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Abstract: This paper presents asymptotic properties of the maximum
pseudo-likelihood estimator of a vector parameterizing a stationary Gibbs
point process. Sufficient conditions, expressed in terms of the local energy
function defining a Gibbs point process, to establish strong consistency and
asymptotic normality results of this estimator depending on a single real-
ization, are presented. These results are general enough to no longer require
the local stability and the linearity in terms of the parameters of the local
energy function. We consider characteristic examples of such models, the
Lennard-Jones and the finite range Lennard-Jones models. We show that
the different assumptions ensuring the consistency are satisfied for both
models whereas the assumptions ensuring the asymptotic normality are
fulfilled only for the finite range Lennard-Jones model.
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This paper studies a method to estimate the parameters governing the distri-
bution of a stationary marked Gibbs point process.

1. Introduction

These last years, much attention has been paid to spatial point pattern data,
and especially to models and methodologies to fit them, see Mgller (2008) for
a recent overview of this topic and Daley and Vere-Jones (1988), Stoyan et al.
(1987) Mgller and Waagepetersen (2003) or Illian et al. (2008) for more general
information. For spatial point pattern data, the reference model is the Poisson
point process modelling a random configuration of points with no interaction
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between points. In particular, this leads to the independence of any two random
sub-configurations lying in two non-overlapping domains. A way to introduce
dependence is to consider the class of Gibbs models. In a bounded domain,
a Gibbs point process is defined by its probability measure whose density with
respect to a Poisson point process measure is proportional to e~V (¥) where Vip)
corresponds to the energy function (i.e. a cost function expressed in terms of
interactions) of the configuration of points ¢.

In the framework of parametric Gibbs models, when interested in asymptotic
properties of estimators, it is essential to extend the definition of Gibbs models
to R?. The probability measure of a Gibbs point process in R? has to be defined
by specifying its conditional density (indirectly expressed in terms of the energy
function V(¢)), see e.g. Preston (1976) or Section 2 for more details.

The class of Gibbs point processes is extremely rich. The energy function
can penalize points, pairs or triplets of points (see e.g. Baddeley and Turner
(2000)). More sophisticated models can also be obtained by considering inter-
actions based on the Delaunay or the k—nearest neighbor graphs (Bertin et al.
(1999¢,b)), Voronoi tessellations (Dereudre and Lavancier (2009)) or random
sets (Kendall et al. (1999), Dereudre (2009)).

Following the definition of a parametric Gibbs point process, the natural
question of efficiently estimating the parameters arises. Many proposals have
tried to estimate the energy function from an available point pattern data.
The most well-known method is the use of the likelihood function, see e.g.
Mpgller and Waagepetersen (2003) and the references therein. The main draw-
back of this approach is that the likelihood function contains an unknown scal-
ing factor whose value depends on the parameters. This parametric normalizing
constant is difficult to calculate from a practical point of view. From a theo-
retical one, it also makes asymptotic results more complicated to obtain. An
alternative approach relies on the use of the pseudo-likelihood function. The
idea originated from Besag (1974) in the study of lattice processes. Besag et al.
(1982) further considered this method for pairwise interaction point processes,
and Jensen and Mgller (1991) extended the definition of the pseudo-likelihood
function to the general class of marked Gibbs point processes. The construction
of the pseudo-likelihood function is based on the conditional densities which
spare the computation of the scaling factor.

Our paper deals with asymptotic properties of the maximum pseudo-likelihood
estimator. In order to underline our theoretical improvements, let us discuss the
two main different papers discussing this topic:

e In Billiot et al. (2008), we obtain consistency and asymptotic normality
for exponential family models of Gibbs point processes, that is, on models
with energy functions that are linear in terms of the parameters. More-
over, we concentrate on models such that the local energy function is local
and stable. The locality of the local energy expresses that the energy to
insert a point x into ¢, that is, V(z|¢) = V(e Ux) — V(p), depends only
on the points of ¢ falling into some ball with a fixed radius whereas the
stability of the local energy (property referred as the local stability) asserts



J.-F. Coeurjolly and R. Drouilhet/MPLE for Gibbs point processes 679

that V' (z|¢) is bounded from below by a finite negative constant. The pa-
per Billiot et al. (2008) extends several papers (Jensen and Mgller (1991),
Jensen and Kiinsch (1994)) and includes a large class of examples of prac-
tical interest: area-interaction point process, Multi-Strauss marked point
process based on the complete graph or the k-nearest-neighbors graph, or
the Geyer’s triplet point process to name a few.

e Another work has been undertaken by Mase. The consistency for non
necessarily stable local energy functions (actually for superstable and lower
regular ones introduced by Ruelle (1970)) is obtained in Mase (1995) for
specific models with only two parameters -the chemical potential and the
inverse temperature- which can be viewed as particular exponential family
models. Mase (2000) extended his work to the context of marked point
processes and provided asymptotic normality by adding the assumption
of finite range.

Based on this literature, the main goal of this paper is to derive asymptotic
properties similar to the ones presented before (consistency and asymptotic
normality) but in a more general framework. We provide asymptotic results for
general Gibbs point processes with non (necessarily) linear and non (necessarily)
stable local energy functions. The characteristic example we have in mind is
the Lennard-Jones model. This model, from statistical physics, is a stationary
pairwise interaction Gibbs point process where the local energy to insert a point
x into a configuration ¢ is parameterized as follows: for § = (01, 0s,05) € R3
with 6‘2, 03 >0

yEp

Let us notice that Mase (1995) could only propose the estimation of 61 and 6,
with known 63. The Lennard-Jones model is of great interest from several points
of view. From a physical point of view, this model arises when theoretically
modelling a pair of neutral atoms or molecules subject to two distinct forces
in the limit of large separation and small separation: an attractive force at
long ranges (van der Waals force, or dispersion force) and a repulsive force at
short ranges (the result of overlapping electron orbitals, referred to as a Pauli
repulsion from the Pauli exclusion principle). In this literature, the parameters
02 and 05 are often referred to as the depth potential and the (finite) distance at
which the interparticle potential is zero. From a probabilistic point of view, this
model constitutes the main example of superstable, regular and lower regular
energies studied in Ruelle (1970) where the author proves the existence of ergodic
measures for such models. Finally, from a statistical point of view, this model
has been considered by several authors, see e.g. Ogata and Tanemura (1981),
Goulard et al. (1996) for fitting spatial point patterns arising in forestry. In
particular, let us note that, in Goulard et al. (1996), the model is fitted by using
the maximum pseudo-likelihood method. As the authors do not endeavour to
justify the theoretical performances of the procedure, the result proposed in
Section 3.4 of this paper fills this gap.
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The rest of the paper is organized as follows. Section 2 introduces some back-
ground and notation on Gibbs point processes (general definitions, examples).
The maximum pseudo-likelihood method and asymptotic results of the derived
estimator are proposed in Section 3. For general Gibbs point processes, sufficient
conditions, expressed in terms of the local energy function to establish strong
consistency and asymptotic normality results of this estimator are presented.
While no general condition on the model is assumed to obtain the consistency,
the characteristic finite range of the local energy function is required to establish
the asymptotic normality. For the sake of simplicity, Section 3 (and the resulting
proofs) would concentrate on non-marked Gibbs point processes. However, as
we have shown in our paper Billiot et al. (2008), no real mathematical difficulty
occurs with the introduction of marks. At end the end of Section 3, we apply
the results to Lennard-Jones models. Proofs have been postponed until Appen-
dices A (for the general results) and B (for the verifications of the different
assumptions for Lennard-Jones models).

2. Background and notation

For the sake of simplicity, we consider Gibbs point processes in dimension d = 2.

2.1. General notation, configuration space

Subregions of R? will typically be denoted by A or A and will always be assumed
to be Borel with positive Lebesgue measure. We write A € R? if A is bounded.
A¢ denotes the complementary set of A inside R?. The notation |.| will be used
without ambiguity for different kind of objects. For a countable set [J, | 7|
represents the number of elements belonging to J; For A € R?, |A| is the
volume of A; For a vector z € R?, |z| corresponds to its uniform norm while ||z||
is simply its euclidean norm. For all z € R? p > 0 and i € Z2, let B(z,p) :=
{y e R? |y — x| < p} and B(i, p) := B(i, p) N Z>.

A configuration is a subset ¢ of R? which is locally finite in that oy =
© N A has finite cardinality Na(y¢) := |pa] for all A € R2. The space Q of
all configurations is equipped with the o-algebra F that is generated by the
counting variables Na(p) with A € R%. Finally, let T' = (7;),.p2 be the shift
group, where 7, : Q — Q is the translation by the vector —z € R2.

2.2. Gibbs point processes

Our results will be expressed for general stationary Gibbs point processes. Since
we are interested in asymptotic properties, we have to consider these point
processes acting on the infinite volume R?. Let us briefly recall their definition.

A point process ® is a Q2-valued random variable, with probability distribution
P on (92, F). The most prominent point process is the (homogeneous) Poisson
process with intensity z > 0. Recall that its probability measure 77 is the unique
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probability measure on (£2, F) such that the following holds for A € R?: (i) Na
is Poisson distributed with parameter z|A|, and (i7) conditionally to No = n, the
n points in A are independent with uniform distribution on A, for each interger
n > 1. For A @ R?, let us denote by 75 the marginal probability measure in A
of the Poisson process with intensity z.

Let 0 € RP (for some p > 1). For any A € R2, let us consider the parametric
function V(.; 0) from Q into RU{+4o0c}. From a physical point of view, V (¢; 6)
is the energy of p, in A given the outside configuration ppe.

In this article, we focus on stationary point processes on R?, i.e. with T-
invariant probability measure. For any A € R?, we therefore consider Vj (.;0))
to be T-invariant, i.e. Va(1,0;0) = Va(gp;0) for any = € R? Furthermore,
we assume that the family of energies is hereditary, which means that for any
AER? peQ,and z € A: Va(p;0)) = +o00 = Vi (p U {x};6)) = +oo.

In such a context, a Gibbs measure is usually defined as follows (see Preston
(1976)).

Definition 1. A probability measure Py on  is a Gibbs measure for the family
of energies (Va(.;0))paer> if for every A € R?, for Py-almost every outside
configuration pac, the law of Py given oae admits the following density with

respect to mj :
1

- ZA(QDAC;H)

where Zx(pac;0) = [, e VA0aUennZ (dpn) is called the partition function.

Ia(oaleac;0) e~ Valgit)

Without loss of generality, the intensity of the Poisson process, z is fixed
to 1 and we simply write 7 and 75 in place of 7' and 7). In the previous
definition, we implicitly assume the consistency of the family (fa(.|.;0))aer2:
for any A C A € R?

o faleaUpnalpacsd) falpa Upaaleac; 0)
falpalpac; ) = : = : :
Ialeavaleac; 0) Ja, Fa(WaUpaalpac; 0)ma(dya)

A sufficient condition to directly fulfill this basic ingredient is to assume the
compatibility of the family (Vi (.))aer2: for every A C A € R?, the function
© = Va(p;0) — Va(p; 0) from Q into RU{+4o00} is measurable and only depends
on QYAe.

The existence of a Gibbs measure on () which satisfies these conditional spec-
ifications is a difficult issue. We refer the interested reader to Ruelle (1969);
Preston (1976); Bertin et al. (1999a); Dereudre (2005); Dereudre et al. (2010)
for the technical and mathematical development of the existence problem. The
minimal assumption of our paper is then:

[Mod-E]: Our data consist in the realization of a point process ® with
Gibbs measure Py+, where 6* € ©, © is a compact subset of RP and,
for any 6 € O, there exists a stationary Gibbs measure Py for the family

(VA(;;0))aere-
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In the rest of this paper, the reader has mainly to keep in mind the con-
cept of local energy defined as the energy required to insert a point = into the
configuration ¢ and expressed for any A > x by

V (z]p;0) == Va(p U{z}) — Val(ep).

From the compatibility of the family of energies, the local energy does not
depend on A.

Our asymptotic normality result will require the following locality property
assumption.

[Mod-L]: There exists D > 0 such that for all p € Q

V (0l; 6) =V (0lep(0,0); 0) -

2.3. Example: Lennard-Jones models

Let us present the main example studied in this paper. We call LJ-type model
the stationary pairwise interaction point process defined for some D €]0, +o00]
by

Vi (9:0) := Orloal + HY (:60) with HYY (9;0) := > g™/ (|21 — 22[[; 6)

T1EPA
TaEppc

g™ (r10) = 46, <<973)12 - (%)6> Ljo,p)(r).

As a direct consequence, the local energy function is expressed as

and

VE ()3 0) := 01 + H" (a]:0) with HY (z]:0) ==Y ¢"’(||lz - yl};0).

yep

where § = (01, 02,03) € R x (RT)2. The cases D = +00 and D < +00 respec-
tively correpond to the Lennard-Jones model (briefly presented in the introduc-
tion) and the Lennard-Jones model with finite range.

Ruelle (1970) has proved the existence of an ergodic measure for superstable,
regular and lower regular potentials. The Lennard-Jones model (including the
finite range one) is known to be the characteristic example of such a family of
models for which Ruelle managed to prove the existence of ergodic measures for
any 6 € R x (RT)2. In order to ensure [Mod-E], it is required to assume that

5,05 > 0. Finally, [Mod-L] is satisfied for the LJ-type model with D < 400
since the parameter D corresponds for pairwise interaction point processes to
the range of the Gibbs point process.
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3. Asymptotic results of the maximum pseudo-likelihood estimator
3.1. Maximum pseudo-likelihood method

The idea of maximum pseudo-likelihood is due to Besag (1974) who first intro-
duced the concept for Markov random fields in order to avoid the normalizing
constant. This work was then widely extended and Jensen and Mgller (1991)
(Theorem 2.2) obtained a general expression for Gibbs point processes. Using
our notation and up to a scalar factor, the pseudo-likelihood defined for a con-
figuration ¢ and a domain of observation A is denoted by PLy (g;6) and given

by
PLA (¢;0) = exp (_/e—v(mlsa;e)dx) H o~ Vizlo\z:0) (1)
A

TEPA

It is more convenient to define and work with the log-pseudo-likelihood, denoted
by LPLa (;0)

LPLp (¢;0) =— /A e V@led) gy Z V(x| \ z;0). (2)

TEPA

The point process is assumed to be observed in a domain An®D = Uzen, B(z, l~))
for some D < +o0. For the asymptotic normality result, it is also assumed that
D > D and that A,, C R? can be decomposed into U;es, A; where I,, = B (0,n)
and for i € Z%, A; = Ai(ﬁ) is the square centered at i with side-length D. As

a consequence, as n — +oo, A, — R? such that |A,, | — 400 and ||8/<\ I‘ 0.
Define for any configuration ¢, U, (¢;0) = IA |LPLA (¢;6). The max-

imum pseudo-likelihood estimate (MPLE), denoted by On(cp), is then defined
by

0..(p) = argmax LPLy, (p;0) = argmin U, (¢;0) .
0€® 0cO

The following basic notation are introduced: for j,k =1,...,p and A € R?
e Gradient vector of U,: Ug,l)(ga; 0) := —|An|*1LPLE\13 (p; 0) where

W - [V —Vleo) g, _ N OV :
(LPLY (5:0)) = | G5 Gl 0) e C1da = 37 2 (e \ w:0).
TEPA
e Hessian matrix of U,: U (p;6) := —|A,|~ 1LPL(Q)( ;6)
@ (. _
(LPLY (:0)) =

9%V 8‘/ 8‘/
9990, ) V(zlp;0)

v Z 7 (el \ 210 g; (el \ 2:6) .

mewA
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Finally, note that from the decomposition of the observation domain A,,, one
has
U (p:6) = A7 ) LPLY) (30)
icl,
and
UD(p:0) = —|A| 7" Y LPLE (16) .

i€l
3.2. Consistency of the MPLE

The assumption [C] gathers the following four assumptions:
[C1] For all§ € O,
E (e—V(O\cb;e)) <400 and E (|V (O|<I);9)| er(0|<I>;9*)) < 400.
[C2] Identifiability condition : there exists Aj,..., Ay, £ > p events in ) such
that:
— the £ events A; are disjoint and satisfy Py« (B;) > 0
— for all (p1,...,00) € A1 X -+ X Ay
{z’:l...,z = 0=0
where D(0]p;;0) :=V (0]pi; 0) — V (0]¢;; 0%)

[C3] The function U, (y;-) is continuous for Py —a.e. ¢.
[C4] For all ¢ € Q, V (0|p;0) is continuously differentiable in 6 and for all

j=1,....p

E (max (
0e®

Theorem 1. Under the assumptions [Mod-E] and [C], for Py« —almost every
©, the mazimum pseudo-likelihood estimate 0,,(p) converges towards 0* as n
tends to infinity.

2
2 omaevoe)) <
J

3.3. Asymptotic normality of the MPLE

For establishing the asymptotic normality of the MPLE we need to assume the
four additional following assumptions:

N1] For all ¢ € Q, V (0|p;0) is differentiable in § = 6*. For all k = 1,...,3
2 2

and for all \1,..., g, k positive integers such that Zle A; = 3 and for
A e R?

(L1

Ai
e,v({zl,...,xk}@;e*)d!@l .. d$k> < +00.

8‘/ M L nx
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[N2] There exists a neighbourhood V(6*) of * such that for all ¢ € Q, V (0]¢p; 0)
is twice continuously differentiable in 8 € V and, for all j,k =1,...,p and

0 €V(6*),

92V »
E (|22 (0|®: )| ¢V (OI®:0) for 0/ = 6, 6"
('aejaek (0]; )'e < 400, for ,

2
E <( g;/ (0|®; 9)’ V<0‘1>%9>> ) < +o0.

[N3] There exists Aj,..., Ay, £ > p events in € such that:
— the £ events A; are disjoint and satisty Py«(4;) >0

and

— for all (¢1,...,90) € Ay X -+ x Ay the (¢,p) matrix with entries
gT‘v/j (0]¢p;; 0%) is injective.
[N4] There exists Ao, ..., Ag, £ > p disjoint sub-events of
Q:={pe:par, =0,1<]i] <2} such that
— for j=0,...,¢, Pp(A;) > 0.
— for all (¢o,...,00) € Ag X -+ x Ay the (¢,p) matrix with entries
(LPLY (p;; 6%), —(LPLY (go; 6%)) , is injective, with K :=Uscn(o,1)-
The assumptions [N3] and [N4] will ensure (see Section A for more details)
that the matrices U (%) and 2(D, 6*) respectively defined by

oV oV .
(2) (p* — * *\ —V(0]®;0%)
(u@),, = (G 06 5 00 ) ®
and
~ ~ T
=(D.0*)=D"2 Y E<LPL§3(<1>;9*)LPL§3(<I>;9*)>, (4)
i€B(0,1)

are definite positive.

Observe that, when the energy function is linear, the expressions of the as-
sumptions [N1] and [IN2] are clearly simpler (see Billiot et al. (2008)) and that
[C2] and [N3] are similar.

Theorem 2. Under the assumptions [Mod], [C], [N1], [N2] and [N3], we
have the following convergence in distribution as n — 400

(A2 U (0%) (Bu(@) = 07) = N (0,2(D,67) (5)
where B(D, 0%) is defined by (4). In addition under the assumption [N4]
Aal? B, (@:8,(2)) 72 UP (@:0,(0)) (3.(2) ~6°) >N (0.L).  (©)
where for some 6 and any configuration ¢, the matriz gn(tp; 0) is defined by

T
(g0 =101 Y LPLY (50)LPLY (96) . (7)

iel, jeB(i,1)NI,
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In the following the assumption [N] will stand for the assumptions [N1], [N2],
[N3] and [N4].

3.4. Applications to Lennard-Jones models

The following proposition holds for the LJ-type model presented in Section 2.3.

Proposition 3.

(i) Theorem 1 holds for the LJ-type model (with D €]0,+00]), that is for the
Lennard-Jones and the finite-range Lennard-Jones model.

(1) Theorem 2 holds only for the finite-range Lennard-Jones model.

The proof of Proposition 3 consists in verifying Assumptions [C] for the LJ-
type model and [N] only for the finite range Lennard-Jones model. Two types
of assumptions are distinguished:

e Integrabilility type assumptions, i.e. Assumptions [C1], [C4], [N1] and
[N2].
e Identifiability type assumptions, i.e. Assumptions [C2], [N3] and [N4].

Note that [C3] is obvious since g¥”(r,-) is continuous. The proofs are some-
what technical and are postponed until Section B. For the integrability type
assumptions, the following Lemma constitutes the main ingredient.

Lemma 4. Let ® be a stationary pairwise interaction Gibbs point process as-
sumed to be superstable, reqular and lower reqular. Fori = 1,2, define H; (z|p) =
> yey 9illlz —yll) with g; a continuous function. Assume that there exists € > 0
such that there exists a positive and decreasing function g(-) such that g-(r) :=

g2(r) — elgr(r)| = —g(r) for all ¥ > 0 and f0+oo rg(r)dr < 4oo. Then for all
k>0,

E (|H1 (o|®)" e‘Hz(O““) < +o0.
Proof. For all finite configuration ¢

|H, (O|<p)|ke—Hz(0lw) = |H; (0|@)|k e—€lH1(0l9)| o—(H2(0l¢)—cH1(0[¢))

k
< ele, K)o FOW<HOI)  yith ¢(e. k) = (ﬁ)
< e k)e 109,

where

H. (0l¢) :== Y g-(llal])-

TEP

Now, the assumptions ensure that g. is lower regular in the Ruelle sense. We

may now apply the same argument as in Lemma 3 of Mase (1995) to prove the

integrability of the random variable e~ He(01®), O
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Appendix A: Proofs of Theorems 1 and 2

Let us start by presenting a particular case of the Campbell Theorem combined
with the Glotz Theorem that is widely used in our future proofs.

Corollary 5. Assume that the point process ® with probability measure P is
stationary. Let A @ R%, o € Q and let g be a function satisfying g(z,p) =
9(0,72) for all z € R2. Define f(p) = g(0,0)e"V O and assume that f €
LY(P). Then,

E ( Z g(x,@\x)) =E (/A g($7¢)e—V(z¢)d$> = |A| E( g(0,®) e~V )
zedp (8)

Proof. see Corollary 3 of Billiot et al. (2008) O
Let us now present a version of an ergodic theorem obtained by Nguyen and
Zessin (1979) and widely used in this paper. Let Ag be a fixed bounded domain

Theorem 6 (Nguyen and Zessin (1979)). Let {Hg,G € By} be a family of
random variables, which is covariant, that is for all x € R2,

H; c(tep) = Ha(yp), forae. ¢
and additive, that is for every disjoint G1,Go € By,
Hecug, = Hg, + Hg,, a.s.

Let T be the sub-o-algebra of F consisting of translation invariant (with proba-
bility 1) sets. Assume there exists a nonnegative and integrable random variable
Y such that |Hg| <Y a.s. for every convex G C Ag. Then,

1 1

ngr}rloo mHG Ha,|Z), a.s.

=—F
" A (

for each regqular sequence G,, — R2.

A.1. Proof of Theorem 1

Due to the decomposition of stationary measures as a mixture of ergodic mea-

sures (see Preston (1976)), one only needs to prove Theorem 1 by assuming

that Py« is ergodic. From now on, Py- is assumed to be ergodic. The tool used

to obtain the almost sure convergence is a convergence theorem for minimum

contrast estimators established by Guyon (1992).

We proceed in three stages.

Step 1. Convergence of U, (®;0).
Decompose Up(30) = 13 (Hia, (9) + Ha,a, () with

Hia, (9) = /A eVEleOdy and  Haa,(p) = S V(ale\w;0).

n z€Py,



J.-F. Coeurjolly and R. Drouilhet/MPLE for Gibbs point processes 688

Under the assumption [C1], one can apply Theorem 6 (Nguyen and Zessin
(1979)) to the process Hj ,. And from Corollary 5, we obtain Py—almost
surely as n — 400

1
|An]
Now, let G C Ag, we clearly have

Hac(@) < Y IV (@lp\z;0)[ < Y |V (lp\z:6) .

rTEPG TEPAQ

Hyn, (@) — E(e—WO“I’%")). 9)

Under the assumption [Mod] and from Corollary 5, we have

E| Y IV(@o\z0)] ] =AlE |V (0;8) [ VO < too

zE€EPA,

This means that for all G C A, there exists a random variable Y € L!(Pp-)
such that |[Ha,¢(®)| < Y. Thus, under the assumption [C1] and from Theorem 6
(Nguyen and Zessin (1979)) and from Corollary 5, we have Py« —almost surely

1 1 .
S Hyp, (@) = ——EB( Y V(2|®\2;0) ) =E (V (0|@;0) eV OI*))
|An| |AO| (mE@AO ) ( )

(10)
We have the result by combining (9) and (10): Py« —almost surely
Un(®;0) = U(0) = E(e‘WO“I’%") + V (0|®;0) e—V<0\<1>;9*>) (11)

Step 2. Up(+;0) is a contrast function
Recall that Uy, (+; ) is a contrast function if there exists a function K (-, 6*) (i.e.

nonnegative function equal to zero if and only if § = *) such that Py« —almost
surely U, (®;0) — U, (®;6*) — K(6,0*). From Step 1, we have

K (6,67)= (¥ O8O (VOIRO-VOIRE) _ (14 v (0]2;6) - V (01367) ) )).

(12)
Since the function ¢t — e* — (1 + ¢) is nonnegative and is equal to zero if and
only if t =0, K(0,0*) > 0 and

KO.0=0 & OWIVOR) _(14v (0g:6) v (0g:6%) ) =0
& D(0]g;0) :=V (0]p;0) = V (0[p;0%) =0

for Py« — a.e. . Let us consider the £ events A; (j = 1,...,¢) defined in As-
sumption [C2]. The previous equation is at least true for ¢; € A;, which leads
under Assumption [C2] to § = 6*. Therefore, K(0,6*) = 0 = 6 = 6*. The
converse is trivial.

Before ending this step, note that the assumption [C3] asserts that for any
©, Un(p;-) and K (-,0*) are continuous functions.
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Step 3. Modulus of continuity.
The modulus of continuity of the contrast process defined for all ¢ € Q and
all n > 0 by

Wn(%n):sup{ n(9;0) — Un(;60") :9,9’6@,|I9—9’|IS77}

is such that there exists a sequence (ey)x>1, with e, — 0 as k — +o0o such that

forall k >1
P (hm sup ( ( ) )) (13)
n—-+oo
1
'k

Let us start to write W, (cp, %) <Win ( ) +Wan (cp, k) with

1 1
Win(eg) = sw{Wia w0000 colo-01< )
1 ! ! ! ! 1
Wan (0] = sup Wya, (9;0,0'):0,0 €®,|I9—9IISE :
and
1 el v lalod
W{,An(<ﬂ;9,9/) = m/ e V(z]#:0) — e V( |@’9)

1
Win,@i00) = o Z\ (el \ 2:0) =V (alg\ 2:0') |
SN

Let k > 1 and let 6,0" € © such that ||# — ¢’|| < 7, then under the assumption
[C1] and from Theorem 6 and Corollary 5, we have Py« —almost surely as n —
+00

W2I,An (Q, 9; 9’) —_— E (|V (O|(b7 9) —_ V (O|(b7 9/)| e_V(OI(I,;O*))

Wi, (@:0,8) — E(|e7V 010 _ v (0ne)

Under Assumption [C4], one may apply the mean value theorem in R? as fol-
lows: there exist £, ... ¢®) € [T, [min(0;, 0;), max(6;,6)] such that for all
e

p )
e~V (0lg:0) _ v (0]¢36) Z (0|90 g(J)) (0|¢;5<a>)'
=1
This leads, under Assumption [C4], to the following inequality
)2

N2
eV (0]@:0) _ e—v(0|<1>;9 )} >

E (‘e—\/(okb;e) _ e~ V(ol®:e’)

x
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" oV 4 Nt
<E[[0-017) %(0@;5@)64(0!@;5 )
j=1 197

1 2

with 11 := E ( P maxgco ‘gT‘v/j (0]®;0) e_V(O“b?G)IQ) < +4o00. In such a way,

J
one may also prove that

vowen®_ (1)
E(|V(0|<1>;9)—V(0|<1>;9’)|e v (0i®:e >) < <E> %,

with 2 = E (Z?:l maxgce }%Xj (0]®; ) e~V (OI®:07) 2). Hence, for all £k > 1

and for all 6,6’ € © such that ||§ — ¢'|| < + there exists ng(k) > 1 such that for
all n > ng(k), we have

2 2
Wl’_’An (0;0,0") < o and WQ/,An (0;0,0") < 22 for Py — a.e. .

Since 71 and 7, are independent of # and ', we have for all n > ng(k)

1 1 1 2 c
W, (907 E) <Win (907 E>+W2,n (go, E) < Z (71 +72) := o for Py« —a.e. ¢.

} meNn>m

<
k
1 c
(k)

for Py«—a.e. ¢, the expected result (13) is proved.

Conclusion step. The Steps 1, 2 and 3 ensure the fact that we can apply Property
3.6 of Guyon (1992) which asserts the almost sure convergence for minimum
contrast estimators.

Finally, since

1
lim sup {Wn (gp, —) >
n— 400 k

I
D)
(-

—
=
RS
5
| =
N———
vV
——

o

A.2. Proof of Theorem 2

Step 1. Asymptotic normality of Ugll)(fb; 0*)
The aim is to prove the following convergence in distribution as n — 400

(A2 UL (@36%) A (0,2(D, 67)) (14)

where the matrix X(D, 6*) is defined by (4).

The idea is to apply to Uﬁf)(@;o*) a central limit theorem obtained by
Jensen and Kiinsch (1994), Theorem 2.1. The following conditions have to be
fulfilled to apply this result. For all j =1,...,p
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(i) For all i € Z2, E ((LPng (®; 9*))j|q>Ag) —0.
(i4) For all i € Z2, E (| (LPLY) (@; 9*))j|‘°’) < to0.
(i74) The matrix Var (|An|1/2U§,1)(<I); 9*)) converges to the matrix X(D, 6*).

Condition (i) : From the stationarity of the process, it is sufficient to prove that

E ((LPL(Alg (@;9*)) ‘ |<1>A5> —0.
J

Recall that for any configuration ¢

* ov *\ ,—V(x|p;0*
(LPng (; 0 ))j = —/A 59 (@0 e Vi@les6™) gy
0 J
oV .
* .. 59 (z]p \ 2;0") p(d). (15)
Ao

Denote respectively by G1(p) and Ga(p) the first and the second right-hand
term of (15) and by E; = E (Gi(®)|®as = pac). Let us define for any ¢, the
measure [, = Zma& 0. From the deﬁn1t10n of Gibbs point processes,

1 ov 0%
By = / T (dcpao)/ i np (d2) 1y (2) - (] \ 230%) e 20 (007,
) QAO R2 89

Zn, (‘PAS

Since 7 is a Poisson process,

/Q  Tauldpan)(6) = /Q _ mauldes,) / 7 (dpin ) F(9)

A5
and therefore, by introducing ¢ := pa, U wlAS

1 ov *
By, = m/ﬂﬁ(dw /R2 Hw(dx)le(I)aT,j (xW’AO Upag \ ;0 ) x

e Vo (wAO Usmg;t‘)*) .
Now, from Campbell Theorem (applied to the Poisson measure )

"o Z / e / dd} |1/}A[) U PAGS 9*) Vao (zud)AoU%’As;G*) 7
Aol Ao Q

where 7!, stands for the reduced Palm distribution of the Poisson point pro-
cess. Since from Slivnyak-Mecke Theorem (see e.g. Mgller and Waagepetersen
(2003)), m = 7., one can obtain

1 ov v (zquA Uy c~9*)
Ey, = 7/ w(dy / dz — (x|a, Upac; %) e 20 0-FAG
? Zno(pag) Jo () Ao 393‘( [0 U eag; 07)
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1 / / ov %) o=V (@lpi0") o~ Viag (9:0%)
= A, (dpa dr—— (x|p; 0%) eV FIFET Jem Va0 l#:
ZAo(‘PAs) Qa, 0( o) Ao 00, ( | )

= _El
Condition (i) : For any bounded domain A one may write for j =1,...,p

3
4

‘ (LPL(A” (®; 9*))3

oV .
— (z|®; 6" e~V @I®07) g
/A 00, (z|®:67)

3
v N
+4) g7 (@l®\a:60%)

TEPA J

The assumption [N1] ensures the integrability of the first right-hand term. For
the second one, note that

3
°)% )
o= ) a—ej(l‘lw\x;@ )
rzePA
oV ov oV
< - 0% oV 0¥ oV -
1—112;3&% ‘36‘j (x1|80\$17 ) ‘36‘j (I2|80\$2a ) ‘aej (I3|g0\:1:3, )‘
T1F£T1, T2 A T3, T2 £ T3
oV ) 219V .
+3 Z %(«lep\fﬂl;e) %(12“0\!@2;9)
J J
T1,22€EPA,T17T2
3

p>

T1EPA

ov N
8_93- (z2|@ \ 215 0%)

The result is obtained by using the assumption [N1] and iterated versions of

Corollary 5.

Condition (i4i): let us start by noting that from the assumption [Mod-L],

the vector LPL(Al? (¢;0*) depends only on pa; for j € B(i,1). Let E;; :=
T

E(LPL(Ali) (®;60%) LPL(Al]), (P;6%) ) Based on our definitions, we have

Var(|An|1/2U§}>(<1>;9*)) - |An|—1Var<ZLPL§3(q>;9*)>
i€l,
= ATt ) Eiy
i,j€1,
= |An|_1 Z Z E; ;i + Z E;;
iel, \jeI,NB(i,1) jEI,NB(i,1)°

Let j € I, N B (4,1)°, since LPL(Ali) (¢;0%) is a measurable function of e, we
have by using condition (i):
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M (- o* M) (. g+
E (LPLY’ (¢;6*) LPLY (®;0")

_ M) (g o* @) (. gL
= E(E(LPLY) (9;0*) LPLY) (2;6*) |®a:

E (E (LPng (®;6%) |<1>Ag) LPL) (®; 9*)T>
= 0

Denote by I,, the following set

I, = I, N (Usear, B (i, 1)) .

‘We now obtain

Var (|A2UD(@50) = ATTYS Y By

i€ly, jel,NB(i,1)
—1
= |Ax] > > B+ ) > Eiy
iEIn\Tn jeInﬂ]B(i;l) i€]~n jeInﬂ]B(i;l)

Using the stationarity and the definition of the domain A,,, one obtains

|An|_1 Z Z Ei,jzlAnl_llln\fn| Z Eo,j—>§(ﬁ,9*),

iel,\I, J€InNB(4,1) j€B(0,1)

as n — +o00, and

Al > Eij| <Al 7MInl Y. [Eojl =0 asn— +oo.

i€l jer,nB(i,[ 27) JEB(0,1)
Hence as n — 4+

var (JA 20D @07) = MY Y By

icl, jel,NB(i,1)

TEEE LAY YD Eos =3(D,6%).(16)
— keB(0,1)

Step 2. Domination of Hg)(fb;@) in a neighborhood of 6* and convergence of

g?(@; 0*) Let j,k =1,...,p, recall that (U(z)(go, 9)) is defined in a neigh-
borhood V(6*) of 6* for any configuration ¢ by

1 0?V
2) (- - __- Sz . _ .
(U2 w0) | = / o (2]p:6) exp (~V (a3 0)) da

oV
AT / (alg:0) o (ali6) exp (= (al:0)) da
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1 0%V
—_ — :0). 1
1,2 gm0 (7)

Under the assumption [N1] and [N2], from Theorem 6 (Nguyen and Zessin
(1979)) and from Corollary 5, there exists ng € N such that for all n > ng

‘ (Hf) (3 9))

Jik

02V oV ov Vool
. W o0 Y 01w ~V(0]2:0)
E <<‘aejaek (o@,@)‘ + |5 (01256) o (0|<1>,9)‘> e )

o*V 9
o=V (0|0 ))

5agar (0190

+2><E(’

Note that from Theorem 6 (Nguyen and Zessin (1979)), U'?(-;6*) converges

almost surely as n — +oc towards U? (6*) defined by (3). Note that U (%)
is a symmetric positive matrix since for all y € R?

2 *
YU @)y = B ( (VO 06 e 00 ) > o

where for j =1,...,p, ¢ € Q and for 6 € V(6*) (V(l)(:c|<p;9*))j = g_é‘)j (z|p; 0)
and it is a definite matrix under the assumption [IN3].

Conclusion Step Under the assumptions [Mod] and [Ident], and using Steps
1 and 2, one can apply a classical result concerning asymptotic normality for
minimum contrast estimators e.g. Proposition 3.7 of Guyon (1992) in order to

obtain (5).

It remains to prove (6). This may de done in two different steps. The first
one consists in verifying the positive definiteness of the matrix E(IND, 0*). The
proof is strictly similar to the one of Billiot et al. (2008) (p. 261) except that the
assumption [SDP] is now simply replaced by the more general one assumption

[N4]. Now, the convergence in probability of 3, (®; 8, (®)) towards X(D, 6*) is
obtained by applying Proposition 9 of Coeurjolly and Lavancier (2010).

Appendix B: Verifications of Assumptions [C] and [N] for LJ-type
models

Before verifying the different assumptions, let us denote by

oinf = inf 6;, 6;"" := sup 6,
0cO PE®

O = min(0F,0)  and 0P := max(63"", 65"P).

Since @ is a compact set of R x (]0, +00[)?, then #'%f > 0 and #5'P < +oo0.
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B.1. Assumptions [C]
B.1.1. Assumption [C1]

The first part is a direct application of Lemma 4. For the second part, one has
to prove that for all § € ©

E (|HLJ (0/®; 6) |e_HLJ(0|(I’;9*)) < 400

Let g.(r) = g¥/ (r;0%) — |g™’ (r;0)|. We have

(03)"2—eg303%  (03)°—c 563
403 = — = ifr <4
2 12 6 >~ U3
9e(r) = ) (05)12+aZ—%912 (03)°+2 7203 .
405 T = if r> 063

2 )1292 that is, as

which satisfies the assumptions of Lemma 4 as soon as € < (
elnf 13
soon as £ < (g5 ) -

B.1.2. Assumption [C2]

Let us denote for n > 1, C,, = B(0,n) \ B(0,n — 1) and define for m,n > 1 the
following configuration sets

Um,n = {90 €Q: |900n| < m|Cn|}
Un = Mp>1Unmn.
In order to prove [C2], we need the following Lemma.
Lemma 7. Let RER™T, 0 € ® and ¢ € Uy, let us denote by
Z(e,R;0) = > g™ (||z[]:0),
TEPYRB(0,R)C

then for all § > 0 there exists Ro such that for all R > Ry, |Z(p, R;0)| < 0.
Proof.

Zp,R0)=| > g™l < D Y ¢ (=l 0)]
TEPYB(0,R)C n>[R] T€¥c,
< Y e, x sup g™ (|]]:67)]-

n>[R] zeC

There exists a constant k = k(R) such that for all n > [R],

sup g™ (||l 07)] < kn™°

xeln
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Therefore,

> g" Il 0)

TEPYRB(0,R)C

§ka|C’n|xn76:O Zn75 ;

n>[R] n>[R)]

which leads to the result since the previous series is convergent. O
Let 6 € ®\ 6* and consider the following configuration sets defined for k > 1
and for 7 small enough by

A = {peQ:ilenB(,D) =0} (18)
A = {peQ:lpnBO.D) = e B0, DK™/ ), p) =1}, (19)

where D is any positive real for the Lennard-Jones model and corresponds to
the range of the function gZ’(-) for the finite range Lennard-Jones model. There
exists m > 1 such that for all n > 0 and for k = 2,4

Py« (AO N Um) >0 and Py« (Ak(’q) n Um) > 0.
Now, let wo € Ag N Upy, 2 € Aa(n) N U, and @4 € Aq(n) N U,,. First,
D(0lpo; ) = 01 — 07 + Z (o, D;0) — Z(po, D;0%) = 0.

For the Lennard-Jones model, according to Lemma 7 one has, for D large
enough,

1

Hence for n small enough, and for both models

0 = [D(0leo; 0]
> |00 — 07| = [Z (o, D;6) — Z (0, D; 07)]
1 *
Z 5'91 - 91|7

which leads to 6; = 67. Moreover,

o - 6] 503 5)"-05)
+ f2(2) + Z (p2, D 0) — Z (2, D; 0%)

o = 1(5) = (5) ) s (+(5) = (5))
+ falpa) + Z (pa, D;0) — Z (4, D;6%),

where for any ¢ € Ag(n) (k = 2,4), there exists a positive function fy()
converging towards zero as 17 — 0 such that | fx(¢x)| is bounded by f(n). Now,
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we have
4(2 —2v2 s
2D(0[p2;0) — D(0[pa;0) = (Diﬁ) (9295 - 92936) +2f(p2) = fa(pa)
+Z/(<P27<P45D;959*)
= 0
with

ZI(SD27 ©4, D7 97 9*) =2 (Z(@Qu D7 9)_2(@27 D7 9*))_(2«047 D7 9)_Z(9047 D7 9*)) .
For 1 small enough, we have, for any ¢ € Ax(n) (k = 2,4),

4(2 —2v/2)

2| 1605 — 030°).

12f(p2) — fa(pa)] < 2fa(n) + fa(n) <

1
4
For the finite range Lennard-Jones model, Z'(p2, ¢4, D;0,0*) = 0. For the
Lennard-Jones model, according to Lemma 7, one has for D large enough

4(2 — 2V/2)
D6

1

|2 (¢2, 04, D;0,0%)| < 7 16,65 — 6363°).

Hence for n small enough, and for both models

4(2 -2V2 .
0 = % (9293 - 95936) +2f(p2) = falpa) + Z' (@2, 4, D; 0,0%)
42 -2V2 .
> | 2C2 08— 0305°) — 2£(p) — fulon)] — 12'(os, 00, D:0,0°)

4(2-2v2)

S 0ot — 365"

1
-2
leading to 6205 = 050%°. By considering the combination v/2D(0|z; 8)—D(0]¢4; 6)

and using similar arguments as previously, one obtains: 65032 = 959’512, By com-
puting the ratio of the two last equations, one obtains 03 = 635 and then 65 = 05.

B.1.53. Assumption [C4]

For all ¢ € Q and for any 6 € ©, VE/ (0]¢; 0) is clearly differentiable in 6. First,
note that [C4] is trivial for j = 1. For j = 2, 3, let us define:

Xei0) = |25 e 00

Our aim will be to prove that for j = 2,3 and for all £ > 0

(D )k
E (reneagXJ(QH) > < +o0. (20)
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In particular, the Assumption [C4] corresponds to (20) with k = 2. Let us notice
that for all p € Q and for all 6 € @

VET(0lp; 0) > VI (0]) == 0™+~ g™ (||]]),

TEP

. . inf )12 su
with for some r > 0, g™(r) := 46™f ((97) — (er—ﬁp)6> Let us also underline

that for j = 2,3

inf )12 sup)6
4 ((eru) - u) 1fj = 27

’I"G
= (r;0) > it ith gi*f(r) := ;
(r;0) = g;" (r)  with g;" (r) A (12(9‘“)“ _ 6(95“‘“)5) if j = 3.

12 76

Therefore, by defining \7jinf(0|gp) D g (|z]]), the result (20) will be en-
sured by proving _
E (Ei“f(o|q>)e—v‘“f<0‘q’>) < fo0.

According to Lemma 4, in order to prove this, let us denote by g; - (-) the function
defined for j = 2,3, for some € > 0 and for r > 0 by g;c(r) = gi*'(r)—e |g™(r)|.
On the one hand, one has

4 ((Gi“f)lgg(ai“f)l2 B pinf (HSUP)GE(HSUP)G) i< (einf )2

12 76 T ok

g2 E(T) = inf \13 inf )12 ; inf )2
) pinf +e(pinf inf (gsupy6 sup)6 . ot

4 (( ) Té( L e S e ) ) if r > (e—p)

which satisfies the assumptions of Lemma 4 as soon as € < 6. On the other
hand

491nf ((Ginf )lzillzs(einf )11 B (esup)GGE(esup)S) 1f < (2 (einf )1; ) 1/6

r6 (Gsup)a
g37€(7‘)= inf )12 inf 11 ine 11\ 1/6
. m m sup\6 sup\5 in
4t ((9 L) emtaeeen) ) iy > (2((ZSUP))5> ,

which satisfies the assumptions of Lemma 4 as soon as e < ™ /12, which ends
the proof.

B.2. Assumptions [N]
B.2.1. Assumption [N1]

Let us present two auxiliary lemmas.
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Lemma 8. Let ¢ be the realization of a stationary pairwise interaction point
process with local energy function defined by

V (2lp;0) = 01+ H (2|:0)  with  H (alp;0) =Y _ g(lly — ||;0).

yEp

Let K < 400 and let xq,...,xx € R2\ ¢, x; # zj fori,j =1,..., K (where
K < +00), then

H ({z1,...,zx}Hp;0) = H (xp|e;0) + H ({z1,...,xKx};0)

V {z1,...,zx}|p;0) = V (zklp;0) + H ({21, ...,2K};0)

M 11>

el
Il

1
This result comes from the definition of the local energy.

Lemma 9. Using the same notation and under the same assumptions of Lemma 8,
assume that there erists gmin such that for all r > 0 and any 6 € O, g(r;0) >
Gmin, then

K
e~V Hz1x kY pi0) <ck H e~V (@kled) e cx = e—K“é’“ Gmin
k=1
Proof. The proof is immediate since
K(K-1)
H ({.’L’l, .. 7xK};9) = ZQ(H‘TZ - $]||79) 2 fgmzn

i<j
O
Let k=1,...,3 and let \1,..., A\, k positive integers such that Zle ANi=3
and define the random variable

aw = [ 11

=1

Ai
STV@@A@;@*) e~V UL} |26 g
J

From Lemma 9, we have

LoV A
E(A(® < E = (x.|®: 0" V(@i ®:07) g
(A@) < <ck/Mi[[169j<xl|, )| e .
k \,
oV N R YOS
= Ci /AkE (H 8_9J (Il|q)79 ) e V(i| @30 )> dxl dCCk
i=1
k k 1/k
v — £V (2] 9;6%)
< E | ®; 0% Ai AT dxy...d
> Gk ~/Ak;l:]1: < 89] (‘T1| ) ) € X1 Lk
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3 1/k
k .N*
= ¢ | |/ < x,;|®; 0%) e %V (@il®:0 )> dz;

k 1/k
k -0*
crl AR | |E ( = (0]®; 0%)| e A VO >>

by using Hoélder’s inequality and the stationarity of the process. The result is
then a simple consequence of (20) and Lemma 4.

B.2.2. Assumption [N2]

For all ¢ € Q, it is clear that for all § € ©, V (0]p;0) is twice continuously
differentiable in 6. According to Lemma 4 and the fact that [N1] is satisfied, it
is sufficient to prove that for all j,k =1,2,3

o2V LI 7ol
E (‘7 (o|<1>;9)‘ e—V“<0l‘I’79>) < +00.

00;00,
This is obvious when either j or k equals 1 and when j = k& = 2 (since
2 LJ
(6802)2( -) = 0). Now, for the other cases, define for 0 € © g; . (r) := g7 (r;0)—
62 LJ
‘89 55 (1:0)|. We have
4 026032 —12£63" 05 —6205 i < 91/6
12 - =] >
92,3,5(7”) = 93,2,5(7“) = 12 11 6 5 )
4 (820 :1?593 — 93t2803 otherwise
which satisfies the assumptions of Lemma 4 as soon as € < 0?23 , that is, as soon
(einf )2 .
as € < ~—5—. Finally,
0203°—132e01°  0205—30<03 13211/6
. () = 4 12 — = ifr < ( ) 0
3,3,e - 12 10 6 4
4 (%2 4;1132563 — 0203130593 otherwise
which satisfies the assumptions of Lemma 4 as soon as € < 132 , that is, as soon

()"

as ¢ < 132

B.2.3. Assumption [N3]

Let y = (y1,42,y3) € R® and g(y,¢) = y' Vi) (0l¢;60%). Let go € Ay and
vr(n) € Ax(n) (k = 2,4) where Ay and Ai(n) are defined by (18) and (19).
Assume g(y, ¢r) =0 for k =0, 2,4. Since, g(y, ¢o) = y1, we have y; = 0. Now,

0% 12 0% 6 . 129*11 69*5
9(y,p2) = 4y (2 (53) —V2 (53) ) + 4ys6; (2 St~ V2 56 )
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+-fé(ya@2)

03 03 . 129§11 605°

9(y,p1) = 4y2<4<5) 2(D>>+4y39 (W_206
+_j4(ya@4%

where for any ¢, € Ak(n) (k = 2,4), there exists a positive function fy(y,n)
converging towards zero as n — 0 such that |fi(y, ¢k )| is bounded by fi(y,n).
Now, we have

*5
29(y, ¢2)—9(y, pa) = 4(2— 2\f)) 5 (03y2 + 663y3)+2f2(y, p2)— fa(y, p4) = 0.

For 1 small enough, we have, for any ¢, € Ax(n) (k= 2,4),

IN

2| foly, )| + |f4(y il

< ;‘ (2-2[) (9*y2+692y3)

12f(y,p2) = fa(y, pa)l

A

Hence for n small enough,

0= 20(y.02) - oy 2 § 42~ 2v2) 5 050 + 6050

leading to the equation 03ys + 665y3 = 0. By considering the linear combination
V29(y, p2) — g(y,p4), we may obtain the equation 65y, + 1205ys = 0 with
similar arguments. Both equations lead to ys = y3 = 0.

B.2.4. Assumption [N4]

The assumption [N4] may be rewritten for all k =1,...,¢ and for all ¢, € Ay,
and ¢g € Ag: Vy € R?

(v (LPLY (64:6%) — LPLY (00")) = ¥" (L(:6") = R{p:0%)) = 0) =y = 0.

where for any configuration ¢ € Q and ¢ € A

L(p;0%) = /7V(Ll} (£C|<p;0*)€7V @lei6*) g /V (z|@o; 6™ *VLJ(”“PO?Q*)dx
R(p;0") = Z V(l) (o \ z;0%) Z V(l) (x]po \ ;0%).
rEPNA rzEPoNA

Concerning this assumption, we choose pg € Ay = {go €Q:pp, = (Z)}. Let
y € R? then

/YTV (wlipos 6%) eV w10 ) gy — =1 [4]
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and )
S VIV (alpo \ @ 60%) =0

zE€EPoNA

Consider the following configuration set, defined for n,e > 0, by
A2(777€) = {(P € ﬁ PPN, = {21722} where Z1 € 8(0777)722 € B((Ou 277+ 5)777)} :

Note that for z; € B(0,7),22 € B((0,2n+¢€),n), € < [|z2 — z1]| < &+ 4n. Let
2 € As(n,e) and = € A, then one may prove that for j = 2,3

VE (2lp2;6%) = 67 + 2" (|[2l];0") + f(z,n,€)
avLJ agLJ
0, (@25 67) = —([|z};07) + fj(z,n,€)

where f(x,n,¢) and f;(z,n,¢) are such that

lim , lim i(x,m,e) =0.
<n,s>a<o,o>f( €)= (n,e)— <o,o>f’( -€)

On the one hand, one may prove that there exists a function f7(y,n,e) such
that
lim(n7€)_)(070) fr(y,n,e) =0 and such that

YT 9027 yTI yle 1|K| + fL(y77775)

where

1;:/h(||x||;9*)6—0f—2g“(\\wH;e*)dw
Iy
and

S OH*) -— agLJ . A* agLJ .*T
h(T,o ) <1 2——— (992 ( 59 )728—93(Tae )) .

On the other hand, there exists a function fr(y,n, ) such that lim,_,o fr(y,n,€) =
0

. 03\ 12 05\ ° L (12051 6035
Y R(p2;0%) = 25142924 ((f) - (f) +2y3465 (sT g >+fR(y n,€).
Since
ey’ (L(p2;0") — R(p2;07)) = &' (yTI —yie U+ fu(y.m,e) — faly,m, 6))

* 12

—¢f (2y249§6 T 2y349§69§5) + 242403

+ 2y340512605"".

For n and € chosen small enough, one may prove that

0 = |27 (L(p2; 0*) — R(g2; 6%)) }2;,249*12 + 2y349§129§11’
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leading to
202405 + 2934051205 = 0 < G5y + 1205y3 = 0. (21)
This means that
Y R(p2;6%) = 241 = 5_16 (202403° + 2013403605° ) + fr(y. . ).
With similar arguments, we obtain that
20240%° + 2y3405605° = 0 < B%ya + 605y3 = 0. (22)

Equations (21) and (22) lead to y2 = y3 = 0. Now consider the following con-
figuration set defined for some £k > 1 and n > 0

Ar(n) = {9 €Q:on, =N BO,n)| =k}

and let ¢ € Ai(n). Then, one may prove that there exists a function fL (y,m)

such that lim, o fz(y,n) = 0 and such that

v (Llpw; 0°) = Rlpw; 07) = w /Jf"f (e*’“g““‘”””?"*) - 1) dz — ki
A

+.}FL(y7n)
= 0

Let us denote by A; := B(0,min(#}, D)) and Ay := B(0,D) \ A; Now let us
consider two cases.

Case 1: 05 < D. First note that for all x € A, g&/(||z||;0*) > 0. Then, for k
large enough and for n small enough, we have

1 |A4]

« 9% 1
'E/ o0 (efkg“(llxﬂﬁ ) 1) da:‘ < 76*91 < I and ‘—fL(%n)‘ < @
Ay

Hence for k large enough and for 7 small enough, we may obtain
1 *
0 = - " (Lpw; 07) — Rlpw; 07))]

1 . P 1~
ylE/ e % e"“"“(”w”"”—l) dw+EfL(y,n)‘
Ay

|y1| |y1| |y1|
> |y1|_T_ =5

> |yl =

which leads to y; = 0.
Case 2: 63 > D. First note that for all z € As,

0% 12 0% 6
g" (||2][:0%) < gm == g (D;0%) = 403 ((53) - (53) ) <0.
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On the one hand, for k large enough and for n small enough, we may have

1 _n* _ LJ z|:0* 1~
‘Ew/ e i (e kgl ”’9)—1) dr + —fi(y,n) —w S%

3
+ 1] < §|y1|.
Ay

On the other hand, we have for k large enough

% yI/ et (e Ul _ 1) o :%/ 05 (e 0 1) g
As Ao
> |y—k1|e*91|/\2| (e Fom —1)
eeklaml —q
= |y1|e QIT
= 2yl

Therefore for k large enough and for n small enough, we have

1 « 3 Y
0= 1 ¥ (L(oui ) — Ripist")| > 2| — Son| = 2L,
which leads to y; = 0.
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