maxlgign IXiISan/2}]
+E§ [ {max; <1<, [ X >an/2})- (4.14)

To show that
Eg[l{maxlgign IXi\>an/2}] =1- [1 - P (|X1| > an/2)]n — 0,

we distinguish the two cases where F{y has compact support or sub-exponential
tails:

(1) if Fy has compact support, i.e., Fo([—ag, ap]) = 1 for some ag > 0, then
for sufficiently large n so that (a,/4) > ao,

Po(|X1] > an/2) < (400);)&7—1(;)—1)1%0)1)(&”/4) =:Up;
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(1) if Fy has sub-exponential tails as in (4.7), then

P
1 a;(pfl) exp{—co (a—n)p}.
DPOOCpHCo 4

For a,, such that, for some constant ¢ > 0,

Py (|1 X1]| > an/2) S U, +

e in case (i),

% (%) = (1 + ) (tog ), (4.15)
e in case (ii),
(]% A ) (%) > 1+ o)(togn). (4.15)

we have nPy (| X1] > an/2) — 0, hence Ef [I{max, ;.. |Xi|>an /23] — 0. Note that,
since p > 1 and a,, — oo, it suffices to take o = 0 in (4.15) or (4.15).

The first term of (4.14) can be handled by appealing to Lemma A.11, with
n? =n2/16, T =t, and a = a,, = L(logn, 1)*, where

§3+<l\/275>
T \p 1e2(-9)

and L is a positive constant chosen so that, not only is condition (4.15) or (4.15")
satisfied, but also for some w > 0,

(an/tn)p 1 1
nexp{—w—l—bafl—i-ﬂogn—n < mexp logm :n—w—>0.

If nn2 — oo, then also the first term in (A.17) converges to zero. To complete
the proof, it remains to choose 7,, so that condition (A.1) is also satisfied. From
Theorem 4.1, which appeals to Lemma A.9, it is known that

2\P 1 1
cebtn 7 < (=) (e )] « )
Sn T T

For 1, = &, = n~"?(logn)", with s as in (4.13), we have log D(&,, F, du) <
né2. Also, nn? = n&2 = (logn)?* — co. Recalling that &, = n~'/?(logn), an
upper bound on the rate is given by &, := (5, V &,) = &,. O

Remark 4.5. Let supp(g) denote the support of the prior density g for o. An
inspection of the proof of Theorem 4.3 shows that, when supp(g) C (0, 7], for
some 0 < @ < oo, then ¢ is also allowed to take the value p, i.e., 0 < 6§ < p.
Furthermore, it turns out that k = 1 4 p/v, with v the tail decay rate of G at
zero. This rate is better than the one we would get using Theorem 4.2: in fact,
since (p/d) > 1, it results 3 +p/d 4+ p/y > 1+p/v.

Remark 4.6. If G has compact support [g, 7] C (0, 00), which corresponds
to having 71 = 72 = oo, then k = 1 and, for any value of p = 2m, m € N, an
upper bound on the rate is n_l/Q(log n), which is the same obtained by Walker,
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Lijoi and Priinster [29], pages 742-744, for the special case where a normal base
measure « is used and a normal mixture fy, with mixing distribution Fy having
sub-Gaussian tails, is considered. Theorem 4.3 extends their result to EP kernels
using a different approach and improves it on by relaxing the condition on the
tail behaviour of o/ from a sub-exponential to an over-exponential decay rate.

Corollary 4.3. Under the conditions of Theorem 4.3,

dri(fn, fo) = Op(n="*(logn)"),

where K is as in (4.13).

4.2. Non-analytic kernels

In this subsection, we study the case where the kernel is not infinitely differen-
tiable at zero. This case corresponds to values of p # 2m, m € N. Let p denote
the greatest integer strictly smaller than p. If p is not an even integer, then the
kernel is only p-times differentiable at the origin. Precisely, for p € (0, 1], the
kernel is not differentiable at zero. For p € (1, 2), the kernel is only one time
differentiable at zero, with

1
Y5,(0) =0
In fact,
1
U5 (x) = = =0, p(x)[[Psgn(z),  Vz R, (4.16)
: s

with 0 < (p —1) < 1in |z[P~L. When p > 2 and p # 2m, m € N, for every
1 <k < (p—1), by Leibniz formula for the kth derivative of a product of
functions applied to (4.16), for any = € R,
k1 k(0
Yep(@) = Dyl ()
k

Y (lf) D!(Jaf?~sgn(2)) D4, ()
=0

1 —1 k
= el sen(e) v (@)

() —b- 1 _
= (4 [H(p_ 1 _h)] =0 fgn(@)] ol @),

ob
h=0

where DF f denotes the kth derivative of a function f, with the convention that
D°f = f. Thus, for each j =1, ..., p,

Note that, for j = p, because of the term |z|P~® [sgn(x)]?, where 0 < (p—p) < 1,

the function 1/1((71—2, cannot be further differentiated at zero.
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The fact that v, , is not infinitely differentiable at the origin seems to play a
key role in the search for a finitely supported approximating mixing distribution
Fj of a given Fy with a restricted number of atoms. When p # 2m, m € N, the
arguments of Lemma 3.1 in Ghosal and van der Vaart [8], pages 12401241,
cannot be used to find F{ by the moment matching condition, because 6 and
x do not separate by factorization (see their equation (3.8), page 1241). An
approximating mixing distribution can be found using the matching condition
combined with a preliminary partitioning argument, but this incurs an addi-
tional factor of e~(V1/P) in the number of support points (cf. Lemma A.5),
leading to a slower than nearly parametric rate.

Theorem 4.4. Let p > 1/2 be such that p # 2m, m € N. Suppose that fy =
Fo*g,, p, with the true mizing distribution Fy having either compact support or
sub-exponential tails as in (4.7) and the true scale oy lying in a compact interval
[, ] C (0, 00). If the base measure o has a continuous and positive density o
such that, for constants b >0 and 0 < 6 < p, satisfies (4.12), the prior G for o
is supported on o, @] and has a continuous and positive density on an interval
containing og, then the posterior rate of convergence relative to dy is

£n = 0~ V2HAVYD) (10g ),

where kK > 0 depends on p.

Proof. We show that conditions (A.1) and (A.3) of Theorem A.1 are satisfied
by sequences &, = n~/20HAVI/Pl(logn)s and &, = n~/21HOV/PI(1ogn)*,
with 0 < ¢ < k, so that e, := (&, V &,) = &,. We begin to consider condition
(A.1). Given n € (0, 1/5), for a constant L > 0 to be suitably chosen, let
0 < a < Llogn Y)Y?. Let F, 1 0.5 and F, 5z be defined as in the proof
of Theorem 4.1. Reasoning as in Lemma 3 of Ghosal and van der Vaart [10],
pages 705-707, and using the result of Lemma A.5, it can be proved that, for
any p > 0 such that p # 2m, m € N, if (a/a) < (logn~')Y/P, then for small
enough n > 0,

log N 10172, Fomz - 1) % o ()

a1

1/p
1 2a 1
—(1v1/p) - - —
7 (log 77) 1 X [log (gnl\/l/p + 1) + log 77] . (4.17)
Thus,

1OgD(nl/2(lognil)l/2pv ya,n/lﬁ,g,ﬁv dH)

+

S IOgN(nl/Q(lognil)l/Qp/2u tglz, n/lG,g,Ea dH)
< IOgN(n(lognil)l/p/Zl‘u tglz,n/lﬁ,g,?v H : Hl)

< log N(n(logn™")"/*/8, Fu,g,5, |- II1)

1 1+1/ZD
p~(V1/p) (log _> ,
Ui

A



296 C. Scricciolo

where the third inequality descends from Lemma A.3 of Ghosal and van der
Vaart [8], page 1261, and the last one from (4.17). Let

(1+1/p)+(1/p)(AV1/p)
2[1+ (1Vv1/p)] '

Choosing
nL/2(logn V2P = = 1/20+V/P) (1og n)s = &,

and a,, = L(logn,; \)'/?, for Z,, := Z,, .. /16,0, condition (A.1) is seen to be
verified,
log D(&,, Zn, du) < né>

~ n*

Now we show that 7(Z¢| X1, ..., X,,)—0, in PJ-probability, as n — co. We
have

m(FE X1, ...y, Xn) S Pr{F: F([—an, an]®) > nn/16}H X1, ..., Xpn) =t Jn,

where J,, plays the role of J,(zg) in the proof of Theorem 4.3. Note that, since the
prior G for o is compactly supported, for each n € N, the terms Jr(Ll) and J7(12)
are both equal to zero, Fj'-almost surely. Now,

Eg [Jn]
< E[Pr({F : F([=an, an)®) > nn/16}[ X1, ..., Xp) I{maxlgign \Xi\San/2}]
+ Eg[l{maxlgign \Xi\>an/2}]'

Both terms on the right-hand side can be seen to converge to zero as in the
proof of Theorem 4.3. In particular, the first term is handled by appealing to
Lemma A.11, with n? = 7,/16, T =7 and a = a,,. In this case, £ = 1/p because
Y2 = 0. Also, nn, — oo, which guarantees that the first addendum in (A.17)
converges to zero.

To show that condition (A.3) is satisfied with &,, we provide a lower bound
on 7(BxwL(fo; €2)), as € — 0. Let 0 < ¢ < [(00/2) A (1 —e™1)/v/2] be fixed.
We begin to consider the case where Fj has compact support, say [—ag, ag] for
some ag > 0. By Lemma A.5, there exists a discrete distribution F{ (depending
on ¢), supported on at most

N < 5—(1V1/p)(10g5—1)1/p
points 61, ..., On € [—ao, ag], such that

HfFé,Uo — follo S e

For small enough € > 0, by Lemma A.8,

1 1/p
I fry.00 = folli S € (1og g) ,
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For p > 1/2, without loss of generality, we may assume that the support points
of Fj are at least 2e2-separated (cf. Ghosal and van der Vaart [8], page 1252).
Represented Fj as Zjvzl w;6,, with [0; — 0| > 2¢* for all j # k, for any
probability measure F' on R such that

N
D OIF(0; =€, 0; + %)) — wy| <&
j=1

and any o > 0 such that |0 — o¢| < ¢,

2

”fF,U - fF(;MToHl S ”wa,p _woo,pnl +

o N\ og
N

+2 ) |F([0; - €%, 0; + %) — w;
j=1

|o — oo €

A

o N\ oo o N\ oy

Thus,

1/p
1
di(fr,o, fo) < || fr e — TE ool + 1 fry 00 — folll S e (10g g) .

Reasoning as in the proof of Theorem 4.1, for a constant ¢ > 0,

N
fro: Y IF([6; — €2 0+ %)) —w;| <&, |o—og| <
j=1

1 24+1/p
C Bk | fo; ce (log g) .

Note that, for p > 1/2, the condition 2 < (1/N) of Lemma A.2 in Ghosal and
van der Vaart [8], page 1260, is satisfied. Hence, for constants ¢/, ¢/ > 0,

7(Bkr(fo; ce(loge™1)?F/P)) > exp{—c'Nlog(1/e)}
Z eX1:){_61/&_—(1V1/p) (10g€_1)1+1/p}.

Let &, = n~/20+0V1/P)(log n)* with

(1+1/p)+(2+1/p)(1V1/p)
21+ (1Vv1/p)] '

Then, for a suitable constant ¢y > 0, we have 7(Bkw(fo; €2)) 2 exp{—cané?}.

Following the arguments in the proof of Theorem 4.2, the same bound can
be obtained for the case where F has sub-exponential tails. To complete the
proof, note that x > ¢, thus an upper bound on the rate is given by ¢, = &,,. O
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Remark 4.7. The result covers the case of a normal-Laplace density fo, for
which a rate of n=1/4(logn)>/* is obtained.

Some remarks are in order. Differently from Theorem 4.1, Theorem 4.2 and
Theorem 4.3, the posterior rate has been derived here assuming that the scale
lies in a compact interval. The result is based on inequalities that are explicit
in the lower and upper bounds on the scale so that, in principle, a rate could
be obtained also when ¢ is unconstrained. Yet, as the rate would be slower, the
aim is not pursued. As far as we are aware, the (minimax) optimal rate of con-
vergence, relative to the Hellinger or the L;-metric, for this density estimation
problem is unknown. Admittedly, we have found only an upper bound on the
posterior rate and are not able to say whether, except possibly for a logarithmic
factor, this bound is sharp or not.

5. Final remarks

In this article, we have studied frequentist asymptotic properties of posterior
distributions of Dirichlet EP mixture priors, focussing on rates of convergence.
Some theoretical properties usually discussed for specific densities nested in
the family of EP distributions, like the normal, have been extended to more
general kernels with non-trivial implications on posterior rates. The discrepancy
observed in the rates for analytic and non-analytic kernels seems to suggest that,
for infinite mixtures, the accuracy of the posterior in quantifying the uncertainty
on the true density may heavily depend on the regularity of the kernel. It should
be mentioned that a similar behaviour has been recently noted also by de Jonge
and van Zanten [4] in a regression setting, insofar that the regularity of the
kernel influences the posterior contraction rate, leading to a slower rate when
the kernel is not analytic. This feature deserves further investigation to clarify
whether and, if so, why the lack of regularity of the kernel causes a loss in the
rate.

The results on posterior rates are of interest not only in density estimation, as
previously pointed out, but also in the context of linear regression with unknown
error distribution, see, e.g., Ghosal and van der Vaart [9], pages 205-207. In
both settings, however, the cases where the true mixing distribution has tails
decaying not exponentially fast or the true density is a scale mixture of normals,
like the Cauchy or Student’s t distribution, are not covered. This suggests that
a potential future direction to pursue is an extension of previous results to
Dirichlet scale mixtures of EP distributions.

Appendix: Auxiliary results

This Appendix reports the statement of a theorem in the recent literature (cf.
Theorem A.1), which is instrumental to derive the main results of the article,
establishes some facts about the uniform approximation of EP mixtures by finite
mixtures (cf. Lemma A.5) and provides an upper bound on the metric entropy
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of a sieve set of EP mixtures (cf. Lemma A.9). Some lemmas are straightforward
extensions to EP mixtures of results valid for normal mixtures, thus only those
proofs requiring further arguments are presented.

Theorem A.l. [THEOREM 2.1 IN GHOSAL AND VAN DER VAART [8]]. Let
T be a sequence of priors on a class of densities F equipped with a metric d
that can be either the Hellinger or the one induced by the Li-norm. Suppose
that for positive sequences &y, &, — 0 such that n(Z2 A €2) — oo, constants
c1, €2, c3, ¢4 >0 and sets %, C.%, we have

log D(&,, Fn, d) < c1né2, (A1)
Tn(F \ Fn) < cge(2HInE (A.2)
Tn(Bku(fo; €2)) > e ™20, (A.3)

where Bxr(fo; €,) == {f : [log(fo/f)dPy < &, [(log(fo/f))*dPy < &7}
Then, for e, = (&, V &) and a sufficiently large constant M > 0, the posterior
probability

m({f 2 d(f, fo) > Me}| X1, ..., X)) =0

in B -probability, as n — oo.
The following four lemmas present some useful inequalities.

Lemma A.1. Let p >0 be fized. For any o >0 and x, y € R,

g g

1|z —y "7
Sup [t (2 — 0) — oy — 0)] < - (—) . (A1)
(A

Proof. Let 0 > 0 and z, y € R be fixed. We begin to consider the case where
p € (0,1). For any 6 € R,

o (2 — 0) — g o (y — 0)] < % [1 _exp{_l (M)p}] - L|$—y|p,

» D o = pep, oltp

where we have used the inequalities
lu =P <|u—zP+ |z —v|?, Vu,v,z€R, pe(0,1),

and 1 — et < t, for t > 0. Now, we deal with the case where p > 1. For any
0 € R,

lz—0[V]y—0|

Vo, p(x = 0) = Yo, p(y = 0)| = ‘/ 1#5130(2) dz

lz—0|Aly—0|

lz —yl
< sup [ ()] ]|lz = 0] — |y — 0l S ——,
220 g

because

1 (p—1\"""
supws%;(zn——( ) |
220

2
g7 Cp €
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Thus, for any p > 0,

g

_ 1Ap
a—0) — ity (g — )| < X lz =yl . VheR,
|¢,p( ) w,p(y Ny

and the result follows. O

The following two bounds on the supremum and Li-norm of the difference
between two EP mixtures are the same as those for normal mixtures (cf. the
proof of Lemma 3 in Ghosal and van der Vaart [10], pages 705-707).

Lemma A.2. Let p > 0 be fized. For any probability measure F' on R and any
pair o, o’ >0,

IF*Yop = Fxtor pllc < %o, p — Yo, plloc
| — o’ lo — o]
< < A5
~ oo’ ~ (o Nd')? (A-5)
and
lo — o
1F % o, p — F % or pllt < Yo, p — Yor pllt <2 (A.6)

ocANo'

Note that the constant in the upper bound (A.6) does not depend on p. The
proof of the following inequality for the case where p = 2, i.e., the kernel is
Gaussian, can be found within the proof of Lemma 1 of Ghosal, Ghosh and
Ramamoorthi [7], pages 156-157.

Lemma A.3. Let p > 0 be fized. For any o > 0 and any pair 6;, 0;, € R,

0, —0 210, —0
[t = 83) — o~ Bl < 2 il O < 2Vl 7y

Cp g

Lemma A.4. Let o > 0 be given. For any pair p, p’ > 0,

Ip pl

o, = woprlls = 19, )1,

where g(./5y(2) = s, 1 () and 1/(pV p") < z* < 1/(pAp'). Furthermore,
1, as =z — 0,

1 . (A.8)
as z* — oc.

lp — 1|
%o, p = Yo, prll1 < W X

Proof. Let z :=1/p and

z

G(z)0)(2) = Vg, o1 (x) = ] exp {—z(|z| /o)'/?}, z>0.

z
2071+ 2
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By the Mean Value Theorem,

[0 = s = l9/00(2) = 90700 = E 2L g2, )
where 1/(pVp') <z*<1/(pAp') and
9oy (2) = 9oy (27) [1 +log 2* — W(1 + 27)]
+ 9w/ (2%) (2l /o) log(lal /o) /=" 1], z€R,

with W(z) := D'logI'(2) the Digamma function. Clearly,

||9§.1/)g)(2*)||1 < |14+logz" —U(1+z")]

4 [ taso (&) Jalf0) 1 hog([al /o) * = 1] da
=: Tl —|—T2

As z* — 0,

TS () +0(") S (5)7
where v is the Euler-Mascheroni constant, and To < o(2*)~!. The first bound
in (A.8) follows the fact that (2*)™! < (pV p'). As 2* — oo, Ty = O(1) and
T> = O(1), whence the second bound. O

The next lemma establishes that, at least when the kernel is analytic, EP
mixtures can be uniformly approximated by finite EP mixtures with a relatively
small number of components.

Lemma A.5. Let p > 0 be fized. Let 0 < e <1 and a, 0 > 0 be given. Define
D = [(a/o) V (ploge=")/P]. For any probability measure F on [—a, a], there
exists a discrete probability measure F' on [—a, a], with at most

D, if p=2m,
NZ m € N,
De=(WV/P) | if p £ 2m,

support points, such that

S
HF*Q/JGP_FI*Q/JU,;)HOOS;- (Ag)

Proof. In the case where p is an even integer the result can be proved as in
Lemma 3.1 of Ghosal and van der Vaart [8], pages 1240-1241. In the case where
p # 2m, m € N, for any constant M > 0 and any probability measure F’ on
[_a7 a]v

[F 5o, p = F % 1o plloc < |S|U%I(F*¢a,p)($)—(F’*¢a,p)(x)| (A.10)
x| <

+ o [(F 5 Y p) @) = (F 5 v )@ (A1)



302 C. Scricciolo

For M = 2[aV o(ploge™")'/?] = 20D, the term in (A.11) is bounded above, up
to a constant, by (¢/0),

sup [(F %o, ) (@) — (F' % g ) (@)] < 295 p(M —a) S =
|| >0 g

To bound above the term in (A.10), we consider a finite partition of (—M, M)
into k = [(2M/0)e=(V1/P)] = O(De~(V1/P)) disjoint, consecutive intervals
I, ..., I each of length I < oe'V'/P and, possibly, a final interval I, i of
length 41 < oelV1/P Let J stand for the total number of intervals in the
partition. It is either J = k or J = k + 1. Then,

sup |(F * o, p) () — (F" % b5, p) ()]

|z| <M
= _ /
= o, Sup |(F % vo,p)(@) = (F7 5 o) (@)
For each j =1, ..., J, let z; denote the left endpoint of the interval ;. In fact,

any point in /; would serve the aim. Then,

sup [(F % ¥o,p)(x) = (F x g, ) ()]

zel;

= sup [(Fx g p)(@) F (F 5o, p)(25) F (F 5 o p)(25) — (F % ¢5,p)(2)]|

xcl;

2 sup sup W’a,p(x —0) - wo,p(xj —0)]

zelj |0|<a

IN

+ ‘/a VYo, p(z; — 0)d(F — F')(0)], (A.12)

where, by inequality (A.4),

1 €
sup 1o, p(x — 0) = Yo, p(z; = O S = (Jx —a5l/0)"P S =, Vael.
[0]<a o) o
Furthermore, if for each j =1, ..., J,
Vo, p(x; —0)dF(0) = [ o, p(z; —0)dF'(0), (A.13)

then the term in (A.12) vanishes and sup, ¢, |(F' * o, p)(2) — (F' x 9o, ) (2)] <
(/o) for all j =1, ..., J. Inequality (A.9) follows by combining the bounds on
the terms in (A.10) and (A.11). It remains to choose F’ so that all the matching
conditions in (A.13) are satisfied. Since the functions v, ,(x; —-) are continuous
on [—a, a], by Lemma A.1 of Ghosal and van der Vaart [8], page 1260, F’ can be
chosen to be a discrete probability measure on [—a, a], with at most N = J +1
support points, such that all the above conditions are satisfied. The proof is
thus complete. O
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Remark A.1. Combining inequality (A.5) with Lemma A.5, for any pair
o, 0’ >0,
lo — o’ €

+ ;
oNd')2  oANd!

HF*U}mp_FI*‘/)UG;DHoo = (

where F” is a discrete probability measure on [—a, a], with at most

([a/(a Aol Vv [plog(l/a)]l/”)p, if p=2m,
NZ m €N,
(la/(a A"V [plog(1/e)]/P) e= VAP if p o 2m,

support points.

The next lemma provides an upper bound on the tail probability of an EP
distribution with p > 1.

Lemma A.6. Let p > 1 be fized and let o > 0 be given. For any B > 0,

[ o) de < Zrv (). (A14)

Proof. Write

G pl(B /w - / = e () o
B 1/ Yool

Inequality (A.14) follows immediately. O

Y

Remark A.2. For o = 1 and p = 2, inequality (A.14) reduces to

- o)
| otayde < 222,

which, rewritten in terms of the Mill’s ratio, takes the form
¢(B)
————>B
1-®(B) —
where ®(-) denotes the standard normal cumulative distribution function.

Next, a similar bound valid for any p > 0 is derived which, in particular,
holds for p € (0, 1).

Lemma A.7. Let p > 0 be fized and let o > 0 be given. For any B > o,

e B
/B ’lbo-)p(.’l/') dz S ng7p(3). (A15)
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Proof. For each B > 0,

/B Vo, p(z)dz = _Bwa,p(B)'i'/B (;) Yo, p(z) dz

Y

~Bios®) + (2) [ v siran

where the first equality follows from integration by parts. If (B/o) > 1, then
inequality (A.15) holds. O

The following lemma provides an upper bound on the L;-distance between
two EP mixtures by relating it to the corresponding L..-distance. It is based
on Lemma A.7 and extends an analogous result valid for normal mixtures (cf.
Lemma 3.2 of Ghosal and van der Vaart [8], pages 1242-1243).

Lemma A.8. Let p > 0 be fized. Given a > 0, let F and F' be probability
measures on [—a, a]. For given o > 0, define

doo = HF*wa,p —F *wa,pHoo'

1 1/p
a\/a<p10g 7 ) .
odso

The next lemma gives an upper bound on the Lj-metric entropy of a sieve set
of EP mixtures. It is based on Lemma A.5 and Lemma A.8 and can be proved
similarly to Lemma 3 of Ghosal and van der Vaart [10], pages 705-707, which
deals with normal mixtures.

If doo < (e7%/7/0), then

”F*wd,p —F/*1/}a,p||1 5 doo

Lemma A.9. Let p=2m, m €N, be fized. Let 0 < e < 1/5. Let 0 < s <t and
a > 0 be such that, for some v > 0,

1 v
4 < (10g—> .
s €
Define Zy, 5,1 = {F *o,p: F([—a,a]) =1, s<o <t}. Then,

t

g N Foe |- 11) % o (£)

+ {(g)pv <1og§)] x {1og <§—Z + 1) +log ﬂ .

The following assertion is useful to estimate the prior probability of Kullback-
Leibler type neighborhoods of fy when checking condition (A.3). Ghosal and van
der Vaart [8] present this result for p = 2 (cf. Lemma 4.1, pages 1248-1249).
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Lemma A.10. Let p > 0 be fized. Let F' be a probability measure on R such
that, for some constant b’ > 0,

F'({0:10] > t}) <e ¥, for large t > 0.

Let F' be another probability measure on R such that, for some constant B > 0,
F([-B, B]) > 1/2. For o, 0" >0, let ¢ := F % ¢, , and ¢’ := F' x5/ . For
0<e<[(0/2)A(1—eY)/V2], if o —0'| < e and dulq, ¢') < &, then

/
1
/q' (1ogq—) dx < e’log -,
q 5
I\ 2 2
1
/q’ (log q_) dx < ¢€? <1og—> .
q €

Remark A.3. The assertion of Lemma A.10 still holds true if
B=B(e) = O((logafl)l/p).

In such a case, in fact, for a suitable § € (0, 1] (depending on V', ¢/, p) and some
£>0,

N\ O
M2 .= / qd <q—) A (A.16)
TN

is such that MZ = O(1/£%) and Theorem 5 of Wong and Shen [31], pages 357
358, goes through.

The next lemma is a version of Lemma 11 of Ghosal and van der Vaart [10],
pages 715717, adapted to EP mixtures.

Lemma A.11. Letp > 0 be fized. Let X1, ..., X, be i.i.d. observations from a
probability measure Py with density fo = Fo *g,,p. Suppose that the model is a
location mizture of EP densities, i.e., fr,o = F'* s p, with the scale parameter
o distributed independently of the mixing distribution F. If the base measure o
of the Dirichlet process prior for F' has a continuous and positive density o on
[—a, a], with a > 1, then, for any 0 < T < (a/2) and n > 0, there exists a
constant K > 0 (depending only p) such that

ES[PY({F: F([_av a]c) > 772}|X17 R X") I{maxlgign |Xi\Sa/2}]

< a([_a’a a]c) Kne*(a/T)p/(PQPH)
~ n?[(R) +n] 2 A

FERPr(o > T|Xy, ..., Xu)],

(A.17)

where A\q := infjg <, a/(0) > 0.
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