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Abstract. We study a random walk pinning model, where conditioned on a simple random walk Y on 74 acting as a random
medium, the path measure of a second independent simple random walk X up to time 7 is Gibbs transformed with Hamiltonian
—L;(X,Y),where L;(X, Y) is the collision local time between X and Y up to time ¢. This model arises naturally in various contexts,
including the study of the parabolic Anderson model with moving catalysts, the parabolic Anderson model with Brownian noise,
and the directed polymer model. It falls in the same framework as the pinning and copolymer models, and exhibits a localization-
delocalization transition as the inverse temperature § varies. We show that in dimensions d = 1, 2, the annealed and quenched
critical values of g are both 0, while in dimensions d > 4, the quenched critical value of g is strictly larger than the annealed
critical value (which is positive). This implies the existence of certain intermediate regimes for the parabolic Anderson model
with Brownian noise and the directed polymer model. For d > 5, the same result has recently been established by Birkner, Greven
and den Hollander [Quenched LDP for words in a letter sequence (2008)] via a quenched large deviation principle. Our proof is
based on a fractional moment method used recently by Derrida et al. [Comm. Math. Phys. 287 (2009) 867-887] to establish the
non-coincidence of annealed and quenched critical points for the pinning model in the disorder-relevant regime. The critical case
d =3 remains open.

Résumé. Nous considérons le modele de marche aléatoire avec pinning suivant : étant donné une marche aléatoire simple ¥ sur
z4 qui sert d’environnement aléatoire, on se donne une mesure de Gibbs sur les trajectoires d’une marche aléatoire X jusqu’au
temps ¢ de Hamiltonien —L;(X,Y) ou L;(X,Y) est le temps local d’intersection entre X et Y jusqu’au temps z. Ce modele
apparait naturellement dans des contextes variés tels que I’étude du modele parabolique d’ Anderson avec catalyseurs mouvants,
I’étude du modele parabolique d’ Anderson avec bruit Brownien ainsi que dans le cadre de 1’étude de polymeres dirigés. Ce modele
appartient a la méme classe que les modeles de pinning et copolymeres et présente une transition localisation / délocalisation
quand la température inverse 8 varie. Nous montrons qu’en dimension d = 1, 2 les valeurs critiques annealed et quenched de
sont toutes deux 0 mais que en dimension d > 4 la valeur critique quenched de B est strictement supérieure a la valeur annealed
(qui est positive). Ceci entraine 1’existence de certains régimes intermédiaires pour le modele parabolique de Anderson avec bruit
Brownien et pour les polymeres dirigés. Pour d > 5 des résultats similaires ont été récemment établis par Birkner, Greven et den
Hollander [Quenched LDP for words in a letter sequence (2008)] via un principe de grandes déviations quenched. Notre preuve
se fonde sur la méthode des moments fractionnaires utilisée récemment par Derrida, Giacomin, Lacoin et Toninelli [Comm. Math.
Phys. 287 (2009) 867-887] pour établir la non-coincidence des valeurs critiques quenched et annealed du modele de pinning dans
le régime 1ié au désordre. Le cas de la dimension critique d = 3 reste ouvert.
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1. Introduction and main result
1.1. The model and main results

We first define the continuous time version of the random walk pinning model, which more precisely, could be called
the random walk pinned to random walk model. Let X and Y be two independent continuous time simple random
walks on Z¢ with jump rates 1 and p > 0 respectively. Let u; denote the law of (X;)o<s</. For 8 € R, which plays
the role of the inverse temperature (if 8 > 0), and for a fixed realization of Y acting as a random medium, we define
a Gibbs transformation of the path measure ;. Namely, we define a new path measure ,uf’ y on (Xs)o<s<: which is
absolutely continuous w.r.t. u; with Radon—Nikodym derivative

B
dul y eBLH(X.Y)

(X)) = (1.1)
dps t,Y

where L;(X,Y) = fot 1{x,=v,} ds is the collision local time between X and Y up to time ¢, and

P, = EX[ePLiXD)] (1.2)

t,

is the quenched partition function which makes /Lf y a probability measure, where EX[-] denotes expectation w.r.t. X

starting from x € Z¢. The quenched free energy of the model is defined by
1 B
F(B,p)= lim — logZ (1.3)
—00

We will show below that the limit exists and is non-random. As a disordered system, it is also natural to consider the
annealed partition function IEJ(); [Zf y] and the annealed free energy

.1
Fan(B. p) = lim —logE§[Z]]. (14)

Note that Eg [Zf vyl = ]Eg Y [ePLiX=Y.0 jg als0 the partition function of a homogeneous pinning model (see e.g.
Giacomin [14]), namely a random walk pinning model where the random walk X — Y (with jump rate 1 + p) is
pinned to the site O instead of to a random trajectory.
To define the discrete time version of the random walk pinning model, let X, Y be discrete time simple random
walks on Z?. The Gibbs transformed path measure ,ug y» NV €N, canbe deﬁned s1mllarly asin (1.1), where we replace
L:(X,Y)by LNy(X,Y) = Zl 1 Lix,=v;;. We then define Zf, v F(ﬂ) y,N ann» Fann(B) similarly for the discrete time

model as for the continuous time model. Note that the free energies F (B) and Farm (B) now only depend on S since
there are no more jump rates to adjust. To keep things simple, we focus only on X and Y being simple random walks
in this paper. However, we expect much of the same results to hold and the proofs to be adaptable for general random
walks, and we will comment on possible adaptations when appropriate.

Our first result is the existence of the quenched free energies F (g, p) and F (B). Existence of the annealed free
energies Fynn (B, p) and Fann (B) is well known (see e.g. Chapter 2 in [14]). Before stating the result, we first introduce
a two-parameter family of constrained partition functions for the random walk pinning model, where apart from a
shift in time for the disorder Y, the random walk X is subject to the constraint X; = Y; in (1.1). In continuous time
setting, for 0 < s <t < 0o, define

t—s
Z0, =Ef [eXP{ﬂ/O l{xu=n+u}du}l{x,_s=Y,}}~ (1.5)

ForOfm<n<oowithm,neNo,wedeﬁneZﬁp

will denote Z%%HY by Zf ’})m, and Zﬁ)% y by Zf,’p;n.

n).y analogously for the discrete time model. For simplicity, we
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Theorem 1.1 (Existence of quenched free energy). For any B € R and p > 0, there exists a non-random constant
F (B, p) such that

. 1 B . 1 B,pin
F(B.p)= lim —logZ, y = lim —logZ ", (1.6)

where the convergence are a.s. and in LY w.rt. Y. Furthermore, we have the representation
1 .
F(B. p) = sup ~E} [log z/'P"]. (1.7)
>0 !
Analogous statements hold for the discrete time model.

Corollary 1.1 (Existence of critical points). There exist 0 < 2™ < B. < oo depending on p > 0 such that:
Fan(B, p) =0 1f B < " and Fann(B, p) > 0if > ™ F(B,p) =0 if B < fec and F (B, p) > 0 if f > Be. Analo-
gous statements hold for the discrete time model with annealed and quenched critical points BE™ and B respectively.

Remark. See (5.5) and (4.4) for the exact values of BE™ and f}é‘n“.

Remark. As in the pinning model (see e.g. [14]), Bc marks the transition between a localized and a delocalized phase:
when B < Bc and F (B, p) =0, L;(X,Y) is typically of order o(t) w.r.t. Mfyfort large; when B > B; and F (B, p) > 0,

ann

2 marks the transition between the localized and

L;(X,Y) is typically of order t w.r.t. Mﬁy for t large. Similarly,
delocalized phase for the annealed homogeneous pinning model.

One question of fundamental interest in the study of disordered systems is to determine when is the disorder strong
enough to shift the critical point of the model, i.e., when is 82" < B.? For the pinning model, this question has
recently been essentially fully resolved independently by Derrida et al. [8], and Alexander and Zygouras [1]. For the
random walk pinning model, our main result is the following.

A

Theorem 1.2 (Annealed vs quenched critical points). In dimensions d =1 and 2, we have i"™ = B. = Bi™ =
Be = 0. In dimensions d > 4, we have 0 < BE™ < B for each p > 0 and 0 < ,éémn < Be. For d = 5, there exists a > 0
s.t. Be — B3 > ap for all p € [0, 1]. For d =4 and for each § > 0, there exists as > 0 5.t. fc — 2™ > asp' ™ for all

pel0,1].

For purposes relevant to applications for the parabolic Anderson model with Brownian noise and the directed
polymer model, in d > 4, we prove instead a stronger version of Theorem 1.2. Define

B: = sup{ﬂ e R: sup ny < 00 a.8. WLt Y}. (1.8)
t>0

Define 32‘ for the discrete time model analogously. Clearly ¥ < 8. and ,3j < .. We have

Theorem 1.3 (Non-coincidence of critical points strengthened). For d > 4, we have 3™ < B¥ for each p > 0 and
A0 < B¥. For d > 5, there exists a > 0 s.t. 85 — 3™ > ap for all p € [0, 1]. For d =4 and for each § > 0, there
exists as > 0 s.t. B — 2™ > asp' T forall p €10, 1].

Remark. Theorem 1.3 for d > 5 (without bounds on the gap) has recently been established by Birkner, Greven and
den Hollander [3] as an application of a quenched large deviation principle for renewal processes in random scenery.
Our aim here is to give an alternative proof based on adaptations of the fractional moment method used recently by
Derrida et al. [8] in the pinning model context, and to extend to the d = 4 case. Loosely speaking, because P(X,, =
Y,) ~ Cn~4/2 = cp—1-« by the local central limit theorem, d > 5 corresponds to the case o > 1 in [8]; d =4
corresponds to the case o = 1, which was not covered in [8], but included in [1]; while d = 3 corresponds to the
marginal case oo = 1/2, which for the pinning model with Gaussian disorder was recently shown by Giacomin et
al. [15] to be disorder relevant. For the random walk pinning model, d = 3 remains open.
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Remark. It is an interesting open question whether B} = B, i.e., whether the quenched partition function Z;g y IS
uniformly bounded in t a.s. w.r.t. Y in the entire delocalized phase. As communicated to us by F. L. Toninelli, this
question also remains open for the pinning and the copolymer models.

Theorem 1.3 for the continuous time model confirms Conjecture 1.8 of Greven and den Hollander [16] (for d > 4)
that the parabolic Anderson model with Brownian noise could admit an equilibrium measure with an infinite second
moment. Theorem 1.3 for the discrete time model can be used to disprove a conjecture of Garel and Monthus [10] that
for the directed polymer model in random environment, the transition from weak to strong disorder occurs at 2"".
See Section 1.4 for more details. For some special environments in special dimensions, this conjecture has already
been disproved by Camanes and Carmona [5]. In Section 1.4, we will show that the results of Derrida et al. [8] on
the pinning model can also be used to disprove the Garel-Monthus conjecture in d > 4. The reader can also consult
Section 1.5 of Birkner et al. [3] for more detailed expositions on the implication of Theorem 1.3 for the various models
mentioned above.

In the remainder of the introduction, we point out a connection between the random walk pinning model and the
parabolic Anderson model with a single moving catalyst, and how does the random walk pinning model fit in the same
framework as the pinning and copolymer models. Lastly, we will introduce an inhomogeneous random walk pinning
model which generalizes both the pinning and the random walk pinning model.

1.2. Parabolic Anderson model with a single moving catalyst

As for the continuous time random walk pinning model, let ¥ be a continuous time simple random walk on Z¢ with
jump rate p > 0. The parabolic Anderson model with a single moving catalyst is the solution of the following Cauchy
problem for the heat equation in a time-dependent random potential

d
_M(t,x):Au(t,x)+ 8 ,(-x)u(tsx)»
Py po cezd >0, (19)

u@0,x)=1,

where f € R and Af(x) = % ZHyfo:l(f(y) — f(x)) is the discrete Laplacian on Z¢. Heuristically, the time-
dependent potential By, (x) can be interpreted as a single catalyst with strength 8 moving as Y, u(¢, x) is then simply
the expected number of particles alive at position x at time ¢ for a branching particle system, where initially one
particle starts from each site of Z¢, and independently, each particle moves on Z¢ as a simple random walk, and
whenever the particle is at the same location as the catalyst Y, it splits into two particles with rate 8 if 8 > 0 and is
killed with rate —g if 8 < 0. For further motivations and a survey on the parabolic Anderson model, see e.g. Girtner
and Konig [11].

Quantities of special interest in the study of the parabolic Anderson model are the quenched and annealed pth
moment Lyapunov exponents.

Ao = lim l1ogu(t 0) A, = lim llog]Ey[u(t 0)7] (1.10)
0 =00 [ ) ) 14 t— 00 [ () ’ . .

The annealed pth moment Lyapunov exponents for p € N have been studied by Girtner and Heydenreich in [12].
Here we show that

Theorem 1.4 (Existence of quenched Lyapunov exponent). For any € R and p > 0, there exists a non-random
constant Lo = Lo(B, p) such that for all x € 74,

1
o= lim —logu(t,x) a.s.andin L' wrt. Y. (1.11)
t—oo t

Furthermore, Ao(B, p) = F (B, p), where F(B, p) is as in (1.6).
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Indeed, the solution of (1.9) admits the Feynman—Kac representation

t
u(r,x):Eff[exp{ﬁ/O l{x[_x=yx}ds}:|, (1.12)

where X is a simple random walk on Z¢ with jump rate 1 and Xo = x. Except for the time reversal of X in (1.12),
u(t, x) has the same representation as that for Zﬂ 'y~ The same proof as for Theorem 1.1 then applies, which gives
rise to the same representation for Aqg as for F (8, ,o) in (1.7) due to the fact that the variational expression in (1.7) is
invariant w.r.t. time reversal for X.

1.3. Relation to pinning and copolymer models

We now explain in what sense does the random walk pinning model belong to the same framework as the pinning
and the copolymer models. For simplicity, we will examine the discrete time random walk pinning model with a path
measure associated with the partition function Z% %I; y» L. (1.5).

The pinning and copolymer models are both Gibbs transformation of a renewal process. More precisely, let o =
(00 =0, 01, 02, ...) be arenewal process on Ng, where the inter-arrival times (o; — 0;_1);en are i.i.d. NU {oo}-valued
random variables with distribution P(o01 = i) = K (i) for some probability kernel K on NU {oo}. Let (w;);en be i.i.d.
real-valued random variables with E[w;] = 0 and E[e*®!1] < oo for all A € R. Let & € R and B > 0. Then for a fixed
N e N, the finite volume Gibbs weight for a given realization of the renewal sequence o for both models are of the
form

W)= {l_li-":] w(B, he (@©))o;1<j<o;) i N =0y for somem = 1, (1.13)
0 otherwise,
where
efonth pinning model,
w(IB’ h, (wj)0<j§n) = ST @t BT (1.14)
: > copolymer model.

See [14] for more on the pinning and copolymer models. For the discrete time random walk pinning model, we can
write

Z];?/,’pm = E()){ [eﬂLN(XyY)l{XN=YN}]

N m
=2 > [ [P (o, v =01 —0i-1)). (1.15)

m=1o09=0<0]<--<0,=N i=1

where 6,Y = (Y,4; — Yy)ien, denotes a shift in Y, and ty = ty(X) =min{i > 1: X; =Y;}. Let us denote K (i) =
Eg []P)())((‘L'y =i)]= P())(_Y(‘L'() =1i), then K with K (0c0) = P())(—Y(‘L’() = 00) is the return time distribution of a renewal

process on Ny. Let A; = Y; — Y;_1. We can then rewrite (1.15) as
) N m
7wEr=3" 3 [T(K @i —oim)w(B. (Ao, < i) (1.16)
m=1o0p=0<0) < <0, =N i=1

where

ePPY (ry =n)

w(B. (Ao<izn) = —— g Yi=) A (1.17)
j=1

In view of (1.16) and (1.17), we see that the random walk pinning model associated with 25)%13 y is also a Gibbs
transformation of a renewal process with inter-arrival law K, except that the disorder (A;);en take values in Z¢
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and the Gibbs weight factor w(-) for each renewal gap has a more complicated dependence on the disorder than for
the pinning and copolymer models. Nevertheless, this simple observation motivates us to try to adapt the fractional
moment method from the pinning model to our context. In the actual proof, we will use an alternative representation
for 2%’%11_1,, as well as for ZE%’EI]I_]Y, which admits a simpler form for the weight factor w(-) than (1.17). See (4.3)
and (5.3). We will see later on that despite the entirely different nature of the disorder, the random walk pinning model
turns out to be a close analogue of the pinning model. Lastly we note that the fractional moment method has recently

been successfully applied also to the copolymer model, see Bodineau et al. [4] and Toninelli [17].
1.4. An inhomogeneous random walk pinning model

Another common feature between the pinning and the random walk pinning model is that, for both models, the
annealed partition function is that of a homogeneous pinning model. A further intriguing interplay between the two
models is that we can define an inhomogeneous random walk pinning model, from which both models can be obtained
by partial annealing. More precisely, let X and Y be discrete time simple random walks on Z¢, let (w;);en be i.i.d.
real-valued random variables with E[w;] =0, and M(A) = logE[e“"l] is well-defined for all A > 0. Let 4 € R and
B > 0. Then the discrete time inhomogeneous random walk pinning model is the Gibbs transformation of the path
measure iy of X up to time N with Radon—Nikodym derivative

B.h
AUy o exp{i (Boi + ) ix,=v,)
— D0 ¥y = - , (1.18)
dun 75

N,Y,w

where Z I’f,th = ]E(’)( [exp{ZfV= 1 (Bw; +h)1{x,=y,}}]is the partition function, and we now have two sources of disorder:

the location of pinning as given by Y, and the strength of pinning as given by Bw; + h. Note that under annealing
w.rt. Y,

N
Eg [Zﬁ”hy’w] = E(})(_Y [exp{Z(ﬁa)i + h)1{x—y);=0 }:| (1.19)

i=1

is the partition function of a pinning model (without boundary constraint (X — Y)y = 0), where the underlying renewal
process is given by the return times of X — Y to 0. On the other hand, under annealing w.r.t. @,
B,h X[o(M(B)+h)Ly(X.Y
Ew[ZN,Y,w] =E [e( (B)+h) L ( )]
is the partition function of a random walk pinning model with parameter M (8) + h.

The continuous time version of the inhomogeneous random walk pinning model can be defined similarly with
partition function

t
Zf’yh,g =EY [eXp{ﬁfo lix,=v,)(dB;s +hds)”,

where B; is a standard Brownian motion.

The discrete time inhomogeneous random walk pinning model first appeared implicitly in Birkner [2] in the
study of the directed polymer model (the continuous time analogue can be found in Greven and den Hollander
[16]). Given a simple random walk X on Z%, A > 0, i.i.d. real-valued random variables (@(n, X)) peN,xezd With
M) =log E[e* (D] well-defined for all A’ > 0, the (normalized) partition function of the directed polymer model
is given by

N .
Z;‘V’w = ]Eé( [eZi:l{)‘w(lsxi)*M(k)}].
Note that (Z?V,w)NeN is a positive martingale. The critical point of the model can be defined by

he =sup{A>0: (Z}.,) yoy is uniformly integrable} = sup[k = 0: lim Zyw>0 a.s.}.

NeN
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In the literature, [0, .) and (A., c0) are called respectively the weak and strong disorder regimes, characterized
respectively by the uniform integrability (or the lack of u.i.) of (ijv,w) ~NeN- See [7] for an overview of the directed
polymer model, and see [6], Theorem 1.1 and Proposition 3.1, for the existence of .. The Garel-Monthus conjecture
[10] asserts that A, = A :=sup{A > 0: supycy E[(Z;‘V’w)z] < 00}. On the other hand, Birkner [2], Lemma 1, showed
that if Y is an independent copy of X, and (@(n, X)) neN xezd 18 an ii.d. field with a tilted law P(w(n,x) e d¢) =
M MDP(w(n, x) € d¢), independent of X, Y and w, then the size-biased law of Z?‘\,’w is the same as the law of

N
2 oy =EX |:exp{2(l{xi¢yi})»w(i, X))+ Lix,—y,) Ao, X;) — M(A))”. (1.20)

i=1

Namely, E[f(Z}, - )] = E[Z}, ,f(Z}, )] for all bounded f:Ry — R. The uniform integrability of (Z} ,)ven

A

is then equivalent to the uniform tightness of the laws of (Zy, = -

then

y)NeN- If we integrate out the disorder w in (1.20),

~ N .
B[Z% , o y16, Y] = EX [eZim 006 X0=MO) s, ] (1.21)
is precisely the partition function of the inhomogeneous random walk pinning model. Further integrating out @ gives

the partition function of a random walk pinning model with parameter ﬁ(k) =MQA) —2M (L),
E[Z% - Y]=EX [62?;1 (M@)=2MON1ix=r)],
0,0,

Since E[(Zf‘vyw)z] = E[Z;\v’w@,y], B(r2) = 2™ with 2™ being the annealed critical point as in Theorem 1.3. Since

for pon—degenerate w, ,é(k) is strictly increasing in A, Theorem 1.3 implies that ig d > 4, there exists A’ > A, such that
E[Z?v,w,&,y|y] is uniformly bounded in N a.s. w.r.t. Y. Therefore the law of (ZAN,w,cb,Y)NEN is uniformly tight, and
hence A, > A > Ay, which disproves the conjecture of Garel and Monthus [10]. Since our proof is based on bounding

fractional moments, we will in fact exhibita A’ > A, such that

sup E[E[Z%’w’d)ﬂY]q < oo forsome y € (0, 1).
NeN

See (4.5). Since Z?Vw&) y is the size-biased version of the partition function Zf\v/,w of the directed polymer model,

/

E[(Z}.0) "1 =El(Z} 0.50) 1 <E[E[Z} , 5,417]]

Therefore, beyond the regime of A where Z?{,’ » 18 @ Ly bounded martingale, there is a regime where Z])(/’ » Nas uni-
formly bounded (1 4 y)th moment for some y € (0, 1).

Finally, we point out that based on (1.20), the results of Derrida et al. [8] for the pinning model can also be used to
disprove the Garel-Monthus conjecture in d > 4: In (1.21), conditioned on Y, (@(i, Y;))1<i<n are i.i.d. Therefore if
we fix an i.i.d. sequence (@;);en equally distributed with (1, 1), then E[Zx)w’&y |w, Y] is equally distributed with

EX [ezfil (i =MD 1ix; =1,
Integrating out Y then gives the partition of a pinning model,

o

Z};‘f],h E())(—Y [ezfil(A@—M(M)l«xmizm] (1.22)

with parameters S(A) = A, h(A) = —M(A) (c.f. (1.19)), and underlying renewal process K (n) = Pg_y (to = n) where
70 is the first return time of X — Y to 0. It is easy to check that the critical curve for the annealed pinning model
is given by RA"™(B) = ML) — M (A + B) — logPé(*Y(ro < 00). By the definition of 1>, (8(A32), h(X>)) lies on this

annealed critical curve. Since ind >4, K(n) ~ cn~ /2 has tail exponent o = % — 1 >1, it follows from Derrida et

al. [8] that there exists a continuous curve 2*(B) strictly above 72" (8), such that for all 1 < h*(8), IE[(Zﬁ,”IZD)V] is
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uniformly bounded in N for some y € (0, 1). Therefore we can choose A’ > A, such that —M (1) < h*()/), and hence
]E[(Z}‘ —M@G) )]s umformly bounded in N for some y € (0, 1). By the same reasoning as before, this implies the
umform tightness of (Z 0.6, y)NeN, and hence A, > A’ > Ap. We remark that in [8], only the constrained version of

the partition function Zﬁ » 1s considered, i.e., the constraint 1(x, —y,} is inserted in (1.22). However, the proof there
can be easily adapted to the non-constrained version, as can be seen later in our analysis of the random walk pinning
model. Most recently, Giacomin, Lacoin and Toninelli [15] extended their fractional moment technique to the pinning
model with Gaussian disorder in the critical dimension, i.e., K(n) ~ cen=3/ 2, which corresponds to d = 3 for the
random walk pinning model considered here. Except for the technical point that [15] only considered the constrained
pinning model, their result would imply A, > A, for the directed polymer model in Gaussian environment in d = 3,
since in (1.22), the exponentially tilted law of a Gaussian is a shifted Gaussian.

1.5. Outline

The rest of the paper is organized as follows. In Section 2, we prove Theorem 1.1, Corollary 1.1, and Theorem 1.4. In
Section 3, we prove Theorem 1.2 for d = 1, 2. In Section 4, we prove Theorem 1.3 in the discrete time case. Lastly in
Section 5, we prove Theorem 1.3 in the continuous time case. The proof of Theorem 1.3 does not rely on the existence
of the quenched free energies. Readers interested in how the fractional moment method is applied in this context can
go directly to Sections 4 and 5.

2. Existence of the quenched free energy

In this section, we prove Theorems 1.1, 1.4 and Corollary 1.1.

Proof of Theorem 1.1. We consider first the constrained partition functions Z f,’p;n and Zf ’)P " For the discrete time

model, by the super-additive ergodic theorem (see e.g. Section 6.6 in Durrett [9]) applied to (log 7 g;fjiyy)ofmq, we
have

13(;‘3) = lim — log Z’g i _ = sup IEO [log Zﬁ pm]
n—00 neN

where the convergence is a.s. and in L!. For the continuous time model, we have to apply the super—addltlve ergodic

theorem first along the integer times, and then extend the convergence along all real times. Clearly (log Z (m n] Y)0<m<n
satisfies all the conditions of the super-additive ergodic theorem, therefore

1
FP(B) = l1m - log Zﬁ pin _ =sup — IEO [log Z/3 pm] a.s.andin L. 2.1)
neN 7

To extend the a.s. convergence to real t — 0o, we need the following crude estimates.

Proposition 2.1. Let (X;);>0 be a continuous time random walk on 74 with jump rate 1. Let || - ||| denote L' norm
in Z%. Then

(1) There exists C > 0 such that a.s. || X;||1 < C+/tloglogt for all t sufficiently large.
(i) PX (X, =x) > C(1+1)~Y2Qd)~ "I uniformly for all t > 0 and x € Z¢ with |x|l; <t/2.

Proof. Part (i) is a consequence of the law of the iterated logarithm. Part (ii) follows by forcing X to visit x after
exactly ||x||; number of jumps, and then return to x at time ¢. The factor (1 + )4/ arises from the local central limit
theorem. O

Note that for > 1, by super-additivity, we have

1 B.pin B.pin 1 B, pm 1 B.pin B.pin
;(IOgZU—ﬂ/H,Y +10gZ[Lt 2301, Y) logZ < ;(logZU_HmJ’Y _logZ[t,Lt+t2/3j],Y)' 2.2)
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i | pi | pi
By (2.1), a.s. FP" = tl_l)rgot log Zﬁfltg/%), = tl_l)rgot log Z‘ft_‘i‘t‘;/”,y. On the other hand,
pi 23
Z@ﬂ”%meémaut VPG X,y = Y0 = Yy,

pi _ 1 2/3
4ﬁgmﬂyzemmLttDR&K%FWﬂ:n_YM#MX (2.3)

By Proposition 2.1, for  sufficiently large, [|Y; — Y|,_,23ll1 <2Cy/rloglogt < %,2/3])’ and hence
PY(X,_ iy =Y = Yy _ps)) = C(1 41 — |1 = 123 ]) 72 2a)=2CViTogloer,

from which we obtain limy—co 7! log Z5'P", . | =0. Similarly, lim/— o0 7" log ZP" | = 0. This estab-

[Lt—12/3]1], [t,[t+123]1,Y
lishes the a.s. convergence in (2.1) for # — oo in place of n — oo for n € N. To obtain L' convergence, it remains to

verify the uniform integrability of (! log Zf ’}’in) +>1. Note that

1 longj’)Ein < 1 log Zlﬂy <pB as. wrtY,
while
1! log Zf’)?in > ¢! log p: (Y7),

where p; denotes the transition kernel of X. Using estimates (3.5)—(3.7) below, it is easy to see that |r! log pr(Yo)li=1
is uniformly integrable, hence (+~!log Zf ’)],)in),zl is also uniformly integrable. Note that because log Zf y =0, the
unconstrained partition function (! log Zﬁ y)r=0 is also uniformly integrable.

We now consider the unconstrained partition functions Z .y and Zf y- The argument is the same for discrete and
continuous times, so we only consider the latter. Clearly Zf v > Zf ’;’in. To upper bound fo y in terms of Zf ’})in, we

can let X run freely until time 7 — r3/* (3/4 is somewhat ad hoc), which gives a contribution of order Z f My and
then force X to go to Y; at time ¢. If X,_,3/4 is not too far from Y,_,3/4, then we expect the cost of forcing X; = Y; to
be negligible, and if such X gives the dominant contribution in Z f Ay then we are essentially done.

We now make the above heuristics precise. Note that

ny S e‘lg‘la/4zﬂ (24)

t—13/4Y"

We claim that for ¢ sufficiently large,
X[ BL,_3/4(X.Y) XT1.B8L, 3/4(X.,Y)
Eg [ 5t 00 y aneem] Z By [ 0 o] (2.5)

By Proposition 2.1, for ¢ sufficiently large, we have supg, <, | ¥s[l1 < C+/tloglogt. Define recursively stopping times
01 =0, and forn e N,

ty =inf{s € (on, 1 — /4] 11X = 1232},

Ont1 =infls € (zu, t — 4] | Xl < Cy/tloglogt}, (2.6)

(374

where we set 0, T, to t — if the infimum is taken over an empty set. Then

Xr.BL, 34(X)Y)
Eo [y -]

o0
_ X o[ wBLuy (X,Y)
=D Eg2[eftm Ly <on =t~ 1X,_salh>i23)]

n=1
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Eé( [eﬁL’" (X’Y)l{rn<t_,3/4}IP(})( (Un+1 =t— t3/4, |X, 3411 > [2/3|an)]

M

3
I

M

Eé( [eﬂL’" (X’Y)1{Tn<t_,3/4}Pé((on+1 =t— t3/4, | X, 341 < t2/3|X,n)]

3
Il
—_

IA
=
S

BL, ,3/4(X.Y)
[e 1—13/4 1{|‘Xt,t3/4”1§t2/3}]’ (27)

where in the first inequality we used the fact that 12/3 /2 >> \/fToglog? >> /1 for t large. This proves the claim (2.5).
By Proposition 2.1, we have BX (X; = ¥;|X,_ 34 = x) > C(1 +13/4)=4/2(2d)~2"" uniformly for ||x||; < ¢*3. Hence

pi —d/2 _0s2/3 _1g1s3/4 i
Zﬁ})ln > C(l 4 l3/4) / (2d) 2t e 1Bl ]E(})( [elthft3/4 (X.Y) 1{th7t3/4 ”1512/3}].
Combined with (2.4) and (2.5), we find
z¢, <207 (14 4P ay>™ 2B b,

Since ny > Zﬁ’fin, (1.6) follows with F (8, p) = Epin.
Lastly, (1.7) holds because (2.1) is valid with FP'" = F (8, p) if we take the limit in (2.1) along nt, n € N, for any
fixed t > 0. O

Proof of Corollary 1.1. From the theory for homogeneous pinning models (see e.g. Chapter 2 of [14]), it is known
that 3" exists, and 3" = 0 if the renewal process underlying the pinning model is recurrent (i.e., the random walk
X — Y is recurrent), and 82" > 0 if the random walk X — Y is transient. The statement 82" < . follows from

F(B,p) = lim 1~} [log z/ ] < lim 1~ 1og B} [Z] ] = Famm($, p)

by the L! convergence in Theorem 1.1 and Jensen’s inequality. The statement 8. > 0 follows from the fact that for
B <0, F(B. p) = 0. Indeed, for <0, Z/', <1, while

t
c
log z[fY =logEf [efL* 1] > BEX[Li(X, V)] > /3/0 RS ds =o(1),

where we used the local central limit theorem that P (X; = x) < C(1 + ¢)~%/? uniformly in t > 0 and x € Z<.
The existence and finiteness of S. then follows from (1.7) and the monotonicity of F (8, o) in . The proof for the
discrete time model is identical. [l

Proof of Theorem 1.4. The difference between the Feynman—Kac representation of u (¢, x) in (1.12) and the repre-
sentation for Zf y in (1.2) is: (1) time-reversal for X; (2) in (1.12), X starts at x instead of on Y. The same proof as for

Theorem 1.1 shows that limy_, oo 7 1u(t, ¥;) = F(B, p) a.s. wr.t. Y where F (B, p) is as in (1.7). To compare u(z, x)
with u(t, Y;), note that

u(t, x) = P¥ (X =Y,_pon — ) P u(t — 23, v,_pp3), 2.8)

which a.s. gives the correct lower bound on the exponential scale as + — oo. For the upper bound, note that if 8 <0,
then u (¢, x) < 1, which suffices by Corollary 1.1. If B > 0, then for any € > 0, a.s. we can find T; y sufficiently large
s.t. 11 logu(t,Y;) < F(B,p)+¢forallt > T, y.In (1.12), let T =inf{s € [0, t]: Xy =Y;_s} with T = if the set is
empty. Then for all > T, y and x € Z¢, we have

u(t,x) <PY(r =1t —Toy)e!™r + BX[u(t — 1. Y )l raio1, ] < PTor P E0FN (2.9)

Since ¢ > 0 can be arbitrarily small, a.s. this provides the correct upper bound for u(z, x) on the exponential scale as
t — oo. The L! convergence in (1.11) follows from the uniform boundedness of |logu(z, x)|in#, x and Y. U
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3. Coincidence of critical points in d =1 and 2

Proof of Theorem 1.2 for d =1 and 2. The proof for the discrete and continuous time cases are essentially the same,
except that the estimates for the continuous time random walk transition kernel is slightly more involved. So we will
only consider the continuous time case. As pointed out in the proof of Corollary 1.1, because the random walk X — Y
is recurrent in d = 1 and 2, 2" = 0. By (1.7), to show S. = 0, it suffices to show that for any g > 0, there exists

t > 0 such that EY[log Zﬂ pln] > (0. We can write
E} [log ZPP™] = EX [log BY (X, = Y] + E} [log ES [/ 1 XV x, = 1,]]. 3.1)

We first we estimate EY[log ]P’X X;=Y)]= erzd Dot (x)log p;(x), where p;(x) denotes the transition probability

of a jump rate 1 continuous time simple random walk on Z¢. We then find lower bounds for the second term in (3.1)
ford=1andd =2.

Lemma 3.1. For all p > 0, we have

Drezd Por(X)logp(x) — d

lim . (3.2)
t—00 logt 2
Proof. By the local central limit theorem, p;(x) < C(1 + t)_d/ 2 uniformly for ¢ > 0 and x € 74 . Hence
1 d
lim sup Lxez Pot (%) 10g pr (1) < ——. (3.3)
1—00 logt 2

For a matching lower bound, we need lower bounds for p;(x) for all x € 74 . Note that if pt(l) (+) denotes the transition
probability kernel of a rate 1 simple random walk on Z, then p,(x) = I'Id _1 pt(}; (xi), and )" za ppi(x)log p;(x) =

dy ez Pp,/d(x) log pt/d(x) Hence it suffices to show
1 1
ez Ppl @ logpx) 1

liminf > ——. 3.4
t—00 logt 2

For 0 < ¢ < 1 < A < 00, we have the following estimates. There exist C1, C2, C3, T > 0 depending on ¢ and A, such
that

Pt(l)(x) > Clt_l/ze_czx2/t Vi >T, x| <et, (3-5)
PV (x) = e Vi>T,et <|x| < At, (3.6)
pt(l)(X) > ¢~ 2Mxlloglx| Vi>T, At < |x|. 3.7

To derive (3.4) from (3.5)-(3.7), we partition the sum ), into qut, ZEKMGM, and ZMNM withe < p < A.
By (3.5), - -

_ _ 2
Y Pl Mlogp@) = D pp () log(Crr~ ! Pem 1)

lx|<et |x|<et
logt C 2 (1)
> ——> —|logC1|—72x D (x )_——2 —|log Ci| — Cap. (3.8)
X€L
By (3.6) and the Markov inequality,
a2 X Pp () Cap
Y Py @logp ()= =Cat 3 ppn) = ~Cut =R = (39)

et<|x|<At |x|>et



Random walk pinning 425

And by (3.7), for ¢ sufficiently large, we have

2
(1) (1) (1 ) |x|
>yl logp () = =2 Y ppl@)lxlloglx| = =2 Y py, %) 2 TTog(an
[x|>At |x|>At [x|>At
2p
> - log(At). (3.10)
Combining (3.8)—(3.10), we obtain the lower bound
o) o)
x)lo X 1 2
liminf ZxczPor logp () 12 (3.11)

t—00 log ¢ -2 A

Since A can be chosen arbitrarily large, (3.4) follows.
We now verify (3.5)—(3.7). Let P,(x) denote the probability that a discrete time simple random walk starting from 0
visits x at time n. Then for x and »n having the same parity, by Stirling’s formula,
1 n!
2" ((n+ )/ — x)/2)!
_ (1 +o()~2mn(n/e)?
T2+ 0 /2) (1 + %) /(2) 2 2w (1 — x)/2)((n — x) [ (2e))—0)/2

Py (x)

— (140(1) 2N (/D) log(14x/m)~(n—x)/2) log(1—x/n)
T

(n? —x?)
2n 2 2,2
= (1+o(D) PRI x7/@myFo(/nn (3.12)

Hence for n sufficiently large and |x|/n sufficiently small, we have
P,(x) > Cn~\2e=%*/n, (3.13)

If N; denotes a Poisson random variable with mean ¢, then (3.5) follows from (3.13) and the observation that N; /¢t — 1
in probability with |P(N; is odd) — P(N; is even)| — 0 as ¢t — oo.
For (3.6), note that for |x| < At, by (3.13),

PPz > PW=n)Pyk)

At/e<n<2At/e
n=xmod2

c ﬁe*“z/ (ADP(Ar /e < N, < 2At /e, N; = x mod 2)

c /ﬁe—“‘fe—c’f > e~ Cot (3.14)

where we used the fact that N,/ satisfies a large deviation principle with a finite rate function on [0, 00).

v

v

For |x| > At, we can bound pt(l) (x) from below by requiring that the random walk makes exactly |x| jumps in the
time interval [0, 1] so that the random walk is at x at time 1, and at time ¢ the random walk returns to x. Thus, by the
local central limit theorem, for ¢ large,

e~ IHlxl—lxlloglsl _©
V2] t
It is then clear that (3.7) holds. (I

PPz =2 = (1 o)

NP (3.15)
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Remark. We point out that, for general mean zero finite variance random walks, the estimates (3.5)—(3.7) can still be
established by adapting the proof here and decomposing the random walk transition kernel to extract a simple random

walk part.

Remark. The analogue of Lemma 3.1 also holds for discrete time simple random walks. The proof is similar and
omitted.

Lower bound for Ef [log Ef [ePLX V)| X, = Y] ford =1

By Jensen’s inequality,

t —
B} [log B [ X1, = v,]] = By [BY [BL, (X, V)X, = ¥,]] = B /0 E! [p sTs)Pu—s) (s YS)}ds.

pi (Y1)

By Donsker’s invariance principle, there exists & > 0 s.t. Pg (supse[o, f |Ys| < +/t) > « forall t > 0. On the other hand,
if supseo.1 1¥s| < +/7, then by the local central limit theorem, py(Ys) A py—s(Y; — Y5) = C/+/t forall s € [t/3, 2t /3]
for some C independent of ¥ and ¢ > 1, while p,(Y;) < C’/+/t. Therefore

WPCIDCIND

3.16
t/3 C'/\/; ( )

) [log B3 [e )1, = 1,]] = ap

for some C’ > 0 independent of ¢. In view of (3.1) and Lemma 3.1, this proves that E(’; [log Z tﬁ ’}Dm] > ( for ¢ large, and

hence B, =0 ford = 1.
Lower bound for B} [log EX [P X V)| X, = V,]] ford =2

Since in d =2, L,;(X,Y) is typically of order logt, the argument above for d = 1 fails for d = 2. Instead, we apply
an a.s. limit theorem for L;(X, Y)/logt conditioned on Y. More precisely, by Theorem 1.2 of Girtner and Sun [13],
as. wrt. Y, L;(X,Y)/logt conditioned on Y converges in distribution to an exponential random variable with mean
1/7t(1 + p). We only need to bypass the conditioning on X; = Y;.

Let p;/10g; denote the law of (X;)o<s<t/10gr, and let ,u(t’y) denote the law of (X;)o<s<s/10gs conditioned on

t/logt
X; =y.Then p;/10g; and uit/l?gt are equivalent with density
d @,y) —|ly—X 12/(t—t/logt)
My /logt (X) = Pi—i/1ogt (Y — Xi/logi) t e YT A/ logr &+ o(1) (3.17)
it /1081 pi(y) t—t/logt eI/t 4 o(1) ’ .

where we applied the local central limit theorem. Since || X /10g¢ I/ T —0in probability as t — o0, it is clear that in
total variational distance,

(,y)
sup ||H’t/]0gt - MI/IOgIHTv tjo)oo- (3.18)
Iyll<v7

We can thus remove the conditioning at the cost of reducing the time interval from ¢ to #/logt.
Fix A > 0. Let

Giogr =Y tiptogr (Lijlogt (X, Y) = Alogt) > e} (3.19)

By Theorem 1.2 of [13], if we choose a > m(1 + p), then ]P’(’)/(G;‘ylogt) — 1 as t — 0o. We now write

EX [log EX [ePL X)X, = 7,]]

Y XTBLt/10er (X, Y _
Z]Eo[l{\|y,|\gﬁ,yEcA ylog K [eﬂ (/o1 )|X1—Yf]]

t/logt
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y (.7
> B [1jy,1<v7, LYEG 10g) }(BAlogt +10g ;15 (Li/10g: (X ¥) = Alog))]
> BAPS (1Yl < V1, Y € Gy \oq,) logt

+E(})/[ (1Y, | <+/7,Y€GA }log(:ut/logt(Lt/logt(Xs Y) > Alogt) +0(1))]-

t/logt
> (C —o(1))(BAlogt +log(e™** +o(1))), (3.20)

where C = inf;~ ]P’g (I1Y:]l < /1) is positive and independent of A. Since A can be chosen arbitrarily large, in view
of (3.1) and Lemma 3.1, this proves that Eg[log Zf’})m] > 0 for ¢ large, and hence . =0 for d = 2. O

4. Gap between critical points: discrete time
4.1. Proof of Theorem 1.3 in discrete time: d > 5

Our proof is based on adaptations of the fractional moment method used recently by Derrida et al. [8] to show
the non-coincidence of annealed and quenched critical points for the pinning model in the disorder-relevant regime.

Two ingredients are needed for the adaptation. First, a suitable representation for the partition function 21‘3, y and its
constrained counterpart Zﬁ ~.y inasimilar form as in (1.16), except with a Gibbs weight factor w(-) that has a simpler
dependence on the disorder (A))ien = (Yix1 — Yi)ien than in (1.17). Second, a suitable change of measure for the

disorder Y when estimating fractional moments EY[(Zﬁ pm)V] for N on the order of the correlation length of the
annealed model.

We split the proof into three parts: representation for Zﬁ y and Zf, pY ; fractional moment method; change of
measure. To simplify notation, C, C1, C’, etc., will denote generic constants whose precise values may change from
place to place.

Representation for VA4 n.y and Zﬁ pm

The representatlon we now derlve was already used in [3]. It is based on binomial expansion for ( 1+ef — I)LN X.Y)
Let p; X0, resp pn ~Y(.), be the n-step transition probability kernel of X, resp. X — Y. Let GX~V =y, pn (0,

Kn)=py " (0)/G¥ ", 7/ =ef —1,2=7G*", and levyyzzg’y.Then

N m
va’y = Eff[(l + z/)LN(X’Y)] =EJ |:1 + Z Z " 1_[ 1{Xai=YUi}:|

m=1o09=0<0)<:-<0, <N i=1

N m
=1+ > (CORN | 2N e 2
i=1

m=1o09=0<01<-<op, <N

N m
=1+ > [[K@i—oi-Dw 00 =01, Yo, = Yo, ), .1
m=1o09=0<0)<-<0, <N i=1
where
w(z, 0 — 0i_1, Yo, —Yai,1>=zpé_gi,l<Ygi — Yo, )/ Py (0). (4.2)

Z,pin __ ~ B,pin ..
If we denote Z3; Ny = T57 +Z ;7 NY then similarly,

23 =B [0+ D 1y

N m
=Y > [[ &0 —oi-Dwz. 00 —0i1, Yo, — Yo,_,). 4.3)

m=1o0p=0<0|<--<0,=Ni=1
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Note that (4.3) casts ZZ pm in the same form as (1.16), except now K (n) equals p,)f_Y (0)/GX~Y instead of

PX=Y(zg = n). This mapplng from one underlying renewal process to another defined in terms of the Green func-
tion decomposition of the original renewal process applies to any pinning model with an underlying transient renewal
distribution. Of course the disorder also changes and the terms in (4.3) may not be positive in general. This is not the
case here, and the key point for us is that the weight factor w now has a much simpler dependence on the disorder
(Aj)o;_<j<o; (i.e. only on o; —o;_1 and Z(;i:a,-,ﬁrl Aj) than in (1.17). We note that if K(n)~ l+a for some a > 0
is the first return time distribution of a transient renewal process, then the corresponding return probablhty at time n
satisfies p(n) ~ ﬁ See [14], Theorem A 4.

Because K is the return time distribution of a recurrent renewal process o on Np, and ]EY [w(z, 01 —0i—1,Ys, —

Y, )] = z, the critical point for the annealed model associated with Z Np)l,n is 22" =

™ — 1)GX~Y so that

= 1, or equivalently, 1 = z2"™ =

1
ﬂann _log(l + GX Y) (4.4)

Fractional moment method

We now recall the fractional moment method used by Derrida et al. in [8]. Due to the common framework between
pinning models and the random walk pinning model as pointed out in Section 1.3, the basic strategy carries over
without change. The only model dependent part of the argument lies in estimating ]EY [(ZZ P ln)3’] y €(0,1), for N on
the order of the correlation length of the annealed model, where a change of measure argument for the disorder needs

to be adapted.

In terms of the new variables z = (e# — )GX~Y and va y» Theorem 1.3 reduces to showing that for some z >
zg™ =1, supyen, Z vy <00 as. wrt. Y. Since for z > 1, Z Ny 18 as. increasing in N, it suffices to show that for
some z > 1 and y € (0,1),

sup Eg[(Zfy.y)"] < oo. 4.5)
NeNy

The basic idea is to suitably group terms in the expansion for vay in (4.1) and then apply the fractional moment
inequality

n 14 n
(Zm) <Y lail", ye@©0. (4.6)
i=1 i=1

However, the effectiveness of (4.6) depends crucially on how Z/zv y is decomposed. In [8], Derrida et al., studied

analogues of the constrained partition function z% . Y , and their clever choice is to group terms in (4.3) according to
the starting and the ending position of the gap in the renewal sequence o straddling a fixed position L € N. Namely,

L-1N-L
ZN =3 Y LK (N = = Dw N = j =i, Yy = YD Z5h
i=0 j=0

where 6,Y = (Y,4; — Yy )ien, denotes a shiftin Y. For vayy, we can perform a similar grouping of terms in (4.1) and
get

L—1N-L
Ty =25y + D S ZEPK(N — j—Dw@ N —j —i, Yn_j — Y7
i=0 j=0

JOn_Y “4.7)

Fix y € (0, 1). Denote A3, =EY[(Z ,)"]and A5P" =EY[(Z% p‘“)V]. Since

Zpﬁ,j,i(YN—j -Y)
GXfY

K(N—j—iw(z,N—j—i,Yy_j—Y)= <C(N—j—i)y~4?
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for some C > 0 independent of i, j, N, Y and z € [1, 2] by the local central limit theorem, applying (4.6) to (4.7) and
taking expectation w.r.t. Y gives

L-1 N-L
S i 2l I
i=0 j=0
L—-1 AZ pin
< A? S — A2
<AL +C(_X(; (L_i)dy/2—1>05jn§}\’,(LAJ' (4.8)
=

If for some choice of z > 1 and L € N,
L-1 A?,pm
o i
i=0

then iterating (4.8) clearly implies that A is uniformly bounded in N, and hence (4.5).

By Jensen’s inequality, A A% p in EY [ZZ P m]V It is clear from (4.3) and (4.2) that EY [ZZ P ln] is the partition function
of a homogeneous pinning model with crmcal point z3" = 1. Hence Fann(z) = th_>Oo N~ 'log IEY[ZZ pm]
and Fann () = Fann(,B) with z = (e — D)GX~Y . Since d > 5, K (-) has finite first moment, and hence by Theorem 2.1

of [14], Fann(z) ~ C(z — 1) for some C > 0 as z |, 1. Since (E}[Z> an])neN is super-multiplicative, E} [Z5 pm] <

eNﬁﬂ""(Z) < eCNG@=D for all N € N. So if we choose

exists,

X z,pin

where we abused notation and assumed L to be an integer for simplicity, then sup;.;; A;”" < C for some C > 0

independent of z. Therefore

L—R C L-1 CAz,pin )

0 _ v 2—dy/2 ¥ z,pin

b= @onarT T L @ pat SCRTRRC, ma AT (“.11)
= i=L—R+

For d > 5, we can choose y < 1 close to 1 such that the first term on the RHS of (4.11) can be made arbitrarily small
(uniformly in z) by choosing R large. To show ¢ < 1 for some z > 1, it then suffices to show that

lim max AP =0, (4.12)
zJ1 L-R<N<L

where R € N is large and fixed, and L = z%l This summarizes the model independent part of the fractional moment
method as used in [8].

Change of measure

The basic idea in [8] to prove (4.12) is to apply a change of measure to the disorder so that the cost of changing
the measure is small, yet under the new disorder, the annealed partition function for a system of size L is small. For
the pinning model, the choice of changing the measure in [8] is to make the disorder more repulsive, i.e., tilt the
measure of ; in (1.14) by a factor e *“ for some A > 0. In our setting, it turns out that for the continuous time
model, the appropriate change of measure is to increase the jump rate of the random walk Y. For the discrete time
model, the analogue is to increase the variance of the random walk increment each step without changing the support
of the random walk transition kernel. However, among nearest-neighbor random walks on Z?, the variance of simple
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random walk is already maximal. To overcome this difficulty, we change measure for Y two steps at a time. More
precisely, for & € (0, ﬁ), let (Y,f‘)neNo be a process on 7% with Yo = 0 and transition probabilities

1 . . . ) h h
57 ifniseven,ornisoddand e #=+(Y) — Y ),
oeken) =1 S ifnisodd,ande; =Y/ —¥" |

=t ifnisodd,ande; = —(Y —v" )

P(Y), - Y) =e|(Y]) (4.13)

for each of the 2d unit vectors e; € Z¢. Note that ]P’(Yzh =2¢;) =P(Yy, =2¢;) + 7 d2 for each unit vector ¢; € Z¢,
IP’(Yzh =0)=PY,=0)— 2d’ and ]P’(Yh =x) =P(Y, = x) for all other x € 74 . Thus Yh has larger variances than Y>.

Clearly up to any time N € N, the distribution of ¥ and Y" are equivalent. Let f(N,Y) denote the Radon—Nikodym
derivative of the law of (Yih)OfiSN w.r.t. (¥;)o<i<n. Then

A;Pi“zlEgh[f(N, Yh)_l(zlz\}p}i,rl,)y]ngh[f(N, Yh) 1/(1- V)]l V]Eyh[ Izvp;r}l]y

By [f(N, )OS [ 25 (4.14)

Since (Y241 — Y2u, Y2u42 — Y2n)nen, are i.i.d. and the distribution of Y. h Yzhn conditioned on Yzhn is the same as

. 2n+1
a simple random walk, we have

E(})’ [f(N, Y)*V/(lf}’)] — E(})’ [f(2, Y)*V/(lf}’)]LN/zJ

1 A+h) /A=) (1= p)~v/A=r\N/2]
d 2d 2d

< eV?N/Cd(1=y)?)

for h sufficiently small. Therefore if we choose h = f’ then the first factor in (4.14) is uniformly bounded for

L — R < N < L, and to prove (4.12), it only remains to estimate ]EY (Z% p;'nh] forh = ﬁ Vz—1.
By (4.3), we have

N m m
Z%pin z Y" X h
E [ NYh] Z(GX—Y> Z IEO |: pa —0j_ 1(Y Ym 1) (4'15)
m=1 op=0<0o1<--<om=N i=1
Note that when o;_ is even, by the properties of Y, we have

h h
By (P50 (Yo, = Yo (Y )ocjco ] =B [Poi—0 (Vo))

Similarly when o;_1 is odd, by symmetry and translation invariance, we have

h
]E(})/ [pUl —0j— l(Yh Yolilz 1)|(Yh)0<]<a 1] ]Ey [ 0' —0j— I(Y(f'l —0oi—1+1 Ylh)|Y1h:el]’

which is a constant independent of (Y ]}'I)OS j<oi_;- Thus in (4.15), we can successively condition w.r.t. (¥ jh )0<j <o >

(Y?)Osjsa,,fl s (Y]’.l)ofjgm . To write the result in a more compact form, let us denote
E}' [pX (Y1) S
Kp even(n) = T where G, even = ZE(I)/ [pif(yf)]
,even

n=1

EY [pX (Yl — YY) = el
Gh,odd

: whereGhOdd—Z]EO [pX (¥t — Y)Y =e]

n=1

Kpoda(n) =
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Let Kn(i, j) = Kn,even(j — i) when i is even, and K}, (i, j) = Kpn,odd(j — i) when i is odd. Let t = {0, ¢, 12, ...} be a
renewal process on Ny with parity-dependent inter-arrival law K (-, -), and denote expectation w.r.t. ¢ by EX#[.]. Then
(4.15) reduces to

N[1,N
E [ zpm] —]EK” Z el ”G|Le |G|Loﬂ[1 N]|1
Nyl — GX-Y h,even h,odd {Nedy

< EXn [(Z(Gh,even V G 0dd) ) |m[1sN]|i|’

GX—Y

where (. and ¢, denote respectively the even and odd subsets of ¢. In d > 5, by the local central limit theorem, it is
easy to see that there exists an inter-arrival probability distribution K, (-) on N with finite first moment, such that K,
stochastically dominates both K}, even() and Kj oqa(-) for h sufficiently small, i.e., Y, K«(i) = > ;-, Kh even(i)
and Ziz” K.() > ZiZn Kh.0ada(@) for all n € N and 4 € [0, %]. Recall our choice h = ﬁ =z — 1. We will show
that

z2(G vG
( he\gnx > hodd) Cx/ZT-FO(\/—) (4.16)
for some ¢ > 0. Then for all z > 1 sufficiently close to 1,
EY [ZiP0] <EX[(1 - evz—T+o(vz— 1)) "M, 4.17)

where (* is a renewal process with inter-arrival law K, and is independent of z. By the law of large numbers, a.s.
w.r.t. ¥,

lim N N[ N]| = >0,
n—oo

1
D ieni K ()
and hence

lim max ( —cvz—1+ 0(«/ ))ll AL =0.

21 (z=D71-R<N=<(z—1)~!
Thus

1
z—1

Jh=vz -1, (4.18)

lim max EY -pin =0, L=
20l L—R<N<L ° [ NY"]

which together with (4.14) implies (4.12).
It only remains to verify (4.16). For k = (ky, ..., kg) € R4, we have

ok) =E lk X‘ Zcoskl,

d
hpe s h ]’l .
Y k) =Ef [ ] = (k) - o § sin®k;, (4.19)
i=1
R Ot e 2 I < YR B h
pk) :=Ey [e*"27") ]y, —61]—¢(k)+1gsmk1.

Since X and Y" are independent, (Yzhn 2n neN are iid., 2n 4

distributed as X, while conditioned on Ylh =e, Y2h -Y lh is independent of (Y ]h — Yzh) j>2, we obtain by Fourier

Yzhn is independent of (Y ;‘)05 j<2n and is
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inversion

GX_Yz;/ (¢(k)2+¢(k)4+~-~)dk=;/ Lk)zdk (4.20)
(zn)d [—7, 7] (27[)(1 [—7, 7] 1_¢(k)2 ' .

1
Gheven = anl /[ " (¢>(k)2 + ¢ (k)Y (k) + ¢ (k) (k) + ¢ (k) vy (k) + - ) dk

_ 1 ¢k)*(1 + ¥ (k))
Q) Sz 1= 9P (k)

dk, 4.21)

1
Gh.odd = a0 /[ y (9 (k) + (k) (k) + @(k)p (k) ¥ (k) + (k) (k) r (k) + - --) dk

2 2 2
1 [ d pRPpRA+R?) 1 / d P07 A+9®)) 40 422)
[, 7] [=m.7]

T 2nd 1— (02 (k) ~ 2nd 1— ¢ (k)2 (k)

where in (4.22) we have used the formula for ¢ (k) and the fact that ¢ (k) and v (k) are even functions while sink is
odd. Since ¥ (k) < d)(k)2 and ¢ (k), ¥ (k) € [—1, 1], we have G}, even < Gh,0dd, While

1 ( ¢ (k)? _¢(k)2<1+¢(k>2>)dk
Qo) i ma \ 1= ()2 1—¢(k)>y (k)
_h / P U)* L sin®k;

— a2 Jigme (1= 9021 = ¢ k)Y (k)

which implies (4.16) since h = /z — 1.

GX—Y

— Gpodd =

dk, (4.23)

Remark. Equation (4.16) reveals the close resemblance between the random walk pinning model and the pinning
model (compare (4.17) here with (4.12) in [8]). In both cases, after changing the measure, we end up comparing with
a homogeneous pinning model of size N with weight factor e ¢/ VN for each renewal return. The factor ¢/~/N partly
explains why o = 1/2, resp. d = 3, is the critical case for the pinning, resp. random walk pinning model.

Remark. For general random walks, we can try to change measure for Y one-step at a time. More precisely, let
S ={y ez p{(y) > 0}. Then for any A, B C S and for any transition probability kernels p‘l“(-) and pfg(-) with
support resp. A and B, and for h € R sufficiently close to 0, we can change measure for Y by replacing pf (-) with

p{/h x) = ply(x) + h(plA(x) — pf}(x)). In (4.14), the estimate involving the density f(N,Y) is similar, while the
Zz,pin

. yh
estimate for K, [ N.yh

] reduces to estimating

GX-Y _ X—vh _ 1 < 1 _ B 1_ )dk
QM4 Jionmi \1 = ¢x )Py (k) 1 — px(K)pyn (k)
__h / Px (g —ba)
Q07 Ji—xme (1 — dxdy)(1 — pxdyn)
where ¢x (k) =", eik"‘plx(x), O x (k) = px(—k), and ¢y (k), ¢ (k) and ¢ g(k) are defined similarly. Note that in

d=4, [ |% | dk < 0o. Therefore based on Taylor expansion in h, all calculations carry through as long as
—PXPy

_ dx(@p —_$A) dk
(1 —pxdy)?

and h is chosen to have the same sign. When X and Y are simple random walks, we have Q = 0 for any choice of
A, B, pf‘ and plB due to symmetry. In particular, changing the drift for the simple random walk fails. On the other

0: #0 (4.24)
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hand, if S contains enough points so as to break symmetry, then it is reasonable to expect the existence of A, B, p]A
and pfg which give Q # 0. When such A, B, pf‘ and pfg exist, we may even take A and B to be singletons in S. We
were not able to verify (4.24) for some A, B C S for general random walks, such as for all walks with zero mean and
finite variance and whose support S contains at least two points which are not related by reflections or permutations
ofcoordinates H0wever when X and Y are i.i.d. so that ¢x = ¢y, ¢px >0, and 0 e S, itis easily seen that Q > 0 for

= {0} and p1 = p1 This includes random walks X which are symmetric with pj X(0) > 2, as well as walks X that
can be expressed as the difference of two i.i.d. random walks.

4.2. Proof of Theorem 1.3 in discrete time: d =4

For d = 4, in the representation (4.1), we have K (n) = pX~Y(0)/GX~Y ~ Cn=? which has infinite first moment.
Thus d = 4 corresponds to the case o« = 1 in [8] for the pinning model. In [8], the case « = 1 was left out. However,
as we will show below, there is no difficulty in extending the fractional moment method to the d = 4 case, and we
expect the same to be true for the @ = 1 case for the pinning model.

As in d > 5, it suffices to verify (4.9). What differs in d = 4 is that 3 70 5 i!797/2 = 3" 1172V = co for any
y € (0, 1) and R € N. Hence a more careful estimate of ¢ than in (4.11) is needed By Theorem 2.1 of [14] and super-
multiplicativity of (E¥[Z> pln]),,EN, we have E} [Z5; pln] < eCNG@=D for some C > 0 uniformly in z > 1 sufficiently
close to 1 and N € N. Therefore the same choice L = (z — 1)~! as in d > 5 ensures that SUpi<j<r AZ -pin <C<o
uniformly for z > 1 close to 1. Fix ¢ > 0 small, then let y € (0, 1) such that2y — 1> 1 —e. Analogous to (4.11), we
have

L= L-1 X Z,pin 1—
C CA; cL'"* < 2.pi
0< Yy —— ! < CL>*™» max APP™, 4.25
¢= « (L—D2~! + _ %: (L —i)2r=1 = (L — L1-&)2r-1 * L'-e<i<L 25
=i i=Ll-¢

Therefore to show ¢ < 1 for some z > 1, it suffices to show that with L = (z — 1)_1,

limL>™% max Af\’,pm:O. (4.26)
z1 Li-e<N<L

Tracing through the arguments for d > 5, we see that analogous to (4.17), for h = 1/v/L = «/z — 1, uniformly for
L'"*<N<Landz>1 sufficiently close to 1, we have

AP < CBY (2 < CB™[expl —eVE =) 0 1, = @2)

where (* is a renewal process on Ny with inter-arrival probability distribution K, satisfying the property that K, (n) ~
Cn~2 for some C > 0. Set M = (z — 1)®~!. Then

0<1imL*>? max Ai,pm< lim CcM®@ /(= E)I[“EK*[exp{ cM*I/(z(lfg))|L*ﬂ[l,M]|}]y=
zy1 Ll-¢<N<L M—o00

where we applied Proposition A.1 with §; = 2(1 3 and 1 -6 = (1 8),
if ¢ > 0is small, and y € (0, 1) is then chosen sufficiently close to 1.

which satisfy the condition 0 < §; < 6 < 1

5. Gap between critical points: continuous time

5.1. Proof of Theorem 1.3 in continuous time: d > 5

As in discrete time, we split the proof into three parts: representation for Ztﬂ y and Zlﬂ ’}?m; fractional moment method;
change of measure. Compared to the discrete time case, the main complication here is to suitably discretize time so
that the fractional moment inequality (4.6) can be applied. The change of measure argument however becomes much
simpler.
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: B B.pin
Representation for Z; y, and Zy

We now Taylor expand efZ(X-¥)_Let p;(-) be the transition probability kernel of a rate 1 continuous time simple

random walk on Z4. Let Giyp = fooo P+p)s(0)ds, Kiyp(s) = pa+p)s(0)/Gi4p, E = pBGi4p, and Zﬁy = Zﬁy.
Then

5B X —B" ([ "
Zpy =Egy| 1+ ) W(/ 1{xs=md5>
m=1 ’ 0
0
:]E())(|:l+ Zﬁm // 1{X31:Ys| ’’’’’ Xsm:Ys,,l}dsl'“ dsm:|
m=1

O<sy--<spy <t

00
=1+ Z ﬂm / o / Ps, (Ysl )psz—sl (Ys2 - Ysl) C Psin—Sm_1 (Ysm - Ysm_l)dsl - dsy,

m=1 0<sy-<Spy <t

o m
=103 [ [ TTK gt = sim0wBos =sia. Yo = ¥y ) dsi-o- ds, (5.1)
m=1 i=1

s0=0<sy--<sm <t
where

IB_pS,'—S,'_] (YS,' - YSi—l)

w(B,si —si—1,Ys, — Y5,_) = (5.2)
LT e P+p)si—si—) (0)
If we denote Z:B ’}?in = ,BZ;S ’})in, then similarly,
ZIP = Kipp(Ow(B. 1, Yy)
o0 m+1
+Z f/ l_[K1+p(5i_si—l)w(ﬁ»si—si—l»ys; =Y, _Ddsy--- dsp,. (5.3)
m=1 i=1

s9=0<s1-<sm <Sp1=t

Note that (5.3) casts 2;3 ’;’m in the same form as (4.3), except that the underlying renewal process is in continuous time
with return time distribution K14, (s) ds. Since

E§ [w(B. si —si—1. Y5, — Y5, )] = B. (5.4)

and Ki,(-) defines a recurrent renewal process on [0, 00), ]E(’)/ [2;S ’}nn] is the partition function of a homogeneous
pinning model (in continuous time) with critical point 2™ = 1, or equivalently,

ann _gnn 1
= —=— = . (5.5)
Gitp  Giyp
Fractional moment method
Analogous to (4.7), for fixed L € N, we have the decomposition
7P —7F 4 Kisy(—ww(B,v—u, Y, — V) ZPPn 7P 1+ 8o(u)) dud 5.6
y =%ZLy 1o —ww (B, v —u, Yy = Y) 2y Zy_ oy (14 80(w)) dudv, (5.6)

O<u<L<v<t

where 0,Y = (Yy45 — Yy)s>0 denotes a shift in Y, §o(u) is the delta function at 0, and Zg”gin = 1. In the continuous
setting, the analogue of (4.6), (f la(x)]dx)Y < f la(x)|¥ dx for y € (0, 1), is false in general. Therefore, we need to
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discretize the integrals in (5.6). In order to obtain uniform control for the integrand in (5.6) on intervals, it turns out to

be more suitable to study the following quantities in place of Zf y and Zf ’})i“.

_ o] m m
Zﬁ’yl:l'i_z // [T Kot —sicn) [ [w(B.si —sic1, Yy, — Yo ) dsi -+ dsm,
m=1 i=1 i=2

s0=0<s1-<sm<t

— _’ inl

Z0PP™M = K14 (0)
1 1 (5.7)

m+ m+

00
+ % [ TTKust=so0 [0 sty = ¥ )dsi d,
m=1 i=1 i=2
so=0<s1--<sm <Sp41=t
m—+1 m

- oo
- s 1 2 -
Zf}?m =Kip(0) + E // HK1+,0(S[_Si—l)Hw(ﬁaSi_si—l»Ysi — Y5, )dsi - dsm,
m=1 i=l1 i=2

SQ=0<s1<Sm <Sp 1=t

where ]_[:-"=2 w = 1if m = 1. Note that fo Yl differs from Zf y in that the factor w(,é , 81, Yg,) in (5.1) has been omitted,

while Zf’})inl (resp. Zf’;)inz) differs from Zf’;in in that the factors w(ﬁ, t,Y;) and w(B, s1, Ys,) (resp. as well as
w(,B_ st —58m, Yy —Y,))in (5.3) have been omitted. Omitting these random factors will provide flexibility in adjusting
the lengths of the renewal gaps (s; — s;—1);eN-

Note that

Bro-uo=Y) _ Bpo-u® _ . (5.8)

w(,é,v—u,Y—Y): < <
v P1+p)(w—u)(0) P(1+p)(v—u)(0)

for some C € (1, o0) independent of v —u > 0 and B € [1, 2], which is furthermore uniformly bounded for p € [0, 1].
Therefore,

ny SCZE’YI~ (5.9)

By the monotonicity of ZIB’Y = ZI’Y int, to show B < B (i.e., sup, ZIB’Y < 00 a.s. w.r.t. ), it suffices to show that

for ,3_ = BG4, there exists y € (0, 1) such that
>B,1
sup]Eg[(ny)y] < 00. (5.10)
Note that Z f Yl is increasing in ¢ for every Y, therefore we may assume ¢ € N. Similar to (5.6), we have
S0 _ sh1 [ i
Ziy=Zy "‘/L K1+ﬂ(v)zt—v,6Ude

+ f/ Kivp—wwB v —u, Yy —Y)ZIP™MZP , dud

O<u<L<v<t
t—1 P
_ j+1 _
.1 >p
=Z)y+ Z/ Kijp(WZ, , ydv
j=L"J
L—11t-1 _ _
+Y ) // Kitp—wwBv—u, Yy = Y)ZIPMZP  dudv. 5.11)
i=0j=L ;2,5

j<v<j+l1
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We will establish uniform estimates on the integrand for each integral in (5.11) by bounding zP

f—v,p,y 1N terms of

Zf;lj,]yejﬂ y and bounding Zf”;inl in terms of Zf’}f)inz,
We first make a few observations which will come in handy. Note that for all s € [0, 1] and all realizations of Y,
70, =20, = Ef [Pl XD] <ef,

N

- . (5.12)
700 = pzPP™ = BEN[ePL- X1y Ly, ] < pef.
Next note that
K
C,= sup K (5.13)
w0 Kiqp(u+s)

0<s<l

which is uniformly bounded for p € [0, 1].
Ifve(j,j+1) forsome L < j <t — 1, then by the same decomposition as (5.6) with s1, 52, j + 1 now playing
the roles of u, v, L and by the observations above, we have

_ 7B
- Zj—i—l—v,@vY

5B
Zt—v,GUY
+ f/ Kiyp(sa —s)w(B, sy — 51, Yy, — Ysl)Zﬁ*ﬁfﬁgvyzfﬂzﬁxzy(1 +8,(s1)) ds dsa

v<sy<j+l1

Jtl<sy<t

t _ _

. = 6,1

<C+ C/H Kipp(so—j— 1)zf’_szﬁszydsz - czf‘_j_l,el_ﬁy, (5.14)
J

where C < oo is independent of 7, v, Y, ,3 € [1, 2], and furthermore is uniformly bounded for p € [0, 1].
Ifue(,i+1) forsome 0 <i <L — 1, then by a similar decomposition as above, we have

- _’ 3 1 - _’ M
Zhpm = / Kip(nZEM ) (148,(52)) ds)
i<sy)<u

+ // Ki4p(s2 —s)w(B, 52 — 51, Y5, — Yy,)

O<si<i<sr<u

_ 5 pinl = B.pi
X Zﬁ’l’;n fo;;ﬁszY(l +8u(s2)) dsy dsy

< CKiy,(i)+ C/ Kipli —s)Z00M dsy = cZPP™, (5.15)

O<sy<i
Substituting the bounds (5.8), (5.13)—(5.15) into (5.11) gives
_ _ 11 )
2 =20+ C Y K G+ DZE L,y

j=L

L—11-1 ) )

+C Y KU+ L =DZIP 2]y
i=0 j=L
) L—11-1 . .
SZPyHCY Y K GAL=DZ R, (5.16)

i=0 j=L

where C < oo is independent of ¢, ¥, B € [1, 2], and can be chosen uniformly for p € [0, 1].



Random walk pinning 437

Fix € (0, 1) such that % > 2 for d > 5. Denote A" = Eg[(z 7] and AP = IE)Y[(Zﬁ P"2)7]. Then the
same calculations as those leading to (4.8) yields

_ _ L—-1 Aﬂ pin2

A8l - 1Bl iB.1 . ;

Al <AV 4+ su A witho=C — | 5.17)
! L Q0<j<lz3 L ¢ (;0 (L_l)dy/z_l)

where C < oo is independent of # and B € [1, 2], and can be chosen uniformly for p € [0, 1]. As in the discrete time
case, we aim to show o < 1.

Note that A'6 -pin2 EY[Z'B pm2]” < EY[Zﬂ pm]” < EY[Zﬂy]V by Jensen and (5.4), where we see from (5.1) that
E(’; [ZS’Y] is the partition function of a continuous time homogeneous pinning model with return time distribution

K14, () and critical point B = 1. For d > 5, it is easy to verify (by law of large numbers and elementary large
deviation estimates for the number of returns of the renewal process before time s) that

EJ[Z”,] < CeCFDs (5.18)

for some C € (0, oo) independent of s > 0 and ,3 € [1, 2], and is furthermore uniformly bounded for p € [0, 1]. As in
the discrete time case, we choose

L=B-1"L (5.19)

In view of (5.10) and (5.17), and by the same arguments as those leading to (4.12) in the discrete time case, to show
BE > BE™ for any p > 0, it suffices to show that

lim sup Af’pmz =0, (5.20)
Bl L—R<t<L

where R € N is large and fixed and can be chosen uniformly for p € [0, 1]. On the other hand, showing

Bs— B = ap (5.21)

C

for some a > 0 and all p € [0, 1] reduces to showing that: (1) the convergence in (5.20) is in fact uniform for p € [po, 1]
for any 0 < po < 1, which implies that inf,e(p,,17(8F — 1) > 0 where B = Gi4,B7, and hence infpefpy,17(BE —
BE™) > 05 (2) for B =1+ ap with a > 0 sufficiently small, L = (8 — 1)~!, and R € N large and independent of
p €10, 1],

limsup sup Af pin2 _ 1, (5.22)
pl0 L—R<t<L

which implies that for some pg € (0, 1], ,3;‘ —1=G14,(BE — BE"™) = ap for all p € [0, pol.

Change of measure

We now prove (5.20) and (5.22), where the convergence in (5.20) will be shown to be uniform in p € [pp, 1] for
any 0 < pg < 1. Here, the appropriate change of measure for the disorder Y is simply to increase the jump rate of
the random walk Y. Let Y”*” be a simple random walk on Z? with jump rate p 4 h for some & > 0, then the path
measures (Y;)o<s<; and (Y, i +h)0§Y < are equivalent, and the Radon—-Nikodym derivative of the law of (Y P +h)05SS,
w.r.t. that of (¥;)o<s<; is given by

@, vy =e (14" )P,

where N;(Y) is the number of jumps of Y in [0, #]. Then as in (4.14),

Aﬂ pin2 _ EY””‘ [f(t, Y,O+h) (Zﬂ sz) ] < Eg [f(t, y) v/a= V)]l VIEYHh [Z/S pmz] . (5.23)

t, yp+h t, yp+h
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Note that

Eg [f(t, Y)—V/(l—)/)]

_ eyht/(l—y)E())’[(l + hp—l)—ny/(l—y)] — orht/(=y) ie—pt (FZ')n (1 + hp—l)—yn/(l—y)
n=0 :

2

—1y=v/(1=7) vh yht

=expy| p(l+hp N —p+—)t}§exp{4 , (5.24)
{< ( ) I—y 2p(1=y)?

where second order Taylor expansion in £ in the exponent provides a true upper bound. For L — R <t < L, if we

choose 7t = *Z. then the first term in (5.23) is bounded and independent of p, B and . Thus it only remains to estimate

=,
+h 2

By 120,
First note that IEYMII [Zf;);fh] < CEY/)M [Zfﬁih] for some C > 0 independent of p >0, 8 €[1,2] and t > 0,

because each term in the expansion for Zﬁ P in (5.3) differs from the corresponding term in (5.7) for Z'3 -pin2 by at

ypth . BPa+p+myw—w (0)
most two factors of w, and By~ [w B.v—u,Y,—Y,)]= e @ =

he[0,1], ,3 €[1,2]and v —u > 0. Recall G4, = fo P+p)s(0)ds,

> C for some C > 0 independent of p > 0,

o+h ,3_
Eg [Zf};),l:rh] = (m)P(HpM)z 0)

o) B m+1m+1
+) // [T paspsmsi—sin©dsi - dsy,
Giip

m:10—v0<rl <SS <Sm1=t i=l
(14 p)B
=—K t
> 1+po+h (£)
+1
(1+p)B\""7
K s; —8;j—1)dsy---ds,,, 5.25
/ f <1—|—p+h E 1+p+h(si — si—1) dsy m (5.25)
O0=s09<s] " <Sm <Spy1=t -
— : _ [ _ U+p)Gi4p
where K14+p11(5) = P1+0p+ms(0)/ Grsptn With Giopin =[5 P(1+ptmys(0) ds = =23
Denote g/ = gljlﬁg Let 0Pt = (0, a] azp +h, ..) be a renewal sequence on [0, oo) with inter-arrival law

Ki4p4r (), and let EX1+0+1].] denote expectation w.r.t. o”t" Then in view of (5.25),

1+1o P A[0,1]] Kitptn(u+s) G [ - B,pin ]

EK1+p+h [(B/) y Tl

1 > inf
{ortinl, t+l];ﬁ®}] >0, K1+p+h (1)

Recall the definition of Cy4, from (5.13), we then have

Eyﬂ+h [Z'B ,pin ]<Cp_;,_hEKH'OJrh[(B/)IHOﬂH’n[OJ”]-

t, yp+h

(5.26)

Now to prove (5.22), we recall that L = (,3_ — 1~ and hence h = % =/ ,0(5 — 1). Therefore there exists ,30 > 1
sufficiently small such that for all p > 0 and B e[l, Bo],

5o U+p ( _¢p<B—1))

s +h_(1+5—1) i) (5.27)

First note that by our choice 8 =1 4 ap, we have B/ < 1 — p./a/8 for all p € [0, 1] if 0 < a < 1/64. Next note
that C,p, is uniformly bounded for o € [0, 1] and B € [1, 2]. For d > 5, by the local central limit theorem, there
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exists an inter-arrival probability distribution K, on (0, co) with finite first moment m = fooo sK,(s)ds, such that K,
stochastically dominates K, for all 2 € [0, 1] and p € [0, 1]. Namely, ftoo K. (s)ds > ftoo Ki4p+r(s)ds for all
t>0,h [0, 1] and p € [0, 1]. Combining the above observations, we have

limsup sup Af’pmelimsup sup E({“h[zfﬁﬁh]
pl0 L—R<t<L pd0 L—R<t<L ’
< Climsup EX+[(1 — py/ay8)" "OL= R, (5.28)
40

where (* is a renewal process on [0, 0co) with return time distribution K. By the law of large numbers, a.s. w.r.t. (*,

NG <ap>—l—R}_ )
8 m — o C8myal’

which can be made arbitrarily small if a > 0 is chosen sufficiently small. Inequality (5.22) then follows by applying
the dominated convergence theorem in (5.28).

The proof of (5.20) for any p > 0 and the uniform convergence in (5.20) for p € [pg, 1] for any pg € (0, 1] follows
by similar arguments. It suffices to observe that 8 < 1 —C+/B — 1 for some C > 0 uniformly in p € [pp, 1] and 8 > 1
sufficiently small. This concludes the proof of Theorem 1.3.

. [*NI0,L—R1l _ .
lim(1 — p+/a/8 = limex {—
pw( P /) P10 P

Remark. Note that the change of measure argument here applies equally well to any random walks X and Y with an
identical symmetric transition kernel.

5.2. Proof of Theorem 1.3 in continuous time: d = 4

Asind > 5, proving Theorem 1.3 reduces to proving ¢ < 1 (see (5.17)) for appropriate choices of B and L depending
on the diffusion constant p. Since Eg [Zf y1 is the partition function of a homogeneous pinning model with parameter

B > 1 and return time distribution K 1+0() ~ Ct~2, by comparing K 1+p With a return time distribution K" which is
stochastically smaller than K, and has finite first moment, we see that (5.18) also holds in d = 4. Therefore, setting

L= (B — 1)*] asind > 5, we have SUPg<;<L Af‘pmz < C < o0, and analogous to (4.25), we have
Li=¢ L—1 ~B,pin2 1— _
C CA’ CL'¢ 2-2 < B,pin2
0= — =t L < +CL™% sup A7, (5.29)
; (L —iyrT =LZ (L =iy = (L= L] Loisr

where ¢ > 0, y € (0, 1) is chosen so that 2y — 1 > 1 — ¢, and C € (0, 00) is independent of ,5 € [1, 2] and is further-
more uniformly bounded for p € [0, 1]. Therefore, to show 8% > 2" for any p > 0, it suffices to show

imL>Y sup APPM o, (5.30)
Bl1 L1-e<t<L

On the other hand, to show that for any § > 0, there exists ag > 0 such that

B — B™ = asp'™’ Vpel0,1], (5.31)

c

it suffices to show that: (1) the convergence in (5.30) is unif(_)rm for p € [po, 1] for any 0 < pp < 1, which implies that
infpefpp,11(BE — BE™ >0 ) for f=1+p P and L=(B -1~ =p~'7%,

imL>Y  sup APP™ o, (5.32)
040 Ll—e<t<L

which implies that for some pg € (0, 1], B — 1 = G4, (B — B3™) > p!*+3 for all p € [0, po].
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Proceeding exactly as in the d > 5 case, we note that (5.26) still holds in d = 4. By the choice & = % = p1+‘3/2,
there exists o1 € (0, 1) such that

o (+pB  (A+p)A+p'")

_ 1482
= Taorh = oo S1mp 2= R Yoo pil. (5.33)

If we choose K to be a return time distribution with fooo K.(s)ds = 1 and K,(s) ~ Cs—2 such that K, stochastically
dominates Ky ,4 for all p, h € [0, 1], and let (* be a renewal process on [0, o) with return time distribution K.,
then

. - 7 B.pin2
0<lmL*2 sup Af; i
40 Ll—e<t<[

14
< Clip (#9021 K- [exp{—%pl+5/z|t* A [0, =000, ”
o

M —o00

Y
=C lim M@2/0-ogk: [exp{—lM_(1+6/2)/((1+8)(1_8))|L*ﬂ[O M]|” =0
3 : ,

where we applied Proposition A.1 with §; = % and 1 — 4, = %, which satisfy the condition 0 < §; <

8y < l'if ¢ > 0 is small and y is then chosen sufficiently close to 1. This proves (5.32).

The proof of (5.30) for any p > 0 and the uniform convergence therein for p € [pg, 1] for any pp € (0, 1] follows by
similar arguments. It suffices to note that for each p > 0, there exists C > 0 and By > 1 such that 8/ <1 — Cy/B — 1
for all B € [1, By]. Furthermore, C and Sy can be chosen uniformly for p € [pg, 1] for any po > 0. The rest of the
proof proceeds exactly as for d =4 in the discrete time case.

Appendix: A renewal process estimate
The following proposition complements Proposition A.2 in [8] for the case o = 1.

Proposition A.1. Let * = {19 = 0,1, ...} be a renewal process on Ny with inter-arrival probability distribution K,
satisfying ), . K«(n) =1 and K (n) ~ Cn=2 asn— o0o. Then forany ¢ > 0 and 0 < 81 < 8> < 1, we have

lim N'"2EX[exp{—cN 7% |* N[0, N]|}]=0. (A.1)

N—o00

The same result holds if t* is a renewal process on [0, 00) with inter-arrival distribution K, satisfying fooo K.(s)ds=1
and K (s) ~ Cs™2 as s — oo.

Proof. Let 63 € (61, 62). Note that
EX[exp{—eN 7% | N[0, NI[}] < P(0 < |* N[0, N < N*) e~V (A2)

Let (Uj)ien be i.i.d. random variables with distribution K,. By our assumption on K,, for each « € (0, 1), we
can find a constant C, > 0 and i.i.d. stable subordinators (V;);en with exponent «, ie., P(V; > 0) =1 and

Vi law Y V;/n'/® such that P(U; > 5s) <P(V] 4+ Cq > s) for all s > 0. Therefore, for « € (83, 1),

N% N%
P(0<|* N[0, N]| < N%) = ]P’(Z Uy > N) < P(Z(Vn +Co) > N)

n=l1 n=1

N33
= IP(Z Vi>N— CQN%) =P(V; > N'75/% — c, N3U-1/0)

n=1

< CN%™«, (A.3)
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where we used the fact that P(V] > x) ~ Cx™% as x — oo. It is easy to see that (A.1) follows from (A.2) and (A.3) if
we choose « € (0, 1) such that 1 — 3 4+ 83 — @ < 0. The case when ¢* is a renewal process on [0, 00) can be treated
identically. (]
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