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2010 RIETZ LECTURE
WHEN DOES THE SCREENING EFFECT HOLD?

BY MICHAEL L. STEIN!
University of Chicago

When using optimal linear prediction to interpolate point observations of
a mean square continuous stationary spatial process, one often finds that the
interpolant mostly depends on those observations located nearest to the pre-
dictand. This phenomenon is called the screening effect. However, there are
situations in which a screening effect does not hold in a reasonable asymp-
totic sense, and theoretical support for the screening effect is limited to some
rather specialized settings for the observation locations. This paper explores
conditions on the observation locations and the process model under which
an asymptotic screening effect holds. A series of examples shows the diffi-
culty in formulating a general result, especially for processes with different
degrees of smoothness in different directions, which can naturally occur for
spatial-temporal processes. These examples lead to a general conjecture and
two special cases of this conjecture are proven. The key condition on the
process is that its spectral density should change slowly at high frequencies.
Models not satisfying this condition of slow high-frequency change should
be used with caution.

1. Introduction. The screening effect is the geostatistical term for the phe-
nomenon of nearby observations tending to reduce the influence of more dis-
tant observations when using kriging (optimal linear prediction) for spatial inter-
polation [Journel and Huijbregts (1978), Chiles and Delfiner (1999)]. This phe-
nomenon is often invoked as a justification for ignoring more distant observations
when using kriging [Memarsadeghi and Mount (2007), Emery (2009)]. Only in
some very limited special cases is the effect exact in the sense that the more dis-
tant observations make no contribution to the kriging predictor, so it is natural to
use asymptotics as a way to study the screening effect.

Let us set some notation. Write x - y for the inner product of commensurate vec-
tors x and y. Suppose Z is a mean square continuous, stationary, mean 0 Gaussian
process on R¢ with autocovariance function K (x) = E{Z(x)Z(0)} and spectral
density f, so that K (x) = [pa el f (w) dw. When the mean is assumed known to
be 0, kriging is often called simple kriging. Throughout this work, we assume that
the problem of interest is to predict Z(0). For S ¢ R?, write Z(S) for the vector of
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observations (in some order) of Z on §, and define e(S) to be the error of the best
linear predictor, or BLP, of Z(0) based on Z(S). Let N, and F, be two classes of
sets indexed by the parameter ¢ > 0, with N, representing observations near 0 and
F; more distant observations. We will say that N, asymptotically screens out the
effect of F, if

Ee(N; UF,)*

1 =1.
M L0 Ee(N,)?

Stein (2002) argues that a useful asymptotic approach is to let the smallest dis-
tance from the observations to the predictand tend to O as ¢ | 0. Specifically, Stein
(2002) proves (1) when, essentially, for some xg € R not in the integer lattice, F,
is all points of the form ¢(xg + J) for J in the integer lattice, N, is the restric-
tion of F; to some fixed region with O in its interior and f is regularly varying
at infinity [Bingham, Goldie and Teugels (1987)] in every direction with a com-
mon index of variation. The methods used in Stein (2002) make strong use of the
gridded nature of the observations and are not applicable here. Furthermore, re-
quiring f to be regularly varying at infinity with common index of variation in all
directions excludes models for spatial-temporal phenomena that exhibit a different
degree of smoothness in space than in time. Section 4 provides further discussion
of these issues. Ramm (2005), Chapter 5, takes a different approach to studying
an asymptotic screening effect by considering a process observed with white noise
everywhere in some domain and letting the variance of the white noise tend to 0. In
this work, we take a closer look at how the set where Z is observed affects whether
an asymptotic screening effect holds.

We will take the sets N, and F; to have a particular form that simplifies the
asymptotic analysis. Suppose xi,...,x, are distinct nonzero elements of R?,
Y1, ..., ym are distinct elements of R? and yo € R? is nonzero. For the rest of
this work, let N, = {ex1,...,ex,} and F; = {yo + €y1,..., Yo + €ym}. Section 2
explores when (1) holds through a series of examples leading to a broad conjec-
ture under a key assumption on the spectral density f of the random field: for every
R < o0,

(2) lim sup

=00,

M_l‘zo,
[ ()

The examples will demonstrate that one generally needs a further condition on N,
depending on the mean square differentiability properties of the process. For non-
differentiable processes, no further assumptions on N, may be needed. Indeed, for
nondifferentiable processes on R, Theorem 1 in Section 3 has (1) as its conclusion
under (2) and a mild additional condition on f. For nondifferentiable processes
on R, if one restricts the cardinality of N, to 1 and of F; to 2 (and sets y, = 0),
then Theorem 2 proves (1) under (2) without any additional conditions on f.
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Matérn models [Stein (1999a)] appear in both the examples and the proof of
Theorem 1. Define KC,, to be the modified Bessel function of the second kind of or-
der v [Olver et al. (2010)]. The Matérn model on R? has autocovariance function
¢ (x|x])"IC, (a|x|) for positive ¢, @ and v. The parameter v controls the smooth-
ness of the process: Z has m mean square derivatives in any direction if and only
if v > m. The corresponding spectral density equals ¢ (a? + |w|>) ™V "4/? times a
constant depending on «, v and d. All Matérn models satisfy (2).

2. Examples. This section studies a number of examples to gain some insight
into the conditions on f and N, that are needed in order for (1) to hold. The
derivations of these results are elementary but not necessarily easy. Rather than
give detailed derivations of all of them, I will outline derivations in a few of the
more difficult examples in Section 5.1.

To see why a condition like (2) is needed, let us first consider an example on R
addressed in Stein and Handcock (1989) and Stein (1999a), pages 67—-69. Suppose
n=1,x1=1,m=2,y90=1, y1 =0 and y, = 1; see Figure 1. Consider K (x) =
e 1, a Matérn model with smoothness parameter % The corresponding process
is mean square continuous but is not mean square differentiable, and it is easy to
show Ee(N,)? ~ 2¢ as ¢ 4 0. This process is Markov, so that Ee(N, U F.)? =
Ee(N,)? for all ¢ < 1 and (1) holds trivially. Next consider K (x) = (1 — |x|)*
(where the superscipt + indicates positive part), for which f(w) = 17:%, which
does not satisfy (2). Stein and Handcock (1989), page 180, give the BLP based on
Z(N, U Fy), from which it is not difficult to show that Ee(N,)* ~ 2, just like for
K (x) =e ™| but Ee(N; U F,)?> ~ 3e as e | 0 so that Ee(N, U F;)?/Ee(N,)* —
% as ¢ | 0. The choice of yg = 1 is critical here: for yg # 1 but positive (keeping
x1=1,y1 =0,y2=1), Ee(N; U F;)?/Ee(Ng)*> — 1 as ¢ |, 0. The anomaly for
yo = 1 is related to the lack of differentiability of K (x) at x = 1, which is in turn
related to the oscillations at high frequencies in f. See Stein (2005) for further
discussion on the relationship of the differentiability of K away from the origin
and the high-frequency behavior of f.

Proposition 1 in Stein (2005) provides a second example showing why a condi-
tion like (2) is needed to have a screening effect. The following special case of this
result suffices to illustrate the point. Suppose Z is a stationary process on R? with
autocovariance function K (s, 1) = e~ 817!l for 5, € R. The corresponding spec-

. . . 1 . .
tral density f (w1, @) is proportional to (T2 (Tl which does not satisfy (2).

+ . o o
T T T 1
0 € 1 1+e
FI1G. 1. Prediction problem for triangular autocovariance function. Prediction site (+ sign), nearby

observation (solid circle) and distant observations (open circles).



2798 M. L. STEIN

8]. o
0 + o
M ]
0 1

FI1G. 2. Prediction problem for autocovariance function K (s,t) = e~ Is1=ll, Symbols as in Fig-
ure 1.

Consider the situation pictured in Figure 2, for which x; = (0, 1), yo = (1, 0),
y1 = (0, 1) and y, = (0, 0). Then using either direct calculation or Proposition 1
in Stein (2005), lim. o Ee(N, U F;)?/Ee(Ne)?> =1—e72.

The remaining examples all consider f satisfying (2). To see why an additional
condition on N, is needed for (1) to hold for differentiable processes, consider a
Matérn model with smoothness parameter % K(x)=e 1+ |x]), for which the
corresponding process is exactly once mean square differentiable. For N, = {¢},
F. = {1} (top plot in Figure 3), straightforward calculations yield Ee(N;)? ~ g2

and Ee(N, U F,)? ~ 22—:382 as € | 0 so Ee(N; U Fy)2/Ee(Ng)? — Z;:i as
e | 0. Unlike the triangular case, there is nothing special about yp = 1 here and
the more general result for yg > 0 is Ee(N, U Fe)z/Ee(Ng)2 -1 - yg/(e2y0 —
1 —2yy — yg). The reason the limit is less than 1 is not because there is any-
thing unusual about f, but rather that N, is inadequate. Specifically, since Z(0) =
Z(e) —eZ'(0) + op(e) and cov{Z(s), Z'(0)} - 0 as ¢ | 0, it is apparent that
having even a somewhat informative predictor for Z’(0) would provide useful in-
formation about Z(0) not contained in Z(¢). In fact, as € | 0, it is possible to

show that Z//\(m = ﬁz (e) — 62%42 (1) is an asymptotically optimal predictor

of Z'(0) based on (Z(g), Z(1)) and, in turn, that Z(g) — SZ//\(O) is an asymptot-
ically optimal predictor of Z(0) based on (Z(¢g), Z(1)). A screening effect does
hold if 2¢ is added to N, (bottom plot of Figure 3). Then it is possible to show that
Ee(N, U F.)? ~ Ee(N,)? ~ %83 as ¢ | 0, so (1) is true. Furthermore, as ¢ | 0,
2Z(2¢) — Z(e) = Z(e) — e[{Z(2e) — Z(e)}/e] is an asymptotically optimal pre-

(a)

+ e °
T T 1
0 € 1
(b)

+ ° ° o
T T T 1
0 € 2¢ 1

FI1G. 3. Prediction problems for Matérn model with v = % on R. Symbols as in Figure 1.
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dictor of Z(0) based on Z(N.U F;) and {Z(2¢) — Z(¢)}/¢ is a consistent predictor
of Z'(0). A reasonable conjecture for a process on R with exactly p mean square
derivatives whose spectral density satisfies (2) is that any distinct xq, ..., x, with
n > p suffices to make (1) true.

It is helpful to consider this problem in the spectral domain. We need some
further notation to proceed. For nonnegative-valued functions a and b defined
on a common domain D, write a(x) < b(x) if there exists finite C such that
a(x) < Cb(x) for all x € D and, for x € R, a(x) < b(x) as x | xg if, for some
c>0,alx) K b(x) for D= (x9,x0+ c). Write a(x) < b(x) if a(x) < b(x) and
b(x) < a(x)anddefine a(x) <xb(x)asx | Oifa(x) < b(x) asx | xp and b(x) K
a(x) as x | xo. For a complex-valued function g and a nonnegative function f de-

fined on a domain D (always R? here), define llgllr= \/fD lg(X)|? f(x)dx. To
each random variable of the form 2?21 AjZ(s;j) there is a corresponding func-

tion Z’}=1 Aje'Si, and the mapping is an isometric isomorphism in the sense
that E{}_"}_, MZSHY = [pa 122 1€l @Si? f(w)do. WriFe Y19 Z(ex))
for the BLP of Z(0) based on Z(N¢) and ¢ (w) = >_; ¢jee'* for the corre-
sponding function. If we set n;(w) =1 — ¢ (w), then Ee(N,)? = I7¢ ||§c.

For any A C RY, call [, |n¢(@)|* f (@) do/||n¢ || the fraction of Ee(Ne)? at-

tributable to the set of frequencies A. Write b(r) for the ball of radius r centered
at the origin. For the scenario in Figure 3(a), for any fixed wg > 0, as ¢ | 0,

) fwydw 2
3) o) M6 )|2f( ) ~—{tan_la)0— wo 2} -0
||77£||f 4 I+ wy

so that an asymptotically nonnegligible fraction of Ee(N,)? is attributable to a
fixed range of frequencies. Similar to the definition of 7, let ¥, be the func-
tion corresponding to e(Ng U F;), so that Ee(Ng U F.)? = ||w8||§f. Then (3) al-

lows Z(1) to improve the prediction nonnegligibly by making |1/ (@)|?/|ns (@)|?
substantially smaller than 1 in a neighborhood of the origin. In contrast, for
the scenario in Figure 3(b), fb(wo) [ne (a))|2f(a)) do < e* as ¢ J 0 for any fixed

o, 50 that [, [ne(@)|* f(@)do K ellne|l} as & | 0. In this case, making

[ ()]?/|ne(w)]* substantially smaller than 1 in a neighborhood of the origin
cannot yield a nonnegligible asymptotic impact on the mean squared prediction
error. Thus, [, [Ve ()*f(w)dw/ Jo(wo)e 176 (@)|? f (w) dw must be bounded
by some constant less than 1 as ¢ | 0 for all wg for (1) not to hold. The fact that
f is well behaved at high frequencies [i.e., satisfies (2)] effectively precludes this
possibility so that (1) holds. This line of reasoning forms the basis of the proof of
Theorem 1; see Section 5.2.

It is interesting to reconsider the two cases pictured in Figure 3, for a process
that is not quite mean square differentiable: K (x) = |x|K(|x]), a Matérn model
with smoothness parameter 1, for which K(x) =1 + %leog(%lﬂ) + %(2)/ —
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Dx? 4+ o(x* log|x|) as x — 0 with y being Euler’s constant. The correspond-
ing spectral density f is proportional to (1 + w*)~>/2. Since the process has no
mean square derivatives, I conjecture that (1) should hold for any nonempty N,.
For the scenario in Figure 3(a), Ee(Ny)? ~ —¢2 log ¢ and, for fixed wg > 0,

) |1 — e +{K(e) — 1) 2
w w da)xf do =¢

as ¢ |, 0. Thus, the fraction of the E e(N,)? attributable to b(wo) tends to 0 as & 30,
although at only a logarithmic rate. Not coincidentally, direct calculation shows
that for F; = {1}, (1) holds and I would expect it to hold for more general F;. In
fact, Theorem 2 in Section 3 applies in this case and it follows that (1) holds when
F¢ has two points (and y, = 0).

Next consider some settings for the Matérn model with v = % on R2. Figure 4(a)
shows a situation in which there are two nearby observations in the vertical direc-
tion from the origin and two distant observations in the horizontal direction. One

(a)

2¢ .
€ .
0 + o o
r T 1
0 1 1+¢
(b)
€ .
0 + U o
—€ .
T T 1
0 € 1
(c)
€ .
0 + . o
—€ °
r T T 1
0 € 2¢ 1

FI1G. 4.  Prediction problems for isotropic Matérn model on R? with v = % Symbols as in Figure 1.



THE SCREENING EFFECT 2801

might imagine that because the nearby observations provide no information about
how the process varies in the horizontal direction, the distant observations might
provide nonneglible new information about Z(0). However, Section 5.1 demon-
strates that (1) does hold in this case. The next two examples are related to the
one-dimensional examples considered in Figure 3 for a Matérn model with v = %
Write Z; ; for the ijth partial derivative of Z. In Figure 4(b), N, has three ob-
servations, but they are collinear along a line that does not go through the origin
and it is possible to show that the BLP of Z; (0, 0) based on Z(N,) has asymp-
totically negligible correlation with Z; ¢(0,0) as ¢ | 0. As a consequence, the

asymptotic results are identical to what we had in Figure 3(a): Ee(N;)? ~ 2 and
Ee(N, U F,)? ~ e?=5 e2ase J 0. If N, has three points arranged as in Figure 4(c),

e2—4
then {Z (e, 0) — %Z(Zs, &) — %Z(28, —¢)}/e is a consistent predictor of Z (0, 0)
and (1) holds; see Section 5.1.

Now consider a model satisfying (2) for which the process is not equally differ-
entiable in all directions. Stein (2005) gives an example of such a model. Specifi-
cally, consider a space—time model on R3 x R with spectral density {(1+ |w|?)?+
w%}*z, (w1, ) € R3 x R. Writing erfc for the complementary error function, the
corresponding autocovariance function K is Stein (2005)

_ [ x| 172 x| 472
K(x,t)—Ene erfc(|t| +2|t|1/2)<1_|x|+m>

1 5 12 x| 42
4) +R7T e ™ erfc<|t| —2|t|1/2><1+|x|—7)

1 35 a0 (_ _ ﬁ)
+ 47r [t]"/“expl —|¢| 21|

for x #0 and ¢t #£ 0. For x =0 or + = 0, we can define K by continuity. For
t =0, we get K(x,0) = %nze_m(l + |x|), the Matérn model with v = % so the
corresponding process is exactly once mean square differentiable in any spatial
direction. Stein (2005) shows that K (0, 1) = g% — 273/2[t]3/2 + O(t?) as t — 0
so that K (0, ¢) is not twice differentiable in ¢ at + = 0, and the corresponding
process is not mean square differentiable in time.

For (4), let us again consider the setting in Figure 4(c) with the horizontal axis
corresponding to the first spatial coordinate and the vertical axis corresponding to
time. It now turns out that the two points in N, off of the horizontal axis contribute
negligibly to the BLP whether or not F; is included. The problem is that the lack
of differentiability of Z in the vertical direction implies that the BLP of Z; ((0, 0)
based on Z(N,) has asymptotic correlation 0 with Z; ¢(0, 0). Consequently, the
asymptotic results are the same as in Figure 3(a) for K (x) = e ¥I(1 + |x]); that is,

Ee(N, U F,)?/Ee(N,)* — ijj as & | 0 (Section 5.1).

Figure 5 displays two other settings we now consider for K as in (4). In Fig-
ure 5(a), we have Ee(N, U F8)2/Ee(N8)2 — 1 as ¢ | 0 and, in Figure 5(b),
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(@)

SJ °

0- + o
T 1
0 1

(b)

€ .

0J+ . °
T T 1
0 € 1

FIG. 5. Prediction problems for autocovariance function given in (4). Horizontal axes are first
spatial coordinate and vertical axes are time. Symbols as in Figure 1.

Ee(N, U Fg)z/Ee(Ng)2 — Z;:i as ¢ | 0. These two cases show that it is pos-

sible to have sets N, C Ng yet have that (1) holds for the pair of sets (N, F¢) but
not (N,, F.), further complicating any search for a general result that applies to
processes that are not equally smooth in all directions.

These examples demonstrate that any general theorem that encompasses all of
them will need a condition on N, that depends on f. The following conjecture is
in accord with all of the examples presented here:

CONJECTURE 1. Suppose f satisfies (2) and the following assumption:

ASSUMPTION A. for j =1,...,n, all mean square derivatives of Z at the
origin in the direction x; can be predicted based on Z(N,) with mean squared
error tending to O as ¢ |, 0.

Then for all » > 0,

Ee{N, Ub(r)¢}?
im =1.
£l0 Ee{N.)?

Note that here I have expanded the set of distant observations to include all lo-
cations more than r from the origin, which simplifies the statement of the result
although undoubtedly complicates its proof (assuming it is true). It is somewhat
unsatisfying to have the condition on N, given in terms of properties of predic-
tors of derivatives of Z rather than some purely geometric condition, but I see no
way to accommodate the examples treated here for K as in (4) without a condi-
tion something like Assumption A. Verifying whether Assumption A holds in any
particular setting may require a fair amount of work, although for N, of fixed and
finite cardinality as we consider here, it should generally be possible to make this
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determination. Note that if all mean square derivatives of Z at the origin can be
consistently predicted based on Z(N;) as ¢ | 0, then Assumption A holds for any
Ny ={esq,...,es¢} with {x1, ..., x,} C{s1,...,s¢}.

In all of the examples for which (1) holds,

2
w w)dw
li fb(wo)lne( )|2f( ) 0
10 ||778||f

for all wg > 0, and I suspect that Assumption A is equivalent to (5). Examining
the proof of Theorem 1 in Section 5.2 [see (19)], one sees that (5) is essential to
making the proof work.

®)

3. Theorems. I do not know how to prove Conjecture 1 in anything like its
full generality. Assuming Z is not differentiable in any direction simplifies matters
considerably, because Assumption A then holds for any nonempty N.. Theorem 1
considers nondifferentiable processes on R and Theorem 2 nondifferentiable pro-
cesses on R2.

THEOREM 1. Suppose, for d =1 and some a € (0, 2),
(6) fl@)=A+oh™,
and f satisfies (2). Then (1) holds.

Condition (6) is stronger than necessary to guarantee Z is not differentiable. Be-
cause part of the proof is to show that the low frequencies do not matter in the limit,
(6) can likely be weakened to hold only for all w sufficiently large. Removing (6)
entirely would be more difficult.

The next theorem applies to nondifferentiable processes in R? and does not
require any conditions on f beyond (2). However, it does restrict N, to have only
one point and F to have two. The theorem also assumes y, = 0, but this restriction
does not meaningfully detract from the content of the result and, in any case, could
be removed at the cost of a somewhat messier proof. Extending the result to R is
straightforward, but taking d > 3 is pointless in this setting because any 4 points
in RY fall on a three-dimensional hyperplane, and even taking d = 3 provides no
new insight beyond what is learned from the two-dimensional setting.

THEOREM 2. Suppose Z has spectral density f satisfying (2) and that Z is
not mean square differentiable in any direction. In addition, suppose N, = {ex1}
and Fe = {y9, yo + €y1}, where x1, yo and y1 are all nonzero. Then (1) holds.

Note that the example referred to in Figure 2 satisfies the conditions on N, and
F; in Theorem 2, and the process is not mean square differentiable in any direction,
but f does not satisfy (2). As we have seen, (1) does not hold in this setting, so
that Theorem 2 would be false if we removed (2).
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Throughout this work we assume that Z has a known mean 0. It is common in
practice to assume that Z has an unknown constant mean p and then predict Z(0)
by what is called the ordinary kriging predictor, which is just an example of the
best linear unbiased predictor [Stein (1999a)]. In all of the examples considered in
Section 2, for which (1) holds for simple kriging, it still holds for ordinary kriging.
Furthermore, Theorems 1 and 2 can be easily shown to hold for ordinary kriging by
proving that, under the conditions of the theorems, the ordinary kriging predictor
based on N is asymptotically optimal relative to the simple kriging predictor (see
the ends of each proof in Section 5). Thus, if Conjecture 1 holds for simple kriging,
then I would expect it also holds for ordinary kriging.

4. Discussion. The space-time process on R? x R considered in Section 3
with spectral density {(1 + lw1|2)% + w%}_z, (w1, ) € R? x R, is an example
of a process with a different degree of differentiability in time than in space. It
is a special case of the stochastic fractional heat equations studied by Kelbert,
Leonenko and Ruiz-Medina (2005), which are in turn a special case of a class of
space—time processes suggested in Stein (2005) whose spectral densities are of the
form

(7) fw1, ) = {c1(a} + |01 ) + c2(a3 + |02}

dy d> d 4 dy 2 2 e
for w1 e R4, wp e R2, v > %] + 05 and ¢y, ¢z, a1, a2 and aj + a5 positive to

ensure f is integrable. Because of the superficial similarity of this model to the
Matérn model, we might call it doubly Matérn. All spectral densities of the form
(7) satisfy (2) and thus, I conjecture, satisfy an asymptotic screening effect when-
ever Assumption A applies to N,. At the same time, by adjusting the parameters
o1, oo and v, we can obtain processes with any desired degree of differentiability
in time and any separate degree of differentiability in space [Stein (2005)]. Note
that f of the form (7) satisfies the conditions of Theorem 2 when d; = d> =1,
2v < ;—l + 0}—2 and 2v < a—ll + O%, the last two conditions being necessary and suf-
ficient to make Z not mean square differentiable in any direction. Stein (2011)
derives some results for the covariance structure when a; =a> =0 and ap = 1.

Despite its flexibility, model (7) is still restrictive in some ways, in particu-
lar in exhibiting what Gneiting (2002) calls full symmetry, due to the fact that
f (w1, w2) = f(w1, —w2), and hence the corresponding process has the same co-
variance structure with time running backwards as it does with time running for-
ward. Thus, for example, this model is unsuitable for processes with a dominant
direction of advection. Stein (2005) discusses possible approaches to extending
this model to allow for asymmetries.

As noted in Section 3, (5), which says that only an asymptotically negligible
fraction of Ee(N,)? can be attributed to some fixed frequency range, is crucial to
obtaining a screening effect. This same property was also the key idea in Stein
(1999b) to obtaining explicit results on the asymptotic efficiency of predictors
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based on an incorrect spectral density having similar behavior to the correct spec-
tral density at high frequencies. The high-frequency behavior of a Gaussian pro-
cess is also crucial to estimation of the covariance structure [Stein (1999a)], and
misspecification of this high-frequency behavior can lead to poor behavior of es-
timates, particularly if likelihood-based methods are used [Stein (1999a), Chap-
ter 6, and Stein (2008)]. As statisticians strive to advance the statistical analysis of
spatial-temporal processes, they should pay close attention to the spectral behavior
of the models they use. In particular, models that do not satisfy (2) should be used
with caution.

5. Proofs.

5.1. Examples. For arandom vector Y, write cov(Y) for the covariance matrix
of Y, write O for a column vector of zeroes whose length is apparent from context
and denote transposes by primes. The following result simplifies the calculations
for several of the examples.

LEMMA 1. Ifthere exists a(e) > 0, 8. € R"™™ and A, an (n +m) x (n +m)
matrix such that

T
(8) 61&} cov

a(e)Z©0) —8,- Z(NJUF))\ _ (k O
( A¢Z(Ne U Fy) )_(0 K)

for some k > 0 and K positive definite, then

E{Z(0) — 8. - Z(e)}?
1im e
el0  Ee(Ng U Fy)?

For (8) to hold, ¢, = Z(0) — § - Z(N U F,) must satisfy Ee(N; U Fg)z/Eég —
1 as ¢ | 0. To prove the lemma, note that (8) and K positive definite imply
cov{A.Z(e)} is positive definite for all ¢ sufficiently small. Thus, for all ¢ suf-
ficiently small, the BLP of Z(0) based on Z(N, U F) is the same as the BLP of
Z(0) based on A,Z(N, U F,). Since matrix inverse is a continuous function in
some neighborhood of K, using basic results on BLPs [e.g., Stein (1999a), Sec-
tion 1.2],

a(e)’Ee(N, U Fy)?
= a(e)*(varé, — cov{és, Z(N: U F;) AL}
X [coV{As Z(Ne U Fe)} 17  cov{A: Z(Ne U Fy), & })
= var{a(g)é,} — cov{a(e)és, Z(Ne U F¢) AL}
X [cov{As Z(Ny U F)N ™ cov{A. Z(Ns U Fy), a(e)é,)
—k—0K"'0
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as ¢ | 0, and the lemma follows.
To apply Lemma 1 to the setting in Figure 4(a) with K (x) = e~ *I(1 4 |x|), it
suffices to show
e3/2{7(0,0) —2Z(0, &) + Z(0, 2¢)}

Z(0, ¢)
lim cov e~ 1Z(0,2¢) — Z(0, &)}
&40 Z(1,0)

e HZ( +¢€,0) —Z(1,0)}
0O 0 0 0
1 0 21 —¢!
0O 1 0 0

271 0 1 0

0 — ' 0 o0 1

To show, for example, that cov[sil{Z(O, 2e) — Z(Q, 8)},8_1{2(1 +¢6,0) —
Z(1,0)}] — 0, define the function K on [0, 00) by K(r) = e~ " (1 4 r), which
has bounded derivatives of all orders on [0, co). Then using a Taylor series,

cov{Z(0,2¢) — Z(0,¢), Z(1 4+ ¢,0) — Z(1, 0)}

=K(J(A+e)?+4e?) —K(J(A+e)?+¢?)
—K(J1+4e2)+ K(y1+¢?)

=K1 +e){/d+e)? +462 — [ +e)? +£2)

S O O W

— K'Y1+462 — /1 +£2) + 0(e%)
2 82

(I+e)2 2(1+¢)?

= K'(1+¢)(1 —I—S){ } — K/(l)<282 - %82) + 0(sh

<&

and cov[e 1{Z(0,2¢) — Z(0, &)}, e H{Z(1 +¢,0) — Z(1,0)}] — 0 follows.
Lemma 1 can be applied to the setting in Figure 4(c) with K (x) = e Ml + [x])
by showing

e732{Z2(0,0) —2Z(e,0) + 3 Z(2e, 8) + 1 Z(2¢, —&) }

lim cov Z(e,0)
) e 1227, 0) — Z(2¢,8) — Z(2e, —¢))
Z(1,0)
1(10v5-8v2) 0 0 0
_ 0 1 0 2¢!
- 0 0 4 —2e¢!

0 271 —2¢7! 1
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Specifically, it is not necessary to consider Z(2¢, ¢) and Z(2¢, —¢) separately:
by symmetry, the BLP of Z(0, 0) based on Z(N.; U F,) depends on Z(2¢, ¢) and
Z(2e, —¢) only through Z(2¢, ¢) + Z(2¢, —¢).

As a final example, let us apply Lemma 1 to the setting in Figure 4(c) with
K given by (4). Again by symmetry, we can restrict to predictors that depend on
Z(2¢,¢) and Z(2¢, —¢) only through Z(2¢, ¢) + Z(2¢, —¢). For a and b fixed and
positive, using a Taylor series and

erfc(x) =1 — %(x - %x3> +0(IxP)

as x — 0 [Olver et al. (2010), page 162], it is possible to show
K (ag, be) = gn* — (mwbe)* + O (%)
as ¢ | 0. This result also holds when a or b equals 0. It follows that

( e Z(0,0) — Z(e, 0)} )

lim cov Z(e,0)
£40 e=34027(e,0) — Z(2¢, ) — Z(2¢, —e))
20 0
= O é]‘[z O

0 0 52-v2)r32

so that Z(e,0) is an asymptotically optimal predictor of Z(0,0) based on N..
Furthermore, for ¢c; = 2/(e2 —4)and ¢p = —e/(e2 —4),

e HZ(0,0) = (1 +c18)Z(e,0) — 26 Z(1, 0)}

lim cov Z(e,0)
£10 Z(1,0)
e 3427 (e,0) — Z(2¢, €) — Z(2e, —¢))
1 2e2 -5
—7T 0 0
8 e2—4
1 2
0 g2 T 0
— 8 4e ,
0 72 1 ) 0
— =7
4e 8
8
0 0 0 5(2 —2)73/?

and the conditions of Lemma 1 are satisfied.

5.2. Proof of Theorem 1. Theorem 3.1 in Xue and Xiao (2011) implies
) Il = Ee(Ne)* < &
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as € | 0. Let us use (9) to show that Z’}lequgl is bounded in € as ¢ | 0. If we
define M, = max(l, Z;le |¢jel) and xo = 0, we can write 1,(w) in the form
M, Z?:o m jgeiga’xf for appropriate w;.’s, where, by construction, |u | <1 for
all j and ¢e. Thus, if we can show M, bounded, then Z;;l |¢je| is also bounded.
By (6), there exists 0 < C; < C < oo such that

C1 C2

1o A lopet == T opedt

for all . Thus, making the change of variables v = ew in the second step,
2

o0
Ee(N.? = CiM? [ (1 + o)™ do
—00

n

iewx;
D pjee ™
j=0

2
oo | .
(an =Mz [ 13" pjee ™| e o) aw
|,
21\ s ' 1
ECIME <§8> /; J_;O’uj‘gelvxj v el gy

for all ¢ < 1. Suppose M, is unbounded. Then there exists a sequence {e(k)}
tending to O such that M, ) — oo. Because the 1 .’s are bounded, there exists
(1o, - .., n) € R and a subsequence of {e(k)}, call it {e(k,)}, along which
(H0s(kp)s - - - » Mne(ky)) —> (MO, - - ., Un) as £ — 0o. Since o > 0, by dominated con-
vergence, it follows that

I

n 2

ivx;
Z Mjekpye
j=0

1 o0
v ¥ dy — /
1

2
vl dy >0

n .
Z I'Lje“)xj
j=0

as £ — oo, which, together with (11), contradicts (9), so M, and Z?:] |¢pe| must
be bounded as ¢ | 0.
Now consider the behavior of 7, at low frequencies. Define p =1/3_; ¢je

and 7,(w) =1 — p, Z’}Zl (bjeeig“)xi. By (6) and (9), fol 1ne(@)|? do < €% and,
writing Re for real part, |ns(a))|2 > {Ren, (a))}2 =(1- pg)2 + 0(?) uniformly
for w € [0, 1]. It follows that

(12) (pe — 1)? < &”

as ¢ | 0. Using le’® — 1| < |x| forall x € R, for B € [0, 1] and & € (0, 2),

e h 2
Fo(w)]? 2 @ 2-p(2—a)
a3 [ P fedo<e [T do <
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as ¢ |, 0. Because Y.i_; ¢je Z(ex;) is the BLP of Z(0), ||n8||} < ||ﬁ8||§, so that

[ @l f@dos [ i@ f@do
(14) b(e~P) b(e=P)

+ {Ins(a))l — ne(@)*} f (@) do.
b(e=P)e

Straightforward algebra shows
e (@) — [ne (@)
(15) = (p} — DIge(@)* — 2(pe — 1) Re e ()
=2(pe — 1)?|¢pe(@)[* + 2(pe — D[|pe (@) > — Re gy ()].

The boundedness of the ¢¢’s in & implies ||¢, (w)|> — Ds 212 < min(1, £2w?) and
IRe ¢ (@) — p:! - | < min(l, e2w?), and it follows that

|| (@) > = Re e ()| < | pe — 1] + min(1, £%0?)
as ¢ | 0, which, together with (12) and (15), yields

[ile (@) > = [ne (@) < & + &/ min(1, £*0?)

as ¢ | 0. Thus,
[, i@ = e @P)f @) do
b(e=P)e
-1 24a/2,,2
e +e
(16) <</ Td’a)-{—f l(/)OH‘l da)
« &3/2 4 ge(ptD)
as € | 0. Combining this bound with (13) and (14) implies that for all 8 € [0, 1],
17 / s e (@) * f(0) do < g2 PE70) 4 g/2 4 ge(BFD)
b(e=P)

as ¢ | 0. Note that the bound in (17) is 0(¢%) as ¢ | O for all @ € (0,2) and 8 €
0, 1).

Let Ac = (Mg, ..., Ame), and assume A £ 0 hereafter, as the case A, =0 is
trivial to handle. We next show the correlation of e(N;) and A - Z(Fe) is asymp-
totically negligible. Defining A, (w) = Z’};l Ajee'®Oi,

corr{e(Ne), A, - Z(Fy))
 Jpepy Ne(@)e ™0 () f (@) do
AT
Jo(e-ye Ne(@)e ™00 (@) f (0) doo
el £l 2ell ¢

(18)

é11 + .
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Using the Cauchy—Schwarz inequality and (17), for 8 € (0, 1),

\/fb(g—ﬂ) e (@) f (w) dw
I <
B Imel ¢

as ¢ | 0, uniformly in A. Next, define Ry = 27k/yo and k, = Lyos*ﬁ/(2n)J.
Then Ry, <&~ # and

(19)

—

b(s=F)e

i Rit1 L
<2} \ / Ne(@)e ke (@) f (@) dw‘
k=ke

Ry

o Riy1 L
(20) <2 Z f(Rk)‘/ Ne(@)e " O%he (w) dw‘
k=k, R

X Rt
+22 f e (@)Ae(@)|| f(w) — f(Ri)|dw
k=k, ¢ R

2 I3+ 14.
For w € (Ry, Rr+1], by (2), there exist constants cx — 0 as k — oo such that
(21) | f(w) — f(Rp)| < cxmin{ f(Ry), f(w)},
SO

s Ry+1
L2y af " n@i©)lf@do
k=k R

22) <2 sup ck f e (@) ke (@) f (@) doo
k>ke Ri,

< sup cklimell ¢ l1Aell £,

k>ke

the last step by the Cauchy—Schwarz inequality. Now consider I3 in (20). Defin-
ing 6;(w) = ne(w)re(w), we can write 0, in the form Z?:("l+l)0jeeie“’zj. For
M, = max(1, Z?:1|¢je|)’ let M = limsup, o M., which we showed is finite.

Then, setting L, = 3" | ¢ . it is easy to show that >-7"7*"10.| < @M + DL,
for all ¢ sufficiently small. Integrating by parts,

Rit1 . e 1 Rkyo
/ B (@)e " doy = & {0, (Ry) — O (Ris1))
Ry 1yo

1 e e~ 0 (w)dw
- ; .
1Yo J Ry



THE SCREENING EFFECT 2811

Defining Z = max |z |, we have [0 (Rx) — 6s (Re+1)| < 301011 — el2mezi/yo| <
2r(2M + 1)ZLge/yo and |0/ (w)| < (2M + 1)ZL.¢ for all & sufficiently small, so
that

Ri+1 . 45T .
(23) ‘/ O ()e ' dw| < —2(2M + 1)zLge
Ry Yo

for all e sufficiently small. Setting 8 = %, inequalities (10) and (23) imply

o0

I3 <2C,2M 4+ 1)ZL, )

a+1
k=ke k

(24)

8 o
<2a7'Cr(2M + 1)2L8(—) g/2+1
Y0

for all & sufficiently small. Similarly to (9), it is possible to show L.c%/? < ||A¢| f
as ¢ | 0, so that by (9) and (24),

I 1—a/2
(25) — el
Imell £ lIAell 7

as ¢ | 0 uniformly in A,. Since a < 2, this bound tends to O uniformly in A.
Applying (22) and (25) to (20) yields I» [defined in (18)] tending to O as ¢ | O
uniformly in A, which together with (18) and (19), implies

(26) limsup |corr{e(N;), Ae - Z(F¢)}| =0.
el0 A,

To finish the proof, it suffices to prove e(N;) is asymptotically uncorrelated with
all linear combinations of Z(N, U F;). Specifically, defining E, = (§1¢, ..., &ne),
if we can show

27) 1iIn sup |corr{e(Ne), Ag - Z(F;) — B¢ - Z(Ne)} =0,
EVU Ag, B

then the theorem follows since

Ee(N: U F;)? -

S Re(Ny =1 sup corle(N). Ax - Z(F) = B Z(N)Y
Because e(N,) is the error of a BLP based on N, corr{e(N,), E; - Z(N,)} =0 for
all E¢. Thus, (27) follows from (26) if
(28) var{Ag - Z(Fg)} K var{A; - Z(Fe) — E¢ - Z(Ng)}

uniformly in A, and E,. There is nothing to prove if E, = 0, so assume E; # 0
hereafter. Consider the Matérn spectral density fy(w) = (1 + w?)~@tD/2 for
which the corresponding autocovariance function is K, (x) = ca|x|"‘/ 2K, 2(x1),
where ¢y = /2 /{2%/>71T ((a« 4 1)/2)} [Stein (1999a), page 31]. I will write the
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subscript o to indicate quantities such as variances calculated under K. Since,
by (6), f(w) < fu(w), (28) is equivalent to

(29) varg{Ae - Z(Fe)} K varg{Ag - Z(Fe) — E¢ - Z(Ng)}
uniformly in A, and E., which is in turn equivalent to

(30) limsup sup |corry{A¢ - Z(F:), Be - Z(Ng)}| < 1.
el Ag B¢
Define )\.,g = Z;-n=1 )Ljs, ng = )\.js — %k.g, Z,e = ZT:I |5Lj€| and ]\e = (5»18,
,Xmg). Using the series expansion for K, [Stein (1999a), (15) page 32] and
setting by = /{I' (¢ + 1) sin(%mx)} and S, (¢) = — Z?szl Ajehelyj — yil%,

varg{Ag - Z(F,)} — boe® Sy (e) < €L,

Now S¢(e) is nonnegative because 37, Xje =0, and |x|% is a valid variogram
for a € (0,2) [Stein (1999a), page 37]. Furthermore, if L # 0, Sy (e)/L2 is triv-
ially bounded from above. It is also uniformly bounded from below: if S, (¢)/ ]:2
tends to a limit along any sequence of & values, then there is a further subsequence
along which A, /L, converges to some A = (A1,...,A,) # 0 and, along this sub-
sequence, by dominated convergence,

by Sa( /
L2

&

m 2

E lL()Xj

o™ dw > 0.

Thus, no subsequence of Sy (¢)/ I:g can have O as its limit and
(31) varg{Ag - Z(Fe)} < 6" L2,

which holds even if L. = 0. Again using the series expansion for Kg,
lcova{Z(yo + ey1), Ae - Z(Fe)}| < €%Lg, so that corre{Z(yo + ey1), Ae
Z(F¢)} — 0 uniformly in A, # 0. Thus,

(32) varg {As - Z(Fe)} ~ A% Ky (0) + varg A, - Z(Fy)}

as ¢ |, 0, uniformly in A,. Results similar to (31) and (32) apply to E; - Z(N;).
Next, define &¢ = 32j_ &je, &jc = &je — e, Xe = Lo IEjel and & =
(&1¢, - .., &Ene) and consider
cova{As - Z(Fe), B - Z(Ne)}
(33)  =hebe Koo+ eyt —exp) +he coVa{Z (Yo +ey1), B - Z(Ne))
+ E¢coVe(Z(ex1), Ag - Z(Fe)} 4 covg{As - Z(Fe), B¢ - Z(N¢)).
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Since K, has a bounded second derivative outside of a neighborhood of the origin,
it is straightforward to obtain the following bounds:

|A.e8.eKa(yo + eyt — ex1) — Aebe Ko (y0)| K €Agl|E.cl,
[he cOVa{Z (Y0 + 1), Ee - Z(Ne)}| < he] X,
E.c coVa{Z(ex1), A - Z(Fo)}| K eléeelLe

and

lcova{As - Z(Fp), B - Z(Ne))| < 6°Le Xe
as ¢ | 0. Applying these bounds to (33) gives
» lcova{Ag - Z(Fs), B - Z(Ng)} — As§.s Ka (o)
oY Lelhellgel +elrel Xe +el5e|Le +* Lo X
Now, from (32),

[A.e&.e Ko (y0)l
varg (A - Z(Fy)}varg {E, - Z(Ny)}
5y~ b Kuu) N
DKo (0) + varg (A, - Z(FO))E2 Ko (0) + varg [ Ze - Z(No))
< Koz(yO) ’
Ky (0)

which is in (0, 1) for all yg # 0. And, since o < 2,
elhellEcl +elhelXe +elEc|Le + Lo X,
P2+ eei2 Je2 s x2

which, together with (32), (34) and (35), proves (30) and hence (27) and the theo-
rem.

To prove that Theorem 1 also applies to ordinary kriging, note that by setting
B = %, (13) and (16) together with (9) imply ||ﬁg||3r ~ ||ng||§ as ¢ | 0. Since 7,
corresponds to the error of a linear unbiased predictor under the constant mean
model, we have that the mean squared error of the ordinary kriging predictor based
on Z(N,) is at least ||n5||§c and at most ||r7£||§,, so that if (1) holds for the simple
kriging predictor it also holds for the ordinary kriging predictor.

— 0,

5.3. Proof of Theorem 2. Restricting N, to one point and F; to 2 allows us to
make use of Lemma 1 to prove (1). Setting y, = 0 simplifies the calculations with-
out changing any essential details. Specifically, defining V (x) = K (0) — K (x), we
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will show that
Wé{ = (WSI? Weo, Wes, Wg4)

_ (Z(O) — Z(ex1) Z(ex). Z(vo + £31) Z(yo) — Z(yo+8y1)>’
WV TR Ve

has limiting covariance matrix of the form given in (8), from which Theorem 2

readily follows.

Let us consider the easier parts of the proof first. Independent of ¢, the vari-
ances of the elements of W, are 1, K(0), K(0) and 1, respectively. Since Z has
a spectral density, K is continuous and |K(y)| < K(0) for all y # 0. Thus,
cov(Wep, We3) — K(yo) as € | 0, and the 2 x 2 matrix with K (0) on the diag-
onals and K (yp) elsewhere is positive definite. Thus, it suffices to show that the
other offdiagonal elements of the covariance matrix of W, tend to O as ¢ |, 0. First,
cov(We, Weo) = %./V(sxl)/K(O) — 0 as ¢ | 0. Similarly, cov(W3, Weq) — 0
ase | 0.

Now consider cov(W,1, We3). We have

cov(Z(0) — Z(ex1), Z(yo +ey1)} = / €T RIERD (] — 1) f(w) do,
R

(36)

so that for D(T) ={w:|w-x1| < T},

2 {2 |1 — €@ 1| f (0) dw}?
COV(ng, We3)® < K(O) fR2 |1 — plewx |2f(a)) dw

2 [pry 11 — €| f () do)?
T K©0) [per) |1 — et 2 f(w) dow
2 [perye 11— €591 f () dow)?
K(0) [perye I1 — e 2 f(0) do

for all ' sufficiently large (to guarantee [ 7y |1 — e*@ 12 f(w) dw > 0). Because

(37)

g1 — e®%| < |w-x1] and 7|1 — /*®¥1| — |w - x1| as & | 0, by dominated
convergence,

(38) lim UpayIl — eligw'xl | f (@) dw}? _ {Uperylw-x1] f (@) da)}Z'
el [piry |1 — €2 f(w)dw Jpy lo-x1? f(w)do
By the Cauchy—Schwarz inequality,

Uiy 11— €| f () do)?

Jperye 11 —ee@12 f(w)dw

< Jpaye 11 = eimmzf(w) do [pqye [(@)do
B Jperye 11 —ee@12 f(w)dw

(39)

= f(wdw.
D(T)*
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From (37)—(39), we will have cov(W,i, We3) — 0 as ¢ | O if the right-hand
sides of (38) and (39) tend to 0 as T — oo. The integrability of f implies
fD(T)C f(w)dw — 0 as T — oo, so consider the right-hand side of (38). Let
A be the 2 x 2 matrix with first row given by x{, orthogonal rows and deter-
minant of 1 and set v = (v1, v2)' = Aw. Define f(v1) = [* f(A~'v)dv,. Up
to a linear rescaling, f is the spectral density of the process Z along the x;
direction, so it is integrable. In addition, because Z is not mean square differ-
entiable in any direction, fooo v% f (v1) dvy = oo. Then for any even function g,

fD(T) glw-x))f(wdw= 2]0Tg(v1)f(v1)dv1, sothatfor0 < S < T,

{fD(T) o x1] f (@) do}? B {fOT v1 f (v1) dv}?
fD(T) - x12f(w)do fOT v%f(vl)dvl
_ {fosvlf(vl)dvl +fsT vi f (v1) du}?
foT Ulzf(vl)dvl

(40)

If we can show that
41) lim  lim {fOS vif (1) dvi "‘fsT v1 f (v1) dvy}? _
SmeoT=e0 Jo v fur)ydv,

then the right-hand side of (38) will tend to 0 as T — oo. To prove (41), expand the
square in the numerator and consider each term separately. First, by the Cauchy—
Schwarz inequality,

. {fosvlf(vl)dvl}zz lim osvlzf(vl)dvlfosf(vl)dm:O
100 [fulfuyder T [ fen)duy '
Again by the Cauchy—Schwarz inequality,
s vif@ndv)® _ f§ vifendv f§ fndo
Jo vifnde Jo vif ) dvy

which tends to O when one takes limg_, 5o limy7_, oo Since f is integrable. Finally,

S v f ) dvy [§ vi f(ur)duy - J v fidu f§ vi f(vr)du

Ov

T _
s/s Flndu,

foT Ulzf(vl)dvl B fST vlzf(vl)dvl
- fOSvlf(Ul)dUI . fST vy f (v1) dy
- § J§ vi f(u)du
s1/2

_ 1 rS _
wfendon+5 [ vfe)an

sl/2

< —
- SJ

1 - s _
<n [ Fovdu+ [ Fenan,
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which tends to 0 as S — o0, and (41) follows. Thus, cov(W,1, Wg3) = 0ase | 0.
Similarly, cov(Wea, Weq) — 0 as e | 0.
We will need the following lemma to handle cov(W;1, Wg4):

LEMMA 2. If Z is not mean square differentiable in the direction x, then

g2

lim =0.
el0 V(ex)

To prove the lemma, first note that the assumption on Z is equivalent to

(42) /Rz lw - x|* f(w)dw = .
If limsup, | o % > 0, then there must exist some sequence &, | 0 along which
lim;,— oo V(ggx) = C for some finite C, or
|1 _ eis,,a)-X|2
nll)ngo - s% fw)ydo=C.

But for any finite 7', by dominated convergence,

|1 _ eisna)-xl2

€=l Jo S (@do
|1 _ eis”a)-X|2
> lim w)dw
T n—>o0 lw|<T 8,21 f( )

=/ - x> f (®) dw
|lw|<T

for all T, which contradicts (42), and the lemma is proven.
Consider

cov{Z(0) — Z(ex1), Z(yo) — Z(yo + &y1)}
_ /Rz eIV (] — I8N (] _ o0 £ () doo.,

Define fi(w) = min(f(w), 1), and write cov; to indicate covariances calculated
under the spectral density fi. Then (2) and f integrable imply that f(w) = f1(w)
outside some bounded set, and it easily follows that

cov{Z(0) — Z(ex1), Z(yo) — Z(yo +y1)}
= covi{Z(0) — Z(ex1), Z(y0) — Z(yo + ey} + O (7).

Because Z is not mean square differentiable in any direction, Lemma 2 implies the
O (¢?) remainder in (43) makes no contribution to lim, 10cov(Wer, Weq).

(43)
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We proceed by rotating coordinates so that one of the frequency axes points
in the direction of yg. Specifically, let B be the 2 x 2 orthogonal matrix with de-
terminant 1 and first row equal to yo and set T = (71, 72)’ = Bw. Then, defining

H. (1, )= — ei5(371T)~x1)(1 . e—ie(Bflr).yl)’

covi{Z(0) — Z(ex1), Z(yo) — Z(yo + €y1)}
- / eI Ho (11, 12) f1 (B~ 1) d
]R2
0 2w (k+1)
=/Rk§ f2 e_lrng(T],Tz)f](B_lf)df] dr.

oonk

Define the function g on R? by, for 2nk <t <2m(k + 1), g(B_lr) =1-
fi(B~'Qrk, 1))/ fi(B 1) if fi(B~'1) > 0 and 0 otherwise. We have

covi{Z(0) — Z(ex1), Z(yo) — Z(yo + ey1)}

00 2wkl
@ =) > (B‘1 (Zfzk )) [ et w drdny
k=—00

wk

—|—/ eIV (] — WY (] — e TIEOV) £ () g (w) dw.
R2

By (2), g(w) — 0 as w — oo. Thus, given § > 0, we can find T < oo such that
g(w) < for |w| > T. Then

/Rz eTION (] — FINY (] — ¢TI f () g (w) dw

582/ _Josxillo- il i@ do

+48 11— €91 — e8| 1 (w) dw.

lw|>T
By the Cauchy—Schwarz inequality and f1 < f, [ =7 1 — eI | — e IE@ V| i
fi(w)dw < /V(ex1)V (ey1), which, together with Lemma 2, implies

[ fe (1l — T (1 — i) fi ()¢ (@) do
45) 1 4
(49)  limsup NZCIIAGT) :

Since 4§ is arbitrary, this lim sup must in fact be 0.
Now return to the the first term on the right-hand side of (44). Integrating by
parts,

8.

2w (k+1) .
/ e '"H(t1,0)dt1 =iH,2n(k + 1), 2) — i H: 27k, 72)
2k

k+1)
—i/ e """ — H (11, 1) d1).
2k 0T]
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There exists finite C independent of ¢ and 7 such that

9 o o
'a—an(Tl, rz)‘ < Cel|l —f BT 0| || — e D)
which implies

2w (k+1) .
/ e ""Hy (11, ) dT
2k

(46)
<4rCel|l — B O 4 || — 7o O )

We can choose T finite so that if 27k < 71 <27 (k+1), then fl(B_l(an, ) <
2f(B~'1) whenever |t| > T. Applying this result and (46) to the first term on the
right-hand side of (44) and changing variables back to w = B~!1, we get

o0 2wk+1)
‘/R > fl(B_] (22{))/2 ) e " He(t1, ) dridTy
k=—00 T

(47) <8rCe f F@fIL =M |1 —e "M Jdw + O(e?)
R

<87 Ce{yV(ex1)+/V(ey)} ,./RZ fw)dw+ 0(e?),

where the last step uses the Cauchy—Schwarz inequality. From Lemma 2 and (47),
it follows that

_ 2w (k+1)
 RER e ABTIC) Y e (11, 1) d d
lim sup =0

L0 V' V(ex)Vieyr)
Together with (44) and (45), this limit implies

fim sup covi{Z(0) — Z(ex1), Z(yo) — Z(yo + ey1)} _
el0 V(ex1)V(eyr)

which together with (43) and Lemma 2, implies limg g cov{We1, Weq} =0.

Theorem 2 applies to ordinary kriging as well. Specifically, Z(ex) is an asymp-
totically optimal linear predictor of Z(0) based on Z (N, U F;) when the mean of
Z is assumed to be 0, so since it is a linear unbiased predictor when the mean is
an unknown constant, Z(ex1) must also be asymptotically optimal with respect to
this more restricted class of predictors.

0,
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