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Nonparametric estimation of covariance

functions by model selection

Abstract: We propose a model selection approach for covariance estima-
tion of a stochastic process. Under very general assumptions, observing i.i.d
replications of the process at fixed observation points, we construct an esti-
mator of the covariance function by expanding the process onto a collection
of basis functions. We study the non asymptotic property of this estimate
and give a tractable way of selecting the best estimator among a possible
set of candidates. The optimality of the procedure is proved via an oracle
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1. Introduction

Estimating the covariance function of stochastic process is a fundamental is-
sue with many applications, ranging from geostatistics, financial series or epi-
demiology for instance (we refer to [23], [13] or [8] for general references for
applications). While parametric methods have been extensively studied in the
statistical literature (see [8] for a review), nonparametric procedures have only
recently received a growing attention. One of the main difficulty in this frame-
work is to impose that the estimator is also a covariance function, preventing the
direct use of usual nonparametric statistical methods. In this paper, we propose
to use a model selection procedure to construct a nonparametric estimator of
the covariance function of a stochastic process under general assumptions for
the process. In particular we will not assume Gaussianity nor stationarity.

Consider a stochastic process X (¢) with values in R, indexed by t € T, a
subset of R? d € N. Throughout the paper, we assume that its covariance
function is finite, i.e o (s,t) = cov (X (s),X (t)) < +oo for all s,¢t € T and, for
sake of simplicity, zero mean E (X (¢)) = 0 for all ¢ € T. The observations are
X; (tj) fori=1,...,N, j=1,...,n, where the observation points ti,...,t, € T
are fixed, and Xy,..., Xy are independent copies of the process X.

Functional approximations of the processes X1,..., Xy from data (X;(¢;)) are
involved in covariance function estimation. When dealing with functional data
analysis (see, e.g., [20]), smoothing the processes X1,. .., Xy is sometimes carried
out as a first step before computing the empirical covariance such as spline
interpolation for example (see for instance in [9]) or projection onto a general

finite basis. Let x; = (X; (t1), ..., X; (tn)) be the vector of observations at the
points t1,...,t, with i € {1,...,N}. Let {gx},cn be a collection of possibly
independent functions gy : T"— R where M denote a generic countable set of
indices. Then, let m C M be a subset of indices of size |m| € N and define the
n X |m| matrix G with entries g;x = g (¢;), 7 = 1,...,n, A € m. G will be
called the design matrix corresponding to the set of basis functions indexed by
m.
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In such setting, usual covariance estimation is a two-step procedure: first, for
eachi=1,..., N, fit the regression model

X; = Gai—FGi (11)

(by least squares or regularized least squares), where ¢; are random vectors in
R™, to obtain estimates a; = (G; x)xem € RI™| of a; where in the case of standard
least squares estimation (assuming for simplicity that G TG is invertible)

a,=(G'G)'G"x;,i=1,...,N.

Then, estimation of the covariance is obtained by computing the following esti-
mate

3 =GUG', (1.2)

where
1 & 1 &
I — aaT Tv-1aaT | & T Ty -1
\II—NZaZaZ- =(G'G) G (N;xlxi>G(G G)™L (1.3)

This corresponds to approximate the process X by a truncated process X; de-
fined as N
Xi(t) = Z aiagx (t),i=1,..., N,

Aem

and to choose the empirical covariance of X as an estimator of the covariance
of X, defined by

AN
a(svt):NZXi(S)Xi(t)'
i=1

In this paper, we consider the estimator (1.2) as the least squares estimator
of the following matrix regression model

x;x; =G¥G' +U;, i=1,...,N, (1.4)

where W is a symmetric matrix and U; are i.i.d matrix errors. Fitting the models
(1.1) and (1.4) by least squares naturally leads to the definition of different
contrast and risk functions as the estimation is not performed in the same
space (RI™! for model (1.1) and RI"™/*I™| for model (1.4)). By choosing an
appropriate loss function, least squares estimation in model (1.4) also leads to
the natural estimate (1.2) derived from least square estimation in model (1.1).
A similar estimate can be found in [11]. However, in this paper, we tackle the
problem of model selection, i.e. choosing an appropriate data-based subset of
indices m € M, which is very distinct in model (1.1) and model (1.4). Indeed,
model selection for (1.1) depends on the variability of the vectors x;’s while
for (1.4) it depends on the variability of the matrices x;x; ’s. One of the main
contributions of this paper is to show that considering model (1.4) enables to
handle a large variety of cases and to build an optimal model selection estimator
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of the covariance without too strong assumptions on the model. Moreover it will
be shown that considering model (1.4) leads to the estimator ¥ defined in (1.3)
which lies in the class of non-negative definite matrices and thus provides a
proper covariance matrix ¥ = G®G .

A similar method has been developed for smooth interpolation of covari-
ance functions in [6], but restricted to basis functions that are determined by
reproducing kernels in suitable Hilbert spaces and a different fitting criterion.
Similar ideas are also tackled in [19]. These authors deal with the estimation of
> within the covariance class T' = GG " induced by an orthogonal wavelet
expansion. However, their fitting criterion is not general since they choose the
Gaussian likelihood as a contrast function, and thus their method requires spe-
cific distributional assumptions. We also point out that computation of the
Gaussian likelihood requires inversion of G®G ", which is not directly feasible
if rank (G) < n or some diagonal entities of the non-negative definite (n.n.d)
matrix ¥ are zero.

Hence, to our knowledge, no previous work has proposed to use the matrix
regression model (1.4) under general moments assumptions of the process X us-
ing a general basis expansion for nonparametric covariance function estimation.
We point out that the asymptotic behaviour will be taken with respect to the
number of replications N while the observation points ¢;, ¢ = 1,...,n remain
fixed.

The paper falls into the following parts. The description of the statistical
framework of the matrix regression is given in Section 2. Section 3 is devoted
to the main statistical results. Namely we study the behavior of the estimator
for a fixed model in Section 3.1 while Section 3.2 deals with the model selection
procedure and provide the oracle inequality. Section 4 states a concentration
inequality that is used in all the paper, while some numerical experiments are
described in Section 5. The proofs are postponed to a technical Appendix.

2. Nonparametric model selection for covariance estimation

Recall that X = (X (t)),cp is an R-valued stochastic process, where 7' denotes
some subset of R?, d € N. Assume that X has finite moments up to order 4,
and zero mean, i.e E (X (¢)) = 0 for all t € T. The covariance function of X is
denoted by o (s,t) = cov (X (s), X (t)) for s,t € T and recall that X;,..., Xy
are independent copies of the process X.
In this work, we observe at different points ¢4, ..., t, € T independent copies of
the process, denoted by X; (¢;), withi =1,...,N,j=1,...,n. Set x;= (X, (t1),
. ¢ (tn))—r the vector of observations at the points ¢1,...,t, for each i =
1,...,N. The matrix X =E (xixj) = (o(tj,tk))1<j<n1<k<n 1S the covariance
matrix of X at the observations points. Let X and S denote the sample mean
and the sample covariance (non corrected by the mean) of the data x,...,xy,

i.e. ) N ) N
izﬁ;xi’ S :N ;xixj.
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Our aim is to build a model selection estimator of the covariance of the process
observed with N replications but without additional assumptions such as sta-
tionarity nor Gaussianity. The asymptotics will be taken with respect to N, the
number of copies of the process.

2.1. Notations and preliminary definitions

First, define specific matrix notations. We refer to [18] or [14] for definitions
and properties of matrix operations and special matrices. As usual, vectors in
R* are regarded as column vectors for all k& € N. For any matrix A, AT is the
transpose of A, ¢r(A) is the trace of A, ||A| is the Frobenius matrix norm
defined as ||A|* = tr(AAT), Amax (A) is the maximum eigenvalue of A, and
p (A) is the spectral norm of A, that is p (A) = Apax (A) for A a n.n.d matrix.

In the following, we will consider matrix data as a natural extension of the
vectorial data, with different correlation structure. For this, we introduce a nat-
ural linear transformation, which converts any matrix into a column vector. The
vectorization of a k xn matrix A = (ai;j)1<i<k,1<j<n is the knx 1 column vector
denoted by vec (A), obtained by stacking the columns of the matrix A on top
of one another. That is vec(A) = [a11,...,Qr1, 12, ., A2y -« s Qlny -+ - Qin] -

For a symmetric k x k matrix A, the vector vec(A) contains more in-
formation than necessary, since the matrix is completely determined by the
lower triangular portion, that is, the k(k + 1)/2 entries on and below the
main diagonal. Hence, we introduce the symmetrized vectorization, which cor-
responds to a half-vectorization, denoted by vech(A). More precisely, for any
matrix A = (aij)1<i<k,1<j<k, define vech(A) as the k(k + 1)/2 x 1 column
vector obtained by vectorizing only the lower triangular part of A. That is
vech(A) = [a11,..., k1,022, ., Gn2y oo Q1) (k1) C(k—1)k> apk]". There ex-
ist a unique linear transformation which transforms the half-vectorization of a
matrix to its vectorization and vice-versa called, respectively, the duplication
matrix and the elimination matrix. For any k € N, the k? x k (k + 1) /2 dupli-
cation matrix is denoted by Dy, 1, = (1,..., 1)T € R and I is the identity
matrix in RF>*F,

If A :(aij)lgigkﬁlgjgn is a k X n matrix and B :(bij)lgigp,lgqu is a P Xq
matrix, then the Kronecker product of the two matrices, denoted by A ® B, is
the kp x ng block matrix

allB e alnB
A®B=

CLle . . . aknB

For any random matrix Z = (Zij)lgigk,lgjgnv its expectation is denoted by
E(Z) = (E(Zij)),<i<p1<j<n- For any random vector z = (Z;), ;< let V' (z) =
(cov(Zi, Zj)),<; j<) be its covariance matrix. With this notation, V' (x1) =
Vi(xi)= (o (tj_’tk)_)l<j<n,l<k<n is the covariance matrix of X.
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Let m € M, and recall that to the finite set G, = {ga},c,, of functions gy :
T — R we associate the nx|m| matrix G with entries gjx = gx (¢;), j =1,...,n,
A € m. Furthermore, for each t € T', we write Gy = (g (t),A € m) . For k € N,
S denotes the linear subspace of RF*F composed of symmetric matrices. For
G €R™*Iml S (G) is the linear subspace of R"*" defined by

S(G) = {G\I:GT . esm} .
Let Sy (G) be the linear subspace of R*V*" defined by
Sx (G) = {1N ® GUGT : ¥ eSm} — {1y ®D:T S (G)}
and let Vy (G) be the linear subspace of R™N defined by
Vn (G) = {1N ® vec (G\IIGT) LT esm} — {1y ®vec(T) : T €8 (G)}.

All these spaces are regarded as Euclidean spaces with the scalar product asso-
ciated to the Frobenius matrix norm.

2.2. Model selection approach for covariance estimation

The approach that we will develop to estimate the covariance function o is based
on the following two main ingredients: first, we consider a functional expansion
X to approximate the underlying process X and take the covariance of X as an
approximation of the true covariance o.

For this, let m € M and consider an approximation to the process X of the

following form:
)= axg(t), (2.1)

Aem

where a) are suitable random coefficients. For instance if X takes its values in
L?(T) (the space of square integrable real-valued functions on T') and if (gx)xem
are orthonormal functions in L?(T'), then one can take

CL)\:/TX(t)g)\(t)dt

Several basis can thus be considered, such as a polynomial basis on R?, Fourier
expansion on a rectangle 7' C R? (i.e. g (t) = e?mwrnt) ysing a regular grid of
discrete set of frequencies {wA eRi Ne m} that do not depend on t1,...,t,).
One can also use, as in [9], tensorial product of B-splines on a rectangle T C R,
with a regular grid of nodes in R? not depending on ty,...,t, or a standard
wavelet basis on R?, depending on a regular grid of locations in R? and discrete
scales in R ;. Another class of natural expansion is provided by Karhunen-Loeve
expansion of the process X (see [1] for more references).
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Therefore, it is natural to consider the covariance function p of X as an
approximation of ¢. Since the covariance p can be written as

P (Sa t) = GZEGM (22)
where, after reindexing the functions if necessary, Gy = (gx (t),A € m) ' and
W = (E (aray)), with (A, ) € m x m.

Hence we are led to look for an estimate & of ¢ in the class of functions of the
form (2.2), with ¥ € RI™I*I™ some symmetric matrix. Note that the choice of
the function expansion in (2.1), in particular the choice of the subset of indices
m, will be crucial in the approximation properties of the covariance function
p. This estimation procedure has several advantages: it will be shown that an
appropriate choice of loss function leads to the construction of symmetric n.n.d
matrix ¥ (see Proposition 3.1) and thus the resulting estimate

5 (s,t) = GI WGy,

is a covariance function, so the resulting estimator can be plugged in other
procedures which requires working with a covariance function. We also point
out that the large amount of existing approaches for function approximation of
the type (2.1) (such as those based on Fourier, wavelets, kernel, splines or radial
functions) provides great flexibility to the model (2.2).

Secondly, we use the Frobenius matrix norm to quantify the risk of the covari-
ance matrix estimators. Recall that ¥ = (o (¢, t’f))lgj,kgn is the true covariance
matrix while I' = (p (¢;,x)), < ; <, Will denote the covariance matrix of the ap-

proximated process X at the observation points. Hence
— T
'=GUuG . (2.3)

Comparing the covariance function p with the true one o over the design points
t;, implies quantifying the deviation of I' from X. For this consider the following
loss function

L(P)=E HxxT - G‘I’GTH2 ,

where x= (X (t1),..., X (t,)) " and ||.| is the Frobenius matrix norm. Note that
12
L(®) = Hz _GYG H +C,

where the constant C' does not depend on W. The Frobenius matrix norm pro-
vides a meaningful metric for comparing covariance matrices, widely used in
multivariate analysis, in particular in the theory on principal components anal-
ysis. See also [5], [22] and references therein for other applications of this loss
function.
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To the loss L corresponds the following empirical contrast function Ly, which
will be the fitting criterion we will try to minimize

LN(‘I’):%ﬁ:‘

We point out that this loss is exactly the sum of the squares of the residuals
corresponding to the matrix linear regression model

2
X;X] — G\IIGTH .

x;x; =G¥G' +U;, i=1,...,N, (2.4)

with i.i.d. matrix errors U; such that E (U;) = 0. This remark provides a natural
framework to study the covariance estimation problem as a matrix regression
model. Note also that the set of matrices GEG " is a linear subspace of R"*"
when ¥ ranges over the space of symmetric matrices S,,.

To summarize our approach, we finally propose following two-step estimation
procedure: in a first step, for a given design matrix G, define

T = arg ‘I,min Ly(W),
and take & = GUGT as an estimator of 3. Note that ¥ will be shown to be
a n.n.d matrix (see Proposition 3.1) and thus X is also a n.n.d matrix. Since
the minimization of Ly (¥) with respect to ¥ is done over the linear space of
symmetric matrices Sy, it can be transformed to a classical least squares linear
problem, and the computation of ¥ is therefore quite simple. For a given design

matrix G, we will construct an estimator for I' = GEGT which will be close
to X =V (x1) as soon as X is a sharp approximation of X. So, the role of G
and thus the choice of the subset of indices m is crucial since it determines the
behavior of the estimator.

Hence, in second step, we aim at selecting the best design matrix G = G,,
among a collection of candidates {Gy,, m € M}. For this, methods and results
from the theory of model selection in linear regression can be applied to the
present context. In particular the results in [2], [7] or [16, 17] will be useful in
dealing with model selection for the framework (2.4). Note that only assump-
tions about moments, not specific distributions of the data, are involved in the
estimation procedure.

Remark 2.1. We consider here a least-squares estimates of the covariance.
Note that suitable regularization terms or constraints could also be incorporated
into the minimization of Ly (¥) in order to impose desired properties for the
resulting estimator, such as smoothness or sparsity conditions as in [15].

3. Oracle inequality for covariance estimation

The first part of this section describes the properties of the least squares esti-
mator ¥ = GWG ' while the second part builds a selection procedure to pick
automatically the best estimate among a collection of candidates.



J. Bigot et al./Covariance estimation by model selection 830

3.1. Least squares covariance estimation

Given some n x |m| fixed design matrix G associated to a finite family of |m)|
basis functions, the least squares covariance estimator of 3 is defined by

- 1 & 2
E:G\IIGTzargmln{N;Hxixj—I‘H :T=GUG', ¥ eSm}. (3.1)

The corresponding estimator of the covariance function o is
5(s,t) =G UG, (3.2)

Proposition 3.1. Let Y1,..., Yy € R" " and G €R™*I"™| be arbitrary matri-
ces Then, (a) The infimum

1 o 2
mf{N;Hn GYGT| .\Ilesm}
is achieved at
= =T
~ - Y+Y -
¥=(G'G) G (“LT) G(GTG), (3.3)
where (GTG) s any generalized inverse of G' G (see [10] for a general defi-

nition), and
| X
Y=—) Y.
v

~ T _
(b) Furthermore, G®G is the same for all the generalized inverses (GTG) of
G'G. In particular, if Y1,..., YN €S, (i.e., if they are symmetric matrices)
then any minimizer has the form

¥=(G'G) G'YG(G'G) .
If Y1,..., YN are n.n.d then these matrices U are n.n.d.

If we assume that (GTG)™! exists, then Proposition 3.1 shows that we re-
trieve the expression (1.3) for ¥ that has been derived from least square esti-
mation in model (1.1).

Theorem 3.2. Let S =+ Zi\il x;x; . Then, the least squares covariance esti-
mate defined by (3.1) is given by the n.n.d matriz

S = GUGT =TISII,
where
¥=(G'G) G'SG(G'G) (3.4)
I=G(G'G) G".

Moreover £ has the following interpretations in terms of orthogonal projections:
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i) S is the projection of S € R™" on S(G).
ii) 1N®3 is the projection of Y = (x1x{ ... ,XNXE)T € R"™W>" on Sy (G).
i) 1yQuec (f)) is the projection of y = (vecT (xlxlT) ,o..,vec” (XNX]TV))T c
RN on Vy (G).

The proof of this theorem is a direct application of Proposition 3.1. Hence for
a given design matrix G, the least squares estimator = E(G) is well defined
and has the structure of a covariance matrix. It remains to study how to pick
automatically the estimate when dealing with a collection of design matrices
coming from several approximation choices for the random process X.

3.2. Main result

Consider a collection of indices m € M with size |m|. Let also {Gm tme M}
be a finite family of design matrices G,, € R™*I™| and let %,, = (G,
m € M, be the corresponding least squares covariance estimators. The problem
of interest is to select the best of these estimators in the sense of the minimal
quadratic risk IEHE — 2m||2.

The main theorem of this section provides a non-asymptotic bound for the
risk of a penalized strategy for this problem. For all m € M, write

D, =Tr(IL,),

We assume that D,,, > 1 for all m € M. The estimation error for a given model
m € M is given by

o |2 82 D,
IE<H2—2mH > = |2~ TL, S0, * + =, (3.6)

where
52 — Tr ((IL,, ® IT,,,) ®)
m Dm ?
o=V (vec (xlxir)) .

Given 6 > 0, define the penalized covariance estimator > = f}ﬁ by

1 N
e {5

2
xix;-r—EmH —i—pen(m)},

where 52
D

— (14 0) 22
pen (m) = (1+0) 2
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Theorem 3.3. Let g > 0 be given such that there exists p > 2 (1 + q) satisfying

EHxlxIHp < 00. Then, for some constants K (0) > 1 and C' (0,p,q) > 0 we
have that

_12q\ Y4 _ 2
<1EHz_zH q) < gla-), [K(G) inf <||z_nmznm||2+5m£m)

meM
Ay
o]
where
AL =C"(0,p,0)E |Jax] " < > 5;PD;<P/2—1—‘1>>
meM
and

(fup = max {62, : m € M} .

In particular, for ¢ =1 we have

12 2 A
E Hz—zH <K(0) inf E Hz—zmH Srg2 3.8
( <K (@) il P2, @)

For the proof of this result, we first restate this theorem in a a vectorized
form which turns to be a k-variate extensions of results in [2] (which are covered
when k£ = 1) and are stated in Section 4.1. Their proof rely on model selection
techniques and a concentration tool stated in Section 4.2.

Remark 3.4. Note that the penalty depends on the quantity d,, which is un-
known in practice. Indeed, the penalty relies on =V (vec (xlxlT)) , which re-
flects the correlation structure of the data. In the original paper by Baraud [3],
an estimator of the variance is proposed to overcome this issue. However, the
consistency proof relies on a concentration inequality which turns to be a x2 like
inequality. Fxtending this inequality to our case would mean to be able to con-
struct concentration bounds for matrices xx", implying Wishart distributions.
Some results exist in this framework [21], but adapting this kind of construction
to our case is a hard task which falls beyond the scope of this paper.

However, we point out that for practical purpose, when N is large enough,
this quantity can be consistently estimated using the empirical version of ® since

the x;,i=1,..., N are i.i.d observed random variables, which is given by
. 1 .
= — > vee (xx]) (vee (xix] ) | —vee(S) (vee(S)) . (3.9)
i=1

Hence, there is a practical way of computing the penalty. The influence of the
use of such an estimated penalty is studied in Section 5. Note also that if 7 > 0
denotes any bound of 52, such that 62, < 1 for all m, then Theorem 3.8 remains
true with 62, replaced by T in all the statements.
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We have obtained in Theorem 3.3 an oracle inequality since, using (3.6) and
(3.8), one immediately sees that 3 has the same quadratic risk as the “oracle”
estimator except for an additive term of order O (%) and a constant factor.
Hence, the selection procedure is optimal in the sense that it behaves as if the
true model were at hand. To describe the result in terms of rate of convergence,
we have to pay a special attention to the bias terms |2 — IL,XIL,||*. In a
very general framework, it is difficult to evaluate such approximation terms.
If the process has bounded second moments, i.e for all j = 1,...,n, we have
E (X?%(t;)) < C, then we can write

21,3, <03 S [B(x ) - X @) +E (X 06— X 0)’]

j=1j/=1
n ~ 2
< 2C’n2% ;E (X () — X (tj)) .

Since n is fixed and the asymptotics are given with respect to /N, the number of
replications of the process, the rate of convergence relies on the quadratic error
of the expansion of the process.

To compute the rate of convergence, this approximation error must be con-
trolled. From a theoretical point of view, take d = 1, T' = [a, b], and consider a
process X (t) with ¢ € [a, ], for which the basis of its Karhunen-Loeéve expan-
sion is known. Set M = My = {m={1,...,|m|},Im| =1,...,N}. Then we
can write X (t) = > 5, Zxgx (t), where Z, are centered random variables with
E (Z3) =73, where 73 is the eigenvalue corresponding to the eigenfunction g of

the operator (K f) (t) = f: o (s,t) f(s)ds. If X (t) is a Gaussian process then the
random variables Z are Gaussian and stochastically independent. Hence, a nat-

ural approximation of X (£) is given by X (t) = Zl)\njl Zxgx (t) . So we have that
2
2 oo o0
E(X-X0) =B 3 2a0] = ¥ B4
A=|m|+1 A=|m|+1
. 2 oy 2 00
therefore, if ||gal[7,((4,) = 1 then E||X (t) - X (t)”Lz([a)b]) =2 jml41 V3. As-

sume that the v,’s have a polynomial decay of rate > 0, namely vy ~ A7,
then we get an approximation error of order O((|m| + 1)72%). Hence, we get
that (under appropriate conditions on the design points t1,...,t,)

IS — M 1L = 0 (I +1)7).

Finally, since in this example E[|Z — 2|2 < K (6) inf (||~ I1, BIL,[* +
meMn

&Tm) + O(%) then the quadratic risk is of order N~7T as soon as [m| ~
N1/(a+1) helongs to the collection of models M y. In another framework, if we
consider a spline expansion, the rate of convergence for the approximation given
in [9] are of the same order.
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Hence we have obtained a model selection procedure which enables to recover
the best covariance model among a given collection. This method works without
strong assumptions on the process, in particular stationarity is not assumed, but
at the expend of necessary i.i.d observations of the process at the same points.
We point out that this study requires a large number of replications N with
respect to the number of observation points n. Moreover, since for a practical
use of this methodology, an estimator of the penalty must be computed, relying
on the estimation of the 4-th order moment, the need for a large amount of data
is crucial even if the simulations are still, quite satisfactory, for not so large
sample. This settings is quite common in epidemiology where a phenomenon is
studied at a large number of locations but only during a short time. Hence our
method is not designed to tackle the problem of covariance estimation in the
high dimensional case n >> N. This topic has received a growing attention over
the past years and we refer to [4] and references therein for a survey.

4. Model selection for multidimensional regression
4.1. Oracle inequality for multidimensional regression model

Recall that we consider the following model

xx, =GUG'+U;, i=1,...,N,

K3

with i.i.d. matrix errors U; € R"*" such that E (U;) = 0.
The key point is that previous model can be rewritten in vectorized form in
the following way

Yi= Aﬁ+ulu 1= 177N7 (41)
where y; = vec(xix?) € R”Q, A=G®G)D,, € anx%, where D,,, €
RImIPx P G the duplication matrix, f=vech (¥) € R%, and u; =

vec (U;) € R™.
Note that this model is equivalent to the following regression model

y =(1x ® A) f+u, (4.2)

where y =((y1)",..., (yN)T)—r € RV" is the data vector, (1y ®A) €
RV OIS g o known fixed matrix, S=vech (¥) is an unknown vector pa-
rameter as before, and u = ((u1) ', ..., (uN)T)—r € RV is such that E (u) = 0.
It is worth of noting that this regression model has several peculiarities in com-
parison with standard ones.

i) The error u has a specific correlation structure, namely Iy ® ®, where
o=V (vec (xle)).

i7) In contrast with standard multivariate models, each coordinate of y de-
pends on all the coordinates of 5.
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ii1) For any estimator $ = GUGT that be a linear function of the sample
covariance S of the data x1,...,xx (and so, in particular, for the estimator
minimizing Ly) it is possible to construct an unbiased estimator of its

quadratic risk IEHZ—E]H?

More generally, assume we observe y;, i = 1,..., N random vectors of R¥,
with k > 1 (k = n? in the particular case of model (4.1)), such that

yi=fl4e;, i=1,...,N, (4.3)
where f?€R¥ are nonrandom and €1, .. ., ey are i.i.d. random vectors in R* with
E(e1) = 0 and V (g1) = ®. For sake of simplicity, we identify the function g :
X — RF with vectors (g (21),...,g(zxn)) € RV* and we denote by (a, by =
= Efvzl a; b; the inner product of RV* associated to the norm ||.||y, where
a=(ar...an)" and b= (by...by)" with a;,b; € R* foralli=1,...,N.

Given N,k € N, let (Ly,),,c 1, Pe a finite family of linear subspaces of RV

For each m € M, assume L,,, has dimension D,,, > 1. Let ?m be the least squares
estimator of £ =((f)7,..., (fN)T)T based on the datay = (y] ,... ,yL)T un-
der the model L,,, i.e.

A . )
£, = arg min {Ily - VHN} =P,y,

where P,, is the orthogonal projection matrix from RY* on L,,. Write

62 =
m Dm Y
6S2up = max {62, : m € M} .

Given 6 > 0, define the penalized estimator f= ?m , where
2
o . -, H :
m argnrlréljr\lA{Hy N—i—pen(m)}
with
pen (m) = (1+6)

52 D,
e

Proposition 4.1. Let ¢ > 0 be given such that there exists p > 2 (1 + q) satis-
fying E ||le1||” < oco. Then, for some constants K (§) > 1 and c¢(0,p,q) > 0 we

have that . 4 524
E(Hf—fHN—K(H)Mj\})JF <AgE (4.4)

where

Al =C(0,p,q) Elle:]” < > 5771”17771(’7/2_1_‘1)) ,
meM

52 D,
=3

* . 2
My = 7;1615\/1{|f—me|N+
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This theorem is equivalent to Theorem 3.3 using the vectorized version of the
model (4.3) and turns to be an extension of Theorem 3.1 in [2] to the multivariate
case. In a similar way, the following result constitutes also a natural extension
of Corollary 3.1 in [2]. Tt is also closely related to the recent work in [12].

Corollary 4.2. Under the assumptions of Proposition 4.1 it holds that

~|129 1/q ( -1_4q 52 D A
_ < q ) : _ 2 m+m 2p 2
(IE Hf fHN) <2 " [K (6) inf (||f P,.f|% + ) + 551]4 ,

where A, was defined in Proposition 4.1.

Under regularity assumptions for the function f, depending on a smoothness
parameter s, the bias term is of order

2 -2
If = Pnfly = O(D,”).
Hence, for ¢ = 1 we obtain the usual rate of convergence N ~241 for the
1
quadratic risk as soon as the optimal choice D,, = N2s+1 belongs to the col-

lection of models, yielding the optimal rate of convergence for the penalized
estimator.

4.2. Concentration bound for random processes

Recall that & > 1. The following result is a k-variate extension of results in [2]
(which are covered when k = 1). Its proof is deferred to the Appendix.

Proposition 4.3. (Extension of Corollary 5.1 in [2]). Given N,k € N, let A €
RNFXNEN {0} be a non-negative definite and symmetric matriz and €1, .. .,en

i.i.d random vectors in R* with E (e1)=0 and V (e1)=®. Writee= (] ,.. ., EL)T,
C(e) = VeT Az, and 62 = Tr(%%iw)). For all p > 2 such that E||e1]|” < oo it
holds that, for all x > 0,

P (¢t 0 (&) 4260 () o (8) 50 () o)
E Jlea]/” Tr (&)

&7p (K) ar/2 42

<C(p)

where the constant C (p) depends only on p.

Proposition 4.3 reduces to Corollary 5.1 in [2] when we only consider k = 1,
in which case 6% = (®),, = o? is the variance of the univariate i.i.d. errors ¢;.

5. Numerical examples

In this section we illustrate the practical behaviour of the covariance estimator
by model selection proposed in this paper. In particular, we study its perfor-
mance when computing the criterion using the estimated penalty described in
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Section 3.2. The programs for our simulations were implemented using MAT-
LAB and the code is available on request.

We will consider i.i.d copies X1, ..., X, of different Gaussian processes X on
T = [0,1] with values in R, observed at fixed equi-spaced points t1,...,t, in
[0, 1] for a fixed n, generated according to

m*
X ()= argi(t;), j=1,...,m, (5.1)
A=1
where m* denotes the true model dimension, (g3), (A = 1,...,m") are orthonor-
mal functions on [0, 1], and the coefficients a1, . . ., @, are independent and iden-
tically distributed Gaussian variables with zero mean. Note that E (X (¢;)) =0
for all j = 1,...,n, and that the covariance function of the process X at the
points t1,...,t, is given by
m*
o (tj,tr) = cov (X (t;), X (tx)) = )V (ax) g3 (¢;) g3 (tx)
A=1

for all 1 <j, k <n. The corresponding covariance matrix is ¥ = (o (¢;, tk))1<j,k<n'
We will write X = (X;(t;)) an n x N matrix. The columns of X are denoted by
x; = (Xi(t1),...,X; (tn) ", i=1,...,N.

The covariance estimation by model selection is computed as follows. Let
(gx), be an orthonormal basis on [0, 1] (wich may differ from the original basis
functions g¢3). For a given M > 0, candidate models are chosen among the
collection M = {{1,...,m}:m=1,...,M}. To each set indexed by m we
associate the matrix (model) Gy, € R™*™, with entries (gx (£))1<;<p1<rcm:
which corresponds to a number m of basis functions g1, ..., g, in the expansion
to approximate the process X. We aim at choosing a good model among the
family of models {G,, : m € M} in the sense of achieving the minimum of the
quadratic risk

~ 2 62 Dm
R(m)=E 2= S, || = |5 - 10, 51,,|* + e, (5.2)

The ideal model my is the minimizer of the risk function m — R (m).
Note that for allm=1,..., M,

1 N
In(m) = 53|

Ly (m)+pen(m) = PC(m)+C,

XX, — f]mH =Ln(m)+C

where

~ 2 9
s-zmH —||S — I, STL, |

52 D,
N )

e 2
S-S+ pen (m) = IS ~ WuSTLIP + (1+0)
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f]m is the least squares covariance estimator of 3 corresponding to the model m
as in Theorem 3.2 and the constant C' does not depend on m. Thus, Ly and PC
can be regarded as the empirical contrast function and the penalized criterion
respectively that will be used for visual presentations of the results. For each
model m = 1,..., M we evaluate the penalized criterion (5.3) with § = 1 and
expect that the minimum of PC' is attained at a value m (52) close to my.
The quantity 62, = Tr ((Il,, ® I1,,) ®) /D,,, depends on the matrix ® =
V(Uec(xlx]—)—r), as pointed out in Section 3.2, which is unknown in practice
but can be consistently estimated by (3.9), yielding the plug-in estimate an =
TT((Hm®Hm)<i>) /Dy, for 62,. We study the influence of using 62 = (6;
rather than §% = (572n)1§m§M
first compute the following approximation of the risk R,

2
(5m) 1<m<M
on the model selection procedure. Actually, we

~ 62Dy,
R(m) =% - I, 210, |* + -2

N
and then, compute the estimator of the penalized criterion PC

52 Dy,
N

PC (m) = ||S — T1,,SIL,||> + (1 + 0)

We denote by fl\’L(8\2) the point at which the penalized criterion estimate PC
attains its minimum value, i.e., the model selected by minimizing PC.

In the following examples we plot the empirical contrast function Ly (m =
1,..., M), the risk function R, the approximate risk function IAE, the penalized

criterion PC and the penalized criterion estimate PC'. We also show figures of
the true covariance functlon o (t,s) for s,t € [O 1] and the penalized covariance

estimate based on PC, ie., G (t,5) = GL \Il 7G5, Where m = m(52) v
is obtained as in Theorem 3.2 and Gz = (g1 (t),...,9m (¢ ' e R™ for all

€ [0,1]. Furthermore, we will focus attention on finite sample settings, i.e.,
those in which the number of repetitions N is not notably large (in comparison
with the number n of design points t;).

Example 1. Let g7,...,g5,« be the Fourier basis functions
ﬁ ifA=1
gx () = \/5% coS (27T>\t) if 5 2 E Z (5.4)

\/5\/1— sin (27r ) zf

We simulate a sample of size N = 50 according to (5.1) with n = m* = 35
and V (ay) = 1 for all X = 1,...,m*. Set M = 31 and consider the models
obtained by choosing m Fourier basis functions. In this setting, it can be shown
that the minimum of the quadratic risk R is attained at my = % — 1, which for
N = 50 gives my = 24. Figures 1a, 1b, 1c and 1d present the results obtained
Jor a simulated sample. Figure 1a shows that the approzimate risk function
R reproduces the shape of the risk function R, so replacing 6% by 6% into the
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Fic 1. Results of Example 1

risk does not have a too drastic effect. It can be observed in Figure 1b that,
as expected, the empirical contrast function Ly is strictly decreasing over the
whole range of possible models, hence its minimization would lead to choose the
largest model M = 31. Note that, unlike to what is quite common in univariate
linear regression with i.i.d. errors, the empirical contrast curve does not have an
“elbow” (i.e., a change of curvature) around the optimal model mqg = 24, which
could provide by visual inspection some hint for selecting a suitable model. On the
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FiG 2. Results of Example 2

contrary, both minimization of the penalzzed criterion PC and its estimate PC
lead to select the best model, i.e., (52) =24 and m(62) =24 (see Figure 1c).

This also demonstrates that replacing 6 by 52 into the penalized criterion does
not notably deteriorate the performance of the model selection procedure in this
example. Figure 1d shows that, in spite of the small sample size N = 50, a quite
nice approximation to the true covariance function o is achieved by its penalzzed
covariance estimate & based on PC. It is clear that the selected model m(52)

a random variable that depends on the observed sample X through the penalized
criterion_estimate PC. Figure le illusirates such a variability by plotting the
curves PC' corresponding to several simulated samples. It can be observed that
the selected model ﬁl(g\z) is close to the ideal model mg, and the risk R evaluated
at the selected model is much less than that of the largest model M = 31 that
would be chosen by using the empirical contrast function.

Example 2. Using the Fourier basis (5.4) we simulate a sample of size N = 50
according to (5.1) with n = m* = 35 as in the previous example, but now
we set a geometric decay of the variances (or eigenvalues of the covariance
operator of the process X ) V (ax), X = 1,...,m*; namely, V (a1) = r and
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V(axt1) = V(an)r for X = 2,3,.., where r = 0.95. We consider a collec-
tion of models up to M = 34, with m Fourier basis functions. In this set-
ting it can be proved that the minimum of the risk R is altained at mo =
(log (2/[(1 = 7r)(N —2) +2])) / log(r), which yields mg = 16 for the actual val-
ues N = 50 and r = 0.95. The results obtained from a simulated sample are
shown in Figures 2a, 2b, 2¢ and 2d. It can be noted that the empirical con-
trast function is strictly decreasing without any “elbow” effect, while the selected
model by both the penalized criterion and the penalized criterion estimate is
m (62) = m(6%) = 16, which is the best model mq according to the risk R.

Example 3. Using the Fourier basis (5.4) we simulate a sample of size N = 60
according to (5.1) with n = m™* = 35, but now we set the variances (eigenval-
ues) as follows: V (ay) = o? + 1 for all X = 1,...,m*, where r = 0.95 and
02 = 0.0475. This decay of the eigenvalues is common in the factor models.
Actually all the eigenvalues have almost the same small value o2 (corresponding
to “noise”) except for a few first eigenvalues that have larger values (corre-
sponding to some “factors”). The collection of models considered corresponds
to a number m (1 < m < M) of Fourier basis functions up to M = 34. The
results from a simulated sample are shown in Figures 3a, 3b, 3¢ and 3d. Fig-
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F1G 4. Results of Example 4

ure 3a shows that the minimum of the risk function R is attained at my = 18.
Likewise the previous examples, the empirical contrast function is strictly de-
creasing without any “elbow”, while the model selection procedure chooses the
model ﬁz(62) = fl\’L(52) = 18, which is the value of my.

Example 4. In this example we use different basis functions for generating
the data and for estimating the covariance. Specifically, the process is generated
using a wavelet basis and the collection of models considered in the model se-
lection procedure corresponds to different numbers of Fourier basis functions up
to M = 31. We simulate a sample of size N = 50 according to (5.1) using the
Symmlet 8 wavelet basis, with n = m™* = 32. We set the variances of the random
coefficients ay with a geometric decay likewise in Example 2, i.e., V (a1) = r and
V (axt1) =V (ap) r, where r = 0.95. The results of one simulation are displayed
i Figures 4a, 4b, 4c and 4d. Here it can be also observed that the penalized es-
timation procedure shows good performance even when using an estimate of the
penalized criterion, leading to choosing the model ﬁl(52) =m (52) =16 = my.

Summarizing the results of these simulated examples, we may conclude that
for not so large sample sizes N:
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a) The empirical contrast function Ly is useless to select a model that attains
a low risk. It is a strictly decreasing function whose minimization leads to
simply choose the largest model M within the set of candidate models m =
1,..., M. Furthermore, frequently the curve £y does not have an “elbow”
that could guide researchers to choose a suitable model by exploratory
analysis.

b) The covariance function estimator by model selection introduced in this
paper shows good performance in a variety of examples when based on the
penalized criterion PC but also when using the estimated penalty PC.

6. Appendix
6.1. Proofs of preliminary results
Proof of Proposition 3.1
Proof. a) The minimization problem is equivalent to minimize
— T2
h(T) = HY—G\IIG H .

The Frobenius norm ||| is invariant by the vec operation. Furthermore, ¥ €85,
can be represented by means of vec (¥) = D,,,f where § €RI™I(m+1/2 These
facts and the identity

vec (ABC) = (C" ® A) vec(B) (6.1)
allow one to rewrite
h(®) =y - (G&G) D,

where y = vec (?) Minimization of this quadratic function with respect to g
in RI™I(mI+1)/2 i equivalent to solve the normal equation

D (G®G) (GoG)D,f=D] (GoaG)'y.
By using the identities
D, vec(A) = vech (A + A" — diag (A))
and 6.1, said normal equation can be rewritten
vech (GTG (\I: + \I:T) GTG — diag (GTG\IIGTG)) -
vech (GT (Y+Y") G ~ diag (GTYG)) .

Finally, it can be verified that T given by (3.3) satisfies this equation as a
consequence of the fact that such ¥ it holds that

— =T
vech (GTG\TJGTG) — vech <GT <¥> G) .

b) It straightforwardly follows from part a). O
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6.2. Proofs of main results

Proof of Proposition (4.1)

Proof. The proof follows the guidelines of the proof in [2]. More generally we
will prove that for any n > 0 and any sequence of positive numbers L,,, if the
penalty function pen : M — R is chosen to satisfy:

2
pen (m) = (1+n+ L) %”Dm for all m € M, (6.2)

then for each x > 0 and p > 2

2\ x 1 D, V1
P Hfz(u_)_a;)gc WE[al S & PmVL s
(v = (142) 202) <comEla] Y mr g O

where we have set

H(f) = [Hf—?va - (2— §> nf {d (f,cm)+pen(m)}}

N +
To obtain (4.4), take n = § = L,,. As for each m € M,
52
d3; (£, L) + pen (m) < diy (£, L) + (14 0) -2 N

2
<(1+0) <d§V (£, L) + 5mp >
N
we get that for all ¢ > 0,

w2 o= - (o+5) aroon] = [le-7 -x 0]

+ +
(6.4)
where K (0) = (2+ 5) (1 +6).
Since
E(HI(f)) = /quqfllP’ (H (f) > u) du,
0
we derive from (6.4) and (6.3) that for all p > 2 (1 + q)
F- 1 — k@)
(Je=, -0 as:)’]
<E(H(f))
E ||€1Hp O 1| DpVl
c(p,0)|1 — —— = Al|dz
=00 (1+5) S 5 p/‘ e

E
< Cl (pu q, 9) |]‘$1 || 6523p [ Z §;pD;(P/2—1—q)]
meM
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using that P (H (f) > u) < 1. Indeed, for m € M such that D,,, > 1, using that
qg—1—p/2 <0, we get

m dz
D+)p/]

5Sgp5mp /qxqfl [%

oo

Dy,
o fart |0
D (§Dm + .’L‘)

oo

Dm
D 1
2q D m q—1 q—1
< OiipOm (4D )p/2 /qx dx—l—Dm/qx LP/J dz
2 m 0 D7n
Dm

= 620 5.7 | 2v/29-P/2DL-P/? / gz""'dz + Dy, / gzt P2 4y

sup“’m

0 D,

=624 5P <2p/29p/2D1p/2 [D] + D,, [ q qu/Q})
sup m m p/2 —q m

— 52 2 2l—p/2 1-p/2 q
= 624 6, p<2p/9 p/2pl=p/3ta 4 pl=p/2ta [p/2—q)

_ 5szgp6mp ( —(p/2—1—q) [210/29—:0/2 + p/2q_ q:|) . (6.5)

Inequality (6.5) enables to conclude that (4.4) holds assuming (6.3).

We now turn to the proof of (6.3). Recall that, we identify the function
g X — R¥ with vectors (g (z1)...g(zn))" € RV* and we denote by (a, by =
~ ZZ La; b the inner product of RM¥ associated to the norm |||y, where
a= (al...aN) and b = (bl...bN) with a;,b; € R* for all i = 1,..., N. For
each m € M we denote by P,, the orthogonal projector onto the linear space
{(g(z1). Lgy) g€ L} € RN* This linear space is also denoted by
L. From now on, the subscript m denotes any minimizer of the function m’ —
IIf — Pm/f||?v+pen (m’), m" € My. For any g € RV* we define the least-squares
loss function by

() = lly —slly

Using the definition of vy we have that for all g € RV*,

(g =lf+ c—glx-

Then we derive that

If — gl = () +2(E —y, &)+l ellx
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and therefore
I —?va = Potl3 = (F) — o (Puf) 42 (F- P, <) . (66)
By the definition of ?, we know that
N (f) +pen (M) < v (g) + pen (m)
for all m € M and for all g € £,,,. Then
v (F) = (Pf) < pen (m) — pen (). (6.7)
So we get from (6.6) and (6.7) that
e =", <1If =Pt +pen (m) — pen ()
F2E— P f, £)y +2(Paf —f, &)y +2 <F— Paf, 5>N . (6.8)
In the following we set for each m’ € M,

B ={g € L : ”gHN <1},
Gt = s (g0 <)y = [P el

771/

P/ f—f .
" 0 otherwise.

Since f = Py, £+ Ps ¢, (6.8) gives
12
Hf - fHN < |[f = Pouf||% + pen (m) — pen (i)
+2[If = Pinfly [(m, &) | +2[If = Paflly [(ua, &)yl +26G5.  (6.9)

Using repeatedly the following elementary inequality that holds for all positive
numbers o, x, z

1
22z < ax? + =22 (6.10)
«
we get for any m’ € M
1
2| = P £l [, )| < a|f = Prufll 3 + - [, enl* (6.11)
By Pythagoras Theorem we have
t—5| =t —Pat) + |Pat— 1
e~ = e = Pasit + [Par -]
= ||f — Paf|% + G%. (6.12)
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We derive from (6.9) and (6.11) that for any a > 0:

e[ <l =Pt + ot~ Pufl+ = a2

1 ~
+alf—Ps f||N <um, >N+2G%+pen(m)—pen(m).

2
Now taking into account that by equation (6.12) ||f — P,’ﬁf”?v = Hf — fH -G
N
the above inequality is equivalent to:

(1-a) Hf fH (1+a) [[f — Pof]% + 1<um75>§v

1 ~
+ o (ugm, a}?v + (2 — ) G% + pen (m) — pen (m). (6.13)
We choose o = % €10, 1[, but for sake of simplicity we keep using the notation

a. Let p1 and py be two functions depending on 7 mapping M into R,. They
will be specified later to satisfy

pen (m') > (2 — o) (m') + éﬁz (m) Y(m') € M. (6.14)

Since 1p; (m') < pen (m’) and 1+ a < 2, we get from (6.13) and (6.14) that

(1-a)e- fH (1+a) [[f = Ppuf|% + pen (m)
252 (m) + (2 a) (G — 71 ()
L (a7 0) + X (2 )
<2 (|If = Prfl3 +pen (m)) + (2= ) (G4 — 51 (7))
2 (w3 =2 () + = (w23~ 72 ().

(6.15)

As % =2+ % we obtain that

(- ) 1)
—{a-a -t - a-a (24 2) int (1= Pt 4 pen o) }
—{a=a o=}, ~2 (1t~ Pt + 20en () }
<{e-0) @ -n@) + 1 (e} -5 @)
2 (twny ~ 7 (m) |

+

+

+
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using that m minimizes the function ||[f — Py||* + pen (m’) and (6.15).
For any = > 0,

52 , 52
]P’((l—a)’H(f)Zme) §P<3m eEM:(2-a) (G — P —ng)
) 1 ~ Y S Ty
+P(3m EM:E(@W ey — D2 (m ))Z N)
.’L'é ’
< ¥ 2 (2-a) (IPweli — 51 () > o)
m’eM
I 53@’
+ Z ( (u’m/aa>N p2( )) Zx?)N
m’'eM
— Z Pi o (z Z Py (). (6.16)
m’eM m’'eM

We first bound P,/ (x). Let ¢ be some positive number,

P ([(um, )| = t) <t PE(|(um,6) y[") - (6.17)

N
Since (Upr,e)y = & 2. (Wims,€;) with &; ii.d. and with zero mean, then by
i=1
Rosenthal’s inequality we know that for some constant ¢ (p) that depends on p
only

N N 5
! (p) NPE |<um’a5>N|p < ZE |<uim/75i>|p + (ZE (<uim'75i>2)>
i=1 i=1

N N 2
2 2
<D E i [P [leill” + (E E [Jwim [ [|e]l )

N Z
<Z i |2>
=1

(6.18)

N

2

=E 1l Y fwim | + (Ellea )
i=1

(SIS

1
Since p > 2, (E |le1|?)” < (B [lea|") and
(Ell=?)” <Efer. (6.19)

. ... 2 1 N 2 ”uim,HQ
Using also that by definition [|u, ||y = % > ;21 [[Wim/||” = 1, then = <1
and therefore % < 1. Thus

2

St =8 5 (D) e 5 (1), = v
et m - gt N% = N% - m N — .

- (6.20)




J. Bigot et al./Covariance estimation by model selection 849

We deduce from (6.18), (6.19) and (6.20) that
¢ (p) NPE [(unr, )y [P S Ellea]|” N5 +E [lea | NE.
Then for some constant ¢ (p) that only depends on p
E[(um, ) y[F < (p)E [ler|[” N7%.
By this last inequality and (6.17) we get that
P (|{wmnr,e) y| > 8) <& () Eler||” N75¢77 (6.21)

Let v be some positive number depending on 7 only to be chosen later. We take ¢
such that Nt? = min (v, §) (Lm D + x) 62, and set Npa (/) = 0Ly Dy 62,
We get

1 zd2,,

Py (z) =P (E (<um’7€>?\[ — D2 (m')) 2 3—N>

~ 52 !/
=P (N (. e)3 > N (m') + a%”)

52,
=P (N <um/,£>?\, > 0Ly Dy 62, + a%x)

<P [(umr,e) 5| > N~% /min (’U, %) (L' Dy + x)&m/>
/ J N ]\]%
< () Eed]" NT2 7 2
(min (v, 2))? (L Do + )2 6%,

E e’ 1
=" (p,n)
57;.;/ (Lm/Dm/ + x)

. (6.22)

[MiS)

The last inequality holds using (6.21).
We now bound P ,,,/ (x) for those m’ € M such that D,,» > 1. By using our

version of Corollary 5.1 in Baraud with A = P, Tr(g) = D,y and p(ﬁ) =1,
we obtain from (4.5) that for any positive z,,

Eled”,, -3
551, Dm/JJ 7.

m’

P (N HPm/EH?V > 672n/Dm/ + 2612n’\/ Dy s + 572n/$m/) <C (p)
(6.23)
Since for any 3 > 0, 2¢/D, Ty < BDpr + 7 2y, then (6.23) imply that

p
Eleall ),
o,

P (N |Pell3 > (1+ B) D2, + (1+87Y a:m/5,2n/) < C(p)

m/’

(6.24)
Now for some number 8 depending on 7 only to be chosen later, we take

(2-a)

Ty = (14 7") min <v, 3

) (L Dy + )
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and Npy (m') = vLyy Dy 62, + (1 + B) Dy 2, By (6.24) this gives

~1 9
2~ (2—a)  xd2,
Py (z) =P <|Pm/5||N —p1(m') > —y )

9 _ —1
P (N IPrells = VL Dy 62,4+ (1 + B) Dm/éf,l,—i-&x&fn,)

<P (N [Poel% > (14 B) DprdZ, + (14571 xm/éfn,)
E[le]® E[le]® Dy

P
D,z 2 <¢ .
< c(p) 57 x 2 < (p,n) 7 LoD )8

m/’

Gathering (6.22), (6.25) and (6.16) we get that

]P)(H(f)ZNl_a) mgMplm’ ZP2m’

m’eM
E |le” Dy
< d (p,n) .
m;./\/l 61)' (L' Diny + ) 2
n Z ]E||51Hp 1
= o (L Do + )2

Since m = (14 2n7"), then (6.3) holds:

P (”H (£)> (14207 %)

E |1 |”
< ¥ B D @O )
m GM (Lm’Dm' +I)2

B IE llex||” D,y V1
_C(p777) 5;0, Z (L D /+x)g.
m m’'eM mi=m

It remains to choose 5 and 0 for (6.14) to hold (we recall that oo = %) This
is the case if (2—a) (1+ ) =1+nand (2—a+a~')d =1, therefore we take

—1
_ _ (1)
B=fands=[1+3+28] 0

6.3. Proof of the concentration inequality

Proof of Proposition (4.3)

Proof. Since A is nonnegative and symmetric there exists A € RVEXNAN 10}
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such that A = AT A. Then

2
C?(e) =" Ae = (Ae) " Ae =||Ae|? = [ sup (Ae,u)
flull<1
2 N 2
= lsup <£,ATu> = | sup Z<€i’ (ATu)i>
[lall<1 lull<15=7
2 2

N ok
= | sup ZZEU (A;-ru)j

[lull<155 j=1

l sup Z <5i, A;ru>

llall<15=

with A= (A4 | ... | An), where 4; is a (Nk) x k matrix.

Now take G = {gu : gu (X) = Efvzl <xl-, AZ—Tu> = vazl <Bix, BZ-ATu> , U, X =
(x1,...,x5) €RWVB) |lu|| < 1}.Let M; = [0,...,0,1},0,...,0] € ROVFx(Nk)
where I, is the i-th block of M;, B; = [0,...,0,I},0,...0]€ RWE*Nk) o —
Bijeand M, € = [O,...,O,si,O,...,O]T.

Then

N
¢ () = sup Zg“ (Me) .

llull <1327

Now take U; = M; €, e € RWK) | Then for each positive number ¢ and p > 0

P(C(e) 2 E(C(e) +1) <P(I¢(e) —E(C(e)] > 1)
<t PE(|¢(e) —E(¢(¢))]") by Markov inequality

<c(p)t? {IE (l max  sup }<£i,AIu>’p>

=L N <1
N p/2
+ |E < sup Z (<5i,Al—-ru>)2>
[[ull<1 i=1
—c(p)t? (El T EY 2) . (6.26)

We start by bounding E;. For all u such that |jul| < 1and € {1,...,N},
[ATu]” < ATl < 5 (4).

where p (M) = sup ”ﬂiﬁ” for all matrix M. For p > 2 we have that HAiTqu <
z#0

P2 (A) ||A;-'—uH2, then
(e AT )" < [leill AT wl])” < 72 (A) fleal” || AT w ]
Therefore v
B <t () ( i S A7 u||2> .
1171

ull=15=
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Since [uf <1,¥i=1,...,N
A u]” = 0" A4 u < p (AAT) < Tr (4,4])
then
Z AT < ZTr (4,47) = (ZA AT> = Tr (4).

Thus, ~
Er < o772 (A) Tr (A) E (). (6.27)

We now bound E; via a truncation argument. Since for all u such that ||u| <1,
HATqu < p? (A), for any positive number ¢ to be specified later we have that

N
E; <E < sup 3 el [| AT u|” 1{|si|<c}>
<1
N 2
+E <”s1”1;<>12 el || A | 1{|ai|>c}>
§E<c sup ZHA u|| 1{II&II<C}>

lull<13=

+E<|sup ZHEZH \ATHH 1{|sl|>c}>

[ull<

< ?p?(A) + PR ( sup Z 1Al ||€z||p>

lull<

A p? (A) + A PE (ler|P) T (A) (6.28)

using the bound obtained for E;. It remains to take ¢ = E(||ey ||p)Tr(g) /p? (A)
to get that:
Ey < ?p® (A) + 2p* (A) = 2¢2p” (4),

therefore
EB/% < 2P/2cP P (A) (6.29)

which implies that
27PN <E (e |”) T (4) o2 (4).
We straightforwardly derive from (6.26) that

P(¢2(0) = [ECEN+2E(C ()t +12) <)t (B +EY?).
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Since [E (¢ (¢)))* <E (¢%(¢)), (6.27) and (6.29) imply that

P(¢2(e) 2 E(¢* () +2VE@ @) P + 1)

< )2 A) T (A)E (), (6.30)
for all # > 0. Moreover
E((() =E (T Ae) =B (Tr (7 Ae) ) =B (Tr (A=)
—Tr (ZE (saT)) —Tr (Z (In ® <I>)) — 5Ty (A) (6.31)

Using (6.31), take t? = p(g)é% > 0 in (6.30) to get that

P <g2 (€) > 6°Tr (Z) + 2\/52ﬁ (E) 0 (E) 822+ p (Z) 5%)

< (p)p 72 (A) 520222 (A) T (A) B (]

Since p(A) = p? (A) (with the Euclidean norm) the desired result follows:

P <g2 (€) > 6%Tr (Z) + 252\/W +82p (Z) x)

Ee | T (4)
op p(g)xp/z'

<d(p) (6.32)
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