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RANDOM WALKS ON DISCRETE CYLINDERS WITH LARGE
BASES AND RANDOM INTERLACEMENTS

BY DAVID WINDISCH!
The Weizmann Institute of Science

Following the recent work of Sznitman [Probab. Theory Related Fields
145 (2009) 143-174], we investigate the microscopic picture induced by a
random walk trajectory on a cylinder of the form Gy x Z, where Gy is a
large finite connected weighted graph, and relate it to the model of random
interlacements on infinite transient weighted graphs. Under suitable assump-
tions, the set of points not visited by the random walk until a time of order
|G N|2 in a neighborhood of a point with Z-component of order |G y| con-
verges in distribution to the law of the vacant set of a random interlacement
on a certain limit model describing the structure of the graph in the neighbor-
hood of the point. The level of the random interlacement depends on the local
time of a Brownian motion. The result also describes the limit behavior of the
joint distribution of the local pictures in the neighborhood of several distant
points with possibly different limit models. As examples of Gy, we treat the
d-dimensional box of side length N, the Sierpinski graph of depth N and the
d-ary tree of depth N, where d > 2.

1. Introduction. In recent works, Sznitman introduces the model of random
interlacements on Z4t!, d > 2 (cf. [14, 16]), and in [17] explores its relation with
the microscopic structure left by simple random walk on an infinite discrete cylin-
der (Z/NZ)? x Z by times of order N2¢. The present work extends this relation
to random walk on G x Z running for a time of order |G ~ |2, where the bases
Gy are given by finite weighted graphs satisfying suitable assumptions, as pro-
posed by Sznitman in [17]. The limit models that appear in this relation are ran-
dom interlacements on transient weighted graphs describing the structure of Gy
in a microscopic neighborhood. Random interlacements on such graphs have been
constructed in [19]. Among the examples of Gy to which our result applies are
boxes of side-length N, discrete Sierpinski graphs of depth N and d-ary trees of
depth N.

We proceed with a more precise description of the setup. A weighted graph
(G, &, w..) consists of a countable set G of vertices, a set £ of unordered pairs
of distinct vertices, called edges, and a weight w. ., which is a symmetric func-
tion associating to every ordered pair (y,y’) of vertices a nonnegative number

Received January 2009; revised June 2009.
1Supported in part by Swiss National Science Foundation Grant PDFM22-120708/1. This work

was carried out at ETH Zurich.
AMS 2000 subject classifications. 60G50, 60K35, 82C41.
Key words and phrases. Random walk, discrete cylinder, random interlacements.

841


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/09-AOP497
http://www.imstat.org
http://www.ams.org/msc/

842 D. WINDISCH

wy.y = Wy y, nonzero if and only if {y,y’} € £. Whenever {y,y'} € &, the ver-
tices y and y’ are called neighbors. A path of length n in G is a sequence of
vertices (Yo, ..., Yn) such that y;_; and y; are neighbors for 1 <i < n. The dis-
tance d(y, y') between vertices y and y’ is defined as the length of the shortest path
starting at y and ending at y’ and B(y, r) denotes the closed ball centered at y of
radius r > 0. We generally omit £ and w. . from the notation and simply refer to
G as a weighted graph. A standing assumption is that G is connected. The random
walk on G is defined as the irreducible reversible Markov chain on G with transi-
tion probabilities p9(y,y') = wyy /wy for y and y in G, where wy = Y yeg Wyy'-
Then wy p9(y,y) = Wy pY(y',y), so a reversible measure for the random walk is
given by w(A) =3, c g wy for A € G. A bijection ¢ between subsets B and B*
of weighted graphs G and G* is called an isomorphism between B and B* if ¢
preserves the weights, that is, if wgy),¢(y) = wy,y forally, y" € B.

This setup allows the definition of a random walk (X},), >0 on the discrete cylin-
der

(1.1 Gn X Z,

where G, N > 1, is a sequence of finite connected weighted graphs with weights
(wy,y)y,y'eGy and Gy X Z is equipped with the weights

(1.2) W = Wy y A=z + 3l=y l—21=1)
forx =(y,2),x’=(',Z)inGy x Z.

We will mainly consider situations where all edges of the graphs have equal
weight 1/2. The random walk X starts from x € G y x Z or from the uniform distri-
bution on Gy x {0} under suitable probabilities Py and P defined in (2.3) and (2.4)
below. We consider M > 1 and sequences of points X, v = (Ym.N,>Zm.N)»
1 <m < M, in G y x Z with mutual distance tending to infinity. We assume that the
neighborhoods around any vertex y,, n look like balls in a fixed infinite graph G,
in the sense that

we choose an ry — oo, such that there are isomorphisms ¢, y
(1.3)  from B(ym,N,rN) t0 B(om,tN) C Gy with @ N(Ym N) = Om
forall N.

The points not visited by the random walk in the neighborhood of x,, x until time
t > 0 induce a random configuration of points in the limit model G,, x Z, called
the vacant configuration in the neighborhood of x,, y, which is defined as the
{0, 1}Em*Z_yalued random variable

(L4) a);n,N(X):{l{Xn;ﬁCDr;}N(X), for0<n<t}, ifxeB(om.ry)xZ,

, otherwise, for ¢t > 0,

where the isomorphism @, y is defined by ®,, (v, 2) = (@ N (V), 2 — zm, n) for
(¥, 2) in B(ym N, IN) X Z.
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Random interlacements on G,, x Z enter the asymptotic behavior of the distri-
bution of the local pictures ™. For the construction of random interlacements
on transient weighted graphs, we refer to [19]. For our purpose, it suffices to know
that for a weighted graph G,, x Z with weights defined such that the random walk
on it is transient, the law Q,, mxZ on {0, 1}6m*Z of the indicator function of the
vacant set of the random interlacement at level u > 0 on G,,, x Z is characterized
by, cf. equation (1.1) of [19],

Q;G"’Xz[w(x) =1, forall x € V] = exp{—ucap™(V)}
(1.5)
for all finite subsets V of G,, x Z,

where w(x), x € G,, x Z, are the canonical coordinates on {0, I}G'" %L and
cap™ (V) the capacity of V as defined in (2.7) below.

The main result of the present work requires the assumptions (A1)-(A10) on
the graph Gy, which we discuss below. In order to state the result, we have yet to
introduce the local time of the Z-projection 7 (X) of X, defined as

n—1

(1.6) L= lmpxp=2) forze€Z,n>1,
=0

as well as the canonical Wiener measure W and a jointly continuous version
L(v,t),v e R, t >0, of the local time of the canonical Brownian motion. The main
result asserts that under suitable hypotheses the joint distribution of the vacant con-
figurations in the neighborhoods of xi y, ..., xp v and the scaled local times of
the Z-projections of these points at a time of order |G y|? converges as N tends
to infinity to the joint distribution of the vacant sets of random interlacements on
G, x Z and local times of a Brownian motion. The levels of the random interlace-
ments depend on the local times, and conditionally on the local times, the random
interlacements are independent. Here, is the precise statement.

THEOREM 1.1. Assume (A1)-(A10) [see below (2.9)], as well as

w(GN) N—o0

(1.7) — B for some B > 0,
G NI
andforalll <m <M,
Zm,N N—>o U for some v, € R,
G NI

which is in fact assumption (A4), see below. Then the graphs G,, X Z are transient
and as N tends to infinity, the H,I,V,le{o, 1)6m x Rf -valued random variables

<IN IM,N

L L

Gnl|? Gy |?

o'V 2,...,a)M’N 2 |G| e |G| , a>0N>1,
a|Gy| a|Gy| |G| |G|
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defined by (1.4) and (1.6), with ry and ¢, n chosen in (5.1) and (5.2), converge
in joint distribution under P to the law of the random vector (w1, ...,wy, Uy,
..., Upp) with the following distribution: the variables (Um)ﬁ‘n/":1 are distributed

as (1 + B)L(vy, /(1 + ﬂ)))fn/lzl under W, and conditionally on U)M_., the

m=1>
variables (a)m)f‘f:1 have joint distribution [} <, <y Q(SZ/X(IZ 4By

REMARK 1.2. Sznitman proves a result analogous to Theorem 1.1 in [17],
Theorem 0.1, for G y given by (Z/NZ)d and G,, = Z¢ for 1 <m < M. This result
is covered by Theorem 1.1 by choosing, for any y and y’ in (Z/NZ)?, wy y=1/2
if y and y’ are at Euclidean distance 1 and wy, ,» = 0, otherwise. Then the random
walk X on (Z/NZ)? x 7 with weights as in (1.2) is precisely the simple random
walk considered in [17]. We then have 8 = d in (1.7) and recover the result of [17],
noting that the factor 1/(1 4 d) appearing in the law of the vacant set cancels with
the factor wx =d + 1 in our definition of the capacity [cf. (2.7)], different from
the one used in [17] (cf. (1.7) in [17]).

We now make some comments on the proof of Theorem 1.1. In order to extract
the relevant information from the behavior of the Z-component of the random
walk, we follow the strategy in [17] and use a suitable version of the partially in-
homogeneous grids on Z introduced there. Results from [17] show that the total
time elapsed and the scaled local time of a simple random walk on Z can be ap-
proximated by the random walk restricted to certain stopping times related to these
grids. The difficulty that arises in the application of these results in our setup is that
unlike in [17], the Z-projection of our random walk X is not a Markov process. In-
deed, the Z-projection is delayed at each step for an amount of time that depends on
the current position of the G y-component. In order to overcome this difficulty, we
decouple the Z-component of the random walk from the G y-component by intro-
ducing a continuous-time process X = (Y, Z), such that the G y- and Z-components
Y and Z are independent and such that the discrete skeleton of X is the random walk
X on Gy x Z. It is not trivial to regain information about the random walk X after
having switched to continuous time, because the waiting times of the process X
depend on the steps of the discrete skeleton X and are in particular not i.i.d. We
therefore prove in Theorem 5.1 the continuous-time version of Theorem 1.1 first,
essentially by using an abstraction of the arguments in [17] and making frequent
use of the independence of the G - and Z-components of X, and defer the task of
transferring the result to discrete time to later.

Let us make a few more comments on the partially inhomogeneous grids just
mentioned. Every point of these grids is a center of two concentric intervals I C i
with diameters of order dy and hy >> dy, where hy is also the order of the
mesh size of the grids throughout Z. The definition of the grids ensures that all
points z,, n are covered by the smaller intervals, hence the partial inhomogene-
ity. We then consider the successive returns to the intervals / and departures from
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I of the discrete skeleton Z of Z. According to a result from [17] (see Proposi-
tion 3.3 below) and Lemma 3.4, these excursions contain all the relevant infor-
mation needed to approximate the total time elapsed and to relate the scaled local
time LZTCNNIQ /IGn| of Z [see (2.6)] to the number of returns of Z to the box con-
taining z,, n. For these estimates to apply, the mesh size Ay of the grids has to be
smaller than the square root of the total number of steps of the walk, that is, less
than |G y|. At the same time, we shall need /&y to be larger than the square root
of the relaxation time )\;,1 of Gy, so that the G y-component Y approaches its sta-
tionary, that is, uniform, distribution between different excursions. This motivates
the condition (A2), see below (2.9), on the spectral gap Ay of Gy.

Once the partially inhomogeneous grids are introduced, the law QEm*Z of the
vacant set appears as follows: For concentric intervals I € 1,z € 3(I€) and 2’ € 31,
we define the probability P, . as the law of the finite-time random walk trajectory
started at a uniformly distributed point in Gy x {z} and conditioned to exit Gy x I
through Gy x {z'} at its final step. We have mentioned that the distribution of the
G y-component of X approaches the uniform distribution between different ex-
cursions from Gy x I to (Gy X i )¢. It follows that the law of these successive
excursions of X under P, conditioned on the points z and 7’ of entrance and de-
parture of the Z-component, can be approximated by a product of the laws P, ..
This is shown in Lemma 4.3. A crucial element in the proof of the continuous-time
Theorem 5.1 is the investigation of the P, ,/-probability that a set V in the neigh-
borhood of a point x,, y in Gy x [ is not left vacant by one excursion. We find
that up to a factor tending to 1 as N tends to infinity, this probability is equal to
cap” (P, n(V))hn/|Gy|. With the relation between the number of such excur-
sions taking place up to time |G y |? and the scaled local time LZTész /|G n| from

Proposition 3.3 and Lemma 3.4, the law Q%7 *Z, see (1.5), appears as the limiting
distribution of the vacant configuration in the neighborhood of x,, x.

Let us describe the derivation of the asymptotic behavior of the P, ./-probability
just mentioned in a little more detail. As in [17], a key step in the proof is to show
that the probability that the random walk escapes from a vertex inaset V C Gy x [
in the vicinity of x,, x to the complement of Gy x I before hitting the set V con-
verges to the corresponding escape probability to infinity for the set ®,, 5 (V) in
the limit model G,,, x Z. This is where the required capacity appears. The assump-
tion (AS5) that (potentially small) neighborhoods B(y, n,rn) of the points v, n
are isomorphic to neighborhoods in G, is necessary but not sufficient for this
purpose. We still need to ensure that the probability that the random walk returns
from the boundary of B(x,, n,rn) to the vicinity of x,, y before exiting Gy X I
decays. This is the reason why we assume the existence of larger neighborhoods
Cu. v containing B(y, n,7rn) in (A6). These neighborhoods C,, y are assumed
to be either identical or disjoint for points with similarly-behaved Z-components
in (A8). Crucially, we assume in (A7) that the sets Cy, y are themselves isomor-

phic to neighborhoods in infinite graphs G, that are sufficiently close to being
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transient, as is formalized by (A9). We additionally assume in (A10) that X started
from any point in the boundary of C,, y x Z typically does not reach the vicin-
ity of x,, y until time k;l |G n|¢, that is, until well after the relaxation time of Y.
These assumptions ensure that the random walk, when started from the boundary
of B(xm, N, rn), is unlikely to return to a point close to x,,, y before exiting G y x I.
For this last argument, we need the mesh size /iy of the grids to be smaller than
()\X,l |Gn1?)!/2, so that hy can be only slightly larger than the )»;,1/ 2 required for
the homogenization of the G y-component.

In order to deduce Theorem 1.1 from the continuous-time result, we need an
estimate on the long term-behavior of the process of jump times of X and a com-
parison of the local time of X and the local time of the discrete skeleton X. This
requires a kind of ergodic theorem, with the feature that both time and the process
itself depend on N. To show the required estimates, we use estimates on the co-
variance between sufficiently distant increments of the jump process that follow
from bounds on the spectral gap of Gy. With the assumption (1.7), we find that
the total number of jumps made by X up to a time of order |G y|? is essentially
proportional to the limit of the average weight (1 + 8) per vertex in Gy X Z; see
Lemma 6.4. In this context, the hypothesis (A1) of uniform boundedness of the
vertex-weights of Gy plays an important role for stochastic domination of jump
processes by homogeneous Poisson processes.

The article is organized as follows. In Section 2, we introduce notation and
state the hypotheses (A1)—(A10) for Theorem 1.1. In Section 3, we introduce the
partially inhomogeneous grids with the relevant results described above. Section 4
shows that the dependence between the G y-components of different excursions
related to these grids is negligible. With these ingredients at hand, we can prove
the continuous-time version of Theorem 1.1 in Section 5. The crucial estimates
on the jump process needed to transfer the result to discrete time are derived in
Section 6. With the help of these estimates, we finally deduce Theorem 1.1 in
Section 7. Section 8 is devoted to applications of Theorem 1.1 to three concrete
examples of Gy .

Throughout this article, ¢ and ¢’ denote positive constants changing from place
to place. Numbered constants cg, c1, ... are fixed and refer to their first appearance
in the text. Dependence of constants on parameters appears in the notation.

2. Notation and hypotheses. The purpose of this section is to introduce some
useful notation and state the hypotheses (A1)—(A10) made in Theorem 1.1.

Given any sequence ay of real numbers, o(ay) denotes a sequence by with the
property by /ay — 0 as N — oo. The notation a A b and a V b is used to denote
the respective minimum and maximum of the numbers a and b. For any set A, we
denote by |A| the number of its elements. For a set B of vertices in a graph G, we
denote by 9B the boundary of B, defined as the set of vertices in the complement
of B with at least one neighbor in 3 and define the closure of B as B=BU dB.



RANDOM WALKS ON DISCRETE CYLINDERS 847

We now construct the relevant probabilities for our study. For any weighted
graph G, the path space P(G) is defined as the set of right-continuous functions
from [0, oo) to G with infinitely many discontinuities and finitely many discontinu-
ities on compact intervals, endowed with the canonical o -algebra generated by the
coordinate projections. We let (Y;);>0 stand for the canonical coordinate process
on P(G). We consider the probability measures Pyg on P(G) such that Y is distrib-
uted as a continuous-time Markov chain on G starting from y € G with transition
rates given by the weights wy /. Then the discrete skeleton (Y;),>0, defined by
Yy, =Y,v, with (0, )n=0 the successive times of discontinuity of Y (where o] = 0),
is a random walk on G starting from y with transition probabilities p9(y,y’) =
wy,y/wy. The discrete- and continuous-time transition probabilities for general
times n and ¢ are denoted by p;/ (y, y) = Pg[Y = y d andq (y,y) = Pg[Y, y'].
The jump process (1) );=0 of Y is denoted by 1Y =sup{n > 0:0, <1}, so that
Y = Y’?){’ t>0.

Next, we adapt the notation of the last paragraph to the graphs we consider. Let
G be any of the graphs Z = {z, 7/, ...} with weight 1/2 attached to any edge, G y =
,y,..},Gu=1{y,v,...}or Gy = {v,v’, ...}, where G are the finite bases
of the cylinder in (1.1), and for 1 <m < M, G,, are the infinite graphs in (1.3)
and G,, are infinite connected weighted graphs. Unlike G,,, the graphs Gy do not
feature in the statement of Theorem 1.1. They do, however, play a crucial role in
its proof. Indeed, we will assume that neighborhoods of the points y,, y that are, in
general, much larger than B(y,, n, ry) are isomorphic to subsets of G- For some
examples, such as the Euclidean box treated in Section 8, this assumption requires
that @m be different from G,,. Assumptions on (@m will then allow us to control
certain escape probabilities from the boundary of B(x,, v, ry) to the complement
of Gy x [, for an interval [ containing z,; y. See also assumptions (A6)—(A10)
and Remark 2.1 below for more on the graphs G-

Under the product measures Pyg X PZZ on P(G) x P(Z), we consider the process

= (Y, 2) on G x Z. The crucial observation is that X has the same distribution as
the random walk in continuous time on G x Z attached to the weights

1
2.1 Wy,2),(y,2) = Wy,y Lz=z) + El{y:y/,lz—Z’|=1}’

for any pair of vertices {(y, z), (', z/)} in G x Z. We define the discrete skeleton
(Xn)n=0 of X by X, = XU%, with (0,2(),,20 the times of discontinuity of X (where
(75( =0) and similarly Z, = Z(,nz for the times (anz),,zo of discontinuity of Z. We
will often rely on the fact that

(2.2) X is distributed as the random walk on G x Z with weights as in (2.1).

The jump process of X is defined as n;( =sup{n >0: 0,3( <t}. We write

23) Po=P¥ x PZ Pr=pPF"x Pl and PI=P0" x PE,
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for vertices x = (y,z) in Gy x Z and x = (v, z) in G,;, X Z or @m x Z. Two
measures on Gy are of particular interest: the reversible probability 7g, (y) =
wy/w(Gy) for pGN(-, -) and the uniform measure u(y) = 1/|Gyl|, y € Gy,

which is reversible for the continuous-time transition probabilities th N, ), t>0.
We define

POV= 3 u(mPYN.  Po= ) p(»)Pys and
yeGy yeGy

P= Z mw(y) Py,0)-
yeGN

(2.4)

On any path space P(G), the canonical shift operators are denoted by (6;);>0.
The shift operators for the discrete-time process X are denoted by O,f( =0yx,n = 0.
For the process X, the entrance, exit and hitting times of a set A are defined as

Hy=inf(n>0:X,€A), Ta=inf{n>0:X,¢ A} and
Q5
Ha=infln>1:X, € A).

In the case A = {x}, we simply write H, and H,. We also use the same notation
for the corresponding times of the processes ¥ and Z. The analogous times for the
continuous-time processes X, Y and Z are denoted H4 and T 4. Recall the definition
of the local time of the Z-projection of the random walk on G x Z from (1.6).
The local times of Z and its discrete skeleton Z are defined as

¢ R n—1
(2.6) i = /0 liz—3ds and L:=) liz-.

=0

Note that i,ﬁ should not be confused with the local time L of the Z-projection
of X, defined in (1.6). The capacity of a finite subset V of G,,, x Z is defined as

(2.7) cap” (V) = Y P?[Hy = oolwy.
xeV

For an arbitrary real-valued function f on Gy, the Dirichlet form Dy (f, f) is
given by

1 /
2.8) DN N=5 X (f0) = FOD) 2

9
vy eGy IGN|

and related to the spectral gap Ay of the continuous-time random walk Y on Gy
via

Dn(f, )
var, (f)

var, (f) = u((f — n(£))°).

AN = rnin{ : fisnot constant} where

2.9
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The inverse )»X,l of the spectral gap is known as the relaxation time of the
continuous-time random walk, due to the estimate (4.1).

We now come to the specification of the hypotheses for Theorem 1.1. Recall
that (Gy)n>1 1s a sequence of finite connected weighted graphs. We consider
M > 1, sequences X, N = Vm NsZm.N)» ] Sm <M,inGy xZandan0 < ¢ < 1
such that the assumptions (A1)—(A10) below hold. The first assumption is that the
weights attached to vertices of Gy are uniformly bounded from above and below,
that is,

(A1) there are constants 0 < c¢g < ¢y such that co < wy < ¢y, forall y € Gy.

A frequently used consequence of this assumption is that the jump process of Y
under P% can be bounded from above and from below by a Poisson process of
constant parameter, see Lemma 2.4 below. Moreover, by taking a function f van-
ishing everywhere except at a single vertex in (2.9), (A1) implies that Ay <c. If in
addition also the edge-weights w, ,» of Gy are uniformly elliptic, it follows from
Cheeger’s inequality (see [12], Lemma 3.3.7, page 383) that the relaxation time
)»X,l is bounded from above by ¢|G y|>. We assume a little bit more, namely that
for ¢ as above,

(A2) Ay <GNP,

which in particular rules out nearly one-dimensional graphs Gy. We further as-
sume that the mutual distances between different sequences x,, y diverge,

(A3) lim min  dxpm N, X, N) =00,
N 1<m<m’'<M ’

and that in scale |G y|, the Z-components of the sequences z,, y converge:

(A4) lim N _ o eR  forl<m<M.

N |G|
The key assumption is the existence of balls of diverging size centered at the points
ym.N that are isomorphic to balls with fixed centers o,, in the infinite graphs G,

For some ry — oo, there are isomorphisms ¢, y from B(y, n,7n)
(A5)
to B(om,rn) C Gy, such that ¢, N (Y, N) = 0p for all N, m.

In the proof of Theorem 1.1, we want to show the decay of the probability that the
random walk X under P returns to the close vicinity of the center x,, x from the
boundary of each of the balls B(x;, n,7ny) C Gy x Z before exiting a large box.
With this aim in mind, we make the remaining assumptions. For any m, N, we
assume that there exists an associated subset C,, y of Gy such that

(A6) B(ym,N,rN) ng,Na
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and C_‘m, N are isomorphic to a subset of the auxiliary limit model @m, that is,

there is an isomorphism ¥, y from C_‘m, N Wwith a set @m C Gm
such that ¥, y(0Cp, N) = 0Cp, N,

where the last condition is to ensure that the distributional identity (2.13) below
holds. Note that we are allowing the infinite graphs G, to be different from G,y,.
For an explanation, we refer to Remark 2.1 below (see also Remark 8.4). We fur-
ther assume that the sets C,, v as m varies are essentially either disjoint or equal
(unless the corresponding Z-components z,, y are far apart), that is,

(A7)

whenever v,, = vy, then for all N either C,, y = C,y §

(A8) orCy nNCpy Ny =6.

Concerning the limit model G, we require that the measure of a constant-size

ball centered at 0., (def.) Y. N (Ym,n) under the law Y, o P_Gm decays faster than
—1/2—¢
n £

(A9) lim n'/7*® sup sup pf”” (vo,y) =0 for any pg > 0.
n—oQ A A
vo€G,, YEB(©Om,N.00),N=1

This assumption is only used to prove Lemma 2.3 below. Let us mention that (A9)
typically holds whenever the on-diagonal transition densities decay at the same
rate, see Remark 2.2 below. Finally, we assume that the random walk on Gy X Z,
started at the interior boundary of C,, y X Z, is unlikely to reach the vicinity of
Xm,n until well after the relaxation time of Y:

(A10) lim sup

< )»X,l IGnI] =0,
N c
Y0E€I(CS,),20€Z

Payo.zo) [ H (!N &) Zm N +2)
for any (v, z) € G, x Z [note that ¢,;’1N (y) is well-defined for large N by (A5)].

REMARK 2.1. The infinite graphs G, in (A7) can be different from the graphs
G, describing the neighborhoods of the points y,, n. The reason is that for (A10)
to hold, the sets C,, y will generally have to be of much larger diameter than their
subsets B(yn, rn). Hence, C,, is not necessarily isomorphic to a subset of the same
infinite graph as B(y;,, rn). This situation occurs, for example, if Gy is given by
a Euclidean box, see Remark 8.4.

REMARK 2.2. Typically, the weights attached to the vertices of G, are uni-
formly bounded from above and from below, as are the weights in G y [see (A1)].
In this case, assumption (A9) holds in particular whenever one has the on-diagonal
decay

V2 sup py (v, v) = 0,

veG,
see [20], Lemma 8.8, pages 108 and 109.

limn
n
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From now on, we often drop the N from the notation in Gy, Cy N, Xm. N>
¢m,n and ¥, n. We extend the isomorphisms ¢, and v, in (AS5) and (A7) to
isomorphisms ®,, and W, defined on B(y,,,ry) x Z and on C,, x Z by

(2.10) Qi (v, ) (dn (), 2 —zm) and

(2.11) W (y,2) = (Ym(y), 2 —20) forzo € Z.
A crucial consequence of (A5) and (A7) is that for ry > 1,

(X; :0 <t <Tpg(y,,ry—1)xz) under Py has the same distribution as
(2.12)
(@,,1(X¢):0 <t < Tp(o,.ry—1)xz) under P () and

(X; : 0 <t <Tc, xz) under P, has the same distribution as
(2.13)

(W) ™' (%) 10 <1 < T, »z) under Py .

The assumption (A9) only enters the proof of the following lemma showing the

decay of the probability that the random walk on the cylinders G,, x Z or G xZ
returns from distance p to a constant-size neighborhood of (0,,, 0) or (¥, (y1n), 0)
as p tends to infinity. Note that this in particular implies that these cylinders are
transient and the random interlacements appearing in Theorem 1.1 make sense.

LEMMA 2.3 (1 <m < M). Assuming (A1)-(A10), for any pg > 0,

lim sup ]P’QO[HX <o00]=0 and
P70 d(x,(6m.00)<po
d(x0,x)>p
(2.14)
lim sup IP)ZO[HX < 00]=0.
P90 d(x,(om,0) <o
d(x0,x)>p

The proof of Lemma 2.3 requires the following two lemmas of frequent use.

LEMMA 2.4.  Let G be aweighted graph such that 0 < infy wy < sup, wy < oo.

2.15) Under Pyg, en = (o) — oY Dwy, ,,n > 1, isasequence of
i.i.d. exp(l) random variables, independent of Y , and
(2.16) infy < n;( < n:uPy My fort >0,

where n; =sup{n >0:e1 +--- 4+ e, <vt}, t >0, with (e,),>1 as defined above,
is a Poisson process with rate v > 0.

PROOF. The assertion (2.15) follows from a standard construction of the
continuous-time Markov chain Y, see for example [10], pages 88, 89. For (2.16),
note that for any k > 0,

Wy, < 1 < Wy;

(2.17) — . :
sup, wy infy wy
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hence, for t > 0,

n
n;( sup{niO:Z(o,f—a,j_l)St

k=1

2.17) n Wy, sup, w
< sup{niO:Z(a,j—o,Zl) EL<tt=n, P ’,
= supy, wy
as well as

Q2.17) - wy, f
% Y Y k-1 in vty
n, = supyn=0:) (o —op_ ) <ty =1n

{ kz=:1 infy wy O
LEMMA 2.5.
14+t—s

(2.18) PZZ[Z/GZ[M]] <c forO<s<t<oo,z,7 €Z.

75

PROOF. By the strong Markov property applied at time s + H,/ o 6,

t+1 t+1
EZZ[/ 1{2,-:1/}dr:| > EZZ|:S —+ HZ/ o 93 < t,/ 1 (Z,=2'} dl’i|
K s+H_/ 005

1
(2.19) > PZ[Hy 060, <t — s]EZZ;‘[/ 1{zr:Z,}dr]

> PZ[7 € Zi n|EZI0f A 11> cPE[Z € 24 4]

It follows from the local central limit theorem, see [9], (1.10), page 14, (or from a
general upper bound on heat kernels of random walks, see Corollary 14.6 in [21])
that

(2.20) PZZ[Zn =71<c//n forallzandz inZ and n > 1.

Using an exponential bound on the probability that a Poisson variable of intensity
2t is not in the interval [z, 4¢], it readily follows that PZZ [Z, = 7'] < c/+/t for all
t > 0, hence,

t+1 +1 ] 1471 —
EZZ[f 1z,— dr} —drfcg.
s s W Vs

With (2.19), this implies (2.18). O

PROOF OF LEMMA 2.3. Denote by G either one of the graphs G or G, and
by P the corresponding probabilities P* and P". Assume for the moment that for
all n > c(e, po),

2.21) sup  sup  pr(vo,y) < c(pon” /27,
v0€G yeB(0,p0)
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where o denotes the corresponding vertex 0, y Or o,,. For any points x = (v, z)
in B((0, 0), pp) and xg = (yo, zo0) in G x Z such that d(xq, x) > p, we have

o0
(2.22) Puo[Hy <00l < Y PypzplYa=v.z€ z[gny,gnvﬂ]].
n=[p]

By independence of (¥, o¥) and Z, the probability in this sum can be rewritten as

EG Yy =y. PL[z € Zjs0)] ==Y, )

which by the estimate (2.18) and the strong Markov property at time o' is smaller

n
than

1+0106, v7 (A 1
CE%[Y,,:Y’_ Un:| < CE}?()[Yn:y’ —i|

Vor Vor
By (2.15) and (A1), the sum in (2.22) can be bounded by

«/71 }< > Y (v0,v) !
— | =¢ E Py (Y0, Y)—=,
ertocten eyl v

where we have used that E[1/(e;j+---+e,)]=1/(n—1) forn > 2 [note that e] +
-+ + e, is ['(n, 1)-distributed], together with Jensen’s inequality. By the bound
assumed in (2.21), this implies with (2.22) that

223) ¢y p,?(yo,y)E[
n=[p]

o0
sup P [Hx <00l <clpg) Y n~'7%.
d(x,(0,0))=po n=[p]
d(x0,x)>p
Since the right-hand side tends to 0 as p tends to infinity, this proves both claims
in (2.14), provided (2.21) holds for Gm and G, in place of G. In fact, (2.21)
does hold for G = @m by assumption (A9), and also holds for G = G,, by the
following argument: Consider any yo € G, v € B(om, po) and n > 0. Choose N
sufficiently large such that ry — d(yo, 0,,) > n and both yg and y are contained
in B(oy, rn) [cf. (AS5)]. Using the isomorphism 1} =Y, o 4’"_11 from B(o,,,ryN) to
B(Om,rN) C @m, we deduce that

Pi(,}'" (v0,y) = Pﬁm (Yo =V, TB(o,.ry—1) = N — d(¥0, 0m)]

G,
2.24 = p.m
( ) 1//(Yo)[

Yo =), Tay . ry—1) = N — d(¥0, 0m)]
< pC" (F (o), T (¥)) < clpoyn~ /22,

using assumption (A9) in the last step. This concludes the proof of Lem-
ma23. O
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3. Auxiliary results on excursions and local times. In this section, we re-
produce a suitable version of the partially inhomogeneous grids on Z introduced
in Section 2 of [17]. These grids allow to relate excursions of the walk Z asso-
ciated to the grid points to the total time elapsed and to the local time L of Z.
This is essentially the content of Proposition 3.3 below, quoted from [17]. We then
complement this result with an estimate relating the local time L of Z to the local
time L of the continuous-time process Z in Lemma 3.4.

For integers 1 < dy < hy and points z?t N> 1 =1 <M, in Z (to be specified
below), we define the intervals

3.1) I =[zf —dy, 2} +dy1 S I = (zf — hy, 2} + h),

dropping the N from z; ,, for ease of notation. The collections of these intervals
are denoted by

(3.2) IT={,1<l<M} and Z={I,1<I<M)}.
The anisotropic grid Gy C Z, is defined as in [17], (2.4):

Gy =G5 ug° where Gy = {z;', 1 <l <M} and
(3.3)
GV ={z€2hNZ:|z — 2| > 2hy, for 1 <1 < M}.

It remains to choose dy, hy and z;. In [17], no upper bound other than o(|G y|)
is needed on the distance between neighboring grid points, but we want an upper
bound not much larger than )\;,l/ 2 A consequence of this requirement is that unlike
in [17], we may attach several points zJ' to the same limit v,, in (A4). We satisfy
this requirement by a judicious choice such that

(3.4) A PIGN I <dy,  dy =o(hn), hy <25PIG NI,
(3.5) min |zj —z;| > 100hy and
I<l<l'<M

M
{21, o zmy S U — [dn /2], 2f + [dw /2]]
=1

(3.6)
forall N > c(e, M).

PROPOSITION 3.1.  Points z7, ..., 2y, in Z and sequences dy, hy in N satis-
Sfying (3.4)—(3.6) exist.

The proof of Proposition 3.1 is a consequence of the following simple lemma,
asserting that for prescribed numbers a > 1 and b > 2 any M points in a metric
space can be covered by balls of radius between a and 5> a, such that the balls
with radius multiplied by b are disjoint and no more than M balls are required.
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LEMMA 3.2. Let X be a metric space and x1,...,xy, M > 1, points in X.
Consider real numbers a > 1 and b > 2. Then for some M, < M and a < p <
b*M 4 there are points {x, ..., xj(,l*} in X such that

U B(x], p) 2 {x1,...,xm} and the balls (B(x], bp))f.‘i*1 are disjoint,

I<i<M,

where B(x,r) denotes the closed ball of radius r > 0 centered at x € X.

PROOF OF PROPOSITION 3.1. Lemma 3.2, applied with X = Z and the
points z1,....zy with a = [Ay"/?|G|*/%] and b = [(|G|¥/3)/@M+D], yields
points 2}, ..., Z*M* in Z and a p between a and b*M g such that (3.4)—(3.6) hold
for dy = [2p], hy = [bp/100] and M, in place of M. The additional points

Zy, 415 - -+ 2y can be chosen arbitrarily subject only to (3.5). U

PROOF OF LEMMA 3.2. Form > 0, set

k
km = min{k > 0: for some x|, ..., x; in X, UB(xl{,bzma) D{x1,....xM} ¢,
i=1

and denote points for which the minimum is attained by x", ..., x,’('zn . The first
observation on k;, is that clearly 1 < k;,, < M. The second observation is that

either the balls B(x;", b¥"*1a), 1 <i < ky, are disjoint, or
km+1 < ki, form > 0.

Indeed, assume that ¥ € B(x", b*"+1a) N B(x}",bzm“a) for 1 <i < j <kp.

Then since b > 2, the k,,, — 1 balls of radius 52"t D¢ centered at (7", x,’('zn} U
{xP\ {x", x?’} still cover {xy, ..., xpr}. Thanks to these two observations, we may
define

m, = min{m > 0:the balls B(x/", b*"a), 1 <i <k, are disjoint} < M,
and set My = ki, x; = x;" for 1 <i < M, and p =b*"a. O
The grids Gy we consider from now on are specified by (3.1)—(3.6). In order to

define the associated excursions, we define the sets C and O, whose components
are intervals of radius dy and &y, centered at the points in the grid Gy, that is,

(3.7 C=0n+[—dyN.dNn]C O =GN + (—=hn, hN).

The times R, and D,, of return to C and departure from O of the process Z are
defined as

R]:Hc,DlzTooQRl—i-Rl, and forn>1,
3.8)
Rn+1=R109Dn+Dna Dn+1:D100Dn+Dna
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sothat 0 < Ry <Dy <---< R, < D,, PZZ—a.s. For later use, we denote for any
a >0,

Z Z
tn = Ey [T—hy+dy.hiy—dy)] + Edqy [T~hy.h)]
= (hy —dn)* + 1% — d%,
on =[a|G*/ty],  ke(N) =0y — [0y

3.9

3/4)
(3.10) ’

K*(N) = oy + o3/ '],

where we will often drop the N from now on. We come to the crucial result on
these returns and departures from [17], relating the times Dy to the total time
elapsed (3.11) and to the local time L of Z [(3.12)—(3.14)].

PROPOSITION 3.3. Assuming (A2),

(3.11) li]{InPOZ[Dk*Saleszk*]:l.
(3.12) nllvnsug E(?[(|ifalGN|2] — L}, |/1Gnl) A1) =0.
z€

(3.13) sup max

1
N I€Z |GN| [ Z {ZR"EI}}

1<k<ks
}/|GN|=0

PROOF. The above statement is proved by Sznitman in [17]. Indeed, in [17],
the author considers three sequences of nonnegative integers (ay)y>1, (hAn)N>1,
(dN)sz such that

L, —hn Y lizgen

(3.14) lim max sup E [
N
1<k<k,

1€l ,¢p

limay :liI{’nhN =00 and

(3.15)
dy =o(hy), hy =o(ay) (cf. (2.1)in [17]),

as well as sequences zl N of points in Z satisfying (3.5) (cf. (2.2) in [17]). The grids
Gy are then defined as in (3.3) (cf. (2.4) in [17]) and the corresponding sets C
and O asin (3.7) (cf. (2.5)in [17]). For any y € (0, 1], z € Z, Sznitman in [17] then
introduces the canonical law QY on ZN of the random walk on Z which jumps to
one of its two neighbors with probability y /2 and stays at its present location with
probability 1 — y. The times (R;),>1 and (D,),>¢ of return to C and departure
from O are introduced in (2.9) of [17], exactly as in (3.8) above. The sequences
ty, on, ke (N), k*(N) are defined in (2.10)—(2.12) of [17] as in (3.9) and (3.10)
above, with |G| replaced by ay and EZ replaced by the Q! -expectation E” .
Under these conditions, the statements (3.11)—(3.14) are proved in [17], Propo-
sition 2.1, with |G| replaced by ay and POZ and Eg replaced by POV and Eg .
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All we have to do to deduce the above statements is to choose ¥y = 1 and
ay = |G | in Proposition 2.1 of [17], noting that (3.15) is then satisfied, by (3.4)
and (A2). U

We now relate the local time of Z to the local time of the continuous-time
process Z.

LEMMA 3.4.
VAN X
(3.16) ilelg Ej [L[a\GNP]] <c(a)|Gy| fora > 0.
: VA . Tz —
(3.17) hlgnjzg EO [(|L2|GN|2 - LEO{IGN|2]|/|GN|) A 1] =0.

PROOF. For (3.16), apply the bound Py[Z, = z] < c//n (cf. (2.20)), see
(2.34) in [17].
We write T = «|G|?. By the strong Markov property applied at time U[ZT] AT,

Zr z z Z ULZTJVT
Ey HLU[ZT] — L3l = Ep [/a[ZT]AT liz,=z) ds}
o [ (lof=T!
(3.18) < ZsOuE% EZ |:./0 1z,— dsi|
T2/3 )
< /O Zsog PZ(Z, =z1ds + E§[(ofp)— T)°]/ T*°,

using the Chebyshev inequality in the last step. By the bound (2.18) on PZZ0 [Zs =z]
and a bound of ¢T on the variance of the I"'([T], 1)-distributed variable o[ZT], the

right-hand side of (3.18) is bounded by ¢7'!/3. Hence, the expectation in (3.17) is
bounded by

(3.19) c(a)|G|—1/3+E§[(|L§[ZT] — Ly /1G] A 1].

The strategy is to now split up the last expectation into expectations on the events
Ar={81G| < Li; <0IGl},  Ay={L{y <3|Gl},
Az ={Li7, > 0IG|}, 0<8 <.

In this way, one obtains the following bound on (3.19):

[T]-1

c(@)|GI7'? + EE [Al, ( Y (04 —of = Dljz,—
n=0

/|G|) A 1}

(3.20)
4258 + PZ[A3),
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where we have used the fact that (o*nZ R 0",12);130 are i.i.d. exp(1) variables inde-
pendent of Z to bound the expectation on A by 25. By Chebyshev’s inequality

and (3.16),

Py1A3] < EG[L], 5]/ 61G]) < c(@)/6.

In order to bound the expectation in (3.20), we apply Fubini’s theorem to obtain

[T]-1 L
/|G|> A 1} < EZ [Al f(Li) I[GTI]]

R
n=0
—1)‘/1) A<|G|/1>}

Z (Grlz+1 - Grlz - 1)1{Zn—Z
Collecting the above estimates and using the deﬁmtlon of Ay, we have found the
following bound on the expectation in (3.17) for any z € Z:
c@)|GI™Y3+6 sup f(I)+28+ c@
1>5|G]| 0

where forany [ > 1, f(I) = Eg|:<

Note that this expression does not depend on z, so it remains unchanged after
taking the supremum over all z € Z. Since moreover sup;. 4| f (/) tends to 0 as
|G| tends to infinity by the law of large numbers and dominated convergence, this
shows that the left-hand side of (3.17) (with lim replaced by lim sup) is bounded
from above by 26 + c(«)/6. The result follows by letting § tend to O and 6 to
infinity. [

Consider now the times R, and D,,, defined as the continuous-time analogs of
the times R, and D,, in (3.8):
R, = a,%n and D, = agn forn>1,

so that the times R,, and D,, coincide with the successive times of return to C and
departure from O for the process Z. We record the following observation.

LEMMA 3.5. For any sequence ay > 0 diverging to infinity,
(3.21) hmsupE [IDay/Day — 1A 1]=0

N zez
PROOF. We define the function g:N — R by g(n) = Y!'_, (6% — % |)/n,
so that D, /Dgy = g(Dy, ). By independence of the two sequences (O'nz)nzl and
(Dy)n>1, Fubini’s theorem yields

(3.22) sup EZ[|Day/Day — 11 A 1] = sup EZ[EFlgm) — 11 A Uly=p,, )

where we have used that the distribution of (a )n>11s the same under all measures
PZ, z € Z. Fix any ¢ > 0. By the law of large numbers, the E -expectation in
(3 22) is less than ¢ for all n > c(¢). Hence, for any N such that c(e) <ay, we
have c(¢) <ay < D, and the expression in (3.22) is less than e. [
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4. Excursions are almost independent. The purpose of this section is to de-
rive an estimate on the continuous-time excursions (X[r,.p,])1<k<k, between C
and the complement of O. The main result is Lemma 4.3, showing that these ex-
cursions can essentially be replaced by independent excursions after conditioning
on the Z-projections of the successive return and departure points. The reason is
that the G y-component of X has enough time to mix and become close to uni-
formly distributed between every departure and subsequent return, thanks to the
choice of A in the definition of the grids Gy, see (3.4). The following estimate is
the crucial ingredient.

PROPOSITION 4.1.

1
(4.1) sup |g N (3, ¥) = ——| <™ fort=0.
y.y'eGy G NI

PROOF. If wy =1 for all y € G, then the statement is immediate from [12],
Corollary 2.1.5, page 328. As we now show, the argument given in [12] extends to
the present context. For any |G| x |G| matrix A and real-valued function f on G,
we define the function Af by

Af(y) = Z Ay,y/f(y,)-

y'eG

We define the matrices K and W by K, \» = p%(v,y") and Wy v = wydy—y, for y,
y’ € G. Then we claim that for any real-valued function f on G,

4.2) E\[f(Y)]=H: f(y) where H; = e "WU=K) >0,

In words, this claim asserts that the infinitesimal generator matrix Q of the Markov
chain (Y;);>0 is given by QO = —W (I — K), an elementary fact that is proved
in [10], Theorem 2.8.2, page 94. Recall the definition of the Dirichlet form D
from (2.8). Let us also define the inner product of real-valued functions f and g
on G by

(f.8)=Y_ fMesMIGI".
veG

Then elementary computations show that

d
d—tu((Hzf)z) =-2(W( — K)H, f, H; f) = =2D(H, f, H; f).

This equation implies that the function u, defined by u(t) = var, (H; f), t >0,
satisfies

2.9
=

)
u'(t) = =2D(H,(f — (), Hi(f — n(f))) = —2xnu(), 1=0,
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hence by integration of of u’/u,

(4.3) var, (H; f) = u(t) < e 2*M'u(0) = e~ var,, (f).

Using symmetry of ¢ (-, -), (4.2) and the Cauchy—Schwarz inequality for the first
estimate, we obtain for any >0 and y, y' € G,

1
IGlg” (v, y) =1 = | D" (IGlg2 (3, y") = )(1Glg (" ¥) — DG
y”eG

< vary, (H;2|G |8y () var, (H; 2| G |8, ()'/*

4.3)
< e )‘N’varu(|G|5y('))1/2Varu(|G|6y’('))l/2

= e M(G|=1).
Dividing both sides by |G|, we obtain (4.1). [

Next, we show that the time between any departure and successive return indeed
is typically much longer than the relaxation time )»;,1 of Y.
LEMMA 4.2.

(4.4) limsup |G y|~*/!®log sup PE[Ri — Dx—1 < Ay IGN|] <.
N k>2

PROOF. By (3.4), we may assume that N is large enough so that dy < hy /2.
We put

y =2 G I*8,

so that y diverges as N tends to infinity [see below (A1)], and define the stopping
times (Up,),>1 as the times of successive displacements of Z at distance [,/y], that
is,

Uy =inf{t >0:|Z, — Zo| > [\/¥]} and forn>2,
U, =U, Oeun_1 +U,_1.

To get from a point in O¢ to C, Z has to travel a distance of at least iy /2 >
[hn/2/V)I[/V] As aconsequence, Ry — Dg—1 > U[hN/(ZW)] o 6p,_, and it fol-

lows from the strong Markov property applied at time Di_1, then inductively at
the times Ulhy/@ymi-1s - - -» Ur that
Py [Re = Di—1 < 1 < eEgexp{~Upny 2 im/71]
< e(E{lexp{—Uy/y D/ VDL,
Since Uy =T PLLPD = G%(—l\/nl\/ﬂ)’ we find with independence of (an)nzo
and T~ /7117
E§Texp{=U1/y 1 = Eg[(1 — 1/y) vt ],

4.5)
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by computing the moment generating function of the I'(n, 1)-distributed vari-
able anz. By the invariance principle, the last expectation is bounded from above by
1 — ¢ for some constant ¢ > 0. Inserting this bound into (4.5) and using the bound
hy > c/7|G N[/ from (3.4), we find (4.4). O

We finally come to the announced result, which is similar to Proposition 3.3
in [17]. We introduce, for G any one of the graphs Gy, Z or Gy X Z, the
spaces PG of right-continuous functions from [0, co) to G with finitely many
discontinuities, endowed with the canonical o-algebras generated by the finite-
dimensional projections. The measurable functions (-)i(‘) from P(G) to P(G)/ are
defined for 0 < sg < 51 by
(4.6) ((W))r = W(sg+1)Asi » t>0.

Given z € C and 7’ with P,[Zp, = 7] > 0, for P, defined in (2.4) (in other words
7/ €31 if 1 is the connected component of O containing z), we set

(4.7) P, = P;[|Zp, =7].

LEMMA 4.3. For any measurable functions f : PGy x P2 —[0,1],

@) tim|E| T #e00R)| = B3 [Tz 20 LA0OF]| =0,

1<k<k, 1<k<k,

PROOF. Consider first arbitrary measurable functions gk:P(G)f — [0, 1],
1 <k < ks, real numbers 0 < s <s] <--- < sk, <s,/{* < 00 and set
Hy = gi((Y)s0).

With the simple Markov property applied at time sy, , then at time s, 1, one ob-
tains

9| T m]=e0|( I1 ), teconis ]

1<k<ks 1<k<ky—1
G G
e ) S ]
1 <k<ks—1 yeG *

— Sk

G Sk
With the estimate (4.1) on the difference between the transition probability of Y

inside the expectation and the uniform distribution and the fact that gz € [0, 1], it
follows that

’EG[ I1 Hk}—EG[ I1 Hk}EG[gk*((Y)gk*_Sk*)]
1<k<k, 1<k<k,—1

< c|Glexp{—(sk, = sp,—DAn}.



862 D. WINDISCH

By induction, we infer that

‘EG[ [ gk((v)s@}— [T ECLer(g 1
1<k <k 1<k <k
4.9) )
<clG| Y eSSy,

2<k<ky

Let us now consider the first expectation in (4.8). By Fubini’s theorem, we find
that

s

E[ I1 fk((x)gi)}=Eg|:EG[ I fk<(v>ié,<z>i£>] o (Z)Dk].
s = Ry

1<k<k, 1<k<k,

Observe that (4.9) applies to the E G—expectation with gr(-) = fr(, (Z)i’,j), and
yields

£ TT soon] =5 T1 ELcni™ @Rl
1<k <k 1<k<k,

< |G| Z E(%[e—(Rk_Dk—l))\N]'
2<k<ky

(4.10)

Note that for large N, the last term can be bounded with the estimate (4.4) on
Ry — Dr_1:

Z EF[e DDV < ¢k, exp{—c|G|)

<k<k,

4.11)
(3.10) c / ce
< c@)IG|"exp{—C'|G|"}.

It thus only remains to show that the second expectation on the left-hand side of
(4.10) is equal to the second expectation in (4.8). Note that for any measurable

functions hy : P(Z) — [0, 1], 1 < k < ky and points z;, s s Ty e z;(* in Z
such that Psz [Zp, = z}c] > 0 for 1 < k < k,, one has by two successive inductive
applications of the strong Markov property at the times Ry, , D, —1, Rk, -1, ..., D1,

with the convention Pz{) =P,

E§| N o =220, =) [] m(@R)]

1 <k<k I<k=<ky
= [1 (P} [2Za =z, 4@ P20, = 2}])
1 <k<ky

=POZ[ N {szZZk,szzz;}] [T E.qli(@ghl.

1<k <k 1<k <k
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Summing this last equation over all z, z;, as above, one obtains

E(?[ [1 hk«zﬁp}:Eg[ I Esz,sz[hk((Z)gl)]]

1<k=<k, 1<k<k,
Applying this equation with

(@8 = ECLA0g ™, @bl

@Y =@
substituting the result into (4.10) and remembering (4.11), we have shown (4.8).
O

5. Proof of the result in continuous time. The purpose of this section is to
prove in Theorem 5.1 the continuous-time version of Theorem 1.1. Let us ex-
plain the role of the crucial estimates appearing in Lemmas 5.2 and 5.3. Under
the assumptions (A1)-(A10), these lemmas exhibit the asymptotic behavior of
the P, -probability [see (4.7)] that an excursion of the path X visits vertices in
the neighborhoods of the sites x,, contained in a box Gy x [I. It is in particular
shown that the probability that a set V;,, in the neighborhood of x,, is visited equals
cap™ (P, (Vim))hn /|G n|, up to a multiplicative factor tending to 1 as N tends to
infinity. This estimate is similar to a more precise result proved by Sznitman for
Gy=(Z/N Z)d in Lemma 1.1 of [18], where an identity is obtained for the same
probability, if the distribution of the starting point of the excursion is the uniform
distribution on the boundary of G x I (rather than the uniform distribution on
Gn x {z}).

According to the characterization (1.5), these crucial estimates show that the
law of the vertices in the neighborhood of x,, not visited by such an excursion is

comparable to Qf’;’” /T(%N|' In Lemma 4.3 of the previous section, we have seen that

different excursions of the form (X) g’;, conditioned on the entrance and departure
points of the Z-projection, are close to independent for large N. According to the
observation outlined in the last paragraph, the level of the random interlacement
appearing in the neighborhood of x,, at time «|G y | is hence approximately equal
to iy /|G | times the number of excursions to the interval I performed until time
a|Gy|*. As we have seen in Proposition 3.3 and Lemma 3.4, this quantity is close
to the local time LZTGNIZ /|G n| for large N. An invariance principle for local times
due to Révész [11] [with assumption (A4)] serves to identify the limit of this quan-
tity, hence the level of the random interlacement appearing in the large N limit, as
L (v, ). This strategy will yield the following result.

THEOREM 5.1. Assume that (A1)—(A10) are satisfied. Then the graphs G,, x
Z are transient and as N tends to infinity, the ]_[nﬁle {0, 1}Cm x ]R_Af -valued random
variables

LZ] LZM
1,N M,N a|Gy|? a|Gn|?
<a)x e, , l Nl,..., Gl , o >0,
”a|GN\2 ”a\cNﬂ |G NI IGN|
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defined by (1.4), (2.6), with ry and ¢, N chosen in (5.1) and (5.2), converge in joint
distribution under P to the law of the random vector (wy, ..., wp, U, ..., Uy)
with the following distribution: (U,,,)n]‘f:1 is distributed as (L (v, oz))n[‘;":1 under W,

and conditionally on (Um)nﬂle, the random variables (a)m)ﬁ‘,f':1 have joint distrib-
. G X7
ution [ [y <pm<m QU:Z .

PROOF. The transience of the graphs G, x Z is an immediate consequence of
Lemma 2.3. To define the local pictures in (1.4), we choose the ry in (1.3) as

D) ry=(_min_d(un, Xy n) ATy Ady)/3, cf (A3), (AS), B4)
1<m<m’'<M

(5.2) and ¢, n as the restriction of the isomorphism in (AS5) to B(ym. N, N)-
Then the local pictures in (1.4) are defined. We set
(53) Bm,NIB(Xm’N,I’N— 1) and Em,N:cDm,N(Bm,N) for vy = 1.

From now on, we drop N from the notation in ¢, x, By, y and By, y for simplicity.
Our present task is to show that for arbitrarily chosen finite subsets V,,, of G,, x Z,

(54) An(@|Gy%, a|Gn|?) —> A(@)  forany 6, eRy, 1 <m <M,
where for times s, s’ > 0 and V,,, = CID,;]Vm [well-defined for large N, see (2.10)],

6
(5.5) AN(s,s/)=E[ I1 1{va>s}exp{——mL§r"” and
L<meM IGnl

(5.6) Ax) = Ew[exp{— Z L(vp,a)(cap™ (Vi) + Gm)”.

1<m<M

Theorem 5.1 then follows, as a result of the equivalence of weak convergence
and convergence of Laplace transforms (see for example [3], pages 189-191), the
compactness of the set of probabilities on [],,{0, 1}6n>Zand the fact that the
canonical product o-algebra on [],,{0, 1}Gn*Z i5 generated by the 7-system of
events ﬂn]‘f: Ho(x) =1, forall x € V,,}, with V,, varying over finite subsets of
G X Z.

We first introduce some additional notation and state some inclusions we shall
use. For any interval I € Z [cf. (3.2)], we denote by J7 the set of indices m such
that zm € 1:

{l<m<M:zunel} it IN{ziN,...2u.N} # D,
%)} otherwise.

57 = {

Note that the set /7 depends on N. Indeed, so does the labelling of the intervals
in Z. It follows from the definition of ry that

(5.8) the balls (B,,)1<m<p are disjoint, cf. (5.3).
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Since the sets V,, are finite, we can choose a parameter ¥ > 0 such that V,, C
B((on, 0), k) for all m and N. Since ry tends to infinity with N, there is an Ng € N
such that for all N > Ny, we havery > 1 aswell as forall / € Z and m € J;,

Vi C B((o,0),x) C B, C Bou,'n—1)X7Z

69 1o, 1@, 1@,

;.1 (A6)
Vin C B(xm, k) C Bn C Bym,'n—DxI < Cp,xI.
Since dy = o(|G y]) [cf. (3.4), (A2)], any two sequences z,, that are contained in
the same interval / € 7 infinitely often, when divided by |G x|, must converge to

the same number vy, cf. (A4). By A8, we can hence increase N if necessary, such
that for all N > N,

(5.10) for m and m’ in J;, either C,, = C,,y or C,, N C,yy = .

We use V; ,, to denote the union of all sets Vs included in C,, x I and V; for the
union of all V,,, included in G x I, thatis,

5.9)
511 Vi = U Vg CCpx1 and Vi= ) Vi C Gy xI,
m'eJr:C,=Cp meJy

with the convention that the union of no sets is the empty set.

The proof of (5.4) uses three additional Lemmas that we now state. The first two
lemmas show that the probability that the continuous-time random walk X started
from the boundary of G x I hits a pointin the set V; C Gy x I [cf. (5.11)] before
exiting G x I behaves like /1y /|G y| times the sum of the capacities of those sets
Vn whose preimages under ®,, are subsets of Gy x I.

LEMMA 5.2.  Under (A1)~(A10), for N > Ny [cf. (5.9), (5.10)], any I € T,
Iclel,zied(l andzp e dl,

d h -1 d
(5.12) 1—cX <P, ,[Hy, <Té](—NcapB(V1)) <l4c
hy ' |G N hy
where B= Gy x I and capz (Vi) = ey, Px[Tj < FIV,]wx.

LEMMA 5.3.  With the assumptions and notation of Lemma 5.2,

(5.13) lim max
N IeT

cap (Vi) = Y- cap” (V)| =0.

meJy

The next lemma allows to disregard the the effect of the random walk trajectory
until time Dy, cf. (5.15), as well as the difference between Dy and Dy, cf. (5.16).
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LEMMA 5.4. Assuming (A1),

(5.14) lim  sup  Pr[Hy <Dy, ]1=0.
7€Z,xeGN X7

(5.15) limsup P;[Hj, v, <D1]=0.
N ez

(5.16) lilgnE[ [T Ysoer— TT li,=pi } =0.

1<m<M 1<m<M

Before we prove Lemmas 5.2-5.4, we show that they allow us to deduce The-
orem 5.1. Throughout the proof, we set T = |G y|* and say that two sequences
of real numbers are limit equivalent if their difference tends to 0 as N tends to
infinity. We first claim that in order to show (5.4), it is sufficient to prove that

(5.17) Ay =ANDg,, T) = A@) for o > 0.
Indeed, by (5.16), the statement (5.17) implies that also
(5.18) li}{/nAN(Dk*,T)=A(oz) for a > 0.

Now recall that Dy, < T < Dy~ with probability tending to 1 by (3.11). Together
with (3.21), it follows that

li}{/nPOZ[(l —8)D, <T <(1+6)Dix] =1 for any § > 0.

Monotonicity in both arguments of Ay (-, -), (5.17) and (5.18) hence yield
limsup An(T/(1—=6),T/(1—28)) <limsupAy(Dx,,T)=A(x) and
N N

liminf Ay (7/(1+8), T/(1+8)) = liminf Ay (D, T) = A(e)

forO0 <é < 1.
Replacing o by a(1 — ) and (1 + §), respectively, we deduce that
Alx(149)) < lin]lvianN(T, T) <limsup Ay(T,T) < A(a(l —§)),
N

for ¢ > 0 and 0 < § < 1, from which (5.4) follows by letting é tend to 0 and using
the continuity of A(-). Hence, it suffices to show (5.17). By (3.17), Aﬁv is limit
equivalent to

O A
(5.19) E|:1mm{HVm>Dk*} exp{— ) —|G";v| Lf%”’

1<m<M

which by (5.15) remains limit equivalent if the event (), {Hy,, > Dy, } is replaced
by

A= {forall 2 <k <k, whenever Zg, € I for some I € Z, X{g,.p,] N VI = &},
cf. (3.2).
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Making use of (3.12) and (3.14) (together with Zg, = Zg, ) we find that A?v 1s limit
equivalent to

hN (Zmejll em)

(5.20) E[lAexp{— > Gl

I<l<M

Z 1{ZRk€1/}}], cf. (5.7).

1<k=<k,

Since hy = o(|Gn|) [cf. (3.4), (A2)], this expectation remains limit equivalent if
we drop the k = 1 term in the second sum. In other words, the expression in (5.20)
is limit equivalent to [recall the notation from (4.6)]

ks
E[]_[ f((X)E’;)}, with f:P(Gn)! x P(Z) — [0, 1] defined by
k=2

Sw) = l_[ (1 - I{WOGGNXlz}l{W[O.OO)ﬂVIﬁég})
I<i=M

N (e, On)
X exp{_Tl{woeGlel}}-

By Lemma 4.3 with f1 =1, fy = f for 2 <k <k,, A?v is hence limit equivalent
to

E%[ I1 Esz,sz[f((X)g‘)]]

2<k<ky
The above expression equals

Ry €11 ’

(5.21) E(?[ I (1—1{2Rk61,}g,(zﬂk,sz))exp{— Tem

2<k<ky
1<i<M

where g;(z,7') = P, [X[O,Dl] NnVy # @].
From (5.12), we know that
dn hy -1 dy
62 1-ct <un, ZDQ(@CEIPGXI;(VI)) stecit,
With the inequality 0 <e™ — 1 4+u < u? for u > 0, one obtains that
2
1_[ (1- iz, en)8) — 1_[ exp{—l{szEh}g}‘ = Z lizg en)8”

2<k<ky 2<k=<ky 2<k<ky
1<i<M 1<i<M 1<i<M

where we have witten g in place of g;(Zg,,Zp,). The expectation of the right-
hand side in the last estimate tends to O as N tends to infinity, thanks to
(5.22) and (3.13). The expression in (5.21) thus remains limit equivalent to A?v

if we replace 1 — lizy e1,)81(ZR,, Zp,) by exp{—l{szen}gl(ZRk,ZDk)}. Using
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again (3.13), together with (5.13) and (5.22), we may then replace g;(Zr,, Zp,) by
Gl GN| Y ome 75, ©aP " (V). We deduce that the following expression is limit equiva-
lent to A'y:

Eg[exp{ Z Z {szeII}(CaP (Vi) + O )}]

1<k<k.meJy,
1<i<M

By (3.14) and (3.12), this expression is also limit equivalent to

(5.23) E(% [exp{— Z

iy cap” (V) + 60)| |
1<m<M

1
|G NI
With Proposition 1 in [11], one can construct a coupling of the simple random
walk Z on Z with a Brownian motion on R such that for any p > 0,

n—oo

n~V4=Psup|L% — L(z,n)| =30, as.,
€L

where L(-,-) is a jointly continuous version of the local time of the canonical
Brownian motion. It follows that (5.23), hence A;V is limit equivalent to

1
(5.24) EW[exp{— Y ——LGm. [@|GN D (cap” (V) +6 )”
1<m<M |GN|
By Brownian scaling, L(z,, [ozlGlZ]) /|G| has the same distribution as
L(zn/|G|, [@|GI*1/IGI?).

Hence, the expression in (5.24) converges to A(«) in (5.6) by continuity of L and
convergence of z,,/|G| to vy, see (A4). We have thus shown that A;\, — A(a) and
by (5.17) completed the proof of Theorem 5.1. [

We still have to prove Lemmas 5.2-5.4. To this end, we first show that the
random walk X started at 0C,, x I typically escapes from Gy x I before reaching
a point in the vicinity of x,,. Here, the upper bound on 4y in (3.4) plays a crucial
role.

LEMMA 5.5. Assummg (A1)—(A10), for any fixed vertex x = (v, z) € G, X Z,
intervals € T,1 C I € I [cf.- 3.2)] and z,, € 1,

(5.25) lim — sup Py [Hot o < Ty uil =0
y0€9(CS,),20€Z

[Note that CI>,;1 (x) is well-defined for large N by (AS5).]
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PROOF. Consider any xo = (yo, zo) with yp € 9(C},) and zo € Z. In order to

bound the expectation of To. i recall that T; denotes the exit time of the interval I

by the discrete-time process Z, so that T, j can be expressed as T plus the num-
ber of jumps Y makes until 7;. Since Y and Z, hence nY and o Z, are independent

under Py, this implies with Fubini’s theorem and stochastic domination of ¥ by
the Poisson process n°! [cf. (2.16)] that

Exy[Tg 1= Eq[T7 + Eylngz 1] < Eg [T + e1 Eglof |
I

20 Yo 0

= (14 c)EZ[T;] < chy,
using a standard estimate on one-dimensional simple random walk in the last step.
Hence, by the Chebyshev inequality and the bound (3.4) on Ay,
Pool T 1 2 AN IGI]1 < Ex[ T, jJAnIGI ™ < chyan| G|~ < |G| ™/2.
The claim (5.25) thus follows from (A10). I

PROOF OF LEMMA 5.2.  With z1, z» as in the statement, we have by the strong
Markov property applied at the hitting time of V; C G x I (cf. (5.9)),

Py oHy, < T3l = Py [Hy, < Ty, Zr, = 2]/ PL1Zr, = 22]

From (3.4) and the definition of the intervals I C I, it follows that
sup|P7[Zr, = 251 — 1/2| <cd/hn,

zel
hence from the previous equality that
(1 - CdN/hN)le [HVI < TB] = PZ],ZQ[HVI < Té]
(5.26)
< P;[Hy, < Té](l +cdn/hn).

Note that {Hy, < Tz} ={Hy, < Tj}, P;,-a.s. Summing over all possible locations
and times of the last visit of X to the set V;, one thus finds

P [Hy, <Tgl= Y Y P [{Xu=x,n<Tz}N 6 {H: > T3}

xeVin=1

After an application of the simple Markov property to the probability on the right-
hand side, this last expression becomes

s
Z E |:Z l{Xn:x}:|Px[Hx > T[g]

xeVy n=1

o ~
= X wan[/ 1{Yt=y}1{z;=z,r<T,~}df]Px[Hx>T1§],
x=(y,z2)eVy 0
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because the expected duration of each visit to x by X is 1/wy. Exploiting indepen-
dence of Y and (Z, T;) and the fact that Y; is distributed according to the uniform
distribution on G under P;,, one deduces that

(527) P,[Hy, <Tzl= > |G| m[/ 1iz,— Z,<T}dt] [ Hy > Tg).
x=(y,2)eVy

Since the expected duration of each visit of Z to any point is equal to 1, we also

have
z[ [ z 2
1] S ]
n=0

(5.28) . -
= PLH, < T;)/PLIH, > T},

where we have applied the strong Markov property at H, and computed the ex-
pectation of the geometrically distributed random variable with success parameter
PZ[H > Tj] in the last step. Standard arguments on one-dimensional simple ran-
dom walk (see for example [5], Section 3.1, (1.7), page 179) show with (3.4) that
the right-hand side of (5.28) is bounded from below by Ax(1 — cdy/hy) and
from above by (14 cdy/hy). Substituting what we have found into (5.27) and
remembering (5.26), we have proved (5.12). [

PROOF OF LEMMA 5.3. In order to prove (5.13), it suffices to show that

. . 7 P, — —
(5.29) hl{/nme._%li(XEV,JPq)’;l(X)[TB < Hy,] —P}[Hy, =o0]| =0

Indeed, since the sets V,, are disjoint by (5.8) and (5.9), assertion (5.29) implies
that

CapB(V[) — Z Capm(Vm)‘

max
1eZ med;
= max Yo Y (PooilTs < Hy] = P [ Hy,, = 0ol)ws| —> 0
meJ; xeV,,

as N — oo.
The statement (5.29) follows from the two claims

(5.30) hmme}l}%f(eV }P%I(X)[TB < Hy,1 = Py1,4[T8, < Hy,1|=0 and

(5.31) lim max  |Py[Hy, =00l — Py 1, [Ts, < Hy,1| =0.

N meJ;,xeV,

We first prove (5.30). It follows from the inclusions (5.9) that Py -1 ()45

o B X 5 X X
Ty =T, + TC,,, < © QTBm +Tz0 GTmei o GTBm'
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Since the sets By, are disjoint [cf. (5.8)], the strong Markov property applied at the
exit times of B,, and C,, x I shows that for x = 1(x) € Vi,

Px[TB < gvl]
= Ex[TBm < I:]Vm, EXTBm [Tmei < HVI,m’ PXTC xi[Té < HV[]]]

(5.32) N .
> Py[Ts, < HVm]xole%% ' PoolTe, i< Hv,,]
X inf Py [Tz < Hy,].

x0€d(Cpy x1)
We now show that a; and a; tend to 1 as N tends to infinity, where we have set

@= nf, PalTe, i < i)
(5.33)
a) = inf . PxO[Tg < HV]].
x0€d(Cpy x1I)

Concerning ay, note first that

(5.34) ay=1—-M max sup PylHy,6 <T. , jl
m’:Cr=Cm x(,€d By, m

With the strong Markov property applied at the entrance time of B,,, recall that
B,y is either identical to or disjoint from B,, by (5.8), we can replace 3B, by
d By, on the right-hand side of (5.34). With this remark and the application of the
isomorphism \I/;'l",’/, one finds with (2.13) and 6,, = ¥, (y,,,) that

~ m -
sup Py [Hy, , < TCm/xI] < sup IP’XO[ ,7/(‘/ < qu,,,l,(c /xf)]
X0€3 By x0€dB((5,,/.0).ry—1) m m/ \om
A /
< su P"H - < o0l.
= p xo[ q,nfy/(vm,) ]

x0€IB((0,,,7,0),rn—1)

From W, (V) C W (B(Xm, k) = B((0m, 0), ), see (5.9), and the left-hand es-
timate in (2.14), we see that the right-hand side tends to 0, and hence a; tends
to 1 as N tends to infinity. We now show that a, tends to 1 as well. The infimum
defining a; can only be attained for points xo = (yo, zo) With yg € 0C,, (if zg € ol ,
the probability is equal to 1). Hence, we see that

(5.35)  a>>1—1|V;| max max sup P(yo,ZO)[HCD—/l o) < T3]

/ /
m'eJr x GVm/ y0€0Cy,z0€l

By applying the strong Markov property at the entrance time of the set Cy, x I
[which is either identical to or disjoint from C,, x I by (5.10)], it follows that the
supremum on the right-hand side of (5.35) is bounded from above by
sup ~P(yo,zo)[Hq>—} =) =< T3],
Y0€d(Cy )20l "
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which tends to 0 by the estimate (5.25) of Lemma 5.5. Thus, both a; and a3 in
(5.33) tend to 1 as N tends to infinity. With (5.32) and the Py-a.s. inclusion {Tj <

I;IVI} C (T, < Hy, }, we have shown the announced claim (5.30).
To show (5.31), we apply the strong Markov property at the exit time of B,,, and
obtain for any x € V,,, C B,,,

P"[Hy, =oo] =E"[Tg, < FIVWWTB [Hy, = oo]].

The right-hand side can be bounded from above by

P T, < Hy, 1= P10l TB, < Ay, 1, cf. (2.12),
and using V,,, C B((0, 0), k) [cf. (5.9)] from below by
P¢';1(X)[T3m < I:IVm]<1 — |Vl sup sup IP’QO[HX/ < oo]).

x0€0B,;, x'€B((01,0),K)
The right-hand estimate in (2.14) shows that this last supremum tends to 0, hence
(5.31). This completes the proof of Lemma 5.3. [

PROOF OF LEMMA 5.4. Following the argument of Lemma 4.1 in [17], we
begin with the proof of (5.14). To this end, it suffices to show that for
3/4

(5.36) Yy =tnoy cf. (3.9), (3.10),
and some constant ¢ > 0,
(5.37) sup PZ[Dgs . > c2y] =5°0  and
€L
(5.38) sup  P.[Hy < coy] 2200,
7€Z,xeG X7

Observe first that by the definition of the grid in (3.3), the random variables Tp
and R; are both bounded from above by an exit-time Tj;—cny,z+chy] PZZ—a.s. With
EZZ[T[Z_chN,HChN]] < ch?\, < cty, it follows from Khasminskii’s Lemma (see [15],
Lemma 1.1, page 292, and also [8]) that for some constant c3 > 0,
(5.39) sup EZ[exp{e3(To v Ry) /t}] < 2.

€L

With the exponential Chebyshev inequality and the strong Markov property ap-
plied at the times Ry, , Dg+—g,—1. ..., D1, Ry, one deduces that

sup PZ[ Dy, > cy]

Z€Z

3/4
< GXP{—CC30N/ }sup EZ[exp{c3 D+ —i, /tn}]
ZEZL

3/4 2(k*—ky)
< exp{—cesoy '} (sup EZexples (To v Ri)/tw}])
€l

(5.39)
< exp{—c03ai,/4 + 2(log 2)2[(71%/4]}.
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Hence, the claim (5.37) with D replaced by D follows for a suitably chosen con-
stant c. The claim with D for a slightly larger constant ¢ is then a simple conse-
quence of Lemma 3.5, applied with ay = k* — k.

To prove (5.38), note that the expected amount of time spent by the random
walk X at a site x during the time interval [Hy, Hy + 1] is bounded from below by
(1 Ao{) 0O, . Hence, for z € Z and x = (', Z') € G x Z, the Markov property at
time H, yields

cy+l1 . X (AD)
E[/ 1{X,=x}dl]ZPz[Hx502)/] inf EolAcX]'S cPIHy < cayl.
0 x'eGxZ

Using the fact that Y, is distributed according to the uniform distribution on G un-
der P,, and the bound (2.18) on the heat kernel of Z, the left-hand side is bounded
by

cy+1
i/ PHZ = 1di < XY
|G| Jo |G|

We have therefore found that

. (5.36) _
sup  Po[Hy <oyl <ey7IGI™H "< eviyo B |G|

z€Z,x€E

S c@mn16)
and by (3.4) and (A2), we know that sy /|G| is bounded by |G|~¢/4. This com-
pletes the proof of (5.38), and hence (5.14).

Note that (5.15) is a direct consequence of (5.14), since the probability in (5.15)
is smaller than (3_,,, |Vin|) sup,cz v P:[Hx <D1].

Finally, the expectation in (5.16) is smaller than

Pl0p,. {Hu,v, < Die—i, )1 = E[ Pz, [Huv, < Diey, 1],

and hence (5.16) follows from (5.15). [

6. Estimates on the jump process. In this section, we provide estimates on
the jump process n* = " + n% of X that will be of use in the reduction of Theo-
rem 1.1 to the continuous-time result Theorem 5.1 in the next section. There, the
number [«|G|?] of steps of X will be replaced by a random number n;(/l G2 of

jumps and this will make the local time L*? (n;(l GIZ) appear. We hence prove results
on the large N behavior of 77§|G\2 (Lemma 6.4) and L* (nt)r(lGlz) (Lemma 6.5), for

a > 0. Of course, there is no difficulty in analyzing the Poisson process nZ of con-
stant parameter 1. The crux of the matter is the N-dependent and inhomogeneous
component 1. Let us start by investigating the expectation of ;.
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LEMMA 6.1.
(6.1) sup EyG[n;(] < maxwyt, and
yeG veG
(6.2) ESI 1=1w(G)/|IG|  fort=>0andall N.

PROOF. Under PyG , ¥ € G, the process

t
6.3) M, =1, — / w(Yy)ds, 10,
0

is a martingale, see Chou and Meyer [6], Proposition 3. A proof of a slightly more
general fact is also given by Darling and Norris [4], Theorem 8.4. In order to
prove (6.1), we take the Ef -expectation in (6.3). If we take the E G—expectation

in (6.3) and use that EC[w(Y,)] = EC[w(Y)] = w(G)/|G| by stationarity, we
find (6.2). O

We next bound the covariance and variance of increments of Y. Let us denote
the compensated increments of 1" as

N

(6.4) Iy=n—n =t —5Hw(G)/IG|  for0O<s<t.

LEMMA 6.2. Assuming (Al), one has for0<s <t <s' <t
6.5)  |covpe (1), IV )] < it —5)(t' —s")|Glexp{—(s' — DHAn},
(6.6) varpg (1Y) < c1(t —s) + 3 (1 — )%
PROOF. In Lemma 6.1, we have proved that EG[I”/] =0for0<r <7/, so

that by the Markov property applied at time s’, the left-hand side of (6.5) can be
expressed as

|ECL Iy o)l = |EC L (B Uor— 1 — ECTTo 0 oD]|.
With an application of the Markov property at time ¢, this last expression becomes
Y ECL(qS_, (Y. y) = IGIT]ES o -]
yeG

<> E(Lllgl_, (Yo, y) = IGIT NIES o ,o—o1I-
yeG

The claim (6.5) thus follows by applying the estimate (4.1) inside the expectation,
then (6.1) and w(G)/|G| < c1 in order to bound the remaining terms.
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To show (6.6), we apply the Markov property at time s and domination of n;(_ s
by a Poisson random variable of parameter c|(t — s) [cf. (2.16)]:

varpa (1)) < ES[(n) —=n)’1 = EC[)_)* 1 < c1t =) + it =9)°. O
In the next lemma, we transfer some of the previous estimates to the process ’7;2'

LEMMA 6.3. Assuming (A1),

(6.7) Elnyz1=w(G)/IG|.
(6.8) sup E[n)z]<ci.
xeGxZ 1
6.9) sup_ Ex[(n)2)°] < c1 +2¢f.
xeGXxZ 1

PROOF. All three claims are shown by using independence of 1Y and o and
applying Fubini’s theorem. To show (6.7), note that

El'zl = ELES /11,21 S Elof1w(G)/IG] = w(G)/IGI.

The statements (6.8) and (6.9) are shown similarly, using additionally stochastic
domination of 17;( by a Poisson random variable of parameter ct [cf. (2.16)]. U

We now come to the two main results of this section. As announced, we now
analyze the asymptotic behavior of ngl G where the whole difficulty comes from

the component nll GP The method we use is to split the time interval [0, «|G|?]

into [|G|¢/?] increments of length longer than )\;,1. This is possible by (A2) and
ensures that the bound from (6.5) on the covariance between different increments
of Y becomes useful for nonadjacent increments. The following lemma follows
from the second moment Chebyshev inequality and the covariance bound applied
to pairs of nonadjacent increments.

LEMMA 6.4. Assuming (Al) and (1.7),

(6.10) liAr/nE[|n§|G|2/(a|G|2) —(1+B)|A1]=0  fora>0.

PROOF. The law of large numbers implies that ’7§| GP2 /(@|G|?) converges to 1,
POZ—a.s. (see, for example [5], Chapter 1, Theorem 7.3). Moreover, limy w(G)/
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|G| = B by (1.7). Since n”* =" + n%, it hence suffices to show that

6.11) lij{]nEG[(|nZ|G|2/(a|G|2) —w(G)/IG||) A1]=0.
To this end, put a = [|G|*/?], T = «|G|*/a, and write
2
”Z|G|2 —a|GPW@G)/IG) = D Il pemet 2. Lo tyome
1<n<a, 1<n<a,
n even n odd
(6.12)
e 21+ 2,

for 1Y as in (6.4). Fix any § > 0 and ¥ € {X|, X;}. By Chebyshev’s inequality,
PO[I2| = 8a|G*]

6.13 <——  _FEY9x?
1 Gr(rY 2 GryY Y
= 52(X2|G|4 (ZE [(I(i—l)r,ir) ]+ ZE [I(i—l)r,irl(j—l)r,jr])’
i i#]
where the two sums are over unordered indices i and j in {I,...,a} that are

either all even or all odd, depending on whether ¥ is equal to ¥ or to X.
The right-hand side of (6.13) can now be bounded with the help of the es-
timates on the increments of 7Y in Lemma 6.2. Indeed, with (6.6), the first
sum is bounded by cat? < c¢(a)|G|*74/2. For the second sum, we observe that
|i — j| > 2 for all indices i and j, apply (6.5) and (A2) and bound the sum with
(|G |7)¢ exp{—c(a)Tin} < |G| exp{—c(a)|G|?/?}. Hence, we find that

PO[IZ] = 8a|GI] < c(e, 8)(IG| ™/ + |G| exp{—c(@)|GI"/?}) — 0
as N — o0,
from which we deduce with (6.12) that for our arbitrarily chosen é > 0,
PO[[n) 6o/ @IGI?) — w/IG|| = 23]
< PO[I%1| = 8a|GI*1 + PO[IDa] = 80| G - 0,
as N tends to infinity, showing (6.11). This completes the proof of Lem-

ma6.4. O

In the final lemma of this section, we apply a similar analysis to the local time
of the process mz(X) evaluated at time nfx(l GP The proof is similar to the preced-

ing argument, although the appearance of n" evaluated at the random times o/

complicates matters. We recall the notation L and L for the local times of w7(X)
and Z from (1.6) and (2.6).
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LEMMA 6.5. Assuming (Al), (A2) and (1.7),
(6.14) hmsupE[(|LZ —(1-1—,3)LZ |/IGI)A1]=0 fora > 0.
2

6] NG

PROOF. Set T = «|G|*. By independence of % and Z, we have
A (2.20) (Jensen)
E[L,ﬁ] = E[X(:)l{nq%}POZ[Z" =z]} < cE[,/n%] < c(@)|G].
n=

From this estimate and the assumption w(G)/|G| — B made in (1.7), it follows
that it suffices to prove (6.14) with w(G)/|G]| in place of §. It follows from the
definition of L* in (1.6) that

7]]" 1 nT
Z l{Z,l—z}(1+77 z, —77 z)<LZ <len—z}(1+ﬂ z, —77 z)
n=0 n=0
hence
7]7_1
(6.15) SUPE|: - Y Lyz,=y(+n! z z) } <1+E[n) z —n)z ]
z€Z n=0 r)T-H n%

By independence of 1Y and (¢4, n%) and the simple Markov property (under P%)
applied at time anzz, the expectation on the right-hand side is with (6.1) bounded
T

by cE [crnzZ+1 — anzz ]. This last expectation is equal to the sum of two independent
T T

exp(1)-distributed random variables, so it follows that the right-hand side of (6.15)
is bounded by a constant. By these observations, the proof will be complete once
ng—1
limsup E [ <
N ez n=0

we show that
Z 1z,=2)Sn |G|> A 1} =0,

where S, = ”ZZH — ”Z,% —w(G)/|G| forn > 0.

(6.16)

To this end, we will prove that

7)7'_1

Z 1 Zn—z Z 1 {Z,=z} Sn

(6.17) li]{/n sup E |:<

Z€Z

/|G|> A 1} and
/|G|} =0.

In order to show (6.17), we note that by the Chebyshev inequality,
(6.19) Plinf =TI =T <cTPE[GF - T)1=T"2

[T]

Zl Zy=2)5n

(6.18) lim sup E[
N n=0

Z€Z
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The expectation in (6.17), taken on the complement of the event {|n§ —T|>T3%),
is bounded by

1
(6.20) — > E[1{z,=z}|Snl]-

G T—cT3/4*<n<T+cT3/4

Using independence of Z and 77:;(2 and the heat-kernel bound (2.20), we find that

the last expectation is bounded by cE[|S,|]/+/n, which by the strong Markov
property applied at time ', (6.7) and (A1) is bounded by c¢/+/n. The expression
in (6.20) is thus bounded by cT3/8/|G| = ca|G|~V/* and with (6.19), we have
proved (6.17).

We now come to (6.18). By the Cauchy—Schwarz inequality, we have for all

z€Z,
(7] 2 (7] 2
6.21) E[ (Zn=2)Sn /IGI} <|G|2 [len—z }
n=0 n=0

We will now expand the square and respectively sum over identical indices, in-
dices of distance at most [|G|>~¢/?], indices of distance greater than [|G|>~¢/2].
Proceeding in this fashion, the right-hand side of (6.21) equals

o =y

0<n<T

+2 Z E[Zn:Zn’:Z, SnSn’]
0<n<n’<(n+b)A[T]
(6.22)

+2 Y ElZ=2Zy=25,51),
0<n,n+b<n’'<[T]
where b =[|G|*>~¢/2].

We now treat each of these three sums separately, starting with the first one. By
the strong Markov property, (6.9) and (A1),

Y. ElZi=z81= Y. E[Zu=zEx_IS]]

0<n<[T] 0<n<[T]

<c Y PlZ,=z]

0=<n<[T]

(6.23)

By the heat-kernel bound (2.20), this last sum is bounded by 3", ¢//n < cv/T.
We have thus found that

(6.24) Y ElZ,=z.51<c@)G|
0<n<[T]



RANDOM WALKS ON DISCRETE CYLINDERS 879

For the second sum in (6.22), we proceed in a similar fashion. The strong Markov

property applied at time anz, > anz 1 and the estimate (6.8) together yield
> E[Zy=Zy =2,5:Sy]

0<n<n’<(n+b)A[T]

= Z E[Zn = Zn/ =21, SnEXaz/ [SO]]

n,n’
n+b
<c Z E|:Zn =2z, |Sn| Z 1{Zn/:z}:|-
0=n<[T] n'=n+1
Applying the strong Markov property at time anz 1> We bound the right-hand side
by
b—1
c Y (E[Z,, =2.1S:1 Y sup PHZy = z])
0<n<[T] n'=03'€Z
(2.20)
< Vb Y El[Z,=z]Sll.

0=n<[T]

The sum on the right-hand side can be bounded by c(«)|G| with the same argu-
ments as in (6.23) and (6.24), the only difference being the use of the estimate
(6.8) rather than (6.9). Inserting the definition of b from (6.22), we then obtain

625) > ElZn=Zy =258y < c@)]|GP,
0<n<n’<n+b

For the expectation in the third sum in (6.22),we first use independence of Z and S.,
then (6.7) and the fact that the process o? has i.i.d. exp(1)-distributed increments
for the second line and thus obtain

|E(Zy = Zw =2, SuSw']|
= P[Z, = Zy =2l E[SpSw ]| < |E[S,Sw]|
w(G)?
|G|?

Independence of 1Y and 0% and an application of Fubini’s theorem then allows to
bound the the third sum in (6.22) by

7 Z Z Z Z
> |EGTh(of, of 1. 05, 05, D,
0<n,n+b<n’<[T]

= ‘E[m;ﬁ] — gz = np2)] = = = Bl — o) = o)l

where h(s, t,s',1') = covpc () — 1Y, n} — 17;(,).
Via the estimate (6.5) on the covariance, this expression is bounded by

Gl Y. Egleofy — ol o, —of) expl—(os — ofy DAn.
0<n,n+b<n’<[T]
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Since the process o4 has i.i.d. exp(1)-distributed increments, this sum can be sim-
plified to

Z E[exp{—alz)w}]” —n-l
0<n,n+b<n’<[T]

-y oy (1+1}LN>n’—n—1

0<n=[T]n'>n+b

14 1\’
=[T] ToN ( ) <c(a)|G|Ce PN
AN 14+ Ay

< c(@)|G|“exp{—c|G|¥?}, by (A2).

Combining this bound on the third sum in (6.22) with the bounds (6.24) and (6.25)
on the first and second sums, we have shown (6.18), hence (6.16). This completes
the proof of Lemma 6.5. [J

7. Proof of the result in discrete time. In this section, we prove Theorem 1.1.
We assume that (A1)—(A10) and (1.7) hold. The proof uses the estimates of the
previous section to deduce Theorem 1.1 from the continuous-time version stated
in Theorem 5.1.

PROOF OF THEOREM 1.1. The transience of the graphs G, x Z follows from
Theorem 5.1. Consider again finite subsets V,, of G;; x Z, 1 <m < M and set
Vin = ¢;1(Vm). We show that for 6,, e Ry, a > 0,

. 0
h]{/n EL<H Ly, >1) exp{—ﬁmleT’” ” = B(), where
<m<M

(7.1) T=a|G|*> and

B@) =E"[exp{~ 3 Llum.a/(1+ B)(eap” (V) + (14 H6) ||

1<m<M

This implies Theorem 1.1, by the standard arguments described below (5.6). Recall
that two sequences are said to be limit equivalent if their difference tends to 0 as N
tends to infinity. If we apply Theorem 5.1 with /(1 + 8) in place of «, we obtain

: Omn(1+B) 2,
hz{an[ [ I{HVm>'7)T(/<1+ﬁ)}EXP{_TLT/(H&H = Bla).

1<m<M
By (3.17), the expression on the left-hand side is limit equivalent to the same ex-
pression with L replaced by L. Hence, we have

, Om(1+B) ~,
h/rvnE[ [1 I{HVm>”>T(/<l+ﬂ>}eXp{_ |G| LT/““L‘?)H:B((X)'

1<m<M
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By the law of large numbers, limy 77%/(1+,3)(T/(1 + ,8))_1 =1, P-a.s. Making use
of the monotonicity of the left-hand side in the local time and continuity of B(-),
we deduce that

' O (1 + B) -
hmE[ 1 X ex {—71‘% ” = b
o 15!11_£M (Hvy > 145 P |G| " ep)

The estimate (6.14) then shows that the expression on the left-hand side is limit

equivalent to the same expression with (1 + 8 YL replaced by L% , that
i T /(1+8) T/(+8)
is,

1i]{’nE[ I

1<m<M

em Zm
Yy, 07 /1) eXp{ a EL”;(/(W) ” =B

Applying the estimate (6.10), with the same monotonicity and continuity argu-
ments as in the beginning of the proof, we can replace n)T( J(148) by T, hence infer
that (7.1) holds. [

8. Examples. In this section, we apply Theorem 1.1 to three examples of
graphs G: The d-dimensional box of side-length N, the Sierpinski graph of
depth N, and the d-ary tree of depth N (d > 2). In each case, we check assump-
tions (A1)-(A10), stated after (2.9). In all examples it is implicitly understood that
all edges of the graphs have weight 1/2. We begin with a lemma from [12] assert-
ing that the continuous-time spectral gap has the same order of magnitude as its
discrete-time analog Af\,. This result will be useful for checking (A2).

LEMMA 8.1. Assume (Al) and let kj{, bet the smallest nonzero eigenvalue
of the matrix I — P(G), where P(G) = (pG(y, y")) is the transition matrix of Y
under PC. Then there are constants c(cg, c1), ¢ (co,c1) > 0 [cf. (A1)], such that
forall N,

(8.1) c(co. c)AYy < Ay </ (co. DAY

PROOF. We follow arguments contained in [12]. With the Dirichlet form
Dy (-, ) defined as Dy (f, f) =Dy (f. f)7kg;» for £:G — R [cf. (2.8)], one has
(cf. [12], Definition 2.1.3, page 327)

)\‘d zmin{pﬂ(f’ f)

(82) vary (f)

: f is not constant}.

From (A1), it follows that

"Dy, /) <Da(f. f) <c;'Dn(f. f)  forany f:G—R and
(8.3)

cocl_lﬂ(Y) <m(y) < Clco_l,bb(y) forany y € G.
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Using vary (f) = infger ZyeG(f(y) — 9)27r(y) and the analogous statement for
var, the estimate in the second line implies that

(8.4) cocy ' var,(f) < varg(f) <cicy'var,(f)  forany f:G — R.

Lemma 8.1 then follows by using (8.3) and (8.4) to compare the definition (2.9) of
An with the characterization (8.2) of kﬁ,. U

The following lemma provides a sufficient criterion for assumption (A10).

LEMMA 8.2. Assuming (A1)-(A9) and that

Ay 1G] |
(8.5) lim sup  pS(vo.y)—==0  forany po >0,
N ,; weacs) NG
YEB(Ym,p0)
(A10) holds as well.

PROOF. For x = (v, z), the probability in (A10) is bounded from above by

y'1GI°)
-1
(8.6) Z P(yo,zo)[Yn = d)m (¥),zm +z € Z[UI’G;LI]]’

n=1

using that yg # q%] (y) for large N [cf. (A6)] in order to drop the term n = 0.
With the same estimates as in the proof of Lemma 2.3, see (2.22)—(2.23), the ex-
pression in (8.6) can be bounded by a constant times the sum on the left-hand side
of (8.5). O

8.1. The d-dimensional box. The d-dimensional box is defined as the graph
with vertices
Gy=Z7n[0O,N—11Y  ford>2,

and edges between any two vertices at Euclidean distance 1. In contrast to the
similar integer torus considered in [17], the box admits different limit models for
the local pictures, depending on how many coordinates y,"n of the points y,, are
near the boundary.

THEOREM 8.3. Consider x, n, 1 <m < M, in Gy x Z satisfying (A3)
and (A4), and assume that for any 1 <m < M, there is a number 0 < d(m) <d,
such that

(8.7) yfnvN A (N — yfnvN) is constant for 1 <i <d(m) and all large N,
(8.8) limy y,, y AN =y ) =00 ford(m)<i<d.

Then the conclusion of Theorem 1.1 holds with G, = Zi(m) x 244 and B =d.
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PROOF. We check that assumptions (A1)—(A10) and (1.7) are satisfied and ap-
ply Theorem 1.1. Assumption (A1) is checked immediately. With Lemma 8.1 and
standard estimates on )\7\, for simple random walk on [0, N — 11 (cf. [12], Ex-
ample 2.1.1. on page 329 and Lemma 2.2.11, page 338), we see that cN ™2 < Ay,
and (A2) follows. We have assumed (A3) and (A4) in the statement. For (AS5), we
define the sequence ry, the vertices 0, € G, and the isomorphisms ¢,, by

1 . .
= ’ A 1 A N 3l A N ’
rnN 4M10 (ngélg |xm Xm |oo I%nd(nglg,l d(ym ( ym)) )

om = (i AN = yh), o, y8™ A (N — yd™), 0, 0),

S = (v AN =y, y A (N = 1),
ydm+1 _ yi(m)ﬂ’ oyl )’i)-

Then ry — oo by (A3) and (8.8), 0, remains fixed by (8.7), ¢, is an isomor-
phism from B(y,,,rn) to B(o,,ry) for large N, and (AS) follows. Recall that
a crucial step in the proof of Theorem 1.1 was to prove that the random walk,
when started at the boundary of one of the balls B,,, does not return to the close
vicinity of the point x,, before exiting G x [—hy, hn], see Lemma 5.3, (5.33)
and below. In the present context, /iy is roughly of order N, see (3.4). However,
the radius ry of the ball B,, can be required to be much smaller if the distances
between different points diverge only slowly, cf. (5.1). We therefore needed to
assume that larger neighborhoods C,, x Z of the points x,, are sufficiently tran-
sient by requiring that the sets C,, are 1somorphlc to subsets of suitable infinite
graphs Gyn. In the present context, we choose G = Zd for all m, see Remark 8.4
below on why a choice different from G, is required. We choose the sets C,, with
the help of Lemma 3.2. Applied to the points Vis-ees Ym, With a = 0 N and
b =2, Lemma 3 2 yields points Yis--., Yy (some of them may be 1dentlcal) and

a p between N and 19V, such that
elther Cn=Cy or Cp,NCp=9

4M10

(8.9)
for Cu = B(y;,,2p). 1 <m <M,

and such that the balls with the same centers and radius p still cover {yy, ..., yu}.
Since ry < p, we can associate to any m one of the sets Cy,, such that (A6) is
satisfied. The diameter of C,, is at most 2N /5 + 3, so each of the one-dimensional
projections th(Cm) 1 <k <d, of C,, on the d different axes contains at most
one of the two integers O and N — 1 for large N. Hence, there is an isomorphism
Y, from C,, into Zi such that (A7) is satisfied. Assumption (A8) directly follows
from from (8.9). We now turn to (A9). By embedding Zi into Z, one has for any
vandy’ in Z4,

74 d _
v, y) <2% sup pZ(y.v) <c(dn=9?,
v,y ezd
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using the standard heat kernel estimate for simple random walk on Z¢ see for
example [9], page 14, (1.10). Since d > 2, this is more than enough for (A9). In
order to check (A10), it is sufficient to prove the hypothesis (8.5) of Lemma 8.2.

To this end, we compare the probability Pyg with PyZOd under which the canonical

process (Yy),>0 is a simple random walk on 74 . We define the map 7 74 > Gy
by w((yi)1<i<a) = (mingez |y;i — 2kN|)1<i<q, that is, in each coordinate, 7 is a
sawtooth map. Then (Y,),>0 under PyGO has the same distribution as (77 (Yy))n>0

under PyZOd. It follows that for yg € 9(Cy,), ¥ € B(Ym, po),

d
pEGo. ) =Y p¥ (0. ),
y'eSy
(8.10)

where Sy, =2NZ4 + { > lieiy':le {1, 1}”’}.
1<i<d
The probability in this sum is bounded by
c lyo—y'|?
Ldn & n ’

as follows, for example, from Telcs [20], Theorem 8.2 on page 99, combined
with the on-diagonal estimate from the local central limit theorem (cf. [9],
page 14, (1.10)). If we insert this bound into (8.10) and split the sum into all possi-
ble distances between yg and y’ [necessarily this distance is at least p — pg > ¢N,
cf. (8.9)], we obtain

c k2N?%)
pf(yo,y)fzmeXp{—i}kd !
k>1
c i c/x*N? c
§—nd/2/0 X exp{— " }dxfm.

By ¢cN —2 < Ay, checked under (A2) above, this is more than enough to im-
ply (8.5), hence (A10). Finally, one immediately checks that (1.7) holds with
B =d. Hence, Theorem 1.1 applies and yields the result. []

REMARK 8.4. In the last proof, we have used the possibility of choosing the
auxiliary graphs G in assumption (A7) different from the graphs G, in (AS). This
is necessary for the following reason: To check assumption (A10), we need the di-
ameter of each set C,, to be of order N in the above argument. Hence, the set Cn
can look quite different from the ball B(y,,, rx). Indeed, Cn may touch the bound-
ary of the box G in more dimensions than its much smaller subset B(y;,, ry). As
a result, C,, may not to be isomorphic to a neighborhood in the same graph G,,
as B(ym, rny). However, our chosen C,, is always isomorphic to a neighborhood in
Zi for all m.
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8.2. The Sierpinski graph. For y € R? and 6 € [0, 27), we denote by Py,0 the
anticlockwise rotation around y by the angle 6. The vertex-set of the Sierpinski
graph Gy of depth N is defined by the following increasing sequence (see also the
top of Figure 1):

Go={s0=1(0,0),s51=(1,0), 52 = 00,0),7/3(s1)} C R?,
GN+1 = GN U (102Nsl,47'[/3GN) U (pst272n/3GN) for N > 0.

The edge-set of G contains an edge between every pair of vertices in Gy at
Euclidean distance 1. Note that the vertices in 2V Gy C G x have degree 2 and all
other vertices of Gy have degree 4.

Denoting the reflection around the y-axis by o, that is, o ((y1, ¥2)) = (—y1, ¥2)
for (y1, y2) € R?, the two-sided infinite Sierpinski graph has vertices

Goo =G UoGH where G}, = U Gy,
N>0

and an edge between any pair of vertices in G, or in 0 G} at Euclidean distance 1.
We refer to the bottom of Figure 1 for illustrations. For N > 0, we define the

Om

FI1G. 1. An illustration of G3 (top) and the infinite limit models G;‘o (bottom left) and Goo (bottom
right).
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surjection sy : Gy4+1 — Gy by

v, fory e Gy,
sn(Y) =1 PoNg 223(¥),  fOry € pong, 47/3(GN) \ GN,
PoNgy 4m3(¥)s  Tor y € pong, 27 /3(GN) \ G-

We then define the mapping 7y from GI, onto Gy by
aN(y) =syosy+1 0 0Su—1(Y) for y € G, withm > N.

Note that  is well-defined: Indeed, the vertex-sets G y are increasing in N and
ifye Gy, C Gy, for N <my <my, then sg(y) =y fork >my,sothatsyo---o
Smy—1(y) =8N 0+ 08y, —1(y). We will use the following lemma.

LEMMA 8.5. Foranyy € G;, the distribution of the random walk (Y;)n>0

Gy
under an v

der }P’Sm.

) is equal to the distribution of the random walk (7wyn(Yy))n=0 un-

PROOF. The result follows from the Markov property once we check that for
any y,y € Gy, y € GE with y =y (y),

+
(8.11) PNyYY= Y By,
yiern 1)

We choose m > N such that v € G,,. Then the right-hand side equals

> "M wa= Y ) RRIEED D A A

yienn 1) yiesy O Yhesyh ) YEsm h_y)

By induction on m, it hence suffices to show that for y, y’ € G,, and § € 5., ' (¥),

Gm A~
(8.12) POy, y) = > p "G ).
yi€sm' GNNBG.1)CGC i

If y € Giy1 \ {2751,2™s2, 2™ (51 + 52)}, then (8.12) follows from the observation
that s, maps the distinct neighbors of ¥ in G,,+ to the distinct neighbors of y in
G If y € {2™s1,2™s2,2™(s1 + 52)}, then ¥ has four neighbors in G,,+1, two of
which are mapped to each of the two neighbors of y € {2"s1,2"s;, (0,0)} in G,
and this implies again (8.12). O

In the following theorem, we consider points y,, that are either the corner (0, 0)
or the vertex (2V—1,0) and obtain the two different limit models Gg‘o x 7 and
Geo X Z for the corresponding local pictures.
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THEOREM 8.6. Consider 0 < M’ < M and vertices x; N, 1 <m < M, in
Gy X Z satisfying (A3) and (A4) and assume that

Ym.N = (0,0) forl<m<M and
(8.13)
ymn =N 0) forM' <m <M.

Then the conclusion of Theorem 1.1 holds with G, = G;”O for 1 <m < M,
Gm=Geo for M <m <M and B =2.

PROOF. Let us again check that the hypotheses (A1)-(A10) and (1.7) are sat-
isfied. One easily checks that (A1) holds with co = 1 and ¢; = 2. Using Lemma 8.1
and the explicit calculation of )»’,{, by Shima [13], we find that 5N <y <57V,
Indeed, in the notation of [13], Proposition 3.3 in [13] shows that )»7\, is given by
¢(_N) (3) for the function ¢_ defined above Remark 2.16, using our N in place of

m and setting the N of [13] equal to 3. Then Aj{, = qﬁ(_N) (3) is decreasing in N
and converges to the fixed point 0 of ¢_. With Taylor’s theorem, it then follows
that )L?VSN converges to 1. Since |Gy| =3+ Zrll\':l 3" <3V, (A2) holds. We have
assumed (A3) and (A4) in the statement. For (A5), we define the radius

1 .
ry = —(2N*1 A min d(xm,xm/)> and set
4 I<m<m'<M

om = (0,0) for all m.

The balls B(y,,, rny) C Gy intersect 2N Gy only at the points y,,, because the dis-
tance between different points of 2 G equals 2V . We can therefore define the iso-
morphisms ¢, from B(y;,, ry) to B((0,0), ry) C G, as the identity for m < M’
and as the translation by (=2N=10) form > M’ and (A5) follows. As in the previ-
ous example, the radius ry defined in (5.1) can be small compared with the square
root of the relaxation time, so it is essential for the proof that larger neighborhoods
Cp x 7Z of the points x,, are sufficiently transient. In the present case, we de-
fine the auxiliary graphs as Gm =Gy, and Cy,;, = B(ym, 2N_1/3) forl<m <M.
Then (A6) holds, because ry < 2V~! /3 for large N and the isomorphisms v, re-
quired for (A7) can be defined in a similar fashion as the isomorphisms ¢,,, above.
Assumption (A8) is immediate. We now check (A9). It is known from [2] (see
also [7]) that for any y and vy’ in G,

n

d(y. )\ 1/do=D)
(8.14) P;G“ (v,vy) <en™%/2 exp{_c/<ﬂ> }

for dg =2log3/log5, dy, =log5/log2 and n > 1. Since

G+
(8.15) Pr > (¥0,Y) = = (v0,v) + pP=(vo, oy)

and log3/log5 > 1/2, this is enough for (A9). To prove (A10), we use Lemma 8.2
and only check (8.5). To this end, note that B(y;,, p0) € K C Gy, for K =
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Uy/EZN_lGl B(Y', po) and that the preimage of the vertices in 2N=kGy c Gy un-

der my is 2N*kG;ro for 0 < k < N.It follows from Lemma 8.5 that for yp € 9(C;,),
Y € B(ym, po) € K and N > ¢(po),

G+
PN (30, M) < Y. pIN 00, YN =Y P (0. Y)
y'eK vek

for K = U B(y, po).

yeN-1GL

(8.16)

Observe now that for any given vertex y’ in G, the number of vertices in
B(y’,2%) N K is less than ¢(po)| B(v', 2¥) N 2V~1GL | < c(p9)3F~V. Also, it fol-
lows from the choice of C,, that d(yy, 2N _ng'o) > 2N 5o the distance between
yo and any point in K is at least c(p)2N. Summing over all possible distances
in (8.16), we deduce with the help of (8.14) and (8.15) that

. © D (N+)dy\ /(1)
PO 0.3 = o) Y3 expl = (T —) ]
=1

a4 00 . ) 5N+x 1/(dw—1)
< (oo [~ 3% expl (po)( ) dx.
0 n

After substituting x =y — N + logn/log$5, this expression is seen to be bounded
by

o0
o3 [ 3 expl—c'(o0)s @V} dy < o3V,
—00
By V5 <3 and ¢5N < Ay, as we have seen under (A2), this is more than enough
for (8.2), hence (A10). Finally, it is straightforward to check that (1.7) holds with
B = 2. Hence, Theorem 1.1 applies and yields the result. [

8.3. The d-ary tree. For a fixed integer d > 2, we let G, be the infinite d + 1-
regular graph without cycles, called the infinite d-ary tree. We fix an arbitrary
vertex o € G, and call it the root of the tree. See Figure 2 (left) for a schematic
illustration in the case d = 2.

We choose Gy as the ball of radius N centered at o € G,. For any vertex y
in Gy, we refer to the number |y| = N — d(y, 0) as the height of y. Vertices in
Gy of depth N (or height 0) are called leaves. The boundary-tree G, contains the
vertices

Gy ={(k;s):k>0,s € Sa},

where Sy is the set of infinite sequences s = (sy,s2,...) in {1,..., d}1-°°) with
at most finitely many terms different from 1. The graph G has edges {(k;s),
(k + 1; ")} for vertices (k;s) and (k + 1; s") whenever 5,41 =s,, foralln > 1. In
this case, we refer to the number k£ = |(k; s)| as the height of the vertex (k; s) and
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(0]

FIG. 2. A schematic illustration of G, (left) and G, (right) for d =2.

to all vertices at height O as leaves. See Figure 2 (right) for an illustration of Gy,.
The following rough heat-kernel estimates will suffice for our purposes.
LEMMA 8.7.
®17)  p;7(vo,y) <e ",
G _
8.18)  pu®(vo,v) =n > +eld, lyhexp{—¢'(d, lyDn“ P} and
(8.19)  pZ¥(yo,y) < ce “@DIO0NY st e@)d N +n7)1, s

(We refer to the end of the introduction for our convention on constants.)

PROOF. The estimate (8.17) can be shown by an elementary estimate on the
biased random walk (d(Y,, y))»>0 on N. More generally, (8.17) is a consequence
of the nonamenability of G,; see [21], Corollary 12.5, page 125.

We now prove (8.18). Under P;S,O, the height | Y| of Y is distributed as a random

walk on N starting from |yg| with transition probabilities wy x4+ = d%rl’ Wk k—1 =

_d_
d+1

(8.20) L= [

for k > 1 and reflecting barrier at 0. We set for n > 1,

I 1,
5logd Og”} +

and define the stopping time S as the first time when Y reaches the level |y| + L:
S=inf{n = 0:[Y,[ = |yl + L}.
Then we have
Go Go Go
pn” (Y0.Y) < Py [S=n, Yy =y]+ P, [S>n]  forn=0.

Observe that the second probability on the right-hand side can only increase if
we replace |yo| by 0. We now apply the simple Markov property and this last
observation at integer multiples of the time |y| 4+ L to the second probability and
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the strong Markov property at time S to the first probability on the right-hand side
and obtain

G G G
Pn <>(Y07 y) =< Eyo<> [S =n, PYSO (Y = Y]|m=n—S]
G
+ PO <>[S > |y| +L][ﬂ/(\YI+L)].

The second probability on the right-hand side is equal to 1 — (d + 1)~(¥I+L) In
order to bound the expectation, note that by definition of S, there are d* descen-

(8.21)

dants y’ of Yy at the same height as vy, and the Pf; 0 -probability that Y, equals y’

is the same for all such y’. Hence, the expectation on the right-hand side of (8.21)
is bounded by d~%. We have hence shown that

Go 1\L 1 [yI+L~ [n/(yl+L)]
v < (- 1—(—— .
Pn (yoy)_(d> +< (d+1) )

log(d+1) _ log3

Substituting the definition of L from (8.20) and using that Togd = Tog2

the second term, one finds (8.18).
We now come to (8.19) and first treat the case n < N3. By uniform boundedness

5
<§f0r

and reversibility of the measure y — wy, we have p,? N(yo,y) < cpnG N(y, y0), so
we can freely exchange yp and y in our estimates. In particular, we can assume
that d(yg, 0) < d(y, 0). Now we denote by y; the first vertex at which the shortest
path from yg to o meets the shortest path from y to 0. Then any path from yg to
y must pass through y;. From the strong Markov property applied at time Hy,, it
follows that

(8.22) YN (0. y) = EGV[{Hy, <n), PN [Yi = yllk=n—rr,, ]

The ng’;’ -probability on the right-hand side remains unchanged if y is replaced

by any of the d?01-Y) descendants y’ of y; at the same height as y. More-
over, the assumption d(yg, 0) < d(y, o) implies that d(y1, y) > d(y1, yo), hence
2d(y1,y) > d(yo, y). In particular, there are at least d?00.)/2 different vertices
y’ for which ng’\l’[Yk =y]= ng’\l’[Yk = y']. By (8.22), this proves the estimate

(8.19) for n < N3. We now treat the case n > N3. The argument used to prove
(8.18) with (|y| + L) A N playing the role of |y| + L yields

(8.23) PSY (30, y) < ed, [y1)(d N v n=3/3 4 =@ DDy

The assumption n > N3 will now allow us to remove the dependence on |y| of
the right-hand side. By applying the strong Markov property at the entrance time
Hjypo,n—1) of the random walk into the set 0B(o, N — 1) of leaves of Gy, we
have

G
pYY (0. y) < PSN[Hygon—1) > N> /2] + sup sup  p NG Y)
Y:ily'I=0n—N3/2<k<n

c(d)

forn > N3.
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Applying reversibility to exchange y” and y, then (8.23) to the second term, we
infer that

PN (30, ) < PEN[Hygo.n—1) > N* /2] + c(d)(@d N +n7)

(8.24)
forn > N3,

where we have used that e—¢@n“” < c(d)n~%3. In order to bound the first term
on the right-hand side, we apply the Markov property at integer multiples of 10N
and obtain

2
(825 PO¥[Hypon—1) > N*/2] < sup PV [Hypon—1) > ION]™".
yeGn
Note that the random walk on G, D Gy, started at any vertex y in Gy = B(o, N),

must hit dB(o, N — 1) before exiting B(y, 2N). Applying this observation to the
probability on the right-hand side of (8.25), we deduce with (8.24) that

2
PO (30 y) < PE[Tpoany > 1ON]N +c(d)@™N +n3°)  forn> N3.

The probability on the right-hand side is bounded by the probability that a ran-
dom walk on Z with transition probabilities p; .41 =d/(d + 1) and p, .1 =
1/(d + 1) starting at O is at a site in (—oo,2N] after 10N steps. From the
law of large numbers applied to the i.i.d. increments with expectation (d — 1)/
(d +1) = 1/3 of such a random walk, it follows that this probability is bounded
from above by 1 — ¢ < 1 for N > ¢, hence bounded by 1 — ¢” < 1 for all N (by

taking 1 — ¢’ =1 —c) Vv max{PoG"[TB(,,,zN) > 10N]: N < ¢'}). It follows that
2
PEY (30.y) < eV (@)@ N +n7) < (@)@ N +n7)
forn > N3.
This completes the proof of (8.19) and of Lemma 8.7. [J
We now consider vertices y, in Gy that remain at a height that is either of

order N or constant. This gives rise to the two different transient limit models
Gy x Z and G x Z.

THEOREM 8.8 (d > 2). Consider vertices X, n, 1 <m <M, in Gy X Z sat-
isfying (A3) and (A4) and assume that for some number 0 < M’ < M and some
6e€(0,1),

(8.26) lin]lvinflym,Nl/N>8 forl<m<M', and

(8.27) |Ym. N | is constant for M' <m < M and large N.

Then the conclusion of Theorem 1.1 holds with G,, = G, for 1 <m < M’,
Gm=GgyforM' <m <Mand =1.
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PROOF. Once more, we check (A1)-(A10) and (1.7) and apply Theorem 1.1.
It is immediate to check (A1). For the estimate (A2), the degree of the root of the
tree does not play a role, as can readily be seen from the definition (2.9) of L. We
can hence change the degree of the root from d + 1 to d and apply the estimate
from Aldous and Fill in [1], Chapter 5, page 26, equation (59). Combined with
Lemma 8.1 relating the discrete- and continuous time spectral gaps, this shows
that ¢(d)|Gn|~' < Ay.In particular, (A2) holds. We are assuming (A3) and (A4)
in the statement. For (A5), we define

1 .
- 4M10(1§mn<1}1?’§M

Om =0 forl<m<M and o0, = (yul;1) forM <m <M,

rn d(Xp,, X)) A BN) as well as

where 1 denotes the infinite sequence of ones. Then for 1 < m < M’, the ball
B(ym,rn) does not contain any leaves of Gy for large N, so there is an iso-
morphism ¢, mapping B(y,,,ry) to B(o,ry) C G,. For M’ < m < M, note that
assumption (8.27) and the choice of ry imply that for large N, all vertices in the
ball B(y;,, rn) have a common ancestor y, € Gy \ (B(ym,ry) U {0}) (we can de-
fine y, as the first vertex not belonging to B(y,,, rn) on the shortest path from y,,
to 0). We now associate a label I(y) in {1, ..., d} to all descendants y of y, in the
following manner: We label the d children of y, by 1,...,d such that the vertex
belonging to the shortest path from y, to y,, is labeled 1. We then do the follow-
ing for any descendant y of y.: If one of the children of y belongs to the shortest
path from y, to y,, we associate the label 1 to this child and associate the la-
bels 2,...,d to the remaining d — 1 children in an arbitrary fashion. If none of
the children of y belong to the shortest path from y, to y,,, we label the d chil-
dren of y by 1,...,d in an arbitrary fashion. Having labeled all descendants of
y in this way, we define for any descendant y of y, the finite sequence s(y) by

L), 1)y - L(YVa(y,yo—1), Where (¥, Y1, ..., Yd(y,y.)—1, Y+) is the shortest path
from y to y,. Then the function ¢,, from B(y,,, ry) to G, defined by

(8.28) Sm(y) =Uylss(y), 1, 1,...),

is an isomorphism from B(y,,, rn) into G¢ mapping yy, to (|ym|; 1), as required.
Hence, (A5) holds. As in the previous examples, we now choose the sets C,,;, en-
suring that the probability of escaping to the complement of a large box from the
boundaries of By, [cf. (5.3)] is large. We define the auxiliary graphs as G,,;, = G,.
As in the example of the box, we then apply Lemma 3.2 to find the required sets
Cy,. Applied to the points yi, ..., Yy, with a = ﬁN and b = 2, Lemma 3.2
yields points y]“, e, yj{,,, some of which may be identical, and a p between ﬁN
and %N such that
either C,, =C,y or CpNCyy =9

(8.29)
for C;y = B(y,,,2p), 1 <m <M,
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and such that the balls with the same centers and radius p still cover {y1, ..., yyu}.
Since ry < p, we can associate a set Cy, to any B(y,,, ry) such that (A6) holds.
Concerning (A7), note that the definition of ry immediately implies that C,, con-
tains leaves of Gy if and only if m > M’ and in this case all vertices in C,, have a
common ancestor in Gy \ (Cyn U {0}) (one can take the first vertex not belonging
to C,, on the shortest path from y,, to 0). We can hence define the isomorphisms
Y from C,, into Gy in the same way as we defined the isomorphisms ¢,, above,
so (A7) holds. Assumption A8 directly follows from (8.29). We now turn to (A9).
For 1 <m < M’, this assumption is immediate from (8.17). For M’ < m < M, note
that the isomorphism ,,, defined in the same way as ¢,, in (8.28), preserves the
height of any vertex. In particular, |1, (y;,)| remains constant for large N by (8.27)
and the estimate required for (A9) follows from (8.18). In order to check (A10),
we again use Lemma 8.2 and only verify (8.5). Note that for any 1 <m < M, the
distance between vertices yog € 9(C,,) and y € B(yn, po) is at least ¢(8, M, po)N.
With the estimate (8.19) and the bound on X;,l shown under (A2), we find that the
sum in (8.5) is bounded by

o
N3cd—c(5,M,p0)N +C(d) (lGN|—(1—8)/2 + Z n—3/5—1/2),
n=N?3
which tends to 0 as N tends to infinity for 0 < ¢ < 1. We have thus shown
that (A10) holds. Finally, we check (1.7). To this end, note first that all vertices
in Gy—1 C Gy have degree d + 1 in Gy, and the remaining vertices of Gy
(the leaves) have degree 1. Hence,

w(Gy) _ |Gy-1ld+1 (1 _ IGN—1|)1
|G N IGNl 2 |Gyl /2

(8.30)

Now Gy contains one vertex of depth O (the root) and (d + 1d*k=1 vertices of
depthk fork=1,..., N.Itfollows that |G| =1+ (d+ D1 +d+---+dV "1 =
14 %(dN — 1) and that limy |Gy—1]/|Gn| = 1/d. With (8.30), this yields

. w(Gy) d+1 d-1

lim = + =
N |Gpn]| 2d 2d
Therefore, (1.7) holds with 8 = 1. The result follows by application of Theo-
rem1.1. [

1.

REMARK 8.9. The last theorem shows in particular that the parameters of
the Brownian local times and hence the parameters of the random interlacements
appearing in the large N limit do not depend on the degree d + 1 of the tree. Indeed,
we have § =1 for any d > 1. The above calculation shows that this is an effect of
the large number of leaves of Gy . This behavior is in contrast to the example of
the Euclidean box treated in Theorem 8.3, where the effect of the boundary on the
levels of the appearing random interlacements is negligible.
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