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Abstract. We study supercritical branching Brownian motion on the real line starting at the origin and with constant drift c. At
the point x > 0, we add an absorbing barrier, i.e. individuals touching the barrier are instantly killed without producing offspring.
It is known that there is a critical drift cq, such that this process becomes extinct almost surely if and only if ¢ > ¢g. In this case, if
Zy denotes the number of individuals absorbed at the barrier, we give an asymptotic for P(Z, = n) as n goes to infinity. If ¢ = ¢
and the reproduction is deterministic, this improves upon results of L. Addario-Berry and N. Broutin [1] and E. Aidékon [2] on a
conjecture by David Aldous about the total progeny of a branching random walk. The main technique used in the proofs is analysis
of the generating function of Z, near its singular point 1, based on classical results on some complex differential equations.

Résumé. Nous étudions le mouvement brownien branchant sur-critique sur la droite réelle, issu de ’origine et avec une dérive
constante ¢. Au point x > 0, nous ajoutons une barriére absorbante, c’est-a-dire les individus qui touchent la barriére sont tués
instantanément et sans se reproduire. Il est connu qu’il existe une dérive critique cq tel que ce processus s’éteint presque surement
si et seulement si ¢ > ¢g. Dans ce cas, si on note par Z, le nombre d’individus absorbés en la barriere, nous donnons un équivalent
de P(Zx = n) quand n tend vers I'infini. Si ¢ = ¢ et la reproduction est déterministe, ceci améliore des résultats de L. Addario-
Berry et N. Broutin [1] et E. Aidékon [2] sur une conjecture de David Aldous concernant la progéniture totale d’une marche
aléatoire branchante. La technique principale utilisée dans les preuves est 1’analyse de la fonction génératrice de Zy au voisinage
de son point singulier 1, basée sur des résultats classiques concernant certaines équations differéntielles dans le champ complexe.

MSC: Primary 60J80; secondary 34M35

Keywords: Branching Brownian motion; Galton—Watson process; Briot-Bouquet equation; FKPP equation; Travelling wave; Singularity analysis
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1. Introduction

We define branching Brownian motion as follows. Starting with an initial individual sitting at the origin of the real line,
this individual moves according to a 1-dimensional Brownian motion with drift ¢ until an independent exponentially
distributed time with rate 1. At that moment it dies and produces L (identical) offspring, L being a random variable
taking values in the non-negative integers with P(L = 1) = 0. Starting from the position at which its parent has died,
each child repeats this process, all independently of one another and of their parent. For a rigorous definition, see for
example [10].

We assume that m = E[L] — 1 € (0, c0), which means that the process is supercritical. At position x > 0, we
add an absorbing barrier, i.e. individuals hitting the barrier are instantly killed without producing offspring. Kesten
proved [19] that this process becomes extinct almost surely if and only if the drift ¢ > co = +/2m (he actually needed
E[L?] < oo for the “only if” part, but we are going to prove that the statement holds in general). A conjecture of David
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Aldous [3], originally stated for the branching random walk, says that the number N, of individuals that have lived
during the lifetime of the process satisfies E[N,] < oo and E[N, log+ N,] = 00 in the critical speed area (c = cp),
and P(N, > n) ~ Kn™7 in the subcritical speed area (¢ > cp), with some K > 0,y > 1. For the branching random
walk, the conjecture of the critical case was proven by Addario-Berry and Broutin [1] for general reproduction laws
satisfying a mild integrability assumption. Aidékon [2] refined the results for constant L by showing that there are
positive constants p, C1, Co, such that for every x > 0, we have

CixeP* CoxeP*
1* <P(Ny>n)< 2

for large n.

n(logn)? n(logn)?

Assuming L constant has the advantage that N, is directly related to the number Z, of individuals absorbed at the
barrier by Ny — 1 =(Z, — 1)(L/(L — 1)), hence it is possible to study N, through Z,.

In this sense, Neveu [23] had already proven the critical case conjecture for branching Brownian motion since he
showed that the process Z = (Z,).>¢ is actually a continuous-time Galton—Watson process of finite expectation, but
with E[Z, log+ Zy] = oo for every x > 0, if ¢ = ¢g.

Let N={1,2,3,...} and Ng = {0} U N. Define the infinitesimal transition rates (see [4], p. 104, Eq. (6), or [14],
p- 95)

1
gn =lim—P(Z, =n), neNy\{1}.
x0 X

We propose a refinement of Neveu’s result:

Theorem 1.1. Assume c = co. Assume that E[L(log L)**e] < oo for some € > 0. Then we have as n — o0,

coxecox

o0
co
~—_ d P(Z ~—_ h 0.
;% n(logn)? an (Zy >n) n(logn)? for each x >

The heavy tail of Z, suggests that its generating function is amenable to singularity analysis in the sense of [12].
This is in fact the case in both the critical and subcritical cases if we impose a stronger condition upon the offspring
distribution and leads to the next theorem.

Define f(s) = E[s"] the generating function of the offspring distribution. Denote by & the span of L — 1, i.e. the
greatest positive integer, such that L — 1 is concentrated on 6Z. Let A, < A, be the two roots of the quadratic equation

A2 —2ch+ cg =0 and denote by d = % the ratio of the two roots. Note that ¢ = ¢ if and only if A, = A.. if and only
ifd=1. '

Theorem 1.2. Assume that the law of L admits exponential moments, i.e. that the radius of convergence of the power
series E[st] is greater than 1.

— In the critical speed area (c = cgp), as n — 00,
co coxecor

0 and P(Zy=Sn+ 1)~ —an hx >0,
sogm? M PO =D S ogay T e x>

qsn+1 "~

— In the subcritical speed area (¢ > cg) there exists a constant K = K (c, f) > 0, such that, as n — o0,

AeX _ aheX

K 1 e eL
‘I&n+1"’m and P(Z,=4dén+ )Nﬁm

for each x > 0.
Furthermore, qsp+k = P(Zxy =én+k)=0foralln € Zandk € {2, ...,6}.

Remark 1.3. The idea of using singularity analysis for the study of Z, comes from Robin Pemantle’s (unfinished)
manuscript [24] about branching random walks with Bernoulli reproduction.
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Remark 1.4. Since the coefficients of the power series E[s'] are real and non-negative, Pringsheim’s theorem (see
e.g. [13], Theorem 1V.6, p. 240) entails that the assumption in Theorem 1.2 is verified if and only if f(s) is analytic
at 1.

Remark 1.5. Let 8 > 0and o > 0. We consider a more general branching Brownian motion with branching rate given
by B and the drift and variance of the Brownian motion given by ¢ and o, respectively. Call this process the (B, c, o)-
BBM (the reproduction is still governed by the law of L, which is fixed). In this terminology, the process described at
the beginning of this section is the (1, c, 1)-BBM. The (B, ¢, o)-BBM can be obtained from (1, c/(o/B), 1)-BBM by
rescaling time by a factor B and space by a factor o //B. Therefore, if we add an absorbing barrier at the point x > 0,
the (B, ¢, 0)-BBM gets extinct a.s. if and only if ¢ > co = o +/2Bm. Moreover, if we denote by Z)(Cﬁ’c’a) the number of
particles absorbed at x, we obtain that

(2P) _ and (z0/@VPRD

. B0 )x>0 are equal in law.

In particular, if we denote the infinitesimal transition rates of(Z,(cﬂ’c’a))xzo by q,gﬁ’c’d),for n € No\ {1}, then we have

X 1 . VB .. o . VB X
(Bye,o) 130 & Boe,o) _ ) _ (Le/(o/B)LD) _ \ _ (L,e/(e/B).1)
n _}cl?(%xp(zx =n)= o }cl?(% xﬁP(ZXﬁ/a =n)= e ’

One therefore easily checks that the statements of Theorems 1.1 and 1.2 are still valid for arbitrary 8 > 0 and o > 0,

provided that one replaces the constants co, he, Ae, K by c0/02, Ae/o?, ke /02, @K(c/(a JB), f), respectively.

Remark 1.6. After submission of this article, Yang and Ren published an article [25] which permits to weaken the
hypothesis in Theorem 1.1: It is enough to assume that E[L(log L)*] < co. In our proof, one needs to replace the
reference [20] by [25] and use Theorem B of [7] instead of our Lemma 4.1, in order to obtain (4.6).

The content of the paper is organised as follows: In Section 2 we derive some preliminary results by probabilis-
tic means. In Section 3, we recall a known relation between Z, and the so-called Fisher—Kolmogorov—Petrovskii—
Piskounov (FKPP) equation. Section 4 is devoted to the proof of Theorem 1.1, which draws on a Tauberian theorem
and known asymptotics of travelling wave solutions to the FKPP equation. In Section 5 we review results about

complex differential equations, singularity analysis of generating functions and continuous-time Galton—Watson pro-
cesses. Those are needed for the proof of Theorem 1.2, which is done in Section 6.

2. First results by probabilistic methods
The goal of this section is to prove

Proposition 2.1. Assume ¢ > co and E[L?)] < co. There exists a constant C = C(x,c, L) >0, such that

C
P(Zy>n)=—  for large n.
n

This result is needed to assure that the constant K in Theorem 1.2 is non-zero. It is independent from Sections 3
and 4 and in particular from Theorem 1.1. Its proof is entirely probabilistic and follows closely [2].

2.1. Notation and preliminary remarks

Our notation borrows from [20]. An individual is an element in the space of Ulam—Harris labels

U= J N

nENQ
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which is endowed with the ordering relations < and < defined by
u<v <= JwelU:v=uw and u<v <<= u=<vandu#v.

The space of Galton—Watson trees is the space of subsets t C U, such that @ € t, v € tif v < u and u € t and for every
u there is a number L, € Ny, such that for all j € N, uj € tif and only if j < L,,. Thus, L, is the number of children
of the individual u.

Branching Brownian motion is defined on the filtered probability space (7, F, (F;), P). Here, 7 is the space
of Galton—Watson trees with each individual u € t having a mark (&, X,,) € R* x D(RT,R U {A}), where A is a
cemetery symbol and D(R™, RU{A}) denotes the Skorokhod space of cadlag functions from R* to RU{A}. Here, ¢,
denotes the life length and X, (¢) the position of u at time ¢, or of its ancestor that was alive at time ¢. More precisely,
forvet letd, =), ., w denote the time of death and b, = d, — ¢, the time of birth of v. Then X, () = A for
t > d, and if v < u is such that ¢ € [by, d,), then X, () = X, (¢).

The sigma-field F; contains all the information up to time ¢, and F = G(U,>0 F).

Let y,c € R and L be some random variable taking values in Ny \ {1}. P = P¥“! is the unique probability
measure, such that, starting with a single individual at the point y,

— Each individual moves according to a Brownian motion with drift ¢ until an independent time ¢, following an
exponential distribution with parameter 1.

— At the time ¢, the individual dies and leaves L, offspring at the position where it has died, with L, being an
independent copy of L.

— Each child of u repeats this process, all independently of one another and of the past of the process.

Note that often ¢ and L are regarded as fixed and y as variable. In this case, the notation P” is used. In the same way,
expectation with respect to P is denoted by E or E”.

A common technique in branching processes since [21] is to enhance the space 7 by selecting an infinite genealog-
ical line of descent from the ancestor &, called the spine. More precisely, if T € 7 and t its underlying Galton—Watson
tree, then & = (&, &1, &2,...) € UN s a spine of T if & = @ and for every n € Ny, &, is a child of &, in t. This
gives the space

T = {(T,S) eT x UNo: & is a spine ofT}

of marked trees with spine and the sigma-fields F and .7?,. Note that if (7', &) € T , then T is necessarily infinite.
- Assume from now on thaL m = E[L] — 1€ (0, 00). Let N; be the set of individuals alive at time ¢. Note that every
F:-measurable function f:7 — R admits a representation

FTE =" fu(D e,

uenN;

where f, is an F;-measurable function for every u € U. We can therefore define a measure P on (’]N', F , (.7’%)) by

dP = *mf/ (T)P(dT). 2.1
éf e TZfH() @.1)

UEN;

It is known [20] that this definition is sound and that P is actually a probability measure with the following properties:

— Under P, the individuals on the spine move according to Brownian motion with drift ¢ and die at an accelerated
rate m + 1, independent of the motion.

— When an individual on the spine dies, it leaves a random number of offspring at the point where it has died, this
number following the size-biased distribution of L. In other words, let L be a random variable with E [f (Z)] =
E[f(L)L/(m + 1)] for every positive measurable function f. Then the number of offspring is an independent
copy of L.

— Amongst those offspring, the next individual on the spine is chosen uniformly. This individual repeats the behaviour
of its parent.
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— The other offspring initiate branching Brownian motions according to the law P.

Seen as an equation rather than a definition, (2.1) also goes by the name of “many-to-one lemma.”
2.2. Branching Brownian motion with two barriers

We recall the notation P~ from the previous subsection for the law of branching Brownian motion started at y € R
and E” the expectation with respect to P”. Recall the definition of P and define PY and E? analogously.

Leta,b € Rsuchthat y € (a,b). Let T = 1, 5 be the (random) set of those individuals whose paths enter (—oo, a]U
[b, o0) and all of whose ancestors’ paths have stayed inside (a, b). For u € t we denote by t(u) the first exit time
from (a, b) by u’s path, i.e.

t(u) =inf{t > 0: X,(t) ¢ (a,b)} =min{r > 0: X, (1) € {a, b}},

and set t(u#) = oo for u ¢ t. The random set 7 is an (optional) stopping line in the sense of [10].
For u € 7, define X, (t) = X, (z(u)). Denote by Z, ; the number of individuals leaving the interval (a, b) at the
point a, i.e.

Za,b = Z :U-Xu(r):a-

uet

Lemma 2.2. Assume |c| > co and define p = ,/c? — cg. Then

y _
E'[Zapl=¢ sinh((b —a)p)

If, furthermore, V = E[L(L — 1)] < 0o, then

2Vec@y)
£z [

b= m sinh((6 — y)p) /y ecla=r) sinhz((b —r)p) sinh((r —a)p)dr

a

b
+ sinh((y - a)p) / ec@n) sinh3((b - r)p) dri| + EY[Z4p).
y

Proof. On the space T of marked trees with spine, define the random variable I by I =i if § e v and I = 00
otherwise. For an event A and a random variable Y write E[Y, A] instead of E[Y14]. Then

E¥[Zap)=E* [Z ﬂxum_a} = EV[e"0 T < 00, Xg, (1) =a]

uet

by the many-to-one lemma extended to optional stopping lines (see [6], Lemma 14.1 for a discrete version). But since
the spine follows Brownian motion with drift ¢, we have I < oo, P-a.s. and the above quantity is therefore equal to

wr<[e" By =a,

where WY is the law of standard Brownian motion with drift ¢ started at y, (B;);>0 the canonical process and
T =T, p the first exit time from (a, b) of B;. By Girsanov’s theorem, and recalling that m = 03/2, this is equal to

Wy[ec(Br—m—(l/Z)(cz—c%)T’ Br =d,

where WY = W>-9. Evaluating this expression ([8], p. 212, Formula 1.3.0.5) gives the first equality.
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For u € U, let ®, be the operator that maps a tree in 7 to its sub-tree rooted in u. Denote further by C,, the set of
u’s children, i.e. C, = {uk: 1 <k < L,}. Then note that for each u € T we have

Zap=1 +Z Z Zapo Oy,

v<u weC,
wﬁu
hence
E’[Z2,] = E>[Z 1xu(r)=aza,b} =E'[Zyp] + P [e’“@') DY ZapoOu, Xey (1) = a]- (2.2)
UET v<€ wely

wAg;

Define the o -algebras

G=0(Xe(1);1=0),

H=GVvo(;v=<é&,

I=HvVo(E 1 (Lyv<E)),
such that G contains the information about the path of the spine up to the individual that quits (a, b) first, H adds to
G the information about the fission times on the spine and Z adds to H the information about the individuals of the

spine and the number of their children. Now, conditioning on Z and using the strong branching property, the second
term in the last line of (2.2) is equal to

Py |:emf(%'1) Z(Lv _ 1)EXu(du—)[Za’b]’ Xe (1) = a:|

v<§1

(recall that d,, is the time of death of v). Conditioning on H and noting the fact that L, follows the size-biased law of
L for an individual v on the spine, yields

~ \%4
pY |:emr(51) Z m_HEXg, (dv)[za,b], X, (1) = ai|'

U<§]

Finally, since under P the fission times on the spine form a Poisson process of intensity m + 1, conditioning on G and
applying Girsanov’s theorem yields

T
wY [e“BTW(‘/z)PZT/ VE®[Z,1dt, Br :ai|
0

b
= Vel f E'[ZypIW?[e” /27T L By = a]dr,
a

where L7 is the local time of (B;) at the time T and the point 7. The last expression can be evaluated explicitly ([8],
p. 215, Formula 1.3.3.8) and gives the desired equality. (|

Corollary 2.3. Under the assumptions of Lemma 2.2, for each b > 0 there are positive constants C }51), C ,(,2), such that
asa — —oo,

(a) E°[Z,p]~ Cy P,
(b) if c > co, EO[ZZ,}:] ~ C}()z)e(c+p)u and
(c) ifc < —co, EO[Z;b] ~ C£2)62(0+p)a'
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The following result is well known and is only included for completeness. We emphasize that the only moment
assumption here is m = E[L] — 1 € (0, 00). Recall that Z, denotes the number of particles absorbed at x of a BBM

started at the origin. For |c| > cq, define A, to be the smaller root of A2 —2c+ c(2), thus Ao =c — ,/cZ — cg.

Lemma 2.4. Let x > 0.

— If|c| = co, then E[Z,] =¢e’~.
— If|c| < co, then E[Z,] = +o00.

Proof. We proceed similarly to the first part of Lemma 2.2. Define the (optional) stopping line t of the individuals
whose paths enter [x, 00) and all of whose ancestors’ paths have stayed inside (—oo, x). Define I as in the proof of
Lemma 2.2. By the stopping line version of the many-to-one lemma we have

E[Z:]= E[Z 1] = E[e" 6 [ < o0].

uet

By Girsanov’s theorem, this equals
W[ecx—<1/2)<c2—c§>n’ T, < o0],

where W is the law of standard Brownian motion started at 0 and 7 is the first hitting time of x. The result now
follows from [8], p. 198, Formula 1.2.0.1. O

2.3. Proof of Proposition 2.1

By hypothesis, ¢ > co, E[L?] < oo and the BBM starts at the origin. Let x > 0 and let T = 7, be the stopping line of
those individuals hitting the point x for the first time. Then Z, = |z ]|.
Let a < 0 and n € N. By the strong branching property,
P(Zx >n) 2 PU(Zy > n|Zay 2 VP (Zax 2 1) 2 PU(Zs > ) PY(Zox 2 1),

If PO denotes the law of branching Brownian motion started at the point 0 with drift —c, then
PUZy>n)=PUZy—x >n) = P> (Zy—r1 >n).

In order to bound this quantity, we choose a = a, in such a way that n = %EQ[Z%,XJ]. By Corollary 2.3(a), (c)
(applied with drift —c) and the Paley—Zygmund inequality, there is then a constant C1 > 0, such that

1E%[Zy,—x1)?
~Za,—x1] > (C; forlarge n.

P Zyyrx1>n) > —
0(Zgy . > - >
4 E—[Za,,—x,l]

Furthermore, by Corollary 2.3(a) (applied with drift —c), we have
L) —retan—x
ECI g feitn ~n, asn— 0o,

and therefore a, = —(1/A.)logn 4+ O(1). Again by the Paley—Zygmund inequality and Corollary 2.3(a), (b) (applied
with drift c), there exists C, > 0, such that for large n,

1
EZo, o _ (G 5, C2
EO[Zgn,x] — 2C)(CZ) = nd'

P Zgy x> 1) = P%(Zyy x> 0) >

This proves the proposition with C = C1C».
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3. The FKPP equation

As was already observed by Neveu [23], the translational invariance of Brownian motion and the strong branching
property immediately imply that Z = (Z,),>0 is a homogeneous continuous-time Galton—Watson process (for an
overview to these processes, see [4], Chapter III, or [14], Chapter V). There is therefore an infinitesimal generating
function

(o0}
a(s):a(ans”—s), a>0,p =0, (3.1)
n=0

associated to it. It is a strictly convex function on [0, 1], with a(0) > 0 and a(1) < 0. Its probabilistic interpretation is
1 .
a=1lim—-P(Zy#1) and p,=1lim P(Zy=n|Z, #1),
x—0Xx x—0

hence g, = ap, for n € Ny \ {1}. Note that with no further conditions on ¢ and L, the sum ) _,_, p, need not
necessarily be 1, i.e. the rate apos, Where poo =1—7 - pn, with which the process jumps to +o00, may be positive.

We further define Fy (s) = E[s%~], which is linked to a(s) by Kolmogorov’s forward and backward equations ([4],
p- 106, or [14], p. 102):

0 0
—Fyx(s) =a(s)—Fy(s) (forward equation), (3.2)
0x as
0
o Fi(s)=a[F:(s)] (backward equation). (3.3)
x

The forward equation implies that if a(1) =0 and ¢(x) = E[Z,] = %Fx(l—), then ¢’ (x) = a’(1)¢(x), whence
E[Z,] = e?' (M2 On the other hand, if a(1) < 0, then the process jumps to co with positive rate, hence E[Z,] = 0o
for all x > 0.

The next lemma is an extension of a result which is stated, but not proven, in [23], Eq. (1.1). According to Neveu,
it is due to A. Joffe. To the knowledge of the author, no proof of this result exists in the current literature, which is

why we prove it here.

Lemma 3.1. Let (Y;);>0 be a homogeneous Galton—Watson process started at 1, which may explode and may jump
to 400 with positive rate. Let u(s) be its infinitesimal generating function and F;(s) = E[s¥']. Let q be the smallest
zero of u(s) in [0, 1].

1. If g < 1, then there exists t_ € RU {—o0} and a strictly decreasing smooth function ¥_ : (t_, +00) — (g, 1) with
lim;—; Y_ (1) = 1 and limy_ 00 Y— (1) = q, such that on (q, 1) we have u =" oy =", Fy(s) = v_ (=" (s) +1).
2. If ¢ > 0, then there exists t € RU {—oo} and a strictly increasing smooth function V4 : (t4, +00) — (0, g) with
lim; ., ¥4 () =0 and lim;, oo Y1 (t) = g, such that on (0, q) we have u = 1//1% o 1,04__1, Fi,(s)= 1//+(1ﬂ_:1(s) +1).

The functions _ and 4 are unique up to translation.
Moreover, the following statements are equivalent:

— Forallt >0, Y; <00 a.s.
—g=1lort_=—o0.

Proof. We first note that u(s) > 0 on (0,q) and u(s) < 0 on (g, 1), since u(s) is strictly convex, #(0) > 0 and
u(l) <0. Since Fy(s) = s, Kolmogorov’s forward equation (3.2) implies that F;(s) is strictly increasing in ¢ for
s € (0, g) and strictly decreasing in ¢ for s € (g, 1). The backward equation (3.3) implies that F;(s) converges to g
as t — oo for every s € [0, 1). Repeated application of (3.3) yields that F;(s) is a smooth function of ¢ for every
s e[0,1].
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Now assume thatg < 1. Forn e Nsets, =1—27"(1 —q),suchthatg <s; < 1,s, <s,4+1 and s, — 1 asn — oo.
Set 1 = 0 and define ¢, recursively by

tag1 =t, — 1, where t’ > 0is such that F/(s,41) = Sp.
Then (#,),en is a decreasing sequence and thus has a limit 7 € RU {—o00}. We now define for 7 € (t_, +00),

V(1) = Fr—,(sp), if1 =1y

The function ¥_ is well defined, since for every n e Nand r > 1,,,

Ft—z,, (sn) = Ft—z,, (Ft,,—th (Sn+1)) = Ft—th (Sn+1),

by the branching property. The same argument shows us that if s € (g, 1), s, > s and ¢’ > 0 such that F;/(s,) = s, then
Fi(s)=Fy1p(sp) =¢¥_(t +1t +1,) forall r > 0. In particular, ¥_ (¢’ +1,) = s, hence F;(s) = w_(wjl(s) +1). The
backward equation (3.3) now gives

o)
us) = Fis)| = v (vZ()).

t 1=0

The second part concerning 4 is proven completely analogously. Uniqueness up to translation of ¢_ and v is
obvious from the requirement 1/;(1//‘1 (s) +t) = Fy(s), where ¥ is either ¥_ or ¥

For the last statement, note that P(Y; < oo) =1 for all # > 0 if and only if F;(1—) =1 for all # > 0. But this is the
case exactly if g =1 or t_ = —o0. (I

The following proposition shows that the functions ¥ _ and ¥, corresponding to (Z),>0 are so-called travelling
wave solutions of a reaction-diffusion equation called the Fisher—Kolmogorov—Petrovskii—Piskounov (FKPP) equa-
tion. This should not be regarded as a new result, since Neveu ([23], Proposition 3) proved it already for the case
¢ >co and L =2 a.s. (dyadic branching). However, his proof relied on a path decomposition result for Brownian
motion, whereas we show that it follows from simple renewal argument valid for branching diffusions in general.

Recall that f(s) = E[s”] denotes the generating function of L. Let ¢’ be the unique fixed point of f in [0, 1)
(which exists, since f'(1) =m + 1 > 1), and let g be the smallest zero of a(s) in [0, 1].

Proposition 3.2. Assume c € R. The functions y_ and \ from Lemma 3.1 corresponding to (Z) >0 are solutions
to the following differential equation on (t—, +00) and (¢4, +00), respectively.

1
Elﬂ" —cy' =y~ foy. (3.4)

Moreover, we have the following three cases:

1. Ifc>co, theng=¢q’,t— =—00,a(1) =0, a’(1) = A¢, E[Z] = e** forall x > 0.
2. If|cl <co, theng=q',t— €R,a(l) <0,d’ (1) =2¢, P(Zy =00) > 0 forall x > 0.
3. Ifc< —cq, theng=1,a(1) =0,a’ (1) = A, E[Z,] = ehe* forall x > 0.

Proof. Let s € (0, 1) and define the function 5 (x) = Fy(s) = E [s%x] for x > 0. By symmetry, Z, has the same law
as the number of individuals N absorbed at the origin in a branching Brownian motion started at x and with drift
—c. By a standard renewal argument (Lemma A.1), the function v is therefore a solution of (3.4) on (0, o) with
¥5(04) = 5. This proves the first statement, in view of the representation of F, in terms of ¥ — and v, given by
Lemma 3.1.

Lets € (0,1)\ {g} and let Y (s) = ¥_(s) if s > g and ¥ (s) = ¥4 (s) otherwise. By (3.4),

" —1 -1 -1
Yo (s) _2C+21ﬂ0¢ () —foYoy™ (s) :2C+2S—f(5)’

O =T ¥ oy 1(s) als)
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whence, by convexity,
a'(s)a(s) =2ca(s) + 2(s — f(s)), s e[0,1]. 3.5)

Assume |c| > co. By Lemma 2.4, E[Z,] = e**, hence a(1) = 0 and a’(1) = A, in particular, a’(1) > 0 for ¢ > ¢
and a’(1) < 0 for ¢ < —cg. By convexity, g < 1 for ¢ > ¢g and g = 1 for ¢ < —cg. The last statement of Lemma 3.1
now implies that _ = —oo if ¢ > ¢p.

Now assume |c| < c¢g. By Lemma 2.4, E[Z,] = 400 for all x > 0, hence either a(1) <0 or a(1) =0 and a’(1) =
~+00, in particular, g < 1 by convexity. However, if a(1) = 0, then by (3.5), a’(1) = 2c —2m/a’ (1), whence the second
case cannot occur. Thus, a(1) < 0 and a’(1) = 2¢ by (3.5).

It remains to show that g = ¢’ if ¢ < 1. Assume ¢ # q’. Then a(g’) # 0 by the (strict) convexity of @ and a’(¢) =
2¢ by (3.5). In particular, a’(g’) > a’(1), which is a contradiction to a being strictly convex. O

4. Proof of Theorem 1.1
We start with the following Abelian-type lemma:

Lemmad4.1. Let X be a random variable concentrated on No and let ¢(s) = E[sX] be its generating function. Assume
that E[X(log+ X)Y] < oo for some y > 0. Then, as s — 0,

-y -y
(p/(l)—(p/(l—s)=0<<10g%> ) and (p’(l)s—l—(p(l—s)—]:O(s(log%) )

Proof. Let so > 0 be such that the function s — s(log %)V is increasing on [0, so]. Let s € (0, s9). Then, with p; =
P(X =k),

(') — ' —9)(1 s ik (1-1—-9hH(1 a2l
- - og—| = - - og— | .
® @ s g 2 Pk s g
If k > 571, then (1 — (1 — ) N(log 1)’ < (loghk)”. If [sy'1 < k < 57!, then s(log1)” < }(logk)” and thus
(1— (1 -9k log 1y <ks(logl)” < (logk)”. Hence,

o0 Yy o0
Z kpk(l—(l—s)k_l)<log%) < Z pkk(logk)ny[X(longX)y].

k=551 k=[s; "1
Furthermore, we have for s € (0, 1),

5] f55 '

1 14 1 14
1 k=1 1 1 2
> kpe(1—(1 =) )(logs> < (s(logs> ) Y Kp<C
k=1 k=1
for some C > 0. Collecting these results, we have, for every s € (0, 1),
1 14
(¢'(D)—¢'(1—9) (log —> <C+E[X(log" X)"] < o0,
S

by hypothesis. This yields the first equality. Setting g(s) = ¢’(1)s + ¢(1 — s) — 1, we note that g(0) =0 and

1\~
g’(S)=</)’(1)—<p’(1—S)=0<<10g;> >
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by the first equality. Since (log %)_V is slowly varying,

K} 1 -V
gls) = / g/(r) dr = O(s (log —) >,
0 S

by standard theorems on the integration of slowly varying functions (see e.g. [11], Section VIIL.9, Theorem 1). (I

Proof of Theorem 1.1. We have ¢ = ¢ by hypothesis. Let {/_ be the travelling wave from Proposition 3.2, which is
defined on R, since r— = —00. Let ¢ (x) = 1 — ¥_(—x), such that ¢ (—c0) =1 — g, ¢ (4+00) =0 and

1 " /
F¢ @)+ cop'(x) = fl=¢m) = (1 -9w), “4.1)

by (3.4). Furthermore, a(1 —s) = ¢’ (¢~ (s)) and Fy(1 —s) =1— ¢ (¢~ (s) — x).

Under the hypothesis E[L(log L)2*¢] < o0, it is known [20] that there exists K € (0, c0), such that ¢(x) ~
Kxe % as x — o0. Since a(l) = 0 and @’(1) = ¢ by Proposition 3.2, this entails that ¢'(x) = a(l — ¢(x)) ~
—coKxe % as x — oo.

Set ¢; = ¢’ and ¢y = ¢. By (4.1),

<g<¢mw>_<¢%m>_(—%w%w+2wa—¢a»—a—¢u»0.

dx \ p2(x) ¢’ (x) @' (x)
Setting g(s) = c%s +2[f(1—5)— (1 —=8)]1=2[f' (s + f(1 —s)— 1], this gives
d (o)) _,, (9x g(p2(x)) o —2c0 —c%)
M(WQJ_M<mm>+( 0 ) mmM—<1 0’ ) “2)
The Jordan decomposition of M is given by
-1 _ ([ —co 1 _[—co 1—=co
J=A MA_(O _CO), A_< | | ) 4.3)
Setting (Z;) = A(g), we get with & = (2)
/ —8(p(x))
= J s
£ ﬂ”+<g@a»>
which, in integrated form, becomes
=e£(0 ”/x —yf(_g(¢(y)))d : 44
§(x)=e"§(0) +e A e 26()) y (4.4)
Note that
. e~ C0X  ya—CoX
ot :( . ) (4.5)

With the above asymptotic of ¢, we have g(¢(x)) = O (e~ /x1*¢), as x — 0o, by Lemma 4.1 and the hypothesis
on L. Eqs (4.4) and (4.5) now imply that

oo

&2(x) ~e™ (52(0) +/O ec°yg(¢(y))dy),

and

(1 +8&)(x) ~xe” 0 <§2(0)+/0 ecoyg(cb(y))dy),



Branching Brownian motion with a barrier 439
and since ¢ =& + & and & = ¢’ + cp¢, this gives
(¢ + cop) (x) ~ B (x)/x ~ Ke™0*. (4.6)

With this information, one can now show by elementary calculus (see Section A.2), that

co

" gy~ —0 47
U™ og 1572 @0
Fl(—s)~ 0 s o0 .8)

—5)~ — K . .

o s(log1/s)?

By standard Tauberian theorems ([11], Section XIII.5, Theorem 5), (4.7) implies that

n
_ 2 n
U(n)—;k qi Co(logn)z’ asn — 0o.

By integration by parts, this entails that

3 * o 1 1
= ““U(dx) ~col 2 dx — )
];% /n_ x77U(dx) co( /ﬂ (loga)? x n(logn)z)

But the last integral is equivalent to 1/(n(log n)?) ([111, Section VIIL9, Theorem 1), which proves the first part of the
theorem. The second part is proven analogously, using (4.8) instead. O

5. Preliminaries for the proof of Theorem 1.2

In light of Proposition 2.1, one may suggest that under suitable conditions on L one may extend the proof of The-
orem 1.1 to the subcritical case ¢ > ¢y and prove that as n — oo, P(Z, > n) ~ C’ n~4 for some constant C’. In
order to apply Tauberian theorems, one would then have to establish asymptotics for the (|d] + 1)th derivatives of
a(s) and Fy(s) as s — 1. In trying to do this, one quickly sees that the known asymptotics for the travelling wave
(1 — ¥ (x) ~ const x e ~** as x — —o0, see [20]) are not precise enough for this method to work. However, instead
of relying on Tauberian theorems, one can analyse the behaviour of the holomorphic function a(s) near its singular
point 1. This method is widely used in combinatorics at least since the seminal paper by Flajolet and Odlyzko [12]
and is the basis for our proof of Theorem 1.2. Not only does it work in both the critical and subcritical cases, it even
yields asymptotics for the density instead of the tail only.

In the rest of this section, we will define our notation for the complex analytic part of the proof and review some
necessary general complex analytic results.

5.1. Notation

In the course of the paper, we will work in the spaces C and C?, endowed with the Euclidean topology. An open
connected set is called a region, a simply connected region containing a point zg is also called a neighbourhood
of zo. The closure of a set D is denoted by D, its border by dD. The disk of radius  around zo is denoted by
D(zo,r) ={z € C: |z — z9| < r}, its closure and border by D(zp, r) and 9D(zp, r), respectively. We further use the
abbreviation D = ID(0, 1) for the unit disk. For 0 < ¢ <m, r > 0 and x € R, we define

Gp.r)={zeD,n)\{1}: |arg(l —2)| <m—p},  Si(p.x)=[x,00) x (—¢., ),
Alp.r)={zeDO, 1+r)\{1}: |arg(l —2)| <m— 9},  S_(p.x) = (—00,x] x (-9, 9),
H(p,r)={z€D(0,r)\{0}: |argz| < ¢}.

Note that H(¢,r) =1 — G(1t — ¢, r). Here and during the rest of the paper, arg(z) and log(z) are the principal values
of argument and logarithm, respectively.
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Let G be aregion in C, z9 € G and f and g analytic functions in G with g(z) # 0 for all z € G. We write
f@=0(2(z)) <= Ve>038>0vYz2eGND(z,8): |f(2)| <e|g@),
f(@=0(gx)) <= 3IC=038>0VzeGND(z,8): |f(2)]|=Clg@)
f@=0(¢k) <= 3IKeC: f()=Kg@) +o(g().
f@~gk) = f()=gk) +0(g().

specifying that the relations hold as z — zg.

bl

5.2. Complex differential equations

In this section, we review some basics about complex differential equations. We start with the fundamental existence
and uniqueness theorem ([5], p. 1, [15], Theorem 2.2.1, p. 45, or [18], Section 12.1, p. 281).

Fact 5.1. Let G be a region in C? and (wo, zo) a point in G. Let f : G — C be analytic in G, i.e. f is continuous and
both partial derivatives exist and are continuous. Then there exists a neighbourhood U of zo and a unique analytic
Sfunction w:U — C, such that

L. w(zo) = wo,
2. (w(z),z2) € G forall ze U and
3. w'(z) = f(w(z),2) forallz e U.

In other words, the differential equation w' = f (w, z) with initial condition w(zg) = wq has exactly one solution w(z)
which is analytic at 7.

The following standard result is a special case of a theorem by Painlevé ([5], p. 11, [15], Theorem 3.2.1, p. 82, or
[18], Section 12.3, p. 286f).

Fact 5.2. Let H be a region in C and w(z) analytic in H. Let G be a region in C2, such that (w(z), z) € G for each
z € H and suppose that there exists an analytic function f : G — C, such that w'(z) = f(w(z), z) for each z € H. Let
z0 € H. Suppose that w(z) is continuous at zo and that (w(zg), zo) € G. Then zg is a regular point of w(z), i.e. w(z)
admits an analytic extension at 2.

Let [z1, ..., 2x]n denote a power series of the variables z1, ..., zx, converging in a neighbourhood of (0, ..., 0) and
which contains only terms of order n or higher. The complex differential equation

w' =Aw+ pz+[w,zla, A, peC, (GRY

was introduced in 1856 by Briot and Bouquet [9] as an example of a complex differential equation admitting analytic
solutions at a singular point of the equation. More precisely, they obtained ([15], Theorem 11.1.1, p. 402):

Fact 5.3. If 1 is not a positive integer, then there exists a unique function w(z) which is analytic in a neighbourhood
of z =0 and which satisfies (5.1). Furthermore, w(0) = 0.

The singular solutions to this equation were later investigated by Poincaré, Picard and others (for a full bibliography,
see [17]). We are going to need the following result (see [17], Paragraph I11.9.2°, or [15], Theorem 11.1.3, p. 405, but
note that the latter reference is without proof and the statement is slightly incomplete).

Fact 5.4. Assume A > 0. There exists a function V¥ (z,u) = ijzo pjkzjuk, converging in a neighbourhood of (0, 0)
and such that poo = 0 and po1 = 1, such that the general solution of (5.1) which vanishes at the origin is w = ¥ (z, u),
with

— u=Cz" ifr¢N,

— u=z"(C +Klogz),if »eN.

Here, C € C is an arbitrary constant and K € C is a fixed constant depending only on the right-hand side of (5.1).
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Remark 5.5. The above statement is slightly imprecise, in that the term solution is not defined, i.e. what a priori
knowledge of w(z) (regarding its domain of analyticity, smoothness, behaviour at z =0, ...) is required in order to
guarantee that it admits the representation stated in Fact 5.4? Inspecting the proof (as in [17], for example) shows
that it is actually enough to know that w(z) satisfies (5.1) on an interval (0, &) of the real line and that w(0+) = 0.
We briefly explain why:

In order to prove Fact 5.4, one shows that there exists a function  of the form stated above, such that when
changing variables by w =V (z, u), the function u(z) formally satisfies one of the equations

' = u or zu’:)\u—i—Kz)‘,

according to whether . ¢ N or A € N.

Now suppose that w(z) satisfies the above conditions. By the implicit function theorem ([16], Theorem 2.1.2), we
can invert \ to obtain a function (w, z) = w+qz+[w, 212, g € C, such that ¥ (z, p(w, z)) = w in a neighbourhood
of (0,0). We may thus define u(z) = ¢(w(z), z) for all z € (0, &1) for some g1 > 0. Moreover, u(z) now truly satisfies
the above equations on (0, €1) and u(0+) = 0. Standard theory of ordinary differential equations on the real line now
vields that u is necessarily of the form stated in Fact 5.4.

We further remark that since u(z) is analytic in the slit plane C \ (—o00, 0] and goes to 0 as z — 0in C\ (—o0, 0],
there exists an r > 0, such that (z,u(z)) is in the domain of convergence of ¥ (z,u) for every z € H(m,r). Hence,
every solution w(z) can be analytically extended to H (T, r).

5.3. Singularity analysis

We now summarise results about the singularity analysis of generating functions. The basic references are [12] and
[13], Chapter VI. The results are of two types: those that establish an asymptotic for the coefficients of functions that
are explicitly known, and those that estimate the coefficients of functions which are dominated by another function.
We start with the results of the first type:

Fact5.6. Letd € (1,00) \N, ke N, y € Z\ {0}, § € Z and the functions f1, f> defined by

1 \” 1 \°
logl
1—1) <0g0g1—1)

forz € C\[1, 4+00). Let (p,(li)) be the coefficients of the Taylor expansion of f; around the origin,i = 1,2. Then (p,(li))
satisfy the following asymptotics as n — o:

@=0-2% and fr(z)=(1-2)F <log

K K> (logn)” ~!(loglogn)®
() @
Pn A+ 1 and p, k1

for some non-zero constants K1 = K1(d), K, = Ky (k, v, §). We have K>(1,—1,0) = 1.

Proof. For fi, this is Proposition 1 from [12]. For f; this is Remark 3 at the end of Chapter 3 in the same paper. Note

that the additional factors % do not change the nature of the singularities, since % is analytic at 1 (see the footnote on

p- 385 in [13]). The last statement follows from Remark 3 as well. O

The results of the second type are contained in the next theorem. It is identical to Corollary 4 in [12]. Note that a
potential difficulty here is that it requires analytical extension outside the unit disk.

Fact5.7. Let0 < ¢ <m/2,r > 0and f(z) be analytic in A(p, r). Assume that as z — 1 in A(p,r),

fl@)= o((l — z)“L(lL)), where L(u) = (logu)? (loglogu)’, a,y,8 € R.
-z
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Then the coefficients (p,) of the Taylor expansion of f around 0 satisfy

L(n)
Pn=0 W , asn— oo.

5.4. An equation for continuous-time Galton—Watson processes

In this section, let (Y;);>0 be a homogeneous continuous-time Galton—Watson process starting at 1. Let a(s) be its
infinitesimal generating function and F;(s) = E[s¥]. Assume a(1) =0 and a’(1) = 1 € (0, 00), such that a(s) =0
has a unique root ¢ in [0, 1).

The following proposition establishes a relation between the infinitesimal generating function of a Galton—Watson
process and its generating function at time ¢. For real s, the formulae stated in the proposition are well known, but we
will need to use them for complex s, which is why we have to include some (complicated) hypotheses to be sure that
the functions and integrals appearing in the formulae are well defined.

Proposition 5.8. Suppose that a and F; have analytic extensions to some regions D, and Dp. Let Z, = {s €
Dg: a(s) = 0}. Let there be simply connected regions G C Dg \ Z, and D C G N Dp with F;(D) C G and
D N (0, 1) # &. Then the following equations hold for all s € D:

F(s)
and
Fi(s)
1—F(s)=e(1— s)exp(—/ f*(r)dr), (5.3)
where f*(s) is defined for all s € Dy \ Z, as
N A
f(S)ZE‘Fl_S, 5.4)

and the integrals may be evaluated along any path from s to Fy(s) in G.

Proof. For s € (0, 1) \ {g}, equation (5.2) follows readily from Kolmogorov’s backward equation (3.3), when the

integral is interpreted as the usual Riemann integral ([4], p. 106). Now note that by definition of G, both Wls) and f*

are analytic in the simply connected region G and therefore possess antiderivatives g and 4 in G. Thus, the functions

Fe) i
sr—>/ Mdr:g(F;(s))—g(s) and sn—>/ frr)dr =h(Fi(s)) = h(s)

are analytic in D. By the analytic continuation principle, (5.2) then holds for every s € D, since D N (0, 1) # & by
hypothesis. This proves the first equation. For the second equation, note that —log(1l — s) is an antiderivative of ﬁ
in G, whence the right-hand side of (5.3) equals

Fi(s)
M1 —ys) exp(log(l — Fi(s)) —log(1 —s) — A/ % dr) =1-F/(s)

for all s € D, by (5.2). This gives (5.3). (|

Corollary 5.9. If 1 is a regular point of a(s), then it is a regular point for F;(s) for every t > 0.

Proof. Define G = {s € D: Res > ¢g}. Then G N Z, = &, since ¢ is the only zero of a in D (every probability
generating function g with g’(1) > 1 has exactly one fixed point ¢ in I; this can easily be seen by applying Schwarz’s



Branching Brownian motion with a barrier 443

lemma to 7! o g o 7, where 7 is the M6bius transformation of the unit disk that maps 0 to ¢). Let 51 € (¢, 1) be such
that F;(s) € G forevery s € H = {s € D: Res > s1}. We can then apply Proposition 5.8 to conclude that (5.3) holds
forevery s € H.

Since a(s) is analytic in a neighbourhood U of 1 by hypothesis, it is easy to show that f* is analytic in U as well.
Thus, f* has an antiderivative F* in H U U. We define the function g(s) = (1 — s)exp(F*(s)) on H U U. Since
g/ (1) = —exp(F*(1)) # 0, there exists an inverse g~ of g in a neighbourhood U; of g(1) =0. Let U C U be a
neighbourhood of 1, such that e* g(s) € U for every s € Us. Define the analytic function F,(s) =g 1 (eMg(s)) for
s € U,. Then by (5.3), we have F;(s) = F;(s) for every s € H N Uy, hence F; is an analytic extension of F; at 1. [

Corollary 5.10. Suppose that a(s) has an analytic extension to G(gg, ro) for some 0 < o < 7 and ro > 0. Suppose
further that there exist c € R, y > 1, such that a(1 — s) = —As + ,cs/logs + O(s/|logs|Y) as s — 0. Then for
every ¢y < ¢ < T there exists r > 0, such that F;(s) can be analytically extended to G (¢, r), mapping G(¢, r) into
G(go, o).

Proof. Recall that A > 0. By hypothesis, we can then assume that a(s) # 0 in G (¢g, r¢) by choosing r¢ small enough.
Then A/a has an antiderivative A on G (¢g, ro). Define B(s) = A(1 — s) for s € H(®w — ¢, r¢), such that

1 1 c
B'(s) = =- @) - .
<) s(1—c/logs +O(|logs|=7)) s + slogs + <s|logs|—mm(%2))

We can therefore apply Lemma A.7 to B and deduce that there exist ¢; € (¢g, ¢) and r1, 7 € (0, rg), such that A is
injective on G (@1, r1) and such that A(s) + At € A(G(¢1, 1)) for every s € G(¢, r). Hence, 17, (s) = A"V (A(s) + A1)
is defined and analytic on G (¢, r). By (5.2), f, (s) = F;(s) on G(¢,r) N D, hence I?, is an analytic extension of F;,
mapping G (¢, r) into G(¢1,r1) C G(¢o, ro) by definition. ([l

6. Proof of Theorem 1.2

We turn back to branching Brownian motion and to our Galton—Watson process Z = (Z,),>o of the number of
individuals absorbed at the point x. Throughout this section, we place ourselves under the hypotheses of Theorem 1.2,
i.e. we assume that ¢ > co = +/2m and that the radius of convergence of f(s) = E[s’] is greater than 1. The equation

k2—2ck+c(2):0thenhasthesolutionskc:c—,/c2—C(z) and)\_czc+‘/c2—cg,henceAC:A_C:co if ¢ = ¢g and

Ae < €o < A otherwise. The ratio d = A_C/ A is therefore greater than or equal to one, according to whether ¢ > ¢g or
¢ = ¢y, respectively. Recall further that § € N denotes the span of L — 1.

Leta(s) =a(Q -0 prs® — 5) be the infinitesimal generating function of Z and let F, (s) = E[s%*]. We recall the
equation (3.5) from Section 3: For s € [0, 1],

d'(s)a(s) =2ca(s) +2(s — f(s)). (6.1)

By the analytic continuation principle, this equation is satisfied on the domain of analyticity of a(s), in particular,
on D.

We now give a quick overview of the proof. Starting point is the equation (6.1). We are going to see that this
equation is closely related to the Briot—-Bouquet equation (5.1) with A = d. The representation of the solution to
this equation given by Fact 5.4 will therefore enable us to derive asymptotics for a(s) near its singular point s = 1
(Theorem 6.4). Via the results in Section 5.4, we will be able to transfer these to the functions Fx (s) (Corollary 6.6).
Finally, the theorems of Flajolet and Odlyzko in Section 5.3 yield the asymptotics for g, and P(Z, =n).

More specifically, we will see that the main singular term in the expansion of a(l1 — s) or Fy(1 —s) near s =0 is
s4,if d ¢ N and s?logs, if d € N. At first sight, this dichotomy might seem strange, but it becomes evident if one
remembers that we expect the coefficients of Fy(s) (i.e. the probabilities P(Z, = n), assume § = 1) to behave like
1/n4t1 if d > 1 (see Proposition 2.1). In light of Fact 5.6, a logarithmic factor must therefore appear if d is a natural
number, otherwise Fy(s) would be analytic at 1, in which case its coefficients would decrease at least exponentially.

We start by determining the singular points of a(s) and F (s) on the boundary of the unit disk, which is the content
of the next three lemmas.
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Lemma 6.1. Let X be a random variable with law (pi)ken, and let x > 0. Then the spans of X — 1 and of Z, — 1
are equal to §.

Proof. This follows from the fact that the BBM starts with one individual and the number of individuals increases by
! — 1 when an individual gives birth to / children. ]

Lemma 6.2.
If 8§ = 1, then a(s) and (Fy(s))x>0 are analytic at every so € 0D \ {1}. If § > 2, then there exist a function h(s) and
a family of functions (hy(s))x=0, all analytic on D, such that

a(s) = sh(s‘s) and Fy,(s) =shy (s’s)
for every s € D. Furthermore, h and (hy),~o are analytic at every so € D \ {1}.

Proof. Assume first that § > 2. Define
h(s) =a<z Plasns” — 1) and  he(s)= Y P(Zy=1+0n)s".
n n

By Lemma 6.1, piysn = P(Zy =k +6n) =0 forevery k € {2,...,6} and n € Z, whence a(s) = sh(s%) and Fy(s) =
shy (s‘s) for every s € D.
We now claim that a and F, are analytic at every so € dD with sg # 1. Note that if § > 2, this implies that 4 and &,
are analytic at every so € 9D \ {1}, since the function s — s® has an analytic inverse in a neighbourhood of any s % 0.
First note that by [11], Lemma XV.2.3, p. 475, we have | Zn pns(’;l < 1 for every sg € 9D, such that sg # 1, whence
a(so) # 0. Now write the differential equation (6.1) in the form

L 20at2s - f() _
) :

g(a,s).

Since the radius of convergence of f is greater than 1 by hypothesis, g is analytic at (a(sp), so). Furthermore, a is
continuous at so, since ), p,s” converges absolutely for every s € D. Fact 5.2 now shows that a is analytic at sq.

It remains to show that Fy is analytic at s9. Kolmogorov’s forward and backward equations (3.2) and (3.3) imply
that a(s) F,(s) = a(Fx(s)) on [0, 1], and the analytic continuation principle implies that this holds on D. Now, let
so € 0D, such that sg # 1. Then we have just shown that a is analytic and non-zero at so. Furthermore, | Fy (s9)| < 1,
by the above stated lemma in [11] and Lemma 6.1. Thus, the function f(w, s) = a(w)/a(s) is analytic at (Fy (so), s0),
hence we can apply Fact 5.2 again to conclude that F) is analytic at sg as well. (]

The next lemma ensures that we can ignore certain degenerate cases appearing in the course of the analysis of (3.5).
It is the analytic interpretation of the probabilistic results in Section 2.

Lemma 6.3. 1 is a singular point of a(s). If ¢ = cg, then a”’ (1) = +o00.

Proof. If ¢ = cg, the second assertion follows from Theorem 1.1 or from Neveu’s result that E[Z,log* Z,] = o0
for x > 0 (see the remark before Theorem 1.1). This implies that 1 is a singular point of a(s). If ¢ > ¢g, Proposi-
tion 2.1 implies that E[s%*] = oo for every s > 1, whence 1 is a singular point of the generating function Fy(s) by
Pringsheim’s theorem ([13], Theorem IV.6, p. 240). By Corollary 5.9, it follows that 1 is a singular point of a(s) as
well. ]

The next theorem is the core of the proof of Theorem 1.2.



Branching Brownian motion with a barrier 445

Theorem 6.4. Under the assumptions of Theorem 1.2, for every ¢ € (0, Tt) there exists r > 0, such that a(s) possesses
an analytical extension (denoted by a(s) as well) to G(p, ). Moreover, as 1 —s — 1 in G(¢, r), the following holds.
— Ifd =1, then

(1—s) n s loglog1/s 48 s 62)
a —85) = —C0oS C — CpS . .
T Olog1ss P ogl/s)? (log 1/5)2

— Ifd > 1,thenthereisa K = K(c, f) € C\ {0} and a polynomial P(s) = Z}ld:Jz cys", such that

ifd¢N:  a(l —s)=—2cs+ P(s)+ Ks? +0o(s9), (6.3)

ifdeN:  a(l —s5)=—2cs+ P(s) + Ks?logs +o(s?). (6.4)
Proof of Theorem 6.4. We set b(s) =a(l —s). By (6.1),

—b'(s)b(s) =2cbh(s) + 2(1 —s—f(- s)) on D(1, 1). (6.5)
Since f is analytic at 1 by hypothesis, there exists 0 < ¢; < 1 — ¢ and a function g analytic on D(0, £1) with g(0) =
g'(0) =0, such that f(1—s)=1— (m+ 1)s + g(s) for s € D(0, &1).

As a first step, we analyse (6.5) for real non-negative s. Since ¢; < 1 — ¢, b(s) < 0 on (0, 1), whence we can

divide both sides by b(s) to obtain

db —2cb — c(%s +2g(s)
ds b

on (0, 7). (6.6)

Introduce the parameter 7 (s) = ff] _g?r) ,8 €(0,¢e1], such that t(e1) =0, 1 (0+) = 400 and ¢ (s) is strictly decreas-

ing on (0, £1]. There exists then an inverse s(¢) on [0, 00), which satisfies s”(t) = b(s(¢)). Hence, we have

db  dbds

=g = e - cs(t) +2g(s()) on (0, 00).

In matrix form, this becomes

d (b) b 2g(s) _(=2c —c
i ()= () (57) =) &

for ¢t € (0, 00). Note that this extends (4.2) to the subcritical case. This time, the Jordan decomposition of M is given
by

L (0 (T -
A MA_< 0 —Ac)’ A_<1 1>, if ¢ > co, (6.8)

and by (4.3), if ¢ = ¢p. Setting

(£)4(2)

transforms (6.7) into

dB — ds .

E =_)\.LB+[B,S]2, E =_A6S+[B’S]2s lfC>C05 (6'10)
dB ds .

—tZ—C()B-i-S-l—[B,S]z, a:—C()S-i—[B,S]Q, if c =cg (6.11)
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for t € (0, 0o0). Furthermore, by (6.9), we have

s=B+S, (6.12)
he —A) TN B+ hes), ifd>1

S — ( C C C ’ ’ 6-13
{b+a)s, ifd=1, 6.13)
=] G207 b +hes), ifd>1, 6.14)

—b+ (1 —cg)s, ifd=1.
From now on, let &, €3, ... be positive numbers that are as small as necessary. By the strict convexity of b and the
fact that '(0) = —A. by Lemma 2.4, equation (6.13) implies that S is a strictly convex non-negative function of s on

[0, &2). This implies that the inverse s = s(S) exists and is non-negative and strictly concave on [0, €3). It follows that
t(S) =1(s(S)) exists on [0, £4). Equations (6.10) and (6.11) then yield for S € (0, €4),
dB dB+[B,Sh
dS  S+I[B,Sh’
dB _ B—cy'S+[B.Sh
s~ S+I[B,SL

if ¢ > ¢y, (6.15)

if ¢ = cop. (6.16)

By (6.12) and the fact that s(S) is strictly concave, B is a strictly concave function of S as well, hence strictly
monotone on (0, £5). We claim that B(S)2 =o0(S) as § — 0. For d > 1, one checks by (6.13) that S(s) ~s,as s — 0,
whence B(S) = 0(S), as S — 0, by (6.12). If d = 1, then b’ (0) = —cy by Lemma 2.4 and »” (0) = +00 by Lemma 6.3.
Equation (6.13) then implies that S(s)/s2 — +ooas s — 0, whence s(S) = o(«/g). The claim now follows by (6.12).

Proposition A.4 now tells us that there exists a function .(z) = [z], such that the function s(S) = S — h(B(S)) has
an inverse S(s) on (0, g¢) and b(s) = B(S(s)) satisfies the Briot—-Bouquet equation

b = {db + [b, 515, ifd > 1, 6.17)

b—cy's+1[b,sh, ifd=1

on (0, g¢). By Fact 5.4 and Remark 5.5, there exists then a function ¥ (z,u) = u + rz + [z, uls, r € C, such that
b(s) =¥ (s, u(s)), where

u(z)=Cz% ifd¢N and u(z)=Cz%logz, ifdeN

for some constant C = C(c, f) € C (the form of u in the case d € N can be obtained from the one in Fact 5.4 by

changing v, C and K). Moreover, comparing the coefficient of s on both sides of (6.17), we get, if d > 1, r =dfr,
whence r =0 and if d = 1: r+C=r—c51,whenceC=—co_l.

Assume now d > 1. Then b = u(s) + [s, u(s)]». Recall that B =0 and S =s + h(b). By (6.12),

s=B+S=b+s+h(b)=s5+u(s) +[s u(s)],.
such that s'(s) = 1 + o(1) and s(s) = s + [s]o + 0(s¥), as s — 0, where y = (d + |d])/2,ifd ¢ Nand y =d — 1/2,
if d € N. By Lemmas A.6 and A.8, for every ¢q € (0, ) there exists rog > 0, such that the inverse s(s) exists and is
analytic on H (¢g, ro) and satisfies

s(s)=s+[sla+o(s"), ass—0.
This entails that

u(s) = Cs? = C(s +0(s))! = Cs? +o(s?), ifd¢N,

u(s) = Cs?logs = C(s + o(s¥/?))* log(s + o(s)) = Cs? logs +o(s?), ifd e N\ {1},

s" =[s]a +o(s” ™) + o(syz) =[s], + O(Sd) for all n > 2.
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It follows that
b(s) = b(ﬁ(s)) =u(s)+[s]h + o(sd), ass — 0.
We finally get by (6.9),
b=—eB —heS=—hes + (ke = he)b = —Aes + (he — Au(s) + [s]2 +o(s9),

which proves (6.3) and (6.4).
If d =1, recall that u(z) = co_lzlog% and b =u(s) +rs + [s, u(s)], for some r € C. By (6.12),

s=B+S=b+s+hb)=u(s)+ (+ Ds+[s,u)],,

such that s'(s) = cal log(é) 4+ O(1) and s(s) = cglﬁlog é + (r + 1)s + o(s). Lemma A.6 now implies that for every
¢o € (0, m) there exists rog > 0, such that the inverse s(s) exists and is analytic on H (g, r¢). Now, by (6.9),

b=—cos +S=—cos +5+h(b) = —cos +5 +O(s7?).

Lemma A.9 now yields (6.2). [l

Remark 6.5. The reason why we cannot explicitly determine the constant K in Theorem 6.4 is that we are analysing
(3.5) only locally around the point 1. Since the solution of (3.5) with boundary conditions a(q) = a(l) = 0 is unique
(this follows from the uniqueness of the travelling wave solutions to the FKPP equation), a global analysis of this
equation should be able to exhibit the value of K. But it is probably easier to refine the probabilistic arguments of
Section 2, which already give a lower bound that can be easily made explicit.

The asymptotics established in Theorem 6.4 for the infinitesimal generating function can now be readily transferred
to the generating functions F (s).

Corollary 6.6. Under the assumptions of Theorem 1.2, for every x > 0 and ¢ € (0, &) there exists r > 0, such that
Fi(s) = E[s%*] can be analytically extended to G (¢, r). Furthermore, the following holds as 1 —s — 1 in G(¢,r).

— Ifd =1, then

s sloglog1/s ~ s
Fr(1—s)=1—¢e" cox - o ———= |- 6.18
= =t-ee e (- () +6 () ©19

— Ifd > 1, then there is a polynomial Py (s) = Z}ldzjz cus", such that
ifd¢N:  Fo(1—s)=1—e" s+ P.(s) + Kyds? +o(s?), (6.19)
ifdeN:  Fy(1—s)=1—e""s+ Pc(s) + Kys?logs + o(s), (6.20)
where Ky, = K(e}:x — e %) /(he — Ao), with K being the constant from Theorem 6.4.
Proof. Let 0 < ¢y < ¢. By Theorem 6.4, there exists ro > 0, such that a(s) can be analytically extended to G (¢, ro)

and satisfies the hypothesis of Corollary 5.10. It follows that there exists r > 0, such that Fy(s) can be analytically
extended to G (¢, r) and maps G (g, r) into G (¢, ro). Hence, the functions

w(s)
w(s)=1—F,(1—5s) and I(s):/ (1 —r)dr,

where f*(s) is defined as in (5.4), are analytic in H (T — ¢, r). In what follows, we always assume thats € H(n—¢, r).
Appearance of the symbols ~, O, O, o means that we let s goto 0 in H(w — ¢, r).
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First of all, we note that by Proposition 5.8, we have

k
w(s) = se** exp(I (s)) = se** (1+1(s)+2 (s) ) 6.21)

Now assume d > 1. By Theorem 6.4, a(1 —s) = —A.s + [s]o +u(s) + o(s?), where u(s) = Ks? or u(s) = Ks? logs,
according to whether d ¢ N or d € N, respectively. It follows that

-1
[f=s)= _fe + ! =—1<1 —[sh — u(s) +0(sd_l)> +l
s AcS

a(l—s) s c

u(s) _
=[s]o — sl + o(sd 2).

Now, fsw(s) o(r?=2)dr = o(s4™1), since w(s) ~ se** by Lemma 2.4. Thus,

_ w(s) . B w(s) u(r) de
I(s)= frA=rydr=[w(s),s], - — 5 dr+o(s7). (6.22)

Since fsw(s) r~2u(r)dr = O(s%~'logs), equations (6.21) and (6.22) now give

w(s)
w(s) = se <1+[w(s) 5], / :(:)d +o(s?™ 1)). (6.23)

If d > 2, we deduce that w(s) = se** + o(s3/2). Straightforward calculus now shows that

W) 4 (r) Ky u(s) B
/S o2 U= g — +[w),s], +o(s?), (6.24)

and (6.23) and (6.24) now yield
w(s) = se™* +[w(s), 5], — Ku(s) + o(sd).

Repeated application of this equation shows that w(s) = ser® 4 [s]h — Kyeu(s) + o(sd), which yields (6.19) and

(6.20).
In the critical case d = 1, Theorem 6.4 tells us that
1 1 loglog1 ~ 1
Frl—s)y==(- | loglogl/s | . (6.25)
s\ logl/s  (logl/s)? (log 1/s)?

Write A = A, = ¢g. For our first approximation of w(s), we note that

Ax Ax

se 1 1 S| Ax
I(s)~— —dr~—— -dr=————,
s rlogl/r logl/s Jg r logl/s

hence, by (6.21),

AX 1

To obtain a finer approximation, we decompose I (s) into

Ax

se w(s)
I(s):/ f*(l—r)dr+/_ A =r)dr =: Li(s) + I(s).

serr



Branching Brownian motion with a barrier 449

We then have

Ii(s) =

AX loglogl/s ~ 1
— + Ax (0] ,
log1/s (log 1/s)? (log 1/s)?

and, because of (6.26),

se* (14-1x/logs) 1 X
—Ix(s) ~ / dr ~ .
sehx rlogl/r (log 1/s)2
Plugging this back into (6.21) finishes the proof. O

Proof of Theorem 1.2. Let x > 0. We want to apply the methods from singularity analysis reviewed in Section 5.3 to
the functions a and Fy, if § = 1, or the functions 4 and &, from Lemma 6.2, if § > 2. Let ¢ € (0, t/2). By Theorem 6.4
and Corollary 6.6, there exists g > 0, such that a and F, can be analytically extended to G (¢, rg), which implies that
for some ¢ € (¢, w/2) and r; € (0, r), h and h, can be extended to G (¢1, r1), as well. Moreover, by Lemma 6.2, each
of these functions is analytic in a neighbourhood of every point of C = {s € dID: |1 — s| > r1/2}, which is a compact
set. Hence, there exists a finite number of neighbourhoods which cover C. It is then easy to show that there exists
r > 0, such that the functions are analytic in A(¢gq, r).

If § = 1, we can then immediately apply Facts 5.6 and 5.7, together with the asymptotics on a and Fy established
in Theorem 6.4 and Corollary 6.6, to prove Theorem 1.2.

If 6 > 2, let ¢ (s) be the inverse of s — sdina neighbourhood of 1, then A (s) = a(q(s))/q(s) near 1, by Lemma 6.2.
But since ¢’(1) = 1/8, we have

1
h(l—s):a(l—(gs+czs2+C3s3+-~-))(1+c/1s+c/25+~~-)

for some constants ¢, c},, and so equations (6.2), (6.3) and (6.4) transfer to i with the coefficient of the main singular
term divided by 8¢. We can therefore use Facts 5.6 and 5.7 for the function 4 to obtain the asymptotic for (psn+1)nen
in Theorem 1.2. In the same way, equations (6.18), (6.19) and (6.20) yield asymptotics for /., such that we can use
again Facts 5.6 and 5.7 to prove the second part of Theorem 1.2. (I

Appendix
A.1. A renewal argument for branching diffusions

Let W = (W;);>0 be a diffusion on an interval with endpoints a’ < 0 < a, such that lim, o P*[Ty < t] =1 for every
t > 0, where Tp = inf{r > 0: W, =0} and Wy = x, P*-almost surely. For x € (0, a), and only in the scope of this
section, we define P* to be the law of the branching diffusion starting with a single particle at position x where the
particles move according to the diffusion W and branch with rate 8 according to the reproduction law with generating
function f(s). Moreover, particles hitting the point 0 are absorbed at that point. Denote by Z the number of particles
absorbed during the lifetime of the process and define uy(x) = P* [s4] for s € [0,1) and x € (0, a).

Lemma A.1. Let s € [0, 1) and G be the generator of the diffusion W. Then

Gus =Bus — foug) on(0,a), withus(0+) =s.

Proof. The proof proceeds by a renewal argument similar to the one in [22]. As for the BBM, for an individual u,
we denote by ¢, its time of death, X, (¢) its position at time ¢ and L, the number of u’s children. Define the event
A={3rel0,¢z): Xz(t) =0}. Fors € [0, 1) we have by the strong branching property

Uy () = EX[s%] = s P¥(A) + EX[(EX= G [s#])+ ac]
= 5P (Ty < &) + E°[ £ (us(We)). & < To),
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where W = (W;),>0 is a diffusion with generator G starting at x under P*, Tp = inf{r > 0: W, = 0} and the random

variable £ is exponentially distributed with rate § and independent from W. Setting v(x) = P*(Tp < &) we get by
integration by parts

o 00
v(x) =/ Be PPN (Ty < 1) di =/ e PIPY(Ty e dr) = E¥[e #T0],
0 0

and therefore Gv = Bv on (0, a) ([8], Paragraph I1.1.10, p. 18).
Denote the B-resolvent of the diffusion by Rg. By the strong Markov property,

E"[f(us(wo),sSTo]:E"[/o ﬁe‘ﬂ’f(mw,))dr]—E"[/T ,Be_ﬂtf(ux(Wz))dt}

= BRy(f ous)(x) — BE*[e PTO]Rs(f 0 us)(0),
hence uy; = Cs gv + BRg(f oug), with Cg g =5 — BRg(f ouy)(0). It follows that
Guy = BCy pv+ B2Ry(f ouy) — B(f ous) = Blus — fous) on (0,a).

By the above hypothesis on W, P*(Ty < &) — 1 as x | 0, whence u,(0+) =s. O
A.2. Addendum to the proof of Theorem 1.1

With the notation used in the proof of Theorem 1.1, recall that for some constant K > 0 we have
(¢ + cogp) (x) ~ p(x)/x ~ Ke O, asx — oc.
In what follows, formulae containing the symbols ~ and o(-) are meant to hold as s |, 0. The above equation yields

- / _ (co +o(1))
a(l —5) = ¢/ (¢~ () = —cos + (¢ + cop) (¢ 1(s))=—cos+%. (A1)

Now, by (3.5), we have
d'(1 = s)a(l —s) =2coa(l —s) + cis — g(s),

where we recall that g(s) was defined as g(s) =2(f(1 —s) — 1 + f’(1)s). From the above equation, one gets
a"(1=s)=—(a(1 =) ((coa(l = 5) + s — g(5)* = g'®)a(l = 5)?),

and an application of Lemma 4.1 and (A.1) yields (4.7).
Kolmogorov’s forward and backward equations (3.2) and (3.3) give

a(Fx(s))
Fl(s) = ———=,
+) a(s)
and taking the derivative on both sides of this equation gives
a(Fy(s))
F/(s) = a(xT(a/(Fx (5)) —d'(s)). (A.2)

By (4.7) and F[(1) = E[Z,] = e, we get
C(%.x
(log )2

1=Fe(1=5)
a’(Fx(l—s))—a’(l—s)z—/ a'(1=rydr~—
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This equation, together with (A.2) now yields

—cpets c2x
F/(1—s)~ — ( 0 )

cas? \ (logs)?

which is (4.8).
A.3. Reduction to Briot—Bouquet equations

In this section, we show how one can reduce differential equations as those obtained in the proof of Theorem 1.2 to
the canonical form (5.1). It is mostly based on pages 64 and 65 of [5].

Lemma A.2. Let A € (0, 1] and p € C. Then the equation

, Aw +[w, z]n
w =

= e (A3)
2+ pw+[w, z]2

has an analytic solution w(z) = [z]2 in a neighbourhood of the origin.

Proof. We choose the ansatz w = z - wy. This transforms (A.3) into

Azwi 422 wizlo Awi +z[wi, zlo
24 pzwi 4 22[w1, zlo 1+ [wy, 2]y

w| +wy =

Writing the inverse of the denominator as a power series in w; and z, this equals
(rwi + zlwi, 2do) (1 + [w1, zh) = Awi +rz 4 [wi, 22

for some r € C. This finally yields
zw) = — Dwy +rz+[wi, zl2.

Since A — 1 is not a positive integer, this equation now has an analytic solution w(z) = [z]; by Fact 5.3, whence
w(z) = zwi(z) = [z]2 solves (A.3). -

Remark A.3. The important point in Lemma A.2 is that the coefficient of z in the numerator of (A.3) is 0, which is
why w'(z) = 0.

Proposition A.4. Let .. > 1 and p € R. Suppose w(z) is a strictly monotone real-valued function on (0, ¢), ¢ > 0,
with w(z)? = o(z) as z — 0 and satisfying

w = Aw + pz+[w, z]n

Z+ w2l on (0, ). (A.4)

Then there exists h(z) = [z]2 and €1 > 0, such that 3 = 7 — h(w) has an inverse 7 = z(3) on (0, €1) and such that

dw
3d—3:)»w+p3+[w,3]2 on (0, e1). (A.5)

Proof. By hypothesis, w(z) is monotone on (0, £) and therefore possesses an inverse z = z(w) on (0, §), § > 0, which
satisfies

dz Az 4w, 2] (A.6)
dw ~ w4 prlz+(w,zl '
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By Lemma A.2, there exists then an analytic solution z = g(w) = [w]> to (A.6), since A~! € (0, 1] by hypothesis.
Setting 3 = z — g(w) transforms (A.6) into a differential equation, which has 3 = 0 as a solution, hence it is of the
form

A A7l 4slw.ah
dw  w+pr~l3+(w, 3]

We have d3/dz =1+ g'(w(z)w'(z) =1+ O(w(z)w’'(z)). By (A.4),

w(@w'(z) = 0(w(2)*/z + w(z)) = o(1),

by hypothesis. Hence, there exists &1 > 0, such that 3(z) is strictly increasing on (0, £1) and therefore has an inverse.
Thus, w(3) = w(z(3)) satisfies

dw w4 pr 34w, 3]
dy A0+ [w, 300

on (0, &2)

for some &3 > 0. Expanding (1 + [w, 31 'asa power series at (w, 3) = (0, 0) gives (A.5). (Il
A.4. Inversion of some analytic functions
The results in this section are needed in the proofs of Corollary 5.10 and Theorem 1.2.

Lemma A.5. Let ¢ € (0,w), r > 0 and h be an analytic function on H (¢, r) with h(z) = o(z) as z — 0. Then there
exists r1 > 0, such that for all 1,z € H(p, 1),

Z

1
logz; —10gZ2+/ h(z)dz #0.

2
Proof. Letzy,z2 € H(p,r). Write z; = a;e% with a; > 0, i € (—p, ), i =1, 2. Define the paths
@) zazei(t<p1+(l—t)gaz) and () = (ml +(1 - t)az)eiﬁﬂl’ t €10, 1],

such that their concatenation forms a path from z; to z; in H (g, r). Then
/ h(s)ds =|¢1 — @2| - axo(1/az) and / h(s)ds =|loga; —logaz|o(1).
14! Y2
As a consequence,

/Zl h(s)ds
k)

This proves the statement. ]

= (l¢1 — ¢2| + |logas —logaz|)o(1) < v/2|logzi — logzalo(1).

Lemma A.6. Let r > 0 and ¢ € (0, 7]. Let g and h be analytic functions on H (@, r) with g'(z) =1 +0(1), h'(z) =
log% 4+ 0(1), g(z) > 0and h(z) —> 0as z— 0in H(p,r). Then for each ¢y € (0, ¢) and ¢ € (¢o, ) there exist
ro, r1 > 0, such that g and h are injective on H (@1, r1) and the images of H (@1, r1) by g and h contain H (g, ro).

Proof. By hypothesis, g(z) =z+0(z) as z— 0in H (g, r), whence arg g(z) = arg z + o(1). Thus, there exists r; > 0,
such that g(H (¢1,r1)) C C\ (—00,0].

Suppose that there exist z1,z> € H(¢1,r1), such that g(z1) = g(z2). Let y be a path from z, to z; in H(¢1,71).
Then g oy isaloop in C \ (—o0, 0], whence

1 ! 1
0=/ —dz=/ @ dz =logz; —logzz+fo<—) dz.
goy £ y 8(2) y \Z
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By Lemma A.5, we can choose r; so small, that this equality cannot hold, whence g is injective on H (¢1, r1).

Since g(z) — 0 and argg(z) = argz + o(1) as z — 0, there exists ro > 0, such that g(dH (¢1,71)) encloses
H (¢o, rg). Now, since g is injective on H(¢1,71), H(p1,71) and g(H (¢1,r1)) are conformally equivalent, whence
g(H (¢1,r1)) is simply connected. It follows that g(H (¢1, r1)) D H (¢o, o).

Exactly the same arguments hold for 4, since /(z) = z(log % +O(1)) by hypothesis, whence arg h(z) = argz +o(1)
and h'(z)/h(z) =1/z+0(1/z) as z — 0. O

Lemma A.7. Letr >0, ¢ € (0,t] and t € R. Let g be an analytic function on H (g, r) with

1 1
g =-+ ¢ +O< ), asz— 0in H(p,r)
z  zlogz z|logz|Y

for some c e R and y > 1. Then for each 0 < ¢g < @1 < @ there exist ro, r1 > 0, such that g is injective on H(¢1,11)
and g(z) +t € g(H (g1, 1)) for every z € H(go, 10)-

Proof. By the hypothesis on g, we have for z1,z2 € H(p,r),

<1

g(z1) — g(z2) =logz1 — logz +/ o(1/z)dz.

22

By Lemma A.5, there exists therefore r; > 0, such that g is injective on H (¢1, r1).
Since 1/(x|logx|") is integrable near 0, we have

1
g(@)=logz+ clog(log —) +o(l), asz—0,
Z

where we assume without loss of generalisation that the constant of integration is 0. It follows that Re g(z) - —oo
and Img(z) = argz + o(1) as z — 0, since ¢ € R. Hence, there exists an R € R, such that g(d H (¢, r1)) encloses
the strip S = S_(R, ¢1). As in the proof of Lemma A.6, it follows that S C g(H (¢1, r1)). Furthermore, again by the
asymptotics of Re g and Im g, there exists ro > 0, such that g(s) + ¢ € S for every s € G (¢, ro). This concludes the
proof. (]

Lemma A.8. Let w(z) be an analytic function on an open subset of C \ (—o0, 0], such that w(z) — 0 as z — 0 and
Z=w+aw?+ -+ a,w" —l—o(wy), asz—0
for somen €N,y >nand ay, ..., a, € C. Then there exist by, ..., b, € C, such that
w(@) =z+by* +- + by +0(z¥), asz— 0.
Proof. For every i € N, we have by hypothesis
Z=w ta w4+ w4 o(w?)
for some a; i1, ..., a;, € C. For 2 <k < n, define recursively (with by = 1)
by =—(a1x +brazp + -+ br_1ax-1).

Then, z + b2z + --- + b"z" = w + o(w?). The statement now follows from the fact that w(z) ~ z as z — 0 by
hypothesis, whence o(w?) = o(z?). ([l

Lemma A.9. Let w(z) be an analytic function on an open subset of C \ (—o0, 0], such that w(z) — 0 as z — 0 and

1
cz=wlog—+Cw+o(w), asz—0
w
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for some constants ¢ > 0, C € C. Then

cz (1 _loglog1/z+ C —logc +o(1)

w= , asz— 0.
logl/z log1/z

Proof. Set f(z) = w(z)/z. By hypothesis, logz ~ logw = logz + log f (z), whence log f(z) = o(log z). Now define
g(z) by

cz
logl/z

w(z) = 8(2),

such that log g(z) = log f(z) — loglog % = o(logz). By hypothesis,

cz
logl/z

1 1 1
cz ~ wlog w= g(2) <log logg + log o logc — log g(z)> ~cz8(2),

whence g(z) ~ 1, which implies log g(z) = o(1). It now follows from the hypothesis that

— cz
" logl/z

1
cz g(z)(loglogg —10gcz+C+o(1)),

whence

(@) = 1_’_loglogl/z+C—logc+o(1) _1.
log1/z

The statement now follows from the series representation of (1 + z2)"latz=0. O
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