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SPDE LIMITS OF MANY-SERVER QUEUES
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Technion and Brown University

This paper studies a queueing system in which customers with indepen-
dent and identically distributed service times arrive to a queue with many
servers and enter service in the order of arrival. The state of the system is
represented by a process that describes the total number of customers in the
system, and a measure-valued process that keeps track of the ages of cus-
tomers in service, leading to a Markovian description of the dynamics. Under
suitable assumptions, a functional central limit theorem is established for the
sequence of (centered and scaled) state processes as the number of servers
goes to infinity. The limit process describing the total number in system is
shown to be an It6 diffusion with a constant diffusion coefficient that is in-
sensitive to the service distribution beyond its mean. In addition, the limit of
the sequence of (centered and scaled) age processes is shown to be a diffusion
taking values in a Hilbert space and is characterized as the unique solution of
a stochastic partial differential equation that is coupled with the 1t6 diffusion
describing the limiting number in system. Furthermore, the limit processes
are shown to be semimartingales and to possess a strong Markov property.
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1. Introduction.

1.1. Background, motivation and results. Many-server queues constitute a
fundamental model in queueing theory and are typically harder to analyze than
single-server queues. The main objective of this paper is to establish useful func-
tional central limit theorems for many-server queues in the asymptotic regime in
which N, the number of servers, tends to infinity and A the mean arrival rate
in the system with N servers, scales as A =N — ﬁ\/ﬁ for some A > 0 and
B € (—o0, 00). For many-server queues with Poisson arrivals, this scaling was con-
sidered more than half a century ago by Erlang [8] and thereafter by Jagerman [17]
for a loss system with exponential service times, but it was not until the influential
work of Halfin and Whitt [14] that a heavy traffic limit theorem was established.
As a result, the asymptotic regime where A = 1 and 8 > 0 is often referred to
as the Halfin—Whitt regime. In contrast to conventional heavy traffic scalings, in
the Halfin—Whitt regime, the limiting stationary probability of a positive wait is
nontrivial (i.e., it lies strictly between zero and one), which better captures the
behavior of many systems found in applications. Due to the simultaneous high
utilization and good quality of service (as captured by a positive probability of
no wait), this asymptotic regime is sometimes also referred to as the Quality-and-
Efficiency-Driven regime. Under the assumption of renewal arrivals, exponential
service times, normalized to have unit mean and limit mean arrival rate » = 1,
Halfin and Whitt [14] showed that the limit of the sequence of processes repre-
senting the (appropriately centered and scaled) number of customers in the system
is a diffusion process with a constant diffusion coefficient and a state-dependent
drift that is linear and restoring (resembling an Ornstein—Uhlenbeck process) be-
low zero and constant above zero. Under the condition 8 > 0, which ensures that
each N-server queue is stable, this characterization of the limit process was used
in [14] to establish approximations to the stationary probability of positive wait in
a queue with N servers.

However, in many applications, statistical evidence suggests that it would be
more appropriate to model the service times as being nonexponential (see, e.g.,
the study of real call center data in Brown et al. [4] that indicates that the service
times are lognormally distributed). A natural goal is then to understand the behav-
ior of many-server queues in this scaling regime when the service distribution is
not exponentially distributed. Specifically, in addition to establishing a limit theo-
rem, the aim is to obtain a tractable representation of the limit process that makes
it amenable to computation, so that the limit could be used to shed insight into
performance measures of interest for an N-server queue.
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When the service times are not exponentially distributed, any Markovian rep-
resentation must keep track of the residual service times or the ages of customers
in service. This implies that the dimension of any finite-dimensional representa-
tion of the state must grow with the number of servers (the dimension must be
at least N + 1 for an N-server system), which poses a challenge for obtaining
limit theorems as N — oo. Instead, in this work a common infinite-dimensional
state space is used for all N-server systems. Specifically, the state of the N-
server queue is represented by a nonnegative, integer-valued process X V) that
records the total number of customers in system, as well as a measure-valued pro-
cess vY) that keeps track of the ages of customers in service, where the age is
the time elapsed since entry into service. This representation, which provides a
Markovian description of the dynamics, was first introduced in Kaspi and Ra-
manan [21], where it was shown that the fluid-scaled sequence (X™) v(M))/N
converges almost surely to a certain deterministic process (X, v), referred to as the
fluid limit. Fluctuations around the fluid limit can be captured by the diffusion-
scaled state sequence {()? (N) 5N} v en, which is obtained by centering the fluid-
scaled state (X, p(V)) /N around the fluid limit (X, ) and multiplying the dif-
ference by JN.

In the present work, under suitable assumptions, in each of the cases when the
fluid limit is subcritical, critical or supercritical (which, roughly speaking, corre-
spond to the cases A < 1, A =1 or A > 1), it is shown in Theorems 2 and 3 that the
diffusion-scaled state sequence {(X XM oW ))} NeN converges weakly to a cadlag
stochastic process (X 7). Moreover, the X component of the limit is shown (in
Corollary 5.10) to be a real-valued It6 diffusion with a constant diffusion coeffi-
cient that is insensitive to the service distribution beyond its mean, and WEOSC drift
is an adapted process that is a functional of V. In particular, although X is non-
Markovian, it admits a fairly tractable representation. The proof of this representa-
tion relies on an asymptotic independence result for the centered arrival and depar-
ture processes (see Proposition 8.4), which may be of independent interest. As for
the age process, although the ™) are (signed) Radon measure valued processes,
the limit v lies outside this space. A key challenge was to identify a suitable space
in which to establish convergence without imposing overly restrictive assumptions
on the service distribution G. Under conditions that include a large class of service
distributions relevant in applications such as phase-type, lognormal, logistic and
(for a certain class of parameters) Erlang and Pareto distributions, it is shown that
PV converges weakly to ¥ in the space of H_j-valued cadlag processes, where
H_, is the dual of a certain Hilbert space Hj. In addition, in Theorem 5(a) the ¥
component of the limit is characterized as the unique solution to a stochastic par-
tial differential equation that is coupled with the Itd diffusion X. Furthermore, it is
also shown in Theorem 4 that (X, V) is a semimartingale with an explicit decom-
position and in Theorem 5(b) that (X, V), along with an appended state, is a strong
Markov process. The proof of the strong Markov property relies on a consistency
property (see Lemma 9.3 and Appendix E), which shows that the assumptions that
are imposed on the initial state are also satisfied by the state at any positive time.



148 H. KASPI AND K. RAMANAN

1.2. Relation to prior work. To date, the most general results on process level
convergence in the Halfin—Whitt regime were obtained in a nice pair of papers by
Reed [27] and Puhalskii and Reed [25]. Under the assumptions that A = 1, the ini-
tial residual service times of customers in service are independent and identically
distributed (i.i.d.) and taken from the equilibrium fluid distribution, and the total
(fluid scaled) number in system converges to 1, a heavy traffic limit theorem for the
sequence of processes (XM} yen was established by Reed [27] with only a finite
mean condition on the service distribution. This result was extended by Puhalskii
and Reed [25] to allow for more general, possibly inhomogeneous arrival processes
as well as more general conditions on the residual service times of customers in
service at the initial time. In this setting, convergence of finite-dimensional dis-
tributions was established in [25], and strengthened to process level convergence
when the service distribution is continuous. In both papers, the limit is character-
ized as the unique solution to a certain stochastic convolution equation.

Other previous works had also extended the Halfin—Whitt process level result
for specific classes of service distributions. Noteworthy amongst them is the paper
by Puhalskii and Reiman [26], in which phase-type service distributions are con-
sidered, and the limit is characterized as a multidimensional diffusion, where each
dimension corresponds to a different phase of the service distribution. Whitt [32]
also established a process level result for a many-server queue with finite waiting
room and a service distribution that is a mixture of an exponential random variable
and a point mass at zero. In addition to the process level results described above,
under the stability assumption 8 > 0, results on the asymptotics of steady state
distributions in the Halfin—Whitt regime have been obtained by Jelenkovic, Man-
delbaum and Momgilovi¢ [18] for deterministic service times and by Gamarnik
and Momgilovi¢ [12] for service times that are lattice-valued with finite support.

Our work serves to complement the above mentioned results, with the focus
being on establishing tractability of the limit process under assumptions on the
service distribution that are satisfied by a large class of service distributions of
interest. Whereas in all the above papers only the number in system is consid-
ered, we establish convergence for a more general state process, which implies the
convergence of a large class of functionals of the process and not just the num-
ber in system. As a special case, we can recover the results of Halfin and Whitt
[14] and Puhalskii and Reiman [26] and, for the smaller class of service distri-
butions that we consider, Reed [27]. The Markovian representation of the state,
though infinite dimensional, leads to an intuitive characterization of the dynamics,
which facilitates the incorporation of more general features into the model. For
example, this framework was extended by Kang and Ramanan to include aban-
donments in [19] and [20]. In the subcritical case the results of this paper also
provide a characterization of the diffusion limit of the well-studied infinite-server
queue. The latter is easier to analyze due to the absence of a queue and the con-
sequent lack of interaction between those in service and those waiting in queue.
A few representative works on diffusion limits of the number in system in the
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infinite-server queue include Iglehart [15] and Glynn and Whitt [13], where the
limit process is characterized as an Ornstein—Uhlenbeck process, and Krichagina
and Puhalskii [22], who provide an alternative representation of the limit in terms
of the so-called Kiefer process. More recently, a functional central limit theorem in
the space of distribution-valued processes was established for the M /G /oo queue
by Decreusefond and Moyal [7]. In contrast to the infinite-dimensional Marko-
vian representation in terms of residual service times used in Decreusefond and
Moyal [7], the Markovian representation in terms of the age process that is used
here allows us to associate some natural martingales that facilitate the analysis.

1.3. Outline of the paper. Section 2 contains a precise mathematical descrip-
tion of the model and the state descriptor used, as well as the defining dynamical
equations. A deterministic analog of the model, described by dynamical equations
that are referred to as the fluid equations, is introduced in Section 3. Section 3
also recapitulates the relevant functional strong law of large numbers limit results
established in [21]. In Section 4 a sequence of martingales that are obtained as
compensated departure processes and play an important role in the analysis is in-
troduced, and the associated scaled martingale measures MW ). N €N, are shown
to be orthogonal. An associated sequence of stochastic convolution integrals ﬁt(N),
t > 0, which arise in the representation of the dynamics, is also defined. The main
results and their corollaries are stated in Section 5, and their proofs are presented in
Section 9. The proofs rely on results obtained in Sections 6, 7 and 8. Section 6 con-
tains a succinct characterization of the dynamics and establishes a representation
(see Proposition 6.4) for 7V), the diffusion-scaled age process in the N-server sys-
tem, in terms of HW ), another stochastic convolution process K™ and the initial
data. In Section 7, it is shown that the processes KW ), XM and 9™ can be ob-
tained as a continuous mapping of the initial data sequence and the process HM.
Section 8 is devoted to establishing the joint convergence of the martingale mea-
sure sequence {M(N )}nen and the associated sequence {ﬁ(N )} ven of stochastic
convolution integrals, together with the sequence of centered arrival processes and
initial conditions (see Corollary 8.7). To maintain the flow of the exposition, some
supporting results are relegated to the Appendix. First, in Section 1.4 we introduce
some common notation and terminology used in the paper.

1.4. Notation and terminology. As usual, let Z denote the set of nonnega-
tive integers, N denote the set of natural numbers or, equivalently, strictly positive
integers and R denote the set of real numbers. For a,b € R, leta v b and a A b,
respectively, denote the maximum and minimum of a and b. The short-hand nota-
tion a™ and a~ will sometimes also be used for a vV 0 and —(a A 0), respectively.
Given B C R, g denotes the indicator function of the set B [i.e., Ip(x) =1 if
x € B and I g(x) = 0 otherwise].



150 H. KASPI AND K. RAMANAN

1.4.1. Function spaces. Given any metric space &£, B(E) denotes the Borel
sets of £ (with topology compatible with the metric on &), and C(£) denotes
the space of continuous real-valued functions defined on £. Also, Cy (&) is the
subset of bounded functions in C(£) and let C.(£) be the subset of functions in
C(&) that have compact support in €. Let Dg[0, co) denote the space of £-valued
cadlag functions defined on [0, c0), and let supp(¢) denote the support of a func-
tion ¢. When £ is a domain (open connected subset) or closure of a domain in R”,
equipped with the usual Euclidean metric and Lebesgue measure, let AC(E) rep-
resent the space of absolutely continuous functions (in the sense of Carathéodory)
defined on &, and let AC, (&) denote the subset of bounded functions in AC(E).

We will mostly be interested in the case when £ = [0, L) and £ = [0, L) x
[0, 00), for some L € (0, oc]. To distinguish these cases, f will be used to denote
generic functions on [0, L) and ¢ to denote generic functions on [0, L) x [0, c0).
By some abuse of notation, given f on [0, L), it will also be treated as a function
on [0, L) x [0, c0) that is constant in the second variable. For either choice of &,
let C'(£) and C® (&), respectively, represent the space of real-valued, once con-
tinuously differentiable and infinitely differentiable functions on &, let Cg (€) be
the subspace of functions in C'(£) that have compact support and C}y (&) the sub-
space of functions in C'(€) that, together with their first derivatives, are bounded.
Here, a function on £ is said to be differentiable if it is the restriction to £ of a
differentiable function on some open neighborhood of £. Recall that given T < 00
and a continuous function f € C[0, T'], the modulus of continuity w¢(-) of f is
defined by

(1.1) wr(d) = sup [f () — f(s)l, 8> 0.
s,t€[0,T]: [t—s|<$

For any ¢ € AC([0, L) x [0, 00)), the partial derivatives ¢, and ¢, are well de-
fined as locally integrable functions on [0, L) x [0, co). The space ch([o, L) x
[0, 00)) is defined as the subset of functions in AC([0, L) x [0, oo)) for which
¢y + @5, the directional derivative in the (1, 1) direction, is continuous. More-
over, C, ([0, L) x [0, 00)) and CL1([0, L) x [0, 00)) denote the subset of func-
tions ¢ in CL1([0, L) x [0, 00)) such that both ¢ and ¢, + ¢, are bounded or,
respectively, have compact support. Let Ip[0, co) denote the space of nondecreas-
ing functions f € Dr|[0, oco) with f(0) =0. For L € [0, oo], L¥[0, L), ¢ > 1, and
IL°°[0, L) represent, respectively, the spaces of measurable functions f on [0, L)
such that f[07 L | f(x)|*dx < oo and the space of essentially bounded functions
(with respect to Lebesgue measure) on [0, L). Also, L [0, L) represents the cor-
responding space in which the associated property holds only locally, that is, on
every compact (i.e., closed and bounded) interval in [0, L). The constant func-
tions f =1 and f =0 on [0, L) will be represented by the symbols 1 and 0,
respectively. Given any cadlag, real-valued function f defined on [0, L), we de-
fine || fll7 = supsepo, 77 | f (s)| forevery T < L, and let || flloco = Supseqo, 1) |/ ()],
which could possibly equal infinity. As usual, for f € Dgr[0, c0) and ¢ > O, let
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f(t—) =limyy; f(u) denote the left limit of f at 7, with the convention that
f(O0—)= f(0), and also let Af () = f(t) — f(¢t—) denote the jump of f at .

For f,g € C2°[0,00) and n =0, 1,2, ..., consider the weighted inner product
defined by
oo gm f
(1.2) (f. &), —Z/ L0 T w0+ 1Py
and the associated norm
(1.3) 1/ lle, = (CFs frm)' 2.
It is clear from the definition that the norm || - ||, is Hilbertian (i.e., it satisfies

If + Iy, = ILf — glify, = 21111, + 2lglify,). For each n € N, let H, be the
(weighted Sobolev) space obtained as the completion of C2°[0, co) with respect to
the norm || - ||, . It is easy to verify that each H,, is a complete separable Hilbert
space and, for m < n, H, C H,,. Now, form,n e N, m <n, | - ||g,, is said to be
HS weaker than || - ||g,, and denoted || - ||m,, H<S | - Ilm,, if the injection map from
H, to H,, is a Hilbert—Schmidt (or, equivalently, quasi-nuclear) operator (see, e.g.,
page 6 of [2] or page 330 of [31]). It follows from Theorems 3.6 and 3.7 of [2] that
forall m,n e N,

HS
(1.4) n>m = | -lu, <-l&,
Now, let H_,, be the dual of H,, where the dual norm || - ||g_, is given by

o0
I, =D vew)®  veHo,,
k=1
where {e,r, k = 1,...} is a complete orthonormal system in H,,. Moreover, let S
be the Schwartz space of rapidly decreasing functions, namely the space of C*
functions on [0, 0o), for which the following semi-norms are finite:
xP —f(X)

Il fllg,y = sup BeN,yeN.

x€[0,00)

Let S’ be the topological dual of S, which is the Schwartz space of tempered dis-
tributions. It is well known that S and S’ are separable, nuclear Fréchet spaces.
Moreover, the projective limit of the spaces H,,, n € N, coincides with S, and the
dual space satisfies S’ = [ ;2 y H_,; see Theorem 3.8, relation (3.39) and the com-
ment at the end of Section 3.10 of [2]. For v € &’ and f € S and likewise, for
veH_, and f € H,, let v(f) denote the duality pairing. For n = 1,2 and f for
which the corresponding first or second (weak) derivatives are well defined, some-
times the notation ' = f() and f” = f® will also be used. The usual L.?> norm

is denoted by
1/2
||f||L2=(/R|f(x)|2dx) .
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It follows immediately from the definition of the norms || - ||,, given above that
I fll2 = 1S g,
2 "2 2
(1.5) 1AL, + 1N = 1 N, »
LA, + 12+ 1F7 12 < N F I,

Moreover, for any f € H, it is easy to deduce the norm inequalities

(1.6) £ O < V2 £ lm,. I flloo <201 f llmy s

which will be used in the sequel. Indeed, if f € Hj, then f is absolutely contin-
uous, and both f and f’ lie in L?. Therefore, there exists a real-valued sequence
{x,} with x, — oo and f(x,) — 0 as n — oo. Since for each n € N, we have
f2(xn) — £20) =2 3" f(u) f'(u) du, applying the Cauchy—Schwarz inequality
and then taking limits as n — oo, we obtain |f(0)|2 <20 fllg2ll flllge < 2||f||12H11’
where the last inequality follows from the second inequality in (1.5). This yields
the first inequality in (1.6). The second inequality in (1.6) can be inferred in a
similar manner, applying the Cauchy—Schwarz inequality to the relation f2(x) =
f 2(0)+2 f(f f(u) f'(u) du and using the first inequality in (1.6).

Finally, let D[0, co) denote the usual space of test functions, namely the
space C2°[0, oo) equipped with the following notion of convergence: f, — f in
DI0, o) if the functions f;, are supported in a common compact set and, for every
m e N, d" f,/dx™ — d™ f/dx™ uniformly. Also, let D’[0, c0) denote its dual,
the space of distributions. It is well known (see, e.g., Theorem 3.9 of [2]) that both
D[0, c0) and D’'[0, oo) are nuclear spaces.

1.4.2. Measure spaces. The space of Radon measures on a metric space &,
endowed with the Borel o-algebra, is denoted by M(E). Mg () is the subspace
of finite measures in M(£) and M<y (€) is the subspace of positive measures with
total mass less than or equal to N. Note that then M<{(£) is the space of sub-
probability measures. For any Borel measurable function f:& — R that is inte-
grable with respect to & € M(E), the short-hand notation (f, &) = [¢ f(x)&(dx)
will be used. Recall that a Radon measure on £ is one that assigns finite measure
to every relatively compact subset of £. By identifying a Radon measure pu € M(E)
with the mapping on C.(€) defined by f +— (f, u), a Radon measure on £ can be
equivalently defined as a linear mapping from C.(€) into R such that for every
compact set K C &, there exists Lx < 0o such that

(foml =Ll fllo ¥V €Cc(€) with supp(f) C K.

The space M (€) is equipped with the weak topology [generated by sets of the

form {: (f1, 0 — o) < €1y ..., {fn, L — o) < &n},for uo € Mp(€),n €N, f; €
Cp(&) and g; > 0,i =1,...,n]. Also, recall that a sequence {i,}nen in Mp(E)

converges to u € Mg () in the weak topology (denoted it w) if for every
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feCp(&), {f, un) = {f, u) as n — o0o. The symbol §, will be used to denote the
measure with unit mass at the point x, and the symbol 0 will be used to denote the
identically zero Radon measure. When £ is an interval, say [0, L), for conciseness
the notation M0, L) will be used instead of M([0, L)). Also, for ease of notation,
given & € M[O0, L) and an interval (a, b) C [0, L), £(a, b) and &(a) will be used to
denote £((a, b)) and £({a}), respectively.

1.4.3. Stochastic processes. Given a Polish space V, Dy [0, T'] and Dy, [0, co)
denote the spaces of V-valued, cadlag functions on [0, '] and [0, c0), respec-
tively, endowed with the usual Skorokhod J;-topology; see [3] for details on this
topology. Then Dy[0, T] and Dy [0, co) are also Polish spaces. We will be in-
terested in V-valued stochastic processes, especially in the cases when V = R,
Y = MFpg[0, L) for some L < o0,V =38'[0,L) and V =H_,[0, L) for n = 1,2,
and products of these spaces. These are random elements that are defined on a
probability space (€2, F, P) and take values in Dy,[0, 0o), equipped with the Borel
o -algebra (generated by open sets under the Skorokhod Jj-topology). A sequence
{(ZM) yen of cadlag, V-valued processes, with ZN) defined on the probability
space (W), FM PV s said to converge in distribution to a cadlag V-valued
process Z defined on (€2, F, IP) if and only if for every bounded, continuous func-
tional F :Dy,[0, c0) — R,

lim EM[F(zM)] =E[F(2)],

n—0o0
where E?™) and E are the expectation operators with respect to the probability
measures P?Y) and PP, respectively. Convergence in distribution of Z™ to Z will
be denoted by ZW) = 7.

2. Description of the model. The many-server model under consideration is
introduced in Section 2.1. The state descriptor and the dynamical equations that
describe the evolution of the state are presented in Section 2.2.

2.1. The N-server model. Consider a system with N servers, in which arriving
customers are served in a nonidling, first-come-first-serve (FCFS) manner; that is,
a newly arriving customer immediately enters service if there are any idle servers,
or if all servers are busy, then the customer joins the back of the queue and the
customer at the head of the queue (if one is present) enters service as soon as a
server becomes free. Our results are not sensitive to the exact mechanism used to
assign an arriving customer to an idle server as long as the nonidling condition
is satisfied. Customers are assumed to be infinitely patient; that is, they wait in
queue till they receive service. Servers are nonpreemptive and serve a customer
to completion before starting service of a new customer. Let E®Y) denote the cu-
mulative arrival process, with EV) (¢) representing the total number of customers
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that arrive into the system in the time interval [0, 7], and let the service require-
ments be given by the i.i.d. sequence {v;,i =—N+1,-N+2,...,0,1,...}, with
common cumulative distribution function G. Let X (0) represent the number
of customers in the system at time 0. Then, due to the nonidling condition, the
number of customers in service at time O is equal to X N)(0) A N. The sequence
{vi,i=—-X MO)YAN+1,..., 0} represents the service requirements of cus-
tomers already in service at time zero, ordered according to their ages at time zero,
where the age of a customer that has entered service is defined to be the minimum
of the amount of time elapsed since the customer entered service and the service
time, as defined explicitly in (2.5) below. In particular, vy is the service time of the
customer who has spent the least time in service amongst those in service at time
zero. On the other hand, for i € N, v; represents the service requirement of the ith
customer to enter service after time O.
Consider the cadlag process R%N) defined by

2l RN =influ>s: EMNw) > EM(5)}—s,  sel0,00).

Note that R%N) (s) represents the time, at s, to the next arrival. The following mild
assumptions will be imposed throughout, without explicit mention:

e EM) is a cadlag nondecreasing pure jump process with E®)(0) = 0 and almost
surely, EM) (1) < oo and EM) (1) — EMN)(1—) € {0, 1} for ¢ € [0, 00).

e The process RJ(EN) is Markovian with respect to the usual augmentation of its own
natural filtration; see, for example, page 10 of [30] for an explicit construction
of the filtration.

e The cumulative arrival process is independent of the i.i.d. sequence of service
requirements {v;, j = —N +1, ...}. Moreover, given O'(R(EN) (0)), the o -algebra
generated by RI(EN) (0), the process {E M), t > 0} is independent of X N (0)
and the ages of the customers that have entered service by time zero.

e G has density g.

e Without loss of generality, we assume that the mean service requirement is 1.

(2.2) / (1-G(x))dx =f xg(x)dx =1.
[0,00) [0,00)
Also, the right end of the support of the service distribution is denoted by

L =sup{x €[0,00):G(x) < 1}.

Note that the existence of a density for G implies, in particular, that G(04) = 0.

REMARK 2.1. The assumptions above are fairly general, allowing for a large
class of arrival processes and service distributions. When EM) is a renewal pro-
cess, R is simply the forward i h d i

, Ry ply the forward recurrence time process, the second assumption
holds (see Proposition V.1.5 of Asmussen [1]) and the model corresponds to a
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GI/GI/N queueing system. However, the second assumption holds more generally
such as, for example, when E™) is an inhomogeneous Poisson process; see, for
example, Lemma I1.2.2 of Asmussen [1].

The processes RJ(EN) and EW) described above have trajectories in Dg[0, 00);

see, for example, Appendix A of [19]. The sequence of processes {RJ(EN), EWN),
XNy, vi,i =—=N+1,...,0,1, ...}nen are all assumed to be defined on a
common probability space (€2, F,P) that is large enough for the independence
assumptions stated above to hold.

2.2. State descriptor and dynamical equations. As in the study of the func-
tional strong law of large numbers limit for this model, which was carried
out in [21], the state of the system will be represented by the vector of pro-
cesses (RI(EN), XN W )), where R%N) determines the cumulative arrival process
via 2.1), XN (1) e Z4 represents the total number of customers in system (in-
cluding those in service and those waiting in queue) at time ¢ and v,(N) is a dis-
crete, nonnegative finite measure on [0, L) that has a unit mass at the age of each
customer in service at time ¢. Here, the age aﬁ.N) of the jth customer is (for each re-
alization) a piecewise linear function that is zero until the customer enters service,
then increases linearly while in service (representing the time elapsed since service
began) and then remains constant (equal to its service requirement) after the cus-
tomer completes service and departs the system. In order to fully describe the state

dynamics, it will be convenient to introduce the following auxiliary processes:

e the cumulative departure process DV, where DV (r) is the number of cus-
tomers that have departed the system in the interval [0, ¢];

e the process KV, where K™)(¢) represents the cumulative number of cus-
tomers that have entered service in the interval [0, 7].

A simple mass balance on the whole system shows that
(2.3) DM@y =xM©0) - xM @)+ EM(r),  1e€]0,00).

Likewise, recalling that (1, vy =y MN[0, L) represents the total number of cus-
tomers in service, an analogous mass balance on the number of customers in ser-
vice yields the relation

(2.4) KM@ =1, o™ = (1, oM+ DM @),  tel0,00).
For j e N, let
o\ =inf(s > 0: KM (s) > j}

with the usual convention that the infimum of an empty set is infinity. Note that
GJ(N) denotes the time of entry into service of the jth customer to enter service
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after time 0. In addition, for j = —XMO)YAN)+1,—XMO)AN,...,0, set
G;N) = —aE-N) (0) to be the amount of time that the jth customer in service at time

0 has already been in service. Then, for t € [0, 00) and j = —(X™(0) A N) +
1,...,0,1,..., the age process is given explicitly by

(N) : (N) .
[t—Qj ]vo, ifr—0;"" <vj,

(2.5) a (1) = _
vj, otherwise.

Due to the FCFS nature of the service, K™ (¢) is also the highest index of any

customer that has entered service, and (2.5) implies that for j > K N (1), QJ(N) >t

and aﬁ.N) (t) = 0. The measure vt(N) representing the age distribution at time ¢ can

then be expressed as

K(M(t)

(N) _
(2.6) uU= ) SaM ) lia (<o)
J=— (L) 41

where &, represents the Dirac mass at the point x. The nonidling condition, which
stipulates that there be no idle servers when there are more than N customers in
the system, is expressed via the relation

2.7) N—{1 M) =[N=xMN]",  1€[0,00).

Note that (2.3), (2.4) and (2.7), together with the elementary identity x —x vV 0=
x A 0, imply the relation

28) KMDy=xMi)AN-—XM0)AN+ DM (), t €0, 00).

Clearly (1, vt(N)) < N for every t € [0, 00) because the maximum number of

customers in service at any given time is bounded by the number of servers.
In addition, if the support of v$"’ lies in [0, L), then it follows from (2.5) and
(2.6) that vt(N) takes values in Mg[0, L) for every ¢ € [0, 0o). Thus, the state

of the system is represented by the cadlag process (R%N), XM y(N)y - which
takes values in [0,00) x N x MFg[0, L). For an explicit construction of the
state that also shows that the state and auxiliary processes are well defined and
cadlag; see Lemma A.1 of [19]. The results obtained in this paper are indepen-
dent of the particular rule used to assign customers to stations, but for techni-
cal purposes it will be convenient to also introduce the additional “‘station pro-
cess” o) = (O';N),j e {—N +1,...,0} UN). For each tr € [0, 00), if cus-
tomer j has already entered service by time 7, then G(N)(t) is equal to the in-

. . o . .
dex i € {1,..., N} of the station at which customer j receives/received service

and O‘;N) (t) = 0 otherwise. Finally, for ¢t € [0, 00), let j’-il(N) be the o-algbera

generated by {R{"(s).a{" (). (s). j € {=N.....0}UN, s € [0, 1]}, and let
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{]:t(N),t > 0} denote the associated right-continuous filtration that is completed
(with respect to IP) so that it satisfies the usual conditions. Then it is easy to verify
that (R](EN), XMy is {FMy adapted; see, for example, Section 2.2 of [21].
In fact, as shown in Lemma B.1 of [19], {(RI(EN) ), XM ), vt(N)), .7-",(N), t >0} is
a strong Markov process.

For future purposes, we introduce some standard Markov process notation
(see [30]) associated with the Markov process (R;EN), XN (V)Y = {(R‘(EN) @),
X(N)(t),vt(N)),t > 0}. Let Q,(N)’O be the o-algebra generated by {(R%N)(s),
XM (s), 08", s € [0,1]), and let 680 = o (U206 0). For (rk, p) €

[0, 00) x N x Mg[0, L), let IP’SZ?M be the law of the Markov process (R%N), XN,

V™) with initial condition (R (0), XM (0), vi) = (r, k, ). Also, let {G",
t > 0} be the usual augmentation of the filtration {Q,(M’O,t > 0} (as carried
out, e.g., in page 25 of [30]) and let g,(N) = g>t S(N)’O, t > 0, be the associ-
ated right-continuous filtration. Note that for every ¢ > 0, QI(N) - ]:,(N) and that
{(REEN), XN Ny, IP’SZ’)M, (r,k, ) €0,00) x NxMpg[0, L)} is a strong Markov
family.

REMARK 2.2. The assumed Markov property of RI(EN) with respect to the
completed, right-continuous version of its natural filtration together with the in-
dependence properties of EY) assumed in Section 2.1 imply that for any ¢ €
[0, 00), given a{RgV)(t)} the future arrivals process {E N (s), s > t} is indepen-
dent of ]—",(N), and hence of g,(N) because (]t(N) - .7-",(N).

3. Fluid limit. In this section we recall the functional strong law of large num-
bers limit or, equivalently, fluid limit obtained in [21]. The initial data describing
the system consists of E (V) the cumulative arrivals after zero, XV )(0), the num-
ber in system at time zero, and v(()N), the age distribution of customers in service at
time zero. The initial data belongs to the following space:

T = {(f, x, ) €Tp[0, 00) x [0, 00) x M<y[0, L):
(3.1
N —(1,p) =[N —x]*},

where we recall that [p[0, co) is the subset of nondecreasing functions f €
D[0,00)[0, 00) with f(0) =0. When N =1, I& will be denoted simply by Zy. As-
sume that I(I)V is equipped with the product topology. Consider the “fluid scaled”
versions of the processes H = E, X, K, D and measures H = v defined by

(N)
(3.2) HWN H_
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and let

R0 =rRMEM@),  1e]0,00),

for N € N. Observe that the fluid-scaled initial data (E™, XM (0), ") Ties
in Zg. The strong law of large numbers results in [21] were obtained under As-
sumptions 1 and 2 below.

ASSUMPTION 1. There exists (E,Xo, Vo) € Zp such that almost surely, as
N — o0,
(EM, XM ©0),5) - (E,%0,70)  inTo
and moreover, as N — oo, E[X™)(0)] — Xo and E[E™) ()] — E(¢) for every
t €0, 00).
Next, recall that G has density g, and let 2 denote its hazard rate,

gx)
1-G(x)’
Observe that £ is automatically locally integrable on [0, L) because for every 0 <
a<b<lL,

(3.3) h(x)= xe[0,L).

b
(3.4) / h(x)dx =In(1 — G(a)) — In(1 — G(b)) < co.

However, £ is not integrable on [0, L). In particular, when L < oo, & is unbounded
on (¢/, L) forevery ¢’ < L.

ASSUMPTION 2. At least one of the following two properties holds:

(a) L = o0 and there exists £’ < oo such that 4 is bounded on (¢/, 00);
(b) there exists £/ < L such that % is lower-semicontinuous on (£, L).

A succinct description of the dynamics of the N-server system in terms of cer-
tain integral equations is provided in Proposition 6.1; see also Theorem 5.1 of [21].
The deterministic analog of these equations, the so-called fluid equations, is intro-
duced below.

DEFINITION 3.1 (Fluid equations). The cadlag function (X, V) defined on
[0, 00) and taking values in [0, 0c0) x M<([0, L) is said to solve the fluid equa-
tions associated with (E, X, o) € Zo if X(0) = X¢ and for every t € [0, 00),

3.5 /(;t(h,is)ds < 00,



SPDE LIMITS OF MANY-SERVER QUEUES 159

and the following relations are satisfied: for every ¢ € (Cg:l([O, L) x [0, 00)),

t
(@(.1).7) = <<p<-,0>,vo>+/ (051 8) + @x (. $), T) ds
(3.6) 0

t _
—/ <h(-><p(-,s),vs>ds+/ (0, 5)dK (s),
0 [0,1]

- _ . t

(3.7) X@:X@+E®—/Mjmh
0

and
(3.8) L (L) =[1 - XD,

where K is a nondecreasing process that satisfies
_ t
(3.9) K (1) =(1,v;) — (1, Vo) +/ (h,vs)ds, 1 €10, 00).
0

We now recall the result established in [21] (see Theorems 3.5 and 3.7 therein),
which shows that under Assumptions 1 and 2, the fluid equations uniquely char-
acterize the functional strong law of large numbers or mean-field limit of the N-
server system, in the asymptotic regime where the number of servers and arrival
rates both tend to infinity.

THEOREM 1 (Kaspi—Ramanan [21]). Suppose Assumptions 1 and 2 are satis-
fied, and (F, X0, Vo) € Ly is the limit of the initial data as stated in Assumption 1.
Then there exists a unique solution (X, ) to the associated fluid equations (3.5)—
(3.8) and, as N — oo, (XN 7(V)) converges almost surely to (X, V). Moreover,
(X, ) satisfies for every f € Cp([0, 00)),

1-G(x+1)_

F@man = [ fen )
(3.10)

+ f—s)(1—G@ —s))dK(s),
[0,7]

where Kisa nondecreasing process that satisfies the relation (3.9). Furthermore,

if E is continuous, then (X, V) and K are also continuous.

REMARK 3.2. In this context, the unique solution (X, V) to the fluid equa-
tions will also be referred to as the fluid limit. The fluid limit is said to be critical
if X(¢) =1 for all ¢ € [0, 0o). In addition, it is said to be subcritical (resp., super-
critical) if for every T € [0, 00), sup,cjo 77 X (1) < 1 [resp., infiejo,77 X (1) > 1].
Although, in general, the fluid limit may not stay in one regime for all ¢+ and
may instead experience periods of subcriticality, criticality and supercriticality,
for many natural choices of initial data, such as either starting empty, that is,
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(x0,vo) = (0, 6), or starting on the so-called “invariant manifold” of the fluid limit,
the fluid limit does belong to one of these three categories. Specifically, if v is the
“invariant” fluid age measure, defined to be

(3.11) Vu(dx)=(1—Gx))dx, x€l0,L),

then it follows from Remark 3.8 and Theorem 3.9 of [21] that the fluid limit as-
sociated with the initial data (1, 1, V) is critical, the fluid limit associated with
the initial data (1, a, V) for some a > 1 is supercritical and if the support of G is
[0, 00), then the fluid limit associated with the initial data (A1, 0, 0) is subcritical
whenever A < 1. A complete characterization of the invariant manifold of the fluid
in the presence of abandonments can be found in [20].

4. Certain martingale measures and their stochastic integrals. We now
introduce some quantities that arise in the proof of the functional central limit the-
orem of the state process. The sequence of martingales obtained by compensating
the departure processes in each of the N-server systems played an important role in
establishing the fluid limit result in [21]. Whereas under the fluid scaling the limit
of this sequence converges weakly to zero, under the diffusion scaling considered
here, it converges to a nontrivial limit. This limit can be described in terms of a cor-
responding martingale measure, which is introduced in Section 4.1. In Section 4.2
certain stochastic convolution integrals with respect to these martingale measures
are introduced, which arise in the representation formula for the centered age pro-
cess in the N-server system (see Proposition 6.4). Finally, the associated “limit”
quantities are defined in Section 4.3. The reader is referred to Chapter 2 of [31] for
basic definitions of martingale measures and their stochastic integrals.

4.1. A martingale measure sequence. Throughout this section, let (E®),
XN 0, v(()N)) be an I(J)V -valued random element representing the initial data of
the N-server system, and let (Rgv), XM (V) be the associated state process de-
scribed in Section 2.2. For any measurable function ¢ on [0, L) x [0, 00), consider
the sequence of processes {QQ(DN)}NGN defined by

K(N)(t)

(N) -
0= )] > H{(daj.N)/dz)(s—)>0,(daj.N)/dz)(H)ZO}
Se[o’t]jz—(l,v(()N)H-l
“4.1)

x (@M (s). )
(N

for N € N and 7 € [0, 00), where K™ and j ) are, respectively, the cumulative
entry into service process and the age process of customer j as defined by relations
(2.4) and (2.5). Note from (2.5) that the jth customer completed service (and hence
departed the system) at time s if and only if

da'™ da\™

dft (s—)>0 and dft (s+)=0.
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This is equivalent to the condition aj.N) (s) =vj, and thus (p(aﬁ.N) (s), s) can in fact

be replaced by ¢(v;, s) in (4.1). Substituting ¢ = 1 in (4.1), it is clear that Q{"’

is equal to D), the cumulative departure process of (2.3). Moreover, for N € N
and every bounded measurable function ¢ on [0, L) x [0, 00), consider the process
AN defined b

@ y

4.2) A((/)N)(t)i/(;t</[oL)(p(x,s)h(x)vs(N)(dx)>ds, t €[0, 00),

and set
(4.3) MM = — AWM.

It was shown in Corollary 5.5 of [21] that for all functions ¢ € C,([0, L) x [0, 00)),

A((pN) is the {}"t(N)}-compensator of Q((/,N), and M(f,m is a cadlag {}"t(N)}-martingale.

REMARK 4.1. In fact, M(/(,N) is a cadlag {.E(N)}—martingale for all ¢ in the
larger class of bounded and measurable functions on [0, L) x [0, o0). Indeed,

since the mapping (w, s) — (a;N)(a)), s) on 2 x [0, 0o) is continuous and {J’C,(N)}—

adapted, it is {.E(N)}—predictable. Therefore, when ¢ is measurable, the mapping
(w,s) — ¢(a§N)(s, w), s) from 2 x [0, 00) to R is also {]:,N}—predictable. The as-
sertion then follows from essentially the same argument as that used in Lemma 5.9
of [21].

From the proof of Lemma 5.9 of [21] it follows that for any bounded and mea-
surable ¢ on [0, L) x [0, o0), the {.E(N) }-predictable quadratic variation of MéN)

takes the form

(M), = A% @)
“4.4)

t
_ / (f o2 (x, s)h(x)vs(N)(dx)) ds,  1¢€l0,00).
0 [0,L)
Now, for B € B[O, L) and ¢ € [0, 00), define
(4.5) By =m0y = 0 1) - AL ).

Let By[0, L) denote the algebra generated by the intervals [0, x], x € [0, L). It is
easy to verify that M®) = {M;N)(B), ]-',(N), t >0, B € By[0, L)} is a martingale
measure (for completeness, a proof is provided in Lemma A.1 of the Appendix).
We now show that M @) is in fact an orthogonal martingale measure (see page 288
of Walsh [31] for a definition). Essentially, the orthogonality property holds be-
cause almost surely, no two departures occur at the same time. In Lemma 4.2 be-
low, we first state a slight generalization of this latter property, which is also used
in Section 8.2 to establish an asymptotic independence result. Given r, s € [0, c0),



162 H. KASPI AND K. RAMANAN

let DV)7 () denote the cumulative number of departures during (r, r + s] of cus-
tomers that entered service at or before r. In what follows, recall that the notation
Af(t) = f(t) — f(t—) is used to denote the jump of a function f at ¢.

LEMMA 4.2.  Forevery N € N, P almost surely,

(4.6) ADM () <1,  te[0,00),

and

4.7) > AENM G +5ADN T (s5)=0,  re[0,00).
s€[0,00)

The proof of the lemma is relegated to Section A.2, and the orthogonality prop-
erty is now established.

COROLLARY 4.3. Foreach N € N, the martingale measure
MY = (MM B), 71> 0, B e Bol0, L)}
is orthogonal and has covariance functional

Q" (B, B) = (MM (B), MV (B)}, = A (1)

_ /Ot </Bmgh(x)u§m(dx)> ds

(4.8)

for B, B € Bo[0, L).

PROOF. In order to show that the martingale measure /\/l(AN’ ) is orthogonal, it
suffices to show that for every B, B € By[0, L), such that B N B = &, the martin-
gales {M,(N)(B); t >0} and {MgN)(B); t > 0} are orthogonal or, in other words,
that

(4.9) BNB=2o = (MM B), MM (B)=0.

Here, (-, ) represents the {F; (N )} predlctable quadratic covariation between the
two martingales. Fix two sets B, B e Bo[0, L) with BN B=0. By 4.1), 4.3)
and Remark 4.1, it follows that MM (B) = MIE;V) and MM (B) = MH({V) are mar-
tingales that are compensated sums of jumps, where the jumps occur zft departure
times of customers whose ages lie in the sets B and B, respectively. Since, by
(4.6) of Lemma 4.2, there are almost surely no two departures that occur at the
same time, the set of jump points of M™)(B) and MWV )(B) are almost surely
disjoint. By Theorem 4.52 of Chapter 1 of Jacod and Shiryaev [16], it then follows
that the martingales are orthogonal, and (4.9) holds. The relation (4.8) follows on
combining (4.9) with (4.4) and the biadditivity of the covariance functional. [
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The orthogonality property established in Corollary 4.3 allows us to define
stochastic integrals with respect to the martingale measure M), The stochas-
tic integral is defined for a large class of so-called predictable integrands sat-
isfying a suitable integrability property (see page 292 of Walsh [31]) which,

since E[AgN)(T)] < 0o by Lemma 5.6 of [21] and v is a finite nonnegative
measure, includes the class of deterministic functions in Cp ([0, L) x [0, 00)).
Moreover, by Theorem 2.5 on page 295 of Walsh [31], it follows that for all
@ € Cp([0, L) x [0, 00)), the stochastic integral (MM (0)(B), {F™M};t>0, B e
Bo[0, L)} of ¢ with respect to M™) is a cadlag orthogonal martingale measure
with covariance functional

(MM () (B), MM (@) (B)),

:/t(/ ~go(x,s)(ﬁ(x,s)h(x)vs(N)(cbc)) ds
0 \JBnB

for bounded, continuous ¢, ¢ and B, Be Bo[0, L). When B = [0, L), we will drop
the dependence on B and simply write

MM (@) = MM (p)([0, L)).

(4.10)

REMARK 4.4. For ¢ € Cy([0, L) x [0, 00)), the stochastic integral M®™) ()

admits a cadlag version. Indeed, the cadlag martingale M(E,N) defined in (4.3) is a
version of the stochastic integral M) (¢).

It was shown in Lemma 5.9 of [21] that

MW L
= M=0

-—(N) .
o™ =

in the space Dy ,.[0,1.)[0, 00). Now, let M) be the diffusion-scaled version of the
process

(N)
am =M
VN
It is clear from the above discussion that each M®) is an orthogonal martingale
measure with covariance functional

o™ (B, B) =/Ol(/BﬂBh(x)V§N)(dx)> ds

and that for any ¢ in a suitable class of functions that includes the space
Cp([0, L) x [0, 00)), the stochastic integral M™)(¢) is a well-defined cadlag,
orthogonal {.7-",(N)} martingale measure. Moreover, for every ¢, ¢ € Cp([0, L) x
[0, 00)) and ¢ € [0, 00),

. e t
@.12) (MM (p), MM (@), =/0

@.11)

(/ (p(x,s)gZ(x,s)h(x)UgN)(dx)) ds.
[0,L)
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4.2. Some associated stochastic convolution integrals. In Proposition 6.4 it
is shown that the stochastic measure-valued process {v( ) ,t > 0} that describes
the ages of customers in the N-server system admits a representation that is sim-
ilar to the representation (3.10) for its fluid counterpart {v;, ¢ > 0}, except that it
contains an additional stochastic term involving a stochastic convolution integral
with respect to the martingale measure M), which is defined below. For N € N,
@ € Cp(]0, L) x [0,00)) and ¢ € [0, 00), define
@.13) HNM(p) = // oG+ 1—s, )i SO F 79

[0,L)x[0,7] 1—-G(x)

For each ¢ € [0, 00), the stochastic integral with respect to MW in (4.13) is
well defined because M @) is an orthogonal martingale measure and the function
x, )~ px+t—s,5)(1-Gx+t—s5))/(1—=G(x)) liesin Cu([0, L) x [0, 00))
for all ¢ € Cp([0, L) x [0, 00)). The scaled version of this quantity is then defined
in the obvious manner: for N € N, ¢ € C,([0, L) x [0, 00)) and 7 € [0, 00), let
HWN)

UN
1-Gx+t—ys)

= x+t—s,s8 MW dx,ds).
/[O,L)x[o,z](p( ) 1—G(x) ( )

MM (dx, ds).

"N (@) =
(4.14)

4.3. Related limit quantities. We now define some additional quantities,
which we subsequently show (in Corollaries 8.3 and 8.7) to be limits of the se-
quences {/\/l(N )}NeN and {’H(N )}nen. Fix a probability space (Q F, IP’) and, on
this space, let M= {M;(B) B € By[0, L), t € [0,00)} be a continuous martin-
gale measure with the deterministic covariance functional

—~ - o — t
@15 QB B) = (Mi(®). M(B)) = [ ( /[0 ., Hm(xm(x)vs(dx)) ds

for t € [0, 00). Thus, M is a white noise. Let C 1 denote the subset of continuous
functions on [0, L) x [0, co) that satisfies

t
(4.16) /(f ¢2(x,s)h(x)vs(dx)>ds<oo, t €10, 00).
o \Jio,)

Note that C g7 includes, in particular, the space C, ([0, L) x [0, 00)).
For any ¢ € C g and € [0, 00), the stochastic integral of ¢ with respect to M
on [0, L) x [0, t], denoted by

4.17) Mi(p) = ff[o o o(x, s)M(dx, ds)

is well defined. In fact, for such ¢, M (p) = {.//\;l\[ (p),t > 0} is a cadlag, orthogo-
nal martingale measure; see page 292 of Walsh [31] for the definition. Moreover,
because M is a continuous martingale measure, M(p) has a version as a contin-
uous real-valued process. In fact, as Corollary 8.3 shows, M admits a version as a
continuous H_,-valued process.
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Next, for ¢ € [0, 00) and f € Cp[0, L), let ﬁ;( f) be the random variable given
by the following convolution integral:
1-Gx+t—ys)

4.18) H,(f)i/f[o’mx[o’t]f(x+t—s) oo M. ds)

In order to express the convolution integrals in a more succinct fashion, consider
the family of operators {W,, ¢t > 0} defined, for # > 0 and (x, s) € [0, L) x [0, c0),
by

1-Gx+(@—s7T)
1-Gx)

for bounded and measurable functions f on [0, L), where recall (t — s)* =
max(t — s, 0). Each operator W; maps the space of bounded measurable functions
on [0, co) to the space of bounded measurable functions on [0, L) x [0, c0) and
we also have

(4.20) sup [|W; flloo < [.f llco-

te[0,00)

(4.19) (W f)(x,8) = fx+ (@ —5)7)

The processes H and HV), respectively, can then be rewritten in terms of M and
MM as follows:

@21 H(H=M.f), HVH=MMw, ), >0

It is shown in Lemma 8.6 and Corollary 8.7 that if f is bounded and Holder
continuous then the real-valued stochastlc process_ HN )( f)= {H(N)( f),t >0}
admits a cadlag version and the process H( hH= {H;( f),t >0} admits a continu-
ous version, and, moreover, that ) and H also admit versions as, respectively,
cadlag and continuous H_;-valued processes.

5. Main results. The main results of the paper are stated in Section 5.3. They
rely on some basic assumptions and the definition of a certain map, which are first
introduced in Sections 5.1 and 5.2, respectively. Corollaries of the main results are
discussed in Section 5.4.

5.1. Basic assumptions. For Y = E, xg,v, X, K, let Y be the corresponding
iluid limit as described in Theorem 1. For N € N, the diffusion scaled quantities
Y™ are defined as follows:

(5.1) YW = /NY™ 7).
For simplicity, we only consider arrival processes that are either renewal processes

or time-inhomogeneous Poisson processes.

ASSUMPTION 3. The sequence {E (M} ven of cumulative arrival processes
satisfies one of the following two conditions:
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(a) there exist constants A, o2 € (0, c0) and B € R such that for every N € N,
E™) is a renewal process with i.i.d. inter-renewal times {éj(-N)} jeN that have mean
1/A™) and variance (o2/2)/ ()2, where

(5.2) AN =N — BV/N,

and the following Lindeberg condition holds: for every ¢ > 0,
: 2 (N)2 —0
ngnooN E[(Sl ) H{éfN)ﬁ>e}] =0;

(b) there exist locally integrable functions A and 8 on [0, co) such that for every
N e N, E™) is an inhomogeneous Poisson process with intensity function

(5.3) AN () =%()N — BN, t € [0, 00).

REMARK 5.1. Let A(-) and B(-) be the locally integrable functions defined in
Assumption 3, and note that they are in fact constant if Assumption 3(a) holds.
Also, let o (+) be the locally square integrable function that is equal to the constant
Vo?if Assumption 3(a) holds, and is equal to (N2 if Assumption 3(b) holds.
Then, given a standard Brownian motion B, the process E given by

-~ t t
5.4 E(t) i/o o(s)dB(s) _/0 B(s)ds, t €10, 00),

is a well-defined diffusion and therefore a semimartingale, with fé o(s)dB(s),
t > 0, being the local martingale and f(; B(s)ds,t > 0, the finite variation pro-
cess in the decomposition. If Assumption 3 holds, then it is easy to see that E in
Assumption 1 is given by E(t) = fé A(s)ds, t > 0, and EM = F as N > o
(a proof of the latter convergence can be found in Proposition 8.4, which estab-
lishes a more general result).

We now impose a technical condition on the service distribution, which is used
mainly to establish the convergence of HWN)( f) to H(f) in Dr[0, co) for bounded
and Holder continuous functions f in Section 8.

ASSUMPTION 4. The function y — (1 — G(x + y))/(1 — G(x)) is Holder
continuous on [0, co), uniformly with respect to x € [0, L), that is, there exist
Cg <00, yg € (0,1] and § > O such that for every x € [0, L) and y,y € [0, L)
with |y — y| < 6,

IG(x +y)— Gx+Y)]

5.5 <C — y|¥e.
(55) e < Cgly - j

REMARK 5.2. As shown below, Assumption 4 is satisfied if either & is
bounded, or if there exists [op < 0o such that sup, c;, o) #(x) < 00 and G is uni-
formly Holder continuous on [0, L). In either case, it follows that L = oo because
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the hazard rate function # is locally integrable, but not integrable, on [0, L). Under

the first condition above, for any x, y, y € [0,00), ¥y <y,
‘G(x—i—y)—G(x—i—ii) (Y elx+u)
1 —G(x) L 1=-G)

y
du 5/ h(x +u)du < |[h]lsoly — 7,
y

and so Assumption 4 is satisfied. On the other hand, if there only exists £g < co
such that sup, ¢y, o0) 71(x) < 00, but G is uniformly Hélder continuous on [0, 00),
with constant C < oo and exponent y > 0, then straightforward calculations show

‘G@+10—G@+&)<mu< C
1—Gkx) - 1— G’

and once again Assumption 4 is satisfied. A relatively easily verifiable sufficient
condition for G to be uniformly Holder continuous is that g € L% for some
a > 0 (recall that since g is a density, we automatically have g € IL'; thus the latter
condition imposes just a little additional regularity on g). Indeed, in this case,
Holder’s inequality implies that

ity 00) (X)) ||w)<y _ 5y,

GO -G = < lIgllpise (y — )+,

/y " g(u) du

and so G is uniformly Hoélder continuous with exponent y = «/(1 + o) < 1.

Now, given s > 0, recall that ﬁs(N)

tribution at time s, and define

represents the (scaled and centered) age dis-

=(

N 1—
g n=[ s p— GOt Do)
[0,L)

—Ga) (dx), fecCpl0,L),t>0.

~(N)
The process {J,vo (f),t = 0} plays an important role in the analysis because it

arises in the representation for ( f, D)) given in Proposition 6.4. In order to write
(V) . . . .
JY ~ more concisely, consider the following family of operators: for ¢ € [0, 00),

define
. 1= Gx+1)
(56) (Cth)(X)_f(x+t)1—7G()()’ X € [0, L)

Since G is continuous, each ®; maps the space of bounded and measurable (resp.,
continuous) functions on [0, L) into itself and, moreover,

(5.7 sup | s flloo < 1 f lloo-

te[0,00)

For future purposes, note that {®;, ¢t > 0} defines a semigroup, that is, ®of = f
and

(5.8) P (D5 f) = Prys f, s,t>0.
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Also, recalling the definition (4.19) of the family of operators {W;,r > 0}, it is
easily verified that for every bounded and measurable function f on [0, L) and
s, t>0,

(5.9) (W@ f)(x, u) = (W [)(x, 1), (x,u) €[0, L) x [0, s].

S(N) . .
The process J” can now be rewritten in terms of the operators ®;, r > 0, as
follows:

(5.10) 7V =(e f3N), sz

The properties stated above imply @, f € Cp[0, L) when f € Cp[0, L) and hence,

~(N)

for each s > 0, {j,”s (f), f € Cpl0, L), t = 0} is a well-defined stochastic pro-
cess. In what follows, we will refer to the spaces H,, and H_,, that were introduced
in Section 1.4.1.

REMARK 5.3. Since ﬁéN) is a signed measure with finite total mass bounded

by +/N, using the norm inequality (1.6) it is easy to see that almost surely for
f e,

£, 95) < 2Nl flloo < 4V NI £ Iz, -

Moreover, if Assumption 4 holds, then calculations similar to those in Remark 5.2,
the norm inequality (1.6) and the Cauchy—Schwarz inequality show that for f € Hj
and0<s <t < o0,

=(N) =(N)

170 (1) =T ()] < Cot — )2V N flloo + | f N1, — 5)'/?
< (4CGN'N + 1)|| fllm, It — s|76M/2,

. S(N) -, . . .
This shows that for every N € N, 7' is a continuous (and so, in particular,
cadlag) process that almost surely takes values in H_.

We now consider the initial conditions. We impose fairly general assumptions
on the initial age sequence so as to establish the Markov property for the limit
process. As shown in Lemma 9.3, these conditions are consistent in the sense that
they are satisfied at any time s > 0 if they are satisfied at time 0. In addition,
they are trivially satisfied if ﬁ(()N) = 0 or, equivalently, véN) = Nvy for every N.
The reader may prefer to make the latter assumption on first reading to avoid the
technicalities in the statement of Assumption 5 below. To motivate the form of
this assumption, first note that the total variation of the sequence of finite signed

measures {'ﬁ(()N) }NeN tends to infinity as N — 0o, and so it is not reasonable to
expect the sequence to converge in the space of finite or Radon measures. Instead,
we impose convergence in a different space. As observed in Remark 5.3 above,

’ﬁ(()N) can be viewed as an H_-valued and, hence H_,-valued, random element,
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A(N)

and under Assumption 4, {j, ,t >0} is a cadlag H_;-valued stochastic process
A(N)

and {jt (1), t = 0} is a cadlag real-valued process.

ASSUMPTION 5. There exists an R-valued random variable Xy and a family
of random variables {Vo( f), f € ACp[0, L)}, all defined on a common probability
space, such that:

(a) Dy admits a version as an H_j-valued random element;
(b) there exist random variables

TH(f) = Do(P, f)
(5.11)

m) t>0, f e AC[0, L),

= (0o

such that (.7,% = jA ﬁ0( f), f e Hy),t >0, admits a version as a continuous H_;-
valued process, {j,”o (1), t = 0} admits a version as a continuous R-valued process
and, for every f € AC,[0, L) almost surely, ¢ — jtvo( f) is a measurable function
on [0, 00);
TNy 5 A Y = = 2% 70 :
() as N — oo, (X' (0),v, ", J" ,J% (1)) = (X0, Vo, T, TJ"D)) in
R xH_> x Dy _,[0, 00) x Dg[0, 00).

Some results will require the strengthening of Assumption 5 stated below.

ASSUMPTION 5. The following property holds in addition to Assumption 5:

(d) Suppose that ¢ € Cp([0, L) x [0, 00)) is such that for every r > 0, x >
¢(x, r) is absolutely continuous, for every T < 00, ¢, (-, -) is integrable on [0, L) X
[0, T], and x — fé @(x,r)dr is Holder continuous. Then P-almost surely, r +—
Vo(D,¢(+, r)) is measurable and for every ¢ > 0,

(5.12) /Otﬁo(d>r<p(-, r))dr =’170</0t D,0(,r) dr).

Now, let (Q, F, @) be a common probability space that supports the martin-
gale measure M introduced in Section 4.3, the standard Brownian motion B of
Remark 5.1, the family of random variables Vo(f), f € ACy[0, L) and the ran-
dom variable X of Assumption 5 such that M, B and (X0, v0(f), f € ACy[0, L))
are mutually independent. Let .7-"0 be the o -algebra generated by (X0, v0(f), f €
AGCy[0, L)) and, for ¢t > 0, let ]—} fo \Y, G(BS,MS,S € [0 t]). Then for t > O,
j,”o( f), f € ACp[0, L), and jtvo (1) are all well-defined Fo-measurable random
variables. In addition, (Et, t);>o are {.7-",} adapted stochastic process. The de-
scription of the N-server model listed prior to Remark 2.1 assumes that for each

N €N, given o (RY(0)), {fE™) (1), 1 > 0} is independent of the initial conditions
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N) and XV (0). Together with Assumptions 3, 5 and the fact that RJ(EN) 0)—0
almost surely as N — oo, this implies that as N — oo,

(5.13) (EM, M), 5", 7%, 7% (1)) = (E, %0, 50, T, T (1))
in Dgr[0, 00) x R x H_» x Dy _,[0, 00) x Dg[0, 00).

5.2. The centered many-server map. The centered many server map defined
below will be used to characterize the limit process. Let D2 r[0, 00) be the subset
of functions f in Dg[0, oo) with f(0) = 0. The input data for this map lies in the
following space:

Zo = DY 0, 00) x R x Dg[0, 00).

DEFINITION 5.4 (Centered many-server equations). Let X e ID[O 00)[0, 00) be
fixed. Given (E, xg, Z) € Zo, (K, X,v) € ]D)O [0, 00) x Dr[0, 00)? is said to solve
the centered many-server equations (CMSE) associated with X and (E, xo, Z) if
for ¢ € [0, 00),

(5.14) v(t) = Z(t) + K(t) —/Otg(t—s)K(s)ds,
(5.15) K@) =E@)+xo— X&)+ v() —v(0)
and

X (@), if X(1) <1,
(5.16) v(t) =1 X(@) A0, ifX@) =1,

0, if X(1) > 1.

Note that this definition automatically requires that £(0) = K(0) =0, X (0) =
x0, Z(0) = v(0), and v(0) is equal to xg, xg A O or 0, respectively, depending on
whether X (0) < 1, X(0) = 1 or X(0) > 1. It is shown in Proposition 7.3 that there
exists at most one solution to the CMSE for any given input data in Zg. When
a solution exists, let A denote the corresponding “centered many-server” map-
ping (associated with X) that takes (E, xo, Z) € Zy to the corresponding solution
(K, X, v) of the CMSE. The collection of input data in Io for which a solution to
the CMSE exists is defined to be the domain of A and is denoted dom(A).

REMARK 5.5. Suppose (K, X,v) € A(E, xq9, Z) for some (E, xg, Z) € fo.
Then (5.14) and (5.15) together show that for r > 0,

X(@)=xo—v(0)+EQ@) + Z()
(5.17)

t
~ [ 8t = 9E® +x0 = 0(0) = X(6) + ()] .
Thus, if E, Z and g are continuous, then X is also continuous. If, in addition, the

fluid limit is either subcritical, critical or supercritical then the continuity of X and
(5.16) imply the continuity of v and, in turn, (5.15) implies the continuity of K.
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The importance of the CMSE stems from the relation
(R, XM (1,5M))
(5.18) " R
= A(E™, XM ), 7% 1)~ AM @),  NeN,
which is established in Lemma 7.2 under the assumption that the fluid limit is
either subcritical, critical or supercritical.

5.3. Statements of main results. The first result of the paper, Theorem 2 below,
identifies the limit of the sequence {X (M} yven. Let

o~ o~ o~ ~(N) ~(N) o P -~
(5.19) YV = (E™ XM ), 5", g%, 7% 1), MM, HM AN (1)),

and let Y] be the corresponding quantity without the superscript N, where E, %o,
70, JA"O and J"(1) are as defined in Remark 5.1 and Assumption 5, and M, ‘H
and H(1) are as defined in Section 4.3. Also, let | be the space given by

V1 =Dg[0, 00) x R x H_» x Dy_, [0, 00) x Dg[0, 00)

(5.20)
x Dy _,[0, 00)? x Dg[0, 00).

THEOREM 2. Suppose Assumptions 1-5 are satisfied and suppose that the
fluid limit is either subcritical, critical or supercritical. Then (E,Xo, 7" (1) —
H()) € dom(A), and as N — 00,

(5.21) (Y, XM RN (1,5M) = (7}, X, K, 9(1))

in Y1 x Dg[0, 00)3, where (K, X,9(1)) = A(E, Xy, J°1) — H(Q)) is almost
surely continuous. Furthermore, if g is continuous, then

(5.22) X(t)=%o+E@) - M,1)—D(t), 1€][0,00),

where

~ - —_— ~ t —~
(5.23) D) =7v(1) — 7,°A) — M) +H, (1) + /0 gt —s)K(s)ds.

The proof of Theorem 2 is presented in Section 9.1. In addition to establishing
the relation (5.18), the key elements of the proof involve showing the convergence
?I(N) = 171 in Y1, which is carried out in Corollary 8.7, and establishing continu-
ity of the centered many-server map A and another auxiliary map I', which are
established in Proposition 7.3 and Lemma 7.1, respectively.

We now state a more general convergence result for the pair {(5(\ N MY ven,
whose proof is also given in Section 9.1. With K equal to the limit process obtained

in Theorem 2, for all f € ACy[0, L), let

~ R r o
(N =T+ FOK@) +/ K@) f't—s)(1—-G@—s))ds
(5.24) 0

. —~
_/0 K(s)g(t —s)f(t —s)ds —H;(f).
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Note that the first term on the right-hand side is well defined by the discussion fol-
lowing Assumption 5 (see also Lemma B.1), the next three terms are well defined
because K is continuous and f',(1—=G), g and f are all locally integrable, and the
last term is well defined since ﬁt(f) = /T/l\t(\lf,f) and ¥, f € Cp([0, L) x [0, 00)),
where W, is the operator defined in (4.19).

THEOREM 3. Suppose Assumptions 1-5 are satisfied, the fluid limit is either
subcritical, critical or supercritical and g is continuous. Then, as N — 00,

(5.25) ¥V, XM RN 5Ny = (71, X, K, D)

inY =Y x DR[O, 00)? x Dy _, [0, 00).

A main goal of this paper is to show that the limit process (X, D) is a tractable
process that is amenable to analysis. The next two theorems show that this is in-
deed the case under some additional regularity conditions on the hazard rate A.
First, Theorem 4 shows that {55 ‘ .7?, t > 0} is a semimartingale. By Itd’s formula
this enables the description of the evolution of suitably regular functionals of the
process. The proof of Theorem 4 is given in Section 9.2.

THEOREM 4. Suppose that Assumptions 1, 3 and 5" are satisfied, the fluid
limit is either subcritical, critical or supercritical and h is bounded and absolutely
continuous. If (K, X,D) is the limit process of Theorem 3, then_ X and K are

semimartingales with decompositions X=X(0)+MX+CX and K = MX +C¥X,
respectively, where

t —
M0 = [0 dBs) - M.
t t
cXo=- [ perds— [ nmds, =0
0 0
and if X is subcritical, then K=E , and so
t t
M0 = [ owabe.  cKo=-[ pwds.  1=0,
0 0
if X is supercritical, then
o t
MEO =M, o= [ nmds 1=0,
0
and if X is critical, then

t t .
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and
K ! ! =~ 1 %
Ky == [ Bz ds + [ Igw-oftds + 5250, 120,

where, L())( (t) is the cumulative local time of X at zero over the interval [0, £].
Moreover, for each t > 0 and f € ACyl0, L), Vi (f) admits the alternative repre-
sentation

- t —~ —~
(5.26) ?t(f)=~7zv°(f)+/0 ft=s)(1 =Gt —s)dK(s) —Hi(f),

where the second term is a stochastic convolution integral with respect to the semi-
martingale K .

REMARK 5.6. Iffor f € Cp[0, L), {Jtvo(f), t > 0} is a well-defined stochas-
tic process, then {V;(f),t > 0} is also a well-defined stochastic process given
by the right-hand side of (5.26). Moreover, under a slight strengthening of the
conditions of Theorem 4, specifically of Assumption 5(c), the convergence in
Theorem 4 can in fact be established for a slightly larger class of functions
than those in Hpy. More precisely, if for any bounded and Holder continu-
ous function f, {j,”o( f),t = 0} defined in (5.11) is a well-defined continuous
stochastic process and, as N — oo, (X(N)(O),ﬁ((,N)(f), jﬁém(f), jaéN) 1) =
%0, V0, jﬁo(f), J"(1)) in R? x Dg[0, 00)2, then the process V(f) defined by
(5.26) is also continuous and, as N — oo, V™) (£) = D(f) in Dg[0, c0). In fact,
due to the independence assumptions of the model, the following joint conver-
gence:

(EW, x®,5% (), 7" (), T 1)
= (E, %0, D0(f), T (f), TP Q)

in Dg[0, 00) x RZ x DR[0, 00)? also holds. A brief justification of this assertion
is provided at the end of Section 9.2.

(5.27)

We now show that the limit process (I? , X , V) described in Theorem 2 can alter-
natively be characterized as the unique solution to a stochastic partial differential
equation (SPDE), coupled with an It6 diffusion equation, and also satisfies a strong
Markov property. We first introduce the SPDE, which we refer to as the stochas-
tic age equation. In the definition of the stochastic age equation given below, A is
the hazard rate function of the service distribution and 7y, M and K are the limit
processes defined on the filtered probability space (&, F, {F},P), as specified in
Theorem 4.

DEFINITION 5.7 (Stochaitic > age Aequgtion). Given (Vg, K , ﬁ/l\) defined on the
filtered probability space (2, F, {F:},P), v = {v;,¢t > 0} is said to be a strong
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solution to the stochastic age equation associated with (Vo, K, M) if for every
f e ACy[0, L), v;(f) is an F;-measurable random variable for t > 0, s > vs(f)
is almost surely measurable on [0, 00), {v;, # > 0} admits a version as a continuous,
H_,-valued process and P-almost surely, for every ¢ € (C})’1 ([0, L) x R) such that
@ (-, 8) + @« (-, ) is Lipschitz continuous for every s, and for every t € [0, 00),

ve(@(-, 1)) = vo(e(-,0)) + / Vs (0x (o 8) + 95 (-, 8) — (-, 9)R()) ds
(5.28) 0

— t —
- // o(x, $)M(dx, ds) +/ (0, 5)dR,.
[0,L)x[0,7] 0

THEOREM 5. Suppose Assumptions 1, 3 and 5' are satisfied, the fluid limit
is either subcritical, critical or supercritical and h is absolutely continuous and
bounded. Given the limit process (K , X, V) of Theorem 3, the following assertions
are true:

(1) Ifthe density g’ of g lies in ]Lloc [0, LY)UL.[0, L), then {v;, .7?,, t > 0} is the
unique strong solution to the stochastic age equation associated with (v, K, M.

(2) Ifg'/(1 = G) is bounded, then {(X;,;, T (1)), F;,t > 0} isan R x H_5 x
Cr[0, 00)-valued strong Markov process.

Note that if % is absolutely continuous and bounded, this immediately implies
that g is also absolutely continuous and bounded, and therefore the density g’ of
g exists. The characterization of (X, V) in terms of the stochastic age equation is
established in Section 9.4 and the proof of the strong Markov property is given in
Section 9.5. It is more natural to expect the process {(X V), .7-",, t > 0} to be strong
Markov with state R x H_,. However, due to technical reasons (see Remark 9.7 for
a more detailed explanation) it was necessary to append an additional component
to obtain a Markov process.

REMARK 5.8. Elementary calculations show that the boundedness assump-
tions imposed on g/(1 — G) and g’/(1 — G) in Theorem 5 (which, in particular,
imply Assumption 4) are satisfied by many continuous service distributions (with
finite mean, normalized to have mean one) of interest. These include the families
of lognormal, Pareto, logistic and phase-type distributions, the Gamma(a, b) dis-
tribution with shape parameter @ = 1 or a > 2 and corresponding rate parameter
b = 1/a to produce a mean one distribution, the inverted Beta(a, b) distribution
when a > 2 and b = a + 1. Note that the mean one exponential distribution is also
included as a special case of the Gamma distribution.

5.4. Corollaries of the main results. From Theorem 4, it follows that when
the fluid limit is critical, the limiting (scaled and centered) total number in system
X can be characterized as an It diffusion. Recall from Remark 3.2 that V, 1s the
probability measure on [0, L) given by v, (dx) = (1 — G(x)) dx.
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COROLLARY 5.9. Suppose Assumptions 1, 3(a) with > = 1 and Assumption 5
are scgisﬁed and h is bounded and absolutely continuous. If (Xg, Vo) = (1, V),
then X satisfies the following It6 diffusion equation:

PR - t
(5.29) X(t)=%xp+0oB(t) — B() —,Bt—/ Vs (h)ds,
0
where B is a Brownian motion independent of B.

PROOF. When the fluid initial condition is given by (xg, Vo) = (1, V,), the
fluid limit is critical by Remark 3.2, and M (1) is a continuous martingale with
quadratic variation ¢ and hence a Brownian motion. Thus, using B to denote M 1),
Corollary 5.9 can be deduced from Remark 5.1 and the decomposition for X given
in Theorem 4. [J

In the particular case of an exponential service distribution, this allows us to
immediately recover the form of the limiting diffusion obtained in the seminal
paper of Halfin and Whitt [14]. In what follows, recall that x= = —(x A 0) =
—min(x, 0).

COROLLARY 5.10. Suppose G(x) =1 — e for x € [0, 00), and suppose
Assumption 1 holds with (Xo, Vo) = (1, vy), Assumption 3(a) holds with ». = 1 and
Assumption 5' is satisfied. Then X is the unique strong solution to the stochastic
differential equation

- t -~
(5.30) Xt)=Xo+1+02W(t) — Bt + f (X(s))" ds,
0
where W is a standard Brownian motion.

PROOF. When G is the exponential distribution, # = 1 and therefore

t t o
Avs(h)dSZ/() vs(l)ds=f0(X(s)/\O)ds,

where the last equality follows from the relations (I? , X , (1)) = A(E , X0,
jﬁo(l) — ﬁ(l)) and (5.16) because X = 1. By the independence of B and
B = f\/\l(l), o B — B has the same distribution as v/1 + o2W, where W is a stan-
dard Brownian motion. On substituting this back into (5.29), equation (5.30) is
obtained. The Lipschitz continuity and local boundedness of the drift coefficient
Xx — —B + x~ guarantees that the stochastic differential equation (5.30) has a
unique strong solution. [

REMARK 5.11 (Insensitivity result). As a comparison of (5.29) and (5.30)
reveals, under the same assumptions on the arrival process as in Corollary 5.10,
the dynamical equation for X for general service distributions is remarkably close
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to the exponential case. Indeed, the “diffusion” coefficient is the same in both cases
(and is equal to +/1 + o2), but the difference is that in the case of general service
distributions, the drift is an {f}}—adapted process that could in general depend on
the past, and not just on X, so that the resulting process is no longer Markovian.

6. Representation of the system dynamics. A succinct characterization of
the dynamics of the centered state process is presented in Section 6.1. This is then
used in Section 6.2 to derive an alternative representation for the centered age
process.

6.1. A succinct characterization of the dynamics. We first recall the descrip-
tion of the dynamics of the N-server system that was established in [21].

PROPOSITION 6.1. The process (X™) v almost surely satisfies the fol-
lowing coupled set of equations: for ¢ € (Cll)’l([O, L) x [0,00)) and t € [0, 00),

t
oG 0,0 ) = (o, 0),v5™) + /0 (0x (-, 8) + @, ), v™M) ds

t
6.1) - /0 oG9 v ds — MM (p)

+ / 0(0,5)dK ™ (s),
[0,7]

t

62) X0 = XD+ EM @) — [ (o) ds - MM )
0

and

(6.3) N—{1,v") =[N - xM@n)]*,

where K™) is nondecreasing and

t
KO0 = 13") = 1)+ [ )as + M2 1)
(6.4) 0
= XM )+ EM @) — XN @) +(1,v") - (1, v$™).

PROOF. This is essentially a direct consequence of Theorem 5.1 of [21]. In-
deed, by subtracting and adding Apr) on the right-hand side of equations (5.4) and
(5.5) in [21], and then using (4.3) above and the fact that M(E,N) is indistinguishable
from M® )((p) (see Remark 4.4), one obtains (6.1) and (6.2), respectively. Equa-
tion (6.3) coincides with equation (5.6) in [21]. Finally, the first equality in (6.4)
follows from (2.6) of [21] and (4.3) above, whereas the second equality in (6.4)
follows from (6.2). [
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The characterizations of the N-server system and the fluid limit given in Propo-
sition 6.1 and Theorem 1, respectively, when combined, immediately yield a useful
representation for the centered diffusion-scaled state dynamics. In what follows,
recall the centered, diffusion-scaled quantities defined in (4.11), (4.14) and (5.1).

PROPOSITION 6.2. For each N € N, the process (XM, v(N)) almost surely
satisfies the following coupled set of equations: for every ¢ € Cb ([0 L) x [0, 00))
andt € [0, 00),

t
(0. 0.9 = (0. 0.35V)+ [ a5+ 0u.5).9) ds
(6.5) /(fp( 9h(), 9N ds — MM (p)
+/[O ¢ $)dK™ (s),

—~ —~ —~ t —_—
(6.6) XM @ = XM+ EM @ — [ (5,50 ds - MM )
0

and
XMOASNI=X(@), ifX@) <1,
6.7) 1,7 =1 XM (1) A0, ifFX(t) =1,
VNXM (1) —1) A0, iFX(@)>1,

where KW) is nondecreasing and satisfies

KM@ =1,95) - (1, 58") +/ (h, v ds + MY (1)

(6.8) R
=XM )+ EM @) - XM @) +(1,5") - 1. 55").

PROOF. Equation (6.5) is obtained by dividing each side of (6.1) by N, sub-
tracting the corresponding side of (3.6) from it and multiplying the resulting quan-
tities by ~/N. In an exactly analogous fashion, equation (6.6) can be derived from
(6.2) and (3.7), and equation (6.8) can be obtained from (6.4), (3.7) and (3.9). It
only remains to justify the relation in (6.7). Dividing (6.3) by N, subtracting it
from (3.8) and multiplying this difference by ~/N, we obtain

(6.9) 1L, = VN1 = XO1F = [1 = XM ®)]h).
If X(t) < 1,then[1—X(¢)]T = (1 — X (¢)), and so the right-hand side above equals

VNA=XO)—(1=XM0)=XM@), ifXM@) <1,
VN(1=X(1)), it XM (1) > 1,
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Ehich can be expreﬁsed as XN )(1) A /N(1 = X(1)). On the other hand, if

X(t) =1, then [1 — X(¢)]T =0, and the right-hand side of (6.9) equals
—VN[1=XM)]'=-V/N[X@®) - XV =X @) Ao,

Lastly, if Y(t)_> 1, then [1 — X(¢)]T =0, and so the right-hand side of (6.9) re-

duces to v/N(XM(t) — 1) A0, and (6.7) follows. [

REMARK 6.3. Under suitable conditions, for large N, the nonidling condition
(6.7) can be further simplified and written purely in terms of (1, 7)) and X,
Let * be the set of full P-measure on which the fluid limit theorem (Theorem 1)
holds. Fix w € Q* (and henceforth suppress the dependence on w), and let 7 €
[0, 00) be a continuity point of the fluid limit. If X(¢) < 1, then by Theorem 1
there exists No = Ny(w, t) < oo such that for all N > Ny, XM (¢) < 1 and so

XM @) =vNEXM (1) = X)) <v/N(1 - X(1)).

On the other hand, if X (t) > 1, then there exists No = Ny(w, t) < oo such that for
all N > Nog, XM () > 1 and hence

VNEXM (@) —1)=0.

Therefore, there exists No = No(w, t) < oo such that for all N > Ny,

XM @), it X @) <1,
(6.10) L) =] XMy a0, X)) =1,
0, ifX(@t) > 1.

Now, suppose the fluid limit X is continuous, and for some 7 < oo, the fluid is
subcritical on [0, T'] in the sense of Definition 3.2. Then Ny can clearly be chosen
uniformly in ¢ € [0, T'], and so there exists No = No(w, T') < oo such that for all
N = No(w, T),

1,93 =XM@),  relo,Tl.

An analogous statement holds for the supercritical case. Finally, in the critical case
when X (¢) =1 for t € [0, 00), it trivially follows that almost surely, (6.10) holds
forall N e Nand r € [0, 00).

6.2. A useful representation. Equations (6.1) and (6.5) for the age and (scaled)
centered age processes, respectively, in the N-server system have a form that is
analogous to the deterministic integral equation (3.6) that describes the dynamics
of the age process in the fluid limit, except that they contain an additional stochastic
integral term. Indeed, all three equations fall under the framework of the so-called
abstract age equation introduced in Definition 4.9 of [21]. Representations for so-
lutions to the abstract age equation were obtained in Proposition 4.16 of [21]. In
Corollary 6.4 below, this result is applied to obtain explicit representations for the
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age and centered age processes in the N -server system. Not surprisingly, these rep-
resentations are similar to the corresponding representation (3.10) for solutions to
the fluid age equation, except that they contain an additional stochastic convolution
integral term.

We now state the representation result, which is easily deduced from Proposi-
tion 4.16 of [21]; the details of the proof are deferred to Appendix C. For concise-
ness of notation, for N € N and continuous f, we define

610 BV(Hh=[ (1-Ga-9)fa-dRNVe),  rel,o),
[0,¢]
and let KN) be defined analogously, but with K V) replaced by K ™). By applying

integration by parts to the right-hand side of (6.11) and using the fact that K™
has at most a countable number of discontinuities, we see that for f € ACJO0, L)
and r € [0, 00),

o~ o~ t o~
(6.12) RV () = FORM () + fo RM ()8t — 5)ds,
where
(6.13) Er=(fA0-G)'=f1-G) - fg.

(V)
Also, recall the definition of the process J % given in (5.10).

PROPOSITION 6.4. Forevery N €N, f € Cp[0, L) and t € [0, 00),

I

N)
(6.14) )= 28 ) = 1O+ K ()

and, likewise,
o) . .
(6.15) (M =7" (5 =AM )+ KN

REMARK 6.5. For subsequent use, we make the simple observation that on
substituting ¢ = 1 in (6.5) and substracting it from (6.15), with f =1, then rear-
ranging terms and using (6.12) and the fact that £, = (1 — G)' = —g by (6.13), we
obtain for every N € Nand ¢ > 0,

! ) e R
(6.16) t
+ [ ga-9RWs—ds.
0

7. Continuity properties. Continuity of the mapping that takes K ™) to KV
is established in Section 7.1, and continuity of the centered many-server map A is
established in Section 7.2. Together, these results show that both K™ and XV
can be obtained as continuous mappings of the initial data and HWM.
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7.1. Continuity of an auxiliary map. Given any (deterministic) cadlag func-
tion K, we define

t
(7.1) Ki(f)=fO)K(2) +/(; K(s)ér(t —s)ds, t €[0,00), f € AC[O, L),

where £; = (f(1 — G))/, as defined in (6.13). Since K, g and f’ are all locally
integrable, for each ¢ > 0, K; is a well-defined linear functional on the space
ACIO0, L). Moreover, from elementary properties of convolutions, it is clear that for
any f € ACIO0, L), if K is cadlag (resp., continuous) then so is K(f). Lemma 7.1
below shows that the mapping I' that takes K to X’ maps Dg[0, 00) to Dy _, [0, c0)
and is continuous. Note that by (6.12), KW = F(I’(\ (M) for N € N. The continu-
ity of I is used in the proof of Theorem 3 to establish convergence of KM to the
analogous limit quantity K, defined by

K:(f) =T(K)
(7.2)

=f(0)1?(t)+fot K($)&f(t —s)ds, t €0, 00), f € AC[O, L).

The third property in Lemma 7.1 below is used in the proof of the strong Markov
property in Section 9.5.

LEMMA 7.1. Let I be the map that takes K € Dr[0, 00) to K = {K;,t > 0},
the family of linear functionals on AC|O0, L) defined in (7.1). If g is continuous,
the following three properties are satisfied:

(1) If K € DR[O, 00), then K € Dy , [0, 00). Likewise, if K € Cr[0, 00), then
Ke (C]HLQ [0, OO)

(2) T is a continuous map from Dr[0, 00) to Dy _,[0, 00), when the domain
and range are either both equipped with the topology of uniform convergence on
compact sets or both equipped with the Skorokhod topology. Likewise, the map
from DR[0, 0o) to itself that takes K — (1) is also continuous with respect to
the Skorokhod topology on Dg|0, 00).

(3) If K € CR[0, 00), then, for any t € [0, 00), the real-valued function u +>
K (®,1) on [0, 00) is continuous and the map from Cg[0, 00) to itself that takes K
to this function is continuous (with respect to the topology of uniform convergence
on compact sets).

PROOF. Let g be continuous. We first derive a general inequality, (7.7) below,
that is then used to prove both properties 1 and 2. Fix K, K™ € Dg[0, 00), T €
[0, 00), t,T™(¢) € [0, T1, and let 8™ (1) = |t — t™(¢)], n € N. Also, let K =
I'(K) and K = F(Iz(”)), n € N. For f € H,, we have

3
(713) K& ) =K = FORD @) = K0) + Y A7 @),

i=1
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where

tATM (1)

AP = [T K@ -0~ &0 — w)du,
AT (1) .

AP@= [T (K - RV W) (0 —u)du

A= [

ATM (1)

()
K@t —wdut [ RO @e 0 ) du

AT (1)

To bound the above terms, let wg be the modulus of continuity of G as defined
in (1.1). Then, by applying the inequality (1 — G) < 1, the Cauchy—Schwarz in-
equality and Tonelli’s theorem, it follows that for 0 <s <t < T,

/0|f'(t—u)(1—G(t—u))—f/(s—u)(l—G(s—u))]du
S/ If/(t—u)llG(t—u)—G(s—u)la’u—l—/ |f'(t —u) — f'(s —u)|du
0 0

stur—s|>T‘/2||f/||H0+fos([|f”<w—u)|dw)du

<wg(lt —sDTY2) f llmy + Tt — s120 " 1w, -

Similarly, using (1.5), we have
/OS 1t = w)g(t —u) — f(s —u)g(s — u)|du
ffslf(t—u)llg(t—u)—g(s—u)ldu
0
+ [ g6 =l =0 = £ =)l du
0

s t
= T'20 flgwee =sD+ [ g6 =) [ 15w =)l dwdu
N
< T2 flmywg (It = s) + 1t — 1" £ l1m,
< (T"Pwy(t — s+ 1t — sV £ llm,

where wy is the modulus of continuity of g. Recalling that £ = (f (1 — G)), the
last two inequalities and the norm inequalities (1.5) show that

(7.4) /OS 5t —u) =&p(s —u)|du < c1(T, |t = sDI [l

where ¢1(T,8) = (TV?(wg(8) + wg(8)) + (T + 1)8'/2) satisfies lims—oc1 (7,
8) = 0. On the other hand, another application of the Cauchy—Schwarz inequality
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and the norm inequality (1.6) shows that
t t
f 1§t —u)|du 5/ |f @) du+ | flloo(G (1) — G(s))

<t = s £y + 11 flloo (G (1) — G(5))

(7.5)
<3(1t = s + we (It — sD)I f e,
<o (D) flm,

and

(7.6) IEFIT <1 Moo + 1 fllooligll < 2T £ Il

for an appropriate finite constant ¢;(7") < oo that depends only on G and T'. Sub-
stituting (7.4)—(7.6) into (7.3), for f € Hj, f # 0, we obtain

K2 () = K ()]
1 £l

< K@) — KD (™0 + (T, 8 O)IK I

t/\r(”)(t)|

(7.7) + cz(T)/O K™ u) — K ()| du

+26 e (D (IK N7 v [K™ 7).

Now, suppose K ™ = K so that K™ = K, n € N, and consider 7 < T and any
sequence of points " (r) € [0, T], n € N, such that 7 (¢) | t as n — oco. Then
the third term on the right-hand side of (7.7) vanishes, the first term converges
to zero because K € Dg[0, oo) and the second and fourth terms converge to zero
because || K |7 < oo and 8™ () — 0. This shows that ||XC; — Ko @llm_, — 0and
hence, K € Dy _,[0, 0o). The same argument also shows that K is continuous if K
is. This proves the first property.

Next, suppose that K™, n € N, is a sequence that converges to K in the Sko-
rokhod topology. By the definition of the Skorokhod topology (see, e.g., Chap-
ter 3 of [3]) there exists a sequence of strictly increasing maps t™, n € N,
that map [0, 7] onto itself and satisfy ||/ (7 = sup,cio. 71t — T™ ()| — 0O
and |[K™ o™ — K|l — 0 as n — oco. Moreover, sup,, IK®™|7 < oo and
K M (u) — K (u) for almost every u € [0, T]. Taking first the supremum over
t € [0, T] and then limits as n — oo in (7.7), the above properties show that
the right-hand side of (7.7) goes to zero (where the dominated convergence the-
orem is used to argue that the third term vanishes). In turn, this implies that
sup; o7 1K — lﬁ% © lm_, — O, thus establishing convergence of K® to K in
the Skorokhod topology on Dy , [0, 00). This establishes continuity of the map I"
in the Skorokhod topology. Continuity with respect to the uniform topology can be
proved by setting 7™ (1) =, n € N, in the argument above. The continuity of the
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map that takes K to (1) can be established in an analogous fashion. The proof is
left to the reader.

To prove the last property, fix K € Cr[0, 00) and ¢ € [0, c0). For u > 0, the
function @, 1 is absolutely continuous and &p,1 = (1 — G(- +u)) = —g(- + u).
Setting f = ®,1in (7.1) yields

Ki(@,1)=(1—Gu)K (@) — /Ot K(s)g(t —s+u)ds.

The continuity of G and K and the bounded convergence theorem then show that
u— K;(d,1) lies in Cr[0, 00). On the other hand, given K e Cg[0, 0o) for
i = 1,2 and the corresponding KV,

sup [V (@,1) — K2 (@, 1] <2| KD — kP,
uel0,T]
from which it is clear that the map from Cg[0, co) to itself that takes K to the
function u — C,(®,1) is continuous. [

7.2. Continuity of the centered many-server map. First, in Lemma 7.2, the rep-
resentation (5.18) for ()? N KW ), 5N (1)) in terms of the centered many-server
map A introduced in Definition 5.4 is established. Then, in Proposition 7.3 and
Lemma 7.4, certain continuity and measurability properties of A are established.

LEMMA 7.2. Suppose Assumption 4 holds. If the fluid limit is either subcriti-
cal or supercritical, there exists Q* € F with P(Q2*) = 1 such that for every T < 00
and w € Q*, there exists N*(w, T) < oo such that for all N > N*(w, T),

7.8) (K™, XM 1,9M) () = A(EN, XM (0), T% (1) — HM 1)) (w)

on the interval [0, T]. Moreover, when the fluid limit is critical, (7.8) holds almost
surely for every N € N and t € [0, 00).

PROOF. Fix N e N. By the basic definition of the model, EW) s cadlag
and 7V) takes values in D atp(0,2)[0, 00) and hence, in Dy _,[0, 00). Assump-
tion 4 and Remark 5.3 show that J 7" (1) is continuous. Moreover, sinci: kW
and (1,7™)) are cadlag, from the representation (6.15), it follows that HM (1)

-~ ~ ~(N
i/s\also cadlag. Tllus, for almost surely every w € €, (EN) XN (0, J”(() )(1) —
HWN )(1))(a)) € Zp. Representation (7.8) then follows on comparing the three

many-server equations (5.14), (5.15) and (5.16) with the second equation in (6.8),
equation (6.10) of Remark 6.3 and equations (6.12) and (6.15) with f =1. [

We now establish continuity and measurability properties of the mapping A.
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PROPOSITION 7.3. Fix X € D10,00)[0, 00). For i = 1,2, suppose (Ei,xé,
Z'yeTpand (K', X', v') € A(E', x}, Z). Let VS = S — S for S= K, X, v, E,
xo and Z, and recall | f |7 = supg¢po, 711 .f ()| Then for any T € [0, 00),

(7.9) IVKIr VIVXIr vV IIVullr <3(1+U(T))er,
where U is the renewal function associated with the service distribution G and
(7.10) er =(IVE|r Vv IVxol VIVZI7T).

Hence, A is continuous with respect to the topology of uniform convergence on
compact sets and is single-valued on its domain.

PROOF. Fix T < oco. We first show that | VK| <2er(1 + U(T)). For any
tel0,T], we cons_ider two cases.

Case 1: Either X(t) < 1, or both X(t) = 1 and X'(¢) <O0.

We claim that in this case we always have
(7.11) Vo) —VX(#) <0.

Indeed, (5.16) shows that if X () < 1, then v’(t) = X'(¢) for i = 1,2 and so
the left-hand side above is identically zero. On the other hand, if X(¢#) = 1 and
X(t) <0, then (X'(r))t =0, and so (5.16), combined with the elementary iden-
tity x A0 — x = —x T, implies
Vo) = VX (@) = (X' @)T — (@)t =-X*0)* <0,
and so (7.11) holds. Combining (7.11) with the fact that each solution satisfies
equation (5.15) and the fact that (5.16) implies |[Vxg — Vv(0)| < |Vxgl|, we obtain
VK(t)=Vxo+ VE(@{) —VX(t)+ Vv(t) — Vg
(7.12) <|Vxol + VE(t)
<2er.

Case 2: Either X(¢) > 1, or both X(¢) =1 and X'(¢) > 0.

First, we claim that in this case,
(7.13) Vo(r) = v (@t) — v () <0.
If either X (¢) > 1, or the relations X () = 1, X'(z) > 0 and X2(¢) > 0 hold, this
is trivially true since by (5.16) each term on the left-hand side of (7.13) is equal
to zero. In the remaining case when X (¢) =1, X'(t) > 0 and X2(¢t) <0, (5.16)

shows that v! (r) = 0 and v?(r) = X2(¢) < 0, and once again (7.13) follows.
Next, since each solution satisfies (5.14), we have for every ¢ € [0, 00),

(7.14) VK(t)=Vuv@) + /Ot gt —s)VK(s)ds —VZ(t).
Now, define

B= {t:/otg(t—s)VK(s)ds >0}.
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Then, combining (7.14) with (7.13), we conclude that

VK () <2er +15() /Olg(t —$5)VK(s)ds.

Applying the same inequality recursively to K(s), s € [0, ¢], on the right-hand
side, we obtain

VK(t) <2er +15() /Ot gt — s)(ZsT + I5(s) /(;S gls—r)VK(r) dr> ds

t N
<2r(1+G@))+ ]Ig(t)/ gt —s) (Hg(s)f g(s —r)VK(r) dr) ds.
0 0
Reiterating this procedure, we obtain
(7.15) VK(t) <2er(14+G(@t) + G2 (1) + ) <267 U(T),

where G*" denotes the n-fold convolution of G.
By symmetry, inequalities (7.12) and (7.15) obtained in cases 1 and 2, respec-
tively, also hold with VK replaced by —V K. Since U(T') > 1, we then have

IVK ()| <2e7U(T) for every t € [0, T'].
Taking the supremum over ¢ € [0, T'], we obtain
(7.16) VK7 <2erU(T).
On the other hand, relations (5.14) and (5.15), together, show that for i = 1, 2 and
te[0,T],
X'(t) = E' (1) + x —v'(0) — /Otg(t — K (s)ds + Z'(1).

Taking the difference and using the fact that (5.16) implies |Vxg— Vv(0)| < |Vxgl,
we obtain

t
VX <IIVE|lr + |Vxol +/0 gt —=s)IIVKllrds +IVZ]|r.

Taking the supremum over ¢ € [0, T'] and using (7.16), we then conclude that
VX7 <3er +2erU(T)G(T) <3er (1 + U(T)).

Together with (7.16) and the fact that (5.16) implies | Vv(#)|r < [[VX]| T, this es-
tablishes (7.9). Since the Skorokhod topology coincides with the uniform topology
on the space of continuous functions, (7.9) implies that the map A is continuous
at points (E, xg, Z) € C[0, o0) x R x C[0, 00). O

LEMMA 7.4. Suppose the fluid limit is subcritical, critical or supercritical.
Then the centered many-server map A :dom(A) C Dg[0, co) x R x Dr[0, c0) >
Dg[0, 00)3, where Dg[0, 00) is equipped with the Skorokhod topology, is measur-
able.
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PROOF. We first establish the measurability of the mapping that takes
(E, x0, Z) € dom(A) to X, where (K, X,v) € A(E, x9, Z). By Remark 5.5, if
(K, X,v) = A(E, x0, Z), then X satisfies the integral equation

X (1) = R(1) +/(;tg(t —)F(X(s))ds, >0,

where R(t) = R1(t) =Z () + E(t) — fég(t —$)E(s)ds and F =0 if X is sub-
critical, R(¢) = Ra(t) = R1(t) + (1 — G(¢))xo and F(x) = x if X is supercritical,
and R(¢) = R3(¢) = R1(¢) + (1 — G(t))xar and F(x) = xT if X is critical. Note
that in all cases, F is Lipschitz. Also, for fixed ¢, the map (E, Z, xg) — R(t)
from Dg[0, 00)2 x R+ R is clearly measurable. The latter fact implies the re-
sult for the subcritical case. For the other two cases, by standard arguments from
the theory of Volterra integral equations (see Theorem 3.2.1 of [5]) it follows that
X (1) = lim,_ oo (Z7™0)(¢), where 7™ is the n-fold composition of the opera-
tor 7 : DR[O, co) — Dg[0, co) given by (7&)(t) = R(t) + fé gt —s)F(&(s))ds,
& € Dr|O0, 00). Due to the fact that convergence in the Skorokhod topology implies
convergence in Lloc’ the map & — F(§) is a continuous mapping from ILlOC [0, c0)
to itself and the Laplace convolution 6 +— [, g(- — s)0(s)ds is a continuous map
from LIIOC[O, o0) to C[0, 00), it follows that for every t > 0, (R, &) — T (£)(¢)
is a measurable map. Because the Borel algebra associated with the Skorokhod
topology is generated by cylinder sets, and measurability is preserved under com-
positions and limits, this implies that the map from R to X is measurable. Note
that in the critical case, the above equation is of the same form as the one obtained
in Theorem 3.1 of Reed [27], and a more detailed proof of measurability in the
critical case can also be found in the Appendix of [27].

Now, to complete the proof, note that by (5.16), v equals either X, X A 0 or 0,
depending on whether the fluid X is, respectively, subcritical, critical or super-
critical. The maps f +— (f, f), f — (f, f A0) and f — (f,0) from Dgr[0, c0),
equipped with the Skorokhod topology, to ID)]%% [0, 00) are all measurable (in fact,
continuous). In addition, for each ¢, K(¢) is a linear combination of E(t), xo,
X (1), v(t) and v(0) by (5.15). Therefore, it immediately follows that the map from
(E, x9,Z) to (K, X, v) is also measurable. []

8. Convergence results. The representation (6.15) of the N-server queue dy-
namics and the continuity properties established in Section 7 reduce the problem
of convergence of the sequence {X X N nen to that of joint convergence of the
sequence of stochastic convolution integrals {H(N N} ven and the e sequences repre-
senting the initial data. The joint convergence of the sequence {M(N )} ven and the
sequence of centered arrival processes and initial conditions is first established in
Section 8.2. In particular, Proposition 8.4 shows that the centered departure process
is asymptotically independent of the centered arrival process and initial conditions.
Then, in Section 8.3 (see Corollary 8.7), the limit of the sequence {H(N Nven is
identified. Both limit theorems are proved using some basic estimates, which are
first obtained in Section 8.1.
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8.1. Preliminary estimates. We begin with a useful bound, whose proof is rel-
egated to Appendix D. Recall that U is the renewal function associated with the
service distribution G, and also recall the definition of ZEPN), the fluid-scaled com-
pensator of the departure process, given in (4.2).

LEMMA 8.1. Fix T < oo. For every N € N and positive integer k,

@.1) E[AYM (1) [(/ / h(x)v(N)(dx)ds>}<k!(U(T))k

Moreover, there exists C(T) < oo such that for every positive integer k and mea-
surable function ¢ on [0, L) x [0, T],

k
sup E[(A0)(7))"] = ki1 [, F ) dx )

NeN

where ¢*(x) = Supsero.71 19 (x, $)|. Furthermore, if Assumptions 1 and 2 hold, then
(8.2) @yt =([" [ hewm@nds) k@@
o Jio,L)

We now establish some estimates on the martingale measure M@ which are
used in Sections 8.2 and 8.3 to establish various convergence and sample path
regularity results.

LEMMA 8.2. For every even integer r, there exists a universal constant C, <
oo such that for every ¢ € Cp([0, L) x [0, 00)) and T < o0,

®3) E| sup [MM(p)|]| < Cr||<p||;o[(%)!(U<T)>’/2 + NeN,

)
s€[0,T] N2 ]

— r
84) E s@I | <G = @) el
84 E[ s 1@< c(3)wmn il

and, for 0 <s <t,

8.5) E[|M:(¢) — Ms @' < Cr (A1) — Ao (5)) />

PROOF. Since M®) (¢) is a martingale, by the Burkholder-Davis—Gundy
(BDG) inequality (see, e.g., Theorem 7.11 of Walsh [31]) it follows that for any
r > 1, there exists a universal constant C, < oo (independent of ¢ and MMy such
that

®6)  E[sup| MM ()| | = CGE[(MN@))y) "]+ CE[ AME (0],

s<T
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where

AMN* () = sup |AM§N>(¢>|— sup. IMW)(@ MM @)].

tel0,

Because the jumps of M(N)(go) are bounded by ||<p||oo/\/ﬁ, we have

(), lolls
(8.7) E[ a8 )] = 205
On the other hand, by (4.12) it follows that for any r > 0,
E[(MN @) *] =E[(A% (1)) *] < el B[4 (1)),

When combined with (8.1) of Lemma 8.1 this shows that if » = 2k, where k is a
positive integer, then

8.8) E[(M™ (0)),)7] < ||<o||go(g)s<v(r>)'/2.

Combining estimates (8.6)—(8.8) obtained aboyg, we obtain (8.3). .
In an exactly analogous fashion, replacing M®) and AN, respectively, by M

and A, and using the continuity of M (¢) and inequality (8.2) of Lemma 8.1, we
obtain (8.4). Furthermore, for fixed s > 0, because {./\/l (@) — /\/l (¢)}s>5 1s a con-
tinuous martingale with quadratic variation process {A¢z (1) — Ay2(s)}i=s, another
application of the Burkholder—-Davis—Gundy (BDG) inequality yields (8.5). O

As a corollary, we obtain results on the regularity of the processes M@
and M. In what follows, we will make use of the function spaces H,,, H_,, S,
S’ and the norm inequalities in (1.6) introduced in Section 1.4.1.

COROLLARY 8.3. Each ﬂ(N), N e N, is a cadlag H_,-valued (and hence
S'-valued) process. M is a continuous H_ 2-valued (and hence S'-valued) process.
Moreover, for any T < o0, if for every f € S, MM () = M(f) in Dr[0, T] as
N—>oothen/\/l(N):>MmID>H ,[0,TTas N — oo.

PROOF. Fix N € N. By Remark 4.4, for every f € S, there exists a cadlag
version of M®)( f). Moreover, for any T < oo it follows from (8.3) and (1.6)
that given any € > 0 and A < oo there exists § > 0 such that if || f|lg, <6, then

E[su /\79‘”
8.9 hmsupIP’( sup |M(N)(f)| > A) < hmsup [Supsepo.ry My (/)] <e
N 5€[0,T] A

Thus, each M) is a 1-continuous stochastic process in the sense of Mitoma [23].

Since S is a nuclear Fréchet space and || - |, H<s | - [lm,, by Theorem 4.1 of Walsh

[31] and Corollary 2 of Mitoma [23] it follows that MM isa cadlag H_,-valued,
and hence S’-valued, process.
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On the other hand, it easily follows from Lemma 8.2 that M( f) is a continuous
process for every f € S. An analogous argument to the one above, that instead
invokes Corollary 1 of Mitoma [23] and (8.4), shows that M is a continuous H_,-
valued process. The last assertion of the corollary follows from (8.9) and Corol-
lary 6.16 of Walsh [31]. [

8.2. Asymptotic independence. We now identify the limit of the sequence of
martingale measures {/W(N N ey and also show that the sequence is asymptoti-
cally independent of the sequences of centered arrival processes and initial con-
ditions. Recall from Assumption 5, Remark 5.1 and the discussion following As-
sumption 5’ that (Q, F.P)isa probability space on which is defined the initial
conditions/\(fc‘o, Yo, J Yo 7% (1)), a standard Brownian motion B and a martingale
measure M that is independent of B and the initial conditions and has the covari-
ance functional specified in (4.15). Moreover, as shown in (5.4), E is a diffusion
driven by the Brownian motion B, with diffusion coefficient o2 and drift coeffi-
cient —f. Let E denote expectation with respect to PP.

PROPOSITION 8.4. Suppose Assumptions 1-3 and 5 hold. Then for every
¢ € Cp([0, L) x R), MM (¢) = M(¢) in Dr[0, 00) as N — o0o. Moreover, as
N — o0,

~ - S(N) (V) — ~ PO .

(EM, XM 0), 55, 7%, %" (1), MN) = (E, %o, %, T, T (1), M)
in DRr[0, 00) x R x H_» x Dy _,[0, 00) x Dg[0, 00) x Dy _,[0, 00).

PROOF. We shall first prove the assertion under the supposition that Assump-
tion 3(a) is satisfied, in which case A, o2 are positive constants and g is a real-
valued constant. We start by using results of [26] to recast the problem in a more
convenient form. Fix N € N and define

EM()+1
L(N)(t)iﬁ > (@=a™eM) €0, 00),
j=2

where recall that {Sj(.N) } jen is the i.i.d. sequence of interarrival times of the Nth re-

newal arrival process E®), which has mean 1/A?Y) and variance (o2/1)/(A(M)2.
Define

EM@)+1 ™

5(N) - (N) (N)

% (t)_—N( X; 2ME — t), t>0.
]:

Using the definition (5.2) of B and the fact that E(¢) = At, we see that
ENM@) —Nx  EM @) -2y
VN B VN

=LMw) +9™M @) - pr.

EM@) =

— ,BZ
(8.10)
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In [26] [see page 30, Lemma A.1 and (5.15) therein] it was shown that {Z(N (1),
.7-',(N),t > (0} is a locally square integrable martingale and, as N — oo,
sup, -7 [7™ (t)| — 0 in probability, which implies 7™ = 0.

We will now show that for every f € Cp[0, L),

(8.11) (LN, MM ()= (B, M(f)) asN— oo
and for real-valued, bounded, continuous functions F; on Dy2[0, 00) and F, on
R x H_» x Dy_,[0, 0o0) x Dg[0, 00),

~(N)

Jlim E[F (LN, MM (1)) (XM 0), 58V, 7%, 7% 1))]

(8.12) = B[F1(B, M(/)IE[F2(Ro. o, T™, T™(1)]
= B[F1(B, M(f)) F2(Xo, D0, T, TP (D)].
Before presenting the proofs of these results, we show how these results are suf-

ficient to establish the proposition. We first note that (8.11), together with the
convergence 7N = 0, implies the joint convergence (LX), MM, )/(N ) =
(B, /\/l(f) 0) for every f € Cpl0, L). Given (8.10) and the relation E(t) =
B(t) — Bt, an application of the continuous mapping theorem then shows that
forevery f € Cp[0, L), (E™), MM (f)) = (E, M(f)) in Dg[0, c0)2. Similarly,
the continuous mapping theorem and (8.12) imply that for every f € C[0, L), as
N — o0,

~ ~ ~(N) ~(N) o~
(E™, XM ), 54", 7%, 7% (1), MM (f))
= (E, X0, %0, ™, T 1), M(f)).
Together with Corollary 8.3 this implies the desired convergence stated in the
proposition.
To complete the proof in the case when Assumption 3(a) holds, it suffices to
establish (8.11) and (8.12). This is done in the following five claims; the first

three claims below verify conditions of the martingale central limit theorem to
establish (8.11), the fourth claim establishes a slight variant of (8.11) and the last

claim proves (8.12). Let {[Z (N)1,} and {[JT/I\ (NM)(£)];} represent the {.E(N) }-optional
quadratic variation processes associated with {’L\,(N), t >0} and {f\/\l,(N)( f),t>0},
respectively. Also, let f € Cp[0, L).

CLAIM 1. Fort>0,as N — oo, [Z(N)]t — o2t and [M(N)(f)], — Zfz(t)
in probability.

PROOF. By (5.10) of [26], the {F"}-predictable quadratic variation of L)
at time ¢, is given by

8.13)  (L™M), = EM®E[(1 - MN)g}N))Z]/N = (EM(1)a?)/(ND),
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where the last equality holds due to Assumption 3(a). It is easy to check that the
{ft(N)}—predictable jump measure of L™ which we denote by 7™ (dt, dx), is
equal to d E,(N)]P((l — A Mg I(N)) /~/N € dx). By the Lindeberg condition imposed
in Assumption 3(a), the sequence of predictable jump measures {7 ™}y satis-
fies condition [:3\5 — D] of Theorem VIII 3.11 on page 432 of [16]. Therefore, the
{]-"t(N)}—optional quadratic variation, (LM, converges in probability to a limit if
and only if (LMY, its {}}(N) }-predictable quadratic variation, converges in proba-
bility to the same limit. However, by Assumption 3(a) and Remark 5.1, as N — oo,
E™(t)/N — At. When combined with (8.13), it follows that as N — oo, (L™,
converges in probability to o->¢. This establishes the first limit of Claim 1.

Note that M}N) , being a compensated sum of jumps, is a local martingale of
finite variation. Thus, it is a purely discontinuous martingale (see Lemma 4.14(b)

of Chapter I of [16]) and hence (by Theorem 4.5.2 of Chapter 1 of [16]), its {F "}
optional quadratic variation at time ¢ satisfies

(MM, =Y (aM )’ =2V o),

S<t

where the last equality follows because the jumps of MmN ; ) coincide with those

of Q(fN). The law of large numbers results in [21] (specifically, Theorem 5.4
and the discussion below Theorem 5.15 and Proposition 5.17 therein) show that
Q(N) (t)— A 12 (#) in probability. This proves the second limit in Claim 1. [J

CLAIM 2. Foreveryt >0, [Z(N), ]T/I\(fN)]t — 0 in probability as N — 0.

PROOF. Fori eN, let ‘E(N) = ;:1 é;N) be the time of the ith jump of E™).

Since both L) and M ; ) are compensated sums of jumps, arguing as in Claim 1
the optional quadratic co-variation is given by

_ 1
@14 [LV MV, =—= Y (1 KM AM (V)
(N)

’

ieN:t;

where we have also used the fact that £ has unit jumps. To prove the claim, it
suffices to show that

2
@815  E[[Z™ MM <? al PAES [ 3 AﬂN)(sz))]
AN )
ieN: 7,7 <t
Indeed, then the right-hand side goes to zero as N — oo because the expectation
on the right-hand side is bounded by supy E[DY)(¢)], which is finite by Lem-
ma 5.6 of [21]. Alternatively, the convergence to zero of the right-hand side of
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(8.15) could also be deduced from the stronger result stated in Corollary A.3. The
claim would then follow by an application of Chebysev’s inequality.

To establish (8.15), we first introduce the filtration {F"’, > 0}, which is
defined exactly like the filtration {]:,(N),t > 0}, except that the forward recur-
rence time process R%N) associated with the renewal arrival process E?) is re-
placed by the age or backward recurrence time process ozgv)
oz)(EN)(s) =5 —sup{u <s: EMw) < EM(s)} v O for s > 0. It is easy to verify
that M\}N) is an {F ;N)}-adapted process and, for each i € N, ri(N) is an {.7:" (N)}

stopping time. Moreover, for every i € N, using the independence of sl( n 1) from

, which satisfies

= (N
f((N)), we have
4

(8.16) E[1 - 2Mg) lf((m] E[1 - 2Mg M=o,

@17 E[(1-2®gl)? lf%] E[(1 -2 Mgl =0/

Combining (8.17) with the estimate (AM )2 < || £|2,AD™), we obtain for
ieN,

N2 A (N N2, £
E[(l _)‘(N)si(—i-l)) AMf )( i( ) U:r,-(N)]
0’ N N
=— A]\//I\} )( ( ))

2
”f”OOAD(N)( i(N))'

A similar conditioning argument using (8.16) shows that for 2 <k <i,i,k €N,

N N N N N N
B[(1 -2 M) AT (1) (1 -2 Vg AT ()] =0,

Taking first the square and then the expectation of each side of (8.14) and using
the last two relations, we obtain (8.15). As argued above, this proves the second
claim. [

CLAIM 3. The jumps of (LM, /T/I\(N)(f)) are asymptotically negligible and
(8.11) holds.

PROOF. The sizes of the jumps of EM and L) converge to zero as N — 00
because EN) is a counting process with unit jumps and sup,_7 [P (1)] — 0

in probability. Also, by Lemma 4.2 and the continuity of A}N), the sizes of the

jumps of M(N)(f) M( ) are uniformly bounded by || f|lec/+/N, and so they
also converge to zero in probablhty. Because {(L(N ), MM (f))}nen is a sequence



SPDE LIMITS OF MANY-SERVER QUEUES 193

of martingales starting at zero, we can apply the martingale central limit theorem
(see, e.g., Theorem 1.4 on page 339 of Ethier and Kurtz [9]). The conditions of that
theorem are verified by Claims 1-2 above and the first assertion of Claim 3, and
(8.11) follows from the observation that B and M( f) are independent, centered
Gaussian processes with variance processes o2¢ and A p2(1), t = 0, respectively.

O

For the next two claims, recall from Section 2.2 that for each N € N, {g}N)}
is the augmented right-continuous filtration associated with the Markov process
(REEN), XM yM)y and Egivlg ) is the expectation with respect to the Markovian
measure with initial distribution concentrated at (r, k, ).

CLAIM 4. For every N € N, the process {E,(N), M;N)(f),t > 0} is {Qt(N)}-
adapted. Moreover, let {(rN) kN /L(N))}NGN C[0,00) x Nx Mg[0, L) be a de-
terministic sequence that satisfies r™) — 0, k™M) /N — %o, u'™) /N = ¢, where
X0, Vo are the limit of the fluid-scaled initial conditions, as defined in Assumption 1.
Then, given any bounded and continuous functional F' on Dp2[0, 00),

(8.18)  lim EW) can o [F (LN MM ()] = BIF (B, M(f))].

PROOF. Fixt € [0, 00). Itis easy to see from the definitions that E N (1), EJ(-N),
jJ<E (N) (), and hence Z;N), are all measurable with respect to U(R%N) (s),s €
[0,¢]) ¢ ™. In a similar fashion, for f € C,[0,L), it follows from the
definitions given in (4.1) and (4.2) that Q(N) (t) and A(fN)(t) are measur-
able with respect to o(v"), s € [0,1)) € g,(N). Thus, from (4.3), (4.5) and

(4.11) it follows that M,(N)( f) is also ng)—measurable and the first asser-
tion of the claim is proved. The limit in (8.11) was established in Claim 3.

Since both L™ and M®) are adapted with respect to {g§N>}, one can use
the Markov property and repeat the argument used in the proof of that claim
to establish the slightly modified version of (8.11) that is stated in (8.18).

g

CLAIM 5. The asymptotic independence property in (8.12) holds.

PROOF. Let Fj be a continuous functional on Dy2[0, 00) and F a continuous
functional on R x H_» x Dy _,[0, 00) x DR[O, 00). Then

Jim B[R (LW, MM () g™, 5", 7 7% )]

(8.19) = lim E[E[F (LN, MM (f))

X FZ( (N) A(N) jvo ,jﬁéN)(l))lg(()N)]]



194 H. KASPI AND K. RAMANAN

Now, X X (0) and v A(N) are measurable functions of X ) (0) and véN) because the

L N
fluid 11m1t quantities Xo and Do are almost surely deterministic. Moreover, J "0

and J o (1) are measurable functions of v( ). Therefore, FZ(X(N )(0) A(N)
jﬁéN),jgo (1)) is go ) _measurable. Since {(L(N)(t),/\/lgN)(f)),t > 0} is
{QT(N)}—adapted by Claim 4, the Markov property shows that

E[E[F (LN, AN (1) (XN 0,5, 7%, 7% 1)16M]]
820)  =E[R(XM©),9", g% 7% (1)
E [F(LZD, MV ()]

R 0), XM (©0),05")

Since (R(N) 0), XM (0), _(N)) — (0, X0, Vo) P-almost surely by Assumption 1,
the conditions of Claim 4 are satisfied and it follows from (8.18) that P-almost
surely,

(V) TN TN _@ Vi
ngnooE(R2N>(0),x<N>(0),véN>)[Fl(L MDD = LR B, M)

Since F and F, are bounded (say by C), the bounded convergence theorem im-
plies that

lim [E[F(X™(0), 75" T g% ()

(N) TWN) 4N
E<R2N><O>,x<N>(o>.uéN’)[Fl(L( LM

(821) ~E[REM )57, 7% 7% W)EIF B, M)

C lim E[JE (R(N)(O) x00y0 P (LM, MM ()]

—E[F(B, M())][]
=0.

On the other hand, since F; is bounded and continuous, by Assumption 5,

i ~ R SN S(N)
Jim E[R(X M, 5", 7%, 7% (1)

= B[ (%0, Do, T, T (1))

Combining (8.19)—(8.22), we obtain the first equality in (8.12). The second equal-
ity of (8.12) follows from the first due to the fact that, by construction, (B, M ()
depend only on the fluid initial conditions Xy and v, which are P almost surely
deterministic.

(8.22)
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We now turn to the proof of (8.12) for the case when Assumption 3(b) is satis-
fied. The proof in this case is similar, and so we only elaborate on the differences.
First, for N € N, define L) = L (V) / VN, where now

LM (1) = <E<N>(t)—/tx(m(s)ds), t € [0, 00),
0

is the scaled and centered inhomogeneous Poisson process, and note that

~ _ r_ N t
(8.23) E<N>(z)=ﬁ(E(N>(r)—/0 ,\(s)ds>=L<N>(t)+/O B(s)ds.

Fix f that is bounded and continuous. To complete the proof of the propo-
sition, it suffices to show that (L), f\/\l(N)(f)) = (fO'(X(s))l/de(s), /ﬂ(f)).
Let {.7},(N)} be the filtration defined in Claim 2 above. Then, as is well known,
{Z(N)(t), J”:",(N),t > 0} and {ﬂ;N)(f), J’:",(N),t > 0} are martingales. Hence, once
again, we need only verify the conditions of the martingale central limit theorem.
Arguing exactly as in Claims 3 and 1 of the proof for case (a), it is clear that the
jumps of E™) and /T/I\(N)(f) are uniformly bounded by (1 + I £ lloo)/+/N and for
eachr >0, [MM ()], —> A 2(t) in probability. Keeping in mind that the candi-
date limit (E , M (f)) is a pair of independent, continuous Gaussian martingales
with respective quadratic variations fé A(s)ds and A r2(1), to complete the proof
it suffices to verify that for every ¢ € [0, 00), as N — oo, the following limits hold
in probability:

(8.24) [L™], — /ZX(s)ds, [LMV), MM (f)], — 0.
0

Clearly, the {.ﬁ(N)}—predictable quadratic variation of LM is given by (Z(N Y, =
%fot AM ds, which converges to [ A(s)ds as N — oo. By Theorem 3.11 of
Chapter VIII of [16], this implies that the {]:",(N)}—optional quadratic variation
[L™)], converges in law to f§ A(s) ds. Because the limit /3 A(s) ds is determinis-
tic, the convergence is also in probability. This establishes the first limit in (8.24).
To establish the second limit, note that L) and M) ( f) are both compensated
pure jump processes with continuous compensators, and so their optional quadratic
covariation takes the form

(LM, MM ()], NZAL(N)(S)AM(N)(f) NZAEW)(s)AQ;N)(s).

§<t S<t

Noting that AQ(N) < I flleoAD™) taking expectations of both sides above and
then the limit as N — 00, Corollary A.3 shows that

lim E[|[Z™, MM (£)],]] < Jim %E[Z AE(N)(S)AD(N)(S)} =

—
N—o0 S<t
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An application of Markov’s inequality then yields the second limit in (8.24). The
asymptotic independence from the initial conditions is proved exactly in the same
way as when Assumption 3(a) holds (see the first part of the proof of Claim 5) and
is thus omitted. [J

8.3. Convergence of stochastic convolution integrals. 'We now show that for

suitable f, {ﬁ(N )(f)}nen is a tight sequence of cadlag processes. Since each
HM f) is not a martingale, the proof is more involved than the corresponding
result for {/\7 N)( f)}nen, and we require an additional regularity assumption (As-
sumption 4) on G, which holds if the hazard rate function 4 is bounded or if g is in
LM for some « > 0; see Remark 5.2. For conciseness, we will use the notation

825 G)=1-G), fGx) = f(x)Gx), x € [0, 00).
We first derive an elementary inequality.

LEMMA 8.5. Suppose Assumption 4 is satisfied, let f be a bounded, Holder
continuous function with constant C ¢ and exponent y ¢, and let y}- =y ANys. The

family of operators {V;,t > 0} defined in (4.19) satisfies, for all 0 <t <1’ < oo,
(8.26) W f — Wy flloo < (Cr+Call flloo)lt — 1|77

Moreover, if f € H, then Cy < | fllm, and there exists a constant Cy < 00,
independent of f, such that the right-hand side of (8.26) can be replaced by

Coll f Il It — £/
PROOF. Fix f as in the statement of the lemma. Then we can write W; f —
W, f =W + ¢, where

G+ @—97h)
B G(x)

oW (x,s) (fx+ =) = flx+ " =)

and
Gx+(t—5)H)—-Gx+ @ —sh)
G(x) '

The Holder continuity of f and the fact that G is nonincreasing show that
loW oo < Crlt — /|77, and Assumption 4 shows that |9 [l < C |l flloolt —

t'|¥6 . When combined, these two inequalities yield (8.26). If f € Hj, the Cauchy—
Schwarz inequality and (1.5) imply

ePx,5) = flx+ (' —5)T)

< f N2 = OV < |1 fllm, (r — )2,

t/
() = £ = ‘/ £ du

Thus, Cr = | f'lly2 < I fllm, and y; = 1/2, respectively, serve as a Holder
constant and exponent for f. When combined with (1.6) this shows that f is
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bounded and Holder continuous and the second assertion of the lemma holds with
Co=1+2Cq. O

In what follows, for ¢ > 0, let Y, : Cp ([0, L) x [0, ¢]) = Cp([0, L) x [0, ¢]) be
the operator given by

(Y1) (x, 1) = / (W (-, $) (x, 10) ds

27
8:27) t 1-Gx+s—u)
=/u o(x+s—u,s) — G ds

for (x,u) € [0,L) x [0,¢] and f € Cp[0, L). The first two properties of the
next lemma are used in Corollary 8.7 to establish convergence of the sequence
{ﬁ(N )( f)}nen and regularity of the limit. The third property below is used in the
proof of the Fubini-type result in Lemma E.1 and the last property is used in the
proof of Theorem 5.

LEMMA 8.6. If Assumption 4 is satisfied, the following properties hold.

(1) Given a bounded and Holder continuous function f on [0, L), the sequence
of processes {ﬁ(N)(f)}NeN is tight in Dg[0, 00) and 'FZ(f) is P-almost surely
continuous.

(2) There exists r > 2 and a constant Coy < 00 such that for any f € S,

(8.28) supE[ sup [ ()] < Coll £k,
N ‘ee[o,71]

(3) Suppose ¢:10, L) x [0, 00) — R is a Borel measurable function such that
for every x € [0, L), the function r — @(x,r) is locally integrable and, for every
t € [0, T, the function x — fo @(x,r)dr is bounded and Holder continuous with
constant Cy 1 and exponent Yo,T (that are independent of t). Then P-almost surely,
the random field {Hs (fo @(-,r)dr)),s,t = 0} is jointly continuous in s and t.

(4) Suppose ¢ € Cp([0, L) x [0, 00)). Then the process {./\/lt(Ttgo) t > 0} ad-
mits a continuous version.

PROOF. The proof of the lemma is based on a modification of the approach
used in Walsh [31] to establish convergence of stochastic convolution integrals,
tailored to the present context (the proof of Theorem 7.13 in [31] works with a
different space of test functions and imposes different conditions on the martingale
measure M), and hence does not apply directly). Fix a bounded and Holder
continuous f with constant Cy and exponent yy and fix T < 0o. Recall from

(4.21) that ﬁ,(N)( f)= /\79’)(\11, f), t = 0. The proof of the first two properties
will be split into four main claims.

CLAIM 1. Foreach N € N, {ﬁ,(N)(f), t > 0} admits a cadlag version.
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PROOF. The estimates obtained in this proof are also used to establish the
other claims. Fix N € N and consider the following stochastic integral:

(829) vV =MP W, relo, Tl
Because M) is a martingale measure, we have
®830)  H () =MW ) =BV NIFEV] relo,T],

which shows that the process {./T/I\EN)(lIJ, f),t > 0} is a version of the optional
projection of V™ (f). It is well known from the general theory of stochastic pro-
cesses (see, e.g., Theorem 7.10 of Chapter V of Rogers and Williams [29]) that the
optional projection of a continuous process is an adapted cadlag process. There-

fore, to show that {MEN)(% f),t €0, T]} admits a cadlag version, it suffices to
show that V™ (f) admits a continuous version. In turn, to establish continuity,
it suffices to verify Kolmogorov’s continuity criterion, namely, to show that there
exist C’f < 00,0 > 1and r < oo such that forevery 0 <t <t < T,

(8.31) B[V = v = Cple =11

see, for example, Corollary 1.2 of Walsh [31]. Fix 0 <¢’ <t < T and note that
(8.32) VM) = vV = MY f = f)].

Let r be any positive even integer greater than 1/ y}. Together with (8.3) and
(8.26), this implies that (8.31) is satisfied with 6 = ry}» > 1 and

(8.33) Cr=Cr(Cs+Callflloe) (r/2WU(T) +1). O

CLAIM 2. 'FZ(f) has a continuous version.

PROOF. Analogously to (8.29) and (8.30), we define V;(f) = ﬂr(w,f),
t > 0, and observe that

(8.34) Hi(f) = My (W, f) =E[V,(f)|F),  t>0.

Arguments analogous to those used in Claim 1, with the inequalities (8.4) and
(8.2), respectively, now playing the role of (8.3) and (8.1), can be used to show
that

(8.35) E[|V,(f) = Vi (O < Cplt — )P

with 6 = ry}. Fix 0 <t <t < oo with |t — t/| < 1 and a bounded, Holder contin-

uous f. Using (8.34) and adding and subtracting ﬁ/l\,/(\lltf) = E[Vt(f)|f,/], we
obtain

(8.36) T/ (f) — Hy(f) =EIVi(f) — Va())IFi] + M (%, f) — My (¥, f).
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Consider any even integer r > 2/ y} \ 4 so that (8.35) holds with § > 2, let § =

|r/2 A 6] and note that @ is an integer greater than or equal to 2. Taking first the
rth power and then expectations of both sides of (8.36), and using the inequality
(x +y)" <2"(x" +y") and Jensen’s inequality, we obtain

E[[Hy (f) = He(HI]
<27 (E[Vi(f) = Ve (O +ENM, (W £) — My (Wy £I7]).
Applying the estimates (8.31), (8.5) and the fact that ||¥; f||co < || f|lco, and then
the inequality x> + y? < (x 4 y)? for x, y > 0, this implies that
E[[Hy (f) — Hi(H)I]
(8.37) <2 Crlt =1 +27Cr(Ay, pp0) — Ay, @)

<2 (CsV CAfIP)(E+ A1) — ' — Ar(t)*.

Since t + A1(t) is a nonnegative, increasing function of ¢, the generalizedl(ol—
mogorov’s continuity criterion (see, e.g., Corollary 3 of [23]) implies that H(f)
has a continuous version. [

CLAIM 3. The estimate (8.28) is satisfied.

PROOF. From the proof of Corollary 1.2 of Walsh [31] it is straightforward to
deduce that (8.31) also implies that there exists a constant C, < 0o, which depends
on r but is independent of N and f, such that

(8.38) E| sup. |V<N>(f)| |=ccy.
s€[0,
By (8.30), for every ¢ € [0, T'],
7 <E| sup viOnIFED] <E] sup IV(N)(f)IIF(N)]
s€[0,T]

By (8.38), the last term above (viewed as a processs in ¢) is a Doob martingale,
and hence is cadlag. Since r > 1, Doob’s inequality and (8.38) imply that

=l s RO <] e (<[ s v )

(7))

:( ! )rIE[ sup }VS(N)(f)’r]

s€[0,T]

r \'~ =~
f(r_ )CrCf.

A

—_—
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If f €S8, then by the expression for C‘_f given in (8.33) and the inequalities
| flloo < \/6||f||H1 and C¢ < || flm, established in (1.6) and Lemma 8.5, respec-
tively, the right-hand side above can be replaced by Cy|| f ||{HI1, for an appopriate
constant Co = Co(G, r, T) < oo that is independent of N and f. Thus, (8.28) fol-
lows. U

CLAIM 4. The sequence {ﬁ,(N)(f), t > 0}nen is tight in Dr[0, 00).

PROOF. We will prove the claim by verifying Aldous’ criteria for tightness of
stochastic processes. A minor modification of the arguments in Claims 1-3 shows
that if §y € (0, 1) and T is an {J”-',(N)} stopping time such that Ty 4+ 6y < T, then
for any even integer r > 2,

= Y
(8.39) E[|Viy sy () = Viy (D= Cray”
Let 5 € (0,1), and let Ty be an {f( )} stopping time such that Ty + 8y < T.
Using (8.30) and (8.29), the difference HTN oy () — ﬁ(T]x) (f) can be rewritten as

N N N N
[VT(NLsNI Froro] — BV 1771

N N N N N N

T +8N TN+5
— (N) (N) (N)
E[VTN+5N VT | TN+8N]

+// Wy, () (x, ) MM (dx, ds).
[0,L)x (TN, TNy+3N]

Recalling the covariance functional of M@MN) specified in (4.12) and the fact that
W7y (f)lloo < 1 flloos this implies that

E[[AY, 5 () =AY (O[]
szEHVT(QQaN(f)—v;§><f>|2]+2||f||io (AN (Ty +8y) — AN (Tw)]

= 2V N
<2Csoy" 420 1% supE[ sup (A7t +5y) — A7 )],
N tel0,T]
where the last equality uses (8.39) with r = 2. As 6y — 0, the first term on the
right-hand side clearly converges to zero, whereas Lemma 5.8(2) of [21] shows
that the second term also converges to zero. We conclude that H(T]]g)_MN (f) —

ﬁ(T]x)( f) converges to zero in L2, and hence in probability. On the other hand,
(8.28) shows that the sequence {ﬁ(N )( f)}nen is uniformly bounded in L.”. We
have thus verified A@ous’ criteria (see, e.g., Theorem 6.8 of Walsh [31]), and
hence the sequence {H(N)(f)}NeN is tight. [
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We now turn to the proof of property 3. Fix T < oo, let ¢ be as stated in the

lemma and for ¢ € [0, T'], define fq’)(x) = fé o(x,r)dr.Fors,t,s', 1" €[0, T] with
t' < t, we have

o~ o~ ’ A~ P — z
Ao(f) = R (1) =Tt = R () + Mo (w( [ otanar )
Due to the assumed boundedness and Holder continuity of fq’,, (8.37) and (8.4)

together with the above relation imply that there exists a sufficiently large integer r,
constant C(T', r, ¢) < oo and 8 = 6(r, ¢) > 1 such that
]

R ¢ N t
EHHS/(/O o, 1) dr) — Hy </0 o(,r) dr)
<C(T.r9)(s + A1 (s) — 5" — A1) + 1t —1']F).

=El|Hy (f})) — Ho(fI"]

Property 3 then follows from the generalized Kolmogorov criterion for continuity
of random fields; see, for example, [6].

The proof of the last property of the lemma is similar to the proof of the
continuity of H given in Claim 2, and so we only provide a rough sketch. Let
R;(¢) = M;(Y;¢), define V;(¢) = M7 (Y;¢) and note that R; (¢) = E[V;(¢)|F;].
In a manner similar to (8.36), we can write

_— t _— _—
R(¢) = Roto) =E| X ([ weptos)ds ) 7o |+ M) = Ty (i,

Using Jensen’s inequality, (8.4) and (8.5) with r = 4 and the inequalities
I/ W, 8)dslloo < It — 'lll@llos and [ Tr¢llos < Tll@lloo, it follows that for
O<t' <t<T,t—t <1,

]

+ 2410 (@) 1% (Ar (1) — Ax(1))?
<2*C(D)lplk (1 — 1'1* + (A1 (1) — A1(1))?)
< 2* (D)l ((t — ) + (A1) — A1 (1))
<2*C(D)lplko(r — 1’ + A1) — A1),

e '
BlIR,(9) — Ry < 25| Tir ([ g0 ds)

where C(T) = (2C4U(T)?) v T*. The claim then follows from the generalized
Kolmogorov continuity criterion. [

Combining Lemma 8.6 with arguments similar to those used in the proof of
Corollary 8.3, we now obtain the main convergence result of the section. In what
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follows, recall the definition of the process ?fN) given in (5.19), and let ?1 be the
analogous limit process, given by

Y1 = (E, %o, D0, T, T (1), M, H, H(1)).

COROLLARY 8.7. As N — oo, ?fN) = ?1 in V1. Also, if for any bounded,

Holder continuous f, (5.27) holds, then (?I(N), ﬁ(N)(f)) = (171, ﬁ(f)) as N —
00, and 'H admits a version as a continuous H_j-valued process.

PROOF. Fix NeN.Fork,keN,i=1,....k, j=1,...,k let f; and f;j,
respectively, be bounded, continuous and bounded, Holder continuous functions.
Proposition 8.4 and Lemma 8.6 imply that the sequence

(MY G, MV G, ANV ), AV G yen

is tight in D0, 00)kHk  Since H(N)(f) (N)(\Iltf) and, likewise, H,(f)
/\/lt(\IJ,f) Proposition 8.4 also shows that for #;, tj€0,00),i=1,...,k, j=
1,...,k, as N — oo, the following corresponding terms converge:

MO Gy, M G AN . T (o)
= (M, (f1)s oo M () Hi (FD, - Hi (fi)-

Since & is a subset of the space of bounded and Holder continuous functions,
together the last two statements show that

(MNP, HND . HM () = M), H), H))

for f, f € S and f; bounded and Holder continuous. Because S and S’ are
nuclear Fréchet spaces, by Theorem 5.3(2) of Mitoma [24] it follows that

(MM HN HN(£)) = (M, H, H(f1)) in Dg[0, 00)? x Dg[0, c0). Since
I 1, H<S | - Iz, and estimate (8.28) holds, Corollary 6.16 of Walsh [31] then
shows that (/W(N),ﬁ(N),ﬁ(N)(fl)) = (/W, ﬁ, ﬁ(fl)) in Dy, [0, 00)? x
Dgr[0, 00), as N — oo. In fact, from Corollary 8.3, Lemma 8.6(1) and the proofs

of ngol}gryA 1 of [24] and Corollary 6.16 of [31], it follows that the sample paths
of (M, H, H(f1)) liein Cy_, [0, 00)2 x Cg[0, 00), which proves the last assertion

of the corollary. Now, (H H(f)) is adapted to the filtration generated by M, and

Mis independent of (E, %0, Vo, T, T (1)) by (8.12) and the construction of M
and B described after Assumption 5/ The same argument used to establish asymp-
totic independence in Proposition 8.4 also shows that the convergence above can

be strengthened to YI(N) — Y, and (?I(N), ﬁ(N)(f)) = (?1, ﬁ(f)). O
9. Proofs of main theorems.

9.1. The functional central limit theorem. Before presenting the proof of The-
orem 2, we first establish the main convergence result.
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PROPOSITION 9.1. Suppose Assumptions 1-5 are satisfied, and suppose that
the fluid limit is either subcritical, critical or supercritical. Then the limit in (5.21)
holds and (K, X,9(1)) has almost surely continuous sample paths. Moreover, if g
is continuous, and V is defined as in (5.24), then as N — o0,

©.1) (Y, RM XN 5N £V £ 1)) = (7, K, X, 9, K, K1)
in Y1 x Dr[0, 00)* x D [0, 00) x Dg[0, 00).

PROOF. Corollary 8.7 shows that Y, I(N) = Y in Y as N — oo, which in par-
ticular implies that

(E™, XM 0), 7% (1), AN (1)) = (E, o T (1), (D)

as N — oo.ABy RemarkA 5.1, Assumption 5, Lemma 8.6(1) and Corollary 8.7,
(E ,J ﬁ"(1), H), T Vo, ‘H) has almost surely continuous sample paths with val-
ues in R3 x Hz_z. Since addition in the Skorokhod topology is continuous at points
in C[0, 00), as N — o0,

©.2) (TN EM M), 7% 1) = AN @) = (71, E, %0, T (1) — HQ)).

By Lemma 7.2, almost surely (K™, XM 1,5y = A(EM, XN (0),

jﬁém(l) — HW )(1)) for all N large enough. The continuity of A with respect
to the uniform topology on Dg[0, co) established in Proposition 7.3, the measur-
ability of A with respect to the Skorokhod topology on Dg[0, co) established in
Lemma 7.4 and a generalized version of the continuous mapping theorem (see,
e.g., Theorem 10.2 of Chapter 3 of [9]), then shows that convergence (5.21) holds
with (I?, )A(,ﬁ(l)) = A(E, X0, jﬁo(l) — ﬁ(l)). By the model assumptions and
Lemma 4.2, almost surely, AEWN) (t) <1land ADWN) (t) < 1foreveryt > 0.Com-
bining this with (2.3), (6.10) and the second equation for K™ in (6.8), it follows
that almost surely for every ¢ > 0,

3
=UN
Because the jump size functional (at some fixed time ¢) is continuous in the Sko-
rokhod topology, the weak convergence of the process (K KN, XN ’ﬁ(N )(1)) to
the process (K X, v(1)), which was established in (9.1), shows that (K X, (1))
is almost surely continuous. Note that when g is continuous, the continuity of
(I?, X, V(1)) is also guaranteed by Remark 5.5.

Next, suppose g is continuous. By Lemma 7.1(2), both the map I' that takes
K™ 1o K™ and the map that takes KM o K (1) are continuous (with respect
to the Skorokhod topology on both the domain and range). So by (5.21) and the
continuous mapping theorem, as N — oo,

max(AKM (1), AXM (1), A1, 5V) <

~ A A A A

9.3) YV RN XM RN KM 1)) = (7, K, X, K, KQ)).
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In turn, (6.15) shows that V) = jﬁém — H®™ + K™ and hence, D™ can
be obtained as a continuous mapping of YI(N) and K™ Thus, (9.3) and an-
other application of the continuous mapping theorem show that (5.25) holds with
9 = J% — H + K. That this coincides with the definition of D given in (5.24) can
be seen on recalling the definition of KC given in (7.1). [J

We now prove the first two main results of the paper.

_PROOF OF THEOREMS 2 AND 3. The limit in (5.21), the continuity of
(K X u(l)) and Theorem 3 follow from Proposition 9.1. Relation (6.16) and the

fact that K@) is almost everywhere continuous because it is cadlag, shows that

/ (5 )ds = (1,50 - T (1)~ D)

+AM ) + / KM ()g(- — 5)ds.

The last term equals K KN — €M) (1), and so by Lemma 7.1(2) the mapping from
K™ to the last term is continuous. Limit (5. 21) along with the continuous map-
ping theorem then show that [;(h, D A(N) )ds = D, where D is as defined in (5.23).
Relation (6.6) for X™)| the continuity of the limit and another application of the
continuous mapping theorem then yield the representation (5.22) for X. This com-
pletes the proof of both theorems. [J

9.2. The semimartingale property. In view of representation (5.22) for X and
the fact that My and E are by definition semimartingales, to show that Xisa
semimartingale it suffices to show that D is a process of almost surely finite vari-
ation (on every bounded interval), and hence a semimartingale. This is carried out
in Lemma 9.2 below. Throughout, we assume that Assumptions 1, 3 and 5 are sat-
isfied, the fluid limit is subcritical, critical or supercritical and that, in addition, 4 is
bounded and absolutely continuous. If / is bounded, then Assumptions 2 and 4 are
also satisfied by Remark 5.2, and so the results of Theorems 2 and 3 are valid.

LEMMA 9.2. Almost surely, the function t +— D(t) is absolutely continuous
and
dD(t)

9.4) T

=7v,(h) a.e. t €0, 00).

PROOF. We start by rewriting the expression (5.23) for D in a more convenient
form. For ¢ > 0, definitions (5.6) and (5.11) of ®; and 7", respectively, show that

oty 7 = S 60) g “aten,)
o) = 7 () = o (L [neen e

:v()(/o cp,h(-)dr).
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By (5.7) and the boundedness of /&, @,/ is bounded (uniformly in ) and abso-
lutely continuous, and Assumption 4 implies that f(g O.hdr =(G(-+1t)—G()/
(1 — G(-)) is Holder continuous. Therefore, applying Assumption 5'(d) with
@ = ®,h, it follows that

N t r
9.5) Do) — 7,0 (1) = /0 Do(D,h)dr = /O TV (h)dr.

In a similar fashion, for ¢ > 0, using the identity ﬁt(l) = .//\/\lt(\ll,l), we have
M, (1) — H, (1)

_ Gt +1 -0 - G0
- '//[O,L)X[O,t] 1—Gx) M(dx, du)

= Thix+r—u)(1=G(x+r—u)) _
B //[O,L)X[O,t] (/u 1 —G(x) d")M(dx, du)

= M, (;h),

where Y; is the operator defined in (8.27). Substituting ¢ = h € Cp[0, L) in (E.1)
of Lemma E.1 then yields the equality

— o~ t o~
9.6) M) — 1) = /O . (h)dr.

If & is absolutely continuous, then g is absolutely continuous and by the commu-
tativity of the convolution and differentiation operations, the function ¢ fé g(t—
5)K (s) ds is absolutely continuous with derivative g(0)K (1) + 3 g'(t —s)K (s) ds.
Together with relations (9.5) and (9.6) and definition (5.23) of D, it follows that
almost surely, D is absolutely continuous with respect to Lebesgue measure, and
has density equal to

dD; % ~ ~ t ~
S =T = + R0+ [ 59K )ds.

Relation (9.4) then follows on comparing the right-hand side above with the right-
hand side of (5.24) for V(f), setting f = h therein and using the elementary rela-
tions £(0) =g(0) and g’ =h'(1 — G) —hg. O

PROOF OF THEOREM 4. From (5.22), (5.4) and Lemma 9.2 (see also the dis-
cussion prior to the lemma), it follows that Xisa semimartingale with the decom-
position stated in Theorem 4. Using the relation (I/(\ , X ,v(1)) = A(E , X0, JW0 Q-
ﬁ(l)) established in Theorem 3 along with (5.15) and (5.16), it follows that

R E@). if X is subcritical,
9.7 Kt)={ E(t)+%0—X() VO, if X is critical,
E(t) +x0— X (), if X is supercritical.
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Thus, in the subcritical case, the semimartingale decomposition of K follows from
that of E (see Remark 5.1), whereas in the supercritical case the semimartingale
decomposition of K follows from those of X and E. On the other hand, when X
is critical we need the additional observation that by Tanaka’s formula,

- _ t ~ 1 5
(9.8) X(t)v0=x0v0+/0 ]I{y(s)>0}dXs+§Lf((O),

where L tX (0) is the local time of X at zero, over the interval [0, #]. When combined
with (9.7), this provides the semimartingale decomposition of K in the critical
case. When K is a semimartingale, the stochastic integration by parts formula for
semimartingales shows that for every f € ACy[0, 00),

9.9) Es<f>=f[0]f(s—u)(l—G(s—u))dI?(m, $>0,

where the latter is the convolution integral with respect to the semimartingale K.
Thus, we obtain (5.26) from (5.24) and (7.1). O

SKETCH OF JUSTIFICATION OF REMARK 5.6. By Corollary 8.7, if f is

bounded and Hélder continuous, then H®W '(f) = ’H( f) in Dg[0, c0), and
{7—7,( f),t =0} is a continuous process. We now argue that one can, in fact,
show that KV (f) = IC( /) as N — oo for all Holder continuous f. Given the
semimartingale decomposition K=MK 4+ cX established in Theorem 4, the in-
tegral on the right-hand side of expression (9.9) for K( f) can be decomposed
into a stochastic convolution integral with respect to the local martingale MX
and a Lebesgue-Stieltjes convolution integral with respect to the finite variation
process CX. An argument exactly analogous to the one used in Lemma 8.6(1)
to analyze H( f) can then be used to analyze the stochastic convolution inte-
gral with respect to MX and a similar, though simpler, argument can be used
to study the convolution integral with respect to CX to show, as in Lemma 8.6
and Corollary 8.7, that for functions f that are Holder continuous and bounded,
KW '(f)=> K (f)as N — oo, and K( f) admits a continuous version. When com-
bined with Assumptions 3 and 5, it is easy to argue as in the proof of Theorem 2

that, in fact, the joint convergence (E™), XV jﬁém (), KM ), HM(f)) =
(E X, Jv f, I%(f) ﬁ(f)) holds. Due to (6.15), by the continuous mapping the-
orem, this implies that ™) (f) = D(f) in Dr[0, co), where D(f) is continuous,
and in fact the joint convergence specified in (5.27) holds. [J

9.3. A consistency property. In this section a certain consistency property is
established. This consistency property will be used in Section 9.4.2 to show that
v satisfies the stochastic age equation and in Section 9.5 to establish the strong
Markov property. Roughly speaking, the consistency property states that if the
age distribution satisfies the conditions stated in Assumption 5 at the initial time,
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then these conditions are also satisfied at any future time s > 0. For a precise
statement, consider the following shifted processes: for F = EM KW E K,
and R = MM, M, and s > 0, u >0,

(9.10)  (O4F)(u) = F(s4+u) — F(s), (OsR)y = Rysu — R,
and for f bounded and continuous, we define
O;HM) (f) = (0,MMN), Wy f),
(O, (f) = (O5 M) (s £),
01 @K = [ (1-Gu—w)ft—wd©.R")w.

9.11)

~ o~ t ~
(9.13) (®s/C)t(f)=f(0)(®sK)(l)+/0 (OsK)(w)py(t —u)du.

LEMMA 9.3.  For every bounded and continuous f,

014y 90 =7 () + (@K™, (f) — (OAM), (). s.1=0.

Likewise, if Assumptions 1-5 hold and g is continuous, then for every bounded and
absolutely continuous f,

915 Do () =T )+ OK) (f) — O, (f),  s,1>0.
In addition, for every s > 0,
9.16)  (O,K, X5y, Vst (1) = A(OE, X(5), T (1) — (O, H)(1)).

Furthermore, if Assumption 5' holds, then for every s > 0, Assumption 5' holds

with the sequence {'ﬁ(()N)} NeN and limit Vg, respectively, replaced by {'ﬁs(N)} NeN
and V.

We defer the proof of this lemma to Appendix E.

9.4. Stochastic age equation. The focus of this section is the characterization
of the limiting state process in terms of a stochastic partial differential equation
(SPDE), which we have called the stochastic age equation in Definition 5.7. First,
in Section 9.4.1 we establish a representation for integrals of functionals of the
limiting centered age process {Vs, s > 0}. This representation is then used in Sec-
tion 9.4.2 to show that {V;, r > 0} is a solution to the stochastic age equation asso-
ciated with (¥, K, M). The proof of uniqueness of solutions to the stochastic age
equation and the proof of Theorem 5(1) is presented in Section 9.4.3. Throughout
the section we assume that the conditions of Theorem 5 (namely, Assumptions 1,
3 and 5, and the conditions on the fluid limit), are satisfied, and that % is bounded
and absolutely continuous, and state only additional assumptions when imposed.
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9.4.1. An integral representation. We start by establishing an integral repre-
sentation that results from the semimartingale property for K . In what follows, re-
call the definition of the operator Y given in (8.27). Also, note that if / is bounded,
then Assumption 2 and (by Remark 5.2) Assumption 4 are both satisfied. Since &
is also absolutely continuous, by Theorem 4 Kisa semimartingale, and V; (f) is
given by (5.26) for every f € AC,[0, L).

LEMMA 9.4. Forany ¢ € Cy([0, L) x [0, 00)) such that ¢ (-, t) is Holder con-
tinuous uniformly in t and absolutely continuous, P-almost surely for every t > 0,
we have

t —
f By((-, 5) ds = To((Tr0) (-, 0)) — M, (Yrp)
©.17) °

+ /[O,t] (/ut (s —u,s)(1 —G(s —u)) ds) dK (u).

PROOF.  Setting t =s and f = ¢(-,s) in (5.26), then using the identities
TP () = Do(Ps-) and Hy(-) = M, (W), and then integrating over s € [0, ¢], we
obtain

t
f By (0(- 5)) ds
0
t t
9.18) - /0 D0(@s (-, 5)) ds — /0 M (Wy(-, 5)) ds

t -~
+/0 ( [O’S]go(s—u,s)(l —G(s—u))dK(u)) ds.

From the definition (8.27) of Y and the fact that (W, f)(-, 0) = &, f(+), it follows
that

t t
(Y1) (x, 0) = fo Wy (-, $))(x, 0) ds = [0 (@5, $)(x) ds.

Together with Assumption 5’(d), this implies that

t t
i ﬁo@sw(-,s))ds:ﬁo( [ (cbsgo(-,s))c)ds)
(9.19) 0 0
— Do((19)(-, 0)),

which shows that the first terms on the right-hand sides of (9.17) and (9.18) are
equal. Equality of the second terms on the right-hand sides of (9.17) and (9.18)
follows from (E.1) of Lemma E.1, whereas equality of the third terms follows from
Fubini’s theorem for stochastic integrals with respect to semimartingales; see, for
example, (5.17) of Revuz and Yor [28]. This completes the proof of the lemma.

O
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9.4.2. A verification lemma. We now show that the process {v;, t > 0} of The-
orem 3 is a solution to the stochastic age equation. For this, it will be conve-
nient to introduce the function ¥, defined as follows: vy, (x, ) = exp(rp(x,1))
for (x,t) €[0, L) x [0, 00), where

X

— h(u)du, if0<t<ux,

(9.20) rp(x,t) = p
—/ h(u)du, if0<x<rt.
0
Since h = g/(1 — G), this implies that
1 —-G(x) .
- fo<rt<nx,
(9.21) Yn(x, 1) = { - Gx—n’ ==
1—-G(x), ifo<x<t.

If g is absolutely continuous, then G is continuously differentiable, and 1, lies in
C' (10, L) x [0, 00)) and satisfies

ovn 0y
TR TR g
ox o Vi

for almost every (x, t) € [0, L) x [0, 00). Furthermore, from the definition it is easy
to see that ¥, (0, s) = ¥, (x,0) = 1 and, for (x, s) € [0, L) x [0, 00) and u € [0, 5],

YnGr+s—us)  1-G@+s—u)

(9.22)

] _
9.23) Y (x,u) G(x)
M, ifu=0,
={ 1-G®)

(1-G(s —uw), ifx =0.

PROPOSITION 9.5. If h is Holder continuous, then the process {vV;, t > 0} de-
fined by (5.26) satisfies the stochastic age equation associated with {vy, K , M}.

PROOF. Theorem 5 shows that for every ¢t > 0, {V;(f), f € ACp[0, L)} is a
family of ﬁ—measurable random variables, and {V;, 7 > 0} admits a version as an
{f,}—adapted continuous, H_j-valued process. Moreover, it follows from Lem-
ma 9.3 that for every f € AC,[0, L), almost surely s — Vs(f) is measurable.
Therefore, it only remains to show that ¥ satisfies equation (5.28). Fix ¢ € [0, c0)
and ¢ € (C;’l ([0, L) x [0, 00)) such that ¢, (-, s) + ¢, (-, s) is Lipschitz continuous
for every s. Since / is bounded, Holder continuous and absolutely continuous, it
follows that ¢, 4+ @5 — he is bounded, Holder continuous and absolutely continu-
ous. Moreover, it is clear from (9.22) that

(ox + @5 — ho)¥rp = (@¥)x + (@Yn)s.
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Substituting this and identity (9.23) into the definition (8.27) of Y}, it follows that

(Yi(px + @5 — he))(x, u)
_ /’ ((ox + @5 —he)Yp)(x +s5 —u,s) J

(9.24) Y (x, u)
_ /’ ((p¥n)x + (@Yn)s)(x +5 —u, s) J
Vn(x, u)
ox+t—u,H)Yyn(x+t—u,t)
B NERY T

Note that the integrand in the last integral on the right-hand side of (9.17) of
Lemma 9.4 is Y;(¢(-, 5))(0, u). Therefore, applying Lemma 9.4 with ¢ replaced
by ¢x + @5 — he, and using (9.24) and the identity ¥, (x,0) = ¥, (0,u) =1, it
follows that

t
/0 By (02 5) + 05, 5) — ho(-. 5)) ds

=o(p(¢+1,0)Yn(-+1,1)) + /[O : ot —u, )Yt —u, 1) dK ()

(9.25) t t
_ oG+t —uyIRET WD S dw
[0,L)x[0,f] Yn(x, u)
—ﬁo(go(-,O))—/ @0, u)dK (u) + / o(x, W) M(dx, du).
[0,7] [0,L)x[0,7]

Since ¢ is bounded, and x — ¢(x, s) is absolutely continuous for every s, by the
definition (5.26) of V; and the identities in (9.23), it is clear that the sum of the
first three terms on the right-hand side of (9.25) is equal to V;(¢(-, t)). With this
substitution, (9.25) reduces to the stochastic age equation (5.28) associated with
(Yo, K ./\/l) ]

9.4.3. Uniqueness of solutions to the stochastic age equation. In order to es-
tablish uniqueness, we begin with a basic “variation of constants” transformation
result. Recall from Section 1.4.1 that D[0, co) is the space of test functions, and
D'[0, o0) is the space of distributions. Also, recall that g’ denotes the density of g
(which is well defined since we have assumed g is absolutely continuous).

LEMMA 9.6. Suppose that g’ € i< [0, L). Given a solution {v;,t > 0} to the
stochastic age equation associated with (Vo, K, M), define

(9.26) w(H=v(fA-6)"),  feD0,00).

Then {u;,t > 0} is a continuous D'[0, 00)-valued process 1 that satzsﬁes the fol-
lowing stochastic transport equation associated with (Vo, K, ./\/l) for every f €
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DI[0, 00) and t > 0,

m<f>=vo(f<1—G>—1)+/ ws(Fo)ds + FOR @)
0
9.27) .

—~M,(fa-6)h.

PROOF. Fix f € D[0, 00), and let f = f(1 — G)~!. Under the given assump-
tions on G, it follows from Lemma B.1 that f € H,. Because {v;, ¢ > 0} is a solu-
tion of the stochastic age equation, it is a continuous H_;-valued processes. There-
fore {v;(f), t > 0}, and hence {u;( f ), t > 0}, are continuous real-valued stochastic
processes. Since D[0, co) and D’'[0, co) are nuclear spaces, by Mitoma’s theorem
[23] it follows in fact that {x,, r > 0} is a continuous D’[0, co)-valued process.

We now show that {1, 7 > 0} solves the transport equation (9.27). Indeed, by
property 2 of Lemma B.1 it also follows that for feD[0,00), fr = fr(1—G) 1+
fh is bounded and Lipschitz continuous. Therefore, we can substitute ¢ = f in
the stochastic age equation (5.28) and use the identity 1 — G (0) = 1 to obtain, for
t>0,

w(H=v(f1-6"
- 1 -
(9.28) =(f(1 —G)_l)—i-/o v (A1 —=G) ) ds

+ fOK@®) - M (f1-6)).

However, (9.26) implies that vs(fy(1 — G)~1) = 1s(fy). Substituting this back
into (9.28), it follows that {u,, t > 0} satisfies (9.27). [

We can now complete the proof of Theorem 5(1).

PROOF OF THEOREM 5(1). By assumption, 4 is Holder continuous. There-
fore, Proposition 9.5 shows that {V;,# > 0} is a solution to the stochastic age
equation associated with (7, K , /\//\l). Thus, in order to establish the theorem,
it suffices to show that the stochastic age equation has a unique solution. Sup-
pose that the stochastic age equation associated with (7, K, /ﬂ) has two solu-
tions, vV and v@, and for i = 1,2, let ,u(i) be the corresponding continuous
D'[0, 0o)-valued process defined as in (9.26), but with v replaced by v(). By Lem-
ma 9 6, each wud satlsﬁes the stochastic transport equation (9.27) associated with
o, K, M) Define n = ™ — @ It follows that for every f in D[0, 00),

Em(f)—m(fx):o, no(f) =0

However, this is simply a deterministic transport equation and it is well known that
the unique solution to this equation is the identically zero solution n = 0; see, for
example, Theorem 4 on page 408 of [10].
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Thus, for every f € D[0, co) = C°[0, 00), ,u(l)(f) = M(z)(f) or equivalently,

(9.29) v(Fa -6 Y =v@(fa-6)"").

Now, by Lemma B.1 for any f € C2°[0, oo), the assumptions on G imply that
f( = G) € Hy. Since CX°[0, 00), equipped with the | - [|m, norm, is dense in
Hj (by the very definition of Hy) there exists a sequence fu € C2°[0, 00) such
that f, — f(1 — G) in Hy as n — oo. Replacing f by f, in (9.29) and then
letting n — oo, it follows that v,])(f) = v,z)(f) for every f € C2°[0, 0o). Once
again using the fact that C2°[0, co) is dense in Hb, this shows v(l) and v(z)
indistinguishable as H_,-valued elements. This proves uniqueness of solutlons to
the stochastic age equation, and the theorem follows. [

9.5. The strong Markov property. We now establish the strong Markov prop-
erty stated as Theorem 5(2). We will use the notation introduced in Section 9.3,
and the consistency property stated as Lemma 9.3.

PROOF OF THEOREM 5(2). Fix s, ¢t > 0. First, note that by Theorem 3, ()?, V)
is a continuous R x H_j-valued process. Moreover, by Lemma 9.3, Assump-
tion 5 is satisfied with Vy replaced by Vg, which in particular implies that the ran-
dom element Jt‘jj,(l) = {jt'jiu(l), u > 0} almost surely takes values in Cg[0, 00).
Next, observe that ®,1 =1 — ;' (®,h)(-)dr and that x > [)'(P,h)(x)dr is
bounded and (due to Assumption 4) Holder continuous, uniformly with respect
to u. Properties 1 and 3 of Lemma 8.6 (with_ H replaced by © H) then show
that the random processes (O H) 1) = {(O H),(l) t > 0} and (O H),(CD 1) =
{(O H),(CD 1), u > 0} take Values in (CR[O o0). In addition, Assumption 3 and
Corollary 8.7 show that ® E and O,H are, respectively, Cgr[0, oo)-valued and
Cu_,[0, 00)-valued. We now claim that there exists a continuous mapping from
R x H_5 x Cg[0, 00)* x C_, [0, 00) to R x H_5 x Cg[0, 00), which we denote
by A = A, such that P-almost surely,

(X (s 4 1), Dyrr, T+ (1))

(9.30) o R N N N N
= A(X(s), V5, T (D), O, E, (O,H)(.1), (B,H).(1), O;H).

To see why this i§ the case, first note that equation (9.15) shows that Vs, is the
sum of (@sﬁ),, j,vs and (@sI/C\)At and, by Lemma B.1(2), the map from H_, to
Dy _,[0, co) that takes Vs to {J,”‘ﬂt > 0} is continuous. Also, for u > O,ACID,,I is
bounded and absolutely continuous. Hence, by (9.15), the definition of "+ and
the semigroup property for @, P-almost surely, for u, s, t >0,

T (1) = T (@u1) + (O5K) (@4 1) — (O,H), (y1)
D)+ (O5K) (@41) — (©,H), (1),
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Due to the almost sure continuity of K established in Theorem 2, definitions (7.1)
and (9.13) of C ~and (O K ), respectively, and properties 2 and 3 of Lemma 7.1, it
follows that O,/ and u — (k) (P, 1) are almost surely obtained as continuous
mappings of ©;K . In turn, by (9.16) of Lemma 9.3, (O K, X(S +-)) are equal to
the first and second marginals of A (O E, X(s) T51)—0 'H(l)) where A is the
centered many-server map, which is continuous by Proposition 7.3. Since X almost
surely has continuous sample paths, for any given ¢ > 0, the pair (O,K, X(s 4+ 1))
can also be obtained as a continuous mapping of ((H)Sff, f(s), T (1) — @sﬁ(l)).
When combined, the above observations show that claim (9.30) holds, with Aa
suitable continuous mapping.

We now show that the claim implies the Markov property. First, from (5.4) we
observe that O F is adapted to the filtration generated by ©;B, and, likewise,
(9.11) shows that ©,H is adapted to the filtration generated by ©; M. Moreover,
by the definition of B as a standard Brownian motion and the definition of M (see
Section 4.3 and Remark 5.1), both B and M are processes with independent incre-
ments with respect to the filtration {]-",, ¢ > 0}. In particular, this implies that ©; B,
@sH and u — (O H);(Q> 1) are independent of F,. Therefore, for any bounded
continuous function F on [0, 00) x (R x H_, x Cg[0, 00)),

E[F (s, Xt1, Dy, T ()| F5]
=R[F(s, A(X(5), 95, T> (1), O,E, (O,H),(®.1), O,H(1), O,H))| Fs]
E[F(s, A(X(s), V5, T> (1), O5E, (O,H),(d.1), O,H(1), O,H))|
X (5), D5, T (D]
=E[F(s, X(s + 1), Vs, T (D)X (5), Dy, T D)].

This shows that {(fs, Dy, TV (1)), ]?S, s > 0} is a Markov process.

By Theorems 2 and 3, the sample paths s — (55 (), 75, J. Vs (1)) of the Markov
process take values in the state space R x H_, x Cr[0, co) and are continuous.
Since the state space is a Polish space, there exists a Markov stochastic kernel P
on (R x H_j x Cgr[0, 00), B(R x H_, x Cg[0, 00))) such that for each (x, v, ) €
R x H_, x Cgr[0, 00), and measurable function F on R x H_, x Cg[0, 00),

TsuF(x, v, %) = E[F (X (), D, T ANI(X (5), Dy, T (1) = (x, v, ¥)]

= F(w) Py, ((x, v, %), dw).
RxH_,xCgr[0,00)

Note that for 0 <s <u <v < oo, T; , T, v = Ts,» and T 5 is the identity. It now
follows from (9.30), the continuity of A established above and the continuity of the
sample paths of the deterministic fluid processes E and v, which, respectively, de-
termine the distribution of O E and the quadratic variation of the martingale ©; M
(and hence the distribution of @sH) that for every continuous functional F on
R x H_5 x Cgr[0, co) and ¢ > 0, the map (s, (x, v, W)) — T, SHF(x v, ¥) is con-
tinuous. This implies that the Markov process {(X (s),vs, J. Vs (1)), s > 0} satisfies
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the Feller property (as defined, e.g., on page 23 of [11]). Hence, by Theorem 2.4 of
Friedman [11], {(f(s), Vs, Jﬁs (1)), s = 0} is a strong Markov process. (The Feller
property and Theorem 2.4 of [11] are stated for Euclidean spaces, but carry over
with no changes to state spaces that are complete, separable metric spaces, as is
the case in the present setting.) Furthermore, note that the strong Markov process
is time-homogeneous if the arrival process satisfies Assumption 3(a) with A =1
and (x¢, Vo) = (1, V,), in which case the fluid limit is critical and constant. []

REMARK 9.7. A more natural candidate for the (strong) Markov process
would be the process {()? t, V), Fi, t > 0} that takes values in R x H_,. However,
in order to establish the Markov property, we need J s and 7% (1) to be expressed
as measurable mappings of V;. As shown in Lemma B.1, the additional bounded-
ness assumption on g’'/(1 — G)) ensures that the map from H_, > Dy _, [0, co)
that takes Dy to 7" = {7,”*, > 0} is continuous. This is a reasonable assumption
because, as noted in Remark 5.8, it is satisfied by a large class of distributions
of interest. However, unfortunately, it appears that measurability of the map from
H_, to Cg[0, co) that takes Dy to J™ (1) = {7, (), t > 0}, which would require
that @1 lie in H, cannot be obtained without imposing rather severe assumptions
on the service distribution G. While U; does extend as a random linear functional
to act on continuous and bounded functions such as ®; f, the space of random
linear functionals appears not to be a sufficiently nice space to support a Markov
process. In particular, it is not clear that a regular conditional probability would
exist so as to enable the construction of the Markov kernel. We chose to resolve
this issue by adding the Cg[0, co)-valued process N 1) = {j,”x (1),t =0} to the
state descriptor.

APPENDIX A: PROPERTIES OF THE MARTINGLE MEASURE SEQUENCE

A.1. Proof of the martingale measure property. Recall that Bo[O, L) is the
algebra generated by the intervals [0, x], x € [0, L). We now show that the col-

lection of random variables {M;N)(B); t >0, B € By[0, L)} introduced in (4.5)
defines a martingale measure.

LEMMA A.1. For each N € N, M™ = (MmN (B), F™); 1 > 0, B € Bolo,
L)} is a martingale measure on [0, L). Moreover, for every B € Bg[0, L) and t €
[0, 00),

(A.1) E[(M™M (B))*] =E[f0t (/Bh(x)vs(N)(dx)) ds].

PROOF. In order to show that {M;N)(B); t >0, B eByl0, L)} defines a mar-
tingale measure on [0, L), it suffices to verify the three properties stated in the def-
inition of a martingale measure given on page 287 of Walsh [31]. The first property
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in [31], namely that M(()N) (B) =0 for every B € By[0, 00), follows trivially from

the definition and the third property, which states that {M,(N)(B), .7-',(N),t > 0}
is a local martingale for each B € By[0, 00), is an immediate consequence of
Remark 4.1. In addition, from (4.4) it follows that (M) (B)), the predictable
quadratic variation of MWN)(B), is equal to Aﬁg). Since E[Ag) (¢)] is dominated
by E[D™)(¢)], which is finite by Lemma 5.6 of [21], the relation (A.1) follows. On
the other hand, because {vt(N), t > 0} is an Mg[0, L)-valued process, this shows
that the set function B — E[(M;N) (B))?] is countably additive on By[0, L), and
hence defines a finite L2(2, FN), P)-valued measure. This shows that the second
property in [31] is also satisfied, and thus completes the proof of the lemma. [

A.2. Proof of Lemma 4.2. We fix N € N and, for conciseness, suppress the
superscript N from the notation. As shown below, Lemma 4.2 is essentially a con-
sequence of the strong Markov property of the state process, the continuity of the
{F;}-compensator of the departure process and the independence assumptions on
the service times and arrival process.

We shall first prove (4.6); namely we will show that almost surely, AD(¢) <1
for every t € [0,00). For k = —(1,vp) + 1, —(1,vp) + 2, ..., let & denote the
event that the departure time of customer k lies in the set of the union of departure
times of customers j, j < k. To establish (4.6), it is clearly sufficient to show that
P(&) = 0 for every k. Fix k € N, and let 6 be the {F;}-stopping time

Op = inflt: K (1) = k).

Now, consider a modified system with initial data vy = vg,, X (0) = (1, vg,) and
E=0. By Lemma B.1 of [19], {(REg(?), X (¢), v¢), t > 0} is a strong Markov pro-
cess. Therefore, conditioned on Fy,, the departure times of customers j, j <k,
are independent of the arrivals after 6; and, moreover, the distributions of their de-
parture times only depend on {a;(6k), j < k}. Consequently, the probability of the
event & is the same in the original and modified systems. In the modified system,
let {a;(s), s € [0, 00)} denote the age process of customer j for j <k, let D% (s)
denote the cumulative departures in the time [0, s] of all customers with index
Jj <k and let Jk = {s € [0,00): D% (s) #+ Db (s—)} be the jump times of Db,
Also, let Qf =o(aj(s), j <k,s €[0,1]), and let {gf, t > 0} be the right continu-
ous completion (with respect to P) of {Qf, t > 0}. By the assumed independence of
the service times for different customers and the fact that a;(0) = 0, the departure
time vy of customer k in the modified system has cumulative distribution function
G and is independent of J¥. Therefore,

P(&) = P(i, € T
(A.2)

= P(r € T = 1) dG(1) :/ P(r € J5)dG @),
[0,L) [0,L)
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where the last equality follows from the independence of & and J¥. The logic that
was used in Lemma 5.4 of [21] to identify the compensator of D can also be used
to show that the {Qf}—compensator of D% equals

/(/ M%(dx)) ds where v(, = Ty — 8o,
o \Jo.) I = G(x)

where the mass at zero is deleted from the modified age measure 7y to remove cus-
tomer k, which has age zero at time 0 in the modified system. By the continuity of
the {g{‘ }-compensator of D%, D% is quasi-left-continuous and so AD%(T) =0
for every {gtk}—predictable time T; see, for example, Theorem 4.2 and Defini-
tion 2.25 of Chapter I of Jacod and Shiryaev [16]. Choosing T to be the deter-
ministic time ¢, this implies that P(z € JK) =0 for every ¢t > 0. When substituted
into (A.2), this shows that P(&;) = 0. For k < 0, we set 6 = 0 and observe that,
conditioned on Fy, the departure time vy of the kth customer has cumulative dis-
tribution function G(-) =(G() — G(ax(0))/(1 — G(ax(0)), rather than G, so that
(A.2) holds with G replaced by G. The rest of the proof follows exactly as in the
case k > 0, and thus (4.6) holds.

We now turn to the proof of (4.7). Fix r, s € [0, 00), recall that D" (s) is the
cumulative departures in the interval [r, r 4 s) of customers that entered service at
or before time r, define J” to be the jump times of D" in [0, co) and let G; = F, 4,
t € [0, 00). Using the same logic as in the proof of Lemma 5.4 of [21], it can be
shown that {D"(¢), t > 0} has a continuous {G; }-compensator, given explicitly by

h </[0 D %Wﬂ) ds.  1€[0,00),

and hence has no fixed jump times, that is, P(r € J"|F,.) = 0 for every t € [0, 00).
Moreover, due to the assumption of independence of the arrival processes and the
service times, {E(r +1t) — E(r)};>0 and { D" (t)};>¢ are conditionally independent,
given F,. Let
T={t=(t1,....tn,...) €[0,0007:0<t1 <tp <---},

and let T” denote the random 7 -valued sequence of times after r at which E
has a jump. Moreover, let ;& denote the conditional probability distribution of 77,
given F,. For any 7 € 7, using the fact that 0 < AE(¢) < 1, the conditional inde-

pendence of {D”(¢),t > 0} from T" given F, and the property established above
that, conditional of F,., D" has almost surely no fixed jumps, we have

E[ > AE(r+s)AD ()| F, T" =Z] =Y E[AD' )|F. T =1]

s€[0,00) teT
=Y _E[AD ()| F]
teT
=Y Prel'|F)=0.

teT
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In turn, integrating the left-hand side above with respect to the conditional distri-
bution u and then taking expectations, it follows that

IE[ > AE(+ s)AD’(s)] =0.

s€[0,00)

Since the term inside the expectation is nonnegative, this proves (4.7).

REMARK A.2. From the proof, it is clear that relations (4.6) and (4.7) also

p)

hold almost surely with respect to ;"

MFg[O0, L).

for every (r,k, ) € [0,00) x N x

A.3. A consequence of Lemma 4.2. We now establish a consequence of
Lemma 4.2, which will be used in the proof of the asymptotic independence prop-
erty in Section 8.2.

COROLLARY A.3. As N — o0,

iE[Z AEN) (s)AD(N)(s)] — 0.

§S<t

PROOF. With the aim of computing the left-hand side above, and using the
same notation as in Lemma 4.2, for r, s € [0, 00), let D™)-"(s) denote the cumu-
lative number of departures during (r, r + s] of customers that entered service at
or before time r, and let D™)*"(s) be the cumulative number of departures dur-
ing (r,r + s] of customers that have entered service after time r. For § > 0 and
k=0,1,2,..., we have

> AEMADNM ()= Y AEW (ks +5)ADN K (s)
seks,(k+1)8) s€(0,8]

+ Y AEW (ks +5)ADN TR (s).
s€(0,68]

The first summand on the right-hand side above is almost surely equal to zero
by (4.7) of Lemma 4.2. Since EN) has unit jump sizes, the second term can be
bounded as follows:

Yo AEM)ADM(s) < YT ADMTR (g

se(ks,(k+1)8] s€(0,8]
(A.3)
KM ((k+1)8)

< Y Iy

j=KWM (k8)+1
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Summing (A3)overk=0,1,..., [t/8] and dividing by N, we obtain

t+8 —
VB[S AEM a0 )] <E[ [ huy, 0 dKV6)]

st

<E[Q]) (t +28)]

(N)
=E[4;,; (¢ +20)],

where the last equality follows from the martingale property stated in Remark 4.1.
On both sides, taking first the limit supremum as N — oo, and then the limit as
8 | 0, we obtain

lim sup — E[Z AE(N)(S)AD(N)(S)] < 11m11msupE[ (N) 3 +28)] =

N—o0 s<t 810 N> oo

where the last equality follows from Lemma 5.8(3) of [21]. Since AE (N (s) and
ADW)(s) are always nonnegative this establishes the corollary. [J

APPENDIX B: RAMIFICATIONS OF ASSUMPTIONS ON THE
SERVICE DISTRIBUTION

LEMMA B.1. The following properties hold.

(1) If h is bounded, then Assumptions 2 and 4 are satisfied.
(2) Suppose g is absolutely continuous and either g' € LY [0,L) or g' €

[0, L). Then for any f € D[0, 00), the corresponding functions f = f(l —-G)
[0, L),

IL1120C
and f = f(1 — G)~! lie in Hy. Furthermore, in the case when g’ € L
f' is Lipschitz continuous.

(3) If h is bounded, g is absolutely continuous and g'/(1 — G) € L*°[0, L),
then f € Hy implies ®, f € Hj for every t > 0 and, moreover, for every t > 0, the

mapping from H_, to H_, that takes v — J," = v(®;-) is Lipschitz continuous.

loc

PROOF. If 4 is uniformly bounded, then Assumption 2 is trivially satisfied and

Gx+y)—=Gx+y) ¥ glx+u) 1-G(x+u)
1-G(x) )5 1-G(x+u) 1-Gx)
which shows that Assumption 4 is satisfied with Cg = ||| and yg = 1.

Now, suppose that g is absolutely continuous. Then for any f €DI0, 00), f, f’
and f F” lie in C2°[0, 00) and so f = f (1 — G) is absolutely continuous with
density /' = f'(1 — G) — fg and f is also absolutely continuous, with density
f"=f"(1—=G)—2f"g— fg'. Thus f, f" and the first two terms on the right-hand
side of the expression for f” are continuous and bounded with compact support.
Moreover, if g’ € LY [0, L), then f g’ is also bounded and has compact support.

u = |hllocly — ¥I,

loc
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Thus, f € Hj in this case. On the other hand, if g’ € leoc [0, L) and the support of
f is contained in the interval [0, R], for some R < oo, then

/0 T P 0 (1 4+ 2D dx

< sup [f2x0)(1+x%)?
x€[0,R]

R
|18/ @Pdx] <o,
where the finiteness follows from the fact that f, and therefore the function x —
f2(x)(1 + x2)2, is continuous and the fact that g e ]LIZOC[O, L). Thus, in this case
too, f € Hb.

Next, consider f = f(l — G)~!'. Then [’ = f’(l — G)™' + hf is also abso-
lutely continuous with compact support (and hence lies in I["lzoc [0, L)). Moreover,
elementary calculations show that = /(1 — G) ™' + 2hf' ++fg'(1 — G)~2.
Since G and g are absolutely continuous and f and f' are continuous with com-
pact support, the first two terms on the right-hand side of the expression for f” are
also continuous with compact support, and hence are bounded and lie in L2 _[0, L).

In addition, if g’ € Lﬁfc [0, L), then the last term is also bounded and Withlgi)mpact
support and hence lies in LIZOC[O, L). Thus, in this case f € H, and f’ is Lip-
schitz continuous. On the other hand, if g’ lies in ]LIZOC[O, L) then an argument
similar to that given above shows that the last term lies in ]leoc [0, L) and hence
e leoc [0, L) and so it follows that f € H) in this case as well.

Finally, suppose that g is absolutely continuous and g’'/(1 — G) € L*°[0, L).
Fix t > 0 and f € H,. For notational conciseness, let

r=nw =20t e,
Then, by the definition (4.19) of &;, for x € [0, L),
(P ) x) =r(x)f(x+1),
(@) (x) =r'(0) f(x +1) +r) f'x+1),
(@ f)' ) =r"x)fx+1)+2r ) f(x+1)+rx) f(x+1).

By the assumptions on g, if f € Hp, then ®, f is continuously differentiable, has
an absolutely continuous derivative and elementary calculations show that

_8d -G +1)) -1 -G6GH)gk +1)

re (1-Gw)?

= () (hx) — x4+ 1)
" _ g/(x) 2 _ g/(x+t) 32 )
P =) (a0 - T —

+r'(x) (h(x) — h(x +1)).
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Clearly, ||r||co < 1, and, due to the assumed boundedness of 4 and g’/(1 — G), it
follows that there exists C € [1, 00) such that ||r'||oc < C and ||r”||sc < C. The
above observations, when combined, show that

(@ P2, < 1oc2( [TUr 02 P 0P x2>2dx)

_ 1oc2( / O+ F 0+ M+ (= t)z)zdx)
t
< 10C?|| f I,

This shows that for any ¢t > 0, ®; f € H, and the map from H to H, that takes
f to @, f is Lipschitz continuous (with constant ~/10C). This, in turn, trivially
implies that for v € H_, the linear functional on Hj given by J,": f > v(®; f)
also lies in H_; and that the map from H_, to itself that takes v to 7" is also
Lipschitz continuous with the same constant. Indeed,

17w, = sup |F"(NHI= sup [u(Pf)]

o 1f i, <1 £ 1f i, <1
< sup  |[E_, [P fllm, < VI0C|v]m_,.
£l f <1

This completes the proof of the lemma. [

APPENDIX C: PROOF OF THE REPRESENTATION FORMULA

Fix N € N. We first show how (6.15) can be deduced from (6.5); the proof of
how to obtain (6. 14) from (6.1) is analogous (in fact, a bit 51mpler) and is there-
fore omitted. Let Q be a set of full P-measure such that on €2, AXY) (), DM (1),
Q(N)(t) and KN () are finite for all 7 € [0, 00). Fix w € Q, and let y and ho)
be the linear functionals on C.([0, L) x [0, c0)) defined, respectively, by

y(g) = f (e, 0098V (dx) — / / o, )M (dx, ds)
[0,L [0,L)x[0,00)

+ / (0, 5)dR™(s)
[0,00)
and
hA(N) - h ’ (N)
5 () /0<()<o<s>v \ds

for ¢ € C.([0, L) x [0, 00)). The total variation of A( ) on [0, L) is bounded by
24/N, the total variation of /\/l,( )(1) is bounded by «/— (DM (1) + ZiN) (t)) and
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the total variation of K™ on [0, ¢] is bounded by v/N (K ™) (¢)+ K (1)). Moreover,
for ¢ € C.([0, L) x [0, 00)) such that supp(¢) C [0, L) x [0, t], we have

ly @) < VNlgllo2+ DV @) + AN 1) + KN (1) + K (1))

and, likewise, it can be argued that
1™ ()] < VN llglloo (A7 (1) + A1(1)).

This shows that y and hv™) define Radon measures on [0, L) x [0, 0o). Now, for
every ¢ € (Cé’l([O, L) x [0, 00)), sending t — oo in (6.5), the left-hand side of
(6.5) vanishes because ¢ has compact support, and we obtain

o
= [ lesCe9) + 00,30 ds = =10V 0) + 7 @)
Since {U(N) t > 0} € Daqp0,1)[0, 00), the last equation shows that {A(N) t >0}
satisfies the so-called abstract age equation for y introduced in Definition 4.9

of [21]. Therefore by Corollary 4.17 and (4.24) of [21], for every f € C.[0, L),

(f, v A(N) y(go ), t >0, where

ol (6, ) =0, '@ ) fx+1—)Ynx+1—s,0),  (x,5) €[0,L) x [0,1],

and v, is the function defined in (4.55) of [21], and introduced as (9.21) in the
present paper. Elementary algebra [specifically combining the relations in (9.23)
with the definition (4.19) of W,] then shows that (p,f (x,8) =W f(x,s).

Using the definition of y given above together with the relations (\W; f)(-, 0) =
O f, (U )O0,) = f(t =1 =Gt =), AN (f) = M™ (W, £) and the defi-
nition (6.11) of LY, for f € C.[0, L), it can be shown that y (¥, f) is equal to the
right-hand side of representation (6.15). This establishes (6.15) for f € C.[0, L).
A standard approximation argument can then be used to show that representation
(6.15) holds for all f € Cp[0, L).

APPENDIX D: SOME MOMENT ESTIMATES
In this section, we prove the estimates stated in Lemma 8.1.
PROOF OF LEMMA 8.1. Fix N € N and T < oo. For brevity, let the state
process be represented by YN (s) = (R(N)(s) XM (s), v N)) s €]0, 00). Recall
from (4.3) that H;N) =DW) — Z; )isa martingale. Therefore, taking expecta-

tions of both sides of inequality (5.30) of [21], with ¢ and § replaced by 0 and T,
respectively, it follows that

(D.1) Eyo0 o) [AS(T)] = Egn o, [P ()] < U(T),
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where U is the renewal function associated with G. This shows that inequality
(8.1) holds for k = 1. We proceed by induction. Suppose that (8.1) holds with
k = j — 1 for some integer j > 2. Then we can write

@AM (1))’ / / ((p, D), D) (h,Ugv)))de---dsl

s Vs

=/0 (h, 7 (/ / (7)., v(N)>)dsj---dsz) ds)
T N N N
:j/ (h, 7)) >(f / (h ) (i, ) )))dsj----dsz>dsl

—]/ (h, P AN () = AN 51)) " dis.

Vs
Taking expectations of both sides above and applying Tonelli’s theorem, we obtain
T
—(N j . —(N)\(x(N (N j—1
Eronol @)1= [ Eyoo [0, 50) @ @) = A 60) s,
For each s1 € [0, T'], due to the Markov property of ¥ ) established in Lemma B.1

of [19], we obtain
Eyoo ol )AL (1) = AP s1)) 7]

LY

= Ey oy [Eyn ) [(h. 7V AN (1) — A (s1))~IFEM]]

— —(N i—1
=Eyw ) [(7, Ugf]))EYW)(sl)[(A(l )(T - Sl))J 11

Applying the induction assumption to the last term above, it follows that
—(N)\ (N —(N j—1
Egon o[l 5) AN (1) = AL (51) ']

< (j = VWY " Bgwn o) [(1. D).

Combining the last three displays, applying Tonelli’s theorem again and using
(D.1), we obtain

- . , T ‘
Eyono [(AYY (1)] < jIUTY " By, [/0 (h,ng))dsl} < jWU(T) .

This shows that (8.1) is also satisfied for k = j and hence, by induction, for all
positive integers k.

We now turn to the proof of the second bound. Recall that given ¢ € C[[0, L) x
[0, T]), ¢* is the function defined by ¢*(x) = sup,c[o. 779 (x,s). We can assume
without loss of generality that ¢*/ is integrable on [0, L) because otherwise the
inequality holds trivially. On substituting / = ¢*h, 9 =1,r =0and t = T in (5.31)
of Proposition 5.7 of [21], for every N € N, we have

(D.2) IEy(N)(o)[ )(T)] = E?(N)(o)[ * (T)] <C(T) (/0 )w*(x)h(x)dx),
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where

C1(T) = supE[X™(0) + EM(T)] < C(T)
N

=sup sup E[XM(s) +EM (1],
N s€[0,T]

which is finite by Theorem 1. Given (D.2), the same inductive argument used in
the proof of the first assertion of the lemma can then be used to complete the proof
of the second bound.

Next, note that if Assumptions 1 and 2 hold, then A{") = A; by Proposi-
tion 5.17 of [21] and A7 is continuous. Together with the Skorokhod representation
theorem, Fatou’s lemma and the inequality (D.1), this implies that

Ay(T) < liminfE[AY(T)] < limsup E[A(T)] < U(T).
N—o00 N—00
Inequality (8.2) can now be deduced from this inequality exactly as inequality

(8.1) was deduced from inequality (D.1), though the proof is in fact much simpler
because Aj is deterministic. [

APPENDIX E: PROOF OF CONSISTENCY
We first start by establishing some Fubini theorems.
LEMMA E.1. Let Assumptions 1-4 be satisfied, let g be continuous and let

H and K be defined as in (4.18) and (7.2), respectively. Suppose ¢ € Cp([0, L) x
[0, 00)). Then, almost surely, for every t > 0, we have

— r__ o
(E.D) Mz(ﬂ@):fo Mr(‘llr(é(-,r))dr=f0 H (@, r)dr,

where Yy, t > 0, is the family of mappings defined in (8.27). Moreover, if for every
T <00, x> fot @(x,r)dr is bounded and Holder continuous, uniformly in t €
[0, T'], then for every s > 0, almost surely for every t > 0,

o t t o 1 ~
(E2) Ms( [ \Ifs(gb(-,r))dr): [ Fscw@e.mdr = [ A nar

Moreover, if either x — @(x,r) is absolutely continuous for every r > 0 and
(x,r) > @x(x,r)(1 — G(x)) is locally integrable on [0, L) x [0, 00), or g is ab-
solutely continuous and ¢ € Cp([0, L) x [0, 00)), then almost surely, for every
s, t>0,

(E3) &(f e nar)= [ "Ro@.r)dr.
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PROOF. Fixs,t> 0. Then [§ Ws(¢(-, 7)) dr = W, (f§ ¢(-,r)dr) and so, by in-
equality (4.20) and the boundedness assumption on ¢, fé W (@(-, r))dr and Yy
are uniformly bounded on [0, L) x [0, #]. We can thus apply Fubini’s theorem for
stochastic integrals with respect to martingale measures (see Theorem 2.6 of [31])
to conclude that almost surely, (E.2) and (E.1) are satisfied. The processes on the
right-hand sides of (E.2) and (E.1) are clearly continuous in ¢, whereas the con-
tinuity of the processes on the left-hand sides of (E.2) and (E.1) follows from
properties 1 and 4 of Lemma 8.6. Thus, there exists a set of full P-measure on
which (E.2) and (E.1) hold simultaneously for all # > 0.

Next, by the definition of K in (7.2), note that I’C\s(fé @(-,r)dr) is equal to

du

ng)(O,r)dr K(s) + Sl?(u)i (1-G®x)) t([)(x,r)dr
0 0 ox 0 x=s—u

t B — S a t 5
=/0 @(0, r)K(s)dr—i—fO K(u)a—x</0 (1 —G(x))w(x,r)dr)

du.

X=5S—U

By the stated assumptions, it follows that g is continuous and for each r > 0,
the function x — (1 — G(x))@(x,r) is absolutely continuous and its derivative
(with respect to x) is locally integrable. Moreover, by Theorem 2, K is almost
surely continuous, and thus locally bounded. Thus, we can first exchange the order
of differentiation and integration and then apply Fubini’s theorem for Lebesgue
integrals in the last display to conclude that Ky (f§ ¢(-, r) dr) is equal to

dr) du
xX=s—u

a’u) dr

- . s r Y N
[[s0.nRear+ [ K(u)(/o (1 - G, )

t B e t S a B
:/O w(O,r)K(s)dr—i—/O (fo K(u)a((l—G(x))(p(x,r))

t = ~
- [ R@emar
which completes the proof of the lemma. [

We now prove the consistency lemma.

PROOF OF LEMMA 9.3. Fix f € § and s,t > 0. Then, replacing ¢ by ¢ + s in
(6.15), we obtain

~(N) N -
(E4) N =32 (H-HRDO+EN D).
Using the shift relations introduced in (9.10)—(9.12), and recalling the definitions

of H™ and K™ in (4.14) and (6.12), respectively, the last two terms on the
right-hand side of (E.4) can be decomposed as follows:

®5) AN () =MV Wi ) = MY W 15(H)) + (O,MN) W,y f)
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and, similarly,

’@fs)(fbf[o » f+t—w)(1 -G+t —u)dK™N )
(E.6) =/[O ]f(s+t—u)(1—G(s+t—u))d1?<N>(u)

— _ _ ©(N)
+/[0,t](1 Gt —uw)ft—u)dO;K"™)(u).

On the other hand, since @, f € Cp[0, L), replacing f and T)‘(()N) in (6.15) by &, f

and ’ﬁs(N), respectively, and using the semigroup property (5.8) and the fact that
W, ®, = W, on the appropriate domain as specified in (5.9), we obtain

~(N)
T () = (@ £, 7))
= Dy £, 05)) = MV (W, @, f)

(E.7) +f[0 ](cb,f)(s—u)(1—G(s—u))dI?UV)(u)

~(N)

= T2 (f) = MM Wi f)
+/ fe+t—uw)(1 -G+t —u)dK™M ).
[0,s]

Relation (9.14) is then obtained by subtracting (E.7) from (E.4), rearranging terms
and using the relations (E.6) and (E.5).

Now, suppose that Assumptions 1—4 are satisfied and further, assume that g is
continuous. Then Theorem 3 shows that the limit 7 of {?™™)}ycy is a continuous
H_,-valued process that is given explicitly by (5.24). The shifted equation (9.15)
for the limit D is proved in a similar fashion as for the corresponding quantity V)
in the N-server system, except that now K has the slightly different representa-
tion (7.2). We fill in the details for completeness. Applying (5.24) with ¢ replaced
by t + s, we see that for bounded and absolutely continuous f,

—~ . A t+s __
Vs (f) = T () = Hews (F) + FOK (1 +5) + A K@)§p(t+s—u)du.

On the other hand, applying (5.24) with f and ¢, respectively, replaced by @, f
and s and using the semigroup relation (5.8) for ®; and the fact that (®; f)(0) =
f(@®) (A — G(t)), we obtain

T (f) =Dy(®, f)
(E.8) = T0(f) = Ms (W@, f) + f()(1 — G(1)) K (s5)

—{—/OS I?(u).§q>,f(s —u)du.
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Simple calculations show that &g, f = &7 (- +1). Hence,

t+s s o
K(u)éf(t—i-s—u)du—/o K(u)§¢,f(s—u)du=v/0 K(s+u)ép(t —u)du

and, since £ = (f (1 — G))',

t —~ ~ ~
/0 K($)&p(t —uwydu= fO)K(s) — f(t)(1 = G(®))K (s).

Equation (9.15) can now be obtained by combining the last four equations with the
limit analog of (E.5), in which HN and M®), respectively, are replaced by H
and M.

To show that (9.16) is satisfied, note that by Theorem 2, (I? ,5? ,vo(1)) =
AE, %0, T (1) — ﬁ(l)). This implies that the centered many-server equa-
tions (5.14)—(5.16) are satisfied with v, Z, X, K and E, respectively, replaced by
(1), @A) — ﬁ(l) X, K and E. Fix any s > 0. Subtracting (5.15) evaluated at
t + s from the same equation evaluated at 7, it follows that (5.15) also holds when
K, E, X and v is replaced, respectively, by O K,0,E, X s+ and Vy4.(1). Itis also
clear that (5.16) is satisfied with v and X replaced by v;4,(1) and X s+¢ for all
t > 0. Finally, substituting f =1 in (9.15), using the definition (9.13) of ©,K and
the fact that & = —g, it follows that (5.14) holds with v, Z and K, respectively,
replaced, by Dy4.(1), 7% (1) — ©,H(1) and O, K . This proves (9.16).

Fix s > 0. We first need to show that Assumption 3 is satisfied when EWM
and E , respectively, are replaced by O EM™) and @;E . This is easily deduced us-
ing basic properties of renewal processes and Poisson processes and is thus left to
the reader. Next, we show that Assumption 5’ is satlsﬁed When X (0), xo, A(N) ,

and 7y, respectively, are replaced by X XM (s), X (s), 7, vs ) and , V5. By deﬁmtlon
(5.24), vy is a random linear functional on the space of bounded and absolutely
continuous functions. In addition, due to the continuity of the limit in the conver-
gence (9.1) established in Proposition 9.1, it follows that

(XM (5), 2™ 0,KM, 0, AM) = (X(s), Dy1.. O,K, O,H)

in the space R x DH,Z [0, 00). In particular, this implies that V5 has an H_,-valued
version, and so property (a) of Assumption 5 is satisfied. Next, by (9.14) and
9.15), J %" can be expressed as a linear combination of the H_,-valued pro-
cesses (vs(f), O IC(N ), O HWN )y and, likewise, J is the same linear combination
of (Vs+., O K, ©yH). Therefore, the continuity of Vg4, O K and ©,H show that
J" is a continuous H_>-valued process. The same logic used above then shows
that the real-valued process 7" (1) is continuous and that the limits in property (c)
of Assumption 5 holds. Thus, we have established that Assumption 5 continues to
hold at a shifted time.

Now, for every s > 0, T)ng) satisfies Assumption 5'(d) because it is a finite signed
measure. Thus, it only remains to show that Assumption 5'(d) is satisfied when 7y
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is replaced by V. Fix ¢ € C ([0, L) x [0, 00)) such that x — ¢(x, r) is absolutely
continuous and Holder continuous, and ¢y is integrable on [0, L) x [0, T'] for any
T < 0o. We will make repeated use of the semigroup property &5 o0 ®, = &;,, the
relation Wy, = W, o O, on the appropriate domain as specified in (5.9), and the
form (7.2) of K, without explicit mention. Then, by the other assumptions on /4, for
any r > 0, ®,¢(-,r) and fot @, (-, r)dr are both bounded, Holder continuous and
absolutely continuous functions on [0, L). Therefore, substituting f = &, ¢(-,7)
into (5.24) we see that

(E9)  Dy(®r0(-, 7)) =To(Ps4r0(-, 1)) — Ms (W4, 0(-, 1) 4+ Ky (@, (-, 7).

By (5.11), it follows that Do(®y4,¢(-, 7)) = J; °(®,¢(-, r)). First, note that due
to (E.9) and (5.24), the almost sure measurability of s > Vs (P, (-, 1)) follows
from the assumed measurability of s — 75 °(f) and the joint measurability of the
maps (s, f) — /T/l\s(f) and (s, f) — I/C\s(f) for f € Cp[0, L), which is a con-
sequence of the definition of these stochastic integrals. Essentially the same ar-
gument shows that for f € AC,[0, L) and s > 0, almost surely ¢ > 7, (f) is
measurable. Furthermore, substituting f = fé ®,¢(-,r)dr into (5.24), invoking
Assumption 5'(d) with ¢(-, r) replaced by ®s¢(-, r), and applying the Fubini-type
relations in (E.2) and (E.3) with the absolutely continuous and uniformly bounded
function ¢(x,r) = (®,¢(-, r))(x), it follows that Vs (fot ®,¢(-,r)dr) is equal to

t . P R t
ﬁo(/o <I>s+r</’(-,r)dr) - M (/0 W (@, 7)) d,,) + R, (/0 O, (. 1) dr)

t t r_
— / 0Py (- F)) dr — / My (Wyr o, r)) dr + / Ro(®,0(,r)dr.
0 0 0

A comparison with (E.9) shows that the right-hand side above equals fé Vs (P, 0(-,
r))dr. Thus, Assumption 5'(d) holds with 7y replaced by v;. [
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