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ASYMPTOTICS OF SOLUTIONS TO SEMILINEAR
STOCHASTIC WAVE EQUATIONS

BY PAO-LIU CHOW!

Wayne State University

Large-time asymptotic properties of solutions to a class of semilinear sto-
chastic wave equations with damping in a bounded domain are considered.
First an energy inequality and the exponential bound for a linear stochastic
equation are established. Under appropriate conditions, the existence theorem
for a unique global solution is given. Next the questions of bounded solutions
and the exponential stability of an equilibrium solution, in mean-square and
the almost sure sense, are studied. Then, under some sufficient conditions,
the existence of a unique invariant measure is proved. Two examples are pre-
sented to illustrate some applications of the theorems.

1. Introduction. Semilinear stochastic wave equations arise as mathematical
models to describe nonlinear vibration or wave propagation in a randomly excited
continuous medium. To be specific, the equation may take the form

1.1 2u(x, 1) =c?Au— 2 du(x, 1) + f(u) + o @)W(x, 1)

in a bounded domain D in R?, subject to some homogeneous boundary and ini-
tial conditions to be specified later. Here 9, = %, A is the Laplacian operator,
and ¢ and 2« are some positive constants known as the wave speed and the
damping coefficient, respectively. The nonlinear functions f and o are given,
and W(x, t) =0;W(x,t) is a spatially dependent white noise, where W(x, 1) is
a Wiener random field. In previous papers [3, 4], we studied the local and global
solutions of this type of equation without damping (o = 0), where the nonlinear
terms f and o may admit a polynomial growth. As a sequel to our previous work,
this paper is concerned with some qualitative asymptotic behavior of solutions to
equation (1.1) in a bounded domain D as t — oo. In addition to the global exis-
tence of solutions, we are interested in the questions of boundedness, asymptotic
stability and the existence of a stationary solution or an invariant measure. For a
solution of the wave equation to reach a statistical equilibrium, it is imperative

to include the damping term in equation (1.1) so that, in the physical term, the
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fluctuation—dissipation principle may hold. As a simple example, consider the ran-
domly perturbed wave equation in one dimension,

u=c?0’u—2adu+Wx,1), >0 xeD=(0,n),
(1.2)
u(x,0) =h(x), Opu(x,0) =0; u(0,1) =u(mr, 1) =0,

where £ is a given continuous function and the Wiener field W is assumed to have
the Fourier series representation

Wi(x,1) = Zanbn(t)¢n(x),

n=1

where {b,(¢)} is a sequence of independent copies of standard Brownian mo-

tions in one dimension, {0,} is a sequence of reals such that Y>> 0,12 < 00 and
On = /2/msinnx, n=1,2,..., are the normalized eigenfunctions associated

with the problem (1.2). Then, by means of the eigenfunction expansion, (1.2) can
be formally solved in the case ¢ > « to give

(1.3) u(x, 1) =Y un(n(x),

n=1
where

t
(14w, (t) = hpe ' coswpt + - / e =) ginw, (t — 5) dby(s)
0

n

with h, = [ h(x)¢n(x)dx and w, = v/ (nc)?> —a? forn=1,2,.... By some sim-
ple calculations, we obtain the mean

Eu,(t) = hpe * coswut — 0

and the variance

2 2
Var{u, (1)} = (Z_”> /ot €% gin® (wys) ds — L(ﬁ)

" 4o \nc

as t — oo. Then it follows from (1.4) that the solution u(x, ¢) is a Gaussian random
field with mean Eu(x,t) — 0, and covariance function

o

. L (o, 2
tl_l)l‘gOCOV{M(x, D,u(y, 1)} = ; E(E) Gn(X)Pu(y).

In fact it can be shown that the solution u (-, t) converges in the mean-square to a
Gaussian random field i (-) with the above covariance function and its probability
law is the invariant measure for equation (1.2). On the other hand, without the
damping (o = 0), we would have Eu, (t) = h, cosnct and

Var{u,(t)} = (1/2)(on/nc)2[t — (1/2nc) sin2nct] — oo ast — oo.
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So the asymptotic solution will cease to exist. Clearly this can also happen in the
nonlinear case. In fact it was shown that, with a cubic nonlinearity, the solution
may explode in finite time [3] unless there exists a certain energy bound. As to be
seen, the dissipation and the energy bound for a semilinear wave equation such as
(1.1) are two major ingredients to ensure proper asymptotic behavior of its solu-
tions.

Our initial work on semilinear stochastic wave equations [3] was stimulated
by two interesting papers by Mueller [18, 19] on the existence of large-time so-
lutions to some nonlinear heat and wave equations with noise. If such a solution
exists, it is natural to investigate its asymptotic behavior as ¢t — co. By a semi-
group approach, asymptotic solutions to semilinear stochastic evolution equations
have been studied by many authors. For the problems of boundedness and stabil-
ity, see, for example, the papers [2, 10, 12, 13], and for the existence of invariant
measures, we mention the articles [5, 8, 14, 16], and the book [7] for further ref-
erences. In concrete terms, most of the above-mentioned results are applicable to
the parabolic or dissipative type of stochastic partial differential equations. The
asymptotic solution of a stochastic hyperbolic or wavelike equation was studied in
[15] by the method of averaging. To our knowledge the asymptotic solutions of the
semilinear wave equations under consideration have not been treated in the litera-
ture. For the deterministic case, the analysis of hyperbolic equations relies heavily
on the so-called energy method ([23], [25], Chapter 4). Therefore the associated
energy function plays an important role in the asymptotic analysis. Similarly we
shall adopt the stochastic version of the energy method in the current study. In fact,
to obtain the crucial exponential estimates, it is necessary to introduce a pseudo en-
ergy function, which can be interpreted physically as adding an artificial damping
to the system. For some related works on stochastic wave equations, we mention
the interesting papers [17, 20, 21], among many others.

2. Summary of results. In Section 3 we present three technical lemmas. In
Lemma 3.1 we prove the existence of a unique solution and the energy equation for
a linear stochastic wave equation. By introducing a pseudo energy function, a key
exponential estimate is established in Lemma 3.2. Then it is shown in Lemma 3.3
that the pseudo energy function is equivalent to the usual energy function.

The global solution to a class of semilinear stochastic wave equations of the
form (4.1) is treated in Section 4. Under the locally bounded, local Lipschitz con-
ditions in the Sobolev space H! and an energy inequality given by conditions
(A1)-(A4), the results of the existence and uniqueness of a global solution are
stated and proved in Theorem 4.1. The proof is based on a smooth H'-truncation
technique and some probabilistic inequalities.

In Section 5 we consider the boundedness of solutions in a mean-square sense
as t — oo. Assuming that, in addition to Conditions A, the nonlinear terms sat-
isfy a set of growth conditions (B1)—(B3), Theorem 5.1 shows that the solution is
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bounded in mean-square, while with a slightly stronger assumption, it is proved in
Theorem 5.2 that the solution is ultimately bounded in the mean-square sense.

Then some questions of the asymptotic stability of the null solution are consid-
ered in Section 6. Under Conditions B with an exponential integrability condition
on the parametric functions 6(¢) and p(¢), Theorem 6.1 shows that the null solu-
tion is asymptotically, exponentially stable in mean-square. If 6 = p =0, as stated
and proved in Theorem 6.3, the null solution becomes exponentially stable almost
surely.

So far the stochastic wave equations under consideration admit that nonlinear
terms satisfy only a local Lipschitz condition in the space H'. In particular, the
nonlinear terms are allowed to have a polynomial growth. For the existence of
an invariant measure, this poses a challenging open problem as yet to be resolved.
Even in the case of globally Lipschitzian nonlinearity, the existence result does not
seem to have been proven. Hence, in Section 7, we shall prove an existence theo-
rem (Theorem 7.1) by assuming that the nonlinear terms are globally Lipschitzian
and have linear growth. Technically our proof follows the approach of Da Prato
and Zabczyk [7] by adapting their method for the strongly dissipative equation,
such as a parabolic equation, to our hyperbolic problem. Finally two examples are
provided in Section 8 to illustrate some applications of our theorems.

3. Energy equation and exponential estimate. Let D C RY be a bounded
domain with a smooth, say, C? boundary 9. We set H := L*(D) with the inner
product and norm denoted by (-, ) and || - |, respectively. Let H* = W52(D) be
the L? Sobolev space of order k with norm || - ||x, and denote by HO1 the closure
in H'! of the set of all C' functions with compact support in D. The dual space of
H'is given by H~! [1].

Let (2, F, P) be a complete probability space for which a filtration ¥; of sub-
o-fields of ¥ is given. Let W(x, ), x € D, t > 0, be a continuous Wiener random
field defined in this space with W (x, 0) = 0. It has a zero mean, EW (x, t) =0 and
covariance

(3.1 EIW&x, 0 )W(y,s)]=(t As)r(x,y), x,yeD,

where (f A s) = min(¢,s) for 0 <t¢,s < T and the covariance function r(x, y) is
bounded so that

(3.2) sup r(x, x) <rgp.
xed

Let o(x,t) =0 (x,t,w) fort > 0,x € D and w € Q be a continuous F;-pre-
dictable random field satisfying the condition

T
(3.3) E/O o (-, O|IP dt < o0
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for p > 2. Then it can be shown that the stochastic integral
t
(3.4 M(x,t):/ o(x,s)W(x,ds), t>0,xed,
0

is well defined and M; = M (-, t) is a continuous H -valued ¥; martingale (see the
Appendix). It has mean £M (x,t) = 0 and covariation operator Q; defined by

t
(M. 9). M), = [ (Qug. ) ds
for any g, h € H, where the kernel function ¢ (x, y, t) of Q;, defined by

(ng)(x)zf qg(x,y,0)g(y)dy,
D
is given by

qgx,y,t)=r(x,y)ox,t)o(y,1).

In view of conditions (3.2) and (3.3), it can be shown that (see the proof of Theo-
rem A.1)

T
EannPscp(T)E/0 lo (-, 017 dt

for some positive constant C,(T). It is worth noting that the stochastic integration
in (3.4) is taken with respect to an L”-bounded integrand o}, instead of a Hilbert—
Schmidt operator-valued process as usually done (see [6], Chapter 4). This version
of stochastic integral will be needed later on to deal with equations with pointwise
(in x) multiplicative noises (see Example 1). Since we have not been able to find a
reference for this type of integral, it will be defined in the Appendix.

Now we consider the initial boundary value problem for the linear damped hy-
perbolic equation with a random perturbation,

[8,2 +200; — A(x, D)Ju(x,t) = f(x,t) + oM (x, 1), O<t<T,
(3.5) u(x,0) =uop(x), oru(x,0) =vo(x), xed,

u(-,0lyp =0,
where « is a positive parameter, D = 0, denotes the gradient operator and A(x, D)
is a strongly elliptic operator of second order of the form

d

(3.6) A(x, D)p(x) =Y dy[a" (x) 3y, 0(x)] — b(x)p(x).

ij=1
In addition, the coefficients a’/ = a’/! and b are assumed to be smooth functions
that satisfy

d

a1+ €1 < Y a" (&g +b@EP <ar(1+ 6D, & xeD,
i,j=1
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for some constants a; > ag > 0.
To consider (3.5) as an It6 equation in a Hilbert space, we set u; = u(-,t), vy =
v(-, t) and so on, and rewrite it as

du, = U;dt,
(3.7 dvy = [Au; — 2av, + fi]dt +dM;, O<t<T,
uo=g, vo =h,

where the domain D(A) = H* N Hol, g€ H'h € H and M, is regarded as an
H-valued Wiener martingale. Condition (3.6) implies that (—A) is a self-adjoint,
strictly positive linear operator in H = L?(D) and its square root B = /—A is
also a self-adjoint, strictly positive operator with domain & (B), which is a Hilbert
space under the inner product (g, #)p := (Bg, Bh) and norm ||g||3 = (Bg, Bg)'/?
(see [24], Chapter 1). Since D(B) = Hj, for convenience, we define || - || = || - || 8
in the subsequent analysis. As usual, the It6 differential equation (3.7) is inter-
preted as a stochastic integral equation:

t
us =M0+/ vy ds,
(3.8) 0

t t t
v;:v0+/ Ausds—Zoz/ vsds+/ fsds + M;.
0 0 0

Introduce the Hilbert space # = (H I'x H) with #y = (HO1 x H), equipped
with the norm defined by
I 12e = {llullf + 101%}/% = {1 Bul® + [v)?)/?
for any ¢ = (u; v) € F. Let H* = (H™!' x H) denote the dual space of #. Define
the energy function e(-) : # — Rt = [0, 00) as
(3.9)  e(@):=eu:;v)=||Bul*+|[v|> for¢=(u;v)eH' x H.

Notice that the norm ||¢|| 5 = +/€(¢) is also called an energy norm. In what fol-
lows, we denote the #€-norm || - || ¢ simply by || - || when there is no confusion.

Now by regarding (3.8) as a stochastic evolution equation in #* in the distrib-
utional sense, we have the following lemma:

LEMMA 3.1 (Energy equation). For ¢o = (ug; vo) € H, let f; be a continuous
predictable process in H and let M; be a continuous H -valued martingale with
covariation operator Q; such that

(3.10) E{/OT ||ft||2dt+/0TTerdt}<oo,

where Tr denotes the trace operator in H. Then equation (3.8) or (3.7) has a unique
solution ¢; = (uy; v¢) which is a continuous F-valued semimartingale. Moreover,
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it satisfies the energy equation

t 5 t
e(d) = e(do) — 4a / losl2ds +2 / (vs. fo) ds
(3.11) 0 0

t t
+2/ (vs,dMs)+/ Tr Qs ds a.s.
0 0

fort € [0, T], where the energy function e(-) on F is defined by (3.9). Moreover,
the inequality

T
(3.12) Esupe(@d) < Ci + CoE /0 (1 ]1% + Tr Oy} ds

t<T

holds, where the constants Cy, Cy depend on p, T and the initial conditions.

PROOF. Since the idea of the proof is similar to that of Lemma 2.1 in [4] with
the Laplacian replaced by A, we will only sketch the proof. The only difference
is that, instead of using Friedrichs’ mollifying approximation, we adopt a finite-
dimensional projection.

To this end, since A is strongly elliptic and self-adjoint, it has a complete
orthonormal set of eigenfunctions {¢,} with corresponding eigenvalues {A,}.
Let P,: H — H, be defined by P,h =Y }_,(h, ¢x)pr, where H, is a finite-
dimensional subspace of H? spanned by {¢1, ..., ¢,}. Apply the projector P, to
equation (3.7) to get

du} =v; dt,
(3.13) dv! =[Au} —2av] + f'1dt +dM]', 0<t<T,
ug=2g", vy =h",
where we set u}! = Pyu;, ..., h" = P,h. The finite-dimensional linear system has

a unique F;-adapted continuous solution (u}; v') in (H, x H,) C (HO1 x H). In
particular, by the Itd formula, the following energy equation holds:

t t
e(ul, o) = e(g", h") — da / oI ds +2 f W', £ ds
0 0
(3.14) ‘ '
—{—2/ (v?,dMs”)—l—f Tr Q% ds a.s.
0 0

By means of the simple inequality 2(v", f") < (a|v"|* + é”f"”z) and the
B-D-G (Burkholder—Davis—Gundy) inequality ([6], page 82),

T 12
E sup SSE{/ ||u;’||2TrQ§’ds}
0

0<t<T

t
2 / ", dM™)
0

1/2}

< 8E{ sup |0/
0<t<T

T
/ o[ Tr @7 ds
0
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T
<1E sup ||v,"||2+36/0 Tr Q" ds,

0<t<T
we can deduce from (3.14) that
T
(3.15) E sup e v)) <CiE [ (IAIP+TrQl)ds
0<t<T 0

for some constant C; > 0. Let X = L%(Q: C([0; T],HO1 x H)) with norm
|(u; v)l|x = {E supg<, <7 e(u, vt)}l/z. Then X is known to be a separable, re-
flexive Banach space_([_22], page 218). In view of (3.15), the sequence {(u"; v")}
is bounded in X so that there exists a subsequence {(u"*;v"*)} that converges
weakly to (u; v) € X.

In fact, we can show that the subsequence converges strongly in X. To do
so, denote the subsequence again by {(u"; v")} and set (u™"; V™) = (u"™; V") —
(u"; v™). It suffices to show that {(u#";v")} is a Cauchy sequence in X so that
[|(@™; v™")||x — 0 as m,n — oo. In view of (3.13) and (3.14), the difference
sequence satisfies the energy equation

t t
e vy =e(g"™"; W™ — 4a/ ||v;""||2ds + 2/ M, fMyds
(3.16) t o 0
+2/ (vg'”‘,dMsm”)—l-/ TrQf"ds  as.
0 0

By similar estimates that lead to (3.15), we can obtain

T
(3.17) E sup e, v/") < Cz{e(gm", h’”")—i—E/ (LA™ 1P+ T Q;""}ds}
0<r<T 0
for some constant C, > 0. Since the right-hand side of (3.17) tends to zero as
m,n — oo, it follows that ||(u"*; v™) — (u"; v")|| — 0. Hence {(u";v")} is a
Cauchy sequence in X and lim,_, oo (u"; v") = (u; v) strongly as claimed. Due to
this strong convergence, it is easy to show that the limit (u; v) is the unique strong
solution with the depicted regularity. Moreover, we can take the limits termwise
in (3.14) to obtain the energy equation (3.11). Then the energy inequality (3.12)
follows easily. [

Notice that, due to the lack of required smoothness of solutions, the general
Itd6 formula does not hold here. As in the deterministic case, the energy equation
and the associated inequalities are the key to proving the existence and regularity
results for stochastic hyperbolic equations.

Owing to the dissipation term in (3.11), in contrast to the energy inequality
(3.12), it is possible to obtain an exponential estimate for the mean energy. To this
end, we introduce a pseudo energy function

(3.18) e*(p) :=e*(u;v) = || Bul® + v+ rul|*> forueH'veH,
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where A > 0 is a parameter. Let v* = v + Au. Then we can write
(3.19) et (u; v) = e(u; v*) = e(u; v) + 24, v) + A%{|u|?.

Since A is strongly elliptic and strictly positive, its smallest eigenvalue 11 can be
characterized as ([25], page 62)

2
llglly

geHl g0 g1

LEMMA 3.2 (Exponential estimate). Let the conditions for Lemma 3.1 be sat-
isfied such that (3.10) holds for any T > 0. Then if

N LA
321 A <hg:=minj >, T
(3.21) =70 mm{z 4a}

there exists a1 € (0, A) such that the following inequality holds:

(322) Ee*(¢y) <e*(go)e ™ + / ’ e—“‘“—”E{inﬂ 1>+ Tr Qs}dS-
0 (03]

PROOEF. It follows from (3.7) that (u,; vtk) satisfies the perturbed system
du;, = [v,k — \usldt,
(3.23) dv} = [Au; + 1Qa — My — Qo — M} + fildt +dM;,
up=2g, vo=h, O<t<T.

By applying Lemma 3.1 to the above system and noting e* (u;; v;) = e(u;; v?), the
pseudo energy function (3.18) satisfies

de’ (ug; v) = 2[A2a — 1) (uy, v})
(3.24) — Mluel = Qo = W2+ (fisv}) + S Tr Q] dt
+2(v}, dM,),

with e* (uo; vo) = e(ug; v(’}). Now, in view of (3.20), we have, by using some simple
inequalities,

AQa — A)(u, V1) = Aul? = Qo — V)02

llully
sk(za—m—nnv*n—Anun%—(za—x)nMuz

1

lullf 1 5 ) a2
< AQa — )| AL+ —[VH1| = Allull} — Qa — 1) [lv*|

n1 40

2\ 3« A 3A
< —x(l - —)nun% 2% < — A = 22
n 4 2 4
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The above result together with the fact that
A 1
Ay < M2 L 2
(o v") = 7117+ Al

imply that

AQa — 1), v*) = AullF — Qa — M+ (fr, v
(3.25)

A 2 A2 1 2
<-—= - .
= =5 Ul + 715 + Sl

In view of (3.25), equation (3.24) yields

2
(3.26)  de* (us; v;) < —re (us; vy) dr + [Xllﬁllz +Tr Q, }dr +2(v}, dM,),

which can be integrated to get the desired inequality (3.22), after taking the expec-
tation, with any o1 < A. [

It is easy to show that the energy norms induced by e and e* are equivalent. In
fact, the following lemma holds.

LEMMA 3.3.  Forany X € (0, u1), the inequality

(3.27) (Zi;i)e(u;v)fe*(u;v)f (Zii)e(u;v)

holds, where i1 = (,/4n1 + A2 ). Moreover, we have

! 2
(3.28) Ee<¢>t>sl<<x>{e<¢o>e“”+ /0 e"“(’“)E(a—llfs||2+TrQs>dS},
1
where K (1) = (1 + A)/ (i1 — 2.

PROOF. By definition (3.19),
e (u; v) = e(u; v) + 21 (u, v) + A2 ||u|*.
It follows that, for any g > 0,
)\2

A 2 1 2
e (u;v)se(u;v>+<1+ﬁ)(—>uuul+—||v||
N B

< <1 + %)e(u; v) = (Zj +i>e(u; v)

by choosing 8 = %{v @n /A% +1—1}.
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On the other hand, for any y > 0,

A A2 2, Lo
&5 v) = e(u; v) — {(y - 1)(—)||u||1 + ] }

n
— A
> (M )e(u;v)
m1+ A

by taking y = 1{V'1 +4n;/3% + 1}.

Therefore, we have verified (3.27), and the result (3.28) is now an direct conse-
quence of (3.22) and (3.27). O

4. Semilinear stochastic hyperbolic equations. Let us consider the initial
boundary value problem for the hyperbolic equation

32u(x, 1) =[A(x, D) — 20 8, Ju(x, 1)
+ f(u, Du,x,t)+ou, Du,x,t)0;W(x,1), t>0,

4.1)
u(x,0) =ug(x), oru(x,0) =vo(x), xeDCRY,

u(-,)lsp =0,

where, in contrast to the linear problem (3.1), f(s,y,x,t) and o (s, y, x,t) for
xedD,t>0,seRand y e R? are continuous functions, and W,=W(,t)isa
continuous Wiener random field with covariance operator R with kernel r(x, y)
forx,ye D.

Similarly we rewrite the linear case as a system of Itd equations in F€*:

du; =V dt,
“4.2)
dvt = [Aut — 20{1)1» + F,(u,)] dr + th(u)
or
t
U zuo+/ ugds,
(4.3) 0

vy =vo + ‘/(;Z[Aus —2avs + Fy(ug)]lds + M;(u),
where we set F; (1) := f(u, Du, -, t),
(44) M = [ S aw,
and ¥,(-): H' — H is defined by ¥;(u)(x) :=olu(x), Du(x), x, t] for any u €
H!' x e D.

We are interested in the large-time solutions of (4.1) when the nonlinear terms
allow polynomial growth and are locally Lipschitz continuous. For the existence
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of solutions, we shall impose a set of sufficient conditions. In what follows, for
r,s € R, let b(r) and k(r, s) be real-valued functions which are positive, locally
bounded and monotonically increasing in each variable. Let us introduce a positive
function ©(-; ) : # — R which is continuous and locally bounded, and let

(4.5) e(u; v) < O(u; v) < e(u; v) +clluflk

for any (u; v) € # and some constants ¢ > 0 and k > 2. As a shorthand notation,
we set

IS @)z =Tr Qy(u) = f@ r(x, )3 () (x)]* dx
and impose the following conditions, which will be referred to later as Condi-
tions A:

(A1) A:H?*N HO1 — H is an elliptic operator as given in (3.6).
(A2) F,(\):H' - H and %,(-): H' — H are continuous in 7 > 0. There exist
functions b(r) and k(r, s) as indicated above such that, forany r > 0, u € H L

IF,@)lI* + S1Z @)% <blullr) +q@)

for some locally bounded function ¢ € L' (R™).
(A3) In addition,

IFy(u) — B+ 51Z ) — S @)% < k(ully, ' [l) e — |1,

forany u,u’ € Hy,t > 0.
(A4) There exists a positive function ® depicted as above and constants ¢; > 0,
i=1,2,3, and k < 1 such that

t
fo (2(Fy (), vy) + 1 Z5 ) I3 ) ds

t
<ci+en [ Ot v ds = O v) + ce(us )
forany u. € C(RT; HYNnel(Rr*; H) with v, = d,u;.

THEOREM 4.1. Let Conditions A hold true. Then, for uo = g € Hy and vo =
h € H, the problem (4.1) or the system (4.2) has a unique continuous solution u. €
C([0, T]; Hy) with o;u. € C([0, T1; H) for any T > 0. Moreover, the following
energy equation holds:

t
ez, vr) = e(ug, o) + 2 f [(v5. Fi(us)) — 2atllvs 1] ds
(4.6) 0

t t
£2 [ (e By dw) + [ 15w lfds  as

PROOF. The existence proof is similar to that of Theorems 4.1 and 4.2 in [3],
and will only be sketched in steps as follows:
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Step 1. Hy-Lipschitz truncation. For N > 1, let ny(-) :RT =[0, 00) — R be
a C§° function such that

|1, forO0<s <N/2,
@.7) v (s) = {0, fors > N,

and 0 < ny(s) <1 for N/2 <s < N. For (u;v) € #, define Syu = ny(|lull1)u,
FN @) = nn(lull) Fi(Syu) and TN @) = ny(lull) T (Syu). Instead of (4.2),
consider the truncated system

du; = V¢ dt,
(4.8) dv, = Au,dt + FN (u;) dt + 2N (u) dW;,
uo=g, vo = h.

Step 2. Local solutions. By conditions (A2) and (A3), it can be shown that

(4.9) IEN @) |* = ny (lull) Fr (Syu) < a1 (N)
and
(4.10) IEN (u) — FN @)|I> < aa(N) || — u') |1

for any u,u’ € Hy, v,v' € H and for some positive constants a, «, depending
on N. Similarly, we can deduce that

4.11) IZN w)||% < az(N)
and
(4.12) 1ZN @) — =N @))% < aa(N) 1T — u)|?

for any u,u’ € Hy, v,v' € H, where a3, ayq are some positive constants depending
on N.

Therefore the truncated system (4.8) satisfies the usual linear growth and
the global Lipschitz condition. By invoking a standard existence theorem ([6],
Theorem 7.4), equation (4.3) has a unique solution N = wN;oV) € L2(;
C([0, TT; H} x H)).

Introduce a stopping time 7y defined by

ty =inf{t > 0: lul ||} > N/2}.

Then, for t < ty, u; = ulN is the solution of (4.1) with d,u; = le. As Ty 18 in-
creasing in N, let 7o = limy_, o 7. Define u; for t < 100 AT by u; = ufv if
t <ty < T. Then u; is the unique local continuous solution.



770 P-L. CHOW

Step 3. Global solutions. Assume condition (A4) is also satisfied. By taking
the expectation, the energy equation reads
INTN
Ee(”tm:N; Ut/\tN) =e(up; vo) + ZE/(; (vs, F (”s)) ds

INTN

INTN
+2Ef0 (vs,Es(us)de)JrE/O |25 (us) || % ds.

Letting pn () = Ee(usnry; Vinry) and invoking condition (A4), the above
yields

@13 o) = letwow) +erl e [ py(s)ds +py (o).
Since k < 1, there exists ¢3 > 0 such that
pn (T) < c3leuo: vo) + ¢11e?” = Cr.
On the other hand, we have

oN(T) = Eey(urrry) > E{L(tn < T)ex(urnzy)}
N 2
> CE{Jurpey PA(ey < T)) = C(z) Ploy <T),

where [ is the indicator function and C > 0 is a constant. The above inequality
gives

P{ty < T} <4pn(T)/CN* <4Cr/CN>.

Since the series Zzovozl P{ty < T} converges, by the Borel-Cantelli lemma, we
can conclude that

P{teo <T} =0

or Too > T as. for any 7 > 0. Now we let uﬁv = Usnry and denote its limit
limy 0o ufv still by u;. Then u, is the global solution as claimed. The energy
equation (4.6) can be verified by taking the limits termwise, as N — oo, in the
energy equation for the Nth truncated system (4.8). [

REMARK. In the above theorem, for simplicity, we assumed that W (x, t) is
a scalar Wiener random field. Under an obvious modification, Theorem 4.1 and
the subsequent theorems still hold true when W = wh, W(k)) is a k-vector-
valued Wiener random field and ¢ = (o1, ...,0%) is another k-vector-valued,
predictable random field such that the product o (-\) W (:) = Zlle oj W@ () is in-
terpreted as a dot product. ‘
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5. Bounded solutions. In view of (4.2), we rewrite the hyperbolic system
(4.2) as
duz = V¢ dt,
(5.1)
dU[:[AMz—20“)1+Ft(ut)]dt+zt(ut)sz, t>0,

with a given initial state (u¢; vp) which is an £y random vector in #. For the
existence of bounded solutions, we shall impose Conditions B as follows:

(B1) There exist ® € C'(H'; R") with Fréchet derivative ® € C(H'; H) and
p. € C(RT x H'; H) such that F;(u) = —%CD/(M) + p¢(u) for any u € H!
and

c1 < D) < cr(1+ ul¥)

for some constants ¢; and ¢ > 0, k > 2.
(B2) There exist constants 8; > 0 and y;,8; € R with i =1, 2, 3, and essentially
bounded functions 6 and p which are locally integrable such that

(@' (), u) = Br® @) — yrllull} - o1,
1P )I* < B2@ () + y2llullf +6(r)
and
1= @)% < Bs® (W) + ysllull} + o ()

forany u € Hy and ¢t > 0.
(B3) The above constants satisfy

(B1 — 2)A* = Bsr — B = 0,
(1 = A2 +yr+y <0.

THEOREM 5.1 (Bounded in mean-square). Suppose that Conditions A and B
hold true. Given ug € H' and vo € H being Fo random variables such that

E{e(uo; vo) + P (uo)} < 00,

then the solution of the problem (5.1) is bounded in mean-square. Moreover, there
exist positive constants K| and oy > 0 such that

E{e(us; vy) + O (uyr))

(52) <K {E[e(uo; 00) + D (uo; vo)Je ™"

t 1
+f e—ot2(l—S) |:x9(s) +,0(S):| ds} —}—2|81| Vi>0.
0
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PROOF. By applying Lemma 3.2 to (5.1), as in (3.24), we obtain the perturbed
energy equation

de (ug; v) = 2[AQ2a — 1) (ur, v}) = Al |17 — Qe = 1) [} |12
(5.3) + (Fi(u), vf) + 3150w 1% dt
+2thk(u; V),

where we set thA(u; v) = (vtk, Y (uy) dWy). As in (3.27) in Lemma 3.2, for A <
{a A1 /4a}, the above yields
5 de*(ug; v) < =(lludll + 31107 117) dt

+ [2(Fi(uo), vf) + 12 @) | ] di +2d M} (u; v).

By assumptions,

1 1
(Fi(ur), v}) = —E(dﬁ(ut), vr) — 5x(cb/(ut), ur) + (pe(ur), v})

1d 1 , Aoon 1 )
=< _EE(D(MI) — E)»(CD (uy), Mt) + 5““; -+ ﬁllpr(uz)ll )
which, in view of condition (B2), implies that
1d 1 B2
(R, ) = =5 5 @) - 5(;31)» - 7)<b<uz>

(5.5
+ 210 + 3 (14 2l + 500+ 55
el (A i oy 2o
Define a superenergy function J : J — RT by
(5.6) Jw;v) =e(u;v)+ d(u),
with J* = e* 4+ . By applying (5.4), (5.5) and condition (B2) to (5.3), we obtain

dJ* (g v) < —ret(ug; v de — (ﬂlx - % — /33>q>(uz)dt

Ao V2 ) 1
+ Ellv; -+ V1A+T+V3 ||Mt||1+x9(t)+p(l)+h31 dt
+2thA(u;v).

By invoking condition (B3), the above inequality gives

A 1
dJ*(us; vp) < —Eﬂ(u,; v)dt + {xe(t) + p(t) + Ad; } dt

5.7
+ 2th)‘(u; V),
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which implies that

EJ*(us; v) < EJ*(ug; vo)e /2
(5.8)

! 1
+f e)‘(t“)/z[XG(s) + p(s)] ds +2|81] < 00
0
for all # > 0. Since, by assumption, 6 and p € LllOC (RT) are essentially bounded,
we have
EJ*(ug; vi) = Efe*(us; vp) + (w3 )} < 00,

Now, by invoking Lemma 3.3, J(u; v) < C J*(u; v) for some C > 0. Therefore,
the result (5.2) holds with some constant K| > 0 and ap = % ]

In fact, under somewhat stronger assumptions, it is possible to show that the
solution of (5.1) is ultimately bounded in mean-square, that is,

lim sup E {||u;[|3 + [|v: ]|} < oc.
I— 00

THEOREM 5.2. Assume that Conditions A and B hold true with §1 =0, 6 and
pE LY (R™). Then the solution ¢r = (uy; vy) is ultimately bounded in mean-square
such that

E sup {e(u;; v;) + D (uy)}
0<t<T

(5.9
T
< K2 E{e(u; vo) + P (ug)} + K3 /0 [6(s) + p(s)] ds

for some positive constants K, and K3.

PROOF. In view of (5.7), it is clear that

A A ! A
J <u,;vt>+5/0 T (ug; v5) ds

1
< Jk(uo; v0) —i—f |:—9(s) + ,o(s)} ds + 2M?(u; v).
0 LA

Hence
)\‘ t
EJA(u,; V) + 5/ EJA(uS; vg)ds
(5.10) 0 -
< 7o) + | [X“‘) + p(s)} ds
0
and
i1
E sup J)‘(ut; V) < EJA(uo; vo)—i-/ [—G(S)—I-,O(s)] ds
0<t<T 0 LA
(5.11)

+2E sup |M*(u;v)|.
0<t<T
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By means of the B-D-G inequality for a submartingale, we can deduce that

E sup |M!u;v)|=E sup
0<r<T 0<r<T

/t(vﬁ, %, (uy) dWy)
0

T 1/2
§3E{/ (st(us)vﬁ,zs(us)vﬁ)ds}
0

T 1/2
53E{ sup ||v,*||}{/0 ||2s(us>||%gds}

0<t<T

(5.12)

T
<1E sup ||v?||2+9E/0 155 () | ds.

0<r<T

Results (5.8) and (5.12) and condition (B2) imply that

A A 1 A2
E sup J"(us;v) < EJ*(uo; vo) + E sup |lv)||
0<t<T 2 o<i=r

T t 1
+18E/0 ||2s(us)||§ds+/0 [XG(S)—Fp(s)}ds

A 1 A2
< EJ"(uo; vo) + E sup |/l
2 0<t<T

T
4 18Ef0 [B3® (uy) + v3llus |31 ds

+ fot[%e(s) v 19p(s)} ds.

Therefore, there exist positive constants ¢;,i = 1, 2, 3, such that

T
E sup J)‘(u,;v,)fclEj)‘(uo;vo)—i—cQ/ E sup Jk(ur;vr)ds
0

0<t<T 0<t=<s

T
+C3/O [0(s) + p(s)]ds.

From this together with the bound (5.10) and the Gronwall lemma, we can infer
that there exists a pair of positive constants k», k3 such that

T
E sup J*(us; vp) < ko EJ*(uo; vo) + ks f [6(s) + p(s)]ds,
0<t<T 0

which, by Lemma 3.3, leads to the desired inequality (5.9). [

6. Asymptotic stability of solutions. Suppose that the hyperbolic system
(5.1) has an equilibrium solution u = & € D (A) with v = 0. By a translation via i,
without loss of generality, we may assume that (i1; 9) = (0; 0) is an equilibrium
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solution. We are interested in the asymptotic stability of the null solution in the
following sense.
DEFINITIONS.

1. The null solution ¢ = (u; v) = (0; 0) of (5.1) is said to be asymptotically stable
in mean-square in J¢ if 3§ > 0 such that, for ||¢oll < &,

lim Eli¢;|* =0,
—00
and it is exponentially stable in mean-square if there exist positive constants
K (8) and v such that
Ell¢l> <K@®)e™  Vi>0,
where [|¢]1> = lu|1} + [[v])*.

2. The null solution is said to be a.s. (almost surely) asymptotically stable if

P{ lim ||¢z||=0}=1,
11— 00

and it is a.s. exponentially stable if there exist positive constants K»(3), vy and
arandom time 7 (w) > 0 such that

gl < Ka(8)e ™ Vi>T, as.

REMARK. In view of the above definitions, it is clear that the exponential
stability implies the asymptotic stability.

To proceed we assume that F;(0) = 0 and %;(0) = 0 for any ¢ > 0 so that
¢ = (u; v) = (0; 0) is an equilibrium solution of equation (5.1). In the stability
analysis [11], it is often assumed that the global solution exists in the first place.
Hence we suppose, under suitable conditions such as Conditions A, that the equa-
tion has a unique global solution.

THEOREM 6.1 (Stability in mean-square). Suppose that Conditions B hold
true with the following provisions:
(1) ®0)=0and ®(u)>0ifuz#0.
(2) In condition (B2), §1 = 0 and there exists ag > 0 such that

/Ooeaot[lé’(t) + ,o(t):| dt =C < 0.
0 A

Then the null solution of equation (5.1) is exponentially stable in mean-square.
Moreover, if ¢po = (ug; vo) is an Fo-measurable random variable in H satisfying

E{e(uo; vo) + ®(uo; vo)} < 00,
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then the inequality
(6.1) E{e(us; v) + @ (ur)} < E{e(uo; vo) + P(uo) + Cle™™!

holds for any t > 0, where oz = (g A o02).

The theorem follows immediately from (5.2) in Theorem 5.1 and the simple fact
that [5°e™®20=90(s) ds < e™" [ e50(s) ds. In fact it is possible to show that
the null solution is a.s. exponentially stable. Before stating the next theorem, we
need a lemma which is a simple consequence of Theorem 5.2.

LEMMA 6.2. Under the conditions for Theorem 5.1, the solution ¢, = (u;; vy)
is ultimately bounded in mean-square such that

E sup {e(us;v,) + ®(ur))
0<t<T
(6.2)

T
< K1 E{e*(uo: vo) + D (o)} + K» fo [0(t) + p()]dt

for some constants K1, K> > 0.

With the aid of Theorem 6.1 and Lemma 6.2, we can prove the following theo-
rem.

THEOREM 6.3 (Almost sure stability). Assume that all of the conditions for
Theorem 5.1 hold true with 8 = p = 0. Then the null solution of (5.1) is expo-
nentially stable almost surely. Moreover, there exist positive constants C,v and a
random variable T (w) > 0 such that

(6.3) e(ur; vp) + @(u;) < Cle(ug; vo) + Pug)le™  as.

foranyt>T.

PROOF. Owing to Lemma 3.3, instead of (6.3), it suffices to show that
6.4)  {e"(ur; vr) + Puy)} < CoE{e" (uo; vo) + P(ug)le™™,  t>T, as.

for some constant Cp > 0 and for A satisfying (3.21). To this end, decompose
Rt as Rt =72 [, n + 1] and consider the solution (u; v;) forn <t <n+ 1.
Following the steps leading to (5.8) in the proof of Theorem 5.1, it can be shown
that

(6.5) E sup J*upiv) < EJ*(un;vn) +2E sup M) ()],

n<t<n+l 0<t<T
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where we recall that J* (u; v) = e* (u; v) + ®(u). As in (5.12), we have

E sup |Mt)‘(u; v)|

n<t<n+l

N n+1 2 1/2
§3E{ sup ||vt||}_/ ||Es(Ms)||RdS}

n<t<n+l1

L n+l , 12
53{12 sup [lvy |l {E/ ||Es(us)||Rds}
n

n<t<n+l1

1/2

. 1/2 n+1 N
53{E sup v {(B3VV3)f EJ (us;vs)ds}
n

n<t<n+l

By making use of (5.11), the above gives rise to the upper bound

E sup |Mtk(u; v)|

n<t<n+l1

n+1 1/2
6.6) 53{Eﬂ<uo;vo>}{c1<<ﬂ3vy3> / " e“”ds}

CK 12
< 6ET o v | S (a v v e
By taking (6.1), (6.5) and (6.6) into account, we get
(6.7) E{ sup " (ur; vt)} < Co{EJ*(uo; vo)}e "4
n<t<n+1

for constant Cy > 0.
Therefore, by using the Markov inequality and (6.7),

P{ sup Jk(u,;v,)>C0EJA(uo;v0)e_”k/8}
n<t<n+l1

E{sup, ;<, 11 J (g vr)} < —"H/8
= CoE{J*(up; vo)}e /3 '

Since Y22, e /8 < 00, it follows from the Borel-Cantelli lemma that there
exists a random number N (w) > 0 such that, forn > N,

sup  JM(ug; ve) < ColET (uo; vo)e ™% as.,
n<t<n+l1

which, by definition (5.6), implies (6.4) with v =1/8. [
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7. Invariant measures. Let us consider the autonomous version of the sys-
tem (5.1):

du; = v, dt,
(7.1)
dv; = [Au; — 2av; + F(ug)]dt + 2 (uy) dWy, t>0,

with a given initial state (u¢; vg), where F and ¥ do not depend on ¢ explicitly.
Let ¢ = (us; vy) and rewrite the system (7.1) as an evolution equation in the
differential form,

(7.2) dg, = AP, dt + F () dt + dM;(¢)

with ¢g = (ug; vg), where we set

s=|v] FO=| ] DO=[yt]

0 1
A_|:A —2ozl]

where [ is the identity operator on H.

Under Conditions C given below, as an Itd equation in a Hilbert space, the so-
lution ¢, if it exists, is a Markov diffusion process in ¢ (see [6], Chapter 9). The
transition probability function is given by

Pi(§: B) = P{d: € Blpo =&}, e, Bea(H).

and

Suppose there exists an invariant measure u on (#, o (#€)), where o (#) denotes
the Borel o-field of #. Then it satisfies ([7], page 12):

M(JB)=/J€ Pi(§; B)u(ds)  VBeo(H).

To show the existence of an invariant measure, we shall specialize Conditions A
by assuming that the nonlinear terms satisfy a uniform Lipschitz continuity condi-
tion. To be precise, assume the following Conditions C:

(Cl) Let F(-): H' — H and ©(-): H' — H, and let there exist positive constants
b;,c; fori =1, 2, such that

IF@)|* < by llull? +c
and
IS )% < ballu|l? + c2

forany u € H'.
(C2) There exist positive constants k1, kp such that

IF(u) — F@)|I> <killu—u'|?
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and
1= @) — @)% < kollu —u'|I

forany u,u’ € H'.
(C3) The constants b; and k; satisfy

)\’2
(b1 + bad) A (k1 + ko)) < CR

To show the existence of an invariant measure, we shall follow an approach by
Da Prato and Zabczyk ([7], Theorem 6.3.2) for some stochastic dissipative sys-
tems. Though not directly applicable to the present problem, it can be adapted to
proving the following theorem.

THEOREM 7.1 (Invariant measures). Suppose that the system (7.1) satisfies
Conditions C. Then there exists a unique invariant measure [t on (H,o (H)).
Moreover, given any bounded Lipschitz continuous function G on J, there are
positive constants C and oy such that

(7.3) ’ /R Gn) Py (&: diy) — fﬂ G(n)u(dn)' <C(1+ g e

foranyt>0andé& € H.

PROOF. To extend the time domain for the system (7.1) to the whole real
line R, introduce an independent copy V; of the Wiener process W; for ¢ > 0.
Define W; by

~ [ W, fort >0,
(7.4 W= { V_y, fort <0,

and let J’% = J{Ws :s <t}fort € R.Now, fort > t,let ¢;(t; &) = (us; v;)(7; &) =
(us(t; 8); ve(7; £)) be the solution of the extended system

dl/l[ =vtdt,
(75) dU[ = [AMt — 2C(Ut + F(l/lt)]dt + E(Mt)th, t>rt,
ur =41, vr = &2,

where § = (§1; §2) € H.
Similarly to the derivation of the inequality (5.4) in the proof of Theorem 5.1, it
can be shown that, for A < {a A n1/4a},

N 1
de™(ug; v7) < —re(u; vr) dif + [Env?nz 1@+ ||2<ut>||%} 1

(7.6) .
+2(v}, 2(ug) dWy),
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where af]\;ltA (u;v) = (v}, > (uy) dW,). By making use of conditions (C1) and (C2),
the above yields

A b c
de* (s vy) < —2e* (g vy) di + [5||v?||2 + (7‘ +bz)||ut||% + (71 +Cz>]dt
+2dM?*(u; v)
A €1 S
<|=5€"wsv) + (e ) |d +2dM s v),
so that

Ee (s, )] < €"(€)e 72 1 <% + 02> / LN gy,

N

Therefore, there exists a constant K; > 0 such that

(7.7) Ee}‘[qb,(s, < K{1+ ek(é)} for any ¢ > s.
For 71 > 70 > 0, let
wp=u;(—1:8), v =v(-1;§) for 1>-m,
withi =1,2 and
i =ul —u?, o =v! — 02

Then it follows from (7.5) that we have

di, = v, dt,
(7.8)  di, =[AD —2ai, + 8F (u); uP)ldt +8Z () u?)dW,, 1> -,
g = (ul, — &), g = (L, — &),
where
SF'iu?)=Fu') — F?),
(7.9)

T ut) =3l — =),
Let 9% = 0 + A# and étA = e(ily; f)}). As in (7.6), we can obtain the energy
inequality
~ - A 1
48} < =38 dr -+ ST + 5 ISPl ud)IP + 18Dl ud) I | de

(7.10) X
+ 237, 8% (uy) dW).
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In view of (7.9) and conditions (C2) and (C3), equation (7.10) yields

de < —xetdr + [%uat 12+ (% + kz) ||ﬁ,||ﬂ dt 4 2(0", 8% (u;) dW;)
< —%é? dr + 254, 8% (u;) dWy),
which implies that
E& < E& o M2,
In view of the bound (7.7) and the initial conditions in (7.8), we can show that
E&  <2K\{1+e"&)},
so that
(7.11)  E& =Ee*(u] —u?;v] —v?) <2K1{1 + e (&)}e FT)/2,
Let
Ve = (uo(—7; &); vo(—1; §)).
By setting r =0 1in (7.11), we obtain, for any & € #,
(7.12) E€ (Y, — Yr,) < 2K1{1 +€*(E)}e 472,

which goes to zero as 7; — 0o. By Lemma 3.3 with A > 0, the energy functions
¢! and e are equivalent so that e(-) < C e’ (-) for some constant C > 0. Since e
defines the energy norm || - || on J by lplI2 = e(9), ¢ € H, the set {Y;:7 =0}
is a Cauchy family of random variables in L?(2; #). Therefore, there exists a
unique random variable Y, € LZ(Q; F) such that, for any & € F,

. 2
Tim_ Ellyr; — Yool =0.

Since the random variables ¥, = ¢, (0; £) in distribution, ¢ (0; £) converges
weakly to ¥ as T — oo. It follows that P (&; -) converges weakly to the proba-
bility measure u for ¥, as t — 00, and p is the desired invariant measure for the
system (7.1).

To verify (7.3), let G : /£ — R be bounded and Lipschitz continuous on #f such
that

IGE)—GmI=yI&§—nl.
Then, for any ¢ > s > 0, we have

/ G(n)Pt(é;dn)—/ G(n) Py(&: dn)
H H

= |EG(Yr) — EG(¥y)|
< Y{E|Y — ¥ I}/?
< K{l+e" ) 2e/,

due to the bound (7.12), for some constant K > 0. Therefore, by letting s — ¢ and
invoking Lemma 3.3, inequality (7.3) follows. [
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8. Examples. To illustrate the application of the stated theorems, let us spe-
cialize A = (A — 1) in equation (4.1) to get

O ulx, )= (A —Du—2a du+ f(u,x, 1)+ 0@, Du,x, 1) W(x,1),

O<t<T,xeDCR? d<3.
(8.1)
u(x,0) =uo(x) e H' nL>", du(x,0) =vo(x) € H,

u(-,t))ap =0,

where n > 1. We shall present two examples with different kinds of nonlinear
terms.

EXAMPLE 1. Let

fu,x,t)=—«u”"' 4+ B(x, Hu",
(8.2)
o(u, Du,x,1) =¢(x,t)(1 + | Dul®)’u,

where « > 0 is a constant, and 8 and ¢ are some functions on £ x R™ as yet to be
specified. The positive integers n, m and r are given such that 2 <m < n, where n
is any natural number for d < 2 but, for d = 3, n < 2. This is so because, according
to a Sobolev lemma (see [3], Lemma 4.2), an L?-norm, depending on p and d, can
be dominated by an H!'-norm. Also we assume § € (0, %) and 0 <k <m(1 — 28).

Owing to the Sobolev lemma mentioned above, as in [3], we can show that
Conditions A are satisfied so that the equation has a unique global solution. In
view of (8.2) and condition (A2), we set @ (u) = 2ku>"~! so that ®(u) = lu” K
and p,(u) = B(-, t)u. Therefore, we have

(8.3) (' (u), u) =2« |lu™||> and ||, @)||* = IBC, DHu™||.

By means of an elementary Young inequality ([9], page 61), it can be shown that,
for any € > 0, we have

2q

my2 2n ,3

where ¢ =n/(n —m) and ¢’ = n/m, so that

(8.4) I pe )] = / B2 dx < ellu|? + Cy / 2 dx
D D

for some constant C; > 0. Next consider the term

IIEf(u)II%=f r(x, )2 (x, ) (1 + | Du)>)Pu* dx.
D
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By a repeated application of the Young inequality, we can deduce that, for any
g, &" > 0, there exists C, > 0 such that

85 ISk < /@ r (e, 1) O{eu® + €| Dul? + Ca) dx.

Suppose that 8, ¢ and r are bounded and continuous such that

(3.6) 1B(x, )| < Bo, [§(x, )| <& and [r(x,x)|<ro
for any x € D, t > 0. In view of (8.6), inequalities (8.4) and (8.5) yield

Il = = 0w + a/ B (x, 1) dx,
(8.7) D

&'k
1=l < ro;§{7¢<u> +e”||u||$} + Caro /@ 2(x. 1) dx.

From (8.3) and (8.4), using the notation in condition (B2), we see that

B1 =2k, y1 =61 =0,
Y%
n
'k
B3 = r04027» 3 =rocge”

and
(8.9) e(r):clf B2 (x,t)dx, p(t):CQr()/ 2(x,t)dx.
D D

Therefore, condition (B3) takes the form

/ )LZ
2c0? — roé'ozg—K)» _ > 5
(8.10) " " ,

A
2 N)»<—.
2

r0§0€

Since ¢, ¢’ and ¢” are arbitrary, they can be chosen so small that condition (B3)
holds simply for « > %. Assume this is the case. Then, by applying Theorems 4.1,
5.1 and 5.2, depending on the properties of 6 and p as defined in (8.9), we can
draw the following conclusions:

1. By the conditions in (8.6), it is clear that both # and p are bounded on R so
that, by invoking Theorem 5.1, we can conclude that the solution of the problem
(8.1) is bounded in mean-square and there exists a constant K1 > 0 such that

su;O)E{nufn% + 13 |1 + 1" 17} < K.
>
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2. Suppose that the functions 6 and p defined by (8.9) belong to L! (R*) so that

_/(;Oo /@ B2 (x,t)dx dt < oo, /Ooo /{D 2(x. 1) dx dt < oo.

Then, by Theorem 5.2, the solution is ultimately bounded in mean-square if
K > % and, furthermore, there is K> > 0 such that

E sup{Jlug 13 + 18,1, 1> + 1411} < Ko

t>0

3. Note that (8.1) has a null solution (#; v) = (0; 0). Assume there exists ag > 0
such that (¢%0'9) and (e®’ p) belong to L' (R*) or

o0 o0
f / €' B (x, 1) dx dt < oo, / / €' 2(x, 1) dx dt < oo.
0 D 0 D

Then Theorem 6.1 shows that the null solution is exponentially stable in mean-
square and, moreover, according to Theorem 6.3, the solution is in fact a.s.
exponentially stable.

EXAMPLE 2. Consider a mildly nonlinear equation of the form
O2u(x, 1) = (A — Du — 20 du + f(u)
(8.11) +o(Du)d,W(x,t), 0<t<T, xeDCRY,
u(-,Hlap =0,

subject to the initial conditions u(x,0) = ug(x) € H Uand d,u(x,0) = vo(x) € H,
where

f ) = —«utan” (1 +u?),

(8.12)
o (Du) ;W =o1{1 + |Dul>}'? 3, WD + o0, W?.

In the above equations ¥ > 0,01 and o are some constants, and WD 1),
WP (., 1) are independent Wiener random fields with bounded, continuous co-
variant functions r1, 2, respectively. Rewriting (8.11) in the system form (7.1) and
noting (8.12), it is easy to verify that

2
KT
(8.13) IF@? < (2—) Tk
n
and

IS =o? /Drl(x,X)(l + 1Du)dx + o} /D ra(x, x) dx

(8.14) ) ,
<oirollully +c2
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for some c> > 0, where 7, is the smallest eigenvalue of A = (—A + 1) and rg =
sup, ¢ p |71(x, x)|. Similarly we can obtain the bounds

2 2
K T
IF) - Fu)|? < E<1+5> hu— |2,
(815) Nn2 2 m2
IZ(Dw) — S < oProllu — |

forany u,u’ € H I In the notation of Conditions C, we can read off from (8.13) to
(8.15) and find ¢; =0,

b (K”>2 by =a?
1=\ ) 2 = ro,
2m !

2 2
k1=K—<1+£> , kzZO‘lzro.
m 2

To satisfy condition (C3), we require that
KT\ 2 2 A2
(2—771> +oiroh < >
and
K_2<1 + z)2—|—02r A= A—z
m 2 ot =1
Then Theorem 7.1 (see the remark following Theorem 5.1) ensures the existence

of a unique invariant measure p in the state space J¢ for (8.11) and the the corre-
sponding transition probability converges weakly to u at an exponential rate.

APPENDIX

Let W(x,t) be a continuous Wiener random field as given in Section 3. Then
it may be regarded as an H-valued Wiener process with a finite-trace covariance
operator R with kernel r(x, y). We first define the stochastic integral with an a.s.
bounded integrand. To this end, let o (x, ) be an a.s. bounded, continuous pre-
dictable random field such that

T
(A.1) E/nmwm<m.
0

We may consider o; as a linear operator in H such that [o;h](x) = o (x, t)h(x) for
any h € H. Then it is easy to check that o, : H — H is Hilbert—Schmidt a.s. and,
noting (A.1),

T T
E/ Tr(a,Ro;)dt:Ef / r(x, x)o>(x, ) dxdt
0 0 D

T
ng/n#Wm<m,
0
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where * denotes the conjugation. Therefore, the stochastic integral

(A.2) M(x,t) = /ta(x,s)W(x,ds)
0

or
t
M, :/ osdWs
0

is well defined as a continuous H -valued martingale with mean zero and covaria-
tion operator Q, defined as (see [6], page 90)

t
(A.3) (M., g), (M., h)); =/O (Q:8. h)dr,

where Q; has the kernel g(x, y,s) =r(x, y)o(x, s)o(y, s).
Now we shall define a stochastic integral with an L”-bounded integrand as
shown in the proof of the following theorem.

THEOREM A.l. Let W(-,t) be a continuous Wiener random field with a
bounded covariance function r(x, y) such that
(A4) sup r(x, x) <rp.
xedD

Suppose that oy = o (-, t) is a predictable, continuous H -valued process satis-
fying the condition

T T
(A5) E/O ||c7(-,t)||”dt:E/(; _/:9 lo(x,1)|P dxdt < oo

for an integer p > 2. Then the stochastic integral M; in (A.2) is well defined as
a continuous H-valued, LP-martingale with mean zero and covariation operator
Q; fort €10, T], as given by (A.3).

PROOF. Since the set G, of bounded continuous functions on £ is dense in
LP (D) ([1], page 28), by smoothing, there exists a sequence {o,'} of predictable
continuous random fields converging to o; such that it satisfies condition (A.1) and

T
(A.6) lim E o) — ot ||P dt =0.
n—>oo 0
Therefore, as in (A.2), the stochastic integral

t
Mf:/ o, dW;
0

exists as a continuous H -valued martingale for each n. Let M ; denote the Banach
space of continuous L”-martingales N; € H with norm ([6], page 79)

1/p
||N||T={E sup ||N,||P} .
0<t<T
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Then the sequence {M]'} belongs to MP, since, by the B-D-G inequality,

P
IM"||7 = E sup [M]|”
0<t<T

T p/2
§CPE{/ /r(x,x)|a"(x,t)|2dxdt}
0 D
T p/2
5C,,r(§’/2E{f ||a,”||2dt}
0

T
< C,(T)E f lo 1P i,
0

in which, in view of (A.5), the upper limit is bounded, where C,,, C(,(T') are some
positive constants.
Now, for n > m,

IM" =M™ |7 = E sup |IM]' — M"||?
0<t<T

T p/2
5C,,E{/ TrQ’S"”ds} ,
0

where

TrQZ,"”:/qu”(x,x,s)dx

= f r(x, x)[o"(x,s) —o™(x,s)]>dx
D

2
<rolloy —a" |~

It follows from (A.4) and (A.6) that
T
1M — MD < cp<T>E/ lo? — o™ P dt,
0

which goes to zero as n > m — oo due to (A.6). Therefore, the sequence {M/'}
converges to the limit denoted by M;, which is defined as a stochastic integral
given by (A.2). We can check that it preserves the properties of M;' as stated in the
theorem. [
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