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FAST TRANSPORT ASYMPTOTICS FOR STOCHASTIC RDES
WITH BOUNDARY NOISE

BY SANDRA CERRAI! AND MARK FREIDLIN2
University of Maryland

We consider a class of stochastic reaction-diffusion equations also hav-
ing a stochastic perturbation on the boundary and we show that when the
diffusion rate is much larger than the rate of reaction, it is possible to replace
the SPDE by a suitable one-dimensional stochastic differential equation. This
replacement is possible under the assumption of spectral gap for the diffusion
and is a result of averaging in the fast spatial transport. We also study the
fluctuations around the averaged motion.

1. Introduction. In classical chemical kinetics, the evolution of concentra-
tions of various components in a reaction is described by ordinary differential
equations. Such a description turns out to be unsatisfactory in a number of ap-
plications, especially in biology (see [12]).

There are several ways to construct a more adequate mathematical model. If the
reaction is fast enough, one should take into account that the concentration is not
constant in space in the volume where the reaction takes place. Then, the change of
concentration due to spatial transport should be taken into account and the system
of ODEs should be replaced by a system of PDEs of reaction-diffusion type. In
some cases, one should also take into account random changes in time of the rates
of reaction. Then, the ODE is replaced by a stochastic differential equation. If
the rates change randomly not just in time but also in space, then evolution of
concentrations can be described by a system of SPDE:s.

On the other hand, the rates of chemical reactions in the system and the diffusion
coefficients may, and as a rule do, have different orders. Some of them are much
smaller than others and this allows one to apply various versions of the averaging
principle and other asymptotic methods, thereby eventually obtaining a relatively
simple description of the system.

In this paper, we study the case where the diffusion rate is much larger than
the rate of reaction and we show that in this case, it is possible to replace SPDEs
of reaction-diffusion type by suitable SDEs. Such an approximation is valid, in
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particular, if the reaction occurs only on the boundary of the domain (this means
that the nonlinearity is included in the boundary conditions). This replacement is
a result of averaging in the fast spatial transport. We would like to stress that our
approach allows us also to calculate the main terms of deviations of the solution
of the original problem from the simplified model. Notice, moreover, that the case
where the diffusion coefficients and some of the reaction rates are large compared
with other rates can be considered in a similar way.
More precisely, we are dealing with the following class of equations:

u 1
a—:(t’ x) = —Auc(t, ) + f(t, %, ue(t, X))
e (t ))an(z ).  t>0.xeD

(1.1) L, X, Uell, X)) =45 ), zb,xelb,

1 du, ow?B

-—— @, x)=0(,x)—(,x), t>0,x€dD,

g ov ot

ug (0, x) =up(x), xeD,

for some 0 < ¢ < 1. These are reaction-diffusion equations perturbed by a noise of
multiplicative type, where the diffusion term .4 is multiplied by a large parameter
¢~ ! and a noisy perturbation is also acting on the boundary of the domain D.

Here, D is a bounded open subset of R, with d > 1, having a regular boundary
(for more details, see Section 2) and, in the case d = 1, we take D =[a, b]. Aisa
uniformly elliptic second order operator and d/dv is the corresponding conormal
derivative. This is why the same constant ¢!, which is in front of the operator A,
is also present in front of the conormal derivative d/dv. In what follows, we shall
denote by A the realization in L?(D) of the differential operator A, endowed with
the conormal boundary condition.

The coefficients f, g:[0, 00) x D x R — R are assumed to be measurable and
satisfy a Lipschitz condition with respect to the third variable, uniformly with re-
spect to the first two variables, and the mapping o : [0, 00) x d D — R is bounded
with respect to the space variable.

The noisy perturbations are given by two independent cylindrical Wiener
processes, w?€ and w?, defined on the same stochastic basis (2, F, F;,P), which
take values on LZ(D) and L%(3D), respectively, and have covariance operators
Q € LY (L*(D)) and B € LT (L%(d D)), respectively.? In space dimension d = 1,
we can take Q equal to the identity operator so that we can deal with space—time
white noise. Moreover, as L?({a, b}) = R?, in space dimension d = 1, we do not
assume any condition on B.

Stochastic partial differential equations with a noisy term also acting on the
boundary have been studied by several authors; see, for example, da Prato and
Zabczyk [3], Freidlin and Wentzell [6] and Sowers [10]. The last two mentioned

ZHere, and in what follows, given any Banach space E, we denote by £(E) the Banach space of
bounded linear operators on E and by £T(E) the subspace of nonnegative and symmetric operators.
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papers also deal with some limiting results with respect to small parameters ap-
pearing in front of the noise. However, the limiting results which we are studying
in the present paper seem to be completely new and we are not aware of any previ-
ous results dealing with the same sort of multiscaling problem, even in the simpler
case of homogeneous boundary conditions (i.e., o = 0).

As mentioned above, our interest is in studying the limiting behavior of the so-
lution u, of problem (1.1) as the parameter ¢ goes to zero, under the assumption
that the diffusion X, associated with the operator .4, endowed with the conormal
boundary condition [this corresponds to a diffusion X, on some probability space
(Q, F , .7:";, I@’) which reflect on the boundary of D], admits a unique invariant mea-
sure u and a spectral gap occurs. That is, for any & € L2(D, p),

J,

for some constant y > 0. This can be expressed in terms of the semigroup e
associated with the diffusion X;, by saying that

2
B - [ h(y)u(dy)‘ pidx) = e [ 1h Pty

tA

(1.2) <ce ""hl2p -

L2(D,p)

tAy,
e’h ‘/Dh(x),u(dx)

Moreover, as shown in Remark 2.1, the space L?(D) is continuously embedded
into L2(D, p).

Our aim is to prove that equation (1.1) can be replaced by a suitable one-
dimensional stochastic differential equation, whose coefficients are obtained by
averaging the coefficients and the noises in (1.1) with respect to the invariant mea-
sure 1. More precisely, for any & € L2(D, i), we define

Fa= [ fexhtpudn, =0,
D
and for any h € L?(D, i), z € L>(D) and k € L*>(3 D), we define

G(t, h)z =/Dg(t,x,h(x))z(x)u(dx), t>0,
and
81k = /D Nyylo (¢, W (op(dx), 120,

where Ng, is the Neumann map associated with A and &y is a suitable constant (see
Sectlon 2, [8] and [9] for deﬁnltlons) We prove that for any ¢ > 0, the mappings
F(t,): LZ(D 1) — R and G(t,): LD, ) — L*(D) are both well defined and
Lipschitz continuous, and ) () € L2(3 D), so that the stochastic ordinary differen-
tial equation

dv(t) = F(t,v(@t))dt + G(t,v(1)) dw2(t) + () dw? (1),
1.3
D 0= [ o).
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admits, for any 7 > 0 and p > 1, a unique strong solution u € L?(2; C([0, T']))
which is adapted to the filtration of the noises w< and w?B. Notice that (1.3) is
a one-dimensional stochastic equation, in the sense that the space variables have
disappeared. In Section 4, we show that it can be rewritten as

dv(t) = F(t,v(t)) dt + ®(t, v(1))dB:,

where f; is a standard Brownian motion and the diffusion coefficient ® is explic-
itly given in terms of Q, G, B and X.

When we say that equation (1.1) can be replaced by (1.3), we mean that the
solution u, of (1.1) can be approximated by the solution v of (1.3) in the following
sense:

(1.4) lim E sup

)4
f e (t, x) — v(®)Pu(dx)| =0
e—>0  4¢15,171YD

for any fixed0 <8 < T and p > 1/2.

In order to prove (1.4), we first have to prove that for any fixed ¢ > 0, equation
(1.1) admits a unique adapted mild solution in L? (2, C([0, T']; L%(D))), that is,
there exists a unique adapted process u. such that

t t
ug(z):e“‘/squr/ e“—SM/EF(s,ug(s))der/ IG5, ug(s) dw@(s)
0 0

+wi’B(I)9

where w () is the boundary term (the stochastic boundary convolution)

Wi s =Go—A) [ LA N (s () duwB ()], 120

(here, and in what follows, F' and G denote the composition/multiplication opera-
tors associated with f and g, resp.). In particular, we have to show that the above
term is well defined in L? (2, C([0, T]; L?>(D))). Concerning the notion of mild
solutions and existence and uniqueness results for SPDEs like (1.1), with fixed
e > 0, we refer to Da Prato and Zabczyk [3]. However, we would like to stress
that in the present paper, we are not imposing the Hilbert—Schmidt condition on
the covariance operators Q and B, and this makes the treatment of the stochastic
convolution and of the stochastic boundary convolution more complicated, in view
also of the a priori estimates with respect to & > 0.

Actually, once we have a unique adapted mild solution u, for (1.1), we prove
an a priori estimate of the following type:

ee(L,

Due to (1.2), this allows us to proceed to the proof of (1.4).
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After we have proven (1.4), in the final section, we study the fluctuations of u,
from v. Namely, we introduce the random field

ug(t,x) —v()

\/g b
and show that, under the assumption that the noisy perturbation in (1.1) is of addi-
tive type (i.e., the diffusion coefficient g is independent of u), for any ¢ > 0,

ze(t) =~ Io(t)  in L*(D,p), e |0,

ze(t, x) 1= (t,x) €[0,400) x D,

where Iy(z, x) is the Gaussian random field taking values in L*(D, p) for any
t > 0, defined by

Ip(t, x) == /OOO(eSAG(t)de(s,x) —(G (1), dw2(5)) .2(p))

+/0 (80 — A)e™ Ny [ (1) dw® ()1(x) — (£ (1), dwB () 125 p))-

The random field y(z, x) is well defined in L?(D, 1) because of the spectral
gap inequality (1.2) and, in the case where the coefficients g and ¢ do not depend
on t, Ip(t, x) also does not depend on ¢ so that the weak limit of z.(¢,x) as e | 0
depends only on the space variable x and is constant in time for any ¢ > 0.

2. Notation and assumptions. Let D be a bounded domain in R4, with
d > 1, satisfying the extension and exterior cone properties, and let v be the out-
ward normal at 9 D. We assume that 0 D is a C*° manifold and D is locally only
on one side of dD. In the case d = 1, D is a bounded interval (a, b).

We define H := L%(D) and Z := L%(3 D) and, for any o > 0, we define HY :=
H*(D) and Z% := H*(3D) (in particular, H = H and Z° = 7).

We assume that A is a second order differential operator,

Af = Z ,(al,() )+Zb<>—

l—l

satisfying the uniform ellipticity condition

inf Z aij(X)&E; Zaon,, £eR,

i=1

for some ag > 0. The coefficients a;; and b; are assumed to be smooth [for sim-
plicity, we take them to be in C°°(D)]. In what follows, we shall denote by A the
realization in H of the operator A, endowed with the boundary condition

2.1 %(x) = {a(x)v(x), Vh(x))pa =0, x€adD.
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Namely,

Ah = Ah, h e D(A),
{ D(A) = {h € H*(D); (a(x)v(x), Vh(x))gs =0, x € dD}.

As is well known, the operator A generates an analytic semigroup {¢'4},~¢ in H
which is also strongly continuous. Moreover,

D(A%) = D((AM*) C H*,  a >0,
and
(2.2) D(A%) = H?, O<a<3

(for proofs, see [11] and [8], resp.).

If, for any 1 < p < 0o, we denote by A, the realization in L? (D) of the op-
erator 4, endowed with the boundary condition (2.1), it can be proven that A,
generates a strongly continuous analytic semigroup e’4» in L? (D). Notice that all
of these semigroups are consistent, so, in what follows, we shall denote them all
by e'4.

As proved in, for example, [5], Theorem 2.4.4, since .A is uniformly elliptic and
the domain D has the extension property, the semigroup ¢’4 admits an integral
kernel k;(x, y). Due to the boundary condition, the kernel satisfies

(2.3) 0<k(x,y)<c™¥?4+1), >0,

for some constant ¢ > 0, almost everywhere in D x D.

As a consequence of our assumptions on 4 and D, it is possible to prove that
there exists some §p € R such that for any § > §p and & € Z, the elliptic boundary
value problem

24 6 —Av(x)=0, x €D,
@. (a(x)v(x), Vu(x))ge = h(x), x €oD,

admits a unique weak solution v € H, which we will denote by Nsh. The applica-
tion Ns: Z — H is known as the Neumann map associated with the operator A. It
is well known that Ns maps Z into H as a bounded linear mapping. Moreover, ac-
cording to elliptic theory for domains with smooth boundaries (for a proof, see [9],
Theorem 7.4 of Volume I), we have

(2.5) Ns € £L(Z%, H*3/?), a > 0.

In what follows, we shall assume that ¢’4 has the following long-time behavior.

HYPOTHESIS 1.  The semigroup e' At >0, admits a unique invariant measure
w and there exists some y > 0 such that, for any h € L*(D, 1),

(2.6)

M- [ homy)| | e bl 120
D L2(D,p) ’
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In what follows, we shall set H, := L*(D, w) and
)= [ heow@.

REMARK 2.1.

1. If A is a divergence-type operator, that is, b; =0 forany i = 1, ..., d, then the
operator A is self-adjoint in H. This implies that it is possible to fix a complete
orthonormal system {ex}r>0 in H and an increasing sequence of nonnegative
real numbers {o }x>0 such that

Aer = —ayeg, k eN.

Let eg be the constant eigenfunction corresponding to the ag = 0 eigenvalue
and let o1 be the first positive eigenvalue. It is immediate to check that

2.7 p(dx) = efdx =|D| " dx
and, in particular, that H = H),, with equivalence of norms. Moreover, as for
any x € H, we have

o0

ex —(x,u) = e (x, ei) e

i=1
and a; < «; for any i > 1, it is immediate to check that
o0
tA 2 _ -1 —2ta; RV < —2ta 2
le"4x — (x, )|, = 1D ;e (x,ei) gy < e M xly
1=

so the constant y in (2.6) coincides with «;.
2. If A is self-adjoint, as above, for any 6 > 0 and k € N it holds that

* —_—
(2.8) N5e, = Stor o €k, -
Actually, for any & € Z, we have

1
(Noh. ex) g = 5 /D Nsh(x)(3 + a)ex (x) dx

1
- /DN(gh(x)((S — Aex (x) dx.

Now, if we assume that 7 € Z1/2, according to (2.5), we have that Nsh € H 2
and then, due to the Gauss—Green formula and to (2.4), we obtain

/ Nsh(x)Aer(x)dx :—f h(o)er(o)do +f ANsh(x)er(x)dx.
D aD D
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This implies that

(Nsh, ex)n | 6- )Néh(x)ek(x)dx+— f h(o)ex (o) do
6—|—a D

_ ! (h,ex, )z

= 8 +ak k) k|8D
so that

1
(h, Nier)z =3 a (h,ek|3D)Z-
As Z1/2 is dense in Z, we can conclude that (2.8) holds.
3. As

eAh(x) = /Dk,(x,y)h(y)dy, xeD,
and ¢’41 = 1, we have
le'Ah(x)[* < e'4h*(x),  xeD.

Due to the invariance of u, this implies that for any 2 € H,,,
[ 1P < [ @AnPonn = [ 0P,
D D D
so e'4 acts on H,, as a contraction, that s,

(2.9) le'* e,y <1, t>0.

4. We have that H is continuously embedded into H,,. Actually, due to the invari-
ance of u and to the kernel representation of e'4, for any 1 € H, we have

[ @ Pun = [ eAmPonan = [ [ ke phoPRdmd.
D D pJD
Then, thanks to (2.3), we have
I, =fD | ()] (dx) SC/D b7y = |kl
5. As a matter of fact, there exists a nonnegative function m € L°° (D) such that
uldx)=m(x)dx, x€D.

Actually, let ¢, ¥ € C2(D), with ¢ fulfilling the boundary condition (2.1). In-
tegrating by parts, we obtain

(¥, Ap)y = (A", o) — /BD(av, Vi)gapdo + /w(b, VIRd@Y do,
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where
0 oy
Ay = .
V=3 <a” ox;

J

) — (b, V) ga — divbyp.

Hence, the operator A*, endowed with the boundary condition
(2.10)  A{a(x)v(x), V¥ (x))ga — (b(x), v(x))ga ¥ (x) =0, x €D,
is the formal adjoint of the operator .4, endowed with the boundary condition
(2.1).
Now, the function u = 1 is a nonzero solution of the problem
Au(x) =0, xeD,
(a(x)v(x), Vu(x))gs =0, x €adD.
Then, by the Fredholm alternative, there exists a nonzero weak solution ¢ € H 1
to the adjoint problem
{ A*p(x) =0, xeD,
(a(x)v(x), Vo(x))ge — (b(x), v(x))pap(x) =0,  x€dD.
By elliptic regularity results (cf. [7], Chapter 3), as the boundary of D and
the coefficients of A (and hence of .A*) are of class C™, we have that ¢ is a

classical solution to the adjoint problem. Hence, if A* is the adjoint of A in H,
for any A sufficiently large, we have

1
A=A o=
( ) @ R4

and by taking the inverse Laplace transform, we obtain ¢’4" ¢ = ¢ for any 7 > 0.
Now, due to the positivity of the semigroup ¢’4 (and hence of the semigroup
¢'4") and to the fact that e'“ is conservative, we have that the set

A={peH: Y p=0,1>0}

is a lattice, that is, |¢| € A for any ¢ € A. Therefore, if we set

m(x) = M, x€D,
Ipleidy
we have that e’4”m = m for any ¢ > 0 and hence m (x) dx is a probability mea-

sure and is invariant for ¢’4. As y is the unique invariant measure for e’4, we

are done.
Concerning the coefficients f, g and o we assume the following conditions.

HYPOTHESIS 2.

1. The mappings f, g:[0,00) x D x R — R are measurable and the mappings
f,x,-), 8, x,-):R— R are Lipschitz continuous, uniformly with respect to
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(t,x) € [0, T] x D, forany T > 0. Namely, for any £, € R

Sup |f(tax»§)_f(tax,77)|SLT,f|‘§_77|,
(t,x)€[0,T1xD

sup  |g(t,x,8)—g(t,x,n)| < Ltg4lé —nl.
(t,x)€l0,T1xD

2. The mapping o :[0, 00) x 0D — R is measurable and for any T > 0,

sup |o(,)[Lo@p) =: CT,6 < OC.
tel0,T]

In what follows, for any ¢ > 0 and A, h» € H, we shall define
F(t,h))(x) = f(t,x, h1(x)), xeD,
and
[G (1, h)h2](x) == g(, x, h1(x))h2(x), xeD.

Due to Hypothesis 2, we have that F(¢,-): H — H, G(t,-): H - L(H, LY (D))
and G(t,-): H— L(L*°(D), H) are all Lipschitz continuous, uniformly with re-
specttot € [0, T'], for any T > O.

Notice that the same is true for the mappings F(¢,-): H, — H,,, G(t,-): H, —
L(H,, LY(D, w)) and G(t, -): H, — L(L®(D; ), Hy).

Analogously, if, for any t > 0 and z € Z, we set

[X(®)z](x) ;=0 (1, x)z(x), x€aD,
then we have that X (¢) is a bounded linear operator on Z and for any T > 0,
(2.11) 1ZOlzz) <cry0, tel0,T].

Finally, concerning the noisy perturbations w?(z) and w?(z), we assume that
they are two independent cylindrical Wiener processes defined on the same sto-
chastic basis (2, F, F;, P), taking values in H and Z, respectively, with respective
covariance operators Q € LY (H) and B € £L1(Z). Namely,

wl() =Y mefe®),  wPO) =)0 fiBe®),
keN keN
where {eg}ren is the orthonormal basis of H which diagonalizes Q, with eigen-
values {Ax}xeN, { fr}xen is the orthonormal basis of Z which diagonalizes B, with
eigenvalues {6x}ren, and {Bx}ren and {,ék}keN are two sequences of independent
standard Brownian motions, both defined on the stochastic basis (2, F, F;, P).
Notice that the two sequences above are not convergent in H and Z, but in any
Hilbert spaces U and V which contain H and Z, respectively, with Hilbert—
Schmidt embedding. Moreover, in the case d = 1, we have Z = R? and hence

wB () =08,
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where ©® = diag(6y, 6>) and ,3 (1) = (ﬁl(t), ,32 (1)) is a two-dimensional standard
Brownian motion.

In what follows, we shall assume the following summability conditions on the
eigenvalues Ax and 6% and the sup-norm of the corresponding eigenfunctions.

HYPOTHESIS 3.

1. If d = 2, then there exists p < 2d/(d — 2) such that

(2.12) > A lexl3 =1 kg < 0.
keN
2. Ifd = 2, then there exists B < 2d/(d — 1) such that
2.13) >0 =ik < oo
keN
REMARK 2.2.

1. From the proofs of Lemmas 3.3, 4.3 and 5.4, it is possible to see that if the
mapping g:[0, T] x D x R — R is uniformly bounded for any 7 > 0, then we
do not need to require that the sequence {ey}ren is contained in L°°(D) and
condition (2.12) can be replaced by

Z A,f < 00.
keN
2. Asboth d/(d —2) and d/(d — 1) are strictly greater than 1, neither Q nor B
are required to be Hilbert—Schmidt operators in general. Moreover, in space
dimension d = 1, we have no conditions on the eigenvalues {1y} and we can
take Q = I. This means that we can deal with space—time white noise.

3. A priori bounds for the solution of (1.1). In this section, we are concerned
with uniform bounds for the pth moments of the C ([0, T']; H)-norm of the mild
solution u, of (1.1).

We first recall some general facts about the linear parabolic equation with non-
homogeneous boundary conditions

dy

o (t,x) =Ay(t, x), t>0,xeD,
G.1) (@), Vy(t, x))ga = v(t, ), 1=0,x €D,
v(0,x) = yo(x), xeD,

where v is a Z-valued function. If v(-) is twice continuously differentiable and
there exists §g > 0 such that yo — Nsv(0) € D(A) for § > &g, then the solution of
problem (3.1) is given by

(3.2) y(t) =eyy+ (8 — A) /0 l e"IANsv(s) ds
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(for a proof, see, e.g., [4], Proposition 13.2.1).
Such a formula can be extended by continuity to less regular functions v. In
particular, for each ¢ > 0, we can consider the problem

9 |
Dt ) = Ay, x), t>0,xeD,
ot e

3.3 B
G\ (o), Yy, x))pt = 0 (1, 1) %(I,x), t>0,x€dD,

y(0,x) =0, xeD,
where w? is the cylindrical Wiener process defined in Z, introduced in Section 2.

In analogy to formula (3.2), by taking 6§ = §p/¢ and v(¢) = X () ow? /9t we say
that for any € € (0, 1], the process

t
w5 (1) = (B0 — A) / cOALE N [ () dwB(s)], 120,
’ 0

is a mild solution to problem (3.3). The process w’ z(¢) can be interpreted as a
boundary Ornstein—Uhlenbeck process and can be written as the infinite series

t A
wh 5= (80— A) / eUTIAENS [S(s)BfildBr(s),  t>0.
keN 0

As proved in the next lemma, such a series is well defined in L?(2; C([0, T]; H))
for any T > 0 and p > 1. Moreover, a uniform estimate with respect to ¢ € (0, 1]
holds.

LEMMA 3.1. Under part 2 of Hypothesis 3, the process wiﬁ g belongs to
LP(Q; C([0,T]; H)) forany T >0, p>1ande € (0, 1], and

(3.4 sup ElweA,BVCJ([o’T];H) =:cr,)p < 00.
e€(0,1]

PROOF. As a consequence of the stochastic Fubini theorem and of the ele-
mentary identity

i

0<o<t,aae(0,1),

ft(t — ) N s—0)%ds =

sinta’
we have the factorization formula

sin

o (1!
/O (t — ) Lel=94/¢y, (s)ds,

where

Yrals) = /0 (s = )80 — A)eS AN [E(r) dwP (r)]
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(for a proof, see [2]). By the Holder inequality, this implies that for any o > 1/p,

E sup |wy 50y
t€l0,T]

<cT,,a/ E|Yea(s)|? ds

SCT,p,a/ (/ (s—r)~

r/2
x 3762 (0 — A" AN [ () il dr) ds,
keN

3.5)

the last inequality following from the Burkholder—Davis—Gundy inequality.
Now, assume that d > 1 (the case d =1 is simpler). According to (2.13), we
have

36280 — AN [ () fill 3

keN

2/ (s—r)A/e 2 Ve

(3.6) <l (160 = ANy 20 £l )
keN
X sup|(80 _ A)e(s_r)A/gNgjO[E(l")fk]ﬁ_](;_l)/;,
keN

where ¢ := /(8 — 2). Thanks to (2.2) and (2.5), for any p > 0, we have
(3.7) Sy = (80 — A)CTPANs € L(Z, H).

Hence, forany ¢ >0and 0 <r <s < T, due to (2.11), we have

3180 — AN [E() fill 3

keN

— Z|e(s—r)/2A/8(5o —_ A)(1+p)/4e(s—r)/2A/85pE(r)fk‘%{

keN

_ - * 2
(38) — Z Z|(fk, Z(V)S;[(60 _ A)(l+p)/4e(s r)/ZA/e]*e(é r)/2A /Seh)z}

keNheN
— Z|E(I’)S;[(50 _ A)(1+p)/4€(S—r)/2A/8]*e(s—r)/ZA*/&‘eh |QZ

heN

(14p)/2
€ —r)/2A* 2

SCT’p[(s—r) _|_1i|Z’e(s r)/ /seh|H

heN

As the semigroup e¢’4 admits an integral kernel k; (x, y), that is,

etAf(x)zf ki(x, ) f(y)dy, xeD,
D
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we have
efA*h(y):/ ki (x, y)h(x) dx, yeD.
D
This implies
Z{e(sfr)/ZA*/eehﬁI: Z/ |e(sfr)/2A*/eeh(y)|2dy
heN heN’D
2
= Zf V k(s—r)/@e)(x, y)en(x)dx| dy
heN Dl/D
3.9
2
= Z/ (k(s—ry/e) oY)y en)y |~ dy
heN’D

2
=/D|k(s—r)/(25)(',y){H dy.
Now, due to (2.3), for any # > 0 and y € D, we have
ke (o )1 :/D ke (x, )P dx < c(t™9% + 1)/Dkt(x,y)dx
and hence
[ WGy e 40 [ ki yydxdy =clpla i + 1),
D DxD
This implies that for any ¢ > 0,

(s—r)/2A% /s |2 e \*?
Z\e en|y <c|D] - +1],

heN §
so, thanks to (3.8), we have

1/¢
(Z (50— A)e“—’“/ezvao[mr)fk]|i,)

keN

P (d+1+p)/(2¢)
o ()

S —r

(3.10)

Next, by proceeding as in (3.8), we have

keN
c (I+p)(¢—=1)/(28)
SCT”’[(S—F) +1]'

Therefore, thanks to (3.5), (3.6), (3.10) and (3.11), we can conclude that for any
e€(0,1],

T
E sup [wS (0% ch,p,a,p( / [~ Cat@r0/@+p/2) 4 ] ds)
1€[0,T] ’ 0

(3.11)

p/2
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Now, as in Hypothesis 3, we are assuming that § < 2d/(d — 1), so we have
(d +¢)/2¢ < 1. This means that we can fix @ > 0 and p > 0 such that

d+¢ b _
2

2+ ——+= <1

2

and then, for any p > p :=1/& we obtain

sup E sup Iwi’B(t)lpH <crp.
e€(0,11 t€[0,T]
The estimate for general p > 1 follows from the Holder inequality. [J

Next, we pass to (1.1).

DEFINITION 3.2. LetT > Oand p > 1. An adapted process u, € L?(2; C([O0,
T1; H)) is a mild solution of (1.1) if, for any ¢ € [0, T,

t
ue(t) = e"*ug + f e"TIAEF (s, ug(5)) ds + wh o (ue) (1) + w5 (1),
A : ,
where, for any u € L?(2; C([0, T]; H)), we define
t
wh o) (1) ::/ e INEG (s, u(s)dw?(s),  t>0.
’ 0

As is well known, wiv o(u) is the unique mild solution of the problem

(t x) = —.Ay(t x) +g(t x, u(t, x)) (t x), t>0,xeD,

dt
(3.12) {a(x)v(x), Vy(t X))pd = t>0,xedD,
y(o’ _x) = O’ X € D,

where w€ is the cylindrical Wiener process with values in H, introduced in Sec-
tion 2.

As for wA 5» We show that w 0 satisfies a bound in L?(Q2; C([0, T]; H))
which is uniform with respect to ¢ € (0, 1].

LEMMA 3.3. Assume Hypothesis 2 and part 1 of Hypothesis 3. Then, wZ’Q
is Lipschitz continuous from LP(2; C([0, T]; H)) into itself for any T > 0 and
p>1,and

T
(3.13) sup Elw§ o )leo. )1y < €T ,,(1 +E/ Iu(s)lpHds).
£€(0,1] 0

PROOF. The proof of the Lipschitz continuity of w8A7Q in LP(2; C([0, T];
H)) is classical and can be found in, for example, [1]. Concerning estimate (3.13),
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as in the proof of Lemma 3.1, we use a factorization argument and, for any o >
1/p, we get

E sup |wf oy
tel0,T]

T s p/2
<crpaE / ( / (s — )72 Y 3210 G u(r))ek]ﬁ,dr) ds.
0 \Jo keN
According to (2.12), if we set ¢ := p/(p — 2), then we have

Z A2|eSTIAEG (r, u(r))ex] |12L1
keN

2/p (s—r)A/e 2 1
<3 (};Je (Gl
€

o 2(¢—1 —
x sup|eC G (r, u(r))er] 3 e P,
keN

(3.14)

As in the proof of (3.9), we have
S| G (e = fD|k(s_r)/g(x, )8 - u(r)| dox.
keN

Now, thanks to (2.3), for any t > 0, x € D and h € H, we have
e Ce iy = [ ki )3 P dy

(3.15) <c@ 9?4 1)/Dkt(x,y)h2(y)dy

=t + e h (x)

A

and this is meaningful since ¢’4 is well defined in L!(D). In particular, for any

e >0,

3 [CTAEG (r ur)er] |5

keN

- e dj2 -

<c < ) +1 /e“*”f‘/sg%r,-,u(r))(x)dx
L\S —Fr 41JD
(e N\ Nemnage.2

— 1 S—r & -
C_(S_r> + _|€ g (I" u(r))|Ll(D)
F/oe \4/2 q )

=<c s—7r +1 |g(r,-,u(r))|H
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and, due to the linear growth of g,

(s—r)A/e 2 e
D le [G(r, u(r)exl|7;

keN

B

S —r

(3.16)

By analogous arguments, we have

GA7) suple GG e i el < er (14 lu(r) )
keN

and then, thanks to (3.14), (3.16) and (3.17), we get, for any ¢ € (0, 1],

E sup w01
tel0,T]

T/ ps 1\ 2e+d/25) 5 p/2
SCT,p,aE/O (/0 [(s—r) —i—l}(l—i—lu(r)lH)dr) ds.

As we are assuming p < 2d/(d —2), we can find @ > O such that 2o +d/(2¢) < 1.
Due to the Young inequality, this implies (3.13) for all p > p = 1/a and hence for
allp>1. O

According to Lemmas 3.1 and 3.3, we have the following result.

THEOREM 3.4. Under Hypotheses 1,2 and 3, for any T > 0 and p > 1, and
for any ug € H and ¢ > 0, equation (1.1) admits a unique adapted mild solution
u. € LP(Q2; C([0,T]; H)). Moreover,

(3.18) sup Elue|¢ 0.7y 1) < c1.p(1+ luolp).
e€(0,1]

PROOF. Asboth F(t,-): H— H and wi\’Q:LP(Q; C(0,T]; H)) —» LP(2;
C([0,T]); H)) are Lipschitz continuous and wi,B e LP(R2;C([0,T]; H)), we
have that the mapping &, defined by

D (u) (1) = " Yeup + /t e IAEE (s, u(s)) ds + wh o ()(6) + w (1)
A : :

is Lipschitz continuous from the space of adapted processes in L”(2; C ([0, T'];
H)) into itself. Therefore, by a classical fixed point argument, equation (1.1) ad-
mits a unique adapted mild solution u, € L? (2, C([0, T]; H)).

Next, for any ¢ > 0, we have

t
e ()]}, < c,,(|uo|’,’; +ch—1/0 (14 lue(s)|7) ds

1wl o) (1} + |wi’B(t)|Z>
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and then, according to (3.4) and (3.13), we conclude that
T
E sup fus0lfy <cr.p(1+luolly + [ B sup lu(lf ds ).
t€[0,T] 0 rel0,s]

The Gronwall lemma allows us to obtain (3.18). [

4. The averaging result. In this section, we show that for any 0 < é < T and
p > 1, the sequence {ug}ec(0,1) converges in LP(2; C([8, T]; Hy)) to the solution
of a suitable one-dimensional stochastic differential equation. In what follows, we
first introduce the limiting equation by constructing the coefficients and by de-
scribing a situation in which they are given by a simple expression. In the second
part of this section, we prove the convergence result.

We start with the drift term. For each t > 0 and h € H, we define

4.1 F(t,h) = (F(t,h), ) =/Df(t,x,h(X))lL(dX),

where (dx) is the unique invariant measure associated with the semigroup e’4
(see Section 2 and Hypothesis 1). According to Hypothesis 2, for any 7" > 0 and
h1,hy € H, we have

|f(t9x9h1(x)) - f(tvx’hZ(x))l =< LT,f|hl(x) _hZ(x)|9 (t7x) € [09 T] X Da
so that
F(t,):H, >R

is Lipschitz continuous, uniformly with respectto ¢ € [0, T'], for any 7' > 0. Notice
that, as H C H,, this implies that F (t,-): H — R s also Lipschitz continuous.

Next, we construct the term arising from the stochastic convolution wi’ 0 (u)(1).
For each t > 0 and h € H, we introduce the linear mapping

z€H> ) (Gt hyex, w)(z, ex)n = (G(t, h)z, ) €R.
keN

As H is continuously embedded into H,,, for any T > 0, we have
NGt W)z, ) < gt - Wm, |z, <er(+ hlg)lzla,  t<T.
This means that there exists G(t, h) € H such that
(G(t,h), 2)u = (G(t, h)z, 1), Z€H.
Moreover, since for any h1,h> € Hyand T > 0,
G, hi)z, n) — (G (1, ho)z, 1)
=g, - h1) — g, - h2)|n,|zlu

<crlhi —h2ln,|zlH, t<T,
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we have that the mapping G(t,): H, — H is Lipschitz continuous, uniformly
with respect to ¢ € [0, T'], forany T > 0.

This, in particular, implies that the mapping G(t,-) is also Lipschitz continuous,
both in H and in H,,, uniformly for ¢ € [0, T'].

Finally, we construct the term arising from the boundary convolution w% g(t).
For each fixed ¢ > 0, we introduce the mapping ’

h € Z > 80(N5y[E(1)h1, 1) = 8o fD Nslo(t, )h](x)u(dx) € R.

As Ns, is a bounded linear operator from Z into H, X(¢) is bounded and linear in
Z and H is continuously embedded in H,,, such a mapping is bounded and linear

from Z into R and then, for any ¢ > 0, there exists fl(t) € Z such that for any
h € Z, we have

4.2) (ﬁ(t),mz=50(N50[2(t)h],u)=50/DN50[0*(I,-)h](X)/L(dX).

We can now introduce the limiting equation. It is the one-dimensional stochastic
differential equation

“3) {dv(t) = E(t,v(0) dt + (G, v(1), dwl (D) i + (1), dwP (1)) 2,
v(0) = (uo, p).

As the mappings F(t,):R—Rand G(t, ) : R — H are both Lipschitz continu-
ous, uniformly with respect to ¢t € [0, T'], for any T > 0, equation (4.3) admits a
unique strong solution v € L?(2; C([0, T]; R)) forany p > 1 and T > 0, that is,
there exists a unique adapted process in L?(€2; C([0, T]; R)) which is adapted to
the filtration {#;};>0 such that

t/\
o(t) = {ug, 1) + fo F(s, v(s)) ds + tha. o (0)(1) + D a5 (1),
where
. ro A ro. s
Ba.0@) (D) :=/0 (G5, v, dwl(Nm,  ap) :=/0 ($(s), dw? (s))z.

Notice that both W4, o (v)(#) and Wy, p(t) are F;-martingales having zero mean.
Moreover, we have

l A
(4.4) IEIﬁJA,Q(v)(t)I2=/0 EIQG (s, v(s))[3; ds
and

l A
4.5) Elﬁ)A,B(t)|2=/ E|B2(s)|zzds.
0
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In particular, as w€ and w? are independent, we have that W A0 (@) +wa, p(1)
is an F;-martingale having zero mean and covariance

t A A
(4.6) /o (EIQG (s, v(s)IF; + | BE(5)[7) ds

so that there exists some Brownian motion S; defined on some stochastic basis
(2, F, F:,P) such that the solution of problem (4.3) coincides in law with the
solution of the problem

{a’v(t) = F(t,v(t)dt + @, v(t)) dB,,
v(0) = (uo, 1),

where
(4.7) (1, v) = (1QGt, V)4 + 1BE(1)|7)

As shown in Remark 2.1, in the case where the operator A is self-adjoint, we
have

172

1
u(dx) = —dx
|D|

so that, due to the definition of G(t, v), we get

106 0l = 510t 0l = s [ 110e( - v dr.

IDI2

Concerning the boundary term, due to (2.8), we have

Z| Ns,[Z(@)Bfil. ) |?

D2
|D| keN

=y 2 |D|2 ([Z@)Bfil, N, 1)z

keN

> |(fe, Ba(t,))z|* = ! |Bo(t, )3
= ks Zl = o

keN|D|2 D ‘

1
_ W/aDI[BO(t, )2 dn.

Therefore, in the self-adjoint case, we have
1/2
(1, v) = |D|(/ Qs IWPdx+ [ iBot.olmPdn)

Now that we have described the candidate limit equation, we prove that u, in
fact converges to its solution.
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THEOREM 4.1. Assume Hypotheses 1,2 and 3. Then, for any up € H, p > 1,
T >0and b < 1, and for any 6 > 0, we have

E sup |uc(t) —v(0)|5 <crpale+e2A + |uolhy )
tel8,T] " "
4.8) 5
+e_7/p /8|M0|5)-[M7

where v is the solution of the one-dimensional problem (4.3). In particular,

limE sup |us(¢) —v(@®)|5 =0.
e=>0 1e[5,T) "

PROOF. We have

t A A
ue (1) — v(t) = ("*ug — (uo, 1)) +/O (F(s,us(s)) — F(s,v(s)))ds

t A~ A~
+/0 (G s ue(5)) = G (s, v(5))), dw(s)); + Re (D),

where

Re(1) == /t IR (s ug(s)) ds — /t F(s,ug(s))ds
(4.9) 0 0

+wh oe)(t) —a, gue)(t) + wly p(t) —wa p(t).

This yields

Jue (1) = v(0)|,

< erp (140 = w0, )1,
t A A
(4.10) +/ |F (s, us(s)) — F(s, v(s))|P ds
0

p

A A~
+ ‘fo (G (s, us(5)) — G(s, v(5))), dw?(s))

IR, ).
Due to the Lipschitz continuity of Ia (t,):H,— R, forany 0 <t < T, we have

E sup [ |F(r,uc(r)) — F(r,v(r)|Pdr
s€[0,1] 0
(4.11)

t
gcT,p/O Elue(r) = v(r)|p, dr.
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Analogously, due to the Lipschitz continuity of G, ):H, — H and the
Burkholder—Davis—Gundy inequality, for any 0 < ¢ < T, we easily obtain

E sup

NN N p
/(G(V’us(’"))_G(’”7U(r)),de(r)>H
s€[0,:11/0

(4.12) .
< CT’p,/O Elu.(r) — v(r)|2ﬂ dr.

Then, thanks to condition (2.6), forany 0 <¢ < T,

Elus (1) — v(®)l},
!
<erp (e ol +E sup (RN, + [ Bluets) = v, ds )
" 1€[0,T] LoJo "

and, by comparison, this yields

t
(4.13) /E|ug(s)—v(s)|’;1 ds <er p(eluoly, +E sup R0} ).

0 . " t€[0,T] "

In view of (4.10), thanks to (4.11) and (4.12), for any 0 < § < T, we obtain

E sup us(t) —v()lp,
tels,T]

T
—vné P p
< e P uolfy, +erp [ Bluts) = vl dr
+cr,pE sup |R8(t)|f{#.
tel0,7T]

Therefore, if we show that, forany 7 > 0, p > 1 and 6 € (0, 1),

(4.14) E sup Ry <cr.poe??(1 + luolfp),
tel0,T]

then we can conclude that (4.8) holds. [J

Due to (4.9), in order to prove (4.14) and hence complete the proof of Theo-
rem 4.1, we need the following three lemmas.

LEMMA 4.2. Assume Hypotheses 1,2 and 3. Then, forany T > 0and p > 1,
and for any ¢ € (0, 1], we have

p
E sup

t N
f e(z—s)A/sF(s’ug(s))ds—/ F(s,ue(s))ds
t€[0,71170 °

Hy,

(4.15) ,
<ecr,p(1 4+ |ugly)e?.
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PROOF. Due to Hypothesis 1, for any ¢ € [0, T'], we have
|V (s, ue()) = F s, ue(s))]
<ce "IN F (s, ue () m,
<ce VUIEIF (s, ue ()|

< cTe_V(t_s)/s(l + sup |ug(s)|H).

s<T
This implies that, for any ¢ € [0, T'],

. P
’/te(’_s)A/gF(s, ug(s))ds — /t F(s,us(s))ds
0 0

t P
< cT’p(l + sup |u8(s)|1;I> (/0 e Vs/e ds)

s<T

Hy,

so that, thanks to (3.18), for any ¢ € (0, 1], we obtain

)4
E sup
1€[0,T]

t LA
/e(t—s)A/aF(s’ug(s))ds—/ F(s,ug(s))ds
0 0

Hy,

< cr.p(1+ luol5e”. 0

LEMMA 4.3. Assume Hypotheses 1,2 and 3, andfix T >0, p>1and 6 < 1.
Then, there exists some constant ct, g > 0 such that for any € € (0, 1],

4.16) E sup |wf oue)(®) = a, o) DNy, < c1.p0e” (1 + uolfy).
t€l0,T]

PROOF. As in the proofs of Lemmas 3.1 and 3.3, we use a factorization argu-
ment. Since ¢’41 =1, for any > 0 and o > 0, we have

I,
W o (ue) (1) — fo (G (s, us(s)), dwl ()

sin

o (!
- /O (t —s)* L=y, (s)ds,

where
Ry
Ve als) = f (5 — 1)~ Y (1 (7)) dwl(r)
0

and, for any h1, hy € H,
W(r, hi)hy := G(r,hi)ha — (G (r, hy), ho) .
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Hence, due to (2.9), ¢'4 is a contraction in H, . for any £ > 0, and by proceeding as
in the proofs of Lemmas 3.1 and 3.3, for ¢ < 1/p, we obtain

r p
E sup wi,Q(us)(t)—f (G(s,ue (), dw?(s))
1€[0,T] 0 Hy
T s ) /2
< CT,p,aE/O (/0 (s —r)~ 2 Z)»ﬂe(s_r)A/E‘D(r’ ug(r))ek|Hﬂ dr) ds.

keN
Due to the invariance of @ and condition (2.6), we have

|eCTAEW (1 up () ex]

=[G us (r)ed] = (G (rus (), ey,

— |e(s—r)/2A/s (e(s—r)/ZA/s [G(r, ug(r))ek])
—(CTIPAEG (r ue (r))exd, 1),

< eV DAL G (1, ug (r))ex] |Hu

so that
p

t A
W' () (1) — /0 (G5, ue(9)), dw ()

E sup
1€[0,T]

T s
(417) < CT,p,aE/ (/ (S _ r)—ZOZe—)/(s—r)/s
0 0

Hy,

p/2
X Z )\,%|e(sfr)/2A/g[G(r, ug(r))ek]ﬁ_lﬂ dr) ds.
keN

Using the same arguments that were used in the proof of Lemma 3.3 [see (3.16)
and (3.17)],forany 0 <r <s <T, we get

SRS PG sy, <er (
keN

with ¢ = p/(p —2) if d > 1 and with ¢ =1 if d = 1. Thanks to (3.18), this yields
p

¢ )d/a;)

§—r

+ 1](1 Flue)).

t ~
wh o)) = [ (Glsus(). dwl (o))

E sup
1€[0,T]

HIL
T /g Qatd/20) P/
scT,p,a(1+|uo|§,)s—°‘P(/O [(;) —i—l]e_”’/edt) .

Now, according to the first condition in Hypothesis 3, we have d/2¢ < 1 so that,
for any 6 < 1, we can fix & > 0 such that

d
1—-20>0, 200+ — < 1.
2¢
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Then, with a change of variable, we easily obtain

E sup

t o I4
up w o ue) (1) — /0 (G(s,ue(5)), dw@ () u|  <cr.poe® >+ luolf)
tel0,T

m

for any p > p:= 1/a. By the Holder inequality, we obtain an analogous estimate
for any p > 1 and (4.16) then follows. [J

LEMMA 4.4. Assume Hypotheses 1, 2 and 3, and fix any T > 0, p > 1 and
0 < 1. Then, there exists some constant cr,p ¢ > 0 such that for any ¢ € (0, 1],

(4.18) E sup |w z(t) —wa,s®)|5 <cr ol
1€[0,T] "

PROOF. Notice that (89 — A)e’41 = & for any ¢t > 0. Then, as in Lemma 3.1,
by factorization, we obtain

sin o

Fe B
wi,3<r>—f0 (£(s), dwP (s)) 7 =

where

t
- /O (t — )2 Let=94/¢y, (s)ds,

Yeals) = /O (5= )0 — A AW () dw (1),

and forany h € Z,

1 -
W(r)h := Ns,[2(r)h] 5 (2(r), h)z.

0
Hence, according to (2.9), by arguing as in the proofs of Lemmas 3.1 and 3.3, for
any p > 1/a, we obtain

t N B V4
wi,Ba)—/o (£(s). dwP ()2

E sup
1€[0,T]

T N )
SCT,p,oz/ </ (s—r)~*
0 0

p/2
X Z 9,3!(30 — A)e(Sfr)A/E[‘IJ(I”)fk]ﬁ]H dr) ds.
keN

Due to the invariance of i and to condition (2.6), we have
B0 — e W) fill

= |80 — A)e® VNG [Z () fill = 80 (Nso[E () fils 1) g,
_ |e(s—r)/2A/8((5O _ A)e(s_r)/ZA/sNgo[Z(I’)fk])
— {60 — ) PAENS [R(r) fil, 1),

< ce_y(s_r)/(zs)\(&) _ A)e(s_r)/zA/SNso[E(V)fk]|H#-

Hy,
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394

This implies that
o B

wh 50 = [ (56),dw ()2
0 H,

p

E sup
1€[0,T]
T K
<CTpa / (f (s —r) 2@e7vn/e
o \Jo
2 (s—r)/2A e 2 r/2
x 307130 — Ade Nal () fell?y, dr) ds
keN
and, hence, by proceeding as in the proof of Lemma 3.1, we conclude that
p
H,

E sup

t€l0,T]
&

t A
W' 5(®) —/0 (S5, dwP (5)) 7
20+(d sign(d—1)+¢)/(25)+p/2 r/2
) + l]e_ys/e ds) ,

T
—a
<o ([
where p is a positive constant to be chosen and where { = /(8 —2) if d > 1 and

¢ =1if d = 1. Now, as we are assuming 8 < 2d/(d — 1) when d > 2, for any

0 < 1, we can fix @ and p both positive such that
dsign(d — 1 0

Ldsim@-D+e 5
2¢ 2

1—-2a>6, 2

Then, with a change of variable, for any p > p =1/«,
p
< CT’pepH/Z

Fe B
wz,B<t>—/0<z<s>,dw o)z

E sup
g

tel0,T]

and this implies (4.18) for any p > 1.

REMARK 4.5.
1. Notice that from (4.13), we have
Elue =17 oo 1.1,y < CT.p0 "> + €)1+ luoly, )

4.19)
so that

. 4 =

EIE)%EWg — U|LP(O,T;H/4) -

2. If we take ug = (ug, i), then, for any p > 1, T > 0 and 6 < 1, we have the

stronger estimate
E sup |ue(t) — vy < cr.poe* (1 + luol”).

(4.20)
t€l0,T]
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3. From the proofs of Lemmas 4.3 and 4.4, we easily see that for any 7 > 0 and
p=1

4.21) sup Elwf oue)(t) — a0y, <cr pe?>(1+ luolfy)
tel0,T]
and
(4.22) sup Elw’ () —a g0}, <cr pel’?.
1€[0,T] ’ .

Then, forany 7 > 0 and p > 1,

sup EIR: () < erpe??(I+luoly), &€ (0,1,
tel0,T]

Then, by repeating the arguments used in the proof of Theorem 4.1, we have

sup Elug(r) — v(0)|h <cr.p(e +eP/2)(1+ |uglhy )+ e 7P ugl?, .
te[s,T] H H H

Moreover, if ug = (ug, i), as in (4.20), we have

(4.23) sup Elue(t) — v(0)|5y < cr.peP?(1+ |uolP).
+€[0,T] "

5. Fluctuations around the averaged motion. In this section, we analyze the
fluctuations of the motion u, around the averaged motion v. More precisely, we
will study the limiting behavior of the random field

ug(t, x) —v(t)
(5.1 zg(t,x):ng, t>0,xeD,
as the parameter & goes to zero.

In what follows, in addition to Hypothesis 2, we shall assume that the coeffi-
cients f and g satisfy the following conditions.

HYPOTHESIS 4.

1. The mapping f(t,x,-):R — R is of class C', with Lipschitz continuous deriv-
ative, uniformly with respectto x € D and t € [0, T], for any T > 0.

2. The mapping g does not depend on the third variable, that is, g(t,x,n) =
g(t,x) foranyt>0,x € DandneR.

3. For any x € D, the mappings g(-,x):[0,00) - R and o(-,x):R — R are
Holder continuous of exponent o > 0 and

sup[g(-, X)]ce((0,+00)) = Lg < 00,
xeD
(5.2)

sup [o (-, M) ]ce((0,400)) = Lo < 00.
neoD
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From Hypothesis 4, we easily obtain that the mapping F(t,-): H, — Ris
Fréchet differentiable and, for any > 0 and 4, k € H,,, we have

R of af
DE@k= [ (tx )k = (e e k. ).
D 0§ o0&
Moreover, DF (%, ") : H, — H is Lipschitz continuous, uniformly for 7 € [0, T'].

THEOREM 5.1. Assume Hypotheses 1-4. Then, for any t > 0,
(5.3) 2e(t, x) = Io(t, x), e 0,
in H,,, where Iy(t, x) is the Gaussian random field defined for any t > 0 and x € D

by

Io(t, x) = /oo e AG (1) dw@ (s, x)
(5.4) 0 .
+ /0 (80 — A)e’A N5, [Z (1) dw? (5)1(x).

[For any x € H,,, we have set Tlx :=x — (x, u). Notice that, due to the invariance
of 1u,

Me'*h =e4Th,  t>0,he H,, TAh=Alh,  he D(A)]

We now define

(5.5) I6(t) == foo e AG (1) dw? (s)
0
and
(5.6) Is (1) ::/O (80 — A)e’ A N5, [Z (1) dw? (5)].

Before proceeding with the proof of Theorem 5.1, it is important to see that the
two terms I (7) and I (¢) are both well defined in L2($2; H,) for any t > 0.

LEMMA 5.2. Under Hypotheses 1-3,

IE|IG(t)|i,H < 00, t>0.

PROOF. Due to the invariance of , we have

Ig()=Y fooo M@ G (er] — (G (t)ek, 1)) i (s)
k=1
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so that, by proceeding as in the proof of Lemma 3.3, thanks to (2.12), we have

EllG(1)[, = fo >4l G er] — (G@er, w13y, ds
k=1

o/ o0 1/¢
(5.7) < C./o <Z|6SA([G(t)€k] —(G()er, W)ﬁ],t)
k=1

x sup [¢*A[G (Nex] — (G(D)ex, MH%E_”“IekI;O“/P ds.
keN

where ¢ = (p — 2)/p and p is the constant appearing in (2.12). Due to (2.6) and
the invariance of , we have

2 e e
(G Wer] = (GWer, W)y, <e [ PAGWerlE,
so that, according to (3.16), we have

00 /¢
<Z|e“‘([G<r)ek] —(G(D)ex, m)IiI,L) < e (sTHRD 1),
k=1

Analogously, according to (3.17), we have

2(¢—1 - - —
suple G (1)er] = (G Dex. w7 el V0 < e D8
keN

and hence, in view of (5.7), we conclude that

o
E|IG(I)|%1” < Cz/(; eV (57D 1 1) ds < ¢ 0
As far as Iy is concerned, we have the following, analogous, result.

LEMMA 5.3. Under Hypotheses 1-3

E|12(z)|§,u < 00, t>0.

PROOF. Due to the invariance of w, we have
00 00 .
=Y fo 6k ((80 — A)e* Ny [ (1) ficl — 80(Nso[Z(®) fil, 11)) d B (s).
k=1

Using the same arguments used in Lemma 4.4, due to (2.6) and the invariance of w,
we have

|80 — A)e* Ny [0 fill = 80 (Nsy[E(0) fil. 1)1y,

< ce |80 — A)e* AN [Z(0) fil
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and then, as in the proof of Lemma 3.1, due to (2.13), we get

00 00 1/¢
E|Is (1), <c fo eW(Z (8o — A)€S/2AN80[E(f)fk]|%1M>
k=1

x sup | (80 — A)e* A Ny, [Z (1) fill s~/ dis.
keN

By using (3.10) and (3.11), this allows us to conclude that for some p > 0 such
that (d +¢)/2¢ +p/2 < 1,

oo -
B0, < [ e (@O 4 1) dy < foc. O

5.1. Proof of Theorem 5.1. It is immediate to check that for any ¢ > 0,

t A
2e(t) = fo DF (s, v(s))zs () ds + Re () + Lo (1),
where

1
Re(t) := ﬁ(e”/muo — (ug, 1))
1 [t .
+ NG /0 (e OAEF (5, ug(s)) — F (s, ue(s)))ds

1 r A
—l—/o’/o [DFE(s, v(s) + 6 (ue(s) — v(s))) — DF (s, v(s)) ]z (s) ds df

3
= ZRs,i(t)
i=1

and
1 . | R .
(5.8) I.(t) ;== ﬁ(wi,g(t) —Wa,0(1)) + %(WA,B(I) — W4, p(1)).
Due to (1.2), we have
(5.9) IRe.1 (D11, < %e—w/ﬂuom.

For R, »(t), with a change of variables, due to (2.6), we have, for any ¢ € [0, T],

c [t __
|Re2()|m, < —8f0 eV TEF (s, up ()|, ds

=
Ct t e

<—(14 sup |us(s)|n /e vs/IE dg
x/§< sel0g] ”> 0

<e/e(1+ sup lue(s)ln,)

s€[0,7]
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and then, thanks to (3.18), we get

(5.10) E sup |Rea(t)|n, <cr/e(l+ |uolm,).
1€[0,T]

Finally, for R; 3(¢), due to the Lipschitz continuity of DF (s,-): H, — H,uniform
with respect to s € [0, ¢], and estimate (4.19) with p =2 and 6 € (1/2, 1), we get

c T
E|Re (1)1, < 7%/() Elue(s) — v(s)[3;, ds
(5.11) 0112 5
<cre? 121+ [uo?).

Therefore, collecting together (5.9), (5.10) and (5.11), we can conclude that for
any T > 0 and ¢ € (0, 1],

c _ _
(5:12) EIR:()ln, < e "ol + er(1+ uoly )e~ "2, 1€[0,TI.
Next, for any ¢ > 0, we introduce the problem
t A
c0)= [ DEGv6sNE@) ds + 10,
where I, () is the process introduced in (5.8). For any ¢ > 0, we denote by ;. its
unique solution.

We have the following result, whose proof is postponed to the end of this sec-
tion.

LEMMA 5.4. Under Hypotheses 1-4, for any t > 0, we have

Le (1) = Io(2), el 0,
in H,, where Iy(t) is the H,-valued Gaussian vector field defined in (5.4).

Now, for any ¢ > 0 and ¢ > 0, we define p.(¢) := z.(¢t) — {:(¢). We have
pe () = /Ot DF (s, v(5))pe(s) ds + Re(t)
so that
Elpe()|m, <cr /OtEmg(s)mﬂ +E[R:(1) 1,

By comparison, we get

t
Elpe)|n, < crE[R: (D) H, +CT/O E|R¢(s)|H, ds
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and, thanks to (5.12), this implies that

‘T _ —_
Elp:(0ln, < e 7' |ugl g, + e (1 + luoly, )&’/

t
+%/0 V31 ds luol i,

Hence, we can conclude that for any 7 > 0,
lim |z (1) = & (1)1, = lim Elpe(1)]17, = 0

so that, in view of Lemma 5.4, Theorem 5.1 is proved.
5.1.1. Proof of Lemma 5.4. For any x € D and ¢ > 0, we have

_ ([
Lo, x) = [0 fD g (00 VO, iy ds + L, ),

Then, if we multiply both sides above by df/d&(¢, x, v(¢)) and integrate in x with
respect to the measure u, we get

(1) = H(r)/ot W (s)ds + K. (1),
where
o= [ %(nx, V()2 (1, ) pa(dx)
and

0
H) = /D é(r, X () (dx),

0
K.(t) = fD %(r, x,v() I (¢, x)u(dx).

It is then immediate to check that

/Ot W (s)ds =/(;texp(‘/;t H(r)dr)Kg(s)ds

G = [ CH ) Ka(s)ds + 1, (1, %),

so that

where

H(t,s):= exp(/t H(r) dr).
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Step 1. We show that for any ¢ > 0,
2

(5.13) hm E

/ H(t,s)K.(s)ds

Due to (5.8) and the stochastlc Fubini theorem, we have

/t H(t,s)K.(s)ds
0

1 i/ /tH(t,S)<%(s,wv(S)),

k=0

5 !

e(s—(f)A/gn[G(o)Qek]> dsdpi(o)

Hy
+ﬁ2/0t /(:H(t,s)<%(s,',v(s)),

k=0
(80 _ A)e(S*U)A/g

H[Nso(Z(U)Bfk)]> ds dBi(o).

Hy,

401

Then, as w€ and w? are independent and 8 f/9£ is uniformly bounded, we get

¢ 2
EV H (. 5)Ke(s)ds
0
ki [P [ ’
<t / Z( / 1S DAG (0) Qerl] dS) do
€70 = \o '
ki [Ten( [
+_z/ Z(/ ex,(t—s)’(go_A)e(s—a)A/e
&g JO k=0 o

2
x TIN5, (S (@) BfO) 4, ds) do

K t
=: ;tfo (Je.1(t,0) + Jeo(t,0))do
For the first term J, 1, in view of (2.6), for any o € (0, 2), we have
J&‘,l(t’ 6)

0 t 2
< Z )‘/% (/a e"’(’_s)e_y(s_‘f)/(zg)\e(s_U)A/(zg)H[G(a)ek]]HM ds)

‘ 2/C-a)
- ( / 12— (=5) ,—y 2—a)(5—0)/(26) ds)
o
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© t
o« ZM%(/; |e(s—cr)A/(28)[G(O_)ek]}gu—tx)/(l—a) s

>2(1—a)/(2—a)
k=0

e t
< ¢,62/2-) ZA%U 6RO G (e I 4
(e

)2(1—0!)/(2—0!)
k=0

Then, if we set ¢ = p/(p — 2), by using the Holder inequality for infinite series,
we get

Jé‘,l(ts U)
<cs€

t o0
x ( fa (Z\e“—“)f‘/@f)[G(a)ek] p

k=0

2/(2—a)Ké/p

x |ek|;o4/(p—2)

1/¢2—a)/2(1-a))
) ds

>2(1—a)/(2—cx)

and, by proceeding as in the proof of Lemma 3.3, we conclude that for ¢ € (0, 1],

2e-ay 2o [ d/20)2—a)/ (1 2l=e/@m)
Jo1(t,0) < 62" —a)KQp(/ (s — o)~/ O/ X _O’))—i-l)ds) .
o

Now, in view of Hypothesis 3, we have d/2¢ < 1 and can fix a1 > 0 such that
d 2-—o
— <1
20 2(1 —ay)

and then
t _ _
(5.14) ﬁ/ Jer(t,0)do < c1.5,eM/C0) e (0,111 0.
£ JO

The same arguments can be repeated for the term J; 2, so we can find some oy > 0
such that

K t - _
= f Jeo(t,0)do <c;5,6™/C7%) e (0,11, >0.
& JO

This, together with (5.14), implies that

; 2
E‘/ H(t,5)K:(s)ds| <cse?, e€(0,1],t>0,
0

where
AN’ D)
Yy="—"—"",
2—a1 Aap

so (5.13) follows.
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Step 2. We show that for any fixed t > 0,
(5.15) I (t) — Io(2), el 0.

With a change of variable, we have

_ L s 0
1) = ﬁ(/o e MG (s) dw?(s)]
+f (80— A)e“—‘*)f‘/fn[zvs()(z(s)de(s))]>
0
/e
— /0 t TG (t — er)dw?, ()]

t/e
+ /O (80 — A)e T[N, (2(t — er) dw?, ()],

where

w2 (r) = %(wQ(t) —wl(t —er)), w?,(r) = L(wB(t) —wB( —er)).

NG

This means that for any ¢ > 0 and ¢ > 0,
L(I(1) = LT (1)),

where

. /e
L) = /Ot SATIG(t — er) dw2 ()]

+ /Ot/g (8o — A)e" ATI[ N5, (2(t — er) dw® (r))].

Thus, in order to obtain (5.15), it is sufficient to prove

(5.16) lin})Elig(t) — (0|3, =0.
We have
R t/e
L(t) — Io(t) = fo CAN[(G(t —er) — G(1)) dw?(r)]

/e
+ /Ot (80 — A)erAl'I[N(gO((E(t —er) — X(1)) de(r))]

— /OoerAl'[[G(t)de(r)]
t

&

-1, (8o — A)e"TI[ N5, (2 (1) dw? (r))]

4
=Y Jei(0).
i=1
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With the same arguments used several times throughout the paper, we have

E|Je 1 (0, < c/OI/S eV (57D 1 1)|g(t —e5,) — gt )y, ds.
Then, due to Hypothesis 4, we have
G17)  ElJeily, <ce™ /OOO eTVS(sTCD 1) ds < ¢
Analogously, we have
(5.18) E|Je,2(t)|%,ﬂ <™.

Concerning J; 3(¢), we have

o
B0, <c [ e (7% 4 1)ds lg, )1,
t

/€
o0
< c,/ eV (s7VO 1 1) ds
t/e

so that

(5.19) lim E|J, 3(r)|3, =0.
e—>0 #

In an identical way, we can show that

lim sup E|J8,4(z)|%,uzo
e=>0,¢[5,T]

and this, together with (5.17), (5.18) and (5.19), implies (5.16).
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