Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
2012, Vol. 48, No. 3, 609-630

DOI: 10.1214/11-AIHP428

© Association des Publications de 1’Institut Henri Poincaré, 2012

ANNALES
DE LINSTITUT
HENRI
POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Stationary distributions for jump processes with memory

K. Burdzy®!, T. Kulczycki®>? and R. L. Schilling?->

ADepartment of Mathematics, Box 354350, University of Washington, Seattle, WA 98195, USA. E-mail: burdzy @math.washington.edu
b Institute of Mathematics, Polish Academy of Sciences, ul. Kopernika 18, 51-617 Wroctaw, Poland. E-mail: t.kulczycki @impan.pl
CInstitute of Mathematics and Computer Science, Wroctaw University of Technology, Wybrzeze Wyspianskiego 27, 50-370 Wroctaw, Poland
dlnstitutfu‘r Mathematische Stochastik, TU Dresden, D-01062 Dresden, Germany. E-mail: rene.schilling @ tu-dresden.de

Received 13 September 2010; revised 1 April 2011; accepted 7 April 2011

Abstract. We analyze a jump processes Z with a jump measure determined by a “memory” process S. The state space of (Z, §)
is the Cartesian product of the unit circle and the real line. We prove that the stationary distribution of (Z, S) is the product of the
uniform probability measure and a Gaussian distribution.

é é. Nou étudier u us a sau vec u u uts dé iné u u é
Résumé. Nous proposons d’étudier un processus a sauts Z avec une mesure de sauts déterminée par un processus S représentant
une “mémoire”. L’espace d’états de (Z, S) est le produit Cartesien du cercle trigonométrique et de 1’axe réel. Nous démontrons
que la distribution stationnaire de (Z, S) est la mesure produit d’une loi uniforme et d’une loi Gaussienne.
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1. Introduction

We are going to find stationary distributions for processes with jumps influenced by “memory.” This paper is a com-
panion to [3]. The introduction to that paper contains a review of various sources of inspiration for this project, related
models and results.

We will analyze a pair of real-valued processes (Y, S) such that S is a “memory” in the sense that dS; = W (Y;) dt
where W is a C3 function. The process Y is a jump process “mostly” driven by a stable process but the process S
affects the rate of jumps of Y. We refer the reader to Section 2 for a formal presentation of this model as it is too long
for the introduction. The present article illustrates advantages of semi-discrete models introduced in [5] since the form
of the stationary distribution for (Y, S) was conjectured in [5], Example 3.8. We would not find it easy to conjecture
the stationary distribution for this process in a direct way.

The main result of this paper, i.e. Theorem 3.7, is concerned with the stationary distribution of a transformation of
(Y, S). In order to obtain non-trivial results, we “wrap” Y on the unit circle, so that the state space for the transformed
process is compact. In other words, we consider (Z;, S;) = (eiyf, S;). The stationary distribution for (Z;, S;) is the
product of the uniform distribution on the circle and the normal distribution.

The Gaussian distribution of the “memory” process appeared in models discussed in [2,3]. In each of those papers,
memory processes similar to S effectively represented “inert drift.” A heuristic argument given in the introduction
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Table 1
Frequently used symbols

avb,anb max(a, b), min(a, b)

at,a— max(a, 0), —min(a, 0)

X1 Z;ﬂzl|xj~|Wherex:(xl,...,xm)eRm

ex the kth unit base vector in the usual orthonormal basis for R”

Ay ar () 2 e 0,2)

D% ﬁ,a:(al,...,ad)el\?g

ck k-times continuously differentiable functions

C g, Cf, C’é functions in C¥ which, together with all their derivatives up to order &, are “bounded,” are “compactly supported,” and “vanish
at infinity,” respectively

Cy (]R2) all bounded and uniformly continuous functions f: R2 — R such that supp(f) CR x [-N, N] for some N >0

Ci(R?) C+(RY) N C)(R?)

S {z € C: |z| = 1} unit circle in C

to [3] provides a justification for the Gaussian distribution, using the concepts of kinetic energy associated to drift and
Gibbs measure. The conceptual novelty of the present paper is that the Gaussian distribution of S in the stationary
regime cannot be explained by kinetic energy because S affects the jump distribution and not the drift of Z.

The product form of the stationary distribution for a two-component Markov process is obvious if the two compo-
nents are independent Markov processes. The product form is far from obvious if the components are not independent
but it does appear in a number of contexts, from queuing theory to mathematical physics. The paper [5] was an attempt
to understand this phenomenon for a class of models. The unexpected appearance of the Gaussian distribution in some
stationary measures was noticed in [4] before it was explored more deeply in [2,5].

We turn to the technical aspects of the paper. The main effort is directed at determining the domain and a core of
the generator of the process. A part of the argument is based on an estimate of the smoothness of the stochastic flow
of solutions to (2.3).

1.1. Notation

Since the paper uses a large amount of notation, we collect some of the most frequently used symbols in Table 1, for
easy reference. Constants ¢ without sub- or superscript are generic and may change their value from line to line.

2. The construction of the process and its generator

Let S = {z € C: |z| = 1} be the unit circle in C. Consider a C3 function V :S — R such that fS V(z)dz =0 and set
W(x) = V(eix), x € R. Assume that V is not identically constant. In this paper we will be interested in the Markov
process (Y;, S;) with state space R? and generator G+5) of the following form

GUD f(y,9)=—=(=AN P f(y.9) + RF (. 8) + W) f5 (3. 9), 2.1
with a domain that will be specified later. Here, (y, s) € R2, « € (0,2) and

fx,8)— f(y,s)

_(_ /2 _ :
( Ay) f(y’S)_Aa 81—1>I(I)1+ ly—x|>¢ |y_x|l+a .
T+y
RF(y.s) = / (F.9) = £ 9) (W) = W)s) , dx. (2.2)
_T[+y

Since —(—A)*/?, a € (0, 2), is the generator of the symmetric a-stable process on R, we may think of the process Y; as
the perturbed symmetric a-stable process and S; as the memory which changes the jumping measure of the process Y;.
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The definition of (Y, S) is informal. Below we will construct this process in a direct way and we will show that this
process has the generator (2.1); see Proposition 2.4. Our construction is based on the so-called construction of Meyer;
see, e.g., [7,8] or [1], Section 3.1.

For any (y, s) € R? let

g5, 0)=((Wy) =W +x)s) Lnm&), xeR,

and

Hg(yvs’ )H] :/ ((W(y)—W(y +x))s)+dx

Let g(v,s,x) := g(y,s,x)/llgy,s, )1 if |lg(y,s, )1 # 0. We let g(y,s,-) be the delta function at 0 when
lg(y,s, )1 =0.1f ||g(y,s, )1 # 0, we let Fy s(-) denote the cumulative distribution function of a random vari-
able with density g(y, s, -). If [|g(y, s, -)|l1 =0, we let Fy ;(-) denote the cumulative distribution function of a random
variable that is identically equal to 0. We have

X
F_Yl(v)zinf{xeR:/ Mdzzv}
¥ —oo 18,8, )1

so for any v, the function (y, s) — Fy_ 51 (v) is measurable. If I/ is a uniformly distributed random variable on (0, 1),
then Fyf; (U) has the density g(y, s, -). Let (U,)nen be countably many independent copies of I/ and set 1, (y, s) =

Fy | Uy).
y,s
Let X (¢) be a symmetric a-stable process on R, o € (0,2), starting from 0 and N (z) a Poisson process with
intensity 1. We assume that (U, ),en, X (-) and N (-) are independent.
Let 0 <01 <02 < --- be the times of jumps of N(z). Consider any y, s € R and for > 0 let

Ytl=y+Xl5

t
s} —s+/ w(Y})dr,

A0 = [ 002551, 0

1 =inf{G1(1) =01} (info = o00).
t>0

Now we proceed recursively. If ¥, ,j s S,j , Ej (¢) are well defined on [0, 7;) and 7; < oo then we define for t > 7},
L J
YV =y + X0+ ) (Y (m). S (1)),
n=1
) . t .
S/t =5+ 87 (tj-) +/ w (v dr,
‘L'j—
t
~ i+1 oj+l
G =1+ [ e/ 51 an
9]

Ty =infl{o; 1) =041}
j+1 IZT]‘{ j+1(0) J+1}

Letto=0 (Y;, S;) = (Y], §/) fortj_y <t <1, j > 1. Itis easy to see that (Y;, S) is defined for all > 0, a.s. If we
puto(t) = fot llg(Yr, Sy, -)|l1 dr then we can represent (Y;, S;) by the following closed-form expression,

: Yi=y+ X + XN 0 (Y (1), S(1)), 0

S, =5+ fo W (Y,)dr.
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We define the semigroup {7;};>¢ of the process (Y;, S;) for f € Cp(R?) by
T,f(.9) =BV f(¥,,8),  (y,9) €R?.

By G5 we denote the generator of {T;}s>0 and its domain by D(GYS)). We will show in Proposition 2.4 that
C2(R?) c D(GYS)) and that G5 f is given by (2.1) for f € C2(R?), see Section 1.1 for the definition of C2(R?).
Our construction of (Y, St) is a deterministic map

{(u")”EN’ (N(t))tZO’ (X(t))tzo} - {(Y(t))tEO’ (S(t))tzo}'

This easily implies the strong Markov property for (Y, ). We will verify that (Z;, S;) := (e'¥", S;) is also a strong
Markov process. We first show that the transition function of (Y7, S;) is periodic.

Lemma 2.1. Let (Y;, S;) be the Markov process defined by (2.3). Then
PO (Y, e A+2m, S, € By =P (Y, € A, S, € B)
forall (y,s) e R2 and all Borel sets A, B C R.

Proof. Let X, be a symmetric «-stable process, starting from 0, « € (0,2), and let N(¢) be a Poisson process
with intensity 1. By (Yty , 8}) we denote the process given by (2.3) with initial value 7, Sg) = (y, s). The process

(f’,, S’,) = (Y,y +2“, S7) has the following representation

3 NG®) )
YVi=y+2n+ X+ Y, m(YE-),5GE-),

n=1
~ t ~
5 =s +/ W () dr,
0

where 5 () = [y lg(¥,, Sy, )|y dr and % = infi=0{5 (1) = o).
Note that for all x € R,

gy —2m,s,x) =g(y,s,x) and, therefore, ||g(y —2m,s, -)||1 = ||g(y, S, ~)||1.

It follows tha~t M (y — %Tlf, s) has the same distriputipn as n,(y, s)~. Since thNe function W is Periodic yvith period 2,
we have W(Y,) = W(Y, — 2x). Moreover, ||g(Yy, Sy, )1 = llg(Y, — 2, Sy, )1 and, 1, (Y (T,—), S(T,—)) has the
same distribution as 7, (17(%,,—) —2m, S (T,—)). This means that we can rewrite the representation of (Yty+2n, S7) in
the following way:

_ N @) _ B

Vi=y+2m+Xi+ Y n(VE-)—27, 3G ),

n=1
~ t ~
S;=s +/ WY, —2mn)dr,
0
where 5 () = [y lg(Y, — 27, Sy, )|y dr and % = infi=0{5 () = oy }.
By subtracting 2 from both sides of the first equation we get

3 NG@) )
Yi—2n=y+ X+ Y n (V&) 273G ),

n=1

t
S;=s +/ WY, —2n)dr,
0
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Table 2
Notation for processes and their generators

Process Semigroup Generator and domain
(Y1, S1) Ti.t20 G5, Dg-S)y)
(Ze.S) =11, 5p) T8.120 (G.DG)
(F1, 81) = (%o + X1, So + J§ W(¥y)dr) 5,120 G-, DGT-9y)
(Zs. 5 =", ) 78120 (G.D(©))

with & () and 7 as before. Substituting Y, := Y, — 27 we see that this is the defining system of equations for the
process (Y;', S¥). Therefore, the processes (¥;', S¥) and (Yty+2n, %) have the same law. O

We can now argue exactly as in [3], Corollary 2.3, to see that (Z;, S;) = (eiY’ ,8;) is indeed a strong Markov
process. We define the transition semigroup of (Z;, S;) for f € Co(S x R) by

TS f(z,8) =E“Y f(Z,,8), (z,5) €S xR. (2.4)

The generator of {TZS} ¢>0 and its domain will be denoted G and D(G).
In the sequel we will need the following auxiliary processes

Y, =Yo+ X,
$=%+A%wﬁMn
7, =er,
where X; is a symmetric «-stable Lévy process on R, o € (0, 2), starting from 0. We will use notation from Table 2.
We will now identify the generators of the processes (Y7, Sy) and (Z;, Sy) and link them with the generators of the

processes (1?,, 3’,) and (2,, S}).

Proposition 2.2. Let (Y;, S;) be the process defined by (2.3) and let f € C, (Rz). Then

A

T, f — T, f —
lim M exists < lim S f exists,
t—0t t t—0t t
in the norm || - || 0. If one, hence both, limits exist, then
T, f— Tif —
fim 2L =Sy ISy (2.5)
t—0F t t—0t t

where Rf is given by (2.2).
Corollary 2.3. We have

FeEDGNCSxR) < feDG)NC(S xR).
If f € D(G) N Ce(S x R) then

Gf=Gr+Rf,

where

Rof(z,5)= fS(f(w,S) — f(@9)) (V@) = V(w))s), dw.
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Proposition 2.4. Let (Y;, S;) be the process defined by (2.3). Then Cf(Rz) c DG and for f Cf(Rz) we have

GUD () ==(=A) f(3,9) + RF (v, ) + W) f5(v, 5) (2.6)

forall (y,s) € R?> with Rf given by (2.2).
Moreover, Cf(Rz) c DGY9) and for f € Cf(Rz) we have

GTD f(y,5) = =(= A f(3,8) + W) fi(7,9) @7

forall (y,s) e R%.

By Arg(z) we denote the argument of z € C contained in (—x, 7t]. For g € C 2(S) let us put

: g(w) —g(2)
Le(z) = Ay 1 8w = 8
# =00 SN{| Arg(w/2)|>¢) | Arg(w /)|
gw) —g(2)
A Z /s | Arg(w/z) 4 2nm|!*e dw, (2.8)

neZ\{0}

where dw denotes the arc length measure on S; note that fS dw = 2m. It is clear that for f € CCZ(S x R), z = ely,
y,s € R we have

—(=A4)* f(y,9) =L f(z,9). (2.9)
Corollary 2.5. We have CC2 (S xR) CD(G) and for f € CC2 (S x R) we have

Gf(z.8) =L f(z,5)+RSf(z,9) + V(2) fs(z, 5)

forall (z,s) €S x R, where L is given by (2.8).
We also have CE(S x R) € D(G) and for f € CE(S x R) we have

Gf(2.9) =Lof(z.9) + V(@ fi(z.5)
forall (z,s) €S x R.
Remark 2.6. Proposition 2.4 shows that for [ € Cf (R?) the generator of the process (Y, S;) defined by (2.3) is of
the form (2.1). This is a standard result, the so-called “construction of Meyer,” but we include our own proof of this
result so that the paper is self-contained. Moreover, Proposition 2.2, Corollaries 2.3 and 2.5 are needed to identify a
core for G. Corollary 2.5 is also needed to find the stationary measure for (Z;, Sy).

We will need two auxiliary results.

Lemma 2.7. There exists a constant ¢ = c(M) > 0 such that for any x € [—x, nt] and any u; = (y1, 81) € R2, uy =
(n,$) € R2 with s1, 52 € [—M, M] we have

|g(u1,x) — gluz, x)| < c(lua —ur| A1).

Proof. From ay = (a + |a|)/2 we conclude that |a; — b4 | <|a — b|foralla,b e R.
Letx € [—m, ], u; = (y1,51) € RZ, uy = (y2,82) € RZ and 51, 52 € [-M, M]. We have

|lgui, x) — g(uz, x)|
<|[(Wn) — Wy +X))Sl)+ — (W) — W +X))S2)+’
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(WD) =Wt +x)s1 — (Wh2) — Wz +x))s2 |

(W) — W +x)s1 — (W) — Wi +x)) sz

+ (W) = Wt +x))s2 — (W) — W +x))s2|

< |W) = Wi +x)|ls1 — s20 + W) — W) |ls2
+ [ Wi +x) = W+ x)|ls2]

<2 Wllolsi — s2l +2M | W'|| _y1 — y2l.

=<

Since, trivially, |g(u, x) — g(uz, x)| < 4||W|lcoM, the claim follows with ¢ = 4(||W|lco + || W/ |leo) (M + 1). a
As an easy corollary of Lemma 2.7 we get

Lemma 2.8. There exists a constant ¢ = ¢(M) > 0 such that for any uy = (y1,s1) € R2, us = (y2, s2) € R? with
s1,8 € [—M, M] we have

gtr )l = g2 )] | = e(luz =i A1)

Proof of Proposition 2.2. Let f € C,(R?). Throughout the proof we will assume that supp(f) C R x (—Mo, Mo)
for some My > 0. Note that

IS¢ = = 1Sol + [IWlleo = Mo+ [W]loo

t
So +/ W(Y,)dr
0

for all starting points (Yp, So) = (v, s) € R x [-My, Mp] and all 0 <¢ < 1. Put
M= Mo+ |Wlls-

If (Yo, So) = (v, 5) ¢ R x [-My, M1], then

|S:| = >M — |[Wlleo=My, 0=<t=1,

t
So +f W(Y,)dr
0

so f (Y, S;) =0. It follows that for any (y, s) ¢ R x [-M;, M1] and O < h <1 we have

EC9 f (Y, S) = f(v,8) _

0.
h
By the same argument,
EC £ (B Si) = f9) _

h

It now follows from the definition of Rf (y, s) that Rf (y,s) =0 for (y, s) ¢ R x [—My, M]. It is, therefore, enough
to consider (y,s) € R x [-My, M1].

The arguments above tell us that for all starting points (Yp, So) = (v,s) e R x [-M,Mj] and all 0 <7 <1,
[Si] < [Sol + IWlloo < M1 + [|W]leo. Setting

M =M+ [Wlloo,
we get from the definition of the function g that

e, Sr. )|, <272 WlleoM, 0<r<I,
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and so
t
a(r)=/ lg¥r, Sp )| dr <4 WllaMt =cor, 0<t<1,
0

with the constant co = 47| W ||co M.
From now on we will assume that (y,s) € R x [-M, M;] and 0 < & < 1. We have

Tif(y.8) = f(.8) _ EODF ¥ ) = £ (3. 9)
h h

1.
= EE(}"S) [f(Yh’ Sh) - f(y’ S); N(U(h)) = 0]
1
+ EIE(Y'”[f(Yh, Sn) = f(,9); N(o(h) =1]

1
+ 2B Wi $1) = £, N (o () = 2]
=1+ 11+ 1.

Since o (h) < coh we obtain

2 2
|| < %P@»”[N(a(h)) >2] < %P(Y'”[N(coh) > 2]
_ a—coh __ —coh
| i ke,
h h—0+

uniformly for all (y, s) e R x [-M, M{].
Now we will consider the expression I. We have

h
1= %E(”)[f(y + Xp,s +/ W(y +Xr)dr) — f(y,8); N(o(h)) :O}
0
1 A A
= %E(V’s) [f Yo Sw) = f (v, ) N(o () = 0]

1 s s 1 PG
= B W S0 = £ 9] = BOV[S W $1) = £ N (o () 2 1]
= I] +12

Note that

_Tif0.9) = f0.9)

I
! h

It will suffice to prove that I — 0 and I — Rf. We have

2|

IA

1 A
ZEO"”Hf(Yh, Sp) = f(,)|; N(eoh) = 1]

1— —coh A
———EOI £ 80— £ (9]

Recall that f € C,(R?) is bounded and uniformly continuous. We will use the following modulus of continuity

e(f;8)=¢ed) = sup sup |f(Y+y1,S+S1)—f(y,s)|.
(v,5)eR2 [y1|V]si|<8



Stationary distributions for jump processes 617

Clearly, £(8) < 2||f||00 and limg_, g+ £(5) =
Note that for Yy = ¥, Sp = s we have Yh —y =Xy, Sp—s —fo W (Y,) dr which gives |St —s| < h||W] x for all
t < h. It follows that

B[] S = £ (o 9)[] BV e sup (141 V hIW ) )|

O<t<h

Since t — X; is right-continuous and Xo = 0 we have, a.s.,

sup |X;| e 0 and, therefore, ( sup (1X] \/h||W||oo)) — 0.
0<t<h h— 0<t<h h—0F

By the bounded convergence theorem

) [8( sup (X v h||W||oo)>] —0

O<t<h

uniformly for all (y,s) € R x [—Mj, M1] because the expression &(supy_,<j, | X/| V 2||W|lx) does not depend on
(y, s). It follows that

L] — 0
h—0t

uniformly for all (y,s) e R x [-M1, M].
Now we turn to II. We have

1.
= EE(M) [f (Y3, Sp) = f (Yn,5); N(o(h) =1]

1 )
+ 2OV Wnes) = £(r.): N (o () =1]
=1} +II,.

Since o (h) < coh

h
L] < E(”)Hf(Yh,s+f W(mdr)—f(Yh,s)
0

h
< ]E<> S>[ (f W (Y,)dr

N(coh) > 1}

>;N(Coh) > 1}

< hEW[ e(RIWllos): N(coh) = 1]
L= s
ZTE ’ [S(h”W”oo)]thZO

uniformly for all (y, s) € R x [-M, M]. It will suffice to show that II, — Rf.
From now on we will use the following shorthand notation

U= S,  Ui=n8), ui=(®,s).

‘We have
1.
I, = ZEW[f(y + Xp +m Uz ), s) — f(y +m Uz 2),s); N(o (b)) > 1]

1
+ T BOVLL (v m U2, ) = [0 N(o () = 1]
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| .
= BV (5 + X+ mWUn).s) = f(.5): N(o () 22]
=1, + Iy + I,
Observe that

1 —e 0" — ¢cohecoh
Mae| <2 flloo — 0
h h—0t

and that the convergence is uniform in (y, s) € R x [-M7, M1].
Moreover,

Mg |

A

1_.
ZIE<M)[|f(y + Xn+m Uz =), s) = f(y +m Uz -),s)

: N(coh) > 1]

IA

1
EC) [s( sup |Xh|); N(coh) > 1]

0<t<h

1— —coh
= 72 E(W)[s< sup IXhl)]

0<t<h

ﬁ O
h—0t

uniformly for all (y,s) € R x [-M1, M1]. It will suffice to show that Iy, — Rf.
Note that

h
Nom) =1 +—= u<h /||g(Ur,.)Hldrzal. (2.10)
0
We claim that

h h
/OHg(Ur,-)Uldrzal = /OHg(U,,.)H]drzol. (.11

First, we assume that foh llg(Uy, -)|l1 dr > oy1. This implies that t; < h. Recall that U, = 0, for r < 1. Hence

h 7] R T]
/0||8<Ur~>||1drz/0 Hg(Ur,-)Hldr:/O le,. )|, dr =,

where the last equality follows from the definition of ;.
Now let us assume that foh llg(Uy, 9)|l1 dr < o1. This implies that 71 > h. Using again U, = Ur forr <h <1y, we
obtain

h h
o> [ sl o= [ls(@. 0], o

which finishes the proof of (2.11).
By (2.10) and (2.11) we obtain

1
Iy, = EE(y’S)[f(y + Uy -).8) = f(y.5): 11 <h]

1 /S
_ on, )[f(y + M Uan-),s) — f(y,8); 1 < h]

1 . oo
:%E(y’s)[f()’-i-ﬂl(U(rl/\h)—),S)—f(yas)§A ||g<Ur,~)H1drza1]
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We will use the following abbreviations:

u=(y,s),

h

A= {/0 ||g(Ur,-)||ldrzal},
h

B= {fo ||g<u,-)||1drzol},

1 N
F= E(f(y + MU A=), s) — f (. 8)).
This allows us to rewrite Il as
I, =E“[F; Al =E"[F; Bl + E“[F, A\ Bl —E“[F; B\ A].

Recall that X = (X;);>0, N = (N(#));>0 and U = (Uy)nen are independent. Therefore the probability measure P
can be written in the form P = Px ® Py ® IP4; the conditional probability, given N or U, is Px and the corresponding
expectation is denoted by Ex. In a similar way P(x, vy = Px ® Py and E(x, ) denote conditional probability and
conditional expectation if ¢/ is given. As usual, the initial (time-zero) value of the process under consideration is given
as a superscript. Note that U, = (Y,, S,) is a function of X and does not depend on N or U/. In particular, U, and o
are independent. Since o is the time of the first jump of the Poisson process N (), it is exponentially distributed with
parameter 1. It follows that

|E“[F, A\ B]|

2 00 " /] "
= Wl [l 2 v [ st

2”1;1”00 [ — gl dr _ o= 218l dr / |(C:. )||1d’>/ g, d’}

- 2“2“00E§’(|e_f0h sl dr _ o= Ne@r )l ar|

2 xp A
< W0 [ ot ], ~ @], o
sznfuooEszosuph!Hg(w I e FUADIAE

For the penultimate inequality we used the elementary estimate [e™¢ — e | <l|a—b|,a,b>0.FromLemma 2.8 we
infer that the last expression is bounded by

20 f lloocBY [ sup (10, —ul A 1)]

0<r<h

)
=2||f||oocEgz[ sup (‘(X/ W(Y;)dt) /\l)]
0<r=<h 0
— 0
h—0t

uniform}y for all (y,s) € R x [-Mj, M1]. This convergence follows from the right-continuity of X, and the fact that
| fo W) dt] < h|W oo
A similar argument shows that |E“[F; B\ A]| h—0>+ 0 uniformly in (y,s) € R x [-M7, M1]. It will suffice to show

that E“[F; B] — Rf.
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We have

1 R h
E'[F; B] = B0 [f(y + M Uyam-).s) = f(y.5): fo lg@. ], dr = ol]

| R h
:ZE”{f@+ﬂﬂwnM%%ﬂ—fU+WﬂWJ%A|MWVW“VZQ}

1 h
+ZEW{f@+meg—f@JﬁAHﬂmdmwzaJ
—=A+B.

In order to deal with A and B we introduce the following auxiliary notation.

Recall that X, N and U/ are independent. As before let IEg( 512,) be the conditional expectation given U{; the super-

script (y, s) indicates that Yo = y and Sp = s. Moreover, [£;; denotes conditional expectation given X and N.

Lemma 2.9. Letu; = (y1,51) € R2, uy = (y2,82) € R2 be such that sy, s> € [—M, M] and ||g(u2,-)|l1 > 0. Then we
have

lup — uz|
E 5) = SI= gt on M
|Eee(f(y +m@i).s) — £y + m@2).s))| <C(||g(u2,~)||] A )

for some c =c(f, M) > 0.

Proof. We will distinguish two cases: ||g(u1, -)|l1 =0 and ||g(u1, -)||1 > 0.
Assume that ||g(u1, -)||1 = 0. Then by Lemma 2.8 we have

lg@a. ) =]gwa. )], = [gwr. )]} < cluz — .
Hence,

2| fllooclur — ua|
[Eoe(f (y +m@i).s) = f(y+ni@2).s))| <20 flloo £ ——r——
llg(u2, )l
Now we will consider the second case: ||g(u1, -)||1 > 0. We have

|Eee(f(y+m@i).s) = f(y+nm@w2),s))|

2’ Mg(ul,x)dx— Mg(uz,x)dx

—x gy, )l —x g2, )l

- |7 F O+ x, 98, 0)llgua, )l — gu2, x)llg i, ) ll11dx]
B g Qur, Illllg @z, )l

Il £ lloo /
, ,- _ , L d
< ||g(u1,->||1||g(u2,-)||1[ _Jg(ul )| gwa, )|, — gur,x)| g, )|, | dx

+/ |g<u1,x>||g<u1,~>||l—g(uz,mng(ul,.>>|1\dx]

—T

By Lemmas 2.7 and 2.8 this is bounded from above by

Ilf oo
llgCur, )llguz, )l

- (c" 4+ 21 flloluz — uil
lg(ua, )l

LY
[/ gur, x)dxc’uy — ur| 4 2mc” |u1 — ua|| g (ur, ~)||1}

T
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The lemma follows now from the observation that
B (f (v +m@i).s) — f(y+m@2),s))| <20 flloo- O

Proof of Proposition 2.2 (continued). We go back to A+ B.If ||g(u, -)|[1 =0then A+B=0= Rf(y, s). The proof
of the proposition is complete in this case.
We will consider the case || g(u, -)|l1 > 0. Because of the independence of o1, X; and (11 (u)), g2 we get

1 .
Al = 'ZE%X,N) (B[ f (v +mWUam-).s) = F(y +m@),s)]: k]| g, )], = 01]
By Lemma 2.9 this is bounded from above by

‘1Eu Hm«n A=) —ul
lg G, I

7 x ) /\1>;hHg(uw)||] 201}

c

IA

[ sup 10—l A g g ] 2 0

7]}3”
hllg(u, Y FML2,.2

c
sup A ||g(u, )

)
¢ pu (X / W(?)dt)
hligGe, ol SN oD U fy T

C -
PTG X, h|W .
hllgu, ) (X»N)_OZI:EJ( P hlIWllo)| A | g, )

g, 2]

=<

g ], = o]

Using the independence of X and o this is equal to

C —h|g(u u X h 00 u |
- (1- llg e, )1l E |: rs w a
= I:Oirgl‘(xl’h” ! ||OO)|/\ ||g(ll,)||1 h—0+

uniformly for all u = (y,s) e R x [-My, M1].
It will suffice to show that B — Rf. Because of the independence of 11 and o7 we get
h—0

1
B =Eu[f(y+m@.s) = F.9)]-(1- e Hligteln)

T — e hlg, )l
= [ U6+ = S0 (W0 - W) @

x hllgu, )l
— RFG.s) 1 — e "tllg.)lh
hllg(u, )l
1 — e Ttlg.)lh
=Rf(y,s)+Rf(y,s)<m—1>. (2.12)

For u = (y,s) € R x [-My, M] we have
IRF(, )| <20 flloc2m2/|W lloo M1 = 87| flloc | W lloc M1,
lg@. )|, <2m20|W oM = 47| W oo M.

Note that for any %, ¢ > 0 we have

he 1—e e —pe
< - <
2 - hc -

0.
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Therefore,

1 — ehllg@. )l _ hlig@u )l _ 4lW oo M)
hllgu, )l - 2 - 2

h.

It follows that the expression in (2.12) tends to Rf (y, s) when & — 07T uniformly for all u = (y, s) € R x [—M, M1].
We have shown that B — Rf. This was the last step in the proof. ]
h—0

We will now introduce some further notation. Let N be the positive integers and No = N U {0}. For any f:S — R
we set

fe)=f("), xeR
We say that f:S — R is differentiable at z = ¢'*, x € R, if and only if f is differentiable at x and we put
f'@=(f)(x), wherez=e" xeR.

Analogously, we say that f :S — R is n times differentiable at 7 =™, x € R, if and only if f is n times differentiable
at x and we write

M@ =(H"@, wherez=e", x eR.
In a similar way we define for f:S xR — R
f.9=rf(".s)., y.seR 2.13)
We say that D* f(z,s), z= el v,seR, xe N(z), exists if and only if D“f(y, s) exists and we set
Df(z,5)=D"f(y,5), wherez=e",y,s€R.
When writing C%(S), CZ (S x R), etc., we are referring to the derivatives defined above.

Proof of Corollary 2.3. We will use the notation f introduced in (2.13). Let f € C¢(S x R). Then f € C(R?). Let
z=¢e",z €S, s €R. We have, cf. [3], Eq. (2.9),

TEf(s) = @) _ T 0.9~ fG.9)

t . (2.14)
i f@s)—f@s) _Tif0.9)—F. 2.15)
t t ’ '

Using this and Proposition 2.2 we get that limt_>0+(T,Sf — f)/t exists if and only if lim,_>0+(f"tsf — f)/t exists,
where both limits are in || - ||oo norm. Consequently,

FEDGNC(SxR) < feDG)NCS xR).

The second assertion of the proposition follows from (2.5), the definition of the infinitesimal generator and from
the fact that for z e Sand s € R

Rf(y,s)=R°f(z,5), z=e". (2.16)
O

Proof of Proposition 2.4. Note that (2.6) follows from (2.7) by Proposition 2.2. So it is sufficient to show (2.7).
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Pick f € Cf(Rz). Throughout this proof we assume that supp(f) C R x (—Myp, Mp) for some My > 0. With
exactly the same argument as at the beginning of the proof of Proposition 2.2, we can restrict our attention to (y, s) €
R x [—M;, M] where M| := My + || W|loo. We have for O < h < 1,

Thf (v, s)— f(y,s)

h
_EO9 £ (¥, §p) —EO) f (¥, 5) N EO) f (¥, 5) = EC) £ (y, 5)
N h h
=I1+1L

We get

1 of 5
— )| 2L —
1= EC [8S(Yh,s)<sh s)}
h
- %E(w)[%(?h’g)/ W()},)dtj|
as
_EO 0[1 & (y,5) / W(y)dt}—i—IE(”)[ [af F6r - Ly, s)} / W(y)dtj|

10f - A
10| L 5 g / (W) —W(y))dr
h ds 0
=L+ +1,
where £ is a point between s and S‘h. Note that |I?h —y|=|Xpland |§ — 5| < |3’h — 5| < h||W| . Moreover,

(W@ — W) < QIWIIs) A (|W ] 1 = ¥1)

<c(IXnl A1)
XAl
§c<oiltlgh| (A )
and
‘—f( hs s)——f( s)
af 3 f 3 f .
<o (5], 5] Yoo

<c((IXnl+ 1) A1),
where ¢ = c(W, f). It follows that

2| < el WloEY ((IXal +h) A1) —> 0,
h—0t
uniformly for all # = (y, s) € R x [-M7, M]. In a similar way

Il <c

a ,
—f” IE(”)[ sup |X:| A 1] — 0,
05 || 5 -0t

0<t<h

uniformly for all u = (y,s) € R x [-My, M1]. So

af
I — —(y,S)W(y)
h—0t 0
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uniformly for all u = (y, s) € R x [-M7, M].
It is well known that

:E(yvs)(f(y—i—xh,s)_f(y’s)) N

—(—ANY/2
11 . o AL (s)
uniformly in u = (y, s).
Combining the estimates for I and I shows that f € DGY-9)Y and that (2.7) holds. O

Proof of Corollary 2.5. Let f € C2(D x R). Then f € C2(R?) c D(GY-5)). By (2.14) f € D(G). Now let z = e,
z€ D, s € R. By (2.14), Proposition 2.4, (2.9) and (2.16) we get

Gfz) =YYy,
= (=2 F (3, 9) + R, )+ WO f5(y,9)
=L.f(z,8)+RP f(z,5) + V() fs(z, 9).

The proof for _C’; is the same. O

3. Stationary measure

The aim of this section is to show that the process (Z;, S;) has a unique stationary measure. First we will show that
CE(S x R) is a core for (G, D(G)). For this we will need two auxiliary lemmas.

Lemma 3.1. C2(S x R) is a core for G.

Proof. Here we will use the results from [3]. Note that (1},, S‘t) is the solution of a SDE of the form (3.1) in [3]. Since
V:S — R is a C3 function, [3], Theorem 3.1, see also [3], Proposition 3.6, guarantees that f} fe Cf(Rz) for all
f e C:(R?).

Now let f € C2(S x R). Then f € C2(R?) and T; f € C2(R?). Forz =¢', z € S, s € R we get as in [3], Eq. (2.9),
TS f(z.s) =T, f(y.s). Hence, TS f € C%(S x R). This means that 75 : C2(S x R) — C2(S x R). Since C2(S x R)
is dense in Co(S x R) — the Banach space where the semigroup {f}S}lzo is defined — [6], Proposition 1.3.3, applies
and shows that CZ(S x R) is a core for (é, D(é)). O

Lemma 3.2. C.(S x R)ND(G) = Ce(S x R)ND(G) is a core for (G, D(G)) and (G, D(G)).

Proof. The equality of the two families of functions follows from Corollary 2.3.

By Corollary 2.5, CZ(S x R) C C.(S x R) N D(G) and CCZ.(S x R) is dense in Co(S x R) where the semigroups
{T5}150, {T )0 are defined; so C.(S x R) N D(G) is dense in Co(S x R).

By the definition of the processes S; and S, and the boundedness of W it is easy to see that TtS :Ce(S x R) —>
C.(S x R) and f}S :C.(S x R) — C.(S x R). It follows that TtS and flg map C.(S x R) N D(G) into itself. Now [6],
Proposition 1.3.3, gives that C.(S x R) N D(G) is a core for G and G. O

Proposition 3.3. CCZ(S x R) is a core for G.

Proof. Pick f € D(G) N C.(S x R). We have f € D(é) N C:(S x R) and CE(S x R) is a core for G so there exists a
sequence ()%, where f, € CZ(S x R) such that

n=1°

tim (1l fu = flloo + 16 fu = G f llo) =0.
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Since f € C.(S x R), there exists some M > 0 such that supp(f) C S x [-M, M]. Let g € CZ°(R) be such that
0<g=<Lgllecc<l,g=1lon[—-M —1,M+1]and g =0o0n (—oo, —M — 3] U[M + 3, c0). Put

gn(z,8) :=g(s) fu(z,5), (z,5) € SxR,
and note that f(z,s) = g(s) f(z, s). Therefore

|80(2,9) = £z, 9)] = [8(5) fu(z, ) — () f (2, )| <[ fu(z,9) = f (2. 9)]
and

lgn — flloo <l fn = flloo-
Since g, € CX(S x R) C D(G), we find for (z,5) € S x [-M, M],

08n
as

= 'V(z)%(z,s) + L. fu(z.5) =G f(z.5)

|Ggn(z.5) = Gfz.9)| = 'V(z) (2.8) + L:gn(z,5) =G f(z.9)

=|Gfu(z.5) = Gf z.9)|
<16 fn =G fllss
whereas for (z,s) ¢ S x [-M, M],

Qf(z,s) = V(z)%(z, $)+L,f(z,5)=0,

and

Ggn(z.5) — G f(z.9)|
a n
as

= ‘V(z)

(z,8) +L;gu(z,5)

0fn
= ’V(Z)g/(S)fn(Z, s) + V(Z)a—];(z, $)8(s) + 8($)L; fu(z,5)

0fn
<|v@|-[g®||fuz 9]+ |g)] V(z)a—J;(z,S) + L; fu(z,5)

<MV lloo| fu @ )| + (G fu (2. 9))
= Vliso|falz.8) = f @]+ |G fu(z.s) = GF (2. 9)]
<V llsoll fa = Flloo + 1 fr = G f lloo-
Hence
llgn = Flloo + 1980 = G Flloo < (1+ 1V o) I fir = flloo + 1 fu = G flioo
and we see that

(Ign = fllso + 1Ggn — G flloc) = 0.

lim
n— oo
Note that for every M > 0 there exists a constant Cps,y > 0 such that

IR°h| . < Cuvlihllos
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for all 4 € C.(S x R) such that supp(h) CS x [-M + 3, M + 3]. Hence

gn = flioo + 1G8n — G flioo
=lign — flloo + |Ggn — Gf + RSgu — RO F|

<llgn — flloo + 1Ggn — G flloo + | RSgn — RS F|
<(L+Vlc) Il fu = flioo + G fa — G flloo + Crrvllgn — flloo
<(1+Vleo + Crtv) I fu = Fllos + 16 f1 — G flloo

—> 0.
n—oo

This shows that for every f € D(G) N C.(S x R) there exists a sequence (g,)5- ;, such that g, € C E(S x R) and

lign — flloo + 1980 =G flloc —> 0.
n—00

Since we know that D(G) N C+(S x R) is a core for (G, D(G)), we conclude that CCZ(S x R) is also a core for
(G.D(9)). O

We will now identify the form of the stationary distribution of the process (Z;, S;). For this we need two auxiliary
results, Lemma 3.4 and Proposition 3.5.

Lemma 3.4. For any f € C*(S) we have
/ Lf(z)dz=0.
S

The proof of this lemma is the same as the proof of [3], Lemma 2.8, and is omitted.

Proposition 3.5. Let
1 g2
w(dz,ds) = Ee dzds.

Then for any f € CCZ(S x R) we have

//gf(z,s)n(dz,ds)zo.
SJR

Proof. Let f € C 62 (S x R). By Corollary 2.5 we have

Zn//gf(z,s)n(dz,ds)
SJR

:f /sz(z,s)dze_m2 ds+fV(Z)/ fs(Z,S)e_m2 dsdz
RJS S R

+f //(f(w, )= f(z,9))((V(@ - Vw))s)  dw dze™" ds
RJSJS
=1+ +1IL

From Lemma 3.4 we know that I = 0. Integrating by parts we obtain

H:zn// V() fz,s)e ™ sds dz.
SJR
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Now we will simplify III. Note that a4 = (a + |a|)/2, a € R. Hence
/S/S(f(w, $) = [@9)) (V@ = Vw)s), dwdz

- %//(f(w,s) — (@ 9)) (V&) = V(w))dwdz
SJS

Is|

> /[(f(w,s)—f(z,s))|\/(z)—V(w)|dwdz
SJS

= III; 4 5.

+

By interchanging w and z in I, we get

I, = %'f/(f(z,s) — f(w,9))|V(w) = V(2)|dwdz = —1II,
SJS

which means that III; = 0.
By assumption, fS V(z) dz = 0. Therefore

1II4 :i/f(w,s)dw/V(z)dz—i/f(w,s)V(w)dw/dz
2 Js S 2Js S

_i/f(z,S)V(Z)dZ/dw—l-i/f(z,s)dz/V(w)dw
2Js s 2 Js S

= —-2ms / f(z,8)V(2)dz.
S
Informally, Il = [ ((IIIl)e—ns2) ds, so

l=-2xn / / V(2)f(z, s)e—ns2s ds dz.
S JR
Consequently I+ 114 III = 0. O
Theorem 3.6. The measure
I e
m(dz,ds) = —e dzds 3.1
21
is a stationary distribution of the process (Z;, St).

Proof. Let (Y;, S;) be the Markov process given by (2.3) and let (Z;, S;) be the Markov process where Z; = eltr, By
{T,S},zo we denote the transition semigroup of (Z;, S;) on the Banach space Co(S x R), cf. (2.4), and by G we denote
its generator. Let P(R x R) and P(S x R) denote the sets of all probability measures on R x R and S x R respectively.
In this proof, for any /i € P(S x R) we define 1 € P(R x R) by 1([0,27) x R) = 1 and (A x B) = ji(e'* x B) for
Borel sets A C [0,27), B C R.

Consider any it € P(S x R) and the corresponding ;€ P(R x R). For this u there exists a Markov process (Y;, S;)
given by (2.3) such that (Yy, So) has the distribution j. It follows that for any i € P(S x R) there exists a Markov
process (Z;, S;) with Z; = e'?" and with initial distribution . By [6], Proposition 4.1.7, (Z;, S;) is a solution of the
martingale problem for (G, ). By [6], Theorem 4.4.1, for any [t € P(S x R), uniqueness holds for the martingale
problem for (G, D(G), ;). Hence the martingale problem for G is well posed.

Proposition 3.3 gives that CE(S x R) is a core for G. By Proposition 3.5 and [6], Proposition 4.9.2, we get that 7
is a stationary measure for G. This means that 7 is a stationary distribution for (Z;, S;). O

Theorem 3.7. The measure w defined in (3.1) is the unique stationary distribution of the process (Z;, St).
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Proof. The proof is similar to the proof of [3], Theorem 2.1.2.
Step 1. Suppose that (Y;, S;) satisfies

t
Yi=y+ X, St=s+/ W(Y,)dr,
0

where X = 0. Suppose that X; is a stable Lévy process with X9 = 0. The following Lévy inequality for symmetric
Lévy processes is well known

IP’( sup | X, >8) §2P(|Xt| >£) <1-35.

0<r<t

It follows that for every T < oo, y, s € R and ¢ > 0 there exists § > 0 such that

P (sup |Y, —yl<e)=P( sup |X,[<e)=0. 32

0<r<t 0<r<t

Step 2. Recall that V € C? and it is not identically constant. This and the fact that fS V(z) dz =0 imply that W is
strictly positive on some interval and strictly negative on some other interval. We fix some a1, az € (—x, 7), b1 > 0,
by < 0 and gy € (0, T/100), such that V(z) > b; for z € S, Arg(z) € [a; — 4ep, a1 +4ep], and V (z) < by for z € S,
Arg(z) € [ax — 4ep, az + 4eo].

Suppose that there exist two stationary probability distributions 7 and 7 for (Z, S). Let ((Z;, S;))r>0 and
((Z, E)),Zo be processes with (Zy, Sp) and (20, §0) distributed according to 7 and 7, respectively. The transition
probabilities for these processes are the same as for the processes which are solutions to (2.3). Recall that X denotes
the driving stable Lévy process for Z and 77 is the time of the first “extra jump” in the representation (2.3).

We will show that S; 7 0 for some ¢ > 0, a.s. Suppose that the event A = {S; = 0 for all # > 0} has strictly positive
probability. On A we have Y; = X; 4+ y for all # > 0, according to (2.3). Recall that W(x) > O for all x in the set
I = Ukez(m —4eog + 271k, a1 + 4eo + 2km). It is easy to see that X enters I" — y at a finite time sg, a.s. Hence, ¥
enters I at a finite time so, on the event A. Since Y is right-continuous, Y; € I" for all ¢ € (sp, s1) for some random
s1 > s9. This and (2.3) imply that S; # 0 for some ¢ € (s, 51), on the event A. This contradicts the definition of A and
hence it proves that S; # 0 for some ¢ > 0, a.s.

Assume without loss of generality that S; > 0 for some ¢ > 0, with positive probability. Then there exist 1 > 0,
f1 > 0 and p; > 0 such that

P”(Stl >e€1,T1 > 1) > p1.
Let F1 ={8; > €1, 71 > t1} and 1, = £1/(2|| W | x0). Clearly, for some p, > 0 we have
P™ (3t € [11, 11 + 12]: Arg(Zy) € [az — €0, a2 + €], T1 > 11 + 12| F1) > pa.

Since Arg(Z;) has right-continuous paths, this implies that there exist e; > 0, 11 > 0, t3 € [#1, t; + 2] and p3 > 0 such
that

P (Sy, > 1, Arg(Zs,) € [ar — 260, ar + 2501, 71 > 13) > p3.
Note that [S;, — S, | < [|W ootz < £1/2. Hence,

PT (S,3 > ¢e1/2, Arg(Z,) € [ax — 2¢9, ar + 2¢0], 71 > t3) > p3.
Let &3 € (¢1/2, 00) be such that

P7 (i, € [e1/2, €21, Arg(Zy,) € [az — 2e0, a2 + 2¢0), T1 > 13) > p3/2.
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Set t4 = 2¢e>/|b2| and t5 = t3 + t4. By (3.2), for any €3 > 0 and some p4 > 0,

P ( sup 1X, = Xpy| <e3, Sy € [e1/2, 8],

B3<r<ts

Arg(Z;) € [aa — 3e0, az + 3¢eo] for all 1 € [13, t5], 71 > t5> > p4.

Since V(x) < by < 0 for x € [ap — 3eq, ap + 3&p], if the event in the last formula holds then
Is
Sts = Sp +/ V(Zs)ds <&+ bty < —é&3.
3

This implies that,

Pn( sup | X, — Xyl <63, 8, >€1/2, 85 < —&2, 71 > t5> > pa. (3.3)

13=<r=is

Step 3. By the Lévy—It6 representation we can write the stable Lévy process X in the form X; = J; + X +» Where J
is a compound Poisson process comprising all jumps of X which are greater than ¢ and X=X—Jisan indepen-
dent Lévy process (accounting for all small jumps of X). Denote by A = A(, €o) the rate of the compound Poisson
process J and let (Y S) be the solution to (2.3), with X, replaced by Xt for ¢t > t3. Similarly T; denotes the first

“extra jump” in the representation (2.3) for the process (Y S) Moreover, we take €3 < g9/2. By our construction
SUP, < <5 | Xr — X13| < €3 entails that sup,, -, |/ — Ji;| = 0; therefore, (3.3) becomes

~ ~ ~ 81 ~ ~
Pn( sup | X, — Xp| <€3,8; > bR Sts < —€2,T1 > ls)
r

3=<r=fts

5 & ~ _ & =~ -
zlP’”< sup | X, — Xy| <é&3, sup IJr—Jz3|=0,St3z?sti—az,n>ts>
t

3=r=fis 3=<r=is

> ps > 0.

Let 7 be the time of the first jump of J in the interval [#3, #5]; we set T = #5 if there is no such jump. We can represent
{(Yy, St) 0< 1< t} in the following way: (¥, $;) = (Y,, St) forO<t<rt, S; = S,, and Y; = YT, + J; — Jy_. Note
thatYl y—i—X, if t < 1.

We say that a non-negative measure (| is a component of a non-negative measure o if uy = 1 + p3 for some
non-negative measure (3. Let u(dz, ds) =P*(Z; € dz, S; € ds). We will argue that ¢ (dz, ds) has a component with
a density bounded below by ¢ > 0 on S x (—e&2, £1/2). We find for every Borel set A C S of arc length |A| and every
interval (s1, $2) C (—é&2, €1/2)

(A x (s1,52))
=P"(Z; € A, S; € (s1,52))

S v ~
= ]P:JT <Z‘[ € A’ S‘[ € (51332)a sup |Xr - thl <eé&3, St3 = Ea Sl‘5 < —&,7 > t5>

BR<r<ts

>P" (eiu’_]’*) ce XA, 5 € (s1,52),

sup | X, — Xp,| < 3,5, >€1/2, 85 < —2, 71 > 15, N’ = 1)-

13=r=s

Here N7/ counts the number of jumps of the process J occurring during the interval [#3, £5]. Without loss of generality
we can assume that &9 < 27. In this case the density of the jump measure of J is bounded below by ¢3 > 0 on (21, 47).
Observe that the processes (X, S) and J are independent. Conditional on {N/ = 1}, 7 is uniformly distributed on
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[t3, t5], and the probability of the event {N/ = 1} is A(t5 — t3)e *(5~3)_ Thus,

(A x (s1,52))

= sl AP (Sc e i) sup 1%, — Rl =es Sy ze/2.8, = e > 15N =1)

$3<r<ts

X pa- (s —13)e M),

Since the process S spends at least (s — s1)/||W||o units of time in (s, s3) we finally arrive at
1(A, (51,52)) = pare "B es | Al(s2 = 51)/IIW [loo-

This proves that (dz, ds) has a component with a density bounded below by ¢ = pgre 533 /|| W s on S x
(—&2,€1/2).

Step 4. Let e4 = 5 A g2 > 0. We have shown that for some stopping time 7, P" (Z; € dz, S; € ds) has a component
with a density bounded below by ¢; > 0 on S x (—e&4, £4). We can prove in an analogous way that for some stopping
time T and 84 > 0, PT(Zs € dz, Sz € ds) has a component with a density bounded below by ¢; > 0 on S x (—24, €4).

Since 7 # 7, there exists a Borel set A CS x R such that 7 (A) # 7(A). Moreover, since any two stationary
probability measures are either mutually singular or identical, cf. [9], Chapter 2, Theorem 4, we have 7(A) > 0 and
7(A) =0 for some A. By the strong Markov property applied at T and the ergodic theorem, see [9], Chapter 1,
page 12, we have P7 -a.s.

t
lim (1/[)/ 1yz,,s,)eayds =m(A) > 0.
—>0o0 T
Similarly, we see that P7-a.s.
'
[1_13.10(1/0/? 147, 5,)ea ds =7 (A) =0.

Since the distributions of (Z;, S;) and (Z}, TS’}) have mutually absolutely continuous components, the last two state-
ments contradict each other. This shows that we must have 7 = 7. O
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