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THE SPEED OF A BIASED RANDOM WALK ON
A PERCOLATION CLUSTER AT HIGH DENSITY

BY ALEXANDER FRIBERGH1
New York University

We study the speed of a biased random walk on a percolation cluster
on Z4 in function of the percolation parameter p. We obtain a first order
expansion of the speed at p = 1 which proves that percolating slows down
the random walk at least in the case where the drift is along a component of
the lattice.

1. Introduction. Random walks in reversible random environments are an
important subfield of random walks in random media. In the last few years a lot of
work has been done to understand these models on Z¢, one of the most challenging
being the model of reversible random walks on percolation clusters, which has
raised many questions.

In this model, the walker is restrained to a locally inhomogeneous graph, mak-
ing it difficult to transfer any method used for elliptic random walks in random
media. In the beginning, results concerned simple random walks, the question of
recurrence and transience (see [12]) was solved first and later a quenched invari-
ance principles was proved in [3] and [19]. More recently new results (e.g., [4]
and [18]) appeared, but still under the assumption that the walker has no global
drift.

The case of drifted random walks on percolation cluster features a very inter-
esting phenomenon which was first described in the theoretical physics literature
(see [7] and [8]); as the drift increases the model switches from a ballistic to a sub-
ballistic regime. From a mathematical point of view, this conjecture is partially
addressed in [5] and [22]. This slowdown is due to the fact that the percolation
cluster contains arbitrarily large parts of the environment which act as traps for a
biased random walk. This phenomenon, and more, is known to happen on inho-
mogeneous Galton—Watson trees (cf. [2] and [16]).

Nevertheless this model is still not well understood and many questions remain
open, the most famous being the existence and the value of a critical drift for
the expected phase transition. Another question of interest is the dependence of
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the limiting velocity with respect to the parameters of the problem, that is, the
percolation parameter and the bias. This last question is not specific to this model,
but understanding in a quantitative, or even qualitative way, the behavior of speed
of random walks in random media seems to be a difficult problem, and very few
results are currently available on 74 (see [21]).

In this article we study the dependence of the limiting velocity with respect
to the percolation parameter around p = 1. We try to adapt the methods used in
[21] which were introduced to study environments subject to small perturbations
in a uniformly-elliptic setting. For biased-random walk on a percolation cluster of
high density, the walk is subject to rare but arbitrarily big pertubations so that the
problem is very different and appears to be more difficult.

The methods rely mainly on a careful study of Kalikow’s auxiliary random walk
which is known to be linked to the random walks in random environments (see
[24] and [25]) and also to the limiting velocity of such walks when it exists (see
[21]). Our main task is to show that the unbounded effects of the removal of edges,
once averaged over all configurations, is small. This will enable us to consider
Kalikow’s auxiliary random walk as a small perturbation of the biased random
walk on Z?. As far as we know it is the first time such methods have been used to
study a random conductance model or even nonelliptic random walks in random
media.

2. The model. The models presented in [5] and [22] are slightly different; we
choose to consider the second one as it is a bit more general since it allows the
drift to be in any direction. Nevertheless all the following can be adapted without
any difficulty to the model described in [5].

Let us describe the environment. We consider the set of edges E(Z¢) of the
lattice Z¢ for some d > 2. We fix p € (0,1) and perform a Bernoulli bond-

percolation, that is, we pick a random configuration w €  := {0, 1}¥ (Z%) where
each edge has probability p (resp., 1 — p) of being open (resp., closed) indepen-
dently of all other edges. Let us introduce the corresponding measure

Zd
P, = (psi + (1 — p)sp)®**",

Hence an edge e will be called open (resp., closed) in the configuration w if
w(e) =1 [resp., w(e) = 0]. This naturally induces a subgraph of 74 which will be
denoted w and it also yields a partition of Z¢ into open clusters.

It is classical in percolation that for p > p.(d), where p.(d) € (0, 1) denotes
the critical percolation probability of Z¢ (see [11]), we have a unique infinite open
cluster K (w), Pp-a.s. The corresponding set of configuration is denoted by £2.
Moreover, the following event has positive Pj,-probability:

T = {there is a unique infinite cluster K. (@) and it contains 0}.

In order to deﬁne the random walk, we introduce a bias £ = AL of strength A > 0
and a direction £ which is in the unit sphere with respect to the Euclidian metric
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of R?. On a configuration w € 2, we consider the Markov chain of law PY on 74
with transition probabilities p®(x, y) for x, y € Z¢ defined by:

1. Xo=x, P’-as.,
2. p®(x,x) =1, if x has no neighbor in w,

3. pP(x,y) = %

where x ~ y means that x and y are adjacent in Z¢, and also we set

et ifx ~yand w({x, y}) = 1,

forall x,y e 74 “(x, ={
Y c*x, ) 0, otherwise.

We see that this Markov chain is reversible with invariant measure given by

7000 =Y c(x, ).
y~x

Let us call ¢“(x, y) the conductance between x and y in the configuration w.
This is natural because of the links existing between reversible Markov chains
and electrical networks. We will be making extensive use of this relation, and we
refer the reader to [9] and [15] for a further background. Moreover for an edge
e =[x, y] € E(Z%), we denote c®(e) = c®(x, y) and r®(e) = 1/c®(e).

Finally the annealed law of the biased random walk on the infinite percolation
cluster will be the semi-direct product P, =P,[- | Z] x Pé‘)[-].

The starting point of our work is the existence of a constant limiting velocity
which was proved in [22], and with some additional work Sznitman managed to
obtain the following result:

THEOREM 2.1. Forany d > 2, p € (p.(d), 1) and any £ € Rf,f, there exists
ve(p) € R? such that

fi —P,[-|Z] limﬁ— (p) Py
orw—"P, -a.s. Jim == = ve(p), o -a.S.

Moreover there exist L1(p,d, L), \o(p,d, ) € Ry such that:

1. for h=10-€<ri(p,d, ), we have vy(p) - £ > 0,
2. forh =1L - > (p,d, ), we have vy(p) = 0.

Our main result is a first order expansion of the limiting velocity with respect to
the percolation parameter at p = 1. As in [21], the result depends on certain Green
functions defined for a configuration w as

for any x, y € Z¢ G®(x,y) = E;"|:Z 1{X, ey}:|.
n>0

Before stating our main theorem we recall that v¢ (1) =) _,c,, p(e)e where wy is
the environment at p = 1, p(e) = p*°(0, ¢) and v is the set of unit vectors of 74,
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THEOREM 2.2. Ford >?2, p € (p.(d), 1) and for any £ € Rf,f, we have
ve(l— &) =ve(1) —& Y (ve(1) - €)(G*(0,0) — G®b(e, 0)) (ve (1) — de) + 0(2),
ecy
where for any e € v we denote
for fe EZY  o§()=1{f#e} and d.=Y p™(0,¢)e,
e'ev

are, respectively, the environment where only the edge [0, e] is closed and its cor-
responding mean drift at 0.

PROPOSITION 2.1. Let us denote J¢ = G*°(0,0) — G (e, 0) for e € v. We
can rewrite the first term of the expansion in the following way:

o pe)J*
vz(l) = ;(vé(l) ’ e) 1—pe)Je— p(—e)]—¢

so that if for e € v such that v¢(1) - e > 0 we have vg(1) - e > ||ve(1)||%, then
ve(1) - vy(1) > 0,

(e —ve(D)),

which in words means that the percolation slows down the random walk at least at
p=1.
The previous condition is verified, for example, in the following cases:

1. (e v, that is, when the drift is along a component of the lattice,
2. L= AK where A < A (E) for some A (E) > 0, that is, when the drift is weak.

REMARK 2.1. The property of Proposition 2.1 is expected to hold for any
drift, but we were unable to carry our the computations. More generally the previ-
ous should be true in a great variety of cases; in particular one could hope it holds
in the whole supercritical regime. For a somewhat related conjecture, see [6].

REMARK 2.2. Another natural consequence which is not completely obvious
to prove is that the speed is positive for p close enough to 1.

REMARK 2.3. Finally, this result can give some insight on the dependence of
the speed with respect to the bias. Indeed, fix a bias £ and some @ > 1. Theorem 2.2
implies that for ¢g = go(¢, i) > 0 small enough we have

vwg(l—e:)-l7>wg(1—8)-t7 for ¢ < go.
Before turning to the proof of this result, we introduce some further notation.

Let us also point out that we will refer to the percolation parameter as 1 — ¢ instead
of p and assume

2.1 e<1/2;
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in particular we have 1 — ¢ > p.(d) for all d > 2.

We denote by {x <> y} the event that x and y are connected in w. If we want
to emphasize the configuration we will use {x Syl Accordingly, let us denote
K®(x) the cluster (or connected component) of x in w.

Given a set V of vertices of Z¢, we denote by |V| its cardinality, by E(V) =
{[x,y] e E(Z% | x,y € V}its edges and

W={xeV|yezZ!\V.x~y}, 0V ={lx.y]€E@Z)|xeV.y¢V},
and also for B a set of edges of E (Z9) we denote
0B ={x|3y,z,[x,yleB,[x,z] ¢ B}, 0B ={[x,yl|x€dB,y ¢ V(B)},

where V(B) = {x € Z | 3y € Z%|x, y] € B).

Given a subgraph G of 74 containing all vertices of 74, we denote dg (x, y) the
graph distance in G induced by Z? between x and y. Moreover if x and y are not
connected in G we set dg(x, y) = oco. In particular d,,(x, y) is the distance in the
percolation cluster if {x <> y}. Moreover for x € G and k € N, we denote the ball
of radius k by

BG(x,k)={y € G,dg(x,y) <k} and BE(x, k)= E(Bg(x,k)),

where we will omit the subscript when G = Z2.

Let us denote by (e®);—1..._q an orthonormal basis of Z¢ such that ¢! . ‘ >
e@ -ZZ s> @ -ZZ 0; in particular we have e -Zz 1/«/3.

In order to control volume growth let us define p; such that

forall r > 1 |B(x,r)| < ,odrd and |0B(x,r)| < pdrd_l.

We will need to modify the configuration of the percolation cluster at certain
vertices. So given Ay, Ay € E(Z?), B C Ay and B, C A», let us denote a)gé’gé
the configuration such that:

L oyl ([x, y]) = o(Lx, yD. if [x. y] ¢ A U Ag,

2. 0yl (e, yD) =[x, y] ¢ B1}, if [x, y] € Ay,
3. w8 (e, yD) = 1{[x, Y] ¢ Ba), if [x, y] € A2\ Ay,

which in words means that we impose that the set of closed edges (in wﬁ;gé) of Aq

(resp., Ap) is exactly Bj (resp., B2), and in case of an intersection between A and
A5 the condition imposed by A is most important. Furthermore given A € E (Z4)
and B C A the configurations o8 and w A, B are such that:

1. CI)A’B([x, y]) =(,()A’B([)C, y]) =a)([x, )’]), if [)C, )’] ¢ A’
2. P (lx, y)) = wa,5(x, yD) = Ylx, y] ¢ B}, if [x, y] € A,
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that is equal to w everywhere except on the edges of A. The closed edges of A (in
the configuration w*'® or w4 p) being exactly those in B.
For ki, k» > 1, 21,20 € Z%, By  BE(0, k1) and B, C BE(0, k), we introduce

(z1.k1),B1 . BE(z1.k).21+B)
(2.2) (@2.k1).B2 "= PBE(5y.ky).20+ By and for By, By Cv
' le,Bl (D)1 +By
22,By "7 T(z2,1), 220+ By’

to describe configurations modified on balls. We define the same type of notation
without the subscript or the superscript in the natural way.

Moreover, we will use shortened notation when we impose that all edges of a
certain set are open (resp., closed), for example,

(2.3) ot i=0t? and 0?0 =4,

to denote in particular the special cases where all (resp., no) edges of A are open.
We will use combinations of these notation, for example, @@-1 ;= oB" @52
In connection with that, for a given configuration w € €2, we call configuration

of z and denote
C(zx)={eecv,o(lz,z+e]) =0},

the set of closed edges adjacent to z.
Hence we can denote e e vand A C v

Q4 pAle)=p""0,e), cl@)=c?""(¢) and 74 =="""(0).

This means, for example, p* is the transition probability along the edge e under
the configuration A.
Furthermore the pseudo-elliptic constant ko = ko (£, d) > 0 will denote
2.5 = i 4
2.5) o ACv,IfI}l;lérllz,egéA @),
which is the minimal nonzero transition probability.
Similarly we fix k1 = «1(£, d) > 0 such that

1 2, 7 2z,
(2.6) — 7" () < P <k (2)
K1
forany A C v, A # v and z € Z¢.
Finally 75 will denote a geometric random variable of parameter 1 — § indepen-
dent of the random walk and the environment. Moreover, for A C Z<, set

Ta=inf{n >0,X, € A} and T, =inf{n>1, X, € A},

and for z € Z¢ we denote T, (resp., TZ+) for Ty (resp., T{”ZL}).
Concerning constants, we choose to denote them by C; for global constants,
or y; for local constants and will implicitly be supposed to be in (0, co). Their

dependence with respect to d and £ will not always be specified.
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Let us present the structure of the paper. In Section 3, we will introduce the
central tool for the computation of the expansion of the speed: Kalikow’s environ-
ment and link it to the asymptotic speed. Then, we will concentrate on getting the
continuity of the speed. Mathematically the problem is simply reduced to giving
upper bounds on quantities depending on Green functions. On a more heuristical
level our aim is to understand the slowdown induced by unlikely configurations
where “traps” appear. Since getting the upper bound is a rather complicated and
technical matter we will first give a quick sketch, as soon as further notation are in
place, and try to motivate our approach at the end of the next section.

In Sections 4 and 5, we will, respectively, give estimates on the behavior of the
random walk near traps and on the probability of appearance of such traps in the
percolation cluster. Then in Section 6 we will put together the previous results to
prove the continuity of the speed.

The proof of Theorem 2.2 will be done in Section 7. In order to obtain the first
order expansion, the task is essentially similar to obtaining the continuity, but the
computations are much more involved and will partly be postponed to Section 8.

Finally Proposition 2.1 is proved in Section 9.

3. Kalikow’s auxiliary random walk. We denote for x, y € Z¢, P a Markov
operator and § < 1, the Green function of the random walk killed at geometric rate
1—38by

o0
GY(x,y):=Ef [Z s 1{ X, = y}} and  G§(x,y):=G["(x, ).
k=0
where P® is the Markov operator associated with the random walk in the environ-
ment .
Then we introduce the so-called Kalikow environment associated with the point
0 and the environment P;_.[- | 7], which is given for z, y € 74,8 <landeev by

E|_:[G§(0,2)p”(z, 2+ €)|T]

&
(z,z+e)=
Ps E1_.[G2(0,2)|T]

The family (p5(z,z + €)),cz¢ .c, defines transition probabilities of a certain
Markov chain on Z?. It is called Kalikow’s auxiliary random walk and its first
appearance in a slightly different form goes back to [13].

This walk has proved to be useful because it links the annealed expectation of
a Green function of a random walk in random media to the Green function of a
Markov chain. This result is summarized in the following proposition.

PROPOSITION 3.1. Forz e Z4 and § < 1, we have

E1_.[G2(0,2)|T]1= G (0, 2).
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The proof of this result can be directly adapted from the proof of Proposition 1
in [21]. We emphasize that in the case § < 1, the uniform ellipticity condition is
not needed.

Using the former property we can link the Kalikow’s auxiliary random walk to
the speed of our RWRE through the following proposition.

PROPOSITION 3.2. ForanyO<e<1— pc(Zd), we have
@ ~
lim 22<Z! Gﬁs(g’ D@ _ iy BXwl
§—1 ZzeZd GS(S (0’ Z) §—1 E[T(S]
where d§ (2) = ¥ e, P§ (2.2 + ).

ve(l —e),

Let C§ be the convex hull of all c7§" (z) for z € Z4, then an immediate conse-
quence of the previous proposition follows.

PROPOSITION 3.3.  For e > 0 we have that vy (1 — ¢) is an accumulation point
of C5 as § goes to 1.

The proofs of both propositions are contained in the proof of Proposition 2 in
[21] and rely only on the existence of a limiting velocity, which is a consequence
of Theorem 2.1.

In order to ease notation we will, from time to time, drop the dependence with
respect to ¢ of the expectation E{_[].

Let us now give a quick sketch of the proof of the continuity of the speed.
A way of understanding dj (z) is to decompose the expression of Kalikow’s drift
according to the possible configurations at z

o E[IZI{C(z) = A}GY(0,2)p®(z, 7 + e)e]
GO=22 EM(Z)G{(0. 2)]

E[1{Z}1{C(z) = A}G¥ (0, 2)]
(3.1) = — d
AC%#V E[{Z}Gy (0, 2)]

E[1{Z}G5(0,2)|C(z) = A]

_ Z P[C(z) = A] E[1{Z}G$(0,2)] -

ACv,A%v

where dg = 3", 4 p”(e)e is the drift under the configuration A.

Since P[C(z) = A] ~ el for any A € v, if we want to find the limit of gg(z) as
& goes to 0, it is natural to conjecture that the term corresponding to {C(z) = @} is
dominant in (3.1). For this, recalling the notation from (2.2), we may find an upper
bound on

E[{Z)G§(0,2)IC(x) = A] _ E[1{Z("*)}G2"" (0, 2)]
E[1{Z}G% (0, 7)] E[1{Z}G%(0, 7)]

(3.2)
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forzeZ4 Ae {0, 1}V \ v and 8 < 1 which is uniform in z for § close to 1, to be
able to apply Proposition 3.3 and show that |vy(1 — &) — dg| = O(e).
Let us show why the terms in (3.2) are upper bounded. It is easy to see that the

denominator is greater than y E[1{Z (a)z*l)}Gg"Z'1 (0, z)], so we essentially need to
show that closing some edges adjacent to z cannot increase the quantity appearing
in (3.2) by a huge amount. That is, for A C v,

(3.3) E[L{Z(0"}G2™" (0, 2)] < »EM{Z(0* 1162 (0, 2)].

In order to show that closing edges cannot have such a tremendous effect, let
us first remark that the Green function can be written as G§(0,z) = P[T; <
751G§ (2, z). When we close some edges we might create a trap, for example, a
long “corridor” can be transformed into a “dead-end” and this effect can, in the
quenched setting, increase arbitrarily G§ (z, z), the number of returns to z.

The first step is to quantify this effect, we will essentially show in Section 4
that G?Z’V\A (z,2) < )/3G§’Z'l(z, 7) + L;(w) (see Proposition 4.2) where L (w) is,
in some sense, to be defined later, a “local” quantity around z (see Propositions 4.1
and 5.2). With this random variable we try to quantify how far from z the ran-
dom walk has to go to find a “regular” environment without traps where the ef-
fect of the modification around z is “forgotten.” In this upper bound, we may

get rid of the term G‘g’z’l(z, z) which is, once multiplied by I{Z}P{’[T, < 15] <

1{Z (a)z’l)}P(;”Z'1 [T, < t5], of the same type as the terms on the right-hand side
of (3.3).

The second step is to understand how the “local” quantity L, is correlated with
the hitting probability. The intuition here is that the hitting probability depends
on the environment as a whole but that a very local modification of the environ-
ment cannot change tremendously the value of the hitting probability. On a more
formal level this corresponds to (see Lemma 6.1) E[I{Z}P’[T; < ts]L (w)] <
V+E[{Z}Py’[T, < t5]] where y4 is some moment of L, which is a sufficient up-
per bound.

Before turning to the proof, we emphasize that the aim of Sections 4 and 5 is
mainly to introduce the so-called “local” quantities, which is done at the beginning
of Section 4, and prove some properties on these quantities (see Propositions 4.1,
4.2 and 5.2). The corresponding proofs are essentially unrelated to the rest of the
paper and may be skipped in a first reading to concentrate on the actual proof of
the continuity which is in Section 6.

4. Resistance estimates. In this section we shall introduce some elements of
electrical networks theory (see [15]) to estimate the variations on the diagonal of
the Green function induced by a local modification of the state of the edges around
a vertex x. Our aim is to show that we can get efficient upper bounds using only
the local shape of the environment.
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Let us denote the effective resistance between x € Z¢ and a subgraph H’' of a
certain finite graph H by R (x <> H'). Denoting V (H’) the vertices of H’, it can
be defined through Thomson’s principle (see [15])

Ri(x o H) = inf{ Z r(e)6%(e), 6(-) is a unit flow from x to V(H’)},
ecH

and this infimum is reached for the current flow from x to V (H’). Under the envi-
ronment w, we will denote the resistance between x and y by R”(x < y).

For a fixed w € 2, we add a cemetery point A which is linked to any vertex x
of Koo (w) with a conductance such that at x the probability of going to Ais 1 —§
and denote the associated weighted graph by (8). We denote 7°® (x) the sum
of the conductances of edges adjacent to x in w(8), and we define R*® (x <> A)
to be the limit of R“’(‘S)(x < o \ w,) where w, is any increasing exhaustion of
subgraphs of w. We emphasize that the R®® (x <> w \ w,) is well defined for n
large enough since x € w, for n large enough. In this setting we have

m?(x)

79®(x) = — and

1 1 )
7@ 1-=8 #a°x)1-6"

“4.1)

r@([x, A]) =

We emphasize that changing the state of an edge [x, y] changes the values
of r“’(‘”([x, Al) and rw(5)([y, A]). It can nevertheless be noted that Rayleigh’s
monotonicity principle (see [15]) is preserved, that is, if we increase (resp., de-
crease) the resistance of one edge any effective resistance in the graph also in-
creases (resp., decreases).

There is no ambiguity to simplify the notation by setting R®(x < A) :=
R®®(x < A) for x € Z% and r®(e) := r*®(e) for e any edge of w(3). It is
classic (and can be found as an exercise in chapter 2 of [15]) that

LEMMA 4.1. Forany § < 1, we have
G2 (x,x) =@ (X)R?(x < A)

for any w € Qq, that is, if there exists a unique infinite cluster.

Hence to understand, in a rough sense, how closing edges might increase the
number of returns at z, we can concentrate on understanding the effect of clos-
ing edges on the effective resistance. By Rayleigh’s monotonicity principle, given
a vertex x, the configuration in A = BE(x,r) which has the lowest resistance
between any point and A is the one where all edges are open. Hence, for con-
figurations B C A, we want to get an upper bound R“)A’B(x < A) in terms of
R“’A'@(x < A) and of “local” quantities.
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deleted edge

x — infinite cluster

K

FI1G. 1. Configurations where one deleted edge increases G§(x, x).

Let us begin with a heuristic description of configurations which are likely to
increase strongly the number of returns when we close an edge. There are mainly
two situations that can occur (see Figure 1):

1. The vertex x € K (w) is in a long corridor, which is turned into a “dead-end”
if we close only an edge, hence increasing the number of returns.

2. If closing an edge adjacent to x creates a new finite cluster K, the number of
returns to x can be tremendously increased. Indeed, because of the geometrical
killing parameter, when the particle gets stuck in K for a long time it may die
(i.e., go to A). Hence by closing the edge linking x to K, we can remove this
escape possibility and increase the number of returns to x.

We want to find properties of the environment which will quantify how strongly
the number of returns will increase for a point in the infinite cluster. In order to find
a quantity which controls the effect of the first type of configurations we denote,
for any x € Z4 and r > 1, denoting A = BE(x,r) where x € Koo (w), we set

0, ifVyedA,y¢ Koo(w™0),

) — max d ao(y1, y2),
4.2 Ma@)=1 | | connka@ro @7

otherwise,

which is the maximal distance between vertices of dA N Koo (@?'?) in the infinite
cluster of -9 It is important to notice that the notation K+, (w*:°) makes sense,
since it is classical that P-a.s. modifying the states of a finite set of edges does not
create multiple infinite clusters.

This quantity will help us give upper bounds on the number of returns to x after
having closed some adjacent edges. Indeed even if the “best escape way to infinity”
is closed, M4 tells us in some sense how much more the particle has to struggle
to get back onto this good escape route, even though some additional edges are
closed.
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Let us control the effect the second type of bad configurations has on the ex-
pected number of returns to x € K (w). We first want to find out if we are likely
to go to A during an excursion into the part we called K. For this we introduce a
way to measure the size of the biggest finite cluster of w*-? which intersects A,

0, ifVyedA,ye Ko(@?),

— max 0K 4, ,
(4.3) Ta(w) yeaA’ygéKm(quo)l EKa0(y)]

otherwise,

which gives an indication on the time of an excursion into K, hence on the proba-
bility of going to A during this excursion.

The idea now is to find an alternate place K’ close and connected to x € Ko,
from which the particle needs a long time to return to x. Thus from this place the
particle is likely to go to A before returning to x. This means that K’ have an effect
similar to K. This area K’ ensures that the number of returns to x cannot be too
big even in the case where all the accesses to parts such as K adjacent to x are
closed. For this let us denote n > 1 depending on d and ¢ such that

(4.4) foralln>1 217D > 32180, ),

and H ;1 (w) the half-space {y, y - ¢ >x- ‘ + nT4(w)}. From any point of this half-
space the particle is very unlikely to return to x in a short time. Indeed to come
back from this half-space the particle must go against the drift, and for this to
happen we have to wait a long amount of time during which the particle is most
likely to go to A. A relevant quantity to control the effect of the second type of
configurations is the distance between x and this half-space, which quantifies the
difficulty to reach this half-plane.

In order to define these quantities we need to know the infinite cluster K, and
hence they are not “local” quantities. Nevertheless we are able to define random
variables which are “local” and fulfill the same functions.

For A = BE(x, r), we denote Ll‘(a)) the smallest integer larger or equal to r
such that all y € d A which are connected to d B(x, Lk(a))) in w49, are connected
to each other using only edges of BE(x, Lll4(a))) N A0,

We always have L}{ (w) < 00, P-a.s. by uniqueness of the infinite cluster. Con-
sequently there are two types of vertices in d A, first those which are not connected
to 0B(x, Lk(w)) in @39 (hence in a finite cluster of w*-°) and then those which
are, the latter being all inter-connected in B(x, Li‘(a))) N w0,

Set Hs(w) to be the half-space {y, y - ¢ >x - ‘ + nLg(a))} and finally let us
define L 4 (w) the smallest integer larger or equal to r such that:

1. either d A is connected to H4(w) using only edges of BE(x, Ls(w)) N,
2. or A is not connected to BE(x, L4(w)), which can only happen if 94 N
Koo = @.
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In both cases we can see that

4.5 onidANKy =9 L4 <min{n >0, dA is not connected to d B(x, n)}.
In order to make the notation lighter we use

(4.6) Lex=Lgegy and L;=1L;.

Using this definition for L4 we get an upper bound for the quantities M4 and
d,(x,H A) in the event that x € K, which is the only case we will need to con-
sider. Now we can easily obtain, with the proof is left to the reader, the following
proposition:

PROPOSITION 4.1. For a ball A = B (x,r), set Fy, the o-field generated
by {w(e),e e BE(x,n)}, we have the following:

1. L (w) does not depend on the state of the edges in A,

2. La(w) is a stopping time with respect to (Fx n)n>0, and in particular the event
{L o(w) = k} does not depend on the state of the edges of BE (x, k)¢ = E(Z%) \
BE(x, k),

3. r < Li(w) < oo, P-a.s.

The second property is one of the two central properties for what we call a “lo-
cal” quantity. Recalling the notation of (2.2) and (2.3), let us prove the following:

PROPOSITION 4.2. Set A= BE(x,r) withr > 1,8 < 1 and w € Q. Suppose
that y € Ko(w) and 0A N Ko (w) # S. We have

RO(y < A) 4R (y & A) + C1 Ly (@) 2P Ea@ =D,
where C| and C depend only on d and ¢.
The 4 appearing is purely arbitrary and could be any constant larger than 1.
Here the correcting term is essentially of the same order as the largest between:
1. The resistance of paths linking the vertices of 0A N Ko (w9 inside B(x, L 4),

2. the resistance of paths linking x to Hy inside B(x, L4).

PROOF OF PROPOSITION 4.2. Let us introduce
At =B(x,r)uU U Kgio(@) and AT = | J {[a, A]}.
a€dA,a¢ Koo (040) acAt
Moreover, we set

A" =B(x,r—1HU U Ko0(@) and A7 = | {la. Al}.
acdA,a¢ Ky (0A0) acA~
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Let w, be an exhaustion of @ and ng such that B(x, La(w)) Nw C wy, and y
is connected to A in wy,. Set n > ng, we denote O(-) any unit flow from y to
w(8) \ wy, using only edges of w, (§). By Thomson’s principle, we get

RO (y & 0@)\ @) — ROy & 01 (6) \ o)
4.7) "
< > (r(@8(e)* — " (ein(e)?),

ecw(d)

where ig(-) denotes the unit current flow from z to w?'1(8) \ a),’l“. We want to
apply the previous equation with a flow 6 (-) which is close to the current flow ig(-).
Since the latter does not necessarily use only edges of @ we will need to redirect
the part flowing through A.

For a vertex a € 0 A, we denote ié‘(a) = cev.ja.atelea l0(la, a + e]) the quan-
tity of current entering A through a. Hence we can partition d A into:

1. ai,...,ax the vertices of A N Koo (w?9) such that ié“(a) >0,
2. ag+1,-..,a; the vertices of A N Koo(a)A’O) such that ig‘ (a) <O,
3. aj+1, ..., ay the vertices of 0A \ Koo (09).

Moreover, we denote

ig (A)= ) iole) and ig(A)= Y io(e).
ecAHS ecA—S

Let us first assume y € Koo (w?0), in particular y ¢ B(x, r — 1). The following
facts are classical (see, e.g., [15], Chapter 2):

1. For any e € E(Z4), we have |ig(e)| < 1.
2. The intensity entering B(x, r — 1) is equal to the intensity leaving B(x,r — 1),

that is,
Yifan=ig(d)— Y. ifa).

i<k Jjelk+1,1]

Using the two previous remarks, we see it is possible to find a collection v (i, j)
withi € [1,k] and j € [k 4+ 1,1] U {A} such that:

1. For all i, j, we have v(i, j) € [0, 1].
2. Forall j € [k +1,1], it holds that ), _;, v(i, j) = —i(‘;‘(aj).
3. Foralli € [1, k], we have 3" jcper1 quga) V(. J) =g (ai).
4. Tt holds that ), ., v(i, A) =i, (A),

which should be seen as a way of matching the flow entering and leaving B(x,
r—1).

For i € [1,k] and j € [k + 1,I] we denote P(i, j) one of the directed paths
between a; and a; in 0N BE (x, Li\(w)). By the definitions of Li\, Lsand Hy,

we may choose Q to be one of the directed paths from 9A to Hs(w) in 0?0 N
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B($, LA)

FIG. 2. The flow 0y(-) in the case where y € Koo(a)A*O).

BE(x, L4 (w)) with starting point a j, and endpoint /1. Since 0A N K, # <, then
all vertices of 0A connectgd to dBE (x, L4 (w)) are in K. Hence we necessarily
have jo<l/and E(AT)NQ=0.

Finally let us notice that the values of the resistances r“([a, A]) and rot! ([a,
A]) might differ for a € dA so that to get further simplifications in (4.7), it is
convenient to redirect the flow using these edges too. We introduce the unique
flow (see Figure 2) defined by

0, ifee AT,
0, ifeec E(A™),
i0(€) + ig (M), if é=1[hy, Al
i@+ Y v, HUEE PG, )
Bo(e) = i<k, jelk-+1,]
+ 3 v, ME € PG, jo)} +if (M)1{é e )
i<k
+ > io(lai, AD1{E € P, jo)), else.
i<l

In words, we could say that we have redirected parts of ip(-) in order to go
around A and the flow going from A to A is first sent to a,, then to /1 and finally
to A. We have the following properties:

1. 6p(-) is a unit flow from y to w(§) \ w,.

2. 160(e)| <5|0A|* for all e € E(Z%).

3. 6o(-) coincides with io(-) except on the edges of E(AT), AT%, Q, [k, A] and
P, j) fori, j<k+1.

4. r®(-) coincides with r®""' (-) except on the edges of E(A*+) and A+,
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Hence recalling (4.7) we get
RO (y < w(8) \ wn) — R D (y & 0?1 (8) \ o)
< Y r?e)(bo(e)* —iole)?)

e€P(i,j)UQ
+rO(hy, AD (i (A) + io(lh1, AD)?
— > r®(e)iole)* — r([hy, ADig(lh1, A

ec AT
< 500419 ALY LD Loy, AT)(if (A) +io(Th1, AD)?
— > r®(e)io(e)* — r([hy, ADig([h1, A]?,

ecAHS

(4.8)

where we used that r®(e) < ezMLA—x'Z) for e € P(i, j) U Q and that there are at
most (1 +|0A|?)pg L% < 2pd|8A|2L‘/§ such edges in those paths. These properties
are a consequence of the fact that P(Z, j) and Q are contained in BE(x, Ll‘(a))).
Since [9A| < par? < ,odL% by the third property of Proposition 4.1, the first
term is of the form announced in the proposition, the remaining issue is to control
the remaining terms. First, we have by definition
> rl@ioe)? = ) r(la, ADig(la, A,
ecAt:S acAt
and since for a € K (w), we have using (4.1) and (2.6) that
K1e_2”'5—8 >r?([a, A]) = le‘”"‘z—(s )
1-6 7 T K 1-56
Furthermore, since for any a € A" we have a - <x-f+L", and since h; €
Hp(w) wehave hy - £>x - £+ nL}4 >a-£+(n— 1)L114 so that the definition of
n at (4.4) yields
iefzxa-i > ie—thl-iem(n—l)Lk(w) > 311 | B(O, Lk)le’z”’l'é.
K1 K1

Since A™ is contained in B(x, L i‘(a))), the two previous equations yield
; 0
r(la, AD = 3 | AT e = 34T ([, AD),

and hence
> r?(eio(e)* +r?([h1, ADig(lhy, Al
ecAtHd
(4.9) zrw([hl,A]><i0<[h1,A]>2+3|A+| )3 io(€)2>
ecAtHd

> r®([h, AD(io([h1, A1) +3if (A)?),
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where we used Cauchy—Schwarz in the last inequality.
Hence the remaining terms in (4.8) verify if iJ(A) <io([h1, A])

r®(lhy, AD(ig (A) +io([hi, AD)?
— > r?(eio(e)* — r([hy, ADio(lh1, AD)?

ecAt:S

<r®([h1, ADQio([h1, AD)? = r®([h1, ADio([h1, AD?

<3r(lh1, ADio(Th1, AD? < 3RO (y & 01 (3) \ wf!),
orifig (A) > ig([h1, A]), we obtain using (4.9)

r®(lhy, AD (i (A) +io([hi, AD)?
— 3 r@io(e)* — r®(lhy, ADig(lhy, AD?

ecAHS
<r®([hy, AD(io([h1, AD? + 2if (A)io([h1, AD) +ig (A)?
— (io(Th1, AD* +3ig (A)%)) < 0.
In any case we get
r® ([, AD(id (&) +io([h1, AD)°
- > rP@io(e)? = r®(hi, ADig(lh, AD?

ecAtS
<3RM O (y & 0 (8) \ ),
and so we have shown that

RO (y & 0(8)\ 0n) — 4R O (y & 0™1(8) \ w!) = 50p] L¢P EA—>D

and letting 7 go to infinity yields the result in the case where y € Koo (0?'?).

Let us come back to the remaining case where y € Koo(w) \ Koo(w
Keeping the same notation, we see that obviously there exists j; </ such that
aj, € Koo (w?%) which is connected in w to y using only vertices of A*, and let
us denote R path connecting a;, and y inw N A™.

Introducing the flow (see Figure 3) defined by
1, iféeR,

0, ifeec ATYUE(AT)\ R,
ig (&) +ig(lhr, AD,  ifé=[hy, Al
60(@) = 1 io@ + Y_ig @){E € P(ji, N} + Y io(lai, ADIE € P, jo))

j=l . i<l .
+ig (M € P(j1, jo)} +ig (A)1{e € O},

else,

A,O)
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FI1G. 3. The flow 96(') in the case where y € Koo(w) \ Koo(wA'O).

for which we can get the same properties as for 6y (-).
The computation of the energy of 9(’)(-) is essentially similar to that of 6p(-) and
we get

RO (y & o) \wy) — R O(y < 0?1 (6) \ o)

< yledeZ)»(LA—x[) + Z °(e) +3R“’A’1(5)(y (_W)A,l(a) \wr/?’l)
eeR

< L Ea=x0 L 3ROV (y o5 A1 (6)\ i)

since |[R| < |AT| < de‘f‘ and r®(e) < e?*(La=x0 for ¢ € R. The result follows.
OJ

We set for x, y €74 and Z C 7¢,

Tz
(4.10) Gs,z(x,y) = E;”[Z §1{Xy = y}},
k=0

and similarly we can define R”(x <+ Z U A) to be the limit of R®®)(x «» Z U
{w(8) \ wn}) where w, is any increasing exhaustion of subgraphs of w. We can
get:

LEMMA 4.2. Forany § < 1, we have for x,z € 74,

G§ (py(x, x) = 7@ X)RY(x & zUA).
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In a way similar to the proof of Proposition 4.2, we get:

PROPOSITION 4.3. Set A = BE(x,r), §<1,z€Z% and w € Q0. Suppose
that y, z € Koo(w) and 0A N Koo (w) # &. We have

R?(y <> zUA) 4R (y & 2U A) + C1La(w) 2P Eal@) =50
where C1 and C> depend only on d and £.

We assume, without loss of generality, the constants are the same as in Proposi-
tion 4.2.

PROOF OF PROPOSITION 4.3. This time let us denote i(-) by the unit current
flow from y to z U {w(8) \ wy}.

The case where z € Koo (0??) can be treated using the same flows as in the
proof of Proposition 4.2, and we will not give further details.

In order to treat the case where z ¢ Ko (@) and y € Koo (0?0), we keep the
notation of the previous proof for the partition (@;)1<j<m of 94, iar (A), iy (A),
AT and AT, We set

if=> io(lz+e.z].
ecy

Similarly, we can find a family v(Z, j) withi € [1,k] and j € [k + 1,I[]U{A}U
{z} such that:

1. Forall i, j, we have v(i, j) € [0, 1].
2. Forall j € [k +1,1], it holds that } _, ., v(i, j) = —i()“(aj).
3. We have ), v(i, A) =i (A).
4. Ttholds that Y, v(i, z) = i.
5. Foralli €[1,k], we have 3" ; it 1.nuiajuge) V(s J) =5 (ai).
We use again the same notation for P(i, j), Q, j_')() and 2 and add an index

j2 <1 such that z is connected inside A™ to aj, and S the corresponding directed
path. We set

iZ(@), iféed,
0, ifeec ATYUE(AT)\S,
io(A) +io([h1, AD), if e =[hy, Al,

i0(&) + ig (M1{é € O
+ Y v HUEe PG, )
60 (3) = i<k,jelk+1,1] }
+> (i, A1{E e P, jo))
i<k
+Y v, D1E € PG, o)
i<k

+ > io(ai, AD1{E € P, jo)), else,

i<l
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which is similar to the flow considered in Proposition 4.2 except that the flow nat-
urally supposed to escape at z is, instead of entering A, redirected to a, and from
there sent to z. Using this flow with Thomson’s principle yields similar computa-
tions as in Proposition 4.2, and thus we obtain a similar result.

The case where z ¢ K (@9 and 0 ¢ Koo (w*%) can be easily adapted from
the proof above and the second part of the proof of Proposition 4.2. [

5. Percolation estimate. We want to give tail estimates on Li\ and L4 for
some ball A = B(x, r). More precisely we want to show for any C > 0, we have
E;_.[e€L4] < oo for & small enough. The exact statement can be found in Propo-
sition 5.2. Let us recall the definitions of M4 and T4 at (4.2) and (4.3). We see
that all vertices of dA are either in finite clusters of w*:° [which are included in
B(x,r + T4)] or in the infinite cluster, and all those last ones are inter-connected
in B(x,r + My4). Hence we get by the two remarks above (4.6) that

(5.1) LY <r+max(My4, Ty).

Recalling the definitions of L 4 and H4 below (4.4), our overall strategy for de-
riving an upper-bound on the tail of L 4 in the case dA N K, # @ is the following:
if L 4 is large, then there are two cases.

1. The random variable Lk is large. This means by (5.1) that either M4 or T4 is
large. The random variable M 4 cannot be large with high probability, since the
distance in the percolation cluster cannot be much larger than the distance in
74 (see Lemma 5.2) and neither can Ty since finite clusters are small in the
supercritical regime (see Lemma 5.3).

2. Otherwise the distance from x to H4 in the percolation cluster is large even
though it is not large in Z¢. Once again this is unlikely. In fact, for technical
reasons, it appears to be easier to show that the distance to H4 N T, is small,
where T, is some two-dimensional cone. For this we will need Lemma 5.5.

The following is fairly classical result about first passage percolation with a
minor twist due to the conditioning on the edges in A. We will outline the main
idea of the proof while skipping a topological argument. To get a fully-detailed
proof of the topological argument, we refer the reader to the proof of Theorem 1.4
in [10].

LEMMA 5.1. Set A= BE(x,r) and v,z € 74 \ B(x,r — 1). There exists a
nonincreasing function ay : [0, 1] — [0, 1] such that for e < ey andn € N,

A0

d, ¥4
Pl_g [y w(—) Z, de,o(y, Z) >n + 2dZd\B(x,r—l)(y’ Z)] < 2(11({-,‘)n+ Zd\B(x,r—l)(y 2)

and

A,0
Pi o[y “o z,d a0(y,2) =n+2dg(y,z) +4dr] < 2ay(s)" T D)

where €1 and o( () depend only on d and limg_g o1 (¢) =0.
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The main tool needed to prove Lemma 5.1 is a result of stochastic domination
from [17]. Next we will state a simplified version of this result which appeared as
Proposition 2.1 in [10]. We recall that a family {Y,,,u € 74 } of random variables is
said to be k-dependent if for every a € Z4,Y, is independent of {Y,, : ||u —a||1 > k}.

PROPOSITION 5.1. Let d, k be positive integers. There exists a nondecreasing
function o' :[0, 1] — [0, 1] satisfying lim;_. 1 a'(t) = 1, such that the following
holds: if Y = {Y,,u € Z¢} is a k-dependent family of random variables taking
values in {0, 1} satisfying

forallueZd PY,=1)>r,

then Py > (a/(7)81 + (1 — a/(t))80)®Zd, where “>" means stochastically domi-
nated.

Two vertices u, v are *x-neighbors if ||u — v]|c = 1. This topology naturally
induces a notion of x-connected component on vertices.

Let us say that a vertex u € 74 is wA-wired if all edges [s,t] € E (Z4) with
lu — slloo <1 and ||u — t]loo <1 are open in w?! [recall that A = BE(x,r)].
Otherwise it is called w* -unwired.

We say that a vertex u € Z¢ \ B(x,r — 1) is wA-strongly-wired if all y €
74\ B(x,r — 1) such that |lu — y|leo < 2 are w*-wired. Otherwise u is called w”-
weakly-wired. It is plain that 1{u is w”-strongly-wired} are y;-dependent {0, 1}-
valued random variables where y| depends only on d. We can thus use Proposi-
tion 5.1 with this family of random variables since we have

forallu e Z¢  Pi_g[1{u is w?-strongly-wired} = 1] > (1 — &)1,

and that lim,_,o(1 — &) = 1. This yields a function «’(-) which solely depends
ond.
Let us start the proof of Lemma 5.1.

PROOF OF LEMMA 5.1.  Let y be one of the shortest paths in Z¢ \ B(x,r —
1) connecting y to z. For u € 74 \ B(x,r — 1), we define V() (@) to be the
s-connected component of the w?-unwired vertices of u and

Vet = V(o).

uey

Since y and z are connected in w9, a topological argument (see Section 3

of [10] for details) proves there is an w?-%-open path P from y to z using
only vertices in y U (V(0?%) + {=2,—1,0,1,2}9). In the event dyao(y,z) >
n + 2dza\ g(x,r—1y(y, 2), this path P has m > n + 2dza\ (. ,—1)(y, 2) + 1 vertices
and all vertices which are not in y are w4

m — dga\ g(x r—1)(¥,2) — 1 of them.

-weakly-wired. Thus there are at least
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Since there are at most (2d)* paths of length k in z¢ \ B(x,r — 1) we get,
through a straightforward counting argument, that

A0
Pl—s[y ‘o Z,dya0(y,2) >n+ dzd\B(x,r_D(y, Z)]

< > Qd)" (1 — o/ ((1 = "))t p
mzn+2dy, p, ;1) (¥:2)+1
< > (@) (1= (1 = e )" etmarn 007,

m2n+2dZd\B(x¢rfl) »,2)+1

where o (+) is given by Proposition 5.1 and verifies lim, o 1 — oa/((1 — &)"1) = 0.
Thus, the first part of the proposition is verified with a(g) ;=1 — a’((1 — &)"1)
and &; small enough so that 1 —o/((1 —&)"") < (2d)~3/2.

The second part is a consequence of

d(y,z)Sdzd\B(x,,_l)(y,z)Sd(y,z)+2dr. O
An easy consequence is the following tail estimate on M 4 [defined in (4.2)].

LEMMA 5.2. Set A = BE(x,r). There exists a nonincreasing function
a1 :[0, 1] — [0, 1] such that for ¢ < &1 and n € N,

Pi_[Ms>n+4dr] < Cyr¥ai(e)",

where Cz, &1 and o1 (+) depend only on d and limg_, g o1 (¢) = 0. The function a1 (-)
is the same as in Lemma 5.1.

PROOF. Since |dA| < pgr?, we have

Pi_[Ms>n+4dr]
A0
< (par®)? max Py _c[a “ b,dao(a,b) =n+4dr) < yir¥a (),
a,ne

where we used Lemma 5.1 since dza\ p(, ,—1)(a,b) <4dr fora,bedA. [

A set of n edges F disconnecting x from infinity in Z¢, that is, any infinite
simple path starting from x uses an edge of F, is called a Peierls’s contour of
size n. Asymptotics on the number p, of Peierls’s contours of size n have been
intensively studied (see, e.g., [14]). We will use the following bound proved in [20]
and cited in [14]:

wn <3".

This enables us to prove the following tail estimate on 74 [defined in (4.3)].
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LEMMA 5.3. Set A = BE(x,r). There exists a nonincreasing function
a2 :[0, 1] — [0, 1] such that for € < erv

Pi_[Ta > n] < Cyrlay(e)",

where Cy, &2 and o3 () depend only on d and lim,_,g a2 (e) = 0.

PROOF. First we notice that forn > 1,

A0
Pi_.[Ta > n] < pgr? max Py_[a ¢ Koo(@0), 10eK®" (a)| > n].

For any a € dA such that a ¢ Ko (0??), we have that 8EK“’A’0(a) is a finite
Pi}eorls’s contour of size |0g K w0 (a)| surrounding a which has to be closed in
w?.

Because A is a ball, at least half of the edges of dg K wh? (a) have to be closed
in w as well. Indeed, take [x, y] € ANJgK w0 (a) and denote x its endpoint in
G (a). Then by definition of a Peierls’s contour there is i > 0 such that [x +
ix—y),x+@+1D(x—y)]isin BEK“’A'O(a); let ig(x, y) be the smallest one (see
Figure 4 for a drawing).

If [x +ip(x, y)(x — y),x + (ip(x, y) + 1)(x — y)] were in A, since A is a ball,
all edges between x and x + (igp(x, y) + 1)(x — y) would too. This would imply
that all edges adjacent to x are in A, but since x is connected to a in w*-?, we have
a = x. This is a contradiction since a € dA and all edges adjacent to x = a are
in A. Hence [x +ig(x, y)(x —¥), x + (io(x, y) + D(x — y)] ¢ A.

Lo oA
— = b b [ p—
|
A0
— -0 o o ° &——‘ - - aEK“’ (a)
__ J
|
;793 o o o o o o — ° K“’A'U(a)

[z,9]

FIG. 4. Half of the edges of 0g [ (@) have to be closed in .
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Hence

JAanoeke @) = drk* @)\ A,

v [, Y1 [x +io(x, ) (x = ), x + (io(x, y) + 1) (x = )],

is an injection so that at least half of the edges of dp K “’A’O(a) are indeed closed
in w. Let us denote m = |0 K ot (a)| = n. Then we know that at least [m /2]
edges of 9 K" (a) are closed. There are at most (fmn}ﬂ) < y12™ ways of choos-
ing those edges. Thus we get for any a € 0A

A0
Pi_c[a ¢ Koo (@), 10e K" (a)| > n]

m 2 2 1/2
<> <|—m/2—|)ﬂn8m/ <y1 Y 6" <yy(e' ).

m>n m>n

g

A direct consequence of (5.1), Lemmas 5.2 and 5.3 is the following tail estimate
on L}4, defined below (4.4):

LEMMA 5.4. Set A = BE(x,r). There exists a nonincreasing function
a3:[0, 1] — [0, 1] such that for ¢ < g3 and n € N,

Pi_o[LY >n+Csr1 < Cer*as(e)",

where Cs, Cg, €3 and a3(-) depend only on d and limg_.ga3(e) = 0.

Recalling the definition of H4 above (4.6), let us introduce

ifVy e A,y ¢ Koo(w?),

/ — O<)’
(52) Liy(w)= {de,o(aA, Hui(w)), otherwise,

itis plainthat Ly <L, +r.

We need one more estimate before turning to the tail of L’A (and thus L4).
Define the cone T = {aeV) + be™®,0 < b < a/2 for a,b € N}. It is a standard
percolation result that p.(T) < 1 (see Section 11.5 of [11]) and well known that
the infinite cluster is unique. We denote K gfo (w) the unique infinite cluster of T
induced by the percolation w, provided ¢ < 1 — p.(T).

LEMMA 5.5. There exists a nonincreasing function a4 :[0, 11 — [0, 1] so that
fore <eqsandn eN,
Py _[dr(0, K3 (@) = 1 +n] < Cra4(e)",
where C7, a4(-) depend only on d and limg_,ga4(e) = 0.

PROOF. Choose ¢ <1 — p.(T), so that K Eo (w) is well defined almost surely.
We emphasize that the following reasoning is in essence two dimensional, so we
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ot - :l[ Koo(w)

o o endpoints of e
_ open edges
---» P closed in the dual lattice

FIG. 5. The closed path in the dual lattice.

are allowed to use duality arguments (see [11], Section 11.2). We recall that an
edge of the dual lattice [i.e., of 7% + (1/2,1/2)] is called closed when it crosses a
closed edge of the original lattice.

The idea is to show that if dp(0, K gfo (w)) =n + 1, there is a closed interface,
in the dual lattice, separating the infinite cluster from O in T. The length of this
interface grows linearly with n and so this event has very small probability.

If dr(0, K gl‘o (w)) = n+1, then let x be a point for which this distance is reached;
x belongs to a set of at most y|n points. Consider an edge e = [x, y] where
dr (0, y) = n, implying that y ¢ K gro(a)). Let ¢’ denote the corresponding edge
in the dual lattice (see Figure 5). From each endpoint of ¢’ there is a closed path
in the dual lattice, such that the union of those path and ¢’ separates K gTo from O.
The union of ¢’ and the longest one of these paths has to be at least of length n/y».
Thus there has to be a closed path P in the dual lattice of length m > n/y, starting
from one of the endpoints of ¢’ and exiting T.

Thus since there are at most 4™ paths of length m starting at a given point, we
get for ¢ small enough

Pi_[dr(0, K (@) =1+n]<2yin Y 4"e™ < y3n(4e)"/”,

m=n/y,

and the result follows since for n large enough y3n < 2" we have for n large enough

Pi_c[dr(0, Ko(@) > 1 +n] < Y ysm(4e)™/ 7 < yy (215! /72)",

m>n

O

Now we turn to the study of the asymptotics of L 4.
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PROPOSITION 5.2. Set A = BE(x,r). There exists a nonincreasing function
a:[0,1] — [0, 1] so that for ¢ <eg andn € N,

Pi_c[La=n+ Csr] < Cor*na(e)",
where Cg, Co, g9 and a(-) depend only on d and £ and lim,_,g o (g) = 0.
PROOF. Let us notice that two cases emerge. First let us consider that we are
on the event {0A N K = &} in which case we have by (4.5)
L 4(w) <min{n >0, dA is not connected to dB(x,n)} <r + Tx(w),
and hence because of Lemma 5.3 we have for Cg > 1
(5.3) Pl0AN Koo =2, La >n+ Csr] < Car*as(e)".

We are now interested in the case where d A N K % . It is sufficient to give an
upper bound for L', [defined at (5.2)] since L4 < L', +r.Sete <1 Aex Ae3 Aey.
We notice using Lemma 5.4 that

P [0ANKw #D, Ly >n+ (Cs— r]

<Py _¢[L} =n/®nd)+ Csr]
(5.4) + P [0ANKo#@, LYy <n/@8nd)+ Csr, L'y > n+ (Cg — )r]

<P [0ANKsw#D, LY <n/@8nd)+ Csr, L'y = n+ (Cg — Dr]

+ Ceray ()" @14
We denote £, the half-space {y, y - ‘ >x- {+ m}. We have
P [0ANKo # @, LY <n/@8nd) + Csr, L'y > n+ (Cs — Dr]

(5.5) <P [0AN Koo # B, dpao (DA, B} gy 4 pesy) =1+ (Cg — Dr]

Ll)A’O
<[0A] ;Iég)/(‘Pl_g[y < 00,dy,a0(Y, 8y +r) =1+ (Cs = Dr].

Set y € dA, and let us denote y», a constant which will be chosen large enough.
Using the uniqueness of the infinite cluster we get

P [dZd ()’» Koo(a)A’O) N hZ/(Sd)—i—ylr N{y+ T}) >n/2+ VZ”]
(5.6) <Pi_[dyyr(v. KL @) OB 84y 10r) = 10/2+ 12r]

<Pie[dysr(y, K@) NIy gy i) Z /24 p2r],

where we have to suppose that y», > 2 for the last inequality. Indeed, then
dyi1(y, K& (@) = dyyr(y, K& (@) on the event {dy41(y, K3 (@) =
yor} since the distance to the infinite cluster is greater than the radius of A.
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Moreover, since e - £ > 1 /~/d, we notice that

max d x,y) <2Vdm.
2€hE AT 4T (x,y) <

Applying this for m =n/(8d) + y1r, we get that
Pi_e[dyir(v. K& (@) VB sy 1,) Z0/2+ yor]
=P1_cldy11(y, K& (@) = n/2+ yor],

where y, is large enough so that 2+/d(n/(8d) + yir) < n/2 + y»r. Indeed, if

dyi1(y, K3 (@) = n/2+ yor, then K3 (@) Ch) gy,
Equations (5.6) and (5.7) used with Lemma 5.5 yield that for y3 large enough
and any y € 04,

Py [dza(y, Keo(@™*) NI} gy 1 MY +TY) = 1/2+ y3r] < vaca(e)"?.

(5.7)

If we use Lemma 5.1 and the previous inequality, for Cg large enough so that
n+(Cs— )r >2(n/2+ y3r) +4dr,

A0
P [yeKg . dyaoly, o j@dy+yr) =1+ Cyr]
<P_[dza(y, Ko@) N B} gy sy DY +TY) = 0/2+ y3r]

A0
(5.8) + 3 P_[z% y,
2€3Byq (y,[n/24y3rHDN{y+T}

dyao(z,y) > 2d(y,z) +4dr]
< yaas(e)"? 4 ys(n + yar)a1(e)"? < yernas(e)",

where ¢ < &5 depends only on d and £ for some «5(-) such that lim,_,ga5(e) = 0.
Adding up (5.4), (5.5) and (5.8) we get

P _c[0AN Koo # @, Ly = n+ Cgr] < yinr? (a1 () + as(e)")
< ygnr*da(e)”,
where a(e) := a1(e) /@) 4 ys(e). As we have lim,_, ¢« (g) = 0, this last equa-

tion and (5.3) completes the proof of Proposition 5.2. [

Essentially by replacing (Z4, E(Z4)) by (Z%, E(Z% \ [z, z + €])) and w by **
(resp., w&D=e) along with some minor modifications we obtain

PROPOSITION 5.3. Set A= BE(x,r), z € Z% and e € v. There exists a non-
increasing function « : [0, 1] — [0, 1] so that for ¢ < ey and n € N,

Pi_c[La(w®®) >n+ Csr] < Cor*na(e)"



1744 A. FRIBERGH

and
P_; [LA(a)(Z’Z):e) >n+ Cgr] < Cor’dna(e)",

where Cg, Co, g9 and a(-) depend only on d and £ and lim,_,g () = 0.
Also by changing w by w*? (resp., ®&?=7) we can obtain

PROPOSITION 5.4. Set A = BE(x, r),z € 74. There exists a nonincreasing
Sfunction « : [0, 1] — [0, 1] so that for e < eg andn € N,
Pi_c[La(@"?) = n+ Csrl < Cor**na(e)"
and
Pi_[La(0®?=9) > n + Csr] < Cor®na(e)",
where Cg, Co, g9 and a(-) depend only on d and € and lim,_,ga(e) = 0.

Here we assume without loss of generality that the constants are the same as in
Proposition 5.2.

6. Continuity of the speed at high density. We now have the necessary tools
to study the central quantities which appeared in (3.2).

PROPOSITION 6.1. ForO<e<e5, ACVv,A#vand§>1/2

E[{Z)G3(0,2)[C() = A] _ Ei_[{T(@"*)G¢" (0, 2)]
Ei—[1Z}G§ 0, 2)] Ei—[1{Z}G§ 0, 2)]

where C and g5 depend only on £ and d.

<C,

This section is devoted to the proof of this proposition. We have
E[I{Z}G§(0, 2)] = E[1{C(2) = 9} H{T}G§ (0, 2)]
= E[1{C(2) = 2PZ(@" )G (0, 2)]
= P[C(2) = ZIE[{Z(0*?)}G§"" (0, 2)].

For e < 1/4 <1 — p.(d), we have P[C(z) = ] > y; > 0 for y; independent
of &, so that

(6.1) E[1{Z)G¥(0.2)] = »iE[{Z (0" 9)}GY"” (0, ).

Now we want a similar upper bound for the numerator of Proposition 6.1. Let
A Cv, A v, and then by (2.6) and (4.1) we obtain

1 -1 . -1
(6.2) — P < g O gy < g P
K1 ) $
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This equation combined with Lemma 4.1 yields

E[1{Z("")}GY™" (0, 2)]
(6.3)

KleZ)»z-Z

)

E[H{Z (0>} P& [T, < 51R™" (z < A)].

If z ¢ Koo(w®?), then Pé”Z’A[TZ < t5] = 0. Otherwise we can apply Proposi-
tion 4.2 to get

64) Ry @ ) <4RY @ o A) + C1L (@) 2P0,

where we used notation from (4.6).

Moreover we notice that Pé‘)Z'A[TZ <15] < Pé"z’@[TZ < 75] and 1{Z (0>} <
1{Z(w%?)}. Then inserting (6.4) into (6.3), using Lemma 4.1 and (6.2) we get
since § > 1/2

Ei_[1{Z(@*)GY " (0, 2)]
(6.5) < 4E[T(0"?)}GY° (0, 2)]
+2C 1k E[HT (0¥ ?)} PY 7 [T. < 15] L () 2P (@],

Now we want to prove that even though hitting probabilities depend on the
whole environment their correlation with “local” quantities are weak in some
sense. Let us now make explicit the two properties which are crucial for what
we call “local quantity” (such as L,) which are:

1. the second property of Proposition 4.1;
2. the existence of arbitrarily large exponential moments for & small enough, such
as those obtained in Proposition 5.2.

We obtain the following lemma.
LEMMA 6.1. Set§ > 1/2. Then
E[1{Z(0*?)} P " [T, < 15]L. () 2?2
< CoE[UT (@) PP 1T, < BI|E[L () 11 eC121@)],
where C1g, C11 and C1 depend only on d and £.

Let us prove this lemma.

PROOF OF LEMMA 6.1. First let us notice that the third property in Proposi-
tion 4.1 implies that L, is finite. Set k € N*, recall that the event {L, = k} depends
only on edges in BE (z, k) by the second property of Proposition 4.1.
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We have 1{Z(0*?)} P " [T, < 15] < 1{dB(z, k) <> 00} PY" [T, < 15]. As-
sume first that 0 ¢ B(z, k),

E[I{Z (")} P§" " IT: < 5] Lo(0) 2P| L, = k]
6.6) =k E[1{dB(z. k) © 0o} P [T, < 5] | L. = k|

< pakM! e”‘kE[l{aB(z, k) <> 00} max PP[Ty <15, T = TaB(Z’k)]iI,
x€dB(z,k)
indeed |0 B(z, k)| < pak?. Here we implicitly used that O ¢ B(z, k). Now the in-
tegrand of the last term does not depend on the configuration of the edges in
BE(z, k), which allowed us to get rid of the conditioning by the second property
of Proposition 4.1.

We denote xo(w) a vertex of d B(z, k) connected in w to infinity without using
edges of BE(z, k), and accordingly we introduce {a < b}, the event where a is
connected in w to b using no edges of BE (z, k). Again we point out that the random
variable xo(w) is measurable with respect to {w(e), e ¢ BE (z, k)}.

In case there are multiple choices in the definition of the random variable
xo(w), we pick one of the choices according to some predetermined order on
the vertices of Z4. In case xo(w) is not properly defined, that is, when 0 B(z, k)
is not connected to infinity, we set xo(w) = z. With this definition we have
{xg & oo} ={0B(z, k) < o0}.

Let us set x{(w), the point for which the maximum in the last line of (6.6)
is achieved. This random point also depends only on the set of configurations in
E(Z%) \ BE(z, k), and the same is true for PP[Tyy < 15, Ty = TyB(z,k)]- Once
again, if there are multiple choices in the definition of x{(w), we pick one of the
choices according to some predetermined order on the vertices of Z<.

The definition of x; implies that

x1(w) &0 if max PP[Ty <715, Ty = Ty > 0.
x€0B(z,k)

Now let Py be a path of k edges in Z¢ between z and xg, and P; a path of k
edges in Z? between z and x, which are not necessarily disjoint. As those paths
are contained in BE (z, k), we get

E[1{dB(z, k) <> co}1{x; & O} P§’[ Ty, < T5. Tx, = ToB (2.0 ]

67 =E[1{xo & oo}1{x; & 0} PY’[Ty, < t5, Tx; = Tap(z.k))|Po UP1 € 0]

—F|1 U 1
SP[Pouplew] [1{Py U P; € w}l{xg & o0}

x 1{x; & 0} P [Ty, < ts5]]-

Then we see that since we have ¢ < 1/2, by assumption (2.1)

(6.8) P[PyUP €cw]> (1 —e)k > 3
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Moreover, on the event Py € w, Markov’s property yields
(6.9) (6k0)* P[ Ty, < 751 < PYIT, < 15].
Since § > 1/2,

E[1{Py U P; € 0}1{xy & co}l{x| < 0} P [Ty, < 1s5]]
(6.10) < (2/k0)"E[1{Py U P € w}1{xg < oo}l{x; < O} PY(T; < 5]]
< /ko) E[UT}PSIT, < w]],

since on 1{Py U P; € w}1{xg & co}1{x; < 0}, we have 0 <> xg <> z <> x| <> 00
and which means that 7 occurs.

Collecting (6.6)—(6.8), (6.10), noticing that 1{Z} < 1{Z(w*?)} and PYIT; <
5] < Pé"z’g[TZ < 15], we get

E[1{Z(0"?)} P& " [T, < 15]L-(0)2e?L2@) | L =]
(6.11)
< pak” (8¢* /o) E[HZ (™)} P¢" 7 [T < 151).

Let us come back to the case where 0 € B(z, k). We can obtain the same re-
sult by saying that Pé“z’@[TZ < 15] < 11in (6.6) and formally replacing P;’[T, <
75, Ix = Typ(z, k)] by 1 for any x € dB(z, k) and x; by O in the whole previous
proof. The conclusion of this is that (6.11) holds in any case.

The result follows from an integration over all the events {L, =k} for k ¢ N
since by (6.11), we obtain

[I{I(a)z g)}P() T < 1s5]L, (a))c262)‘L (w)]

<E|:ZP[L = KIE[1{Z(0*?)} P¢" " [T, < t5]L ()2 L@ | L, —k]}
k=1

o

< ,odE|:Z P[L. = kIk"' (8¢** /i) E[1{Z (0> ?)} P " [T, < 7:5]]:|

= paBILY (8¢* /) “IE[{T (0> )} PY" " [T, < 151]. 0
Let us now prove Proposition 6.1.

PROOF OF PROPOSITION 6.1. We can apply Proposition 5.2 to get that for
0<e<egg

E[L. () 1eC2h@] < 3™ kC1eCRkpL, > k] < C13 < o0,
k>0
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where &g is such that ag(gg) < e Cn /2 and, as C13, depends only on d and ¢. Then
recalling (6.5), using Lemma 6.1 with the previous equation we obtain

E[{Z(@""))G¢" (0, 2)]
< 4 BT (0"?))G™" (0, 2)]
+2C1C1oCra E[HZ (@™ ?)} P [T, < 15]]
< REZ(©"?))GY (0, 2)1.

Using the preceding equation with (6.1) completes the proof of Proposition 6.1.
O

We are now able to prove the following:

PROPOSITION 6.2. Foranyd =2, <esNhegand l € RY we have

v(l —e)=dg+ O(e).

PROOF. First notice that
P[C(z) =2]=1+0(¢) and P[C(2) #T]= O(e).
Using (3.1) and Proposition 6.1 we get for § > 1/2,

E_.[{Z}1{C(z) = 2}G¥ (0, 2)]

(6.12) ds(2) =dg E_[1{Z}G{(0,2)]

+ O(e),

where the O (-) depends only on d and ¢. But using Proposition 6.1 again yields
Ei[H{T}1{C(2) = 2}G§(0,2)] !
Ei_[{Z}G§ (0, 2)]
EACU,A;&@ Ei_.[{Z}1{C(z) = A}G?(O, 2)]
B Ei_[1{Z}G$(0, 2)]
E|_.[{Z}1G§(0,2) | C(z) = A]
Ei—[{Z}G§ (0, 2)]

= ) PilC@=4]

ACv,A#D
< O(s),

and thus
d5 () — dg = O(e),
where the O (-) depends only on d and ¢. Recalling Proposition 3.3, we get
v(l —e)=dgy+ O(e). O
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7. Derivative of the speed at high density. Next we want to obtain the deriv-
ative of the velocity with respect to the percolation parameter.

In this section we fix z € Z¢. Using (3.1) with Proposition 6.1 we can get the
first order of Kalikow’s drift

E|_:[1{Z(0"*)}G¢™ (0, 2)]
Ei_:[1{Z(0)}G$(0, 2)]

O & -do=e(X (de = do) ) + 062,

ecy
where

(7.2) sup |0, (e2)| < O(&?).

ze74

The remaining issue is the dependence of the expectation with respect to €.
For any A C BE(0,2) we denote

{(z,2) =A) = {{e e BE(z,2),e c 0} = BE(2,2) \ {z + A}}.

7.1. Technical estimate. Let us prove the following technical lemma which
will simplify the rest of the proof. In words, it states that the configuration BE (z, 2)
is typically as open as it can be. For example, without any condition all edges are
open, if [z,z + e] is forced to be closed then it will be the only closed edge in
BE(z,2). One could continue like this, but those two cases are the only ones we
need for the rest of the paper.

LEMMA 7.1. We have for § > 1/2,z € Z4 and e € v,
E[{Z}G$(0,2)] < (14 0(e)E[NT}{(z,2) = @}G¥ (0, 2)]
and
E[H{Z(0**)}G§(0,2)] < (14 0(e)E[HZ(0**)}1{(z, 2) = 2}G§ (0, 2)],
where the O(-) depends only on d and £.

The proof of this lemma is independent of the rest of the paper so it can be
skipped in a first reading.

PROOF OF LEMMA 7.1. Due to the strong similarities with the proof of
Lemma 6.1 we will simply sketch the proof of the lemma.
Let us prove the second inequality which is the most complicated. We have

- E[L{Z(0**)}G§™ (0, 2)]
' = Y Pl:.2)=AENI()GY(0,2)] (2.2) = Al.
AecBE(z,2)
A+D
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Let us show that forany A C B (z,2), A# @

E[{Z(0¥)}G¢"(0,2) | (z,2) = A]
E[1{Z(0%)}G¢™ (0, 2)]

(7.4) Yis

where y| depends only on d and £. The method is the same as before:

1. We apply Lemma 4.1 to decompose the Green function into P(;D 2.4 [T, < ts]x

RcD.4[z < AlePE,
2. With Lemma 4.2 we decompose the resistance appearing in (1) into

R7“[z & Al S4R“C21[z o Al 4 €1 Ly (@76 2P b2 =x D),
3. Similarly to (6.6) in the case k = 2 we can obtain
wzle ze
E[HZ (%) )Py 77Tz < m]R7C21 [z < Al]
< yzE[l{aB(z, 2) < 00}

Pe[T. T =T R All,
x max PY[Te < 7. Te = Tope)] [ <> A1]

and repeating the steps (6.6)—(6.9) and (6.10) for k = 2 we prove that

E[I{I(a)f;z)vA)}P(;DE‘;"Z)’A [T, < t(g]Rw?jZ)A [z < A]]eZ)‘Z'Z
E[H{Z(0%€)}G$™ (0, 2)]

< y3.

The only difference is that we impose Py (resp., P1) to be a path in BF (z,2) \
[z, z + e] of length at most 4 connecting z and xg (resp., x;) and that (6.9)
becomes

(8x0) PITy, <151 < PO T2 < 151

4. We can use arguments similar to the ones in the proof of Lemma 6.1 [essentially
repeating the steps (6.6)—(6.9) and (6.10)] to prove that

) c
E[H{Z(w %) )}Py 7" [T: < tslLy 5 (@5 ¢)e? 2]

E[1{Z(0%9)}G$"° (0, 2)]

<4,

since L;2(w*°) has arbitrarily large exponential moments under the mea-
sure P[], for ¢ small enough by Proposition 5.3. Here we also need Py (resp.,
P1) to be a path in BE(z,k) \ [z, z + e] of length at most k 4 2 connecting z
and xq (resp., x1) and that (6.9) becomes

(8ko) T2 PC(Ty, < t5) < PE(T, < 15].
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This reasoning yields (7.4) with y; = 4y3 + C1y4. Now, equations (7.4) and
(7.3) imply that

E[1{Z(0*)}G{ ™" (0, 2)]
< 0(e)E[Z(0%)}GY™ (0, 2)]
+E[L{Z(0")}1{(z.2) = 8}G{ (0, 2)],
and it follows that
E[L{Z(*)}G§™ (0, 2)]
< (14 0(e)E{T}1{(z, 2) = 2}G§ (0, 2)].

This completes the proof of the second inequality of the lemma. The proof for
the first inequality is the same except that it uses Proposition 5.4. [

7.2. Another perturbed environment of Kalikow. We recall that our aim is to
compute

E|_:[1{Z(0¥*)}G¢" (0, 2)]
E1_:[1{Z}G$(0, 2)]

and we will start by studying the numerator. Our aim is to relate it to the denomi-
nator, for this we need to express the quantities appearing in the environment w* ¢
in terms of similar quantities in the environment @*2, which is the environment
that naturally arises for p =1 — ¢ close to 1.

We can link the Green functions of two Markov operators P and P’, since for
n=>0

’

n
G =G!+> sk GE P - P)GE
k=1
+ 8n+1 (Gg)(P/ _ P))n—HGgﬂ.

In our case we close one edge which changes the transition probabilities at two
sites, so that the previous formula applied for n =0,

Gg)z,e (0, Z) _ G(Soz,z (0, Z)
+3GY70,2) Y (pfe) = pP()GY 4+ ¢, 2)

e'ev

(7.6) +8G§)Z’z(0,z+e) Z(p‘”z’g(zike,z—i—e—l—e/)

e'ev

(7.5)

- p“’z’g(z +ez+e+¢))
X G¢ (z4+e+¢,2),

where we used a notation from (2.4).
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Typically the configuration at z + e is {—e}. This intuition follows from an easy
consequence of Lemma 7.1 which is forall z € Z¢ and e € v

‘ E1_:[1{Z(0¥*)}G{™ (0, 2)]
Ei_[1{Z(0%*)}1{(z,2) = D}G¥*(0, 2)]
which yields that

(14 0;.0()E1—[{Z(0¥9)}GY™ (0, 2)]

— 1= 0¢(),

_E,_, [1{I<wz’e)}1{<z, 2) =)

x [Gfs”z’g(O, 2)+38G¢"7(0,2) Y (p°) = p?(eh)

(7.7) e
x Gy (z+¢€,z)

+3GY7 0,24 Y (p(¢) — p?(e))

e'ev
x Gy (z+e+e, z)ﬂ,

where sup,cyd ,c,|0z.0(&)| < O(e).
We have managed to express the quantities in the environment w?¢ with quan-
tities in w®“. Now we are led to look at quantities such as
(7.8) Ei—[1{Z(")1{(z.2) =2}G{ (0.9Gy z + ¢ )]
and

(7.9) Ei_[{Z(@*){(z,2) =2}GY 0,2+ e)GY (2 + e+ ¢, 2)].

From now on we fix e € v. In order to handle the first type of terms (the proof
is similar for the second term) we introduce the measure

wz.z

_ UDE D) =66y (0,2)
E1_[1{Z}1{(z,2) = ¢} G (0, 2)]

and for e4 € v we introduce the Kalikow environment, corresponding to this mea-
sure on the environment and the point z + e, defined by

1<

1—¢>

ﬁz,e,z+e+ v,y + e/)
_ Ep[G§(z+ ey, y)p“(y,y+€)]
Eﬂz [Gg’(z + e, y)]
_E D@ 2) = e}GY7(0,2)GL(z + ey, V) p® (v, y + €)]
E_[1{Z}1{(z,2) =€} G{"7 (0, 2) G (z + ey, y)]
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= (El_g[I{I(w(Z,Z):e)}G%U(Z,Z):z (0, Z)

)=e (z,2)=e
(z+eq,y)p® (y,y+e)])

(z,2)= w@2=e _
70,268 e, )

where we used the notation from (2.2) and (2.3).

Once again since Kalikow’s property geometrically killed random walks does
not use any properties on the measure of the environment, we have for any z € Z¢
and e, ¢’ € v a property similar to Proposition 3.1, which allows us to relate the
quantity in (7.8) to

(z,2
x G§

< (E1e[1{Z(0?=)]G§

Prezve!
G(Sz,e, +e (Z+€/,Z)

_ B [{T1{.2) = )G (0.6 + €. 2)]
Ei—[1{Z}1{(z.2) = ¢}G§"" (0.2)]

(710) 2,9 z,€
_ B [H{Z(@)1{(z,2) = ¢}GF (0,2)G" (z+ ¢, 7)]

Ei—[1{Z(@")}1{(z.2) =}G§"" (0, 2)]
_ BT 2) = 2G5 (0,965 (2 + ¢, 2)]
Ei—.[1{T}1{(z.2) = 2)G{(0.2)]

since on {(z,2) = &} or {(z, 2) = e} we have 1{Z} = 1{Z(v>°)}.
The numerator of the previous display is exactly (7.8). Hence for us it is suffi-

z,e,z+¢’

cient to approximate G; (z + €/, z) to understand it and consequently to un-
derstand the derivative of the speed. We are now led to studying p; , .4/ (v, y+€’).
A similar reasoning could be made to understand (7.9).

Decomposing p(y, y + €’) according to the configurations at y, we get

ﬁz,e,z—l—u (y.y+¢e)
= ) Pi.[C()=4]

ACv,A#v

2)=2

x (Ej—¢[1 {I(w(1’2)=e)}G§)(l~ ©.2)
(7.11) y Gg,(z,z):e et en ) 1€ = A]
X (El—e [1 {I(a)(zyz):e)}Gg)(z,z)zz ©.2)

(z,2)=e -1
x Gy (z+es,)])
(z,2)=e

x pva (v, y+eé).

Let us denote a™ = 0 v a and from now on we will omit the subscript in
Pz.e.2+¢, - The following proposition states that p and p§“ are close in some sense.
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Using thls we will prove in the next section that it implies that Gp et (24 e z)

and G(g0 (z + €, 7) are close.

PROPOSITION 7.1. For ¢ <gj and z,e,e4 € 74 x v and § € (1/2,1), we
/

have for y € 72, ¢’ € v

~ —y)-0T
15,y +€) =P,y + )| < (Crae®s @ OT)g,

where €7, C14 and C15 depends on € and d. We recall that pé’e is the environment
where only the edge [z, 7 + e] is closed.

This proposition will be used to link the Green function of p; ¢ ; 1., to the one
of pé’e. In view of (7.11) the previous proposition comes from the following.

PROPOSITION 7.2. ForO<e<eg,y,z€ Zéand ACv, A Z#v

E1_ [I{Z(0®2=)}G2“" 77 (0,262~ z +e4.y) | C(y) = A]
E_[HZ(0@2=¢)}GY“"77(0,2)G¢“"™ (2 + ey, 1] C(y) = 2]

< Cl6eC17((Z—y)-Z)+
for e, C16, C17 depending only on £ and d for 6 > 1/2.

In order to prove Proposition 7.1, once we have noticed that we have P[C(y) =
@1 > y1 and that

2,2)=9

EI—E[I{I(O)(Z’Z):E)}GE)( :
>Pi_.[C(y) = 2]
X El—g [I{I(w(z,Z):e)}Gg)(z,

w@2=e
(0,2)G§ (z+eq,y)]

2)=2 2)=e

0,269 (2 + e ) | CO) = 2],

it suffices to subtract pé’e (v, y+¢’) onboth sides of (7.11) and use Proposition 7.2,
to get Proposition 7.1 with C14 =2dC16/y1 and C15 = Cy7.

Obviously Proposition 7.2 has strong similarities with Proposition 6.1, since the
only difference is that the upper bound is weaker, which is simply due to technical
reasons. Moreover, since the proof is rather technical and independent of the rest
of the argument, we prefer to defer it to Section 8.

7.3. Expansion of Green functions. Once Proposition 7.1 is proved, we are
able to approximate the Green functions appearing in (7.10) through the same type
of arguments as given in [21].

Heuristically, we may say that if environments are close, then the Green func-
tions should be close at least on short distance scales.
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Compared to [21], there is a twist due to the fact that we do not have uniform
ellipticity and that our control on the environment in Proposition 7.1 is only uni-
form in the direction of the drift. Moreover our “limiting environment” as & goes
to 0 is not translation invariant (nor uniformly elliptic). Hence we need some extra
work to adapt the methods of [21].

PROPOSITION 7.3. Foranyze€Z% e el cv, e, e’ €vU{0} we get

sup |G (z+e +e".2)— Gy (z+e +e".2)| <oe(D),
se[l/2,1)

where o.(-) depends only on £ and d. We recall that p represents p; ¢ ;+e, -

The proof of this proposition is independent of the rest of the argument and can
be skipped on first lecture to see how it actually leads to the computation of the
derivative.

PROOF OF PROPOSITION 7.3. The proof will be divided in two main steps:

1. prove that there exists transition probabilities p that are uniformly close to those
corresponding to the environment w§ on the whole lattice and which has a
Green function close to the one of the transition probabilities p;

2. prove the same statement as in Proposition 7.3 but for the environment p in-
stead of p. Since the control on the environment is now uniform we can use
arguments close to those of the proof of Lemma 3 in [21].

Step (1). For the first step, we will show that the random walk is unlikely to visit
often z and go far away in the direction opposite to the drift, that is, we want to
show that for any &’ > 0

(712)  GPz+e +e'2)— (z+e +e'z)<¢e

erd x-l<z-l— A}

for A large and ¢ small, where we used a notation of (4.10). This inequality follows
from the fact that except at z and z + e the local drift under p can be set to be
uniformly positive in the direction {in any half-space {x € Z4, x - (> —A} for e
small by Proposition 7.1.

Step (1)(a). In a first time, we show that the escape probabilities from z, z + e
and z + ¢’ + €” (to A) are lower bounded in the environment p. This ensures that
there cannot be many visits at those three points.

For this we use the result of a classical super-martingale argument (see
Lemma 1.1 in [23]). Without entering further into the details, this argument yields
that for any n > 0 there exists f(n) > 0 such that for any random walk on zd
defined by a Markov operator P (x, y) such that (Zy~x P,y —x))- (> n,

for x such that x - £ > (0, we have

(7.13) Po[ X, -ZZ 0, foralln > 0] > f(n).
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Now by Proposition 7.1, it is possible to fix a percolation parameter 1 — ¢ where
¢ is chosen small enough depending solely on d and £ so that:

e The drift d”(x) = Y",., p(x, x +e)e is such that d” (x) - £ > d - £/2 for x such
that x - £ > (z+2deWM) . ‘ (this way we avoid the transitions probabilities at the
vertices z and z 4+ e which are special).

e The transition probabilities p on the shortest paths from z, z + e and z + ¢’ + ¢”
to z + 2deV which does not use the edge [z, z + ¢] (they have some length
inferior to some y; depending only on d) are greater than «g/2.

Hence we can get a lower bound for the escape probability under p

min

= OO]
ve{z,z+e,z+e' +e”}

prr+
Py [T{Z,z—l—e,z-i-e/—f—e”}
> min P Tt >T )
T yelzzte, e +el) 1T cvererven = Teaaeo)
(7.14)

x PP o [(Xn = (z+2de®)) - £20.n > 0]

N Vi
> f(do -e/2>(K—2°) =,

where y» depends only on d and £.

Step (1)(b). Now in a second time we will show that the walk is unlikely to
go far in the direction opposite to the drift during an excursion from z, z 4 e or
z+¢'+¢". Once this is done, this will imply with (7.14) that the walker is unlikely
to reach the half-plane {x € 74, x - [ < z- ‘- A} and (7.14) also that when it does
the expected number of returns to z remains bounded. This will be made rigorous
in step (1)(c) and will prove (7.12).

Consider any random walk on Zd given by a transition operator P(x, y) such
that for all x € Z9 we have d” (x) - £ =3 P, y)(y—x)- (> (dy-0))2=ys.
We know that

n—
MP =X, —Xo—Y_ d" (X))
i=0

is a martingale with jumps bounded by 2. Hence since d” (x) > y3, we can use
Azuma’s inequality (see [1]) to get

P >
PO[T{XGZd,x-Z<7A} < OO] = Z PO[Mn A<—-A-— )/3]1]

n>0
A 2 A
< Zexp( ( +V3n) > < y4exp(—y3T>~
n>0

Set ¢” > 0. Taking A = A(e") large enough, depending also on d and ¢, we can
make the right-hand side lower than &”, that is, A(¢”) > —(4/y3) In(e” /y4).
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Now let us choose ¢ small enough so that for any y € {x € 74, x 0>z7-0—
—3and x ¢ {z,z + ¢}} we have d”(y) - (> dy - Z)/Z Let us introduce the
environment p4 such that:

1. pay.y+ f)=pO.y+ f)forall fevandyefxeZd x £>z-—A—3
and x ¢ {z,z 4+ e}};
2. pa(y,y+ f)=p2(f) forall f € v otherwise,

the same formulas holding when the target point is A.
Then, the previous computations, valid for p 4, imply

max Pﬁ[T

v LT <TF
ve{z,z+e,z+e'+e"}

erd,x‘Z<z-l7—A—3} {z,z+e,z+¢€ +e”}]

p L
= yed(z zTea?ﬂure//} Py [T{xGZd,X-€<z~£—A—3} < T{Z’”e’”“f/””}]

(7.15)

PA L.
= yed(z zTea?—}—e/—i-e//} Py [T{XEZdVX'Z<Z~€—A—3} < T{z,z+e,z+e/+e”}]

< PA R R < VU
T yed(z zTea?—&-e/—i-e//} Py [T{XGZ‘Z,X-@<Z-€—A—3} < OO] =&,

where we used that the event on the second line depends only on the transitions
probabilities at the vertices of {x € 74, x - ¢ >z f—A—3andx ¢{z,z+e}}.
Step (1)(c). Let us now turn to the proof of (7.12). By (7.14) we have

Gp " /N o T -1 < 1
(z+e +e 2+ +e)= z+e/+e//[ crelper > Tl = n
(7.16)

p 1 P 1
Gs(z,z) <— and Gys(z+e,z+e)<—.
V2 V2

Now decomposing the event T{ veZd xf<gi-A—3) < O first with respect to the

number of excursions to z + ¢’ + ¢” and then with respect to z and z + ¢ in addition
with (7.15) and (7.16) yields

Pp

z+e’ +e”[T

(xeZd x-E<zl—A-3) = oo]
< Gé’(z-i—e/-l—e”,z-l—e’—i-e”)

<T+

X P Z+€/+€”]

z+e +e”[T

74 xf<z-0—A-3
7.17) {xeZ4 x-t<z }

< y—(Gf(z+e/+e”,z)+G§(z+e’+e”,z+e))
2
X max Pyﬁ[T{
yed{z,zt+e,z+e'+e'"}

<TF

xeZd x-T<z-I—A—3) {z,z+e,z+e/—|—e”}]

28//
2

< )
19)
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For ¢ small enough to verify the previous conditions we have using (7.16) and
(7.17)

Glz4+e +e'.2)—GP

/ /!
sxezd xiesiayEte e

(7.18) <P’

S p
z+e’+e”[T{erd,x~€<z~€—A—3} < 00] max Gs(y,2)

ye{xeZd x L<z-L—A-3}
s - "
<Gl =5
"2 "2
Hence introducing p(y, f) so that for f e v

POy + )=p(y,y+f)  forysuchthat (y —z)-£>—A(s") — 1
PO, Y+ )= pwé’e(y, y+f) for y such that (y — z) < —A(") -1,

the same formulas hold when the target point is A.
Equation (7.18) is also valid for Gf so that

(7.19) IGP(z+e +e'.2)—Glz+e +e'. )| <yse,

where, by Proposition 7.1, p (depending on &) is such that

(720) max_[P(y, /) = p*" (v, )l = Crae"54 e < '
ev,yezZd

for & small enough (depending on ¢’ and ¢”) given any arbitrary &’. This completes
step (1).

Step (2). Since our control on the environment is now uniform through the en-
vironment p, it turns out that we can use methods similar to those of [21] to prove
that there exists a O (¢) depending only on d and £ such that

(7.21) sup 1G5 (z+¢ +¢",2)—Glz+e +¢",2)| <0,
sell/2,1)

which in view of (7.19) and (7.20) is enough to prove Proposition 7.3.

Let us define M the operator of multiplication by (n“’(zfe) 172 given for f:7¢ —
R, by

M) = @ N2 F ).
We consider a transition operator P*-® of a random walk on Z¢ U {A} given by
PSO(x,x +eP) = PSO(x + e, x)

— a(nwé'e (x))l/pré’e (x’ x+ e(i))(nwé’e (x + e(i)))_l/z
(7.22) _ .
= 57" (x + @) 2 p0" (x + €D, x) (0" (x)) 1/

=5(p™" (x + D, x) p“" (x, x + eD))'/?
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foranyi=1,...,2dandforerd

P5%(x, A)

==& +8(1- Y (p™ (x +eD,x)p™" (x,x + em))l/z>
eDey
(7.23) 5
=(1-95+ 5 Z (p“)(z)" (x + e(i)’x)l/z — p™ (x,x + e(i))l/z)z
eDev

+2(p“°(x —e,x) — pwéve (x —e, x)))

and PS%(A, A) = 1.
Let us consider the following transformation appearing in [21] which will sim-
plify the proof. For x, y # A,
Gy" (x,y) = (U =8P ) )(x, y) = (M~ (I = P**) "' M) (x, y)
= (M7'GM)(x, y),

where G* is the Green function of P*®. We define the operator P5% the same
way as in (7.22) and (7.23) using the environment p instead of a)é"e. Recalling
(7.20) we have

PPO(x,x +e) = P (x,x 4 e) + eka(x, )
and

PPO(x, A) = P (x, A) + &, (x, A),

where &, (-, -) are uniformly bounded (independently of §).
Now, we use the following expansion of Green functions. For any n > 0 and P,
P’ two Markov operators on Z¢ U {A} such that

for x € 74 P(x,A)>c¢ and P'(x,A)>c,

we get

n
G" =67+ Y (GP(P' - P)'G" + (G (P — P))"T'G"" onZ
k=1

Since PP%(x, A) > ¢(8) > 0 and Pawg (x,A)>1—36 > 0, we can apply the
previous formula to obtain for x, x" € Z¢,

z,e n
GPO(x,x') = G5 (x,x') =3 e Sp(x, x') + & Ry (x, X,

i=l
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XyeeerXn €1,5..er€n

X & (Xp, en)G:;)OY (xn + en, x/)
and

RoCe,xy= )" S, x%) Y E(x*, eGP (x* + €*, ).

x*eZd e*ev

Consider the transformation

9% (x)\ /2 7% (x1) 12
Sp(x,x") = (1—6) > G* (x, x1)&s (x1, el)(w—>
T (x) Xlooitn T (x1+ey)
e1,....en
nwé'e 1/2
x G (x1 +ep,x2) - (é—(xn)>
T (X, + ep)
x G*%(xy + en, X))
and
na)é'e(x/) 1/2 na)(z)'e(xl) 1/2
Ra(x,x') = (—) 3 GS"*(x,xosg(xl,el)(w—)
T (x) X1seesXn T (x1+ep)

wé’e 1/2

X GS’(S(xl —+ e, XZ) e (Ze—(xn)>
T (X4 + en)

X GE"S(xn +e,, x').

Moreover for any x € Z¢ and e; € v we get by (2.6) that

w5

(7.24) TP 20
7 (x +e)

and for x, x’ € Z¢ we obtain

Y GV, x)GV (x4 e1,x2) -+ G (x4 e, XT)

= (Tormamea)

X1

(7.25) x max . G (xy,x2) -G (xy + en, x)

d
Xy €L X



THE SPEED OF A BIASED RANDOM WALK ON A PERCOLATION CLUSTER 1761

2d
<————max Y GY(x.x) GV (xy +n, X))
miny P5°(x, A) x,e7d Xt

()
<<=,
v

where we used an easy recursion to obtain the last inequality and the fact that
min, P%%(x, A) > ys for § > 1/2 where by (7.22)
L/ . @ (N 1/2 @ M 1/2\2
po=g(min 3 ) g0y ).
fPev\{e®}

Finally using (7.24) and (7.25) in the definition of S, (x, x") we get

7% (x)\ /2 2d4\" !
Suex)l = () (e (suplee o) )
y.e Y6

7% (x)
< (”w‘z’;e(x/))l/zy;zﬂ
S\ (x)

for some positive constant y7, depending only on d and £. We can get a similar es-
timate for the remaining term R, (x, x’) considering that P* S(x, Ay~ P59 (x, A).
This implies that for ¢ < y771/2 small enough, the series > 7o k1S (x, x| is
convergent and upper bounded by a constant independent of § and that

z,e 00
forany s €[1/2,1)  |GPO(x,x") = G5® (x,x)| = > X|Sk(x, x|
k=1

_ (ﬂ‘“é” (x'))” "0

Z,e
T (x)

where O(-) depends only on d and ¢.
Applying this last result for all cases x =z + ¢’ + ¢” and x" = z yields (7.21)
and thus the result. [

7.4. First order expansion of the asymptotic speed. We have now all the nec-
essary tools to compute the asymptotic speed. Applying Proposition 7.3, we get

Gy (24 ¢,2) =G50 (z4€.,2) +0500(1),
where the 05 ; . /(1) verifies
(7.26) forall § > 1/2 105.z.e.0/ ()] < |og(1)],

where the o, (1) depends only on d and £ and vanishes as ¢ goes to 0.
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Hence putting the previous equation together with (7.10) we obtain
E1-[H{Z(@"){(z.2) =2}G§" (0,068 2+ ¢, 2)]

0,e
(7.27) = (14 05 z.c.0 (D)E1c[{T}1{(z, 2) = 2}GF (0, 2)G;° (€', 0)
0,e
= (14 05,z..(D)EIHT}GF (0, 2)1G5° (€, 0),
where we used the following consequence of the first part of Lemma 7.1:

Ei—[{Z}G¥(0, 2)]

Ei_.[1{Z}1{(z,2) = 2}G}(0, 2)] — 1| =0().

forallzeZ% andecv

Adapting the same methods for z 4 e yields

E[HZ(0")}1{(z.2) = e}G¢ 70,24+ €)GY (z + e+ ¢, 2)]

0,e

= (14 05,200 (1)) E[L{Z}GL(0, 2+ €)]G° (e +¢€',0),

where the o5 ; . ./(-) verified (7.26).
Let us denote

(7.28)

(7.29) ple)=) (p°(e) — p@(e’))G“’g'e(e’, 0)
and
(7.30) Y=Y (p~“() - p@(e/))ng’e(e +¢,0).

Hence inserting the estimates (7.27) and (7.28) into the expression of (7.7) we
get

Ei_:[H{Z(@")}G§ " (0.2)]
= (14052, (1))[E1—[H{Z}G§ (0, 2)1(1 + 8¢ ()
+E1—:[H{Z}G§ (0, z + &)15y (o) ].
Inserting the previous equation in (7.1) yields
d2(z) —dg

&1+ 05.(1)
T Ei_[1{Z)G}(0,2)]

[El_e[l{I}Gg)(o, o] (2(1 +66:(@)(de — d@)

ecy

+E1[1{Z)G2(0. 2 + e)](Z 51/ (€)(de — d@))]

ecvy

+ 0.(e%).
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We are not able to derive uniform estimates for dgA‘)(z); nevertheless we are
still able to estimate the asymptotic speed. Recalling Proposition 3.1, the previ-
ous equation yields

Y .ezi Gy (0, 2)d (z) p
~ — Uy
2 zezd vag 0,2)

>zezd 2eev EIMZ}GY (0, 2)1(1 + 8¢ (e)) (de — do)
2zeze EIZ}GR (0, 2)]

=e(l +o05,(1))

(1.31) + (14 05..(1))

Y ez eew EIMTIGL(0, 2+ )18 (e)(de — do)
" > zezd EIZ}GF (0, 2)] +05(e)

=&Y (1+8(¢(e) + ¥ () (de — do) + 0s(e),

ecy

since ), E[I{Z}G$(0,2)] =>_, E[{Z}G§(0,z+e)] =P[Z]/(1 — §). We empha-
size that we do actually get a 05(¢g) such that

(7.32) for6 =1/2  os(e)l < log(e)l,

since it is the sum of 2(2d)? barycenters of all (05 ;. ¢.¢/(€)) ;74 ¢.¢'cy

the bound of (7.26) and a barycenter of (O, (€%)) -ezd verifying (7.2).
We can then obtain an expression of the speed using Proposition 3.2 by letting
6 gotolin(7.31)

(71.33) vl —e)=dg+e) (1+8(p(e)+¥(e)(de —dg) +0(e),

ecy

which verify

since by (7.32) all os(¢) are smaller than some o, (&) uniformly in § € [1/2, 1).

7.5. Simplifying the expression of the limiting velocity. In order to simplify the
expression of the limiting velocity we prove:

LEMMA 7.2. We have

S (pf(e) — p2 )G (€, 00+ 3 (1) — pP())GN (e + €', 0)

= (p%(e) — p?(—))(GU° (0,0) — G%" (e, 0)) — p?(e).

PROOF. Recalling the notation in (2.4), we get

c(e)c(e) . ,

e — PP (el = -t ife#eé,
c(e’) ) ,

— ife=¢.

’
JTQ
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Hence we get that

(7.34) ) C(;;;(f) ey = )(Gwo 0,0)— 1)
e'Fe

and

(7.35) ZMG‘“ e+e.0)=C e)G‘” (e, 0).

= -
Finally using C(fz) = p“(e) and the previous equations, the computations are

straightforward. D

Recalling that p?(e) — p?(—e) =dgy -e and 1 — p?(e) = ¢/, we see that
the previous lemma means that

e

0,e 0,e
() = $(e) + () = — + (dg - ) (G0 (0.0) = G0 . ).
where we used notation from (7.29) and (7.30). So (7.33) becomes

(7.36) ve(l—&) =dg +¢e ) _ale)(d, —dg) + o(e).
ecy
We still may simplify slightly the expression of the speed we obtained using the
following:

2d
Yomde=) > cl@e=Q2d—1)) cle)e=Q2d— Dr"dyz =) n°d

ecy i=1 pteli) ecv ecv

Inserting this last equation into (7.36) yields

vl = &) =dg + 3 (ds - €)(GU°(0,0) — G (¢, 0)) (d, — do) + 0(e),

ecy

which proves Theorem 2.2.

8. Estimate on Kalikow’s environment. This section is devoted to the proof
of Proposition 7.2 in which we assumed to have fixed y,z € 74, AcCv, A #+
v, e €v and eq,e_ € v U {0}. Before entering into the details let us present the
main steps of the proof of the previous proposition which are rather similar to the
ones in the proof of Proposition 6.1. Let us study the numerator of the quotient of
Proposition 7.2.

1. The Green functions behave essentially as a hitting probability multiplied by a
resistance (normalized by the invariant measure). See (8.20).
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2. In order to transform the conditioning around C(y) = A into C(y) = & we use
the estimates on resistances of Proposition 4.2. This procedure will essentially
give an upper bound on the numerator in Proposition 7.2 as a finite sum of terms
which resemble the denominator but with a local correlation around y due to
the presence of random variables Z ;’ ) [see (8.21)] reminiscent of the random
variable “L;” which appeared in the proof of Proposition 6.1.

Moreover, we will need some extra work to get an expression with some
sort of independence property between our local correlation term and the other
terms appearing in the upper-bound. This is necessary for step (3) of the proof.
See (8.31) and (8.32) for the upper bound.

3. We finish the proof by decorrelation lemmas similar to Lemma 6.1 to show
that the local correlation terms have a limited effect. This will imply that the
numerator and the denominator of Proposition 7.2 are of the same order. See
Section 8.3.

Compared to Proposition 6.1 there is an extra difficulty added by the fact that
we need to handle two Green functions instead of only one (in some sense we will
even have three) Hence we will apply Proposition 4.2 recursively; this is done in
Proposition 8.2.

Before actually starting the proof, we point out that in addition, we cannot prove
directly a decorrelation lemma. Indeed one of the hitting probabilities coming from
the Green functions appearing in Proposition 7.2 behaves badly when a local mod-
ification of the environment is made at y. Hence we need to transform this hitting
probability into an expression which we will be able to decorrelate from a local
modification of the environment, and this will change slightly the outline of the
proof given above. The aim of the next subsection is to take care of this problem.

8.1. The perturbed hitting probabilities. 'We want to understand the effect of
(z,2)=e

the change of configuration around y on the hitting probabilities P, J:;i [Ty < 5]
(2,2)=02

and P, »4 [T, < ts]. The former term can be estimated easily. If we denote the
(deterministic) set

(8.1)  B*(y,k)={t € B(y, k), is connected to y in BE(y, k) \ {[z, z + e]}}

and
ma Pw T, = Tapx Ts |,
1) ueaB*();,k) Z+e+[ u IB*(y.k) < 6]
(8.2) pe(y, k)= ifz+ey ¢ B*(y, k),
1, otherwise.

then for any k > 1 such that z + e ¢ B*(y, k), we have

(z,2)=e 2)

@y, A d wg'z,h
(8.3) P, [Ty <ts] < pak®p;

Ztey

(5.
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The special notation B*(y, k) is useful because in the configuration w®2=¢ the
walker can only reach B(y, k) \ dB(y, k) (and hence y) from z + e by entering
the ball B(y, k) through B*(y, k). The technical reason will only appear in the
proof of Lemma 8.2.
As we announced previously, the second hitting probability is more difficult to
treat. Let us introduce the following notation:
ax PéU[TM = TBB(y,k) < 'E(s], if 0 ¢ B(y, k),

m
84) pPy. k)= { u€dB(y.k)
1, otherwise,

+ .
8.5 py(y.k) = {ueg}f})y(,k) PilTe<w A Topou) 24 BOWR,
1, otherwise.

To make notation lighter we also set
(8.6) for any x € Z¢ RY(x) = ezkx'ZR‘”[x < A,
and moreover we introduce
_ max R%[u < zUA], if z ¢ B(y, k),
(8.7) R (y, k) = { ucdB(y.k) * £ B(y
1, otherwise,

where
20u-f
(8.8) foranyu € Z?  R%[u < zUA]= e R®u <z UA].

We can obtain an upper bound on Pg’[T; < 5] through the following proposi-
tion.

PROPOSITION 8.1. Take any configuration w and set y,z € 7% and B =
B(y,r) with r > 1 and § > 1/2. If 0,z ¢ B and Py[T; < t5] > 2P[T, <
Typ A t5], then we have

PIT; < w51 < Cior™ p (v, k) p§ (. KIRY (v, k).

If0e B,z ¢ B and PP|T, < t5] > 2Py’ [T; < Typ A 15, then
PYIT; < w51 < Cior™ p§ (v, K)RY (v, k).
Finally if0 ¢ B and z € B,
PYIT: < 5] < Cror™ p} (v, k).

Thanks to this lemma we can say that P’[T; < 5] is either not influenced much
by a local modification around y (in the case where typically the walk will not visit
y when it goes from O to z), or upper bounded by a product of at most three random
variables. Two of them behave as hitting probabilities which are well suited for
our future decorrelation purposes, and the third random variable is essentially a
resistance for which we have estimates as well.
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In the case where Py’[T; < ts] > 2P’[T, < Typ A ts], we will not have any
issues for the decorrelation lemma.

PROOF OF PROPOSITION 8.1. We will only consider the case 0, z ¢ B, the
other being similar but simpler. Our hypothesis implies

PYT, < t5] <2P[Typ < T; < 5],
and we can get an upper bound on the right-hand term by Markov’s property

PP[Typ <T. <t5]= Y PYIT,=Typ < 5] Py [Tz < 15]

(89) uedB

< |dB|max Py [T, = Typ < ts] max P,’[T, < ts].
uedB uedB

Denoting z; — - - - — z, the event that the n first vertices of 9 B U z U A visited
are, in order, z1, 22, ..., Zn, We can write for u € 0B

PI;U[TZ<‘[5]:E;)|:Z Z l{zl_>"'_>zn_)2}i|

n zi,..,2,€0B

=Y > E{Mz1— > z2a)IPOIT, < Tyl As]

(8.10)
+
< max PIT, <15 A TBB]E;‘)[Z ool Zn}:|
n zi,..,2,€0B
+
= grelg)é Pﬁ)[TZ <Ts N TBB]G%U,{Z}(M’ 8B),
where
s AT
(8.11)  G§ . (u,0B)= E;"[ ;} X, e E)B}} < |dB| max G§ 15 (v, v).

Since by Lemma 4.2, (2.6) and (4.1) we have for 6 > 1/2 and any v € 0B
(8.12)  G§ 1w, ) =7 WR (v & U A) <y max RY[u <>z U Al
T UED

Since |[0B| < pdrd adding up (8.10), (8.11) and (8.12) we get
d
1523)1; PPT, < ts] <yar Lr{relzg)é RY[u <z U A];Iel% PPIT, <ts A T;B].
Using the previous equation with (8.9) completes the proof of the proposition.
]
Recalling the notation from (8.8), let us introduce
R [u < zUA], if z ¢ B(y, k),

min
(8.13) RY(y, k) = : u€dB(y,k)
1, otherwise.
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We do not yet have for the random variable Rs"""'(y, r) a property similar
to Proposition 4.2. For the future decorrelation part it is in fact better to rewrite
RO "(y,r) in terms of R%(y,r’) and local quantities. This is done in the follow-
ing lemma.

LEMMA 8.1. For any B = Bg(y,r) and r’ > r. Suppose that y €
Koo(w(y,r),1) and 3B N Ko (w) # &, we have

—W(y / W(v
ROV (y,r) < 4ePT ROV (0, 1) 4 CooL e 2

PROOF. Let us denote v € d B(y, r) such that

ROV = o R o208
(8.14) ’

= R®0G.n).1 (U <z U A)eZAU-Z,
and applying Proposition 4.3 we get for any r’ > r
RO (v zuA)

(8.15) <4RY0NI (0 <> 2UA) + C L2, M7 )
4RI e ZUA) + L2020,

where we used that y - €>v-{—r and that Ly, >r" > r by the third property of
Proposition 4.1.

For any u € dB(y, r’), let us denote ig(-) the unit current from u to z U {A} in
w(y,r,1 and Q one of the shortest directed path from v to u included in B(y, r').
Let w, be an increasing exhaustion of subgraphs of w. Consider the unit flow
from v to z U {A} given by 6(e) = ip(e) + (1{e € Q} — 1{—e € Q}). By taking the
trace on w, U {§}, 6(-) induces naturally a family of unit flows 6,(-) from v to
ZU{A}U{w \ w,} on wy, for n large enough. Applying Thompson’s principle for
0, and taking the limit as n goes to infinity yields

(8.16) R (v <> 2UA) < RC0w1 (4 <> 7 U A) + 823 T+
Hence adding up (8.15) and (8.16), we get

RY0NI(p<zUA)<4 min RY0")1(u<zUA)
uedB(y,r’)

L, 7
! —2Ay-L
+y1(Ly )y " e,

since Ly ,» >r'>r.

We get, multiplying the left-hand side by e and the right-hand side by

2 20yl (which is greater than e2*"" Z) that

R®6:n1 (v <> z U A)EZAU-E < 4e4kr Ef:(y.,r),l(y’ r/) 4 )/4(Ly,r/)y5€y6Ly’r,,
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where we used that max,esp(y, ) e2hut < o2 20yl gq by (8.14) we obtain the
lemma. O

8.2. Quenched estimates on perturbed Green functions. The aim of this sub-
section is to complete the first two steps of the sketch of proof at the beginning of
Section 8. Let us introduce

(z,2)=02 (z,2)=e

(8.17) R.@)=RO™ () and Ru(y) =R (),

where we emphasize those are not functions of y and z which are fixed vertices in
this section.

Step (1). We reduce our problem of studying Green functions to studying resis-
tances. Indeed, using Lemma 4.1 and (6.2) we get for § > 1/2,

1 o#d=2 W=7
(8.18) K—IG(;"" (z,2) < R«(2) <261G5™" (z,2),
and

1 (z,j):e Evz,j):e
(8.19) K—IG(;'“ (7, y) < R.(y) <21G5™"" (v, y).

Moreover we can now easily obtain the first step of our proof since

(z,2)=0 (z,2)=e

Gy (0,2)Gy (z4er.y)

(8.20)
i
§4K1 P() ' [T; fTS]Pz—Fé+ [Ty < 5] R« (D) R ().

Step (2)(a): Notation. Now our aim is to remove the condition appearing for the
configuration at y. This is done in way pretty similar to the first part of the proof
of Proposition 6.1. As mentioned before, we will apply recursively the resistance
estimates of Proposition 4.2, and for this we introduce

0 1 2 3
l§)=1, l)(])=Ly,l9 l§)=Ly’l;1> and l§):Ly,z§,2)’
Lg)(a)) = lﬁi)(a)(z’z):@) \ lﬁi)(a)(z’z):e) and Bﬁ’.) = BE(y, Lgi)). Moreover, we set
(8.21) Zyk= Co3k €2 eC25k2MGE=N0  gpg Zﬁ’.) = Zy’Lg),

where and Corz = 64vCyvV CioVCr, Coy =Co VvV Cy V 2d and Cors =4AV Cyo.
Moreover set, fori =0,...,3
(2)=e LE=2
322 ROM=R"" () ad RO@=R"" (2.
Also recalling (8.13), we set
@.2)=2 L&2=2

. 0) . BN .
R =R, (y,LS)) and RV =R (v, LD).
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Finally we denote fori =1,2and j =0,1,2
(2.2)=2 ; (z.2)=e .
pl(j) =p? (y ,L;j)) and p(J) pY (v ,L(yf)).

Let us state how the inequality previously proved is expressed in terms of Zy).

) we can write Proposition 8.1 as follows: for any z € Z4

From our choice of Zy
andi € {0, 1, 2},

(2,2)=2 ( 2)=2

8.23) Pyt [T <l <ZzOppYRY 2P (T < T, 0 Al
y

which is a way to get rid of the conditioning around y for the hitting probabilities.

Also from Lemma 8.1 we obtain that for any y € K (a)(Z 2)= @) we have for
any i < j
(8.24) E(i) < Z(j)Rij) + Z(Hl).

Moreover for y,z € Koo(a)(Z 2)= ) = Koo (a)(Z 2)=0

that fori < je€{0,1,2}
R.(z) <RV (2) <64RY (2) + Z{U*"  and

), Proposition 4.2 implies

(8.25) ‘ . .
R.(») < RV (y) <64RY (y) + Z{HD.
Step (2)(b): Upper-bounding
w(z,Z):Z

Pyt (T < 5] R (D) Ri ().

Those three inequalities are enough to study (8.20). We recall that the term
(z,2)=e

ph [Ty < t5] appearing in (8.20) has already been treated at (8.3). Equations

Zt+ey
(8.23) and (8.24) yield that for any y, z € Ko (a)(z 2)=ey

(z2,2)=2

Py (T < IR R.()
(8.26) = (r" (2R + Z)

(z 2)=92

+2P, Ora [T, < TaBS’) A Ts]) R (D) Ry ().

The idea is now to use recursively (8.25) and (8.24) to obtain the following
proposition:

PROPOSITION 8.2.  For any w such that y, 7 € Koo(w(z 2)=¢y

ROR.(2)R.(y)
< C[RORO ()R (v)

>

2
+ (RO R @ + RO RV 0) + RO @R ()

+(ZP) R + RP @) + RO 1) + (20,
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and

R.(DR(y) = Crr[RV @R () + ZP (RP 2) + RP () + (2)].

This is an interesting upper bound since the resistances are only multiplied with
some local quantities which are in some sense independent of those resistances.

More precisely, for example, the local quantity Zﬁz) is independent of Riz)(y)

conditionally on {L(yz) = k} under the measure P[-], since Zﬁz) depends only on

the “stopping time” L&z), that is, only on the edges of BE (y, L(yZ)) by the second
property of Proposition 4.1.

PROOF OF PROPOSITION 8.2. Let us prove the first upper bound. We use
(8.25) to get

ROR.()R.(y) < RP(64RV ) + 2(V) (64RD () + Z(V)
<6#RORO R () + 642" (RORD (2) + RO R (1)
D)2 RO
+(Z") R,

The first term of the right-hand side is of the form announced in the proposi-
tion. We need to simplify the remaining terms. We will continue the expansion for
R >(k0) Rio) (2) [the method is similar for R >(k0) Rio) (y)]. Emphasizing that

fori=0,1,2 RV <RV,

where we used Rayleigh’s monotonicity principle. We may now use (8.25) and
(8.24) to get

RPRP @)
< (ZWRW + ZP)(64RV (2) + 2?)
<64[zVRORD (2) + 2@ (VRD + RV (2)) + (Z§,2))2]
=64Z" RORD @) + (Z2) (2P RD + 64RP () +227) + (2)]
< OH’[Z" RORP @)+ (27) (RP + RP @) +3(27)’]

where we used that for any i < j we have 1 < ZS) < Zﬁj ). All terms here are of
the same type as in the proposition.

The expansion for the term (Z ;l))z E,(ko) is handled by applying (8.24) for i =0
and j = 1. Once again our upper bound is correct.

The second upper bound is similar and simpler since it uses only (8.25), so we
skip the details. [J
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On the event {y, z € K (w(Z 2=¢)Y (which will turn out to be verified) we want

to give an upper bound of (8. 26) with a finite sum of terms of the form

®.27) ()" pi” Py RORO @R )
and

. w(yzﬁAZ):@ ) '
(8.28) (ZD)Yr Pyt (T < T, g A IRV (»MRY (2)

fori < 3 and also similar terms where Eii), Rii) (z) or Rii) (y) are possibly replaced
by 1.
Recalling the notation in (8.4), (8.5) and (8.2) we have for j € {z, 1, 2}

(829)  foryeZlandki <ky  pY(y.ki) < pakd ' pY(y. ko),
so that for j € {z, 1,2} and k| < k> €{0, 1,2, 3},
(8.30) PV < paz{? p.

Using inequalities (8.29) and (8.30) and Proposition 8.2 we can give an
upper bound of pgo) 0)(Z§O)§io) + Zﬁl))R*(z)R*(y) in term of elements de-
scribed in (8.27). We recall here that Proposition 8.2 can be applied since y, z €

Oo(a)(Z 2)= =) by the hypothesis made just above (8.27).

For the second term appearing in (8.26), let us take notice that

@2)=2

w,
Py"t Tz < Typo) AT IR Ra(y)

(z 2)=92

=Py T < Ty ABIRO R @),

which proves that the left-hand side can be upper bounded using the terms de-
scribed in (8.28).
Step (2)(c): Upper bounding
w(‘ 2)=9 (z 2) e
HI(0$)=))Gs™  (0.2Gs™"  (@+er.y).
If this term is positive then:

L I =)} > 0 implies that 0 € Koo (" ~);

G 2> z
2. Gg A (0, z) > 0 implies that O is connected to z in a);z’j):@;

(z,2)=e
3. G5"" (z+et,y) > 0implies that z + e is connected to y in a);f’j):e,

which means that y, z € Koo(w;Z 2)_6) =Ko (w (Z 2) g)
Hence we can use the upper bound of (8.26) obtalned at (8.27) and (8.28) and
insert it into (8.20). Using also (8.3) we can show that it is possible to give an
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2=y, A (0, G .
upper bound on 1{Z(w, 3™ )}G, 0,2)G; (z+ e+, y) with a finite sum
of terms of the form

2)= WCas (1) () () o) ol ,
B30 HT@E )20 20 P RORD @ RO ()

and
2,2)=9

(
= A\ C ANERON . .
(832) UZ(@) ™) ZP) @ B> (T < Ty A 1RO (DR (@)

fori € {0, 1, 2, 3} and also similar terms where Bf,f), Rii)(z) or Rg)(y) are possibly
replaced by 1.
This completes step (2) of the proof of Proposition 7.2. The correlation term

Z ;i) is associated only with terms with which it has some independence property.

Indeed except for 1{Z (a);f’j):e)} which is only a minor detail, conditionally on

(LY =ky:

1. Zy) depends only on the “stopping time” Ly), that is, only on the edges of
BE(y, k) by the second property of Proposition 4.1; .
2. all the other terms depend only on the edges of E(Z4)\ BE (y, L§l)),

so these terms are in fact independent conditionally on {Lg) =k}.
Now we can use those independence properties to prove the third step of

our proof that is the decorrelation part. We want to give an upper bound of
(z,2)=2 (z,2)=e

E[Z(@$)™))Gs"  (0.2)Gy™  (z+ ex. )], so we shall look for an up-
per bound on the expectations of (8.31) and (8.32), which is the subject of the next
subsection.

8.3. Decorrelation part. Recall the definition of Z;i) at (8.21). Let us prove
the first decorrelation lemma.

LEMMA 8.2. We have fori € {0,1,2,3}and § > 1/2
E[Z (o) =) HZ) = p pl pY RV RO () RY ()]

< Co[(L{) et
(z,2)=0 (z,2)=e
y

< E[I{Z(0$27))1G57  (0,9Gy" (24 ex, )]t 07907,

where Cag, C30, C31 and C3p depend only on d and £.

This lemma is essentially similar to Lemma 6.1, since Zy) is in fact a function

of L;i) . Notice that the second expectation on the right-hand side is equal to the
numerator of Proposition 7.2.
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The same lemma holds, with different constants, if we replace ng), Rff)(z) or

Rg) (y) by 1. Indeed it can be seen using Rayleigh’s monotonicity principle that
for § > 1/2, these three quantities are lower bounded by

R® (0 < A) Amin

min R (u < zUA) >y,
keN uedB(0,k),z¢B(0,k)

where y| can be chosen independent of y, i, z and A. Indeed by Lemma 4.2,

R (u < zUA) = 2G5, (u,u) > pa.

PROOF OF LEMMA 8.2. We recall Lg) < 00 by Proposition 4.1.

Let us condition on the event {LS) =k} for k < oo. First suppose that 0 ¢
B(y,k), z ¢ B(y,k) and z + e+ ¢ B*(y, k), where we used a notation appearing
above (8.2). Recalling the notations (8.2), (8.4) and (8.5), we may denote xq €
dB*(y, k) and x1, xp € dB(y, k) such that

p@2)=e

Py k) =P, [To=Top b < Ts):

2)=0

(z,
Py (v, k)= Py

(z
Py (v, k)= Py

(T2 = Tp(y.k) < Ts),
2)=9
[T, <15 A T;(y’k)],

where xg is connected to y in BE (v, k) \ [z, z + €], and we denote Py one of the
corresponding shortest such paths (hence of length < k + 2). This is possible by
the definition of 3 B*(y, k) at (8.1).

We also introduce the event

0.0
{0y o0} ={0«-0B(y,k),0B(y, k) <« o0},

which is true when 1{Z (w”4)} pii) is positive. Moreover let us set x3 connecting
0 B(y, k) to infinity without edges of B(y, k). Thus

E[1{Z(")}(Z20) % pD p? pP RORD )RV (2) | LY = k]
< ),1kyze)/zkeyzx((zfy)i)+

X E[1{0 & y ¢ oobplp) p) RORO R @) | 1) =],

where the integrand of the right-hand side depends only on the edges of E(Z4) \
BE(y, k), so that the conditioning inside the corresponding ball can be modified.
We emphasize that seemingly pg) may depend on the state of the edges in
BE(y, k), but the walk cannot reach B(y, k) \ dB(y, k) without going through
dB*(y, k). Hence pg) can only depend on the edges of BE (y, k) through the tran-
sition probabilities in w®2=¢ of a vertex in dB(y, k) \ dB*(y, k). But if such a
vertex exists it is unique and the only edge adjacent to this vertex which lies in
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BE(y, k) is necessarily [z, z 4 e] and is closed in w'@2=¢_Hence there is in fact
no dependence.

Let us denote Py, P> and P; one of the shortest paths from, respectively, x1, x>
and x3 to y and P =PygU P UP, UP3U{y +e, e € v}. Hence we need to control

(z,2)=e
<E[1{0& y & o0} PE,. [Tyy=ToB*(y.k) < Ts)

zte4

(2,2)=92
x PO [Ty = Topgyn) < o]

(z2,2)=2
x Pg) [T. <15 A T;;g(y’k)]

X R*“’(y'k)'1 [x7 < z U A]Rfko) (Z)Rio) () | Pew]
< 2MFAU2EM{0 & y © 0o} 1{P € )

(z2,2)=2

a)Vv
x Py"? [Ty = Typiyp < |RD (@ RO(y)

(_Lé)zﬁ n
X Py,” [T, <5 A TaB(%k)]

(z,2)=e (z,2)=2
, [5)
X Pz_ﬁﬁ_ [Txo = TBB*(y,k) < ‘L',s]R*'v'ra [x2 <>z U A]],

where we used that:

1. P[P € w] > 2~ Wk+2d+2),
(z,2)=e

.. @2=¢ v,

2. equalities such as PZ?-)I-€+ [Txo = TyB(y,0) < T5] = Pz—f-ei [Txy = TyB*(y,k) <
51s

3. Rayleigh’s monotonicity principle to say, for example, that

. (z2,2)=2 (z,2)=2
ROy < RO(y) and RV [ o zUAI<R? [ zUA]L
Using Lemma 4.1 and x; € B(y, k), we get

w(zé)=® (z,é)ﬂz
Py [T <t AT plR" 2o zUA]

w(z’é):g n w(z,é):@ N 1
(¢ _
<ysP, (L <t ATIIPLY (LAt <TE))

= )/5P,62y“z [T, <15 A T;zr | T, ANTs < T;zr]

(z,2) =92

= VSngyyg [T, < 5],

where for the last equality we simply notice that the probability of the event
{T, < 15} can be computed on the last excursion from x; before reaching A or z.
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Moreover on w such that 1{P € w},

w(z,Z)z@

P [Ty < T51 > (Bi0)*,

and putting these last two equations together we get

w(z,é)=@ (z,é)=@ w(;é)=@
Py [T =Toppn <w]Po""  [Te <t ATypo R 2o zUA]
(z,2)=2 (z2,2)=92 (z,2)=9
< y5(8k0) K Py 7 [Ty < 1P [Ty < w51P° [Ty < 1]
(z2,2)=92

— @y,
<ys(8ko) " Py"7 [T, < 8]

In a similar way, we get by Markov’s property that
(_zé)ze k12 wiz,é)ﬂ
Pz-lf’eJr [Txo =Typ(y.k) < f&] < (d«0) Pz_(_(}+ [Ty < 5].
Finally
{0 & y & oo}l l{P € w} < I{Z}.
Hence for w such that P € @ we have, using § > 1/2,
1{0 & y < oo}1{P € w}
;:éﬁﬁ w;z,é)ze
7 T =Tosob < w]Piey [T =Tosrh) < ]

(z,2)=2 (z2,2)=92
Wy
P ¥

w
x Py, [T < w5 ATyl o]Re"7 2o zUAIRP (RD (y)

X PO

(z,2)=2 (z,2)=e

< y62/0) UTY PP [T, < w51P.2° [Ty < 81RD ()R (y)

Ztey
(2.2)=2 (z,2)=e

<y UTIGy™?  (0,2)Gy"°  (z+ey.y),
(z.2)=e
where we used that R\” (y) = R*"> [y <> A], (8.18) and (8.19).
The result follows by integrating over all possible values of L(’), since we have
just proved that
E[I{I(a)y’A)}(Z;’)) 28p§’)p§’)p§”§(’)Ri‘)(z)Ri’)(y) | L(yt) = k]

(z,2)=0 (z,2)=e

< kM E[IZ(@" )G (0,265 (4 e, )OO,
For the remaining cases, we proceed as follows:
1. if 0 € B(y, k), then we formally replace PS’(Z’Z):@[TX = TyB(z,k) < Ts] by 1 for
any x € dB(z, k) and x| by 0;
2)=e

2. ifz+ey ¢ B*(y, k), then we formally replace PZ‘:L(ZJr [Ty = TyB*(z,k) < T5] by
1 for any x € 9B*(z,k) and xo by z +e™;
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3. if z € B(y. k), then we formally replace P&~ [T, = Tyl ;) A ts] by 1 for
(z,2)=9

any x € dB(z, k), R,”® [x2 <> zUA]by 1 and x, by z,

and the previous proof carries over easily. [

We need another decorrelation lemma, which is essentially similar to the previ-
ous one but simpler to prove.

LEMMA 8.3. We have fori €{0,1,2,3}and § > 1/2,
(z,2)=2

E[Z( =) Nz 2 pD P (T < T, o ATIRD (RO ()]

. M)
< CE[(L])) ]
(@D=ey) D oy~ Cao(y—2)D*
x E[HZ(wy 5 )}1Gs™"  (0,20G5"7  (z+ ey, y)]em30t07o 0
where the constants depend only on d and ¢.

PROOF. Once again we condition on {Lg) = k} for k < oo and suppose that

0¢ B(y,k) and z ¢ B(y, k); the other cases can be handled in the same way as
before. We see that
HZ(@"")} < 1{0 & y ¢ oo},

and we denote xq, x; € d B(y, k) such that

p® =P [Ty = Typii < ),
and x is connected to co without edges from B(y, k). Moreover, denote Py one of
the shortest paths connecting xo to y and PP one of the shortest paths connecting
Xjtoy.
Then, using the same type of arguments as in the proof of Lemma 8.2, we get
for P =Py U Py U{y+e, e € v}, on w such that {Lg) =k},

(z,2)=0

E[IZ(@"Z)) P pP P Tz < Ty AwIRO MR () | Ly = K]

< K72V pra(=2-O

x E[1{0 & y & o0} P~
(z2,2)=2

w
x Py [T: < Typray A wIRO RO @) | P e ]

[Txg = Tomr(y.k) < Ts]

< k1222242 ik e (=)D

(z,2)=e
x E[1{P € w}1{0 & y & oo} Py’ [Ty = ToB*(y.0) < Ts]
@2)=2

w,
x Py [T, < Tysgyio A 5 ]RO (MR 2)].
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Now on w such that {P € w}, we have

(z,2)=9 (z.2)=2 w(z.Z):@
A @ )
Py ? [T, < TE)B&'-) ATs] =P, Y [T, < TaBy) NTs] < P, Y [T, < 15]

and

(2,2)=c (2.2)=2
Pzw i [Txo =Top*(y.k) < TS](CSKO)k < PY )

zte4 [Ty < .[5]'

Since we also have 1{P € w}1{0 & y & oo} < 1{Z(0@?=?)} and § > 1/2 so
that,

2)=92
w(@2)=e @2)

HPeollf0 &y o oo}p? (0, P, " [Tr < Ty A Ts)
x RO»MRO(2)

(2,2)=2 (z,2)=e

< ysk?oe" T (" 9)}Gs "7 (0,2)Gy"°  (z+er,y),

and the results follow by integration over the values of Lg). (]

Now, as we did to obtain the continuity of the speed, we need to show that
the contribution due to the local modifications of the environment has a limited
effect. Hence we want to prove that the expectations appearing in Lemma 8.2 and
Lemma 8.3 are finite for ¢ small enough. This is proved using the following lemma.

LEMMA 8.4. For g9 small enough and any & < g9 we have

E[(L;,i))C30+C34€(C31+C35)Lg>] < Cxy,

where C37 depends only on d and £.
PROOF. Since Lg) < L§3), it is enough to give an upper bound on the tail
of L;3), and we have
P[LY >n] <P[LY >n, LY <n/2Cy)]

+P[LP =n/2Cy), LY <n/(2C3)?]
+P[L > n/2Cs)%),

and recalling Propositions 5.3 and 5.4 we get for A = B(x,r)

Pi_c[La(@®P?) v Ls(0P=¢) > n + Cgr] < 2Cor?na(e)"”,

so that we may use the second property of Proposition 4.1

d
P[LY =n] < 6C9<2LC8) na(e)’ ™,
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where f(n) =n/Q2C g)? — Cg) and «(¢) can be arbitrarily small if we take & small
enough. The result follows easily. [

Now, Proposition 7.2 follows from the decomposition obtained at (8.31) and
(8.32), the decorrelation part being handled by Lemma 8.2, Lemma 8.3 where the
multiplicative terms appearing in these lemmas are finite by Lemma 8.4 for & small
enough.

9. An increasing speed. We want to prove Proposition 2.1 and show that
the walk slows down when we percolate, that is, vg(1) - vé(l) > 0 under cer-
tain conditions. We recall J¢ = G“°(0,0) — G*°(e,0) > 0, and we introduce

J¢ =G (0,0) — G0* (e, 0) > 0.
We use (7.5) to prove that

G"(0,0) = G™(0,0)+ G (0,0) Y (p(¢)) — p?(e)) G (¢',0)
e'ev
+G2(0,0) Y (p74 ) — p7 )G e+, 0)
eev
and
G0 (€.0) = G*(e, 0) + G (e, 0) Y (p°(¢)) — p7(¢)) G (¢, 0)
eev
+G e e) Y (p7(e) — P76 e+, 0.
e'ev
Now, recalling the proof of Lemma 7.2 [in particular (7.34) and (7.35)],

noticing the relations, G (e, e) = G*°(0,0) and by reversibility G*° (e, 0) =
(T (0) /()G (0, e) = (c(e)/c(—e)) G (0, e), we get

JE =T+ G™(0,0)[p(e) (G (0,0) — 1) — p(e)G* " (e, 0)
— (p(=e)G“0 (€, 0) — p(—e)G™° (0,0))]
+ G (e, 0)[(c(e)/c(—e)) (p(—e) G (e, 0) — p(—e)G™* (0, 0))

— (P(@)(G*(0,0) — 1) — p(e)G“0" (e, 0))],
which, recalling p(e)c(—e) = p(—e)c(e), means that
JE =T+ G?(0,0)((ple) + p(—e)) IS — p(e)) + G (e, 0)(—=2p(e) J{ + p(e)).

Now rewriting, using reversibility p(e)G*? (e, 0) = p(—e)G*°(0, ¢) = p(—e) X
G (—e,0), we get

Jo=U+p@JJS + p(—e)J IS — p(e) e,
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that is,

o) joo  (-plense
1= p(@Je = p(—e)J =

In order to obtain the alternative form of the derivative we only need to rewrite
the term 1 — p(e) = 7¢/7? using

7¢(des — do) = ne(— g,y Cn(;) e) = c(e)(e — do),

e
Va1
e'#e

and hence recalling (9.1) we get

e _ ple)J¢ B
IS (ve(1) —de) = Py Ta—— (e —dyp),

which proves the first part of Proposition 2.1.
Now, we need to show that this derivative is in the same direction as v, (1), for
this let us first notice that

1—p()J®—p(—=e)J~°
=1—G™(0,0)(p(e) P°[T,;F = 00] + p(—e) P2 T, = 00]) > 0,

since G*0(0,0)~! = Py [T, = 00l = Y pc,, p(e) PO [T, = 0.

Notice that the quantity in the previous display is the same for e and —e.

Now, fix e € v such that e - dy > 0. We will show that the common contribution
of the terms corresponding to e and —e in the derivative have a positive scalar
product with dg under our assumptions v (1). In fact it is

pe)J+ p(=e)J™° pJ—p(=e)J™* ]

Hlel) := (e 'e)[l — @I —p(—e)d <" 1— p(e)®— p(—e)d—<"?

and since B(le]) =: (dg - e)/(1 — p(e)J® — p(—e)J ¢) > 0 we get
H(le|) -dg = B(leD[(p(e)J + p(—e)J ) (dg - e)
—(p@)J¢ = p(=e)J“)(dg - dz)] > 0,

if we suppose that
fori=1,...,d suchthatdy-e® >0, dg-e® > |dy|>.

Finally ve(1)-v,(1) = ¥4, H(le®"|)-dg > 0, so that Proposition 2.1 is proved.
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