The Annals of Statistics

2009, Vol. 37, No. 6B, 3779-3821

DOI: 10.1214/09-A0S692

© Institute of Mathematical Statistics, 2009

HIGH-DIMENSIONAL ADDITIVE MODELING

BY LUKAS MEIER, SARA VAN DE GEER AND PETER BUHLMANN
ETH Ziirich

We propose a new sparsity-smoothness penalty for high-dimensional
generalized additive models. The combination of sparsity and smoothness
is crucial for mathematical theory as well as performance for finite-sample
data. We present a computationally efficient algorithm, with provable numer-
ical convergence properties, for optimizing the penalized likelihood. Further-
more, we provide oracle results which yield asymptotic optimality of our es-
timator for high dimensional but sparse additive models. Finally, an adaptive
version of our sparsity-smoothness penalized approach yields large additional
performance gains.

1. Introduction. Substantial progress has been achieved over the last years in
estimating high-dimensional linear or generalized linear models where the num-
ber of covariates p is much larger than sample size n. The theoretical properties
of penalization approaches like the lasso [28] are now well understood [3, 14, 23,
24, 33] and this knowledge has led to several extensions or alternative approaches
like adaptive lasso [34], relaxed lasso [22], sure independence screening [12] and
graphical model based methods [6]. Moreover, with the fast growing amount of
high-dimensional data in, for example, biology, imaging or astronomy, these meth-
ods have shown their success in a variety of practical problems. However, in many
situations, the conditional expectation of the response given the covariates may not
be linear. While the most important effects may still be detected by a linear model,
substantial improvements are sometimes possible by using a more flexible class of
models. Recently, some progress has been made regarding high-dimensional ad-
ditive model selection [7, 19, 26] and some theoretical results are available [26].
Other approaches are based on wavelets [27] or can adapt to the unknown smooth-
ness of the underlying functions [2].

In this paper, we consider the problem of estimating a high-dimensional gen-
eralized additive model where p >> n. An approach for high-dimensional additive
modeling is described and analyzed in [26]. We use an approach which penalizes
both the sparsity and the roughness. This is particularly important if a large num-
ber of basis functions is used for modeling the additive components. This is similar
to [26] where the smoothness and the sparsity is controlled in the backfitting step.
In addition, our computational algorithm, which builds upon the idea of a group
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lasso problem, has rigorous convergence properties and thus, it is provably correct
for finding the optimum of a penalized likelihood function. Moreover, we provide
oracle results which establish asymptotic optimality of the procedure.

2. Penalized maximum likelihood for additive models. We consider high-
dimensional additive regression models with a continuous response ¥ € R" and p
covariates x(), ..., x(?) € R" connected through the model

p .
Y,':C-i-ij(xi(j))-i-Si, i=1,...,n,
j=1

where c is the intercept term, &; are i.i.d. random variables with mean zero and
fj:R — R are smooth univariate functions. For identification purposes, we as-
sume that all f; are centered, that is,

n
)
Z fix”)=0
i=1
for j =1,..., p. We consider the case of fixed design, that is, we treat the predic-

tors x(I, ..., x(P) as nonrandom.
With some slight abuse of notation we also denote by f; the n-dimensional vec-

tor (f;x(™), ..., f;0e)T. For a vector f € R", we define || 1|2 =157, f2.

2.1. The sparsity-smoothness penalty. In order to construct an estimator
which encourages sparsity at the function level, penalizing the norms || f; |, would
be a suitable approach. Some theory for the case where a truncated orthogonal ba-
sis with O (n'/?) basis functions for each component f ; 1s used has been developed
in [26].

If we use a large number of basis functions, which is necessary to be able to
capture some functions at high complexity, the resulting estimator will produce
function estimates which are too wiggly if the underlying true functions are very
smooth. Hence, we need some additional control or restrictions of the smoothness
of the estimated functions. In order to get sparse and sufficiently smooth function
estimates, we propose the sparsity-smoothness penalty

T = a2 4+ 02 (),
where
P = [ (@) dx

measures the smoothness of f;. The two tuning parameters A, A2 > 0 control the
amount of penalization.



HIGH-DIMENSIONAL ADDITIVE MODELING 3781

Our estimator is given by the following penalized least squares problem:

P Z p
(1) fiooeos fp= argmin |Y =3 £l + > J(f),
Jio fpe¥ j=1 ln j=1
where ¥ is a suitable class of functions and ¥ = (Y1,..., Y,)T is the vector of

responses. We assume the same level of regularity for each function f;. If Y is
centered, we can omit an unpenalized intercept term and the nature of the objec-
tive function in (1) automatically forces the function estimates fl, e fp to be
centered.

PROPOSITION 1. Let a,b € R such that a < mini’j{xi(j)} and b >
max; {xi(j )}. Let & be the space of functions that are twice continuously dif-

ferentiable on [a, b] and assume that there exist minimizers f ;i € F of (1). Then

the fJ ’s are natural cubic splines with knots at xi(

]),i=1,...,n.

A proof is given in Appendix A. Hence, we can restrict ourselves to the finite-
dimensional space of natural cubic splines instead of considering the infinite-
dimensional space of twice continuously differentiable functions.

In the following subsection, we illustrate the existence and the computation of
the estimator.

2.2. Computational algorithm. For each function f;, we use a cubic B-spline
parameterization with a reasonable amount of knots or basis functions. A typical
choice would be to use K — 4 < /n interior knots that are placed at the empirical
quantiles of x/). Hence, we parameterize

K
[ix)=>"Bjxbjk(x),

k=1

where b; x : R — R are the B-spline basis functions and 8; = (8; 1, ..., Bj. k)] €
RX is the parameter vector corresponding to f . Based on the basis functions,
we can construct an n X pK design matrix B = [B;|Bz|---|Bj], where B; is the
n x K design matrix of the B-spline basis of the jth predictor, that is, B =
bja(x).

For twice continuously differentiable functions, the optimization problem (1)
can now be reformulated as

p
. ) 1
@ B=  gmin 1Y = BBl + 21 3\~ B] B] BjBj + 127 2B},
=Pl p j=1
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where the K x K matrix €2; contains the inner products of the second derivatives
of the B-spline basis functions, that is,

Qj :/‘b//k(x)b/-/’,(x)dx

fork,le{l,...,K}.
Hence, (2) can be rewritten as a general group lasso problem [32]

3) B= argmn; Iy — BB, +MZ,/ﬁTM B;.

B=(B1

where M; = r—llB i Bj+ A2€2;. By decomposing (e.g., using the Cholesky decom-
position) M; = RJTR j for some quadratic K x K matrix R; and by defining
/§j =R;Bj, Bj = BjRj_l, (3) reduces to

A

p
) B= argmin Y — BBl + 11 lIB;l,
B=(B1,-...8p) j=I1

where ||;§ il = VK ||,f§ jllk 1s the Euclidean norm in RX . This is an ordinary group
lasso problem for any fixed A», and hence the existence of a solution is guaran-
teed. For A large enough, some of the coefficient groups B; € RX will be es-
timated to be exactly zero. Hence, the corresponding function estimate will be

zero. Moreover, there exists a value A; max < 00 such that ,3 == /§ p= 0 for
A1 > A1 max. This is especially useful to construct a grid of A; candidate values for
cross-validation (usually on the log-scale).

Regarding the uniqueness of the identified components, we have equivalent re-
sults as for the lasso. Define S(8; B) = ||Y — Bﬁ||%. Similar to [25], we have the
following proposition.

PROPOSITION 2. If pK < n, and if B has full rank, a unique solution of
(4) exists. If pK > n, there exists a convex set of solutions of (4). Moreover, if

||V/§jS(,3~; B)|| < A1, then Bj = 0 and all other solutions e, satisfy Bother’j =0.

A proof can be found in Appendix A.

By rewriting the original problem (1) in the form of (4), we can make use of
already existing algorithms [16, 21, 32] to compute the estimator. Coordinate-wise
approaches as in [21, 32] are efficient and have rigorous convergence properties.
Thus, we are able to compute the estimator exactly, even if p is very large.

An example of estimated functions, from simulated data according to Example 1
in Section 3, is shown in Figure 1. For illustrational purposes, we have also plotted
the estimator which involves no smoothness penalty (A, = 0). The latter clearly
shows that for this example, the function estimates are “too wiggly” compared to
the true functions. As we will also see later, the smoothness penalty plays a key
role for the theory.
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FIG. 1. True functions f; (solid) and estimated functions fAj (dashed) for the first 6 components
of a simulation run of Example 1 in Section 3. Small vertical bars indicate original data and grey
vertical lines knot positions. The dotted lines are the function estimates when no smoothness penalty
is used, that is, when setting Ay = 0.

REMARK 1. Alternative possibilities of our penalty would be to use either
@) J(f7) = Ml filln + 22l (f5) or (i) J(f) = all filla + A21(f;). Both ap-
proaches lead to a sparse estimator. While proposal (i) also enjoys nice theoretical
properties (see also Section 5.2), it is computationally more demanding, because
it leads to a second order cone programming problem. Proposal (ii) basically leads
again to a group lasso problem, but appears to have theoretical drawbacks, that is,
the term Ao I%(f ;) is really needed within the square root.

2.3. Oracle results. We present now an oracle inequality for the penalized
estimator. The proofs can be found in Appendix A.

For the theoretical analysis, we introduce an additional penalty parameter A3 >
0 for technical reasons. We consider, here, a penalty of the form

J(fj)= Xl\/llfjllﬁ + 2 I2(f) + 2312 (f).

This penalty involves three smoothing parameters A1, A and A3. One may reduce
this to a single smoothing parameter by choosing

A=Az =23,

(see Theorem 1 below). In the simulations however, the choice A3 = 0 turned out
to provide slightly better results than the choice A; = A3. With A3 =0, the theory
goes through provided the smoothness 7 (f;) remains bounded in an appropriate
sense.
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We let 0 denote the “true” regression function (which is not necessarily addi-
tive), that is, we suppose the regression model

Y, = f0n) + &,
1

where x; = (x; 7, ...,xl-(p))T fori =1,...,n, and where ¢, ..., &, are indepen-
dent random errors with E[e;] = 0. Let f* be a (sparse) additive approximation of
£Y of the form

)4
o=+ ),
j=1

where we take ¢* = E[Y], ¥ = Y7, Yi/n. The result of this subsection (Theo-
rem 1) holds for any such f* satisfying the compatibility condition below. Thus,
one may invoke the optimal additive predictor among such f*, which we will call
the “oracle.” For an additive function f, the squared distance || f — f 0||% can be
decomposed into

If = £2lz = 1f = faaalla + 1foaa = £
where fa%d is the projection of f° on the space of additive functions. Thus, when

£V is itself not additive, the oracle can be seen as the best sparse approximation of
the projection fégid of f9.

The active set is defined as
5) Av= (i I1fF I #0).
We define, for j =1,..., p,

200N — 1 £.12 22—V 72( £.
T (f) = I1fi 1 = A7 (f).

Moreover, we let 0 < n < 1 be some fixed value. The constant 4/(1 — ) appearing
below in the compatibility condition is stated in this form to facilitate reference,
later in the proof of Theorem 1.

We will use a compatibility condition, in the spirit of the incoherence conditions
used for proving oracle inequalities for the standard lasso (see, e.g., [3, 8-10, 30]).

To avoid digressions, we will not attempt to formulate the most general condition.
A discussion can be found in Section 5.1.

COMPATIBILITY CONDITION. For some constants 0 <n <1 and 0 < ¢, » <
p . .
1, and for all {fj}j:1 satisfying

P 4
Yo wlfj) < Ty 2 WD
j=1

JEA,

the following inequality is met:

)4
3 ||fj||,%s< > f
j=1

JEA«

2
+2277 Y Iz(fJ-)) /o2

JEA«
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For practical applications, the compatibility condition cannot be checked be-
cause the set A, 1s unknown.

Consider the general case where I is some semi-norm, for example, as in Sec-
tion 2.1. For mathematical convenience, we write

(6) fi=gj+h;

with g; and & ; centered and orthogonal functions, that is,

n n
> 8ji=) hji=0
i=1 i=1

and

n
Zgj,ihj,i =0,
i=1

such that I (h;) =0 and I(g;) = I(f;). The functions h; are assumed to lie in a
d-dimensional space. The entropy of ({g;: 1(g;) =1}, || - [|») is denoted by H;(-);
see, for example, [29]. We assume that for all j,

(7 H;(6) < As—2079), §>0,

where 0 < @ < 1 and A > 0 are constants. When Iz(fj) = f(f]f’(x))2 dx, the func-
tions & ; are the linear part of f;, that is, d = 1. Moreover, one then has o = 3/4
(see, e.g., [29], Lemma 3.9).

Finally, we assume sub-Gaussian tails for the errors: for some constants L
and M,

(8) maxE[exp(z—:iz/L)] <M.
4
The next lemma presents the behavior of the empirical process. We use the
notation (&, f), = % i—1 i f (x;) for the inner product. Define
) S§=481N48 NJL;3,
where
2|(e, g
8 = {masup(M) < Sn},
iog \gillg I —*(g;)

2|(e, hj
8 = {maxsup<M> < %—n}
J  h; ”hj”ﬂ

J

and

/33:{55&1}7 €=

S| =

n
ZS,‘.
i=1

For an appropriate choice of &,, the set 4 has large probability.
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LEMMA 1. Assume (7) and (8). There exist constants ¢ and C depending only
ond, o, A, L and M, such that for

logp
n 9

&, >C

one has
P(8) > 1 — cexp[—né?>/c?]
For o € (0,1), we define its “conjugate” y = 2(1 —«)/(2 — «). Recall that
when I2(f}) = [(f] (x))*dx, one has & = 3/4, and hence y =2/5.

We are now ready to state the oracle result for f = ¢ + Z]E:l f ; as defined
in (1), withé =Y

THEOREM 1. Suppose the compatibility condition is met. Take for j =1,
. D,

T =I5 12 + 22 + 2312 (f))

with A = 22/2 and hy = A3 = A%, and with Snﬁ/n < A < 1. Then on the set
4 given in (9), it holds that

p p
Lf = falln 420 =A@ 2N g (f; — 42277 Y I (f)

=1 j=1
_ 8
<3 = i+ 3 S [P+ -] 28,
jes ¢n,>x<

The result of Theorem 1 does not depend on the number of knots (basis func-
tions) which are used to build the functions f i, as long as f i and f * use the same
basis functions.

We would like to point out that the theory of Theorem 1 goes through with only
two tuning parameters A1 and X,, but with the additional restriction that 7 ( fj) is
appropriately bounded.

We also remark that we did not attempt to optimize the constants given in The-
orem 1, but rather looked for a simple explicit bound.

REMARK 2. Assume that ¢, . is bounded away from zero. For example,
this holds with large probability for a realization of a design with independent
components (see Section 5.1). In view of Lemma 1, one may take (under the
conditions of this lemma) the smoothing parameter A of order /log p/n. For
I*(f) = J( fJ’./(x))z dx,y =2/5 and this gives >~ of order (log p/n)*>, which
is up to the log-term the usual rate for estimating a twice differentiable function.
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If the oracle f* has bounded smoothness I ( f ) for all j, Theorem 1 yields the
convergence rate p,(log p/ n)4/ 3 with DPact = |#«| being the number of active
variables the oracle needs. This is again up to the log-term, the same rate one
would obtain if it was known beforehand which of the p functions are relevant.
For general ¢, ., we have the convergence rate pactqb,; i (logp/ n)4/ 5,

Furthermore, the result implies that with large probability, the estimator selects
a sup-set of the active functions, provided that the latter have enough signal (such
kind of variable screening results have been established for the lasso in linear and
generalized linear models [24, 30]). More precisely, we have the following corol-
lary.

COROLLARY 1. Let Ag=1{J: ”fdd j I, # O} be the active set offdd Assume
the compatibility condition holds for Ay, with constant ¢y, o. Suppose also that for
j € Ao, the smoothness is bounded, say I(f° add, j ) < 1. Choosing f* = fa%d in
Theorem 1, tells us that on 4,

p
S Uf5 = fhajlln < CAET 2 A0l /@7 o+ 287

for some constant C. Hence, if
I fahajlln > CACT 2 Aol /b o+ 267, j € A,

we have (on 8), that the estimated active set {j : ||fj lln #~ 0} contains .

2.4. Comparison with related results. After an earlier version of this paper,
similar results have been published in [17]. Here, we point out some differences
and similarities between our work and [17].

In [17], the framework of reproducing kernel hilbert spaces (RKHS) is con-
sidered, as for example, used in COSSO [19], while we use penalties based on
smoothness seminorms. Hence, the two frameworks are rather different, at least
from a mathematical point of view. The results in [17] are valid for a large class of
loss functions, although we would like to point out that the quadratic loss as studied
here is not covered in [17] since they assume that the loss function is appropriately
bounded.

The oracle result and the conditions in [17] are similar to our Theorem 1. Re-
garding the convergence rate (see Remark 2), the rates obtained in [17] are similar
in spirit to ours. In [17], the rate is slower than ours if the “smoothness” B is equal
to 2. Moreover, “smoothness” in [17] is very much intertwined with the unknown
distribution of the covariables, whereas in our work “smoothness” is defined, for
example, in terms of Sobolev-norms.
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Compared to the work in [17], and, for example, COSSO [19], we gain flexibil-
ity through the introduction of the additional penalty parameter A, for (separately)
controlling the smoothness. In addition, we present an algorithm in Section 2.2
which is efficient with mathematically established convergence results.

3. Numerical examples.

3.1. Simulations. In this section, we investigate the empirical properties of the
proposed estimator. We compare our approach with the boosting approach of [7],
where smoothing splines with low degrees of freedom are used as base learners;
see also [5]. For p = 1, boosting with splines is known to be able to adapt to
the smoothness of the underlying true function [7]. Generally, boosting is a very
powerful machine learning method and a wide variety of software implementations
are available, for example, the R add-on package mboost.

We use a training set of n samples to train the different methods. An indepen-
dent validation set of size |n/2] is used to select the prediction optimal tuning
parameters A and A;. We use grids (on the log-scale) for both A1 and Ay, where
the grid for A; is of size 100 and the grid for X, is typically of about size 15.
For boosting, the number of boosting iterations is used as tuning parameter. The
shrinkage factor v and the degrees of freedom df of the boosting procedure are
set to their default values v = 0.1 and df = 4; see also [5].

By SNR, we denote the signal-to-noise ratio, which is defined as

SNR = YA (X))
Var(e)

where f = f:RP — R is the true underlying function.
A total of 100 simulation runs are used for each of the following settings.

3.1.1. Models. We use the following simulation models.

EXAMPLE 1 (n = 150, p =200, paet =4, SNR ~ 15). This example is similar
to Example 1 in [26] and [15]. The model is

Yi=fix") + AP+ D) + 6P 48, g iid NO, 1),
with
f1(x) = —sin(2x), fr(x) =x3 —25/12, f3(x) =x,
fa(x) =e " —2/5-sinh(5/2).

The covariates are simulated from independent Uniform(—2.5, 2.5) distributions.
The true and the estimated functions of a simulation run are illustrated in Figure 1.
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EXAMPLE 2 (n = 100, p = 1000, pact =4, SNR ~ 6.7). As above but high
dimensional and correlated. The covariates are simulated according to a multivari-
ate normal distribution with covariance matrix %;; = 0.51i-il. j=1,...,p.

EXAMPLE 3 [n =100, p = 80, pact =4, SNR~9 (r =0), 79 (t =1)].
This is similar to Example 1 in [19] but with more predictors. The model is

Y, =5A0) +3A02) +4/00) +6 () +e,  eiid NO,1.74),
with
sin(2rx)

Ji(x) =x, Hx)=@x —1)?, HOES

— sin(27 x)
and

fa(x) =0.1sin(27rx) + 0.2cos(2mrx) + 0.3 sin2(2nx)
+0.4cos® (2 x) + 0.5sin’ (27 x).

The covariates x = (x(l), o, x?PHT are simulated according to

0y _ w4 1U

) .:]""7 ’
1+1 J p

X
where W .. W and U are i.i.d. Uniform(0, 1). For ¢ = O this is the indepen-
dent uniform case. The case ¢t = 1 results in a design with correlation 0.5 between
all covariates.

The true functions and the first 6 estimated functions of a simulation run with
t =0 are illustrated in Figure 2.

Moreover, we also consider a “high-frequency” situation where we use f3(8x)
and f1(4x) instead of f3(x) and f4(x). The corresponding signal-to-noise ratios
for these models are SNR ~ 9 for t =0 and SNR ~ 8.1 forr =1.

EXAMPLE 4 [n =100, p =60, paet =12, SNRAx9 (r =0),~ 11.25 (t =1)].
This is similar to Example 2 in [19] but with fewer observations. We use the same
functions as in Example 3. The model is

Yi= i)+ LED) + ) + falx®)
F1.5A0D) + 154+ 1545x7) + 1.5 ()
+ 2f] (.Xi(g)) + 2f2 (Xl-(lo)) + 2f3 ()Ci(ll)) + 2f4 (Xl-(lz)) + &

with g; i.i.d. N(0,0.5184). The covariates are simulated as in Example 3.
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FIG. 2. True functions f; (solid) and estimated functions f] (dashed) for the first 6 components of
a simulation run of Example 3 (t = 0). Small vertical bars indicate original data and grey vertical
lines knot positions. The dotted lines are the function estimates when no smoothness penalty is used,
that is, when setting 1o = 0.

3.1.2. Performance measures. In order to compare the prediction perfor-
mances, we use the mean squared prediction error

PE =Ex[(f(X) — £(X))°]

as performance measure. The above expectation is approximated by a sample of
10,000 points from the distribution of X. In each simulation run, we compute the
ratio of the prediction performance of the two methods. Finally, we take the mean
of the ratios over all simulation runs.

For variable selection properties, we use the number of true positives (TP) and
false positives (FP) at each simulation run. We report the average number over all
runs to compare the different methods.

3.1.3. Results. The results are summarized in Tables 1 and 2. The sparsity-
smoothness penalty approach (SSP) has smaller prediction error than boosting,
especially for the “high-frequency” situations. Because the weak learners of the
boosting method only use 4 degrees of freedom, boosting tends to neglect or un-
derestimate those components with higher oscillation. This can also be observed
with respect to the number of true positives. By relaxing the smoothness penalty
(i.e., choosing A, small or setting A» = 0), SSP is able to handle the high-frequency
situations, at the cost of too wiggly function estimates for the remaining compo-
nents. Using a different amount of regularization for sparsity and smoothness, SSP
can work with a large amount of basis functions in order to be flexible enough to
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TABLE 1
Results of the different simulation models. Reported is
the mean of the ratio of the prediction error of the two
methods. SSP: sparsity-smoothness penalty approach,
boost: boosting with smoothing splines. Standard
deviations are given in parentheses

Model PEgsp/PEpoost
Example 1 0.93 (0.13)
Example 2 0.96 (0.10)
Example 3 (r =0) 0.81 (0.13)
Example 3 (t =1) 0.90 (0.19)
Example 3 “high-freq” (r = 0) 0.65 (0.11)
Example 3 “high-freq” (t =1) 0.57 (0.10)
Example 4 (t =0) 0.89 (0.10)
Example 4 (r =1) 0.88 (0.13)

capture sophisticated functional relationships and, on the other side, to produce
smooth estimates if the underlying functions are smooth.

With the exception of the high-frequency examples, the number of true positives
(TP) is very similar for both methods. There is no clear trend with respect to the
number of false positives (FP).

3.2. Real data. In this section, we would like to compare the different estima-
tors on real data sets.

3.2.1. Tecator. The meatspec data set contains data from the Tecator In-
fratec Food and Feed Analyzer. It is, for example, available in the R add-on pack-
age faraway and on StatLib. The p = 100 predictors are channel spectrum mea-

TABLE 2
Average values of the number of true (TP) and false (FP) positives. Standard deviations
are given in parentheses

Model TPssp FPgsp TPpoost FPhoost
Example 1 4.00 (0.00) 24.30 (14.11) 4.00 (0.00) 22.18 (12.75)
Example 2 3.47(0.61)  34.37(17.38) 3.60 (0.64)  28.76 (20.15)
Example 3 (r =0) 4.00 (0.00) 20.20 (9.30) 4.00 (0.00) 21.61 (10.90)
Example 3 (t =1) 3.93 (0.29) 19.28 (9.61) 3.92 (0.27) 18.65 (8.35)
Example 3 “high-freq” (t =0)  2.80(0.78)  12.26 (7.61) 2.16 (0.94) 9.23 (9.74)
Example 3 “high-freq” (r = 1) 2.46 (0.85) 11.17 (8.50) 1.59 (1.27) 13.24 (13.89)
Example 4 (t =0) 11.69 (0.56) 21.23 (6.85) 11.68 (0.57) 25.91 (9.43)

Example 4 (r =1) 10.64 (1.15) 19.78 (7.51) 10.67 (1.25) 23.76 (9.89)
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surements, and are therefore highly correlated. A total of n = 215 observations are
available.

The data is split into a training set of size 100 and a validation set of size 50.
The remaining data are used as test set. On the training dataset, the first 30 prin-
cipal components are calculated, scaled to unit variance and used as covariates in
additive modeling. Moreover, the validation and test data sets are transformed to
correspond to the principal components of the training data set. We fit an additive
model to predict the logarithm of the fat content. This is repeated 50 times. For
each split into training and test data, we compute the ratio of the prediction errors
from the SSP and boosting method on the test data, as in Section 3.1.2. The mean
of the ratio over the 50 splits is 0.86, the corresponding standard deviation is 0.46.
This indicates superiority of our sparsity-smoothness penalty approach.

3.2.2. Motif regression. In motif regression problems [11], the aim is to pre-
dict gene expression levels or binding intensities based on information on the DNA
sequence. For our specific dataset, from the Ricci lab at ETH Zurich, we have
binding intensities Y; of a certain transcription factor (TF) at 287 regions on the

&) ()

DNA. Moreover, for each region i, motif scores x; *, ..., x;"", p = 196 are avail-

able. A motif is a candidate for the binding site of the TF on the DNA, typically
a 5-15bp long DNA sequence. The score xi(J ) measures how well the Jjth motif is
represented in the ith region. The candidate list of motifs and their corresponding
scores were created with a variant of the MDScan algorithm [20]. The main goal
here is to find the relevant covariates.

We used 5 fold cross-validation to determine the prediction optimal tuning para-
meters, yielding 28 active functions. To assess the stability of the estimated model,
we performed a nonparametric bootstrap analysis. At each of the 100 bootstrap
samples, we fit the model with the fixed optimal tuning parameters from above.
The two functions which appear most often in the bootstrapped model estimates
are depicted in Figure 3. While the left-hand side plot shows an approximate lin-
ear relationship, the effect of the other motif seems to diminish for larger values.
Indeed, Motif.P1.6.26 is the true (known) binding site. A follow-up experi-
ment showed that the TF does not directly bind to Motif.P1.6.23. Hence, this
motif is a candidate for a binding site of a co-factor (another TF) and needs further
experimental validation.

4. Extensions.

4.1. Generalized additive models. Conceptually, we can also apply the spar-
sity-smoothness penalty from Section 2 to generalized linear models (GLM) by
replacing the residual sum of squares ||Y — Zle fi ||,% by the corresponding nega-
tive log-likelihood function. We illustrate the method for logistic regression where
Y € {0, 1}. The negative log-likelihood as a function of the linear predictor 1 and
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the response vector Y is
1 n
L, Y) = - > [Yini —log{1 +exp(n:)}],
i=1
where n; =c + Z?Z 1 i (xi(j )). The estimator is defined as

p p
(10) é fiyo.os fp= argmin e(c+2fj,Y>+ZJ(fj).
CER, fi s [pEF iz iz

This has a similar form as (1) with the exception that we have to explicitly include
a (nonpenalized) intercept term c. Using the same arguments as in Section 2, leads
to the fact that for twice continuously differentiable functions, the solution can be
represented as a natural cubic spline and that (10) leads again to a group lasso
problem. This can, for example, be minimized with the algorithm of [21]. We
illustrate the performance of the estimator in a small simulation study.

4.1.1. Small simulation study. Denote by f : R” — R the true function of
Example 2 in Section 3. We simulate the the linear predictor 7 as

n(X)=15-(2+ f(X)),

where X € R” has the same distribution as in Example 2. The binary response
Y is then generated according to a Bernoulli distribution with probability 1/(1 +
exp(—n(X)), which results in a Bayes risk of approximately 0.17. The sample
size n is set to 100. The results for various model sizes p are reported in Tables 3
and 4. The performance of the two methods is quite similar. SSP has a slightly
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TABLE 3
Results of different model sizes p. Reported is the mean
of the ratio of the prediction error of the two methods.
SSP: sparsity-smoothness penalty approach, boost:
boosting with smoothing splines. Standard deviations
are given in parentheses

14 PEgsp/PEpoost
250 0.93 (0.06)
500 0.96 (0.07)

1000 0.98 (0.05)

lower prediction error. Regarding model selection properties, SSP has fewer false
positives at the cost of slightly fewer true positives.

4.2. Adaptivity. Similar to the adaptive lasso [34], we can also use different
penalties for the different components, that is, use a penalty of the form

J(fj) = Kl\/wl,jllfjllﬁ + dawa j 12(f)),

where the weights w; ; and w; ; are ideally chosen in a data-adaptive way. If an

initial estimator f; in; is available, a choice would be to use

1 1

- SE——— W2, = —=

Il finitll I(fj,init)?”
for some y > 0. The estimator can then be computed similarly as described in Sec-
tion 2.2. This allows for different degrees of smoothness for different components.

We have applied the adaptive estimator to the simulation models of Section 3. In
each simulation run, we use weights (with y = 1) based on the ordinary sparsity-
smoothness estimator. For comparison, we compute the ratio of the prediction error
of the adaptive and the ordinary sparsity-smoothness estimator at each simulation
run. The results are summarized in Table 5. Both the prediction error and the num-
ber of false positives can be decreased by a good margin in all examples. The
number of true positives gets slightly decreased in some examples.

U)1,j

TABLE 4
Average values of the number of true (TP) and false (FP) positives. Standard deviations
are given in parentheses

p TPssp FPgsp TPpoost FPhoost
250 2.94 (0.71) 22.81 (10.56) 3.09 (0.78) 29.67 (14.91)
500 2.56 (0.82) 24.92 (12.47) 2.80(0.82) 31.41 (17.28)

1000 2.36 (0.84) 26.45 (14.88) 2.61 (0.71) 33.69 (19.54)
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TABLE 5
Results of the different simulation models. Reported is the mean of the ratio of the prediction error
of the two methods and the average values of the number of true (TP) and false (FP) positives. SSP;
adapt: adaptive sparsity-smoothness penalty approach, SSP: ordinary sparsity-smoothness penalty
approach. Standard deviations are given in parentheses

Model PESSP; adapt / PESSP TP FP

Example 1 0.47 (0.13) 4.00 (0.00) 4.09 (4.63)
Example 2 0.63 (0.17) 3.31 (0.71) 6.12 (5.14)
Example 3 ( =0) 0.53(0.14) 4.00 (0.00) 4.64 (4.52)
Example 3 ( = 1) 0.63 (0.22) 3.81(0.46) 5.04 (4.82)
Example 3 “high-freq” (r = 0) 0.87 (0.09) 2.28 (0.78) 2.98 (2.76)
Example 3 “high-freq” (r = 1) 0.91 (0.10) 1.69 (0.73) 2.59 (3.30)
Example 4 (t = 0) 0.77 (0.11) 11.21 (0.84) 8.18 (5.04)
Example 4 (t = 1) 0.88 (0.12) 9.73 (1.29) 7.93 (5.35)

5. Mathematical theory.

5.1. On the compatibility condition. 'We show in this subsection that the com-
patibility condition holds under reasonable conditions when

1
I1(f)) = \//0 | FO )| dx

is the Sobolev norm ( f j(s) being the sth derivative of f;), and when in addition,

the X; = (Xl.(l), e Xl-(p )) are i.i.d. copies of a p-dimensional random variable
X € [0, 1]? with distribution Q. Then, the compatibility condition may be re-
placed by a theoretical variant, where the norm || - ||, is replaced by the theoretical
L>(Q)-norm || - ||. The theoretical compatibility condition (given below) is not
about n-dimensional vectors, but about functions. In that sense, the sample size n
plays a less prominent role. For example, the theoretical compatibility condition is
satisfied when the components X M XP are independent.

The main assumption to make the replacement by a theoretical version possible,
is the requirement that

AT oA

[with y =2/(2s + 1)] is small in an appropriate sense [see (11)]. This is compa-
rable to the condition A|#A,| being small, for the ordinary lasso (see, e.g., [9]). In
fact, our approach for the transition from fixed to random design may also shed
new light on the same transition for the lasso.

Let X = (XM, ..., X() € [0, 117 have distribution Q, and let X1, ..., X, be
i.i.d. copies of X. The marginal distribution of X is denoted by Q j- We write

|uw=/f%Q
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and for a function f; depending only on the jth variable X ),

1512 = [ F7d0;.

In this subsection, we assume all f;’s are centered:

/fdejzo, j=1...,p.
Recall the notation
T () = £l + 2277 ().
We now also define the theoretical counterparts
) = 112+ 227712 (f))
and write
Tiot () = Tin(f) + Tour (f),
()= t(f).  Toulf)= Y T(f).

JE Ay JE s

One now may actually redress the proofs for the oracle inequality directly, in
order to handle random design. This will generally lead to better constants as the
approach that we now take, which is showing that the conditions for fixed design
hold with large probability. The advantage of this detour is however that we do not
have to repeat the main body of the proof.

The theoretical compatibility condition is of the same form as the empirical one,
but with different constants.

THEORETICAL COMPATIBILITY CONDITION. For a constant 0 < n < 1 and
0 < ¢« <1, and for all f satisfying

Teot (f) < cpTin(f),
where
ey = 4(1+n)
(I—=m*
we have

> = (12 5 ) 6

JEA JEA

Note that the theoretical compatibility condition trivially holds when the com-
ponents of X are independent. However, independence is not a necessary condi-
tion: much broader schemes are allowed.
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Let Cy be a constant and

12— 1F12
Tt%)t(f)

In Appendix B, we show that for an appropriate value of A, 84 has large proba-
bility, for a constant Cp depending only on s, and on an assumed lower bound for
the marginal densities of the X (/) In fact, it turns out that one can take X of order
+/log p/n under weak conditions, assuming / (-) is the Sobolev norm.

84:{sup SCokl_y}.
f

THEOREM 2. Assume
2Cocs | AlA1 7Y
(o

Then on 44, the theoretical compatibility condition implies the empirical one as
given in Section 2.3, with constant

(11

=<<1+n)<1+¢$>+w+n).

¢

2
¢n,*

As previously mentioned, condition (11) implies that the number of active com-
ponents cannot grow too fast in order for ||~ being small.

We now have a quick closer look at the theoretical compatibility condition. The
following two conditions are sufficient and might yield some more insight.

WELL-CONDITIONED ACTIVE SET CONDITION. We say that the active set
Ay 1s well conditioned if for some constant 0 < v, < 1, and for all { f;},ea,,

2
SunlP<| Y 5| Jv

JEAL jEAL
The inner product in L,(Q) between functions f and f is denoted by (£, f).
No perfect canonical dependence in our setup amounts to the following condition.

NO PERFECT CANONICAL DEPENDENCE CONDITION. We say that the active
and nonactive variables have no perfect canonical dependence, if for a constant

0 < ps <1, and all {fj}le, we have for fi, = Zjeﬁ* fjand fou = Zﬁﬁ* fis
that
|(fin>
fm fout)| Sp*
I fin 1l fout

The next lemma makes the link between the theoretical compatibility condition
and the above two conditions.
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LEMMA 2. Let f = fin + fou Satisfy

| (fins foud)| <y <1,
Il finlH foul

Then
I finll® < IFI2/(1 = pD).
PRrROOF. Clearly,
L finll® < 1A% 4 21fins foud] = Il foull®.

Hence,

I finll® < W12+ 204 Finll | foutll = I foutl® < AN+ 021 finll O

COROLLARY 2. A well-conditioned active set in combination with no perfect
canonical dependence implies the theoretical compatibility condition with qﬁf =

Y2(1 — p2).

REMARK 3. Canonical dependence is about the dependence structure of vari-
ables. To compare, let X;, and Xy be two random variables, with joint density ¢,
and with marginal densities gj, and goyu. Define for real-valued measurable func-
tions fin and fou, of Xin and Xy, respectively, the squared norms || fin ||2 =

f fi%ﬂin’ and ”fout”2 = ffozthOut, and the inner PrOdUCt (fins four) = f Sin fourq.
Assume the functions are centered: [ fingin = / foutgour = 0. Suppose that for

some constant Py
2
f T <1402
dinqout

Then one can easily verify that |( fin, fou)| < x|l finllll foutll- In other words, the
no perfect canonical dependence condition is in this context the assumption that
the density and the product density are, in x2-sense, not too far off.

5.2. On the choice of the penalty. In this paper, we have chosen the penalty in
such a way that it leads to good theoretical behavior (namely the oracle inequality
of Theorem 1), as well as to computationally fast, and in fact already existing,
algorithms. The penalty can be improved theoretically, at the cost of computational
efficiency and simplicity.

Indeed, a main ingredient from the theoretical point of view is that the random-
ness of the problem (the behavior of the empirical process) should be taken care
of. Let us recall Lemma 1 which says that the set 4 has large probability, and on 4
all functions g; satisfy

(e, 8j)n < Enllg; 11" (g).
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Our penalty was based on the inequality (which holds for any a and b positive)

a®p' " < Va?+ b2

More generally, it holds for any g > 1 that
a®b' =% < (a? 4 b4,

In particular, the choice ¢ = 1 would be a natural one, and would lead to an oracle
inequality involving I (f ]?") instead of the square I2(f ;‘) on the right-hand side in
Theorem 1. The penalty A>~7)/2 Zle I filln + 227 Z;’:l I(f}), corresponding
to g = 1, still involves convex optimization but which is much more involved and
hence less efficient to be solved; see also Remark 1 in Section 2.2.

One may also use the inequality

a*b' " <d®> 4+ b7
This leads to a “theoretically ideal” penalty of the from A~ Zle IV (fj) +

A Zle 7211, where hj is from (6). It allows to adapt to small values of I(fj‘).
But clearly, as this penalty is nonconvex, it may be computationally cumbersome.
On the other hand, iterative approximations might prove to work well.

6. Conclusions. We present an estimator and algorithm for fitting sparse,
high-dimensional generalized additive models. The estimator is based on a pe-
nalized likelihood. The penalty is new, as it allows for different regularization of
the sparsity and the smoothness of the additive functions. It is exactly this combi-
nation which allows to derive oracle results for high-dimensional additive models.
We also argue empirically that the inclusion of a smoothness-part into the penalty
function yields much better results than having the sparsity-term only. Further-
more, we show that the optimization of the penalized likelihood can be written as
a group lasso problem and hence, efficient coordinate-wise algorithms can be used
which have provable numerical convergence properties.

We illustrate some empirical results for simulated and real data. Our new ap-
proach with the sparsity and smoothness penalty is never worse and sometimes
substantially better than L,-boosting for generalized additive model fitting [5, 7].
Furthermore, with an adaptive sparsity-smoothness penalty method, large addi-
tional performance gains are achieved. With the real data about motif regression
for finding DNA-sequence motifs, one among two selected “stable” variables is
known to be true, that is, it corresponds to a known binding site of a transcription
factor.

APPENDIX A: PROOFS

PROOF OF PROPOSITION 1. Because of the additive structure of f and the
penalty, it suffices to analyze each component f;, j =1, ..., p independently. Let
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fio ... fp be a solution of (1) and assume that some or all f] are not natural cubic

) l—l

splines with knots at x; ,n. By Theorem 2.2 in [13], we can construct

() l—l

natural cubic splines g; with knots at x; , n such that

((J)) f((]))
fori=1,...,nand j=1,..., p. Hence,
P

2
_Zg,j

\»

and
A 12 22
gill, = Ifilly-

But by Theorem 2.3,in [13], / 2(§ =1 2( fj). Therefore, the value in the objective
function (1) can be decreased. Hence, the minimizer of (1) must lie in the space of
natural cubic splines. [

PROOF OF PROPOSITION 2. The first part follows because of the strict con-
vexity of the objective function. Consider now the case pK > n. The (necessary

and sufficient) conditions for 8 to be a solution of the group lasso problem (4)
are [32]

IV5,S(B: B)l =21 for B #0,

IV5,SB: B)ll <hr for p; =0.

Assume that there exist two solutions 8 and @ such that, for a component j,
we have B;l) =0 with ||VI§jS(;§(1); 1§)|| < A1, but ,55.2) # 0. Because the set of all
solutions is convex,

A

B,=(0—pBY+pp®

is also a minimizer for all p € [0, 1]. By assumption ﬂ p.j 70, and hence

||V S(ﬂp, B)|| = A for all p € (0, 1). Hence, it holds for g(p) = ||V S(ﬂp, B)||
that g(O) < A1 and g(p) = Ap for all p € (0, 1). But this is a contradlctlon to
the fact that g(-) is continuous. Hence, a nonactive (i.e., zero) component j with

||V5j S (,5 ; 1§) || < A1 cannot be active (i.e., nonzero) in any other solution. [
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Proof of Lemma 1. The result easily follows from Lemma 8.4 in [29], which
we cite here for completeness.

LEMMA 3. Let § be a collection of functions g :{xy,...,x,} = R, endowed
with a metric induced by the norm ||g|, = (,ll Y gz(x,-))l/z. Let H(-) be the
entropy of 4. Suppose that

H®) <As™21-9  vy5>0.
Furthermore, let €1, . .., &, be independent centered random variables, satisfying

max E[exp(s?/L)] < M.

Then for a constant co depending on o, A, L and M, we have for all T > cy,

geg ||g||% \/ﬁ N C(%

PROOF OF LEMMA 1. It is clear that {g;/I(g;)} =1{g;:1(gj) = 1}. Hence,
by rewriting and then using Lemma 3,

2. 8l _ 1268/ 1@l _ T

sup — P =
g lgilgI'=(g)) ¢ llgi/T(g)I Vi

with probability at least 1 — coexp(—T2/ c(2)). Thus, for Cg > 2c(2) sufficiently large

2(e, g 1
IP’(maxsup—| (&, gj)nl > Cop ng)

iog lgiler=«(g;) n
C%lo C%lo
Spcoexp<— 0 ng> fcoexp<— 0 2gp>
o 2¢y

In the same spirit, for some constant ¢; depending on L and M, it holds for all
T > cy, with probability at least 1 — ¢ exp(—Tza’/c%),

26ehal _ . [d

n, o il = Vn’

where d is the dimension occurring in (6). This result is rather standard but also
follows from the more general Corollary 8.3 in [29]. It yields that for C 12 > ZC%,
dependingond, L and M,

2s, h; 1
maxsupl (e J)n|§C.1 ogp

J hj ”hj”ﬂ n

with probability at least 1 — ¢j exp(—C 12 log p/ (20%)).
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Finally, it is obvious that for all C, and a constant ¢ depending on L and M,

1
P(é > c21/£> <2exp(—C2log p/c3).
n

Choosing ¢y > 2, the result now follows by taking C = max{Cy, C1, C2} and ¢ =
co+c1+cey. O

Proof of Theorem 1. We begin with three technical lemmas.
Recall that (for j =1, ..., p)

T2(f) = Ifi 12+ 227V ().

LEMMA 4. For A > ﬁén/n, we have on 81 N &7,

2|(e, fi)

maxsup —5—,> - =1.
gy MR, (f)

TS

PROOF. Note first that with A > v/2&, /1,
Enllg; — &IET (g — &) + Enllhj — h 1l

na * 1—- * nx *
< e = &R &) = g+ sl = hlly

<n/\(2 y)/z\/kz‘ylz(g-—g*)Jrllg-—g*ll2+nillh~—h*ll
= /2 J j J jlln V2 J Jhn
- A 2-¥)/2 PPy . .~ A@2=v)/2 o
=1" J () = 87+ 18 = &1 + 17— = 5,
since A < 1.
We have

\/AZ_VIZ(gj — g;’f) +1gj — gjll% +h; — hinn
<2027 P(gj — ) + g — &5 12 + Iy — H3112)
= V22 g — g + 1S5 — £712.

where we used the orthogonality of g; — g;-‘ and h; — h;‘-. The result now follows

from the equality 7 (g; — g;.‘) =I1(f;— f;‘), O

It holds that ¢ = Y (= Y__, ¥;/n) and ¢* = E[Y]. Thus, on 4, |¢ — c*| < &,.
Moreover,
If = faalls =16 =P+ 1 =& = (fuaa = <Dz
To simplify the exposition (i.e., avoiding a change of notation), we may therefore
assume ¢ = ¢* and add a £ to the final result.
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LEMMA 5. We have on 8,

P 14
1 = £al2 + = maAC 2N 0 (fy — £+ Y 1P (f))

j=1 j=1

<DCERN (fi = AT Y PUD IS £l + 82

JEA JjEA

PROOF. Because f minimizes the penalized loss, we have
& IRV ISP 2 &
= Vi = feD) DI ==Y (Yi— @) + Y I
i3 =1 i =1
This can be rewritten as
P P
1f = faaalls + 22 T () <20e f = [+ 3 TG+ = fraally-
j=1 j=1
Thus, on 4, by Lemma 4
P02, ; YR ; <
Lf = fanalln + D2 T < @Y (fi =+ Y I
j=1 j=1 j=1

0 2
+ 1" = fagallz
or

P
If = foaln+ > AC 2o, (f +277 Y IA(f)

JE A j=1

p
< CRY 0 (f = )+ ACTR Y () — w(f))

j=1 JEA
+AFTT 3 PUD I = Ll
JEA
SUH+mMAEEI g (f = FH+m 2N (fi = )
J €Ay JEAx
2— 2 0 2
F 12N PO I = faalla
JEA

In other words,
P
If = falln + (=AD" 0 (F) + 2777 > I (f)
JEAx Jj=1

SU+mAC I g (fi = FH+227Y 3 PPUD + 1 = fadllas

JEA J €A
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so that

P p
Lf = fanalln + A=) D ACT P, (f; — 1 +2277 Y 1P (f))

j=1 j=1

<N (fi = AT Y D+ = il

jeAs jeAs O

COROLLARY 3. On 4§, either

14 p
1f = fHI2 4+ A =ma@ 23 g (f; = FH+ 227 Y 1)

j=1 j=1
(12) A
<RI T (fi = 1D
JEA
or
~ p A p A
Lf = £ 12+ =A@ 2N g (f — )+ 2277 Y ()
=1 =1
(13) 2— 2 j 0 2 2 :
<2 Y PO 20— £y 4287

JEA

Observe that if (13) holds, we have nothing further to prove, as this is already
an oracle inequality. So we only have to work with (12). It implies that

P
(14) > wlfi - M= Z o (fj —
j=1 TjcAs

in other words, we may apply the compatibility condition to f - f*.

LEMMA 6. Suppose the compatibility condition holds. Then (14) implies
A2V A,
402772 Z rn(fJ f ) <24 ¢| |+A2 Y Z Iz(fj)+l (f; )

jes n, % je s

T N N

(under the simplifying assumption ¢ = c¢* = 0).

PROOF. We have

WER ST (f = )

JEA

<DCIRAT SN = FRIR 22 S 12— 1.

JEAL JEA
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The compatibility condition now gives

N (fj = )

JEA
2
a2 STAT I - .
< = I Gi= | +2277 Y (- 1.
Pn j=1 n JEAL

With the simplifying assumption ¢ = ¢* = 0, we may use the shorthand notation
f=%;fjand f*=3%;f ]T". Next, we apply the triangle inequality:

\/nf — R 222 Y P(f — )

JEA
< ;0 * 0
<|If = faaalln + 1F7 = fagalln

" \/2,\2—V S 12+ \/2,\2—V S (.

JEA JEAL

We now use

4.2/ JTAT]
¢n,*

ATV Ay
¢ .

If = fhalla < + 1 F = 2

and similarly with f replaced by f*. In the same spirit

402 JTAL
¢n,>k \/

227 3 I2(f)
JEA
2—y
- BATY A

== +227 3T P

JEA,

and similarly with f replaced by f*. [

PROOF OF THEOREM 1. By Lemma 5, we have on 4,

p P
1f = foal2 + (= mAC 2N 0 (fy — £+ 2277 Y 1P (f)

j=1 j=1

<Y G (fy = fH+AFT Y P

JjEAL JEA

+ 1= faln + &0
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In view of Corollary 3, we can assume without loss of generality that (12) holds.
Lemma 6 tells us now that

p 14
Lf = falln + A=A 2N g (f; — fH+2277 Y I (f)

j=1 j=1
227 | A
=127 F 22 Y P4 S0 a1~ Ol
JEA

3
- EAZ—V Y IR +E

JEA

This can be rewritten as

p P
1f = £l +20 = maC 23 0 (f; = 22773 1))

j=1 j=1
22T [ Ay _
<245 3 = falln 30T Y I(f) + 28,
¢n,>x< JG«A*
A.l. Proof of Theorem 2. We first show that the || - ||-norm and the | - |-

norm are in some sense compatible, and then prove the same for the norms t
and T,.

LEMMA 7. Suppose the theoretical compatibility condition holds, and that

2Cocs | ATV

<1
¢?

Then on 84, for all f satisfying

Trot (f) < Cnfin(f),
we have
LAIZ <20 f 15 + 4+ ¢ Y AV I(f)).
JEA
PROOF.

IF12 < I1F112 4 Cor =722, (f)
< L £I2 + Coc2A 7Y T2 (f)

< £ 17+ Cocgh [l D7 (ILf 17 + 2277 ()
JEA
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2

=I5+

> (1P + 2277 12(f))
J €Ay

1 1+ ¢2 _
SUFIR+ I+ 52 3 2 sy,

2 J €Ay
LEMMA 8. On the set 84, and for A=rCy < 1, it holds that
(1 =27 Coyt(f) < m(f) < A+ A7V CoT(f))

forall j.
PROOF.
£ 113 — 17112
1T (fj) — T(f)] < — ) /
- Xl_yCofz(fj)'
t(f})

We use the short-hand notation

Tin(f) = Z Tn(fj), Tout(f) = Z Tn(fj)

JEA J & A

and

ftot(f) = fm(f) + fout(f)-

PROOF OF THEOREM 2. If

'Etot(f) =< 1 'Ein(f),
-n
then by Lemma 8§, on 44,
41 +n)
Ttot(f) =< (1— 77)2 Tin(f)-

Moreover, on 44, for all j

£ 12 < IF 12+ 0T (f)).

Hence,

STUAIE< SIFIP+nti )

JEA JEA

=L+ Y IfIF+0227 Y ().

J €A J €A

3807
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Applying the theoretical compatibility condition, we arrive at

1
2 < +”)<||f|I2+)\2V ) 12(f,~)) 2 S (g

2
JEA s JEA JEA
(I+mn) (1+mn) _
-2 1717+ pe £ P,
* * JjEA
Next, apply Lemma 7 to obtain
2(1+n)
Yo sl < T||f||ﬁ
JjEA *

1
+(<1+n><1+¢§f‘>+( ;:%”) +n)/\2_y S ()

JEA

) 2(1+n)
< ((1 D+ = n)

x (nfn,%ﬂz‘y > 12<f_,->).

jeA O

APPENDIX B: THE SET 44

In this subsection, we show that the set 84 has large probability, under reason-
able conditions (mainly Condition D below). We assume again throughout that the
functions f; are centered with respect to the theoretical measure Q. (Our estimator
of course uses the empirical centering. It is not difficult to see that this difference
can be taken care of by adding a term of order 1/4/n in the oracle result.)

Let u be Lebesgue measure on [0, 1], and let for f;:[0, 1] — R,

P =[50 P =151

where || - ||, denotes the Ly (u)-norm. Moreover, write F; = {f; : I (f;) < oo}. We
let

o=1——
2s
and
_2(1—w)
22—«
as before.

We will use symmetrization arguments, and therefore introduce a Rademacher
sequence {o;}, independent of {X;}.
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The argumentation we shall employ can be summarized as follows. By a con-
traction argument, we make the transition from the £2’s to the f’s. This step needs
boundedness of weighted f’s, because the function x > x2 is only Lipschitz on a
bounded interval. The fact that we use the Sobolev norm as measure of complexity
makes this work. The contraction inequality is in terms of the expectation of the
weighted empirical process. We use a concentration inequality to get a hold on the
probabilities.

The original f’s are handled by looking at the maximum over j of the weighted
empirical process indexed by ;. This is done by first bounding the expectation,
then applying a concentration inequality to get exponentially small probabilities.
This allows us to get similar probability inequalities uniformly in j € {1, ..., p},
inserting a log p-term. We then rephrase the probabilities back to expectations,
now uniformly in j.

To establish a bound for the expectation of the weighted empirical process in-
dexed by F; with j fixed, we first prove a conditional bound involving the em-
pirical norm, then a contraction inequality to reduce the problem of this empirical
norm, involving the f jz’s, to the problem involving the original f;’s. We then un-
ravel the knot.

We now will present this program, but in reverse order.

B.1. Weighted empirical process for fixed j. We fix an arbitrary j €
{1,..., p}, and consider the weighted empirical process

1/n X0 01 f5 (X))
ACR(f)

Our aim is to prove Corollary 5.

The following lemma is well known in the approximation literature. We refer to
[29] and the references therein. For a class of functions §, we denote the entropy
of ¢ endowed with the metric induced by the sup-norm, by Hxo (-, ).

LEMMA 9. For some constant Ay, we have

A2
Hoo(8. {1 (f)) < L1 fjloo < 1)) = =567207% §>0.
o

Let forall R > 0,

Fi(R) ={I(fj) =L |fjloo = L IIfjll = R}.

The next theorem is along the lines of, for example, [31], Corollary 2.2.5. It ap-
plies the entropy bound of Lemma 9. We have put in a rough but explicit constant.
We write Ex for the conditional expectation given X = (X1, ..., X,).
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THEOREM 3. We have

liaifj(xi(j))

iz

Ex [ sup

} - 16A; i,
fieFi(R)

N
where

Ry=sup | fjlln-
fi€F;(R)

To turn the bound of Theorem 3 into a bound for the unconditional expectation,
we need to handle the random R,,. For this purpose, we reuse Theorem 3 itself.

THEOREM 4. We have

A ) L A, \2CN2
E[R%*] < 2R4)« 26 —— .
[(R%1< | @R?) +< ﬁ)

PROOF. By symmetrization and the contraction inequality of [18],

1 & ;
E[ sup |||f,-||,%—||fj||2!]58E[ sup —Zo,-f,«(xi‘”)}
fieFi(R) fieFi®M ;2
A A
<27 L E[RY],
=2 LBIR]

where we used Theorem 3. It also follows that
A A A
2 2 7
E[R?]— R* <2 T%E[Rg].

Since by Jensen’s inequality

E[R;] = E[(R)>*1 = BIR D™,
we may conclude that
A R
“ZE[R"].
n

Jn

E[R;DY* < R*+2]
Now, for any positive a and b,
ab < a¥ @~ 4 p2le.

hence, also
ab < 2a/(2—ot)a2/(2—ot) + %bZ/a‘

Apply this with

A N
a :277%, b=E[Ry],
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to find
. A 2/2—a) 1 .
@mﬂVNSR?+fWﬂ(f;%> + S EIRD.
It follows that
2/(2—
(B[R] <2R? + (28ﬁ> e
n — \/ﬁ
and hence
20/(2—a)
E[Iéa] < |2¢R2x 4 (28&) . ¢
nd = \/ﬁ
) L Ay \ 22
= |Q2R» + (2 > .
J@m NG -

COROLLARY 4. We have

E|: sup
Fi€Fj(R)

BN

liaifj(xi(j))

i

24
}5

S

| e " A, \22@-y)/2
‘ R2ya Ay
(2R?) +< ﬁ)

for some constant A depending only on o = a(s) and As.

The peeling device is inserted to establish a bound for the weighted empirical
process.

LEMMA 10. Define

8n = (As//n).
Then for A > 6,,

E[ up |1/n2?:1<nf,;(X§j))l} B

= CS_7
I(fH<LIfileo<1 AC=¥)/2 ||fj||2 +A2-v A

where

O{—a/(l—a)
C, = 2(1 T 7)

l—«a
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PROOF. Setz=a 1/U0=% Then

g [1/n X0y 01 5 (X)) ]

sup

IN=L1filoost AC=2 J|| £ 11 4+ 2277

11/n Y0 0 fj X“)>|]

A2V

< E[ sup
[i€F;(W2=)/2)

00 ()
+ZE|: sup |1/n2 1th](X )|]

J=1 LfjeF@iaenr) A2—vzi-1
28,0177 228,07 ) X, §2z0% 4 §2
SWJr; oy <2+ ZW
- i 1) a_ﬂt/(l—ot) )
=|2+2 —j(1-) _”:(2+2—)_",
_( )} s D

We now show how to get rid of the restriction | f|o < 1 in Lemma 10.

LEMMA 11. Define
5n = Av/\/ﬁ
Then for 6, <X <1,

)
E[ su |1/”Z 10'tf]X )|]568

p S_nv
I1(fH=<1 \2=7)/2 ||f]||2 4 A2y A

Cs=+/s —1+4+Cs.

PROOF. We can write f; = g; +h;, where h; is a polynomial of degree s — 1
and |gjleo < 1(gj) =1(f;). We take g; and h; are orthogonal:

/8;’1de1=0

where

Then
n S o fi _ Yn Sy oig; XD 1n Sy i (X))

222 2+ 2277 T A2 02 [lg 2 + 22 y AC=2| k||

We moreover can write

s—1
hj=> 6kpk(-),

k=1
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where the { py} are orthogonal polynomials, and have norm || pr || = 1. Hence, using
that Y332} 67 = Il 1%,
) 2

() s—1 n

|1/n 3}y 0ihj(X;) (1 )
< E - E oi pr(X;

1Al PXi7)

k=1 \"li=1
This gives
E[supu/nz Lo G VST
0 A2— V)/2||hj|| | )L(Z 2 /n A
since
Jnd, = Ag > 1. O

Using the renormalization
fim= fil1(f)

we arrive at the required result:

COROLLARY 5. We have
]E|:sup 11/n)_; —10i [ (X;7)] :| C_n'
15 AER I £ 422 12(f) A

B.2. From expectation to probability and back. Let § be some class of
functions on X, ¢1, ..., {, be independent random variables with values in X, and

1 n
Z = sup|— Z(g(ii) - E[g(é'i)])‘-

g€9’ n i=1

Concentration inequalities are exponential probability inequalities for the
amount of concentration of Z around its mean. We present here a very tight con-
centration inequality, which was established by [4].

THEOREM 5 (Bousquet’s concentration theorem [4]). Suppose

—ZE g(c) —Elg))’]<R*  Vgeg,

i=1
and moreover, for some positive constant K ,

lg(¢i) —E[g(¢)]l <K Vg eg.
We have for all t > 0,

n

K \/2;(1?2 1 2KE[Z])

IP’(ZZE[Z]Jr—Jr )Sexp(—l)-
3n
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COROLLARY 6. Under the conditions of Theorem 5,

( 20K 2t>
(15) P(Z > 4E[Z]+ —— + R,/ = | <exp(—1).
3n n

Converse, given an exponential probability inequality, one can of course prove
an inequality for the expectation.

LEMMA 12. Let Z > 0 be a random variable, satisfying for some constants
Ci,Land M,

Lt 2t
PlZ>Ci+—+M,|— ) <exp(—t) Vvt > 0.
n n

L T
ElZ]l<Ci+—+M,/—.
n 2n

Then

PROOF.
o0 o0
E[Z] :/ P(Z > a)da < C, +/ P(Z > Cy +a)da.
0 0

Now, use the change of variables

Lt 2t
a=—+M,|—.
n n

Then
da = <£ + M )dt.
n 2nt
So
0.¢] o.¢]
E[Z]gCH—%/O e—’dz+%/() e ' /tdt
=C+ L +M l 0
n 2n
LEMMA 13. Let, for j=1,..., p, §; be a class of functions and let
1
Zj= sup |- Y 0ig;(Xi)|.
gi€§il™ 21

Suppose that for all j and all g; € §;,
lgill <R, Igjloo < K.
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Then
2K(1+1
IE[ max Zj] <4 max E[Z;]+ w—l—
1<j<p 1<j<p 3n
PROOF. Let
E; =E[Z;].

Then by the corollary of Bousquet’s inequality, we have

2Kt 2t
P ZJ'Z4EJ'+——|-R — ) <exp(—t)
3n n

Replacing ¢ by ¢ + log p, one finds that

2Kt 4K1 |2t /21
PlmaxZ; > 4max E; + + ng+R —+R 0P
Jj j 3n 3n n n

< pexp[—(t +log p)] = exp(—1).
Apply Lemma 12, with the bound 7 /4 < 1, and with

[4(1 +1
R ( +0gp)'
n

vVt > 0.

2K lo 21o
C1=4maxEj+—gp+R gp’
J 3n V' n

L=— M =R.

3815

O

B.3. The supremum norm. The following lemma can be found in [29]. It is

a corollary of the interpolation inequality of [1].

LEMMA 14. There exists a constant c; such that for all f; with I1(f;) <1,

one has
[ filoo < €5 IS,

CONDITION D.  Forall j,dQ;/du = q; exists and

qj > n%>0.

COROLLARY 7. Assume Condition D. Then for all j and all f; with I(f;) <

1, we have

| filoo < csqll 1%,

where c; 4 = cs/no. This implies that for all j and f;,

| filoo < Csg N Fi T4 Cf)).
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B.4. Expectation uniformly over j € {1,..., p}.

LEMMA 15. Assume Condition D and that A > /4(1 +log p)/n, and §, <
A <1. We have

()

1 (X;

E[maxsup| /n%, 1)02sz )|]
i AR

-8
< 4c37” + Cogh+ AV,

PROOF. By Corollary 5, we have for each j
E[su 1/ ZLIGZf](X(]))l} .o
p @-—7/2 '
i AEP(f) x
Moreover, in view of Corollary 7,

|f]|00 < Cs?q
)\(271/)/%(]{1-) - A

We also have

.
AC=N2(f) — AC-)/2°

Now, apply Lemma 13 with

Cs 1

.4 _
A k= A2-v)/2°

K =

to find

E[max qup 177 > o,-fj<X§”)|]
i AeIRT(f)

= 81 2¢54(1+1ogp) 1 4(1 +log p)
=4CT 3nh toeon n ' O

B.5. Expectation of the weighted empirical process, indexed by the additive
f’s.

LEMMA 16. Assume Condition D and that A > /4(1 +log p)/n, and §, <
A <1.Then

E[su 11/n 300 1sz(Xi)|]
fp AC 21 (f)

)
<4Cs—" +eggh + AT
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PrROOF. It holds that

‘ Y o f(Xi)| <

i=1

P 1 n
Z_Z fJ X(])

n

Hence,

1/n Y0, 01 f(XD)]
E[S AC I g0 ) ]

[ 3L laif,-<X§”>|}
Loy m M Pra(f)

g sp ¥ |1/n2?zlaifj<X§f>>|
L F=Y f Ttot(f) A2 (f))

1 /n Y o f; (X)) & S, }
J

T(fj):|

<E| su max sup

p :
Lr=xf; Tot(f) J 7 A2 (f)) o

= [E| max sup 7
L, AC=N2¢(f))

i 11/n 30 1szj(X,-(j))|:|

é
Tn +Cs,q)\+)\y/2- [

B.6. Expectation of the weighted empirical process, indexed by the additive
f2 .

LEMMA 17. Under Condition D,

HLAIZ =1 £12 _ 11/n30 0i f(X0)]
E WSy W W1 ATVI2R i=1 )
[Sl}p 2,(f) :| Coa |: f Trot (f) :|

PROOF. By a symmetrization argument (see, e.g., [31]),

& LF12 =1 f1P ] <28]up [1/n X7 lolf2<X>|}
f Ttot(f ) B f Ttot(f )

Because for all j,

LA 1T (F) < 2772 (f)),

we know from Corollary 7 that

| filoo < €5.g2 72T (£)).
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Hence,

| floo =

= cs,q,\—y/zr(f).

P P
<Y U filoo Sesgh VY ()
j=1

00 j=1

Let K = cs,q)»_V/z. Now, the function x > x2 is Lipschitz on [— K, K], with
Lipschitz constant 2K . Therefore, by the contraction inequality of Ledoux and
Talagrand [18], we have

E[ 11/n Y 0i f2(X))]
sup
f Ttot(f)

}541(1[-3[ [1/n 300 1sz(Xi)|:|. .

f Trot (f)
COROLLARY 8. Using Lemma 16, we find under Condition D, and for §,, <
A<1,A> 41 +logp)/n,

2 2
E[sup AN — AN
f

8cs.gh! ™ V(C +c ,\+W2>
R R YRt

B.7. Probability inequality for the weighted empirical process, indexed by
the additive f2’s. We are now finally in the position to show that $4 has large
probability.

THEOREM 6. Let

7 — sup 1515 = IF 1
RSV

Assume Condition D, and §, <A <1, L > /4(1 +log p)/n. Then

4c32,,q)»2(1_)’)t>

P<Z>qukl V<27CS +32,\+32M/2+\/_) 3

<exp(—nA2771).

PROOF. We have

Ploo _ 2 5y
22(f) =
and

172 e v I
20 = a* T(f)
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and

p
A< Do 1Al <2 ().

j=1

So we can apply the corollary of Bousquet’s inequality with

K = csz,q)»_y
and
R=cs 2 7"/2
We get that for all # > 0
IP’(Z > 4E[Z] + Ay + ¢5.q 2t ) <exp(—1).
3nAY Y nAY

Use the change of variable 7 — nA>~7¢, to reformulate this as: for all 7 > 0

4¢2 220-1)

IP’(Z > 4E[Z] + Wf + cs,qxl—V«/Z> <exp(—nA*7"e).
Now, insert
IV
E[Z] <8cs g2 (4CST" + s gh+ Mﬂ). 0

REMARK 4. Recall that §, = A;//n. Thus, taking 1 > A > A,//n and A >
v/4(1 +1log p)/n, we see that for some constant C; , depending only on s and the
lower bound for the marginal densities {g;}, and for

Co=Cyq(1+ 2t +2771),
we have

P(84) > 1 — exp(—nA>771).

Acknowledgement. We thank an Associate Editor and three referees for con-
structive comments.

REFERENCES

[1] AGMON, S. (1965). Lectures on Elliptic Boundary Value Problems. Van Nostrand, Princeton,
NJ. MR0178246

[2] BARAUD, Y. (2002). Model selection for regression on a random design. ESAIM Probab. Stat.
6 127-146. MR1918295

[3] BICKEL, P., RiTOV, Y. and TSYBAKOV, A. (2009). Simultaneous analysis of lasso and Dantzig
selector. Ann. Statist. 37 1705-1732. MR1056344


http://www.ams.org/mathscinet-getitem?mr=0178246
http://www.ams.org/mathscinet-getitem?mr=1918295
http://www.ams.org/mathscinet-getitem?mr=1056344

3820

(4]

(5]

(6]

(7]

(8]

[9]
[10]

[11]

[12]

[13]

(14]
[15]
[16]
(7]
(18]
[19]

[20]

(21]
[22]
(23]
[24]

[25]

L. MEIER, S. VAN DE GEER AND P. BUHLMANN

BOUSQUET, O. (2002). A Bennet concentration inequality and its application to suprema of
empirical processes. C. R. Math. Acad. Sci. Paris 334 495-550. MR1890640

BUHLMANN, P. and HOTHORN, T. (2007). Boosting algorithms: Regularization, prediction
and model fitting. Statist. Sci. 22 477-505.

BUHLMANN, P., KALISCH, M. and MAATHUIS, M. (2009). Variable selection for high-
dimensional models: Partially faithful distributions and the PC-simple algorithm. Techni-
cal report, ETH Ziirich.

BUHLMANN, P. and YU, B. (2003). Boosting with the L2 loss: Regression and classification.
J. Amer. Statist. Assoc. 98 324-339. MR1995709

BUNEA, F., TSYBAKOV, A. and WEGKAMP, M. (2006). Aggregation and sparsity via £]-
penalized least squares. In Learning Theory. Lecture Notes in Computer Science 4005
379-391. Springer, Berlin. MR2280619

BUNEA, F., TSYBAKOV, A. and WEGKAMP, M. H. (2007). Sparsity oracle inequalities for the
lasso. Electron. J. Stat. 1 169-194. MR2312149

CANDES, E. and TAO, T. (2007). The Dantzig selector: Statistical estimation when p is much
larger than n. Ann. Statist. 35 2313-2351. MR2382644

CoNLON, E. M., L1u, X. S., LIEB, J. D. and L1U, J. S. (2003). Integrating regulatory motif
discovery and genome-wide expression analysis. Proc. Nat. Acad. Sci. U.S.A. 100 3339—
3344.

FAN, J. and Lv, J. (2008). Sure independence screening for ultra-high-dimensional feature
space. J. R. Stat. Soc. Ser. B Stat. Methodol. 70 849-911.

GREEN, P. J. and SILVERMAN, B. W. (1994). Nonparametric Regression and Generalized
Linear Models. Monographs on Statistics and Applied Probability 58. Chapman and Hall,
London. MR1270012

GREENSHTEIN, E. and RITOV, Y. (2004). Persistency in high-dimensional linear predictor-
selection and the virtue of over-parametrization. Bernoulli 10 971-988. MR2108039

HARDLE, W., MULLER, M., SPERLICH, S. and WERWATZ, A. (2004). Nonparametric and
Semiparametric Models. Springer, New York. MR2061786

KiM, Y., KiM, J. and K1M, Y. (2006). Blockwise sparse regression. Statist. Sinica 16 375-390.
MR2267240

KOLTCHINSKII, V. and YUAN, M. (2008). Sparse recovery in large ensembles of kernel ma-
chines. In COLT (R. A. Servedio and T. Zhang, eds.) 229-238. Omnipress, Madison, WI.

LEDOUX, M. and TALAGRAND, M. (1991). Probability in Banach Spaces: Isoperimetry and
Processes. Springer, Berlin. MR1102015

LIN, Y. and ZHANG, H. H. (2006). Component selection and smoothing in multivariate non-
parametric regression. Ann. Statist. 34 2272-2297. MR2291500

Liu, X. S., BRUTLAG, D. L. and LIu, J. S. (2002). An algorithm for finding protein-
DNA binding sites with applications to chromatin-immunoprecipitation microarray ex-
periments. Nature Biotechnology 20 835-839.

MEIER, L., VAN DE GEER, S. and BUHLMANN, P. (2008). The group lasso for logistic regres-
sion. J. R. Stat. Soc. Ser. B Stat. Methodol. 70 53-71. MR2412631

MEINSHAUSEN, N. (2007). Relaxed Lasso. Comput. Statist. Data Anal. 52 374-393.
MR2409990

MEINSHAUSEN, N. and BUHLMANN, P. (2006). High-dimensional graphs and variable selec-
tion with the lasso. Ann. Statist. 34 1436-1462. MR2278363

MEINSHAUSEN, N. and YU, B. (2009). Lasso-type recovery of sparse representations for high-
dimensional data. Ann. Statist. 37 246-270. MR2488351

OSBORNE, M. R., PRESNELL, B. and TURLACH, B. A. (2000). On the lasso and its dual.
J. Comput. Graph. Statist. 9 319-337. MR1822089


http://www.ams.org/mathscinet-getitem?mr=1890640
http://www.ams.org/mathscinet-getitem?mr=1995709
http://www.ams.org/mathscinet-getitem?mr=2280619
http://www.ams.org/mathscinet-getitem?mr=2312149
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=1270012
http://www.ams.org/mathscinet-getitem?mr=2108039
http://www.ams.org/mathscinet-getitem?mr=2061786
http://www.ams.org/mathscinet-getitem?mr=2267240
http://www.ams.org/mathscinet-getitem?mr=1102015
http://www.ams.org/mathscinet-getitem?mr=2291500
http://www.ams.org/mathscinet-getitem?mr=2412631
http://www.ams.org/mathscinet-getitem?mr=2409990
http://www.ams.org/mathscinet-getitem?mr=2278363
http://www.ams.org/mathscinet-getitem?mr=2488351
http://www.ams.org/mathscinet-getitem?mr=1822089

[26]

[27]

(28]
[29]
(30]
(31]
(32]
[33]

[34]

HIGH-DIMENSIONAL ADDITIVE MODELING 3821

RAVIKUMAR, P., L1U, H., LAFFERTY, J. and WASSERMAN, L. (2008). Spam: Sparse additive
models. In Advances in Neural Information Processing Systems 20 (J. Platt, D. Koller, Y.
Singer and S. Roweis, eds.) 1201-1208. MIT Press, Cambridge, MA.

SARDY, S. and TSENG, P. (2004). Amlet, Ramlet, and Gamlet: Automatic nonlinear fitting
of additive models, robust and generalized, with wavelets. J. Comput. Graph. Statist. 13
283-309. MR2063986

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc.
Ser. B 58 267-288. MR1379242

VAN DE GEER, S. (2000). Empirical Processes in M-Estimation. Cambridge Univ. Press, Cam-
bridge.

VAN DE GEER, S. (2008). High-dimensional generalized linear models and the lasso. Ann.
Statist. 36 614-645. MR2396809

VAN DER VAART, A. and WELLNER, J. (1996). Weak Convergence and Empirical Processes.
Springer, New York. MR1385671

YUAN, M. and LIN, Y. (2006). Model selection and estimation in regression with grouped
variables. J. R. Stat. Soc. Ser. B Stat. Methodol. 68 49—67. MR2212574

ZHANG, C.-H. and HUANG, J. (2008). The sparsity and bias of the lasso selection in high-
dimensional linear regression. Ann. Statist. 36 1567-1594. MR2435448

Zou, H. (2006). The adaptive lasso and its oracle properties. J. Amer. Statist. Assoc. 101 1418—
1429. MR2279469

L. MEIER

S. VAN DE GEER

P. BUHLMANN

SEMINAR FUR STATISTIK

ETH ZURICH

CH-8092 ZURICH

SWITZERLAND

E-MAIL: meier@stat.math.ethz.ch
geer @stat.math.ethz.ch
buhlmann @stat.math.ethz.ch


http://www.ams.org/mathscinet-getitem?mr=2063986
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=2396809
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=2212574
http://www.ams.org/mathscinet-getitem?mr=2435448
http://www.ams.org/mathscinet-getitem?mr=2279469
mailto:meier@stat.math.ethz.ch
mailto:geer@stat.math.ethz.ch
mailto:buhlmann@stat.math.ethz.ch

	Introduction
	Penalized maximum likelihood for additive models
	The sparsity-smoothness penalty
	Computational algorithm
	Oracle results
	Comparison with related results

	Numerical examples
	Simulations
	Models
	Performance measures
	Results

	Real data
	Tecator
	Motif regression


	Extensions
	Generalized additive models
	Small simulation study

	Adaptivity

	Mathematical theory
	On the compatibility condition
	On the choice of the penalty

	Conclusions
	Appendix A: Proofs
	Proof of Lemma 1
	Proof of Theorem 1
	Proof of Theorem 2

	Appendix B: The set S4
	Weighted empirical process for fixed j
	From expectation to probability and back
	The supremum norm
	Expectation uniformly over j { 1 , …, p } 
	Expectation of the weighted empirical process, indexed by the additive f's
	Expectation of the weighted empirical process, indexed by the additive f2's
	Probability inequality for the weighted empirical process, indexed by the additive f2's

	Acknowledgement
	References
	Author's Addresses

