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Assume that X is a continuous square integrable process with zero mean,
defined on some probability space (€2, F, P). The classical characterization
due to P. Lévy says that X is a Brownian motion if and only if X and X ,2 —1,
t > 0, are martingales with respect to the intrinsic filtration FX. We extend
this result to fractional Brownian motion.

1. Introduction. In classical stochastic analysis, Lévy’s characterization re-
sult for standard Brownian motion is a fundamental result. We extend Lévy’s char-
acterization result to fractional Brownian motion, giving three necessary and suf-
ficient properties for the process X to be a fractional Brownian motion. Fractional
Brownian motion is a self-similar Gaussian process with stationary increments.
However, these two properties are not explicitly present in the three conditions we
shall give.

Fractional Brownian motion is a popular model in applied probability, in partic-
ular, in teletraffic modeling and, to some extent, in finance. Fractional Brownian
motion is not a semimartingale and there has been much research on how to de-
fine stochastic integrals with respect to fractional Brownian motion. A large part
of the developed theory depends on the fact that fractional Brownian motion is a
Gaussian process. Since we want to prove that X is a special Gaussian process,
we cannot use this machinery for our proof. Lévy’s characterization result is based
on Itd calculus. We cannot perform computations using the process X. Instead,
we use the representation of the process X with respect to a certain martingale.
In this way, we can perform computations using methods from classical stochastic
analysis.

. . . . LPP
Notation and definitions. We use the following notation: P means con-

vergence in the space LP(P), LY (resp., %) means convergence in probabil-
ity (resp., almost sure convergence) and B(a, b) is the beta integral B(a,b) =
fol x4~ (1 = x)?~1dx, defined for a, b > 0. The notation X,, < Y + op(1) means
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that we can find random variables ¢,, such that €, = op(1) and X,, <Y +¢,. If, in
addition, we have X = P — lim X, in such a situation, then X < Y.

If M is a continuous square integrable martingale, then the bracket of M is
denoted by [M]. Recall that, in this case, we have

n
[M]; =P— lim > (My — My, )™
k=1

|z —

Fractional Brownian motion. A continuous square integrable centered process
X = (Xy)r=0 with Xo = 0 is a fractional Brownian motion with self-similarity
index H € (0, 1) if it is a Gaussian process with zero mean and covariance function

(1.1) B(X, X)) = 3@ + 27— — sy, s;1>0.

If X is a continuous Gaussian process with covariance (1.1), then, obviously, X has
stationary increments and X is self-similar with index H. Mandelbrot named the
Gaussian process X from (1.1) fractional Brownian motion and proved an im-
portant representation result for fractional Brownian motion in terms of standard
Brownian motion in [3]. For results concerning fractional Brownian motion before
Mandelbrot, we refer to [5].

Characterization of fractional Brownian motion. Throughout this paper, we
work with special partitions. For ¢ > 0, we put #; := t%, k =0, ...,n. Further,
let FX be the filtration generated by the process X. Fix H € (0, 1). Fractional
Brownian motion has the following three properties:

(a) the sample paths of the process X are 8-H 6lder continuous for any 8 € (0, H);
(b) fort > 0, we have

n
_ L'(P)
(1.2) n* I3 (X = Xy )P
k=1
as n — 00;
(c) the process

t
(1.3) M,:/O s1V2=H g —o112=H gx,

is a martingale with respect to the filtration FX.

If the process X satisfies (a), then we say that it is Holder up to H. The prop-
erty (b) characterizes the weighted quadratic variation of the process X and the
process M in (c) is the fundamental martingale of X. It is a martingale with the
bracket cyt2 2 for some constant ¢y and is actually a time-changed Brownian
motion, up to a constant. It follows from property (a) that the integral (1.3) can
be understood as a Riemann-Stieltjes integral (see [6] and Section 2.3 for more
details).
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Fractional Brownian motion satisfies property (a): from (1.1), we have that
E(X, — X,)? =@ — ).

Since the process X is a Gaussian process, we obtain from Kolmogorov’s theo-
rem [7], Theorem 1.2.1, page 26, that the process X is S-Holder continuous with
B < H. Fractional Brownian motion also satisfies property (b). The proof of this
fact is based on the self-similarity and the ergodicity of the fractional Gaussian
noise sequence Zy := Xy — Xy_1, k > 1. The fact that property (c) holds for frac-
tional Brownian motion was established in Molchan [5] and recently rediscovered
by several authors (see [6]).
We now summarize our main result.

THEOREM 1.1. Assume that X is a continuous square integrable centered
process with Xo = 0. Then, the following properties are equivalent:

e the process X is a fractional Brownian motion with self-similarity index H €
O, D)
e the process X has properties (a), (b) and (c) for some H € (0, 1).

REMARK 1.1. Theorem 1.1 appears in [4] with a different proof.

Discussion. If H = %, then assumption (c) means that the process X is a mar-
tingale. If X is a martingale, then condition (b) means that th — t is a martingale.
Hence, we obtain the classical Lévy characterization theorem when H = % Note
that, in this case, property (a) follows from the fact that X is a standard Brownian
motion.

Fractional Brownian motion X also has the following property (see, e.g., [8]):
fort >0,

n 1

(1.4) 31Xy — X |V E XV

k=1
as n — oo. To check that (1.4) holds for fractional Brownian motion, similarly
to (1.2), one can use self-similarity and ergodicity of the fractional Gaussian noise
sequence. This provides another possibility to generalize the quadratic variation
property of standard Brownian motion. However, it is difficult to replace condition
(b) by the condition (1.4).

REMARK 1.2. In the recent work of Hu et al. [2], condition (b) is replaced
by the condition (1.4), with the additional assumption that [M] is absolutely con-
tinuous with respect to the Lebesgue measure for H > % The authors show that
conditions (a), (¢) and (1.4) also characterize fractional Brownian motion. In our
work, we do not suppose the absolute continuity of [M], but prove it under other
assumptions; however, we restrict ourselves to (b).
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In the next section we give one auxiliary result. The rest of the paper is devoted
to the proof of the main result, first for H > % and then for H < %

2. Auxiliary result.

2.1. Martingales and random variables. In the proof, we will use random
variables which are final values of martingales of a special type. All martingales
vanish at zero.

Two continuous martingales M, N are (strongly) orthogonal if [M, N] = 0; we
write this as M L N. Integration by parts gives that for such M, N, the product
M N is a local martingale and it then has a bracket [M N]. We use the notation
N - M for the stochastic integral of N with respectto M : (N - M); = fé NydMs.
Let M be a continuous martingale. Put I(M); := (M - M); = fé M;dM,.

Let 0 <a < b <t and suppose that p, g are deterministic continuous func-
tions. Define martingales N and N by Ny = fo DPul0,a] (u) dM, and N,
fg qul(a,p)(u) dM,, respectively. The martingales N and N are orthogonal by
construction and hence their product is a martingale. Note that N Ny = 0 when-
ever s < a and NyN; = N, Ny for s > a. The bracket of the martingale NN is
[NN]s; =0 whenever s < a and [NN]; = N2[N], for s > a.

For orthogonal martingales, we have following lemma, which we will use in our
proof.

LEMMA 2.1. Assume that (Mt"’k);zo is a double array of continuous square
integrable martingales with the properties:

() for n fixed and k #1, M"™* and M™" are orthogonal martingales;
(ii) foranyt >0, Zf"zl[M”’k]t < C, where C is a constant;

(iii) foranyt >0, maxg[ MK, —P> 0asn— oo,

where 1 <k <k, and k, — 00 as n — oo; then, for any t > 0,

% )
@1 S b, 0
k=1

as n — Q.

PROOF. Since the martingales M"* are pairwise orthogonal, when 7 is fixed,
the same is true for the iterated integrals Io(M"*). Recall [1], Theorem 1,
page 354, which states that E(/o(M"™ k2% < By 2E[M™ k] Here, B is constant
independent of n, ¢t and k, and this, together with property (ii), gives that the iter-
ated integrals Io(M™*) are square integrable. Hence, by the orthogonality of the
iterated integrals, we have

kn 2 K
E(Z 12<M”’k>,> =Y E(L(M"*))*.
k=1

k=1
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However,
kn kn p
D_[MMF < max[ M), 3T IM™ ) = 0
k=1 k=1

as n — 0o. The claim (2.1) now follows since maxz[M"¥], < Z’,ﬁ”:l[M”*k]t and
this, together with property (ii), gives

kn kn
D [MMR < max[M™ ), Y MM, < €
k=1 k=1 O

2.2. A consequence of (b). We now fix ¢t and let R; := {s € [0, t] % € Q}.
Note that the set R, is dense on the interval [0, ¢]. Now, also fix s € R; and let
n =rn(s) be a subsequence of n € N such that ﬁ% €N.Put AX, =X, — Xy_,.

The next lemma opens the way to bound from below and above the bracket [M ]
on [0, T'] for any T > 0 and this goal will be achieved in Section 3.4.

LEMMA 2.2, Fixt >0, s € R, and suppose that ii; € N and i — o00. Then,

n
O H— L' _
A3 (Ax, )P S 2 ).
k=ris /141

PROOF. We have that

ns/t
ﬁZH_l Z(Axl‘kﬁ)z
k=1
ns/t
— ~2H—1 Z(AXskﬁs/t)z
k=1
2H—1 2H—17s/t 2H—1
t .S FL'®) Hy (1
() () Texnr =2 (g
k=1
_ gp2H-1
e F2H—1 N 2 L'P) oy :
Since 7 > k=1(AXy ;)7 —> 17", we obtain the proof. [

In what follows, we shall write n for n and #;, for t%.

2.3. Some representation results. We shall use the following notation. Let
Y, = fé sV/2=H gx  We then we have X, = fé sH=1/2 4y and can write the fun-
damental martingale M as

t
(2.2) M, =/O (t — )27 H gy,.
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We also work with the martingale W; = fé sH-1/2 dM,. We have [W]; =
fg s =1 d[M], and [M], = [§ s' 72 d[W];.

The equation (2.2) is a generalized Abel integral equation and the process Y can
be expressed in terms of the process M:

1 ! H—-1)2
(2.3) Y, = f (t — )= am.
'(H+1/2T'(3/2— H) Jo
Note that all of the integrals can be understood as pathwise Riemann—Stieltjes
integrals (see [6]).

3. Proof of Theorem 1.1: H > %

3.1. Basic representation. We shall now prove that M is a martingale with a
bracket cit2~2H for some constant ¢y and this, together with Lemma 3.1, will
give that X is a fractional Brownian motion with index H.

We shall use the following modified representation result between X and M.

LEMMA 3.1. Assume that H > % and that properties (a) and (c) hold. Then,
the process X has the representation

1 t t
(3.1) X, = —/ </ sH=12 (5 — u)H—3/2ds) M,
B Jo u
with B = B(H — 1,3 — H).
PROOF. Integration by parts in (2.3) gives

1 t
Y, = —/ (r— s)H_3/2MS ds.
B Jo
Next, by using integration by parts and Fubini’s theorem, we obtain

t
X, =/ sH=112 gy,
0

1 t
=H=12y, _ (H — 5)[ sH=32y ds
0

tH 12
= /(r s)A=32 M ds
B —1/2/ H— 3/2f (s — 0532 M, du ds
B
H-1)2
t _
/( BLEVCFIV
T (H-1/2)B

1
——/ sH73/2/ (s—u)Hfl/szuds
By Jo 0
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JH—1/2 ; '
:7(111—1/2)31/00_”#/ AM,

1 i1t
B _/ [/ sH-32(5 _ u)H—l/st] M,
By Jo LJu

H—1/2
_L [T e
B JolH-1)2

t
—/ sH_3/2(s—u)H_1/2dsi|dMu
u

1 i1 ot
:—f |:/ sH_l/z(s—u)H_3/2ds} dm,.
B1 Jo u

This proves claim (3.1). [

Our plan is now as follows: we will attempt to prove that M is a martingale
with the bracket Cyt2~2# and this, together with Lemma 3.1, will give that X is
a fractional Brownian motion with parameter H.

3.2. The basic estimation. We can assume that the processes M, W, [M] and
[W] are bounded with a deterministic constant L. If this is not the case, then con-
sider a stopping time 7,

T =inf{s:|Ms|> L or |Wg|>Lor[M];>Lor W], >L}.

Note that 7 is independent of the partition (¢;), k =0, ..., n, and hence we have

n
_ P
Lezgn® 71y (AXy, )2 — Tanr®!.
k=1

Given € > 0, take L big enough such that P(t < t) < €. Since our asymptotic
results concern convergence in probability, it is enough to prove them only in the
set {t > t}. We do not write the stopping time 7 or the indicator 1{;>, explicitly
in the proof below.

We want to use the expression

n

p2H—1 Z (Ath’n)z

k=ns/t+1

to obtain estimates for the increment of the bracket [M], with the help of (3.1).
Use (3.1) to obtain

1 t—1 Tk
3.2) AXy, = B_< A fkt(s) dM; + g,i(s)dMs>,
1

Tk—1
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where we have used the notation

(33) fkt(s) = /:k MH_I/z(u _ S)H—3/2 du

k—1

and

173
g,t((s) :z/ qul/Z(u — s)H73/2du.

N

Rewrite the increment of X as

1
AXy, = 2+ 2 1)
(3.4) !

173

1

tk—2
:=—(0 fkt(s)dMs+

1 179
5 Fl(s)dM, + gi(s)dMs).

Tk—2 Tk—1
We need such a decomposition because the behavior of the kernels in the inte-
grands is different for different arguments. Now, we intend to use this decom-
position and to show that the sequence n?=1 37 _ /i41(AX 1) verifies rela-
tion (e) from Section 3.4. In order to do this, we use Lemma 3.1, decompose
the increment AX;, , according to (3.4) into several terms and apply Itd’s for-
mula to the square of the increments. We then try to find asymptotically non-
trivial terms and terms of order op(1), and nontrivial terms must be of the form
that will be appropriate for finding the bounds for [M]. Even at this point, we
can note that the nontrivial terms will appear when we consider sums of the form
n2H -1 Zzzns/wrz ék—z(sz ()% d[M],, etc. So, at first, we estimate the sums with
such a form and only then consider the remainder terms.

We note that the random variables I,? ") are the final values at moment ¢ of

the martingales fotk’zm) flw)dmy, f,i:‘A/\UU filw)dM, and f,;kflvw g w)dM,,0 <

v < t, respectively. By construction, these martingales are orthogonal.
Next, the following upper bound holds for the functions f;:

_ t
(3.5) ORI Dl

note that this estimate is finite (not bounded) for s € [0, #x_1) and bounded for
s € [0, tx_>]. Further, we need the following technical result.

LEMMA 3.2. Foru <s, we have

n t 2H-3
Z (t—1 — M)ZH_3 =< (S +—— u)
k=ns/t+2 n
(3.6)

n ¢ 2H-2
+ (2—2H)z<s+2 _”>
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and for u <t;, we have

n

37 o —2H3 < (4 — ) 2H3 Lr )22
3.7) k§2<k1 WS it — )T G i — )
PRrROOF. Foru < s, we have
n
Yo (e —w)?H
k=ns/t+2
2H-3 n
t n 2H-31
= - — — th—1 — —
<s+n u> +- > (tre1—w) .

k=ns/t+3

t 2H-3 n t 2H-2
< - - -
—<s+n ”) +(2—2H)z(s+n ”)

by estimating the second sum in the first line from above by the integral. This
proves (3.6). Inequality (3.7) is proved in the same way. [

We can now give two-sided bounds for the brackets of the martingales in (3.4).
As was mentioned before, these brackets give rise to nontrivial terms in our esti-
mates.

LEMMA 3.3. Fixt > 0ands € R;, and let n be such thatﬁ% eNandn — o0
(we write n instead of n in what follows). Then, there exist two constants, Cq,
Cy > 0, such that

—2t/n n _
= [ e, <SS [ i,
s—t/n k=ns/1+2"°
(3.8)
< 2 (M, — [M]y) + op(D).

PROOF. We will not write the constants explicitly.
Upper bound in (3.8). First, we estimate

n tk—2
=S [T at,
k=ns /14270
from above. From (3.5), we obtain the following estimate for i":

n k-2
(39) in S n2H—3t2H+1 Z / (tk—l _ u)2H-3 d[M]u
k=ns/14+2°0
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We can assume that 0 < s <t and 2 < n% < n — 4, and rewrite the estimate in
(3.9) as

ns/t n

R )

i=1 k=ns/t+2 i=ns/t+1k=i+2

1
x [ (1 —w)*" 3 d[ M,
i1

(3.10)
ns/t 4 n
_ p2H-32H+1 2/ ( S (s _u)2H3> dIM1,
i=1"7l=1 \k=ns/1+2
n—2 t n
4 p2H=3,2H+1 Z < Z (1 _u)2H3> d[M],.
i=ns/t+1"1=1 \k=i+2
We estimate the first term in the last equation in (3.10) by (3.6):
ns/t I n
R}l; ::n2H_3t2H+1 Z Z (tk—l _ M)ZH_S d[M]u
i=1"i=1 k=ns/t42
s
(3.11) 5;”“/ <t2(ns+t—nu)2H_3
0
t _
+ Y 2H (ns+1— u)2H 2) diMm],.

Note that (ns 4+t —nu)*# =3 and (ns +t —nu)>" =2 are bounded and both converge
to 0 as n — 00. So, R! = op(1), by the dominated convergence theorem.
For the second term in the last equation of (3.10), we obtain, from (3.7), using
the estimate (f;+] — w)-12 < (ﬁ)H_l/2 and summing,
n ti
p2H—3,2H+1 Z

[(ti+1 g
i=ns/t+1

ﬁ(fﬁl — M)ZH_2:| d[M],

ti
< et (M1, — [M]y),
Hence, we have proven the upper bound (3.8) and have
i" < gt 2 (IM, - [M15) + op(1).

Lower bound in (3.8). We complete the proof of Lemma 3.3 by giving the lower
bound. From the definition of i, we easily obtain a lower estimate:

o 2H-1 % b2 o
(3.12) "> n ) f (fL )2 dIM],.

k=ns/t+2
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Further, for u € (t;_3, tx—2), v € (tx—1, tx), we have v — u < %t, u < v and we
get the estimate

(313) (fkl(u))z Z32H_3IZH_1111_2HM2H_1.

We use (3.13) in the lower bound (3.12) to obtain

n k-2
i > 32H-32H-1 Z / W2HL g,
k=ns /142 Tk=3

on—3.0m—1 [T
e [

s—t/n

n
M2H_l d[M]u

and this gives the lower bound in (3.8). The proof of Lemma 3.3 is now complete.
O

REMARK 3.1. Clearly, we can rewrite i similarly to (3.10) as

ns/t n

n—2 n .
"= n2H—3t2H+l (Z Z + Z Z ) ! (fkt(u))z d[M]u

i=1 k=ns/t+2 i=ns/t+1k=i+2/ “li-1

ns/t 4 n
(B.14)  =pPH3RHEIN Y (Flw)*diM],
i=1"l~1 k=nps/t+2
n—2 ti

FnR S [T (i,

i=ns/t+17 11 k=i+2
and obtain from (3.5), and similarly to (3.11), that

I’LS/I t n
(3.15) n2H=32H+1 3 S ()P diML, >0,

i=1"1=1 k=ns/t42
change summation indices for further convenience and deduce from (3.14), (3.15)
that

P
(3.16) )
n— t n
_Db_ T 2H-3 2H+1 1 (u))?
=P lim n*#~% 3 Y (flw)*diM],.

k=ns/t+17 %=1 j=42

We now return to (3.4), take the bracket of the next term and so estimate the
term

=1 t 2
ft (fL ()2 dIM]s.

k=2
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LEMMA 3.4. There exists a constant C3 > 0 such that

Gy iy / (fL@)2dIM1, < Cyr* =2 M1, — (M),

k=ns /142" k=2

PROOF.  We have the following upper estimate for the function f:

fk(u)<tH 1/2/ (v—u)H_3/2dv

T—1

H-1/2 H—1/2 H—1/2
—T/zlk ((k—u) / — (tk—1 —u) /)

H-1/2
- #tH—l/2<£> .
SH-12 p

This gives the claim (3.17). [

The last estimate for nontrivial terms in (3.4) concerns the terms of the form

173
[ @i dm.
tk—1
LEMMA 3.5. There exists a constant C4 such that

3.18)  n*f7! Z / (k) d[M], < Car*™ (M), — [M],).

k=ns/t+1 "k

PROOF. We have that

oo 3 1 (1 _Z)H—1/2
foN H-1)2 H-3)2 H-1)2
@) = / =120 — )H=32 gy < (1)
8k . H—1/2
H-1)2 H-1/2
< C(tk)H—1/2<£) < Ct2H—l<l) .
n n

This gives the claim (3.18). O

3.3. The op(1) terms. We shall now prove that after the decomposition of the
increment AX;, , according to (3.4), taking the square of this increment and ap-
plying It6’s formula to the decomposition, all the terms except the three brackets
of the martingales become asymptotically trivial. In this order, we take the terms
of the form (Ik J )2 j=1,2,3, decompose them by Itd’s formula on the bracket
and martingale part and also prove that the terms containing the cross products
L' ,? /i # j, are asymptotically trivial. More exactly, Itd’s formula implies that

tr— th— u
= [ enrann, w2 [ o [C fwam,)du,.
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‘We shall show that
ol v k=2 " P
(3.19) n“- Z / f,ﬁ(u)(/ fk’(v)de) dM,, — 0
k=ns/1+2°0 0

as n — 00. Clearly, it is sufficient to consider the sums of the form

G p2H-1 é/ot"_z (/Ou fk’(s)dMs>f,§(u)dMu,

(note that n} > 1) since the sums

ns/t+1

> [ moram) siwam,

for n > 2 can be considered in a similar way. We rewrite S" as

n

n—2 . u
g — p2H~1 Z ! ( Z fkt(u)/o fk’(s)dMs> dM,
i=1

li-1 \k=i42
In—2
:nZH—I/O Y dM,,

where
n u
™= fk’(u)fo fls)dMy,  welioi.n).
k=i+2

We use the following version of the Lenglart inequality: if N is a locally square
integrable continuous martingale, then, for any ¢ > 0,7 > 0 and A > 0,

(3.20) P sup IN )| = ¢] < :;2 +P{[N], > A).

0<s<t

It follows from inequality (3.20) that it is sufficient to prove the relation
In—2
3.21) n4H_2f M2 aimu B0, n— oo,
0 ,

First, using integration by parts, we estimate the function
n u
Y= > fk’(u)[f/é(u)Mu - fo Ms(fkt(s));ds} u € [ti-1, 4).
k=i+2

Clearly,

, 3 t 3 -
(fi@)), = (5 _ H) /,k_l V=12 — ) H=512 gy,
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Therefore,

M <L > (flw))?

k=i+2

3 n u rty
+ L(5 — H) > f,g(u)/ / w120 — )32 v ds,
0 Ji—

k=i+2
u€ltiq,t).

tH+

1/2 _
- (tr—1 —u) 3/2 we have

We estimate the terms separately: since f; (1) <
that, for u € [t;_1, 1;),

n L, 2HE s
t J—
Y (flw)® < " > (-1 —w)
k=it2 k=it2
2H+1 QHAL )
<——ip—w* 7+ (tx —u)*" 3 dx
n n t;
i+1

t4H—2 tZH ([H-l _ M)ZH—Z

< -
— p2H-1 n 2—-2H

< Cnl—ZH

and

n u Ik
> fk’(u)/ / w120 — )H 32 qv ds
0 Ji—

k=i+2

n 1
<C Y flw V12 (p — ) P32 gy
k=i+2 Tk—1

<C ) (fiw)*=cn' 21,
k=i+2

From these estimates, it follows that n*# _2(T%l)2 < C. Therefore, the
bounded majorant in (3.21) exists. So, in order to establish (3.19), it is sufficient
to prove that T%lnzH_l £ 0,0 < u < t. We have that

E(TM 2H—1)2

u,nl

n 2
(3.22) =n*f—2E /0 ( > f,é(u)ﬁ(s)) d[M];,

k=i+2
u€lti_y, ).
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Similarly to previous estimates, we obtain that

n 2
‘2( > K <u>fkf<s>>

k=i+2

2
_ | B B
§Cn4H 2( E: _2(,k_1_M)H 3/2(tk_1 S)H 3/2)

k=it2 "

< Cnit- 4( Z (et — M)ZH—3)2

k=i+2

W3-2H
< Cn4H—4<_

2
+ n2_2H) <C for some C > 0.
n

This means that the bounded dominant in (3.22) exists. Moreover,

n* =3 flao fles)

k=i+2

2H 1 Z fk (l/l) S)H—3/2

k=i+2

1
<cn2H-1. l/ wH=120y Z iy H=302 gy — ) H-32 1
+D/n

for any s < u. Putting together, this means that T/X’nnZH -1 K 0,0<u<1l,
whence §" 5 0 and, consequently, (3.19) holds. Next, consider the sums

n th—
n-t ¥ fk (1) fk (v)dM,dM,
k=ns/t+2 le—2 T2
and
2H—1 - lk t “ t
nf=t 3 gk (u) gi(v)dM,dM,.
k=ns/t+1 le—1 Te—1

The assumptions of Lemma 2.1 are satisfied with martingales
tk—1 AV
Nk = nH_l/Z/ flwydm,
tk—2 AV
and

12 tk AV
Nk = =1 / gh)dM,.
tk—1 AV
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Indeed, property (ii) follows from (3.17) and (3.18), and property (iii) can be easily
checked. Hence, both sums are of the order op(1). The next statement is an imme-
diate consequence of Lemma 3.3 and (3.19). There exist two constants C1 > 0,
C> > 0 such that

t n
C]IZH_I/ W=V d[M, <P — lim n?770 S gty
s n— oo
k=ns/t+1

(3.23) P
< Cor™" (M, — [M]y).

Similarly, one can show that the cross product sums with i # j satisfy n># 1 x

Dk Ig’iI,?’] = op(1). Indeed, let i = 1 and j = 2; other cases can be considered
similarly. We have that, in this case,

n 2 n

4H-2 n,1,n,2 _ 4H-2 n,1\2 yn,2

n E(Zlk I ) =n*"EY ()
k=1 k=1

where J:’z = ﬁi":; (fl(s))*d[M];, since .I,f’l,. I,f’z, 11?’3 are pairwise orthogonal.

Moreover, the product sum n># =1y, Il ’lI,? "/ can be considered as a final value

of a square integrable martingale with quadratic characteristic > }_, (I}’ ’I)ZJ,? 2,
So, it follows from the Lenglart inequality that it is sufficient to prove the relation

n
(3.24) n 23 a2 Lo,
k=1

According to (3.23), we have that

n
P— lim n?#713" (< Cor* 2 (M),

n— 00
k=1

and, also,

_ le—1 1\ 2 p
w2 max [P aml = (- 3) max @~ M1, 5o
I<k=<nJy_, 2 <n
whence (3.24) follows.
We are now ready to finish the proof of Theorem 1.1 in the case H > %

3.4. Completion of the proof for the case H > % Suppose, for the moment,

that we consider the fixed interval [0, #]. By using our estimates, we can conclude
that for rational s, consequently for any s < #, the following claims hold:
(d) there exist two constants, C; > 0 and C, > 0, such that

af CRH MY, < 1 — 5 < Co PN (MY, — (M)

N
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this estimate can be rewritten in terms of W and [W] (recall that W; =
fésH_l/szs)as

t
CLIW] — [W]y) <1 — s < Cot?1-! f =2 AW,
)
(e)
n t
P— lim n*#~1 %" (AX,k)Z:P—nling/s ohw)d[M]y,

n— 00
k=ns/t+1

where we can take ¢! (1) from (3.16), (3.17) and (3.18), and they equal

n
ol (u) = (nz”—%z”“ > (flw)? +n2”—1<g,i<u>>2) Vel .00)
i=k+2

+ n2H—1 (fkt (u))Zl{ue[tk,z,tkfl)}'

Clearly, ¢! (u) are positive, bounded, nonrandom functions and it follows from
(3.13) that they are separated from 0 by some constant multiplied by x>~
From the left-hand side of (d), it follows that [W]; is absolutely continuous
with respect to the Lebesgue measure, so [W]; = fot O ds, where 6 is a bounded,
possibly random, variable. From the right-hand side of (d), it follows that

t 1 t
/ W2 gy > C_(t2—2H_stl—2H) > O3t 2H _ 22Hy C3/ W2 g,
K 2 K

This means that

t
/ u' 7216, — C3)du >0,
S
whence we immediately obtain that 6, (w) > C3 > 0 for almost all #, @, concluding
that [W] is equivalent to the Lebesgue measure and so W; = [é Qsl / 2a’VS, where
{Vs, Fg, s > 0} is some Wiener process.

Now, if we perform all of the same calculations as before, but for “true” frac-
tional Brownian motion B/?, we obtain that

n t
. 2H—1 H\2 _p_ 13 n 2H-1
P Jim a7 D (Bl =P lim [ g
k=ns/t+1

2H-1
(

=t t—s).

(It is sufficient to take s = 0.) Therefore, P — lim,,  /, f Y,/ du =0, where V) =
2H—1,n o
u @, 0, —1).
From this, we obtain that 8, = 1 [otherwise, consider the set D = {(w, 1) : 6, >
1 +a, orb, <1 —a} for @ > 0O; clearly, it has zero measure].



456 Y. MISHURA AND E. VALKEILA

4. Proof of Theorem 1.1: H < % For H < %, we use, in general, principally
the same ideas. However, technical details are different. Indeed, it is well known
(see, e.g., [6]) that the kernel z(¢, s) participating in the representation of X via
M or W [see (4.2)] is more complicated in the case H < % The brackets of the
martingales that are to be estimated as before also have an additional singularity
because the power 2H — 1, or any other power of such a form, is now negative.
Therefore, the proofs are more technical and the reasons for this will be mentioned
below in all relevant places.

4.1. Starting point. At first, consider the Holder properties of the processes
involved. We can note the following: since H < %, it is very simple to prove, using
integration by parts, that the process Y has the same Holder properties as X, that
is, it is Holder up to order H. Further, it follows from Lemma 2.1 [6] that M is
Holder up to order % Therefore, for any 0 <59 <s <t <7 and B8 < %, there
exists a constant K = Ky g such that |W; — Wy| < K g(t — )P . Now, it is more
convenient to consider W instead of M. We shall show the inequality

4.1 Ci([W]; = [Wlp) =t —s < Co([W] — [W]y)

first for arbitrary t > 0 and s € R;, s < ¢. Recall that we can assume the processes
W and [W] to be bounded, as in Section 3.2.

For H < %, we use the following representation result, which can be proven as
[6], Theorem 5.2.

LEMMA 4.1. Assume that H < % and that properties (a) and (c) hold. The
process X then has the representation

4.2) X = /Ot z(t,8)dW;s

with the kernel

1)2—H
2(t,5) = (;) (t — )12

t
—(H— 1/2)s1/2_H/ ult =32 —s)H=12 gy,

N

Put

; 1/2—H
pltc(z) — / g (E) (u— Z)H_3/2du
1,

k-1 \U

forz < t;_q.
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Using Lemma 4.1 and integration by parts, we can now write the increment of
X as

1 k-2 /
X[k—th7] =<§—I'I)</0 pk(s)dWS

1 Tk—1 ‘
—I—(——H)/ Dy (s) dWs
2 Ix—2

n g\ 1/2-H
+/ (—) (tx — )12 aw,
1

-1 \k
1 W pem [ -3 H—1/2
—|—(§—H)/ s / u (u—s) du dWj
Tk—1 N

= I I I
Clearly,

n

lim n2H-1 Z (AX,,()2

n—od
k=ns/t+2
n n
= lim nzH_l( SO+ Y U
k=ns/t+2 k=ns/t+2
n
+2 ) J,:”I(J,f"2+f,:”3+J,f’4)).
k=ns/t+2
As before,
n
. _ L'(P) op_
(4.3) lim_ n=0 SN ax, )P s 2 e ).
k=ns/t+2

First, estimate

n
lim 21 N ()2

n— 00
k=ns/t+2

from below and above. We start with the analog of Lemma 3.3.

4.2. Two-sided estimates for the sums n>"=1 Zzzns/t+2 ék’z (p,’((z))zd[W]Z
and n*f 1 Zz=ns/,+2(llf’l)2. Put

n th—
=ty [ @

k=ns/t+2
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We decompose this sum as in the case of the proof for H > % [see (3.10) and
(3.14)]:

ns/t n n—2 n 1
j”’1:=n2H‘1(Z >+ Z) (P ()* d[W],.
i=1 k=ns/t+2 i=ns/t+1k=i+2/ *li-1

Clearly, for s < #;_»,

‘ _ oH-32l ;(E)H_l/z)
Pk(S)§<(tk—1 s) n)A(1/2—H - )

Therefore, for n such that n% e N, we have that

s ; 2H-2
j"’1 §n2H_2t/0 <s+;—u> d[W1,

s . 2H-3
+ n2H_3z2/ <s +—— u) d[W],
n
(4.4) 0

! AT ni? f
+ (—) n=" d[W],
2—=2H\n i=ns/t+1 li-1

2 aH3 e (" £\
+2n / d[W]L,(;) :

i=ns/t+1 li-1

We divide the integral fy(s + £ — u)?=2 d[W1], into two parts, f(f/z(s + L
w)2H=24[W1], and fss/z (s+ % —u)*H=2 4[W1,. The first integral can be estimated

as
52 ; 2H-2 o p\2H2
Ji (s+——u> AWl < (—+—) [Wls 2,
0 n 2 n

whence n2#=2; fos/z(s + % —u)* -2 4[W1], = 0asn — oo a.s. As for the second

part, we apply the following inequality from [6]: let the function f :[a, b] — R be
Holder on [a, b] of order B, | f(t) — f(s)| < K|t —s|P. Then, for any p > —1+ B
and b < v, we have that

b
4.5) f (v —u)? df ()

< K(l + ﬁ‘)((v — b)p+ﬁ + (v — Cl)'o+/3).

According to the Holder properties of W mentioned above, we can take any 0 <
B < % and define, for any r € ( %, t], the random variable

W, — W,
K. (w)= sup lv—;'
s/2<u<v<r (v—u)
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Clearly, P{K;(w) > N} — 0 as N — oo. Therefore, it is enough to prove that

fss/AZrN (s + % _ u)zH—z d[W]unZH_Z _P> 0Oas N — oo forany N > 1, where 7y =

inf{r > 5: K, > N} At. According to the Burkholder-Gundy inequality and (4.5),

SATN t 2H-2
n2H—2E(/ (s + - — u) d[W]M)
s/2 n

SATN t H-1 2
SCnZH_ZE(/ <s+——u> qu>
s/2 n

o)

A\ HHB-1 ¢ p\HFB-1\2
(7)) G ) o
n 2 n

Finally, we obtain that n*# =2 [{'(s + £ —u)?# =2 d[W], L 0asn— oo.
The same is true for

P y 2H-3
/ (s—{———u) d[W]M-nZH_S.
0 n

The last two integrals from (4.4) admit the obvious estimate 12 *1C2([W], —
[(Wl).

The “remainder” term for > _(J 1")2, that is, the difference between > (J lk )? and
j™1, equals

as n — oQ.

Ry=n2-1 Y /Otk_z (/OZ p,i<v)dwv)

k=ns/t+2
X p,t{ (u)dw,.

For technical simplicity, it is enough to consider )}’ 5 for any r € N, instead of
ZZ:ns/m == ZZS:/;H + Y }_3. We obtain that

nr k=2 .. u 2
E(Rn)2=n4H_2E<ZZ /p,i(v)dwv-p,g(u)dwu)
k=3 i—1"ti-170
nr—2 nr t u 2
:n4H_2E<Z Z /p,i(v)de-p,tc(u)qu>
i=1 k=i+3*ti-170

nr u 2
Z fo p;i(v)de-p,i(u)) d[W1,.

k=i+3

nr—2 t
- Z E <
i=l1

L



460 Y. MISHURA AND E. VALKEILA
Let us estimate

u
\ fo pL(v)dW,

P/i(M)Wu—/O Wy (pp(v)), dv

< LipL ()| +L\f0"<pi<v>>;dv

We have that

H-1/2
=|p () — pp(0)| < C(—) for some C > 0.
n

‘ f (PL()), dv
0

Moreover,

nr 2 tr 2
n2H—1( 3 p]tc(u)> < n2H—1< (- u)H_3/2dv)

k=i+3 lit+1
= Cn* = r = )" 4 (g — )P

<C

and the integrand

2
nr u
n““( > / p,i<v>de-p,i<u)) <cC,
k=i+270

that is, the integrable dominant exists. Therefore, it is sufficient to establish that
for any u,

nr u
_ P
w21 [ dW, - i S o.
k=i+3"0

We take the mathematical expectation in the left-hand side and obtain that

nr 2
n4H_2E/O ( > p;i(v)p;i(u)) d[W1,.

k=i+3

Also, here, the bounded dominant exists. Indeed,

nr 2 nr 2
n‘“‘”( > p,i<v>p,i(u)> fn”“( > p,i(v>> <cC,

k=i+3 k=i+2

as before. Further, we must prove that

nr
n?=0 N i) i) - 0
k=i+3
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for all fixed 0 < v < u. We have that

n* 1SN pl ) phw)

k=i+2
Tk
R2H-1 Z / w)H=3/2 g (s — v) =372 4
k=i+3 le—1
nr
1 [
< n2H—1 Z (tk—l _ M)H_3/2_ (S _ U)H_3/2ds
k=i+3 SRS

tr
I’lZH_Z(tH_z o M)H—S/Z (S . U)H—3/2 ds
tiyo

< CnH73/2(u — v)H*3/2 -0

asn — oo forany 0 < v < u.

. . P
From all of these estimates, the remainder term R, — 0.
For the lower bounds, we return to [M] instead of [W]:

ey [ g,

k=ns/t+2

Th—
> 122H-3 Z (tk)zH_lfk Z(Ik — 02 3 a0,
0

k=ns/t

ns/t—1 n n—2 n
> l2n2H_3< Z Z + Z Z )(lk)ZH_l

i=1 k=ns/t+2 i=ns/t+1k=i+2
1
< [ = ara,
i—1
Cl2H+1 2H-2 Z (ll+2—bl)2H 2 ( _M)ZH—Z)d[M]u
i=ns/t+1 li- lt

Note that

> /t’ (t — w1 2aimy,

i=ns/t+1

2 2H—-24+p8
~(t—l+—) =2 5 asn — oo.
n
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Therefore,

n

lim 2270 Y (Uf)?

n— 00
k=ns/t+1

n—2 4
>crPfp?f=2 3" (ti+2 — w2 d[M],
i=ns/t+1"1i-1
n—2
>Cr* =2 3 (i — 1) "M,
i=ns/t+1 li-1

Combining this with the upper estimate and taking into account the estimate of

the remainder term, we have
n
Cit* 2 (MY, — M) < lim 2P0 N (f)?
n— oo
k=ns/t+2
< G (WY, — W),

[Note that, for H € (1/2, 1), we have obtained opposite estimates.] Also, note
that we cannot immediately estimate Z(Jik)z, i > 1, from above. Indeed, the
integrand of the form (tL — u)P=1/2 that admits the estimate < (%)H -2 50
for H € (1/2,1), now, for H € (0,1/2), tends to co. So, we can mention that
Zzzns/wrz(‘]zk + J3k + JA{‘)2 > 0, intend to prove that ) J{‘(Jzk + J3k + JA{‘) — 0,
and, from this, condition (b) [or (4.3)] and (4.6), obtain the following estimate
from above:

(4.6)

(M, — M) < (2 —5).

In the sequel, we realize this plan.

4.3. Auxiliary estimates for “mixed” terms. We will show that as n — oo, we
have

4.7) WS R R T S0
k
It is sufficient to estimate the sums from k = 2 up to kK = n. By applying the

Lenglart inequality to n?H~! S Jy ’IJ,? 2 as well as to the final value of cor-
responding martingale, we obtain that it is sufficient to prove that

2 1/2—H )
nAH— 22(/fk /t ( ) (u —S)H_3/2dudWS)
Tk—1 /g 1/2—H o3 5
) (/;H (/t“(;> (u—s) du) d[W]s>

LH-2 =2 2 [l 2H—1 P
sent 25 ([ ppwaw) [ we -9 aw, o

k=2 T2
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Integrate the last integral by parts:

Tk—1
/ (ti_1 — )21 d[W,
1)

k—2

=1 — ) V(W — [Wlhy)

1y —
—H- [ ey — )W, — [W]y)ds

k-2

Tk—1
<Cn'2H AW, +C /, (tre1 — )H2((W],,_, — [W1y) ds.
k=2

Now, recall that

(f " pwam)

2

/) 2
- /O (PL(s)2dIW],

tk—2 N
#2 [ [ plwdw, - pis)dws,

Clearly,

1 sH-1x~ (%2 o0 1

ol i=n? LY [T <
k=20
S0, it is bounded in probability and, similarly to Ry,
2 2 (2 s P
o :=n H—lz/ / pr(0)dW,y - pi(s)dWs — 0 as n — oo.
0 0
k=2

Therefore,

n tg—2 2
LAH =2 Z(/ p,ﬂ(s)dWs> .Cn' AW,
0
k=2

< Co™! -m]flx AWl , + Co™?. m]flx AW, L 0, n— 00.

Also,
AH-2 B2 2 (e 2H-2
n Z(fo pk(s)dws) YRNCEED
k=2 !

k2
X ([Wly_y —[Wls)ds

Tk—1
S C(w)(o_l’l,l +O_n,2)n2H—1/ (tk—l _S)ZH—I—&‘ dS

k-2
< C(@)(@" ! + o™ Hn* =y — y_p)*—*
1

1—¢
~ <—) —0 asn — oo.
n
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This means that we have proven one of the necessary relations: n>/~! Yoo I Ty

P
J,:l’2—>0asn—>oo.
Consider

n
2H—1 n,1 yn,2
n E Jo I
k=2

o1 [,
=n Z/ Pi(s)dWs
k=2 0

1y 1/2—H
xf (i) (tk —s)H_l/ZdWs.
1

-1 Nk
As before, it is sufficient to prove that
n th—2 2 I s 1-2H p
n“H‘ZZ( / pz<s)dws) 3 (—) (e — 521 aiwl, 5 0
k=2 0 th—1 tk

asn — oo

or, equivalently,
173
(4.8) n?fi-1 mkaX/ (tx — )22V a[w, - (o™ + ™) B 0.
I—1

Note that by [6] and due to the Holder properties of [W],

Ik 1 2H—¢
(e — )M VAW < Clw) (i — )16 ~ <—> )

th—1 n

whence we obtain (4.8).
Now, consider n2H—1 > J,f ’1J,:’ ’4; other sums can be estimated similarly. After
some transformations, we obtain

n tk—2 2
w12 Y ([T waw,)
k=2 \’0

Ik I 2
o« / sl—ZH(/ =302 — S)H—I/Zdu) d[W1,
1, s

k—1

179 179 2
< p2H-1 m]?X/ (/' =302y — gyH=1/2 du) AW, (0™ + o™2)
th—1 s

Tk 175 173
SnzH*Imax/ (/ u2H73du/ (u—s)ZHldu> d[Wis
1, s Ky

ko Jg_y

x (o™ + o™?)
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Ik
S CnZH—l ml?xf SZH—Z(tk _ S)2H d[W]s . (O_n,l + O,n,Z)
Tk—1

1 I
<Cn- —max/ (tx — )TV d[W - (6™ 4+ 0™?)
nok Jy_,

< Cm]flx(tk — ) 6™ 40" >0 as n — 00.

4.4. Upper bounds for [M] and [W]. Due to all previous estimates, we can
realize our plan and conclude that

n

21 —s)= lim 2?71 3" (AX)? = it (M), - (M),
n—oo

k=ns/t+2
that is,
(M), — [M]s < Cot' 2 (1 —5) = Co (1727 — 5! 2H)
< CQ([_ZH _ S—ZH)
or

t t
f w721 qw, < c2/ u=2H gy,
) S

As before, it follows that [W]; is absolutely continuous with respect to Lebesgue
measure,

t
4.9 [W]; =/0 Osds,

0 <6, <C, where C is some constant and 6, is possibly random. Of course,
this is not our final goal, but we can now proceed with the above estimates for
n2H-1 ZZZM/,H(J”*")Z, i > 1, and this, together with condition (b) [or (4.3)]
and (4.6), will give us the possibility to obtain a lower bound for [W]; — [W];, that
is, to obtain (4.1).

4.5. Lower bound for [W]; — [W];. We can continue estimating from above:
for example, if we take, for simplicity, the sums over k = 2 up to k = n, then

n
n2H—1 Z(J:,Z)Z

k=2
— 5n,1 4+ 511,2
m oot 1 1/2—H 2
.= Cp?H—1 Zf (/ (£> (u— )32 du) d[W]s
tk—2 tri—1 \U

k=1

n t—1
4 Cp2H- Z_/ (
k-2

u
/ p2<v)de>p,i<u)qu
k=1

k=2
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and we now need an estimate p,’{(s) < (tr—1 —s)H-1/2¢.
Therefore,

(tr—1 — ) H L d[W];.

We cannot now continue to estimate the last expression directly (because of the
singularity at the upper point #;_1). So, we take an indirect route: for some A > 0,

Tk—1
/ (tie1 — )2~ d[w,
1

k-2
tk—1—t/(nA) Tk—1
=/ +
t

-2 tx—1—t/(nA)
2H-1
< (tk—1 — (tx—1 — 1/ (nA))) - AWy,
k-1 2H—1
+ [thanks to (4.9)] C (te—1 — 8) ds
tr—1—1/(nA)

¢ 2H—1 t 2H
<|— AW C|— .
_(nA) (W1, + (nA)

Taking the sum, we obtain

1 Ve o1 (1
51 < cn?-US (N AW, 4 Ccn2- (—)
o <Cn I;(nA) (W], +Cn n A

1
1-2H 2H—-1 W 2H

If we estimate the sum from k = n% + 1 to k =n, then

~n _ _ 1 s
511 < CAIARHN (W), = (W) 4+ (1-2)

- - 1 -
= CAZHRIZ W), — (W10 + C ™ = 9),

~ P ..
We now want to prove that 2 — 0 as n — oco. As usual, it is enough to
establish that

LI T u 2 p

w12y ([0 swaw,) grw?awy, o
k=1"%k=2 lk—2

We can now bound [W], by C du, take the mathematical expectation and note that

(P (u))? < Cn'=2H Therefore, it is sufficient to prove that

n
=2

th—1 u
‘ / (PL ()2 dIW 1, () du % 0.
tk—2

k-2
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Since C dv bounds d[W],, we have that this value can be bounded by

n th—1 u
Cn*t=2 3" / 2 ( A 2<pz<v)>2dv)<p,i(u»2du
k=1 -

=ex [

u 1
/ dv)duf—C—>0 asn — 0o.
k=1 f—2 n

—
Finally,

n
k=ns/t+2

2H—1(
A2H

Now, proceed with J;">

n

k=1

n o\ 1/2- H
=n2H— ((—) yH = “2> (w1,
tr—1 \\Tk

n 1/2— H
TR > )
k—1 k—1

<
The first term can be estimated as

2H IZ/ S)2H_1d[W]s

k-1

1)2-H
) —wH 12 g,

==

¢ 2H—1 C -1
sc(§) awh-w+ i)

as before.

t —
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s).

And, with the bound d[W]; < Cds, the second term can be estimated as
ntH=2 0 =) s - (g — w)* T du < Cn™? — 0. Therefore,

for Z(J,;1 ’3)2, we have the same estimate as for Z(J,:’ ’2)2. Finally, estimate
. 4
n2H—1 Z(]kﬂ, )2
k=1

n 173 t 2
= Ccn?f-1 Z(/ sl/z_H/ ult =320 — ) =12 gy dWs>
k=1 Tk—1 §
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n 17 173 2
_Cp2H- Z/ (128 </ =302y — gyH=1/2 du) AW,
1

k=171 §

n 179 u 17
4 Cn2H-1 2/ ] S1/2—H/ WH=3120y — ) H=112 gy aw,
k=1" k=1 k-1

N

173
X ul/z_H/ 320 — ) =12 gy aw,.
u

The first term can be estimated with the help of (4.9) as

ook t 2
G2H -1 1-2H Z/ (f =32y — S)H—l/Zdu> d[W1,
k=2"Tk=1\/$

—2H

<Cn —0 asn — oo.

Ifk=1,then,f0r%+‘17=1,p,q>1,

t/n t/n 2
n2H—1t1—2H/ </ WH=32(, _S)H—I/Zdu> ds
0 s
2/p
< p2H-1,1-2H ft/” </’/" L PH=3/2) du)
0 s

t/n 2/q
X (/ (u —s)H=1/2q du> ds
R

t/n t (Hq—q/2+1)2/q
< n2H—1t1—2H/ s(pH—3p/2+1)2/1’<_ _ S) ds
0 n
t/n " 2H—142/q
:nZH—ltl—ZH/ S2H—3+2/p(_ _ S) ds
0 n

P\4H-1
NnZH—ltl—ZH(_> o
n

that is, the “main term” of n?# =137 _, (J! “H)2 tends to 0. For the remainder term
of n?H~1 Iy (J,:1 ’4)2, it is sufficient to prove that for any ¢ > 0,

n 179 u 174 2
713 =2 Y / / (SI/Z—H/ UH—3/2(U_S)H—1/2dv> Js
Tk—1 JIk—1

k=ne/t §

tx 2
xul_ZH(/ vH_3/2(v—u)H_1/2dv) du— 0
u

asn — oQ.
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However,

n 175 u 174 2
513 < pti2 3 ] / (/ =312y _S)H—I/Zdv) ds
Tk—1 JIk—1

k=ne/t §

173 2
X (/ vH_3/2(v—u)H_l/2dv) du
u

n
§n_6 Z (tk_l)_4~n_2—>0 as n — oo.
k=ne/t
After all estimates, for s > 0,

n
lim n*7=1 3" (AX,,)?

e k=ns/t+2
Y 1 oy
< CATHITAW] = W) + Co gt = ).

We have the opposite estimate,

n
k=ns/t+2

< AP (W, — (W) 4+ Co— 12711 — ).

A2H
So, for A sufficiently large, C3 :=C| — CZA% > 0, and we obtain that

C3t2H 1t —5) < LA 2H2ET (W], — (W),

whence [W]; — [W], > g—;AZH _l(t — 5), where the constants do not depend on
s and . Therefore, if we write [W], = fé psds, then e] < ps < &, & > 0 and

W, = f(g psl 24 Vi for some Wiener process V. We can then complete the proof of
the theorem using the same arguments as for H € (1/2, 1).
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