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ONE-DIMENSIONAL LINEAR RECURSIONS WITH
MARKOV-DEPENDENT COEFFICIENTS

BY ALEXANDER ROITERSHTEIN
University of British Columbia

For a class of stationary Markov-dependent sequences (A, By) € ]R2,
we consider the random linear recursion S, = A, + B, S,,_1, n € Z, and
show that the distribution tail of its stationary solution has a power law decay.

1. Introduction and statement of results. Consider the stochastic difference
equation

(1.1) Sh=An+ B,Su—1, neN, S, eR,

with real-valued random coefficients A, and B,,.

If the sequence of random pairs (A,, By)nez is stationary and ergodic,
E(log|By|) <0, and E(log|Ap|*) < 0o, where xT = max(0, x), then for any
initial random value Sy, the limit law of S,, is the same as that of the random vari-
able R=Ao+ > o Ap ]_[;’;(} B_;, and it is the unique initial distribution under
which (S,),>0 is stationary (cf. [6]). Letting &, = A_, and p, = B_, for n € Z,
we get

00 n—1
(1.2) R=&+Y &]]n-

n=1 i=0

The stochastic difference equation (1.1) has been studied by many authors and has
aremarkable variety of applications (see, e.g., [8, 20, 23] for an extensive account).
The distribution tail of the random variable R is the topic of, for example, [9-
12, 14], all assuming that (p,, £,),cz is an i.i.d. sequence, and of [7], where it is
assumed that (py,),e7 is a finite Markov chain.

We study here the asymptotic behavior of the distribution tail of R in the case
that the sequence ({,)nez = (&1, Pn)nez 1S an “observable part” of a Markov-
modulated process. By Markov-modulated process we mean the following:

DEFRINITION 1.1. Let (4, 7) be a measurable space and let (x,),cz be a sta-
tionary Markov chain with transition kernel H (x, -) defined on it.
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A Markov-modulated process (MMP) associated with (x,),cz is a stationary
Markov chain (x,, {;),ez defined on a product space (4 x Y, T ® E), whose
transitions depend only on the position of (x,). That is, forany n € Z, A € T,
BeE,

P(xy € A, &y € Blo((xi, &) i <n)) = /A H(x,dy)G(x,y, B)|x=x,_;

where G(x, y,-) = P({1 €-|xg=x,x;1 =y)isakernel on (§ x § x E).

For MMP (x,,, {n)nez, Where &, = (&, pn), satisfying Assumption 1.2 below
we show that for some x > 0, the limits lim;_, 5o t* P(R > t) and lim;_, oo t* P(R <
—t) exist and are not both zero. Under our assumption, the parameter « is deter-
mined by

1 n—1 5
(1.3) A(x) =0, where A(ﬂ):nll)rgoglogE(E)lpﬂ )
This extends both the one-dimensional version of a result of Kesten which is valid
for i.i.d. variables (&, pn)nez (cf. [14], Theorem 5, see also an alternative ap-
proach developed by Goldie in [9]) as well as the recent result of de Saporta [7]
where it is assumed that (p, )<z is a finite irreducible and aperiodic Markov chain
independent of the process (&), <z which is an i.i.d. sequence.

In the joint paper with Eddy Mayer—Wolf and Ofer Zeitouni [16], in the context
of an application to random walks in random environments, we treated the partic-
ular case where P(§y =1, pp > 0) = 1 and (p,),ez is a point-wise transformation
of a stationary Markov chain (x,),cz which is either finite-state and irreducible
(possibly periodic) or such that some power of its transition kernel is dominated
from above and below by a probability measure (and thus is aperiodic).

The general case is more involved and requires additional arguments to deal
with it. We consider here the following Markov-modulated model where the co-
efficients (&, pn)nez of the linear recursion (1.1) are not necessarily positive, the
underlying Markov chain (x,),cz is defined in a general state space and may be
periodic, and the sequences (§,),cz and (p,),ez are not assumed to be indepen-
dent.

Let 8 denote the Borel o-algebra of R.

ASSUMPTION 1.2. There is a stationary Markov chain (x,),cz on a measur-
able space (8, T) with transition kernel H (x, -) such that (x,,, {y)nez, Where

¢n = (&ns Pn)s n ez,
isa MMP on (8 x R%, T x 8%?) and:
(A1) The o-field T is countably generated.
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(A2) The kernel H (x, -) is irreducible, that is, there exists a o -finite measure ¢
on (8, T) such that for all x € 8, Y02 | H" (x, A) > 0 whenever ¢(A) > 0.

(A3) There exist a probability measure ( on (8,7 ), a number m; € N, and a
measurable density kernel h(x,y): 4 2 5 [0, 00) such that

H’"‘(x,A)z/Ah(X,y)lL(d)’),

and the family of functions {h(x, -): 8 — [0, 00)}xes is uniformly integrable with
respect to the measure [i.

(A4) P(lé0| < cg) =1 for some cg > 0.

(AS5) P(c;1 < |pol < cp) =1 for some c, > 1.

(A6) Let A(B) =limsup,,_, %log E (]_[?:_01 |pi |P1). Then there exist constants
B1 > 0and By > 0 such that A(B1) > 0and A(B2) <O.

(A7) There do not exist a constant o« > 0 and a measurable function B:8 X
{—1,1} — [0, @) such that

P(log|pi| € B(xo,m) — B(x1,n-sign(p1)) +a-Z)=1,
forne{—1,1}.

REMARK 1.3. The assumption that the sequence (x,, {;)nez iS stationary
is explicit in Definition 1.1 of Markov-modulated processes. It turns out (see
Lemma 2.1 below) that under assumptions (A1)—(A3), the Markov chain (x,),cz
has a unique stationary distribution. This distribution induces a (unique) station-
ary probability measure for the sequence (Markov chain) (x;,, {;)nez, Which we
denote by P. The expectation according to the stationary measure P is denoted
by E.

Note that condition (A6) implies by Jensen’s inequality that E(log|pg|) < O.
Thus, by a theorem of Brandt [6], the series in (1.2) converges absolutely, P-a.s. It
will be shown later (see Lemma 2.3 below) that the both lim sup’s in (A6) is in fact
a limit, and thus this condition guarantees, by convexity, the existence of a unique
K« in (1.3).

Assumption (A7) ensures that log | p,,| is nonarithmetic (in the sense of the fol-
lowing definition) relative to both the underlying process (x,),cz as well as to the
auxiliary chain (X,),cz introduced in Section 4.

DEFINITION 1.4 ([2,22]). Let (x,, gn)nez be a MMP. The process (g,)nez 1S
said to be nonarithmetic relative to the Markov chain (x,),cz if there do not exist
a constant & > 0 and a measurable function 8: 4 — [0, «) such that

P(qo € B(x-1) — Bx0) +a-Z) = 1.
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We will next state our results for the coefficients (£, p,)nez satisfying Assump-
tion 1.2. We will denote

(1.4) Pr()=P(lx_1=x) and E ()=E([x_1=x),

and keep the notation Py () and E,(-) for P(-|xo = x) and E(:|xg = x), respec-
tively.

The case of positive coefficients (£, pn)nez is qualitatively different from
and technically simpler than the general one [e.g., it turns out that in this case
lim;— 0 t* P(R > t) is always positive], and it will be convenient to treat it sepa-
rately.

THEOREM 1.5. Let Assumption 1.2 hold and denote by 1 the stationary dis-
tribution of the Markov chain (x;,)nc7.

If P(&9 > 0, pg > 0) = 1 then for mw-almost every x € &, the following limit
exists and is strictly positive:

K(x)= lim /P (R > 1),

where the parameter k is given by (1.3) and the random variable R is defined
in (1.2).

An application of Theorem 1.5 and estimates (1.7), (1.8) to random walks in
random environments can be found in [16]. The main step of the proof follows
Goldie’s argument (cf. [9], Theorem 2.3) closely and relies on the application of
a version (due to Alsmeyer, cf. [2]) of the Markov renewal theorem due to Kesten
(cf. [15], see also [4, 22] and references to related articles in [15]).

For coefficients (£, p,)nez With arbitrary signs we have:

THEOREM 1.6. Let Assumption 1.2 hold and denote by m the stationary dis-

tribution of the Markov chain (x,,)nc7z.
Then, with « given by (1.3) and R defined in (1.2),

(a) For mw-almost every x € 4, the following limits exist:
(1.5 Ki(x)= lim t“P,(R>1t) and K_i(x)= lim t“Py(R < —1).
t—00 —00

b) 71(K1(x)+ K_1(x) >0) €{0,1}.

(¢) If Condition G (see Definition 1.7 below) is satisfied then it holds that
w(K1(x) = K_1(x)) = 1. Moreover, if Condition G is not satisfied then either
w(Ki(x) >0and K_1(x) > 0) €{0, 1} or there exists a (possibly trivial) partition
of & into two disjoint measurable sets A and B such that w-a.s., K1(x) > 0 and
K_1(x) =0 for x € A whereas K1(x) =0and K_1(x) > 0 for x € B.
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DEFINITION 1.7. We say that Condition G holds if there does not exist a

(possibly trivial) partition of 4 into two disjoint measurable sets A; and A_; such
that fori € {—1, 1},

Pxoe Aj,x1€A_j,p1 >0)=PxopeAi,x1 € Aj,p1 <0)=0.

Condition G is a generalization of the condition of /-irreducibility introduced
in [7]. Note that this condition is not satisfied if P(pg > 0) (take Ay = 4 and
A_1 = ). Proposition 4.1 shows that Condition G is equivalent to the assertion
that the Markov chain x,, = (x,, y,,), wWhere y, = sign(pg - - pn—1), is irreducible
under Assumption 1.2.

The proof of Theorem 1.6 is basically by applying a Markovian adaptation of the
implicit renewal theory of Goldie [9] (see Section 3) to the Markov chain X, and
the random walk V,, = ;:(} log | pi|. The Markov chain x, carries the necessary
information about the sign of the products of p; and at the same time, as we shall
see in Section 4, inherits all essential properties of the Markov chain x,,.

In order to show that K1(x) + K_;(x) > 0 in Theorem 1.6, we need an extra
nondegeneracy assumption which guarantees that the random variable R is not a
deterministic function of the initial state x_;. Again following [9] and using the
renewal theory developed in [2], we complement Theorem 1.6 by the following
necessary and sufficient condition for R to be nondegenerate under P and for the
limit to be positive. This condition is a natural generalization of the criterion that
appears in the case where the random variables (&, p,) are i.i.d. (cf. [14] and [9]).
Note that the condition is trivially satisfied under the assumptions of [7] [because
(,1)nez 1s assumed to be independent of (x,),ez].

THEOREM 1.8. Let Assumption 1.2 hold and denote by ww the stationary dis-
tribution of the Markov chain (x;)nez. Then:

(@) m(Ki(x)+ K_1(x) > 0) =0 if and only if there exists a measurable func-
tion ' : 8 — R such that

(1.6) P(&+T(xp)po=T(x_1)) = 1.
(b) There exists a constant C1 > 0 such that for w-almost every x € &,
(1.7) t“P (IRl >1)<Cy vt > 0.

In particular, lim;_ oo t“P(R > t) = E(K1(x_1)), lim;t*P(R < —t) =
E(K_1(x_1)), and the limits are finite.

(c) If (1.6) does not hold for any measurable function ' : 8 — R, then there
exist positive constants Cy and t. such that for w-almost every x € &8,

(1.8) t“P (|R|>1)>C vt > 1.

In particular, lim; _, 5 t“ P(R > t) and lim;_, o t* P(R < —t) are not both zero.
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REMARK 1.9. Throughout this paper we work with the probability measures
P (1) = P(:|x_1 = x) defined in (1.4) rather than with P,(-) = P(-|xo = x). Since

Pi(R>1)= E<P;(R > I_Ta>‘go —a. po :b>,

the bounded convergence theorem and part (b) of Theorem 1.6 show that all our
results hold also for the usual conditional measure P,.

However, treating the linear recursion (1.1) in the setup of Markov-modulated
processes, it is not so natural to work with the conditional probabilities P,. In order
to elucidate this point, let us consider the following two examples:

(i) The random variable R is conditionally independent of the “past,” that is,
of o ((&,, pn)n<0), given x_1 but not given xg.

(i) Let T > 0 be a finite random time such that x; is distributed according
to a probability measure v, and define Py () := [5 Px(-)¥(dx) and R, =& +
Y omeri1 &n [17=! pi. Then in general, since the distribution of x,_; and hence that
of (&;, p;) are unknown,

P(R; €-) # Py(Re€").
On the other hand, P(Rr41 € ) = P, (R € ) for P, () := [s Po () (dx).

The rest of the paper is organized as follows. Section 2, divided into three sub-
sections, is mostly devoted to the properties of the Markov chain (x,),<z and of the
random walk V,, = Z;’:—(} log |p;|. Section 2.1 is devoted to the basic properties of
the underlying Markov chain (x,),cz. In Section 2.2 we state a Perron—Frobenius
type theorem (Proposition 2.4) which plays an important role in the subsequent
proofs and in particular implies the existence and uniqueness of « in (1.3) (see
Lemma 2.3). The proof of Proposition 2.4 is deferred to the Appendix. Section 2.3
is devoted to the Markov renewal theory which is then used in Section 5, where it
is applied to the Markov chain X, = (x,, ¥,) and the random walk V,,. Section 3
contains a reduction of Theorems 1.5 and 1.6 to a renewal theorem which is an
adaptation of a particular case of Goldie’s implicit renewal theorem (cf. [9]). Sec-
tion 4 is devoted to study of the auxiliary Markov chain X,. The main goal here
is to show that the renewal theorem obtained in Section 3 can be applied to the
couple (X, V). The proofs of the main results (Theorems 1.5, 1.6 and 1.8) are
then completed in Section 5.

2. Background and preliminaries. Similarly to the i.i.d. case (cf. [9]
and [14]), the asymptotic behavior of the tail of R under Assumption 1.2 is de-
termined by the properties of V,, = Zf’;ol log|p;| and in particular is closely re-
lated to the renewal theory for this random walk. This section is devoted to the
properties of the Markov chain (x,),cz and of the associated random walk with
Markov-dependent increments. The aim here is to provide for future use some



578 A. ROITERSHTEIN

technical tools, namely the regeneration times N; defined in Section 2.1 by the
Athreya—Ney—Nummelin procedure, a Perron—Frobenius theorem for positive ker-
nels stated in Section 2.2, and the Markov renewal theory recalled in Section 2.3.

2.1. Some properties of the underlying Markov chain (x,),c7. First, let us
note that assumption (A3) implies that the transition kernel H is quasi-compact.
Recall that a transition probability kernel H (x, -) on a measurable space (&4, 7) is
called quasi-compact if there exist constants ¢ € (0, 1), § € (0, 1), m; € N, and a
probability measure wu such that H™!(x, A) < & whenever u(A) < §, or alterna-
tively, H™!(x, A) > 1 — & whenever w(A) > 1 —§. If a quasi-compact kernel H is
the transition kernel of a Markov chain (x,),cz, then the chain is also called quasi-
compact. The condition on transition kernels used in this definition was introduced
by Doeblin (see, e.g., [24] for a historical account).

In the following lemma we summarize some properties of quasi-compact chains
which will be useful in the sequel (see Theorem 3.7 in [21], Chapter 6, Section 3
for the first three assertions, Proposition 5.4.6 and Theorem 16.0.2 in [17] for the
fourth, and Propositions 3.5, 3.6 in [21], Chapter 3, Section 3 for the last one).

LEMMA 2.1. Let (x,),ez be an irreducible quasi-compact Markov chain de-
fined on a measurable space (8, T ). Then, there exist a number d € N [the period
of (xp)nez,] a sequence of d disjoint measurable sets (81, 8>, ..., 84) (a d-cycle),
and probability measures w and W on (8, T) such that:

(1) The following holds for all i = 1,...,d, and x € §8;: H(x, 55) =0 for
j=i4+1 (modd).

(1) m is the unique stationary distribution of (x,), t1(8;) >0 fori=1,...,d,
and 7 (80) = 1, where 89 =", &:.

(iii) (xy)nez is Harris recurrent chain when restricted to the states of the set 4.
That is, P(x, € A i.o. forn > 0|xg = x) = 1, for all x € 89 and measurable A C &
with t(A) > 0.

(iv) ¥ (81) =1, and there exist constants r € (0, 1) and m € N such that

2.1 H™"(x,A) >ry(A) Vxed,AeT.

(v) The process (x,)nez is ergodic under its stationary distribution.

The minorization condition (2.1) with some recurrent set 4 is equivalent to the
Harris recurrence (see, e.g., [18]). The particular form of the set 4 in (iv) as cyclic
element is particularly advantageous and is due to the Doeblin condition.

We will next define a sequence of regeneration times {N;};>o for the Markov
chain (x;),cz restricted to (8o, 7o), where 7o = {A € T : A C 4}. Let the set 4,
and the number m be the same as in (2.1), and let Ny be the first hitting time of the
set §1:

2.2) No=inf{n > —1:x, € 41}
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Note that Ngo < d — 1 and Ny is a deterministic function of x_; on the set 4.
The randomized stopping times N;, i > 1, can be defined in an enlarged (if
needed) probability space by the following procedure (see [3, 5, 18]). Given a state
XN, € 81, generate xn,+, as follows: with probability r distribute x y, 4, over 4o
according to v and with probability 1 —r according to 1/(1 —r) - ®(xo, -), where
the substochastic kernel ®(x, -) is defined by

(2.3) H"(x,A) =0O(x, A) +rls (x)¥(A), x € 8p, A eTp.

Then, (unless m = 1) sample the segment (Xny+1, XNg425 - - - » XNy+m—1) accord-
ing to the (x,),ez chain’s conditional distribution, given xy, and x ;. Generate
XNo+2m and XNy4m+1, XNg+m+2s - --» XNg+2m—1 in a similar way, and so on. Let
{n;};j>1 be the successful times when the move of the chain (xyg4mn)n>0 18 ac-
cording to ¥, and set N; = Ng +mnj, j > 1. Note that N; is not the jth visit
to 4.

By construction, the blocks (le_+ 1y XN, 425 - -5 XN, 1) are one-dependent and
for i > 1 they are identically distributed (xy , i > 1, are independent and distrib-
uted according to the measure ). It follows from the construction that the random
times N;+1 — N; are i.i.d. for i > 0, and that there exist constants # € N, § > 0,
such that

2.4) P (N1 £9)>9$ Vx € 4.

We summarize the properties of the random times N; in the following lemma.

LEMMA 2.2. Let (x,)nez be an irreducible quasi-compact Markov chain with
state space 8, and let the set 8o be as in Lemma 2.1.

Then there exists a strictly increasing sequence (N;);i=o of random times such
that:

(i) (Nl'+1 - Ni)izO are i.i.d.
(i1) The blocks (xf\g) TR xl(\(’z')+1) are one-dependent for i > 0 and identically

distributed for i > 1, where (x,(,o))nez is the Markov chain induced by (x,),e7, on
(0, J0).

(1)) No <d — 1,Vx € 80, where d is the period of (x;)ne7.

(iv) There exist constants O € N and § > 0 such that (2.4) is satisfied.

Throughout the rest of the paper we shall be concerned with the measurable
space (8o, 7o), where Jo = {A € T : A C 4y}, rather than with (4, 7). Without
loss of generality we may and shall assume that

(2.5) P (l&) < ce and |pol € (cp. " icp)) =1 Vx e 4.

Otherwise we can restrict our attention to the Markov chain induced by (x;),cz on
the set of full measure = where the equality in (2.5) does hold. Clearly, Assump-
tion 1.2 and Lemma 2.1 remain true for this Markov chain.
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2.2. A Perron—Frobenius theorem for positive bounded kernels. The aim of
this subsection is to state a Perron—Frobenius theorem for positive kernels (Propo-
sition 2.4 below). Proposition 2.4 is an essential part of the subsequent proofs
where it is applied to kernels of the form K (x, A) = E_ ([]'_ |pi 1#; x, € A) and
@(x, A)=E; Anny 1o lpi |P; x, € A), where the random time N is defined
in Section 2.1. The proof of Proposition 2.4 is deferred to Appendix A.

One immediate consequence of this proposition is the following lemma which
proves the existence and uniqueness of the parameter « in (1.3).

LEMMA 2.3. Let Assumption 1.2 hold and let the set 8y be as defined in
Lemma 2.1. Then,

(a) For any B > 0 and every x € 8, the following limit exists and does not
depend on x:

(2.6) A(B) = lim — logE ( 11 |pl|f’)

Moreover, for some constants cg > 1 that depend on 8 only,
n—1

(2.7) cgle"P) < E;( Il |p,-|ﬂ> <cge™P vxesy,neN.
i=0

(b) There exists a unique k > 0 such that A(k) =0, A(B)(B — k) >0 for all
B> 0.

We next proceed with Proposition 2.4, from which the lemma is derived at the
end of this subsection.

A function K :489 x To — (0,00) is a positive bounded kernel, or simply
kernel, if the following three conditions hold: (i) K (-, A) is a measurable func-
tion on &g for all A € Ty, (ii) K(x,-) is a finite positive measure on Ty for all
x € 4o, (iii) sup,. 50 K(x,80) < o0. Let By be the Banach space of bounded
measurable real-valued functions on the measurable space (4, 79) with the norm
| 1l = sup,c | f(x)|. Any positive bounded kernel K (x, A) defines a bounded
linear operator on By, by setting K f (x) = f50 K (x,dy) f(y). We denote by r, the
spectral radius of the operator corresponding to the kernel K, that is

_ . n n _ : n,
re = lim YK = lim VK",

where 1(x) = 1.
The following proposition generalizes Lemma 2.6 in [16] allowing us to deal
with a more general class of underlying Markov chains (x;),ecz-

PROPOSITION 2.4. Let K (x, -) be a positive bounded kernel on (8o, 7o) and
s(x,y): /33 — R be a measurable function such that s(x,y) € (cl_l, c1) for some
c1>landall (x,y) € 53. Assume that there exists a set 81 € Ty such that:
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(i) For some constants d € N, p > 0,

d
Y K'(x,8D)>=p  Vxed.
i=1
(ii) For some constant m € N and probability measure  concentrated on &1,
K™ (x,4)=0 Vx € 81,

where Y is the complement set of 81, and
2.8) K" A= [ seowdy)  Vrediaem.
A

Further, assume that:
(iii) There are a probability measure u on (8o, T9) and a constant m| € N such
that for all € > 0O there exists § = §(¢) > 0 such that

(2.9) w(A) <$ implies sup K™'(x, A) <e.

x€ed

[This condition entails K (x, -) < u for all X € 40.]
Let 1 ={A € T9:A C 81} and let a kernel ®(x, A) on (81, T1) be such that

K™ (x, A) = O(x, A) +r/ sCuY(dy)  Vre s AeTi,
A

for some r € (0, 1).
Then:

(@) There exists a function f € By, such that infy f(x) >0and Kf =r, f.
(b) There exists a function g € By, such that infy g(x) >0 and Og =rgg.
(c) r5 €0, ).

The proof of the proposition is included in Appendix A.

PROOF OF LEMMA 2.3. Let Q(x,y,B) = P(p—, € Blxp—1 =x,X, = Y),
and for any B > 0 define the kernel Hg(x, -) on (8¢, 7o) by

(2.10) H,s(x,dy)=H(x,dy)fRQ(x,y,dz)IZIﬂ-
Then for any g > 0,
n—1
(2.11) E;(]‘[ |p,-|ﬁ) = Hj1(x)  Vxe .
i=0

The kernels Hg, B > 0, satisfy the conditions of Proposition 2.4. It follows from
(A.2) with K = Hpg that for some constant cg > 1 which depends on 8 only,

n—1

(2.12) cﬁlrngx_<1_[|p,~|ﬂ) 565rg Vx € 8p,n €N,
i=0
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where rg = rp,. This yields assertion (a) of the lemma. The claim of its part (b)
follows then from the convexity of the function A(B) which takes by assump-
tion (A6) both positive and negative values. [

2.3. Markov renewal theory. The proofs of our results rely on the use of the
following version of the Markov renewal theorem which is due to Alsmeyer [2].
Recall Definition 1.1 of Markov-modulated processes and Definition 1.4 of nonar-
ithmetic processes. Let B denote the Borel o-algebra of R and let (8, 7o) be a
measurable space such that 7 is countably generated.

THEOREM 2.5. ([2], Theorem 1) Let (x,,),,e7 be a Harris recurrent Markov
chain on (8¢, J9) with stationary distribution w and let (x,, gy)nez be an asso-
ciated with it MMP on (80 x R, 7o x B) such that o := E(g,) > 0 and the
process qy is nonarithmetic relative to (x;)nez. Further, let V, = Z?:_ol qi and
let g: 80 x R — R be any measurable function satisfying

(2.13) formw-a.e. z € 8o, g(z, -) is Lebesgue-a.e. continuous,

and
(2.14) / Z sup lg(z,t)|m(dz) < 00 for some § > 0.
80 ez nd<t<(n+1)8

Then,

(2.15) tl—l>n<;loE (Zg(xn 1,1 — ) / fg(u v)dvr(du),

n=0
for w-almost every z € 4.

Under the assumptions of Theorem 2.5, leto_1 = —1, V_1 =0, and for n > 0,
let oy = inf{i > 0,,_1:V; > V,,_,} be the ladder indexes of the random walk V,,.
Set V,, = V,, . Further, for n>0let x, =x5,,—1 and g, = V — Vn 1 (go =
> i—0 q, and g, = Z?” o, 4n for n = 1). Denote by 7y the unique stationary
measure of the Markov chaln (Xn)n>0 (existing by [2], Theorem 2) and by H; the
transition kernel of (X,,, Gn)n>0.

Fort >0, setv(t) =inf{n > 0:V,, > t}, Z(t) = xy)—1, and W(t) = V() — 1.
Note that v(¢) is a member of the sequence (0,),>0.

COROLLARY 2.6 ([2], Corollary 2). Let (x5, Vu)n>0 be as in Theorem 2.5.
Then, with p1 = fJo E (Go)m1(dx),

Jim E(g(Z(@1), W(t)))

1
= —/ / / g, w)dw Hi(u,dv x ds)m(du),
M1 J8g J8yx(0,00) J[O,s)
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holds for mi-a.e. 7 € 8y and for every measurable function g: 489 x [0,00) - R
such that the function b(z,y) := E_(g(X0.q0 — y)lig,>y)) satisfies (2.13)
and (2.14).

Theorem 2.5 will be applied in Section 5 to the underlying Markov chain
(xn)nez restricted to the space (8, 7o) defined in Section 2.1 and to the random
walk V,, = Z;’:—Ol log | pi|. In order to enable the application of the renewal theorem,
we use a standard change of measure argument (involving a similarity transform
of the transition kernel H) which defines a new stationary measure P for the MMP
(X1, &n)nez under which the Markov random walk V,, = Z?:_ol log | pi | has positive
drift, that is, the expectation E (log | po|) with respect to Pis strictly positive.

We next proceed with the construction of the measure P. Observe that in virtue
of Lemma 2.3, r, = 1, where r, is the spectral radius of the kernel H, on (4g, 7p)
defined in (2.10). Therefore, by Proposition 2.4, there exists a positive measurable
function £ (x) : 89 — R bounded away from zero and infinity such that

(2.16) hx) = f HeGr, dy)h(y).
51
Let é‘n = (%‘l’lv pn)7 n e Za

~ 1
(2.17) H(x,dy) = ——H;(x,dy)h(y),
h(x)
and let P be the stationary law of the Markov chain (x;,, ¢,),ecz On 4 X R? with
transition kernel
P(yo€ A x Blo(y;:i <0)) = /A H(x,dz)G(x,z, B)y=x_,»

where A € 79, B € 8%2 and G(x,z, ) = P(¢, € |xy—1 = x, x;, = z). That is, the
lgw of (¢n)nez = (€n, Pn)nez conditioned upon (xy),cz is the~same under P and
P, whereas the chain (xn)sez has transition kernels H and H, respectively. We
will denote by E the expectation with respect to P and will use the notation
(2.18) P-():=P(lx_1=x) and P.(-):=P(-|xo=x),
and, correspondingly, Ex_(-) = I:f(-lx_l =x) and I:fx(-) = E(-lxo =X).

Let
(2.19) cp:= sup h(x)/h(y).

X,yE4)
Since ¢, € (0, 00) and cng(x, A) < I-NI(x, A) <cpH(x,A), we have:

e Conditions (A1)-(A3) of Assumption 1.2 hold for the kNernel H.
e The Markov chain (x;),c7z on (8g, 7o) with the kernel H is Harris recurrent and
the minorization condition (2.1) holds in the following form:

(2.20) H"(x,A) >rc;'w(A)  Vxed,AcT.
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e The invariant measure 7, of the kernel H is equivalent to s (this follows, for
example, from [18], Proposition 2.4).

° Assurgptions (A7) and (2.5) hold for the sequence (&, pn)nez under the mea-
sure P.

LEMMA 2.7. Let Assumption 1.2 hold. Then E(log lpol) > 0.

PROOF. Let Vo =0and

n—1

(2.21) V=) loglpil, neN.
i=0

With ¢, defined in (2.19) we obtain for any x € $p and y > 0,

. !
B <e 7y = o (@ Vih o) e < e 7"
X

/4

)

_ _ 1/4 _ 1
<chE (Ve <o) < cpe

(2.22)

/4

Thus, lim,_, f’x_(Vn < —yn'/%) =0, implying by the ergodic theorem that
E(log|pol) = 0. -

It remains to show that E(log|pg|) = 0 is impossible. For any x € 4y, 6 > 0,
and B € (0, k) we get, using Chebyshev’s inequality,

D— 1 —(kV,
P (|Vyl <én) = mEx (e "h(xy_1); V, € [—én, Bn])

n—1
< cpe*™" P (Vy = —8n) < che“*ﬂ”"E;( [1 |pi|ﬁ).
i=0

It follows from Lemma 2.3 that for all § > O small enough and some suitable
constants A, b > 0 that depend on §,

(2.23) sup P (|V,| <8n) < Ae™".

x€edy

Therefore, the ergodic theorem implies that E (log|pol) >0. O

3. Reduction to a renewal theorem. The main goal of this section is to prove
the following Proposition 3.1 which reduces the limit problem for the tail of the
random variable R to a renewal theorem [namely, to the checking that (3.3) be-
low indeed holds a.s.]. Furthermore, some useful estimates are obtained here and
collected in Lemma 3.2.

Let[Io=1and forn > 1,

n—1
(3.1) m, =[] o
i =0
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That is IT,, = yn_leV” where V,, is defined in (2.21) and

(3.2) yo=sign(Mug1),  n=—L.

PROPOSITION 3.1. Let Assumption 1.2 hold. Further, let the set 8y and the
measure 1 be as in Lemma 2.1 and assume that for some n € {—1, 1} the following
limit exists for mw-almost every z € 4:

(3.3) Ky(z) := lim E;(Zgny”(x,-_l, r— v>>

t—00 4
i=0

where the expectation is taken according to the measure ﬁz_ defined in (2.18) and
the nonnegative functions g, : 8o x R — [0, 00) are defined for y € {—1, 1} by

L O _
(3.4) gy(x,t)zh(x)/o V[P (yR>v)— P (y(R—&) >v)]dv.

Then, for m-almost every z € 8, lim; oo t“ P7 (R > 1) = h(z)f,7 (2).

We note that certain particular cases of this proposition are the basis for the
proofs in [7] and in [16]. All these results are adaptations to various Markovian
situations of a particular case of the “implicit renewal” theorem of Goldie (cf.
Theorem 2.3 in [9]). For the sake of completeness, a proof of the proposition is
provided at the end of this section.

We begin by proving the following technical lemma:

LEMMA 3.2. Let Assumption 1.2 hold. Then the following assertions hold
true:

(a) There exists constants Mgy > 0 and &4 > 0 such that for w-almost every
x € 4o,

(3.5) lgn(x, )| < Mge el

foranyt e Rand ne{—1,1}.
In particular, for any § > 0 there exists a constant M (8) > 0 such that

(3.6) sup { max_|g (x,t)l}fM(é)
én6§t<(n+l)8 ne{—1,1} "

for w-almost every x € 4.
(b) For any § > O there exists a constant M, = M,,(8) > 0 such that

e}

Y sup P (V; €[—8,8]) < M.

i:()ZGJO



586 A. ROITERSHTEIN

(c) There exists a constant M, > 0 such that, for mw-almost every z € 4,

(3.7) ZE ( max g (xi-1,7 = Vl) <M, VieR.

PROOF. (a) First, assume that ¢ > 0. Let

(3.8) ¢p =max 1/ h(x).

x€So
For any ¢ € (0, 1), we get from (3.4):
|gn(x, 1) < Cpe™ /Oet V[P (MR > v) — P (n(R — &) > v)|dv
(3.9) < cpe /Oe’ “re=llp=(nR > v) — P (n(R — &) > v)|dv
< éne e EL (LRI — [(0R — ngo) 1),

where the last inequality follows from [9], Lemma 9.4.
To bound the right-hand side in (3.9) we will exploit an argument similar to the
proof of [9], Theorem 4.1. We have,

gy (x, )] < G e 1 (x) + L(x) + I(x) + L4(x)],
where
= E; (1yg,<nr<0(MR — n&0)**%),
L(x):= Ex_(10<nR<n.§o(’7R)K+8),
- (1)R>0.ng<0[(MR — &)™ — (R)*]),
14(x) == E; (Lo<ygo<yrR[(NR)* T8 — (R — n&p)*T41).

It follows from (2.5) that the sum I (x) + I>(x) is bounded by cg T¢It remains
therefore to bound /3(x) and I4(x). For this purpose we will use the following
inequalities valid for any y > 0 and A > 0, B > 0 (this is exactly (9.26) and (9.27)
in [9]):

(A+ B)” <2Y(AY + BY)
and

B, ifo<y<l,
yB(A+ B!, ify > 1.

We obtain that I3(x) + I4(x) < a., where

(A+B)”—AV§{

’§+8, ifk+e<1,
T o2 T EL(RIHET 4 T, ke > L
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By Lemma 2.3 and the ellipticity condition (2.5), for any § > 0 small enough, there
exists a constant Ls > 0 independent of x such that
(3.10) E_(R*®)<Ls Vxed.

This yields (3.5) for all # > 0 and appropriate constants Mg, g, > 0 that do not
depend on ¢.
Further, (3.4) implies that |g,(x, 0)| < ¢,, where the constant ¢, is defined
in (3.8), and that for t < 0 and any ¢ € (0, ),
e[
gax 0 e [ |PC@R > ) = P (n(R = 80) > v) dv
t

e
< Ehegt/o VTN PR > v) — PT(n(R — &) > v)|dv

<&k e EL (IR T — [(R — ngo) T 1°77)),
where the last inequality follows, similarly to (3.9), from [9], Lemma 9.4. Thus,
fort <0,
gy (e, D < e e MEC (IR + (IR] 4+ c2)°).
This completes the proof in view of (3.10). _
(b) Follows from (2.23), since P (V; € [=§,8]) < P. (V; € [—ié,id]) for any
xe€dpandi e N.
(c) Fix any § > 0 and denote fort e Rand n € Z, I, s = [t +né,t + (n + 1)8).
Then, it follows from the previous parts of the lemma that

Y EZ(Ign(xizt,t — Vi)

i=0

o0
i=0""0

o0
<> sup gy(x.t—s)|Y sup P-(Viet—1I5 )

nezxedo.s€l i=02€%0

<M sup P (Vi € [—5,8]) < M(8) - My,

i—02€%0

where the last but one inequality follows from (3.6) and from the fact that
Supze&) Z?io PZ_(Vi el — Irf,(g) = SuPzeJo Z?io PZ_(Vi € [_5,5]) (Cf' [2],
Lemma A.2). O

PROOF OF PROPOSITION 3.1. Let Uy =R, and forn > 1,

n—1
(3.11) Ry=) &T;,  Uy=(R—Ry)/M,,
i=0
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where I1,, are defined in (3.1). Recall that IT,, = yn_levn. Following Goldie [9],
we write for any numbers n € N, t e R, n € {—1, 1} and any z € 4,

n—1

P-(R>e") =Y [P (nyi—1e"1U; > ") — P (nyie" "' Uiyy > )]
i=0

+ Pz_(nnnUn >e'),

where the random variable U; is defined in (3.11).

For n > —1 let X, = (x,,, ¥») and Q = &8 x {—1, 1} x R. To shorten the no-
tation, we denote Zye{—l,l}f/s R F(y,x,w)u(yi—1 = y,x; € dx,V; € du) by
Jo F(y,x,u)u(x; € (dx,y), Vi € du) for a measurable function F and a prob-
ability measure © on 2. We have, using the identity U; =&; 4+ p; U;+1,

P (yi—1€"1U; > €') — P.(ny;e "' Uity > €')
- /Q P(yUs > € ~“|i—1 = (x. p). Vi = ) P~ (Ri_1 € (dx. ¥), Vi € du)
- /Q P(rypiUiss > € ~"Ifi-1 = (x. ), Vi = u)

X P (Xi—1 € (dx,y),V; €du)

Z

= [ fy ot = )P (G € @), Vi € d),
where we denote

fr, =[P (yR>e)— P (y(R—&) >¢')] fory € {—1,1}.
Thus, letting 8,,(z, n, 1) = e’“PZ_(nyn_le U, > e') we obtain

F:(n,1):=e"P”(nR > ¢€")

[ee]
= Zéfny(xvf—u)e”f’z_(&—l € (dx,y), Vi €du) + 8,(z. 1, 1)

= Z/ Joy (x, 1 — h((Z)) (xic1 € (dx,y), Vi edu) 4+ 8,(z, n,1).

We have P(lim;,_, o 8,(z,7n,t) =0) =1 for any fixed t > 0, n € {—1, 1}, and
z € 49, because P-as., I1,U, — 0 as n goes to infinity. Therefore P-a.s.,

rz(n,t)—Z/ oy, t — h((Z)) ~(Xi—1 € (dx,y), Vi edu).

We will use the following Tauberian lemma:
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LEMMA 3.3 ([9], Lemma 9.3). Let R be a random variable such that for
some constants k > 0 and K > 0, lim;_, t_lfé u“P(R > u)du = K. Then
limy 500 t“P(R>1t)=K

It follows from Lemma 3.3 that in order to prove that for some n € {—1, 1}, the
limit lim;_, o t“ P(nR > t) exists and is strictly positive, it suffices to show that
for -a.s. every z € 4y, there exists

(3.12) lim 7,(n, 1) € (0, 00),
—00
where the smoothing transform ¢ is defined for a measurable function ¢ : R — R

bounded on (—oo, ] for all £ by §(t) := [*__ e~ ""q(u) du.
For y € {—1, 1} let

1 t
gy(x,t):= m /_Oo E_U_”)fy(x, u)du

1 t
= — —(t—u) ku[ p— uy _ p— B }
_h(x>/ooe [Pr(yR > ") = P (v(R — &) > ¢)]du

—t

~ h(x) /0 V[P (YR >v) = P (v (R — &) > v)]dv.

Then, using (3.7) and the Fubini theorem, we obtain for any z € 4,

t
F.(n, 1) 2/ ey (n, w)dw
—00

_/' G w)Z/fm/(X w — h((Z)) (Xi—1 € (dx,y), Vi edu)dw

= Z/Qg,,y(x,t — u)h(z)ﬁ;(ii_l € (dx,y), Vi €du)

=h()E] (Zg,m1 (i1t — v,~)>.
i=0

This completes the proof of Proposition 3.1. [

4. The auxiliary Markov chain X, = (x,, ). To deal with the case where
P(po < 0) > 0 we introduce the Markov chain X, = (x,, ¥»), n > —1, where the
random variables y;, are defined in (3.2). It will turn out (cf. Proposition 4.1) that
the space 89 x {—1, 1} can be partitioned into at most two measurable subsets such
that the restriction of X, to either one of them satisfies Assumption 1.2. Therefore,
the Markov renewal theorem (Theorem 2.5) can be applied to the irreducible com-
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ponents of the MMP (x,, log|p,|). This fact is the key to the proof (given in the
next section) that the limit in (3.3) exists w-a.s. and has the properties stated in
Theorem 1.6.

Let H be the transition kernel of £, on the product space & := 4§y x {—1, 1},
and let 77 be the probability measure on & defined by 7 (A x 1) = 1/27(A) for
any n € {—1, 1} and A € Tp. It is easy to see that 77 is a stationary distribution of
the Markov chain x,,.

PROPOSITION 4.1. Let Assumption 1.2 hold and suppose in addition that
P(po < 0) > 0. Then, there exist two disjoint measurable subsets S| and &_;
of & such that:

(1) Either z(6)=a(6_1)=1/2,0r&61 =@ and S_1 = 6.
Gi) HE, 6,) = 1 for every x € 6,, n =—1, 1.
(iii) &1 = g if and only if Condition G is satisfied.
(iv) (A1)—(A3) of Assumption 1.2 hold for the Markov chain (Xp)y>—1 re-
stricted to either &1 (provided that it is not the empty set) or S_j.

PROOF. (i)—(ii) Say that for x € S, A € 79, y € {—1, 1},

o
FAAx{yY i Y H'R Ax{y)=0,
n=1
and X = A x {y} otherwise.

Since the Markov chain (x,),cz, is 7 -irreducible, for any x € & and A € 7 such
that 7 (A) > O eitherx = A x {1} orx = A x {—1}. Forx €e S and n € {—1, 1} let:

Fp®)={A€To:m(A)>0and x ¥ A x {n}},

andset fF (X)=F1(X) UF _1(x). Note that F{(X)NF _1(X) =@.

Roughly speaking, the set G is defined below as an element of F (x*) of max-
imal 77 -measure for some x* € &, and &_ as its complement in &.

To be precise, let

cn(X) =sup{m(A):A € ,(X)}, ne{-1,1},x €6,

and ¢(X) = ¢_1(X) + ¢1(x). If ¢(x) =0 for every x € S, set &) = & and
&_1 = 6. Conclusions (i)—(ii) follow trivially in this case, in particular the chain
(X, yn) is 7 -irreducible.

Assume now that ¢(x*) > 0 for some x* € &. We will next construct two
sets Ay, n € {—1,1}, such that A, € F,,(x*) and w(A,) = ¢, (x*). We will then
show that ¢(x*) = (A1) + m(A_;) = 1 and will define (up to a 7-null set)
Sy:= (A1 x {-1H U (A} x {1}).

For n € {—1,1}, let A,, € [ ,(x¥), n € N, be a sequence of [empty if
cp(x*) =0] sets in F,(x*) such that w(A,,) > ¢,(x*) — 1/n for any n € N,
and define A, = ;= Aj,». Since the collections of sets f ,(x*) are closed with
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respect to countable unions, A, € f ,(x*) and 7w (A1) + w(A_1) = ¢(x¥). Put
Ag=A_1UA|, Bo=Sy— Ao, and set

&1 =(A_1 x (=) U (A x {1},
G_1= (A1 x (1D U (A1 x {=1}) U (By x {1}) U (Bo x {—1}).
Thus, (‘~5_1 is the complement of él in the set & = 89 x {—1,1}. Since A, €
I (x*) is the maximal set such that x* ¥ A, x {n}, it follows immediately that
x* % A x {n} and x* > A x {—n} for any mw-positive A C A,.
We will now show, using the irreducibility of the Markov chain (x;),cz, that
4.1)  A(N_1UN;))=0  where N,:={te&_;:%> A, x {n}}.

Note that (4.1) yields 7 (Bg) = 0 because for all x € 4 either (x,1) € N, or
(x,—1) e Ny, nef{-1,1}

To see that (4.1) is true, observe that N, = |J,,,enfX: H™ (X, Ay, x {n}) > 0}
are measurable sets, and 77 (N,) > 0 implies that there exist m € N, Ny € 7, and
y € {—1, 1} such that

(42)  H"(x*,Nox{y)>0 and (x,y)> Ay x {n} Vx € Np.
But (4.2) yields

o0

ST H™(x*, Ay x (1))
n=0

> Z/ H™ (x*,dy x {(y DH"((y.¥). Ay x {n}) > 0,
n=0 No

which is impossible since x* # A, x {n} by our construction.
Finally, we observe that (4.1) implies that
43)  A(N_1UN)=0  where N, :={te&;:%> A, x {—n}}.
Indeed, if (x, y) € N, then (x, —y) € N, and hence 7 (N,) = #(N,) =0 for n €
{ "}";) ]c}c;mplete the proof, we set
G1 = (A_1 x (=1} U (A1 x {1}) = N.; UM},
and
S_1=(A1 x{IhU (A1 x {=1}) = N_1 UN;.

Since (Bp) =0, (4.1) and (4.3) imply that 7 (&) =7 (S_1) = 1/2 [recall that
m (A1 N A_1) = 0] and that conclusion (ii) of the proposition holds as well.

(ii1) The claim is immediate from the definition of the sets A and A_;.

(iv) Let [t be the probability measure on & defined by (A x n) = 1/2u(A),
where () is given by assumption (A3). Since H™ ((x,y),A x {n}) <
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{-I "1(x, A), it follows from (A3) that there exists a measurable density kernel
h(x,9):62 — [0, 00) such that or any £ € &, n{—1, 1}, A € Ty,
(44) AMGEAx = [ B D@,

Ax{n}
and the family of functions {(h(x,"):6 — [0, 00)} se@ 1s uniformly integrable with
respect to the measure fi. Thus assumptions (A1) and (A3) hold for the Markov
chain (x,, ¥)n>—1. Moreover, the Markov chain (x,, y,)s>—1, When restricted
to either & or &_y, is clearly 7-irreducible which in combination with (4.4)
shows (iv). [

5. Distribution tail of R. In this section we complete the proof of Theo-
rems 1.5, 1.6 and 1.8.

5.1. Proofs of Theorems 1.5 and 1.6 for P(pg > 0) = 1. In view of Proposi-
tion 3.1, the following lemma completes the proof of Theorem 1.5 and of Theo-
rem 1.6 in the case where P(pgp > 0) = 1.

LEMMA 5.1. Let Assumption 1.2 hold and suppose that P(pg > 0) = 1. Then
the following assertions hold true for n € {—1, 1}:

(a) The limit in (3.3) exists for m-a.e. 7 € 8y and does not depend on z.
(b) Ifin addition P(&y > 0) = 1, then the limit is mw-a.s. strictly positive.
(©) m(K,(x)>0)e{0,1}.

PROOF. (a) In view of Lemma 2.7, estimate (3.6), and the properties of the
measure P listed right before the statement of Lemma 2.7, we can apply Theo-
rem 2.5 to the restriction of the underlying Markov chain (x;),cz on (8o, 7o) with
transition kernel H, the associated with it random walk V,, = Z;’:—Ol log |pi|, and
the functions g, defined in (3.4). It follows from (2.15) that the limit in (3.3) is
mp-a.s. (and thus also w-a.s.) equal to

~ 1
(5.1) K,= ELO/Rg,,(x,t)nh(dx)dt,

where a = E(log 00)-
(b) It follows from Proposition 3.1 and (5.1) that for mj,-almost every z € 4o
(compare with the formula (4.3) in [9]),

lim t“P_ (R >1)
t— 00
=h(2)K(2)

_h(2)
(5.2) = TAOAgl(x,t)nh(dx)dt
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:$/%K%/H%e—ffoet V[P (R > )

— P (R—&y>v)]dvdt m,(dx)
h | oo
_ %/g %/o UPT(R > v) — P2 (R — & > v)] vy (dx)

= / %E;[RK — (R — £0)" i (dx) > 0,

where the last but one equality is obtained by change of the order of the integration

between dt and dv while the last one follows from [9], Lemma 9.4. Since 7, is

equivalent to 7 and P(R > R — &y > 0) = 1, this completes the proof of the claim.
(c) The claim follows from Proposition 3.1 and the fact that the limit K 11n (3.3)

does not depend on z. [

5.2. Proof of Theorem 1.6 for P(po < 0) > 0. (a) Just as in the case P(pg >
0), it follows from Theorem 2.5, applied separately to the irreducible compo-
nents of the Markov chain (x,),>_1, the random walk V,,, and the function
8nyn (Xn—1,t — Vy) defined in (3.4), that the limits in (3.3) and hence in (1.5) exist
for -almost every x € 4.

(b)—(c) We shall continue to use the notation introduced in Section 4. Similarly
to (2.10), define the kernel I/-I\/g (x,-) on G by

Hp(%,d9) = HE. d9)E(|pol’|2-1 = £, %0 = 9),
and the function /1: & — (0, 00) by the following rule:
h@) =hx)  forx=(x,y),

where i : 8o — R is defined in (2.16).
For any x = (x, y) € G,

/ AeG.dDHG) = E- (pol*h(xp)) = f He(x, dy)h(y) = h(&).
S EN)

Consequently, setting 775, (A x n) = 1/2m;,(A) for A € Ty and n € {—1, 1}, we
have:

/G(AX,, ,;(12) He (3, df))fl(ﬁ))frh(d;?)

1 b K .
=1/, T(x)Ex (Ipol“h(x0); xo € A)mrn(dx)

1 1 .
=3 /5 He(e, A)mn(dx) = 50(A) =7, (A x ).
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We will use these facts to write down formulas similar to (5.2) for the limits K1 (x)
and K_;(x) in (1.5). Claims (b) and (c) of Theorem 1.6 are immediate conse-
quences of these formulas.

First, assume that ;| = &. That is, by part (iii) of Proposition 4.1, Condition G
is satisfied. We get from Proposition 3.1 and (2.15) that for 7 -almost every z € 4
and n € {—1, 1} (compare with (4.4) in [9]):

Ky(2) = [/ [ a1 nmn@n i + / [ ertx, t)nh(dx)dt]

1
~ 2ak 80 h(x)

——E (IRI" — |R — &0 )mn(dx),

where a = E(log [pol).
Assume now that & # @, that is, Condition G is not satisfied. We get from
Proposition 3.1 and (2.15) that 7-a.s., if (z, 1) € 6, (i.e. z € A)), then

Ky, (z) = [/ /gny(x t)nh(dx)dt—l—/ fg y (X, t)nh(dx)dt}

This completes the proof of Theorem 1.6.

5.3. Proof of part (a) of Theorem 1.8. The “if” part of the claim is trivial.
Indeed, if (1.6) holds for a measurable function I" : ) — R, then substituting &, =
['(xp—1) — pn ' (xp) into the formula for R, in (3.11) yields

n—1
Ry =T (x-1) =T (1) [ ] 1.

i=0
The Markov chain induced by (x,),cz on (&8, Jo) is Harris recurrent by
Lemma 2.3 and hence P_ (|I" (x,— 1)| < Mio.) =1 for some M > 0. Since,
P-as., R, converges to R and H: _o Pi converges to zero, we obtain that with
probability one R = I"(x_1). Hence for mw-almost every x € 8§, P_ (|R| >1) =0
for all ¢ large enough.

Assume now that lim;_, t“ P (|R| > t) = 0 for m-almost every x € §. Our
aim is to show that (1.6) holds for some measurable function I' : § — R. First, we
will prove the following extension of Grincevicius’ symmetrization inequality (cf.
[13], see also [9], Proposition 4.2 and [7], Lemma 4). It will be shown in the sequel
that if the right-hand side of (5.4) is a.s. zero, then (1.6) holds with the measurable
function I"(x) defined in (5.3).

LEMMA 5.2. Let y, = (xn, &4, pn)nez be a MMP associated with Markov
chains (xp)nez, En, pn) € R2, and let R be the random variable defined in (1.2).
Further, for any x € &, let

(5.3) I'(x)=inf{a e R: P (R <a) > 1}.
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Then, foranyt > 0and 7 € 4§,
(5.4) P (IR|=1)> %PZ_(|R,Z + T (xy—1)11,| > t for some n > 0),

where the random variables 11, and R, are defined in (3.1) and (3.11), respec-
tively.

PROOF. By its definition, I'(x) is a median of the random variable R under the
measure P, thatis PC (R >T'(x)) > 1/2 and P_ (R <T'(x)) > 1/2. Moreover,
I"(x) is a measurable function of x.

Fix now any ¢ > 0 and let t; = inf{n > 0: R, + I'(x,—1)I1, > ¢}. Since ['(x) is
a median of the distribution P_ (R € -), it follows from the definition (3.11) of the
random variables R, and the Markov property that

o0
P (R>1)> ZLP;(H =n;x,-1 €dx, T, > 0)P_ (R >T(x))
n=0

oo
+ Z/ P (ti =n; xp—1 €dx, 11, <0)P; (R <T'(x))
8
n=0

> 3P (11 < 00).

Replacing the sequence &, by the sequence —&, and consequently R by —R, we
obtain [note that we can replace I'(x;,) by —I"(x;) because the latter is a median
of —R]:

PT(—R>1)> 1P (1y < 00),

where 7, := inf{n > 0: —R,, — I'(x,—1)I1, > t}. Combining together these two
inequalities, we get (5.4). [J

We will apply this lemma to the Markov chain y; = (x,;, O, M)z, defined
below by a “geometric sampling,” rather than to y, = (xy, &, pn)nez. The sta-
tionary sequence (x,),>—1 [it is expanded then into the double-sided sequence
(x})nez] is a random subsequence of (x,),>—1 that forms a Markov chain which
inherits the properties of (x,),cz and in addition is strongly aperiodic, that is,
Lemma 2.1 holds for this chain withd =m = 1.

Let (,)n>0 be a sequence of i.i.d. variables independent of (x,, &,, pn)nez (de-
fined in a probability space enlarged if needed) such that P(n9o =1) = 1/2 and
P(no=0)=1/2, and define o_; = —1, o, =inf{i > g,—1:n; =1}, n > 0. Fur-
ther, for n > —1 let,

x;lk = Xon»
(5.5) Q:.H =&, +1 80, +200,+1 8,1 Pop+1P0p+2 " "Qopy1+1>

* —
Mn-H - an+pon+2 o 'IOQn+] .
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The transition kernel of the Markov chain (x;’),>_1 is given by

(e}
(5.6) H*(x,) =) _(3)"H"(x.).

n=1
Hence, (x,;),>—1 is Harris recurrent on 4 and its stationary distribution is 7.
Moreover, the sequence (y;)n>0 = (x,;, O, M;"),>0 is a stationary Markov chain
whose transitions depend only on the position of x,' and

n—1
(5.7) R= Qo—i-ZQ [ M
n=1 i=0

Expand (y;}),>0 into a double-sided stationary sequence (y,),ez.-
The following corollary to Lemma 5.2 is immediate in view of (5.7).

COROLLARY 5.3. Let Assumption 1.2 hold. Then, for anyt > 0 and z € 4,
(5.8) P (IR|=1)> 2 P_ (IR + T (x;_IIy| >t for some n > 0),
where T1% := I—[l’-’:_ol M} and R} :=Y"!_ Q*H*

Our aim now is to show that the right-hand side of (5.8) is bounded away from
zero for m-almost every z € 4. The main advantage of using the “geometrically
sampled” MMP (x¥, O, M),z is that studying its one-step transitions one can
obtain some information concerning all possible transitions of the original MMP
(Xn, &y Pn)nez. We will use this when passing from (5.14) to (5.15) below.

At some stage of the proof, we shall lpply Corollary 2.6 to the Markov chain
(x})nez and the random walk V,* = o log|M}| considered under the measure
P introduced in Section 2.3. Let h,g 50 — (0, 00) be the eigenfunction of the
operator Hg in the space Bj corresponding to the kernel defined in (2.10). This
eigenfunction exists and is bounded away from zero by Proposition 2.4, and it
corresponds to the eigenvalue rg which coincides with the spectral radius rp, of
the operator. Let

o0
(5.9) Hj(x,dy) = (3)"Hj(x.").

n=1
Then, similarly to (2.11), E; ([T7_; |M*|/3) H*”l(x) for any 8 > 0 and x € 4.
Transition kernel H* of X, under Pis given by

~. S LU
(5.10) H (x,dy)zZ(§> H mH (x,dy)h(y),

n=1
where as before h(x) = h, (x). It follows from (5.9) that, as long as rg < 2,

Hihg(x) = —P—hy(x)
pUp 2—rg PR



LINEAR RECURSIONS WITH MARKOVIAN COEFFICIENTS 597

and thus, as in Proposition 2.4, r;; = Zi—ﬁ;ﬂ is the spectral radius of the operator

HB‘ in Bp. In particular, r} = 1. Note also tha~t the invariant distribution of H*
coincides with the invariant distribution 7r;, of H.

To enable in the use of Corollary 2.6 we need the following two lemmas which
ensure that its conditions are satisfied. First, the same proof as that of Lemma 2.7
yields:

LEMMA 5.4. Let Assumption 1.2 hold. Then, E(log M) > 0.
In addition, we have:

LEMMA 5.5.  Let Assumption 1.2 hold. Then, the process log |M;| is nonar-
ithmetic relative to the Markov chain (x)}),cz with transition kernel H* defined
in (5.10) (in the sense of Definition 1.4).

PROOF.  Since the process log|p;| is nonarithmetic relative to the Markov
chain (x,),ez with kernel H, the claim follows from Lemma A.6 in [2], which
deals with the nonarithmetic condition relative to the “sampled” Markov chain

(x::)neZ-
OJ

We are now in position to complete the proof of part (a) of Theorem 1.8.

LEMMA 5.6. Let Assumption 1.2 hold and suppose in addition that
lim; o0 t“ P (|R| > t) = 0 for m-almost every x € 8. Then, (1.6) holds with the
function T' (x) defined in (5.3).

PROOF. For n € Z, let a, = R + T'(x)_)IT} and write o, = ay—1 + By,
where
Bn = Qn_ 1Tl + T (DI, — T, )T,
=T, (Qny + TG DM, —T'(x, ).
Set
(5.11) n = Q0 + T (x; )My — T (x;_).

Thus, o = ay—1 + By = a1 + Hz_lén,l, and hence for any ¢ > 0 (cf. [9],
page 157):

P (laty| > t for some n > 0) > P, (|| > 2t for some n > 0)
> P_ (|ITy| > 2t /¢ and |8,| > & for some n > 1).

Indeed, |8, | > 2t implies that either |o,_1| > ¢ or, if not, || > |Bu| — lon—1] >
2t —t =t.



598 A. ROITERSHTEIN

Fix a number ¢ > 0 and let v(t) = inf{n > 1:|IT}| > 2¢/¢}. Then, setting

n—1
(5.12) Vi i=log || =) " log |M[],
i=0

we obtain from (5.8) and the Markov property that for any z € 4,

t“P,(IR| > 1)
tK
= ) 5o Pz_(x:j(z)_l edx, |8yl > e, v@) < OO)
tK
- EEZ_(PX_;UH (180] > &); v(1) < 00)

1/e\" ~_ - -
:§<_) h(z) E7 (e Vo ~los1/e) p= 2y (B0l > )/ hlx5e) 1)),

where the expectation E is according to the measure P defined in Section 2.3.
Thus, in virtue of part (b) of Theorem 1.6 it sufﬁces to prove that under As-
sumption 1.2,

either
(i) for some & > 0 and probability measure 7 absolutely continuous with re-
spect to m, either the following limit exists and is strictly positive:

(5.13) Jim B (e Voo s I pE (001> €)),

where I:f;(-) = f/so E;(-)fr(dz),
or, if not,
(i1) then, (1.6) holds with the function I"(x) defined in (5.3).

To bound the limit in (5.13) away from zero we will apply Corollary 2.6 to the
Markov chain (x,),cz on (8o, 7o) introduced in (5.5) and governed by the kernel
H* defined in (5.10), the random walk V> defined in (5.12), and the function

gx,1) =e " P (I60] > &).

Leto_; =—1, V¥, =0, and forn > 0, 0, =inf{i > 0,,1:V* > V;‘}H}. Fur-
ther, let 77 be the stationary distribution of the Markov chain X, := x; under P
(which exists and is unique by [2], Theorem 4). The measure 7 is an irreducible
measure of the Markov chain (x}),cz with transition kernel H* and hence is
absolutely continuous with respect to its stationary distribution, which in turn is
equivalent to the stationary distribution 7 of (x;’),cz With transition kernel H*.

To apply Corollary 2.6 to the Markov chain (x)),cz with kernel H* and the
random walk V¥, we need to check conditions (2.13) and (2.14) for the function

b(x.y) = E; (P15 Pr (18] > £)).
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where V), := V;‘n .
Condition (2.13) follows from the following estimate valid for any § > 0O:
b(x,y +8) — b(x. VI < E; (|e° 15215 — Lippoy )
=@ —1D)P-(Vo>y+8)+P (y<Vo<y+9).
As to condition (2.14), we have:

b( )<{6Ky S5 (T if y <0,
Y E (1{V0>y}) P (Vo >y), if y>0.

Hence,

/5 sup  |b(x, y)|7 (dy)

0 ez n<y<n+1

o
=Y e +/ > P (Vo > m)#(dx) < oo,
n=0 30—

because by part (iv) of [2], Theorem 2,

/5 ZP (V0>n)7r(dx)</ E (Vo)JT(dx)<oo
0,

(Part (iv) of [2], Theorem 2 implies that the constant p; in the statement of Corol-
lary 2.6 is finite. In our case, (] = f&) Ex_(\?o)ﬁ(dx).)

Let H be the transition kernel of the Markov chain (X, \7,, — An_l)nzo. It fol-
lows from Corollary 2.6 that for some A € (0, 1),

lim B (e o 0N ps  (130] > o)

—00

1 -~
:_/ / / eV P (80 > &) dw H (x, dy x dz) (dx)
80 J80x(0,00) J[0,z)
/ / — e )P (180] > €)H (x, dy x dz)# (dx)
MlK 80 J 80 x (0, oo)
= [ [ sl = 9 (x.dy x 0.00) (@
80 4480

_ A/ Py (180] > £)7 (dy) = AP; (18] > 6.
30

It follows that if (5.13) is not true for any &€ > 0 then
(5.14) P (8o=0)=1.

It remains to show that (5.14) implies that (1.6) holds for the function I" defined
in (5.3). By the definition of the kernel H* in (5.6) and the quantity §, in (5.11),
we get from (5.14) that

(5.15) PJ%_(R,Z—i—F(xn)l'I,,—F(x_]):O):1 foralln e N.
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Taking respectively n =0 and n = 1 in the last equality we obtain that P, (§o +

I'(x0)po — I'(x=1) =0) = P. (0o + 100 + I'(x1)pop1 — I'(x—1) =0) = 1. It fol-
lows that

P (&1 +T(x1)p1 — T'(x0) =0) = 1.
Similarly, by induction on 7, one can show that
P (& +T(xp)pn —T(xp—) =0)=1  forallneN.
Since the Markov chain (x,) is -recurrent and 7 is absolutely continuous with

respect to 7, we obtain (1.6). [

5.4. Proof of parts (b) and (c) of Theorem 1.8. Let 89 be as defined in
Lemma 2.1 and recall the regeneration times N, defined in Section 2.1. Let

Qo =4+ 1in,>1) vazlo Eiv1[1=9pj and Mo = l—[f\go pi, and forn > 1,

Npy1—1 Npt1
On = SNn—I—l + l{Nn+1—N,1>2 Z Eiv1 1_[ Pj and M, = 1_[ Pi -
i=N,+1 Jj=N,+1 i=Ny+1

The pairs (Q,, M,),n > 0, are one-dependent and for n > 1 they are identically
distributed. Since the series in (1.2) converges absolutely, we obtain the represen-
tation

(5.16) R = Qo+ Mo(Q1+ M(Q2+ M2(Q3 +---)) := Qo + MyR.

Note that xy, is distributed according to the measure ¢ introduced in Lemma 2.4
and hence P(|R| > 1) = P (|R| > t), where we denote as usual P () :=

[s P ()% (dx). We have:

LEMMA 5.7. The following limit exists and is strictly positive:

(5.17) K = lim P, (IR| >1) = lim t*“P(|R| > 1).
11— 00 t—00

PROOF. The measure v is an irreducible measure of the Markov chain
(xn)nez and hence it is absolutely continuous with respect to its stationary dis-
tribution 7. Therefore, the claim follows by the bounded convergence theorem
from part (a) of Theorem 1.6 and part (c) of Lemma 3.2. [J

We will show next that the contribution of Qg in R is negligible in the following
precise sense [recall that &, are assumed to be bounded by (2.5)]: for some 8 > «,

Ni—1 i B
(5.18) sup E ([1%21} > 1_[|,0_/|i| ><oo.

xedy i=0 j=0
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1 . ..
Let A(x) = E ([{n,>1) 2, 10 ]_[J —olpjl] Py < . Smce for any posmve num-

bers {a;}}_, we have (a; + a2 + - Fay)f < n'B(a1 —|—a2 + - +an) we obtain
for any 8 > 0 and x € 4p:

0o n—1 i B
A(x) = E;(Z ST1 ijll{zvlzn}>

n=1i=0 j=0

00 n—1 i B
(5.19) = E;(Zl_llpjll{m=n}>

n=1 i=0 j=0
00 n—1 i

<>y EI( [1 |P./|ﬁ1{1vlzn})~
n=1  i= j=0

Let

Op(x.dy) :=O(x,dY)E(Ipop1p2- - pm—-11P1x_1 = x, xm_1 =),
where the kernel ® (x, dy) on (g, 79) is defined in (2.3), and let

Kp(x,dy) = H" (x,dy)E(|pop1p2- - pm—1|’[x_1 =X, X1 =y)
= Hj (x,dy),

where the kernel Hg on (4, 7p) is defined in (2.10).
Then for any x € 4,

m—1 m—1
@;ﬂ(x):E;(H |p,~|/31{N12m}) and Kﬁl(x):E;<]"[ |p,~|ﬂ).

j=0 j=0

By Lemma 2.1 and (2.5), the kernels Kg and 9 p satisfy the conditions of Proposi-
tion 2.4 with s(x, y) = E(|p0p1p2 - pm—11P1x_1 = X, Xpp—1 = y) and ¢; = ¢,
In virtue of Lemma 2.3, the spectral radius of H, and hence K|, is equal to 1. Thus,
by part (c) of Proposition 2.4, the spectral radius of O, is strictly less than one.
Since rg 5 is a continuous function of 8, we have for some 8 > «:

(5.20) rg, < 1.

For [ € N, denote [=m- max{[//m], 1}, where m is as in (2.1). We obtain from
(§.20) that forany / € N, n > max{/, m}, x € 41, and for suitable constants Ag > 0,
Apg <O0:

I -1
E?( I1 |IO/'|131{NIZ”}> =< CZ’E;< [1 |Pj|’31{1v1>m>
j=0 j=0

l/m

< Bl D/ (x) < Age"



602 A. ROITERSHTEIN

where in the first inequality we use (2.5) and the fact that 7 < n for n > m (note
also that rg < 1 by Proposition 2.4 applied to the kernels H and ®). This yields
(5.18) in virtue of (5.19).

Fix some 8 > k which satisfies (5.18) and « € (%, 1). By (5.19) and the Cheby-

shev inequality, lim;_, oo t“ P (| Qo| > t*) = 0 uniformly in x. Let

Ni—m Ny
Mo 1 =N, —m=—1) + LN —m>0) - H loil and Mpo = H loil.
i=0 i=Ni—m+1
Then, My = My,1 - Mp,2 and c;mMo <Mp: < cZ’Mo, where ¢, is introduced in
assumption (A4).

Recall the random variable R defined in (5.16) and note that My ; and R are
independent under the measure P because only the m — 1 last variables in the
block (xo, x1, ..., xn,—1} are dependent on xy;, .

For any 8 > « such that (5.18) holds, we have

P (IR| > 1) < 1P (1Qol +MoR| > 1,1Qol < 1%) +1* P (| Qol = 1)
- o tK —
<“PT(MoR| >t = 1) + 5 EZ(100l")
< 1P () |MoaR| > 1 —1%) + E; (1Qol”).

The expectation E (| Q0|?) is bounded on 4 by (5.18), while (5.17) and the fact
that R is independent of My ; under P imply that for some L > 0,

r—1®

K
t"Px‘(ch|Mo,1R|>t—t“)§L< ) E_(IMo1l") V> 1

yielding the upper bound in (1.7) since the expectation E [(My,1 I#) is bounded
on 4 in view of (5.18).
To get the lower bound in (1.8), write

t“P"(IR| > 1) > t“P_(IMoR| — | Qo| > 1)
> P (IMoR| — | Qol > 1,1Q0| <1%)
> P (IMoR| > 1 +1%) — P7(1Q0| > 1%)

K p— 2} o 1" — B
>t P (IMoR| >1+1t )—ta—ﬁEx (1Qol”)

- = o
> 1P (e, | Mo, R > 1 +1%) = 2 EX(1Qol),

and note that [’a—KﬁE ( Q0|/3) converges to zero uniformly on x by (5.18) while by
(5.17) we have for any A > 0, some constant J > 0 that depends on A, and all ¢
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large enough:
P (c," | Mo R > 1) > t“P7 (A c;™ - |R| > t; |[Mo,1| > A)
> JP, (|Mo,1] = 2).

To complete the proof it remains to show that for some A > 0 there exists a number
&1 > 0 such that

P (IMo1| > A) > 61, T-a.s.

Toward this end observe that for every x € 8y, with ¢ € N defined in (2.4) and
¢, > 0 defined in (A4) (we will assume, actually without loss of generality, that
Y >m),

P (1Mo, | = c;0=m) > P;<|Mo,1| > min ¢ 7Ny <)

m<i<v
=P, (N1 =v) =34,
where § > 0 is defined in (2.4).

APPENDIX A: PROOF OF PROPOSITION 2.4

(a) First, we note that if a nonnegative eigenfunction f % 0 of the operator
K : B, — B, exists then necessarily inf, f(x) > 0. Indeed, assuming that K f =
Af for some A > 0, we have for any x € 4,

d+m d+m d

Yafm =Y Kfwz=Y [ [ K@K cdnso
i—1 i=1 i=17%17%

>pecp! /5 FOIWy) >0,

where the last inequality follows from the fact that f(x) > O for every x € 4y
(cf. [18], Proposition 5.1(ii)).

The proof of the existence of such f € Bj is an application of Nussbaum’s
extension of the Krein—Rutman theorem (cf. Theorem 2.2 in [19]). Theorem 2.2.
In view of this theorem (this is explained in Appendix B) it is sufficient to show
that there exists a double-indexed sequences of compact linear operators Q, ; on
the space Bj such that

(A.1) limsupv/|K" — Qnill < 1/n, neN.

i—00

It even suffices to show that lim sup;_, JIIKmi — Qn il <1/n for some compact
operators Q\n’i on By, since we can then set O, ; = Ki—mii /Q\n,jn where j; is the
integer part of i /m. For this purpose we shall adapt the Yosida—Kakutani’s proof
that Markov kernels satisfying Doeblin’s condition are quasi-compact (cf. [24],
Section 4.7).
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(1) First, we observe that if n(x, y) and j(x, y) are jointly measurable bounded
function, then the product of the two operators defined by the kernels N (x, dy) =
n(x, y)u(dy) and J(x,dy) = j(x, y)u(dy) is compact in Bp. Indeed, we can ap-
proximate n(x, y) in L{(80 X 89, To X To, 4 X ) up to 1/i by a simple function
ni(x,y) which is a finite linear combination of the indicator functions of “rec-
tangle” sets B; x x C;k, where B; , C; x C 8o. Then, the operators correspond-
ing to the kernels Nj(x,dy) = n;(x, y)u(dy) are finite-dimensional and hence
JN = lim;_ ~ JN;, being the limit in operator norm of a sequence of compact
operators, is compact.

(2) Fixn € N and let § = §(1/n) be defined as in condition (iii) of the proposi-
tion. Let k(x, y) be a jointly measurable density of the kernel K™ with respect to
u (such a density exists since the o -field 79 is assumed to be countably generated,
see, e.g., [18], Lemma 2.5) and set

gn(x,y) = minfk(x, y), 87" - |K™|1}.
Let Dy ={y € 89:k(x,y) # gn(x, y)}, thus k(x, -) > 8_1||Km|| on D,. Since

sup K" (x. D) =sup [ k(x. y)u(dy) = IK”L
X X X
then w(D,) <. Hence, letting O, (x, dy) = g, (x, dy)u(dy),
K™ — Oull < SUP/D k(x, y)u(dy) =sup K" (x, Dy) < 1/n.
X » X

(3) Let R, = K™ — Q,. Then K™ = (Q, + R,)' = of 2 terms each of
them, except maybe those i + 1 where Q,, appear at most once, is compact by (1).
But

IR+ QuR 4+ RyQuR 24+ RITIQ,|
<(/n) +i-|Qull- A/n) "t < (1/n) +i- |K™| - (1/n) 7L,

as required. R

(b) The proof for the kernel ® on (41, 77) is the same as for K, since the con-
ditions of this proposition hold for © as well (withd =m = 1).

(c) Let ¢, > 1 be a constant such that f(x) € (c;l, ¢, ) forall x € 4. Then, for

any x € 89, ¢! f(x) <1(x) < ¢, f(x), and hence
(A2) it <K"l(x) <cir!  Vx e
Let K (x, -) be the restriction of the kernel K™ to the states of the set 4. It follows
from (A.2) that the spectral radius of K coincides with rl’:’. R

By [18], Proposition 5.3 andA[18], Theorem 5.2, the kernel ® has an invari-
ant measure 7g. Since ' f > © f, the equality rg = re would imply by [18],
Proposition 5.3 and [18], Theorem 5.1 that 7g-a.s., © f(x) =r} f(x) = K™ f (x),

which is impossible because f(x) > 0 and K" (x,dy) — @(x, dy) > rcl_lz//(dy)
for any x € 4. Hence rg <r,.
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APPENDIX B: THE NUSSBAUM FIXED POINT THEOREM

This appendix is devoted to the Nussbaum’s extension of the Krein—Rutman
fixed point theorem (cf. Theorem 2.2 in [19]) or, to be precise, to the version of
this theorem which is actually used in (A.1).

Let X be a Banach space. For a bounded subset S of X, Kuratowski’s measure
of noncompactness «(S) is defined by

n
a(S) =inf{d >0:5= U S;,neN, and D(S;) <dforl <i Sn},
i=1

where D(S) := SUP, yes |lx — y|| is the diameter of the set S.

A bounded linear operator K in X is called a b-set-contraction for a number
b > 0if a(K(S)) < ba(S) for every bounded subset S of X. A closed subset C
of X is called a cone if the following holds: (i) if x,y € C and o, 8 > 0 are
nonnegative reals, then ax + By € C. (ii) if x € C — {0}, then —x ¢ C.

THEOREM B.1 ([19], Theorem 2.2). Let X be a Banach space, C be a cone
in X, and K be a bounded linear operator in X such that K(C) C C. Let

IKllc :=sup{l|Kull:u € C, [lu] <1}

and a.(K) :=inf{b > 0: K. is ab-set-contraction}, where K. :C — C is the re-
striction of K to the cone C. Further, let

re(K) :=nliﬁrgo VIK" . and p.(K) :=nlgngoev" o (K™).

Assume that p.(K) < r.(K). Then there exists an x € C — {0} such that Kx =
re(K)x.

We want to apply this theorem in the situation of Proposition 2.4, namely to
the Banach space B}, the operator K defined by K f = f50 K(x,dy)f(y), and the
cone C of nonnegative functions in Bj,. Note that r. (K') coincides with the spectral
radius 7, in this case. It follows from (2.8) and the assumption s(x, y) € (cl_l, c1)
that r, > cl_l/ ™ Therefore it suffices to show that (A.1) implies p.(K) = 0.
Since p.(K) < py(K) (cf. [19], page 321), it is even sufficient to show that

It will be convenient to use the notion of the Hausdorff measure of noncompact-
ness x which is defined for a bounded subset S of a Banach space X by

x (S) =inf{d > 0: S has a finite d-net in X}.

By finite d-net in X we mean a finite subset {xy, ..., x,} of X such that for any
y € 4 there exists an index j s.t. ||y — x|l <d, where || - || is the norm on X.
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Let
X (K):=inf{b > 0: x (K (S)) <byx(S) for bounded subsets S of X},

and o (K) :=lim,— o </ x (K"). The Kuratowski and Hausdorff measures of non-
compactness are equivalent in the following sense (cf. [1], page 4): x(S) <
a(S) <2x(S) for every bounded subset S of X. Thus, it suffices to show that
0(K) = 0 when (A.1) holds. The latter assertion follows from the following
lemma.

LEMMA B.2. Let X be a Banach space and K be a bounded linear operator
in X. Further, let ¢ > 0 be a positive constant and assume that there is a compact
operator Q in X such that ||Q — K || < e. Then, x (K) <2¢|K]|.

PROOF. Fix a bounded set S C X. Let {x1,x3,...,x,} € X be a finite d-net
of S for some d > 0. It suffices to show that the set K (S) has a finite 74-net in X,
where we denote 1y :=2ed||K||. Let B;, i =1, ..., n, be the balls in X of radius
d and centered in x;. Then, S € |J?_, B; and K(S) € UJ’_,; K(B;). Therefore,
it is sufficient to show that each set K(B;), i = 1,2,...,n, has a finite n4-net
in X.

Fix any § > 0. By the semi-homogeneity property of the measures of noncom-
pactness and their invariance under translations (cf. [1], page 4) we can assume
without loss of generality that d = 1 and consider only the unit ball By centered
at 0 € X. Let Z :={z1,22,...,2m} be a finite 5-net of the totally bounded set
Q(By). Then, the balls of radius § + | K || - || K — Q|| with centers in z1, 22, ..., Zm
cover the set K (Bp). Indeed, for a point x € K (Byp), let z(x) € Z be such that
|Qx — z(x)|| <34. Then,

[Kx —z() < |Kx — Qx| +[|Qx —z() || < lIx]| - 1K — Q| + 8
<IK[l-IK—=QlI+3=IKI|-IK—Ql+3.

This completes the proof of the lemma since § > 0 is arbitrary. []
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