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The main result of the paper is a version of the fundamental theorem of
asset pricing (FTAP) for large financial markets based on an asymptotic con-
cept of no market free lunch for monotone concave preferences. The proof
uses methods from the theory of Orlicz spaces. Moreover, various notions of
no asymptotic arbitrage are characterized in terms of no asymptotic market
free lunch; the difference lies in the set of utilities. In particular, it is shown di-
rectly that no asymptotic market free lunch with respect to monotone concave
utilities is equivalent to no asymptotic free lunch. In principle, the paper can
be seen as the large financial market analogue of [Math. Finance 14 (2004)
351-357] and [Math. Finance 16 (2006) 583-588].

1. Introduction. In a semimartingale model of a securities market,
Frittelli [5] introduced the notion of no market free lunch (NMFL) which is a
condition of no arbitrage type induced by the preferences of all agents in the
market. Preferences are given by expected utility, where the expectation is taken
with respect to an equivalent probability measure which, together with the utility
function, determines an agent. Frittelli gave characterizations of the well-known
notions of no arbitrage (NA) and no free lunch with vanishing risk (NFLVR) in
terms of NMFL, the difference between the characterizations depending on the
class of utility functions. Moreover, he provided a new version of the fundamental
theorem of asset pricing (FTAP), that is, he gave a direct proof of the equivalence
between NMFL with respect to monotone concave utility functions and the exis-
tence of a (local/sigma) martingale measure. The proof is not based on any other
version of the FTAP.

A large financial market is a sequence of traditional market models, each based
on a finite number of assets. Under the assumption that there does not exist any
kind of arbitrage on any of the finite markets, Kabanov and Kramkov [10] in-
troduced the notions of no asymptotic arbitrage of first kind (NAA1) and second
kind (NAA2). These notions give one-sided versions of the FTAP for large finan-
cial markets in the sense that they are equivalent to the existence of a sequence
of equivalent martingale measures with a contiguity property with respect to the
sequence of the original probability measures in one direction; see [10, 11, 16, 17].
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However, the direct analogue of the existence of an equivalent martingale mea-
sure for the case of a large financial market seems to be the existence of a sequence
of martingale measures which is contiguous with respect to the sequence of the
original probabilities and vice versa (i.e., bicontiguous). So, the question naturally
arises as to whether the symmetric property of bicontiguity has an economic inter-
pretation. The general answer to this question was given in [12] where the notion
of no asymptotic free lunch (NAFL) was introduced, this notion being the large
financial market analogue of the concept of no free lunch (NFL) of Kreps [18].
This lead to a general version of the FTAP for large financial markets. However,
the condition NAFL is rather technical and, unfortunately, cannot be replaced by a
weaker condition of this type in general. For continuous processes, the bicontiguity
property is equivalent to no asymptotic free lunch with bounded risk (NAFLBR)
which has an intuitive interpretation; see [13].

In the present paper, I introduce the notion of no asymptotic market free lunch
(NAMFL) which is the translation of the concept of no market free lunch of Frittelli
to large financial markets. It turns out that NAMFL with respect to monotone con-
cave preferences is also equivalent to the existence of a bicontiguous sequence of
martingale measures, which is the main result of this paper. This is another version
of the FTAP for large financial markets in full generality with the additional prop-
erty that the notion of NAMFL has a clear economic interpretation via preferences
of investors. The proof is based on some ideas of [5], but is more involved than the
proof of the analogous result there. One has to introduce a uniform concept of no
market free lunch with respect to monotone concave preferences (which turns out
to be equivalent to the nonuniform concept) and use the theory of Orlicz spaces
and a quantitative version of the Halmos—Savage theorem. The proof illustrates
the close ties between the theory of monotone concave utilities and that of Orlicz
spaces. This connection obviously also holds in the small market case: with the
use of Orlicz spaces, one can directly prove that NMFL with respect to monotone
concave preferences is equivalent to the concept of NFL. This was done in [15].

Besides the FTAP result, various no asymptotic arbitrage conditions from the
literature are characterized in terms of no asymptotic market free lunch. The dif-
ference lies in the choice of the set of utilities defining the market free lunch. By the
FTAP result, one may already suspect that the characterization of NAFL in terms
of no market free lunch is its equivalence to NAMFL with respect to monotone
concave preferences. In fact, this result is the step justifying the fact that we can
replace the NAMFL condition by a uniform version. Moreover, this is an analo-
gous result to [15] for large financial markets.

When speaking about large financial markets, one must remark on the history
of the theory. The idea of asymptotic arbitrage first appeared in [22] and in the
important note of Huberman [8]. The theory of large financial markets can be seen
as a “modern” version of arbitrage pricing theory (APT). However, the classic APT
does not touch the problem of the existence of an equivalent martingale measure,
so it does not provide a version of the FTAP for a large financial market.
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We conclude the Introduction with a short overview of how the paper is orga-
nized. In Section 2 we introduce some notation and deal with the small market
case, that is, we compile some results on market free lunch for a traditional market
model, following [5] and [15]. In Section 3 we introduce large financial markets
and define an asymptotic concept of no market free lunch. In Section 4 a ver-
sion of the FTAP for large financial markets based on no asymptotic market free
lunch is stated and proved. In Section 5 it is shown that NAMFL with respect
to monotone concave preferences does indeed hold uniformly and, moreover, is
equivalent to NAFL. Theorem 4.2 and Corollary 5.3 are the main results of the
paper, and together, they give a general formulation of the FTAP in terms of no
market free lunch with respect to monotone concave preferences in the case of a
large financial market. In Section 6 characterizations of various no asymptotic ar-
bitrage properties are given in terms of no asymptotic market free lunch. Finally, in
the Appendix, some properties of Orlicz spaces, Young functions and the Mackey
topology are compiled, as well as some facts on contiguity of sequences of prob-
abilities, a convex duality result of Bellini and Frittelli [1] based on [21] and a
quantitative version of the Halmos—Savage theorem; see [17].

2. Notation and no market free lunch on a small market. Let (2, %,
(Ft)re[0,00), P) be a filtered probability space where the filtration satisfies the usual
assumptions. Let P be the class of probability measures on (€2, ¥) equivalent to P.
Whenever it is clear which P is meant, the notation L? is used for L? (2, ¥, P)
(where p =0, p =1 or p = 00); whenever the dependence on a certain measure R
is stressed, we use the notation L”(R). Let (S;);¢[0,00) be an (¥7)-adapted semi-
martingale with values in R?, describing the price processes of d tradeable assets.
Let H be a predictable S-integrable process and (H - S); the stochastic integral
of H with respect to S. The process H is an admissible trading strategy if there
exist some a > 0 such that (H - S) > —a. Define

K= {(H - 8)oo: H admissible and (H - §)oo = tlim (H - S); exists a.s.},
— 00

C=K-L)HnL™.

K can be interpreted as the cone of all replicable claims, and C as the cone of all
claims in L°° that can be superreplicated. That is, claims in C are dominated by
elements of K. As a piece of notation, define

Ki={feK:f>=-1].
Define the set of separating measures
M={Q <« P:KCL'(Q)and Eg[f] <0 forall feK].

If S is bounded (resp. locally bounded), then M consists of all P-absolutely con-
tinuous probability measures such that S is a martingale (resp. local martingale).
In general, for unbounded S, M is the set of P-absolutely continuous probabilities
such that the admissible stochastic integrals are supermartingales.
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REMARK 2.1. Observe that in the definition of K, one has to be careful that
(H - S)so is well defined. But this is not a problem as later on there will al-
ways be some Q € M N P; see (3.1). Therefore, for admissible H, H - S is a
Q-supermartingale and (H - S)so €xists a.s.

Recall the well-known conditions of no arbitrage (NA), no free lunch with van-
ishing risk (NFLVR) and no free lunch (NFL):

(NA) CN LY ={0},
(NFLVR) CNLY ={0},
(NFL) C*N LY = {0},

where C is the L>-norm closure of C and C* the closure of C with respect to the
weak-star topology.

The fundamental theorem of asset pricing (FTAP) says that an appropriate “no-
arbitrage” condition is equivalent to M NP # &. If S is (locally) bounded, this
means that there exists an equivalent (local) martingale measure. In the unbounded
case, this implies that the set M° of equivalent sigma-martingale measures is
nonempty and that M? is dense in M for the variation topology; see [4]. For
finite 2 [6], and for general 2 and a finite number of trading dates [2], NA is
sufficient. For general €2 and continuous time, the FTAP was proved in full gener-
ality by Delbaen and Schachermayer [3, 4], using the stronger condition NFLVR.
Moreover, it is clear that the even stronger condition NFL of Kreps [18] is also
equivalent to M NP £ .

No market free lunch. Frittelli [5] introduced a notion of market free lunch
that depends on the preferences of the investors in the market. Let U be a class
of utility functions u:R — R U {—oo} where the domain of u is D(u) = {x €
R:u(x) > —oo}. The preference > of a certain agent (determined by some R € P
and u € U) can be represented by expected utility:

fi=fr < Egrlu(fi)]l = Erlu(f)].

A market free lunch with respect to U is a w € LS, such that for all R € P and
allu € U, sup scc Er[u(f — w)] = u(0), where LY ={wel”:P(w>0)=1
and P(w > 0) > 0}.

This means that all agents (R, u#) in the market regard the same claim w as a
free lunch. The supremum is computed on {f € C: Egr[u~ (f — w)] < 400} and
if this set is empty, the supremum is —oo.

DEFINITION 2.2. There is no market free lunch with respect to U, denoted
by NMFL(U), if for each w € L, there exist R € P and u € U such that

SUp rec Egrlu(f —w)] <u(0).
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The notion of NMFL(U) depends on the class U. Frittelli used the following
sets of utility functions:

DEFINITION 2.3.
Up = {u:R — R U {—o0} such that u is nondecreasing on R};
U; ={u € Up: u is left continuous in 0 € interior(D(u))};

U, = {u € Up: u is finite-valued and concave on R}.

It is clear that NMFL(U;) = NMFL(U;) = NMFL(Up) as U, C U; C Up.
Frittelli gave characterizations of (NA) and (NFLVR) in terms of no market free
lunch and proved a version of the FTAP via NMFL(U>).

THEOREM 2.4 ([5]).

(a) NMFL(Up) < NA.
(b) NMFL(U,) < NFLVR.
(c) NMFL(Uy) < M NP # @ (FTAP).

Delbaen and Schachermayer proved that NFLVR <& M NP # @; see [3, 4].
So it is clear that, moreover, NMFL(U) < NMFL(U,). It will become clear later
on that this is not the case for the analogous notions in large financial markets.
Indeed, we will see in Section 6 that NAMFL(U;) < no asymptotic arbitrage
of first kind and in Sections 4 and 5 that NAMFL(U;) < there is a sequence
of measures Q" € M" NP" that is bicontiguous with respect to (P"). From the
literature, we know that then NAMFL(U;) cannot be equivalent to NAMFL(U»);
see [10-12, 16, 17].

In [15], it was shown directly that NMFL(U>) is equivalent to NFL:

PROPOSITION 2.5. NMFL(U,) < NFL.

In Section 5, a result analogous to Proposition 2.5 will be proved in the case of
large financial markets; see Proposition 5.2.

3. Large financial markets and no market free lunch. In a large financial
market, a sequence of small market models is considered, that is, a sequence of
semimartingales (S") where S" is based on (2", ", (¥/*), P"). The interpreta-
tion of the superscript n in expressions such as K", C*, M", P", and so on, is then
obvious. Throughout this paper, the assumption

(3.1) M'NP"£@  forallneN,

is made. This ensures that on all the small markets, NA, NFLVR and NFL hold
and, moreover, NMFL(U) for U = Uy, Uy, Us,.
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DEFINITION 3.1. A sequence of probability measures (R") is contiguous
with respect to (P"), denoted by (R") < (P"), if for all A" € F", P*(A") - 0
implies R"(A") — 0.

The following notation is used: (R") <> (P") means that the sequence of prob-
ability measures (R") is contiguous with respect to the sequence of probability
measures (P") and vice versa.

Contiguity is used as a concept of absolute continuity of probability measures
in a uniform way for sequences of probability measures. For a precise statement,
see Lemma A.10 of the Appendix.

Though any form of no arbitrage holds on any of the small markets, there is still
the possibility of achieving various approximations of an arbitrage profit by trading
on the sequence of small markets; see Sections 5 and 6 and [10-13, 16, 17].

For the definition of an asymptotic concept of no market free lunch for the large
financial market which is inspired by Definition 2.2, we need the sets

(3.2) D®" ={w e L®(P"):0<w < 1and Epr[w] > &}.

DEFINITION 3.2. There is no asymptotic market free lunch for U, denoted
by NAMFL(U), if for every & > 0 and every net W = (w"), cr with w” € D*""r,
there exist # € U and a sequence R" € P" with (R") < (P") such that for all
sequences (wk) € w:

limsup sup Epgmu [u(fk — wh)] < u(0).

n—>oo fkecnk

So, if there is an asymptotic market free lunch, then all agents [represented by
a utility # € U and a sequence of measures (R")] regard the same net w¥ € D*"r
(for a fixed @ > 0) as a kind of asymptotic free lunch. Indeed, “in limit” they all are
able to hedge the claim ‘W according to their beliefs and preferences (at least on a
subsequence of markets), as for all R" € P" with (R") < (P") and u € U there is
a subsequence such that limsup,,_, sup pn ccme E g [u(fk — w")] > u(0). The
is fixed, so the profit does not disappear in the limit.

REMARK 3.3. For a sequence (w”) such that w” € D%”" for all n € N, the
following holds: if (P") < (R™), then there exists 8 > 0 such that w” € D# (R")
for all n € N.

Indeed, it is clear that P"(w" > 5) > 7 for each w" € D*". By Lemma A.10,
there exists § > 0 such that R"(w" > %) > § for all n, and therefore Egn[w"] >
%8 =: B. This shows that w" € D?(R").

Note that in the large financial market case, the sequence of sets D®" plays the
role of LY, of Definition 2.2. This ensures that the strictly positive part of the
functions does not disappear when n — oo.
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4. A FTAP for large financial markets based on no asymptotic market free
lunch. A FTAP for a large financial market shows the equivalence result of a
notion of no asymptotic arbitrage and the existence of an “equivalent martingale
measure” [which is a sequence of measures (Q") such that (i) Q" € M" NP" and
(1) (Q™) is uniformly equivalent with respect to the sequence (P"), i.e., (P") <
(O™)]. In the case of (locally) bounded S”, this means that there exists a sequence
(Q™) of equivalent (local) martingale measures such that (Q") <> (P"). In the
unbounded case, it implies the existence of a sequence (Q") of equivalent sigma-
martingale measures such that (Q") <> (P") (this is an easy consequence of the
fact that M} is dense in M" for the variation topology, for all n).

In the case of continuous processes, the economically intuitive notion of no
asymptotic free lunch with bounded risk (NAFLBR)—for the definition see Sec-
tion 6—is necessary and sufficient; see [13]. However, in the general (i.e., non-
continuous) case, NAFLBR is not sufficient. One needs the stronger concept of no
asymptotic free lunch (NAFL) which was introduced in [12]. This is the general-
ization of the concept of NFL by Kreps to large financial markets. The definition
of NAFL is recalled in Section 5. NAFL provides a version of the FTAP for large
financial markets in full generality. Unfortunately, the concept of NAFL is of a
highly technical and unintuitive nature, involving subtle descriptions of Mackey
neighborhoods of 0. Therefore, it is of interest to know if there is a notion that
gives the same general result but which can be interpreted in an easier way. It turns
out that one can prove a theorem in full generality using NAMFL*(U,), a uniform
version of NAMFL(U,); see Theorem 4.2 below. This is the large financial market
analogue of Frittelli’s result [Theorem 2.4(c)]. Moreover, NAMFL*(U,) is fairly
intuitive, economically reasonable and less technical than NAFL. But we must still
check whether it is admissible to use the uniform version of no asymptotic mar-
ket free lunch. In Section 5, the gap will be closed; it will be shown there that
the use of the uniform notion is indeed justified, as NAMFL*(U,) is equivalent
to NAMFL(U;). Moreover, this gives an analogous result to Proposition 2.5 for
large financial markets as it turns out that both notions are equivalent to no asymp-
totic free lunch (NAFL). So, in fact, Theorem 4.2 and Corollary 5.3 together give a
complete formulation of the FTAP in terms of NAMFL with respect to monotone
concave utilities.

In the following, some facts about Orlicz spaces Lr(P) and Young functions
are used. The set of all Young functions is denoted by Y. All relevant definitions
and results are compiled in the Appendix.

DEFINITION 4.1. There is uniformly no asymptotic market free lunch with
respect to Us on the large financial market, NAMFL*(U,) if for every ¢ > 0, there
is § > 0, u € Uy and a sequence R" € P" with (R") <> (P") such that for every
sequence w" € D",

limsup sup Ege[u(f" —w")] <u(0) —38.

n—od f”GC”
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This is called uniformly since the u and the (R") in the NAMFL' condition
depend only on ¢ and not on the special choice of a sequence w” € D*". On the
other hand, in the NAMFL condition for each net (w”), er with w? € D®"r, there
is some u € U, and some sequence (R"). It will become clear that, in contrast
to the small market case, the uniformity is crucial when one is dealing with large
financial markets. In the proof, we will have to use the fact that the u and (R")
only depend on e. Without this uniformity, the proof of the (=) part of Theorem
4.2 would be very hard, or even not possible.

THEOREM 4.2 (A version of the FTAP for large financial markets).
NAMFL'(Up) & there exists a sequence of measures Q" € M"™ NP" such that
(Q") < (P").

PROOF. («) Let (Q") <> (P"), fix € > 0 and take u(x) = x. Take an ar-
bitrary w" € D®". Then Eps[w"] > ¢ and, as w" € D®" and (P") < (Q"),
Eogn[w"] > 6 for some § > 0 that depends only on ¢ (see Remark 3.3). So, as
Q"eM", Egn[f"] <0and

sup Egn[u(f" —w")]= sup Egn[f"]— Egn[w"] < -4,
freCn freCn
hence NAMFL*(Us). (=) Let ¢ > 0 be fixed. By NAMFL*(U,), there exist § > 0,

u € Uy and a sequence R" € P" with (R") <> (P") such that for every sequence
A= (A" with A" € F" and P"(A") > ¢ (i.e., 1an € D®"),

limsup sup Ege[i(f" — 1an)] < u(0) — 33.

n—>00 frneCn

Without loss of generality, let 22(0) = O [just replace u(x) by &t(x) — 2(0) and the
same holds]. By Lemma A.4, for § > 0 as above, there exist # € U, such that
u(x) < u(x) + & and there exist a Young function F such that u is defined as up
in (A.2). It is clear that for this u,
(4.1) limsup sup Egn[u(f" —1an)] <u(0) — 28 = —28 <0 =u(+00).

n—oo  freCn

So the assumptions of Theorem A.14 are fulfilled for every n > N®A for G = C",
N = M", w = —1» and u. This implies that there exist 04" € M" and A4" > 0
such that, for all n > N&A,

nd QA nd QA
42 Epn| =24 1 pn A4 )]
“2) . [ S +v( =
= sup Ege[u(f" —1an)] <=6,
anCn

where v(y) = sup, g (u(x) — xy).
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CLAIM 1. There exists some N < 00 such that N&A < N for all sequences A
as above.

Indeed, otherwise for each k, there is a sequence (A}) such that for some ny > k,

(43) sup ERnk [I/l (fnk — ]].Ank)] > —94.
f”k cCk k
Define a new sequence Bk = AZ" . Then, still, P"(B¥) > ¢. For the sequence (Bb),
(4.3) gives a contradiction to (4.2), verifying Claim 1.
From now on, fix the N as above.

CLAIM 2. There exist g > 0 and A1 > 0 such that for all sequences A as
above, Lo < 2A <A1, foralln > N. In particular, Ag = 6.

By definition, clearly v(y) > u(0) = 0 for all y. Hence, as QA" (A") <1 and
by (4.2),

A < A 0N (A + Egn| v AA”dQAn <-$
= R" JR" ;
and therefore A4 > § =: 20.
As for the second assertion, note that the definition of u implies that v is a

Young function (Lemma A.5). By Lemma A.3, lim,, _, @ = 400 and therefore,

a fortiori, limy_, 5o (v(y) —y) = +00. As 0 < 0" (A <1, by Jensen’s inequality
and (4.2),

n n n ndQAn
A A A A
A (3 A = -2 +v<ERn|:k T D

< _)\A” QAn (An) n ERn |:v ()\,A” dQA” >:| s
- dR" ’
As v(AA") — AA" < =3, there exists A1 > 0 (depending only on v and therefore
on &, but not on the sequence A) such that A4” < A, proving Claim 2.
Thus far it has been shown that

(4.4) A" 04 (A™) + E g [U(AA”dQA >] <-4
dR"
for all n > N, and that § < A4" < A1, where v(y), § > 0, A1 > 0 and N depend
only on ¢ and not on the special choice of the sequence A” with P"(A") > ¢.
(4.4) implies that there exists ¥y > 0 (depending only on &) such that
04" (A") > y forall n > N. Indeed, as v > 0,

n n I’Ld An n n
—§> 2" 04 (A" + Egn [v(,\f‘ dQR” )] > 24" 04" (4,
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which implies that 04" (A" > xi” > % =:y.

Let G(y) = % By Lemma A.5, v € ¥ and so, clearly, G € ¥ as well.

CLAIM 3. % € BY(R") ={f € L¢(R"): | fllg < 1} for each sequence
(A™) as above.

G € Y and is therefore strictly increasing. Hence, as § < 24" and by (4.4),

Err [G(ddQRi” )} =% 1— 5 Ee [”(w ddQI:’n )]

—8 4+ 247 04" (A™)
<

4.5
(4.5) s
-5+ X |
S '
So 4 dQR/j, € BY(R") for each n > N and each sequence (A") as above. This proves
Claim 3.

Let us recapitulate what we have found. For fixed ¢ > 0, there is a sequence (R")
[with (R") <> (P") and R" € P"] and y > 0 and N € N such that for all n > N,
the following holds. For all A" € F" with P"(A") > ¢, there exists QAH e M"
with:

(@) 0*"(A") >y, and
(b) 04" € P", where P = M"N{Q < R": jlgl € BY(R™)}. Note that P" is
a convex set of P"-absolutely continuous probability measures (as R" € P").

Apply Proposition A.15 for each fixed ¢ and the corresponding y,eachn > N =
N (¢e) and the convex set 2" of P"-absolutely continuous probability measures.
This gives, for each ¢ > 0, a sequence (Q*"),>n such that Q" (B") > p := EZTV
for each B" with P"(B") > 4¢. Moreover, Q%" € £"; note that by Lemma A.12,
this implies that (Q®"),>n < (R"),>y and hence that (Q*"),>y < (P"),>n for
each ¢ [as (R") <> (P™M)].

Define, fore =27/, j=1,2,...,and forn > N, Q" = Y32, 277/ 0? 'm.

CLAIM 4. The sequence (Q"),>n satisfies:
1. Q"e M"NP",
2. (Qn)nzN <> (Pn)nZN-

The proof can be found in [12], for the convenience of the reader, it is recalled
in the Appendix (Lemma A.13). Now, for each 1 <n < N — 1, take an arbitrary
Q"eM'NP"£2.As Q" ~P"forn=1,...,N — 1, these Q" can be used to
complete the sequence and we still have (Q"),>1 <> (P"),>1. This completes the
proof. [
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5. A characterization of no asymptotic free lunch in terms of no market
free lunch; NAMFL with respect to Uy holds uniformly. Recall the defini-
tion of NAFL from [12]. Let F' be a Young function and define BF(P") = { f e
Lr(P"): | fllF < 1}; see (A.3). By Remark A.8, Bf (P") is a weakly compact
subset of L!(P"). As in (A.4), define the polar

VP = (BF(PM)°
={g e L®(P"):|Epn[gh]| < 1forall h € BF (P")}.

The notation BF*" and V" is used for BF (P") and V¥ (P"), respectively, if
it is clear which measure P" is meant.

DEFINITION 5.1. There is no asymptotic free lunch (NAFL) if for each ¢ > 0,
there is some F € Y such that C" N (D®" 4+ V") = & for all n € N, where D®"
is defined as in (3.2).

Definition 5.1 implies that the set C" is, for each ¢ > 0, separated from D®"
by some Mackey neighborhood V" of 0. See Section A.3 for an explanation
of why a fundamental system for the Mackey neighborhoods of O [in L°°(P")]
can be given by the sets V", Therefore, NAFL is a direct translation of NFL
to a sequence of probability spaces. Indeed, if NAFL holds, it is not possible to
approximate a strictly positive gain by elements of the sequence of sets (C") in a
Mackey (or, equivalently, weak-star) sense.

Note that in [12], the weakly compact subsets of L! were described in a slightly
different way. However, the short note [14] shows that the sets BF" can be used
instead of the sets K#" for [12]. In fact, the use of Orlicz space methods makes
the proof for [12] more transparent.

The analogue of Proposition 2.5 for large financial markets will now be proven.
This result shows that in Section 4, it is justified to use the uniform version of the
no market free lunch condition with respect to U,. Moreover, it gives a characteri-
zation in terms of no market free lunch of NAFL.

PROPOSITION 5.2. The following conditions are equivalent:
(i) NAMFL(Uy),

(i) NAMFL*(U,),
(iii) NAFL.

It is now clear that we can formulate a version of the FTAP with the use of
NAMFL(U,) which, together with Theorem 4.2, is the main result this the paper.

COROLLARY 5.3. NAMFL(U,) < there exists a sequence of measures Q" €
M" N P" such that (Q") <> (P™).
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The following lemma shows that NAFL does not depend on the choice of a
sequence (R") such that R" € P"* and (R") <> (P"):

LEMMA 5.4. Suppose that (fF)Fey with ¥ e C"F) is an asymptotic free

lunch with respect to (P™). Then (fF) Fey Is an asymptotic free lunch with respect
to any (R") < (P"), where R" € P".

PROOF. By assumption, there exists some « > 0 such that for all F € ¥,
there exists f¥ e C") which can be written as f¥ = wf + g, where wf
DY(P"F)y and gF € VF (P, It will be shown that (fF) is an asymptotic free
lunch for every sequence of probability measures (R") such that (R") <> (P").

Indeed, as (P") < (R"), there exists 8 > 0 such that w’ € DP(R") (Re-
mark 3.3). As (R") < (P"), Lemma A.12 implies that there exists ¥ € Y such
that, for all n, % € BY(P"). Take now an arbitrary F e Y. Let G be the com-
plementary Young function of F. Moreover, let ¢ be the complementary Young
function of . Defining G(y) = (p o 2@)(2y), it is clear that G € Y. Let F be the
complementary Young function of G. We claim that the g© € V¥ (P"F)), which
is given by AFL for the Young function F, is in VE(RME)), Setting n(I:") =n(F),
this then readily implies AFL for the sequence (R").

Indeed, let n = n(F). By Lemma A.9, VF(P") € BO(P")NL®(P"). As gF' €
vEPm,

Epilp2GQ2lg" D= Ep[G(1g" DI < 1.

This gives |G(2/g" )|, (pr) < 5. Moreover, as 457 € BV (P"), Lemma A.2(iii)
implies

Epn[GQ2|g" )] = Epn 1P

H n

dP"

é<2|gF|>}

<2

IGQlg" Dz, pm < 1.
Llp(P")

But this means that g € %BG(R”) NL>®(R") C VF’”(R”), again by Lemma A.9.
O

PROOF OF PROPOSITION 5.2. Itis clear that (ii) = (i).

(iii) = (ii) Suppose there is an AMFL'(U;). There exists ¢ > 0 such that for
all § > 0, all u € Uy and all (R") <> (P") [in particular for the sequence (P")],
there exists a sequence w" € D*" with limsup,,_, o, SUp pnecn Epn[u(f" —w")] >
u(0) — 4.

It will be shown that there is AFL. Indeed, let G € Y, arbitrary and B® (P") be
defined as usual; see (A.3). Let F be the complementary Young function of G and

—F(—2x), for x <0,
0, for x > 0.

uF(x) = {
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By AMFL'(U,) for § = %, for uf € U, and for the sequence (P"), there exist
n=n(F,8) and f" € C", and w" € D" such that E p» [uF(f” —w™")] > —1. Set
g" = (f" —w™)~. Then clearly Ep:[F(2¢")] < 1 and therefore ||g"||F < % By
Lemma A.2(iii), for all h € B¢ (P"),

|Epn[g"h]l < EpnlIg"hI1 =2lg" I FllRllG <1,

which means that g” € (B¢")° = V" This implies that there is an asymptotic
free lunch. Indeed, if we define f" = f* — (f" —w")* € C", then f" = w" — g"
and so f" € (D*" 4+ V&) N C". This can be done for every G € ¥, which im-
plies AFL.

(i) = (iii) Suppose there exists an AFL, that is, there is & > 0 such that for each
F ey, thereis fF =wl + gl e C"F), where w! € D*"F) and gF' e V),
By Lemma 5.4, this is an AFL for an arbitrary sequence (R") <> (P") [from now
on, fix (R") and assume that the sets D" and V" are defined with respect
to R"]. Now take any & € U and w.l.0.g., assume that #£(0) = 0. By Lemma A.4,
for all k, there exists u* € U, with u*(x) < ii(x) + 2% and there exists F¥ € Yy
such that u¥ ;= u” k, defined as in (A.2). Moreover, because of the definition of
C"F) which allows the subtraction of positive elements of L>, one can assume
that the gF e VEn [where n = n(F)] satisfy gF <0.

It is also clear that F¥(x) := kF*(x) e Y. Let G* be the complementary Young
function of F¥. Take the fk=f A + g* given by the AFL, so that g €
VGk*”(Gk). By Lemma A.9, VGk’"k C BFk’"k and so

Epu[F*(—g"M] = Epu[kFF(—g")] < 1.
This gives Egm [F¥(—g")] < ¢ and Egn[u* (g")] > —1. For it > uk — 27,

limsup E g [ (£ — wb)] > limsup(E g [u* (f* — wh)] - 27F)

k— 00 k— o0
= lim sup(E gri [u* (g5)] — 27F)
k—o0
) 1 —k -
> lim <—— -2 >=0=M(0)-
k—o00 k

This gives an AMFL(Ujy). U

6. Characterizations of various no asymptotic arbitrage conditions in
terms of no market free lunch. The results of this section are in the style of
Frittelli; see Theorem 2.4(a) and (b). Let us briefly recall some concepts of asymp-
totic arbitrage/free lunch that appear in the literature:

DEFINITION 6.1.  On the large financial market there is:
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1. an asymptotic arbitrage of first kind (AA1) if there exist ¢y > 0 with ¢y — 0
and "g‘k € ckKrl”‘ such that limy_, o P (Sk > L) > 0, where L; > 0 tends to
infinity,

2. an asymptotic arbitrage of second kind (AA2) if there exist X e K[“anda >0
such that limg_, oo P (EF > a) =1,

3. a strong asymptotic arbitrage (SAA) if there exist ¢y > 0 with ¢ — 0 and
£k e K" and @ > 0, such that lim,,_, oo P (£ > o) =1,

4. an asymptotic free lunch with bounded risk (AFLBR) if there exist « > 0 and
£k e K'* such that:

(i) P (&% > o) >« forall k € N and
(i) limg_ o0 P (X < —g) =0 for all £ > 0.

A large financial market satisfies no asymptotic arbitrage of first kind (NAA1),
of second kind (NAA?2), no strong asymptotic arbitrage (NSAA), no asymptotic
free lunch with bounded risk (NAFLBR) if there does not exist a sequence as in
parts 1-4, respectively.

There are various results relating the notions NAA1 and NAA2 to the existence
of a sequence of martingale measures (Q") which is contiguous with respect to
(P") in one direction. Indeed, NAA1 < (P") is contiguous with respect to the
sequence of upper envelopes of the measures Q" € M" NP", whereas NAA2 &
the sequence of lower envelopes of the measures Q" € M" NP" is contiguous with
respect to (P"); see [11] and, in a different formulation, [16] and [17]. These re-
sults can be considered one-sided versions of the FTAP. As already mentioned in
Section 4, in the case of continuous processes, NAFLBR is necessary and suffi-
cient for the existence of a sequence of measures (Q") with Q" € M" N P" and
(Q") <> (P"). In general, NAFLBR is not sufficient for this condition—one needs
the stronger notion of NAFL; see Section 5.

REMARK 6.2. If there exist a sequence Ek € K" realizing AA1, AA2, SAA,
AFLBR, respectively, then there exist a sequence f* € C™ with the respective
properties as £X.

Indeed, gh! =gk v i — gk in probability and ghl =gk — (g — gkly e O,

Some more sets of utility functions will now be defined; see also Definition 2.3.

DEFINITION 6.3.
Ug = {u € Uy : 0 € interior(D(u))},
Uz = {u € Uy : u is concave and finite-valued on [—1, 00)},
Us={ueUy:u(—1) > —o0},
Us = {u:R— RU{—o0}},
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Note that in the list below, there is no result concerning NAMFL(U>), as we
dealt with this notion already in Section 5.

THEOREM 6.4. The following relations hold:

(a) NAMFL(Up) = NSAA,

(b) NAMFL(U;) & NAA1,

(c) NAMFL(U3z) < NAFLBR,

(d) NAMFL(U4) = NAA2,

(e) Neither NSAA nor NAA2 imply NAMFL(Us) which is the weakest possible
form of NAMFL(U).

PROOF. (a) (=) Suppose there is an SAA. By definition and by Remark 6.2,
this implies that there exists ¥ € C"* with X > —c; and there exists « > 0 such
that limg_, oo P (Ar) = 1, where Ay = {fk > «a}. If we define wk = aly,, then
wk e DY/ for k sufficiently large. If we let u € Uy, then there exists & > 0 such
that u(x) > —oo for all x > —e. So, for k sufficiently large (such that c; < ¢) it
follows that, for all (R") <> (P") with R" e M" NP",

sup Egme[u(f* — wh)] > Epn[u(f* — wh)]
f~k€an

> Egn[u(f*149)]
> u(—cp) R™(Ap) +u(0)R"™ (Ag),

where Aj = Q" \ Aj. Passing to the limit, this gives a contradiction to
NAMFL(Uy) since (R") < (P") implies that R (Ay) — 1.

(b) (=) If we suppose there is an AA1, then there exist f¥ € C"* with f* >
—cy for ¢ — 0. Moreover, there exists o > 0 such that P (Ay) > « for all k
sufficiently large, where Ay = { f"* > «}. If we define wk =a1 A.» then it is clear
that wk € DY Letu € U;. Because of the left continuity at 0, for each k, there
exists 8 > 0 such that u(x) > u(0) — % for —8§; < x < 0. Choose a subsequence,
again denoted by k, such that £ > w* — Skl ac, whence % — wk > —g;.

Define f* = fk — (f*¥ — wk)* € C". Then 0 > f¥ — wk > —&;. Therefore,
u( f k— w*y > u(0) — % This gives a contradiction to NAMFL(Uy).

(<) Suppose there is an AMFL(U) ). Define u; € U; by

1

—00, forx<—£,

up(x) = 1
0, f > ——.

or x > Z

Then there exist wk € D% and fk € C" such that E pny [uk(fk —wk)]> -2k
This implies that P (f* — wk > —%) = 1. For k sufficiently large that % < 7. it
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is clear that P ( f* > 1) = P (wk > 5) > 5, giving an AA1; take, for instance,
f‘k — \/%fk c O,

(c) = If we suppose there is an AFLBR, then there exist fX € C"* such
that f k> _1. Moreover, there exists « > 0 such that P" ( fk > a) >« and
limy s 0 P”k(fk < —¢) =0 for all ¢ > 0. If we take any u € Us, then there ex-
ists §, > 0 such that u(x) > u(0) — % for -3, < x < 0. Choose §; — 0 and
a subsequence of f*, again denoted by k such that P (Ay) =1 — &, where

Ar = {f* = =&} and limy 006 = 0. Let w* = al iz, and define f* =
f* = (f* — w*)* € C™. Then, for every (R") <> (P"),

Egucu(f* —wh)] = Egme[u(—(f* — w*)7)]
> (u(O) - %)R”k(Ak) + u(—l)R”"(Ai).

Passing to the limit for k — oo, this is a contradiction to NAMFL(Us3) since
R™(A}) — 0 for every (R") <> (P").
(«=) Suppose now there is an AMFL(U3). Define u; € U3z by

—00, forx < —1,
uk(X)=:—ek2X+1, for—1<x <0,
0, for x > 0.
By assumption, there are wk € D"k and fk e C' with Epny [uk(fk —wh] >
—27%. This implies that P"*(f¥ > —1) = 1 for all k. We now claim that
limg_, o0 P (Ayx) = 0, where Ay = {fk —wk < —%}. Suppose to the contrary,

that there exists § > 0 such that for a subsequence we have that P" (Ag) > B for
all k. Then

Eprlur(f* = wh)]
= Epne[ur(f* = w14 ]+ Epnfun(f* = w)1s] < (=" + DB,
which is a contradiction for sufficiently large k. But this gives an AFLBR. Indeed,
P (fk > —%) > P" (A7) — 1 for k — oo. Moreover, for k sufficiently large,
P (f* = §) = P (wh = §) — P(Ap) = §.

(d) (=) Suppose there is an AA2. This implies that there exist « > 0 and
fk € C"* with fk > —1 and limg_, oo P (A}) = 1, where A = {fk > «}. Define
wk = aly,. Then wk e DY/ for all k sufficiently large. For all (R") <> (P")
and for all u € Uy,

Epnc[u(f* = w1 = Egn [u((f* = w*)1a,)] + Epn[u((f* = wh140)]
> u(=1)R"™ (Af) + u(0)R"™ (Ay).

Passing to the limit for k — oo, we obtain a contradiction to NAMFL(Uy) since
R™(Ay) — 1 for all (R") a>(P").



MARKET FREE LUNCH AND LARGE MARKETS 2071

(e) Consider the following easy example. Let 1 > « > 0 and for each n, define

arandom variable w" on a suitable base (2", ", P") by
W' — { 1, on A", where P"(A") =«,
0, on B", where P*(B") =1 —«.

The process (S;')ie{o,1; is defined as S =0 and S} = w", F;' is trivial and F}" =
o (w™"). It is obvious that this large financial market satisfies NAA2 and NSAA,
as there cannot exist a subsequence and 8 > 0 such that lim P*(w" > ) = 1.
On the other hand, there is an AMFL(Us) [and hence an AMFL(U) for every sub-
class U C Us]. Indeed, obviously, w" = (S} — S) € C" and moreover, w" € D*".
Hence, for every u € Us and every (R") <> (P"),

sup Epe[u(f" —w™")] > Ege[u(w" —w™")]=u(0).
frecn O

APPENDIX

A.1. Orlicz spaces and Young functions. Here we follow Kusuoka [19].

DEFINITION A.1. F:[0, 00) — [0, 0c0) is a Young function if:

(i) F is continuously differentiable,
(ii) F(0)= F'(0) =0,
(iii) F’ is strictly increasing and lim; 4o F'(¢) = 00.

Note that the definition of a Young function is not always the same as that as
given in Definition A.1—the differentiability is not required in general; see [20].
However, as we will closely follow the approach of Kusuoka [19], we will use his
definition of a Young function which is given above. Moreover, it is convenient to
use the differentiability in some places.

The class of all Young functions is denoted by Y. For F' € Y, there is a comple-
mentary Young function G € % defined as follows:

G(y) = /Oy(F/)*(r)dr, y=0.

Here (F')~! is the inverse function of F’. By definition, it is clear that the com-
plementary Young function of the complementary Young function G of F is again
the original F. The complementary Young function satisfies

(A.D) G(y)= I)l(flfg)i(xy — F(x)).

For each F € Y, let
Lrp(P)={f¢€ LO(Q, F,P):Ep[F(al|f])] < oo for some a > 0}.

Define a norm || - || on Lr by || fllr = inf{a > O:E[F(%|f|)] < 1}. The
space L is called an Orlicz space. Let

LY%P)=(f eL%Q, F, P): Ep[F(a|f])] < oo forall a > 0}.
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LEMMA A.2. Let F € Y and G be its complementary Young function. Then:

(1) LF is a Banach space with norm || - || r;
(i) ifge€ Lg, then ®: L% — R given by ®(f) = E[ fg] is a continuous linear
functional and

gl < 1@l 0, <2lgle:
(iii) If f € LF and g € Lg, the following relation holds:
Ellfgll <2l flrligllc-

A.2. Some properties of Young functions and the connection to U,.

LEMMA A.3. Let F € Y. Then the function ( ) js strictly increasing. More-
F (x) _ F (x) = +00.

over, lim,_, =0andlim,_, »
PROOF. Let0 <x; < x; and define A = % ‘ < 1. The strict convexity of F and
the fact that F(0) = 0 imply that F'(Axp) < AF (x2), which shows the monotonicity
of @ Moreover, by I’Hospital’s rule,
F’ F F’
O =0 and  lim 2% i 2O

x—=>0 Xx a0 1 xX—00 x x—o00 ]

Let F € Y. Define a function ur € U, as follows:

| =F(=x), for x <0,
(A2) up(x) = { 0, for x > 0.

LEMMA A.4. Letu € Uy with u(0) = 0. For each ¢ > 0, there exists F® € Y,
such that upe (x) — e < u(x) for all x € R, where uge is defined as in (A.2).

PROOF. The only problem occurs if the left derivative of u at O is strictly posi-
tive. Let 6 be such that u(—3§) > —e. Define u, as above and such that u,(x) < u(x)
for x < —§ (it is clear that there exists F; € Y such that this works). More-
over, one can choose u, such that 0 > u,(x) > u(x) on the interval [—§, 0]. So,
lug(x) —u(x)| < |u(=95)| < e for x € [—6,0]. Itis clear that u, € Up. [

LEMMA A.5. Ifur is defined as in (A.2), then the convex dual

v(y) =sup(ur(x) — xy), y >0,

xeR

is in Y. In particular, v is the complementary Young function of F .
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PROOF. By the definition of ur,

v(y) = sup(sup(—xy), sup(—F(—x) — x))

x>0 x<0

= sup(—F(—x) — xy)

x<0

= sup(—F(x) + xy).

x>0

This is the definition of the complementary Young function; see (A.1). [

A.3. Orlicz spaces and the Mackey topology. Define the closed unit ball
BF (P) of the Orlicz space L (P) as follows:

(A.3) BE(PY={feLrP):|flF <1}

LEMMA A.6. The set BF (P) is closed in L' (P) and uniformly integrable. In
particular, sup,cpr py E[||1{jn)=k)] < %

PROOF. Forh € BF and k > 0,

|h]
E(|n))

FQ) ;
y

K K
E[Ih1L ] = E[ FURDLgise) ] < e EIF (R = 7

F(k)
FQy)

is strictly increasing. As limy_, 5o —= = +00,

since by Lemma A.3, y

lim sup Ep[|h|]l{|h|>K}]<11 =0,

K10 heBF(P) o0 F )

and this shows uniform integrability.
To show closedness in L!, take h" € BF with i — h in L'. Then a subse-
quence of F (|h"|) (still denoted by n) converges to F'(|/]) a.s. By Fatou’s lemma,

E[F(|hD]= E[lim F(|A" ] < liminf E[F (|h")] <1
since F(|h"|) > 0. This shows that h € Bf. O

Moreover, the following result holds; see [19].

LEMMA A.7. Let A be a uniformly integrable subset of L'. Then there exists
F € Y such that A C BF.

So, the uniformly integrable subsets of L' can be described completely with the
help of the sets B, where F € Y. Define now the polar of B :

(A4 VEP)y=B°={geL>®(P):|Eplgh]| <1forall h e BF(P)}.
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REMARK A.8. Note that B is a weakly compact, convex, balanced subset
of L!. Therefore, B = (BF)°° = (v F)° by the bipolar theorem; see [7].

Indeed, convexity is clear and so L' -closedness implies closedness for the topol-
ogy o (L'(P), L°°(P)) (i.e., the weak topology on LY. Together with uniform in-
tegrability, this gives compactness for the weak topology; see for example [23]. It
is clear that BY is balanced.

The following description of the Mackey topology on L is used in Section 5.
The sets V¥, for all F € Y, give a fundamental system for all Mackey neighbor-
hoods of 0. Indeed, V¥ is the polar of the weakly compact subset BF (P) of L' (P).
On the other hand, by Lemma A.7, it is clear that for each uniformly integrable set
in L!(P), there exists G € ¥ such that U € BY. So, the polars of all B (P)
form a fundamental system of neighborhoods for the Mackey topology [which is
the topology of uniform convergence on all weakly compact sets of L!'(P)]. For
the details on the Mackey topology, see [7]. The following lemma gives a helpful
description of the sets V1':

LEMMA A.9. Let G be the complementary Young function of F € Y. Then
IBGNL®(P)cVF CBYNL®(P).

PROOF. As, by Lemma A.2, Ep[lhg|] < 2||k|Fllgllg, the first inequality
is clear. As for the second inequality, let g € V. As g € L®(P), it is clear
that g defines a continuous linear functional ® on L%(P) via ®(-) = Ep[g-].
As |E[gh]] <1 for all h € BF(P), it is clear that IIQDII(LOF)* < 1. There-

fore ||gllg < ||d>||(L%)* < 1, again by Lemma A.2. This gives that g € BN
L>®P). O

A.4. Contiguity of sequences of probability measures. Let P” and Q" be
probability measures on a probability space (2", ¥"). The concept of contigu-
ity can be interpreted as uniform absolute continuity. For a precise statement, see
Lemma A.10 below; the easy proof can be found in, for example, [12].

LEMMA A.10. Letr Q" <« P" for all n. Then (Q") < (P") is equivalent to
the following condition. For all ¢ > 0, there exists 6 > 0 such that for all n € N,
OQ"(A") < e forall A™ € F" with P"(A™) <.

Moreover, contiguity can be related to uniform integrability. The following re-
sult can be found in a more general form in [9]:

LEMMA A.11. Assume that foralln e N, Q" << P". Then (Q") < (P") if and
only if (Zg: | P™) is uniformly integrable, that is,

lim E |: - 1 :| =0
1m Su n n n .
P nP P | pn {dO" /d P>k}
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Together with Lemma A.7, this gives the following characterization of contigu-
ity in terms of Young functions/Orlicz spaces:

LEMMA A.12. Let Q” &K P" forall n. Then (Q") <« (P") if and only if there
exists F € Y such that & dP,, e BY(P™) for all n.

PROOF. The sets BY (P") satisfy the uniform integrability condition

limsup sup  Ege[h"Lpnsiy] =0;
ktoo n h”EBF(P")

see Lemma A.6. The rest is clear by Lemma A.11 above and Lemma A.7. [

LEMMA A.13. Suppose that for each ¢ > 0, there exists a sequence (Q™%)
with Q™% € M" such that:

(1) there exists § > 0 such that for A" € F" with P"(A") > ¢, it holds that
Q™4 (A") > 8 for all n and

(i) (Q™) < (P").
Let Q" = Z?’;l 27/ Q"’Z_j. Then Q" € M™" N P" for all n and, moreover,
(Q") a>(P").

PROOF. {4 =0} € N2 (49— d”Pzn < &;}, so (i) implies that for all n,
P[99 = 0] = 0. Hence, Q” e M"NP".

Let us now prove that (Q"),>1 <(P"),>1. By Lemma A.10, one must show that
for all y > 0, there exists y > 0 such that for all n, Q" (A") < y forall A" € £"
with P*(A") < u. _

Let y >0 be fixed and N € N sufficiently large so that Z?O:N—‘,-l 27 < %
By (ii), (Q”’Z_])nzl <(P")p>1for j=1,2,..., N, whence for each j, there exists
wj > 0 such that for all n, whenever P"(A") < u it follows that o2 (AN < %
Now let u = minj<N w; and A" € F" be such that P"(A") < p. Then

A = 2] nZJAn 2] n2/An Z Z:
Q()Z 0 (>+Z 0" (A < S+ 3
j=1 Jj=N+1
To prove that (P"),>1 < (Q")n>1, observe that (i) implies that for all j € N, there
exists ; such that for all n, o2 (AM) < w; implies that P"(A") < 27/, Let
y > 0 be fixed and choose N € N such that 2~¥—D < Define p =27y
Now let A" € £ be such that Q" (A") < w. Then

d n,2~N d n,27N
Pn[An]:Pn[Anﬂ{iipn <MN}i|+Pn|:Anm{7§Pn 2/,1,]\/}i|

—-N n n dQ —-N 2N Ny AN
<2774+ P"A"N 7P nZZ Untl <2 +M_NQ (A") < y.

O
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A.5. Two useful results. The following result of Bellini and Frittelli (Theo-
rem 2.1 and Corollary 2.2 in [1]) is based on [21]:

THEOREM A.14. u:R — R is nondecreasing and concave on R (i.e.,
u € Uy). Let R ~ P and G be a convex cone with —L5° € G C L™. Let w € L™
be such that

sup{Er[u(f +w)]: f € G} < u(+00).
Then N ={Q < R: 9% € G°NL'(R)} # @ and

L dQ dQ
E : G} = Er| 2 — rA—)1,
sup{Eg[u(f +w)]: f € G} o min R[ de+v< dR)}
where v(y) = sup, g (u(x) — xy), G° ={§ € ba(2, F,R):E(f) <0Vf € G}
is the polar of G and ba(Q2, ¥, R) is the space of all bounded, finitely-additive
measures on (2, F) which are absolutely continuous with respect to R.

In Section 4, Proposition 1.3 of [17] is applied. For the convenience of the reader
it is recalled here:

PROPOSITION A.15 (Quantitative version of the Halmos—Savage theorem).
For fixed ¢ > 0 and § > 0, the following statement is true. Let M be a convex
set of P-absolutely continuous probability measures such that for all sets A € F
with P(A) > ¢, there exists Q € M with Q(A) > §. Then there exists Qo € M such

that Qo(A) > 2 for all A € F with P(A) > 4¢.
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